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Protocol for Generating Optical Gottesman-Kitaev-Preskill States with Cavity QED
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Gottesman-Kitaev-Preskill (GKP) states are a central resource for fault-tolerant optical continuous-
variable quantum computing. However, their realization in the optical domain remains to be demonstrated.
Here we propose a method for preparing GKP states using a cavity QED system that can be realized in
several platforms, such as trapped atoms, quantum dots, or diamond color centers. We then further combine
the protocol with the previously proposed breeding protocol by Vasconcelos et al. to relax the demands on
the quality of the QED system, finding that GKP states with more than 10 dB squeezing could be achieved

in near-future experiments.

DOI: 10.1103/PhysRevLett.128.170503

Introduction.—Quantum error correction is an essential
step toward building large-scale quantum computers with
realistic noisy components. In 2001, Gottesman, Kitaev,
and Preskill (GKP) proposed an error correction protocol in
which each qubit is encoded into the continuous variables
of an infinite-dimensional bosonic mode [1]. With this
encoding, small amounts of losses or small displacements
errors [2,3] can be corrected using only Gaussian oper-
ations, provided a supply of high-quality GKP-encoded
states. GKP error correction is particularly suitable in
combination with optical cluster states [4—7], a field which
has seen tremendous progress in recent years [8—10].
Additionally, GKP error correction can be used in long
distance quantum communication schemes [11,12], imple-
menting quantum repeaters using only beam splitters,
homodyne detectors, and GKP ancilla resource states [13].

However, the required GKP states are non-Gaussian and
have proven extremely difficult to produce experimentally.
A central complexity for GKP-based error correction is
thus the question on how to generate the GKP states
themselves. Only in recent years have the states been
produced in the motional mode of a trapped ion [14,15] and
in a microwave cavity field coupled to a superconducting
circuit [16]. Yet, the techniques relevant for generating
stationary GKP states [17,18] in those experiments are not
readily applicable for generating flying GKP states in an
optical regime. Crucially, GKP states therefore remain to be
demonstrated in the optical domain, despite several pro-
posed generation schemes [19-24]. One promising
approach is to interfere squeezed states on a multimode
interferometer and project one output mode into an
approximate GKP state by measuring the remaining modes
with photon number resolving detectors [5,23]. Progress in
high-quality photon number resolving detectors could
make this experiment feasible in the near future.
However, the method is fundamentally probabilistic and
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thus needs multiplexing to be scalable, which imposes a
large resource overhead. Furthermore, it is unclear how
efficient and noise tolerant the protocol is for generating
highly squeezed GKP states (> 10 dB squeezing), which
are likely required to achieve fault tolerance [6,7,25].

Another proposal is to build the GKP state using
squeezed Schrodinger’s cat states as the non-Gaussian
element [21,22]. The advantage of this approach is that
it uses only beam splitters and homodyne detectors, and
that it can be made fully deterministic [22]. However, it
requires large amplitude cat states, which are challenging to
produce in optics. Still, recently Hacker ef al. demonstrated
the experimental generation of optical cat states by reflect-
ing a light pulse off an optical cavity containing an atom
[26]. This method can, in principle, be used to generate cat
states of arbitrary amplitude, although the method requires
both high cooperativity and large escape efficiency, which
is experimentally challenging.

In this work, inspired by the experimental progress
reported in [26], we propose to use cavity quantum
electrodynamics (QED) to generate optical flying approxi-
mate GKP states by iteratively reflecting squeezed states off
a cavity containing a three-level system. We thus extend the
cat state generation protocol of [26] by inputting squeezed
states and by applying multiple interactions. We analyze
the performance in systems with finite cooperativity and
nonunity escape efficiency to determine the expected
quality of the produced state with realistic devices. We
then combine the protocol with the cat state breeding
protocol of Ref. [21], which turns out to heavily relax the
requirements on the quality of the cavity QED system. We
also derive analytical expressions for the optimal cavity
QED parameters which minimize excess losses and provide
a stable interaction across a broader frequency bandwidth,
thus enabling the protocol to be used with temporally fast
optical pulses. Finally, we propose a method to generate the

© 2022 American Physical Society
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input squeezed states also using the cavity QED system,
eliminating the need for a squeezed light source at the
cavity QED resonance frequency.

Preliminaries.—GKP states: We describe the optical
mode as a single bosonic mode with annihilation and
creation operators & and &' and corresponding quadrature
operators & = (1/v/2)(a + a%) and p = (1/v/2i)(a - a")
satisfying [%, p] = i. The aim of our work is to produce
good approximate GKP states with a square lattice. In this
Letter, the relevant approximation is a finite superposition
of squeezed states [27],

0Gkp) ZD (V27s)8(r)|vac),
[lgkp) D(M)WGKP% (1)

where D(a) = exp(aa’ — a*a) is the displacement oper-
ator and S(r) = exp (§ (r*a> — ra'?)) is the squeezing
operator. The summation index s is over a finite number
of integers around zero. GKP states have a periodic comb
structure in both x and p quadratures with high-quality
GKP states consisting of highly squeezed peaks in both
quadratures. Large squeezing in x is achieved with large r
as is evident from Eq. (1), while large squeezing in p is
achieved by including many terms in the sum. For a finite
number of terms, the squeezing in p can be further
improved by weighing the superposition of Eq. (1) such
that terms further from the origin have less weight. In this
Letter, we quantify the quality of the produced GKP states
by their amount of effective squeezing [28] in each
quadrature, defined as

The amount of squeezing is commonly denoted in decibels
as Agg = —10log;((A?). For the approximate GKP state of
Eq. (1) one obtains A, = ™", while A, depends on the
number of terms, e.g., A, = (6.6,10.4,13.7) dB for (2,4,8)
terms, respectively [18].

Cavity QED system: Since GKP states are non-
Gaussian, we require a non-Gaussian element to generate
them. In this Letter, we propose to use a cavity QED system
as the central and only non-Gaussian element. In particular,
we consider the reflection of an incoming optical field onto
a single-mode cavity containing a three-level system, as
depicted in Fig. 1(a). The three-level system consists of two
low-energy states |0) and |1) and one high-energy state |e),
which can be optically excited from the state |1) through a
Jaynes-Cummings Hamiltonian with coupling strength g.
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FIG. 1. (a): Cavity QED system consisting of a cavity con-

taining a three-level system in which two levels resonantly couple
to the cavity field. The cavity couples to a free-space field with
rate k. and to undesired scattering and loss modes with rate «;.
Additionally, the excited state of the three-level system can
spontaneously decay through modes different from the cavity
mode with rate y. Ideally, the cavity imprints a controlled rotation
R, [Eq. (4)], on the reflection of an incoming mode. (b) Circuit
diagram for the GKP state generation protocol. (c) Repeated
applications of displacements and controlled rotations evolves an
initial squeezed vacuum state into an approximate GKP state. The
figure shows simulations of the Wigner function and quadrature
distributions of an input state undergoing ideal interactions.
(d) Preparing the atom in an unequal superposition |+) in the
second to last step allows for the final state to have a two-level
amplitude weighting of the squeezed peaks.

In this Letter, we denote this three-level system as an
“atom,” e.g., as the one used in the experiment of [26].
However, this atom could also be artificial such as a
charged quantum dot [29-31] with the states |0) and |1)
denoting spin states and |e) denoting a charged exciton
state, or it could be a diamond color center [32,33], such as
the nitrogen- or silicon-vacancy centers, where the states
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|0) and |1) are represented by spin ground states and |e) is
an excited spin state. The cavity resonance frequency and
the frequency of the incoming field are equal and tuned to
match the |1) <> |e) transition. To couple light into and out
of the cavity, one end of the cavity is constructed with a
slightly transparent mirror with a coupling rate k. to an
external free-space field. With the atom prepared in the
(0}, 1)) subspace, an optical field mode reflected on the
cavity ideally experiences a controlled phase rotation R,
depending on the state of the atom [26,34],

R, =™ @0)(0] + 1@ [1)(1]. (4)

If the atom is initially in the state |+)=

(|0) + [1))/+/2, an incoming optical state [y) evolves as

Rely) ® [+) = (e™|w) ® [0) + |w) ® [1)/V2. (5)

Subsequently, measuring the atom in state |4) yields

(HIR:|y) ® [+) = (™ |y) + [w)/V2.  (6)

For example, for a coherent state input we obtain a
Shrodinger’s cat state, as was recently experimentally
demonstrated [26].

Realistic systems, however, are limited by losses and
scattering into unwanted modes at rate k;, as well as
spontaneous decay of the excited state of the atom through
modes different than the cavity mode at rate y. In the
Supplemental Material [35], we describe how to model
these imperfections. The imperfections are conveniently
described by the cooperativity

2

g
= 7
2x (7)
and escape efficiency
K
==, 8
n=-: (8)

where x = k; + k.. is the total cavity loss. Both C and 7
should preferably be as large as possible. However, there is a
trade-off between the cooperativity and the escape effi-
ciency. This is because the cooperativity can be increased by
decreasing k., while the escape efficiency is increased by
increasing k.. Since we would like both high cooperativity
and high escape efficiency, one has to carefully tune the
cavity coupling rate by engineering the cavity design. In
the following, we therefore quantify the system in terms of
the internal cooperativity [39], defined as

2
g C

Co="F—=——. 9

(I ol R )

Thus, for fixed g, k;, and y, the internal cooperativity does
not depend on the coupling rate .. Note also that the internal
cooperativity is always larger than the actual cooperativity,
Cy > C. In the Supplemental Material [35], we analytically
estimate the optimal value of k. to be

K = %(yz +yxy). (10)

In the following analysis, we numerically optimize x, for
each C, in order to optimize the effective squeezing of the
output states.

Results.—The idea of our proposed protocol is to repeat-
edly use the controlled rotation imposed by the cavity
to generate an approximate GKP state, as illustrated in
Figs. 1(b) and 1(c). That is, inputting a displaced squeezed
vacuum state, we obtain a squeezed Schrodinger’s cat state.
Displacing and reflecting the output state on the cavity again
further doubles the number of squeezed peaks in the output
state and repeating this N times yields a state of the form of
Eq. (1) with 2V peaks. The displacement amplitude at the at
nth step is given by

D, =D(2""\/x/2). (11)

For a sufficiently squeezed input state, the probability to
obtain the measurement result |+) N times is 1/2V.
However, the first interaction can be made deterministic,
by adding a feed-forward displacement operation since

D(ivz/(2v2))(D(V2x) = D(=V2x))8(r)|vac)
~ (D(V2r) + D(—V2x))3(r)|vac). (12)

Thus a four peak state, which can yield up to 10.4 dB
squeezing, can be generated with probability 0.5, while an
eight peak state, yielding up to 13.7 dB squeezing, can be
generated with probability 0.25.

The solid lines of Fig. 2(a) show the obtainable amount
of squeezing using the protocol with finite-cooperativity
systems. In addition to optimizing k., we also numerically
optimize the amount of input squeezing (see Supplemental
Material [35] for details on the input squeezing). The
optimization is done by optimizing min(A,,A,,) (in units
of decibels) such that we ensure effective squeezing in both
quadratures. Additionally, we can slightly further improve
the performance by slightly tuning the displacement
amplitudes and the atomic superposition state (details in
the Supplemental Material [35]).

The dashed lines of Fig. 2(a) show the result when
implementing these two modifications. Note that, for both
the solid and dashed lines, there exists an optimal number
of interactions N for each value of the internal coopera-
tivity. This is because the effects of noise due to y and «;
add up over multiple interactions. Additionally, as more
interactions are applied, the photon number of the state
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FIG. 2. (a) Achievable amount of effective squeezing generated

by the protocol outlined in Fig. 1 using a cavity with finite
cooperativity and nonunity escape efficiency, as a function of
internal cooperativity C, [Eq. (9)], optimizing the cavity output
coupling rate and the input squeezing parameter. N denotes the
number of interactions with the cavity. The dashed lines further
optimize over the displacement magnitudes and the initial state of
the atom. (b) Wigner functions and quadrature distributions for
the states generated with Cy = 200 and C, = 2000 using N =1
and N = 2, respectively, corresponding to open circles in (a).

increases, making the state more vulnerable to loss from
subsequent interactions. Thus, at some point, the noise
added outweighs the effect of increasing the number of
peaks in the state. Figure 2(b) shows the Wigner functions
and quadrature probability distributions of the achievable
states with Cy; = 200 and N = 1 (left) and C; = 2000 and
N =2 (right). For C; = 200 the produced state is essen-
tially a squeezed Schrodinger’s cat state, but the quadrature
distributions reveal the onset of the desired comblike
structure. For C; = 2000 we see a clear grid structure in
the Wigner function and a narrowing of the peaks in the
quadrature distribution.

As is evident from Fig. 2, the protocol demands very
high values of the internal cooperativity to produce high-
squeezing grid states. This is due to the multiple inter-
actions required with the noisy cavity, as well as the
demanding simultaneous requirements of high cooperativ-
ity and high escape efficiency.

To reduce the demands on the cavity QED system, we
propose to combine the protocol with the Schrodinger’s
cat-state-based breeding protocol of Ref. [21]. In that
protocol, we begin with a squeezed cat state of the form

Isqeat) = [D(vav2"™") + D(=v/av2"1)]3(r)|vac),
(13)
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FIG. 3. Achievable amount of effective squeezing obtained

with the cat state breeding method [21], using input squeezed cat
states generated with the cavity QED system. M refers to the
number of rounds of the breeding protocol. The dashed lines
show the result when fine-tuning the displacement amplitude to
partly compensate losses in the cavity. (b) Wigner functions and
quadrature distributions using Cy = 200 and C, = 2000 with
M =2 and M = 3, respectively, corresponding to the points
marked with open circles in (a).

where M is the number of iterations of the breeding protocol.
Two such squeezed cat states are combined on a 50: 50 beam
splitter and the p quadrature of one mode is measured with a
homodyne detector. Conditioned on the result p = 0, the
other mode is projected into an approximate GKP-like state.
This protocol is then iterated, combining two such output
states on another 50:50 beam splitter and projecting one
mode out with homodyne detection, etc. After M iterations,
the resulting output is an approximate GKP state of which
A, decreases with the number of iterations and A, equals the
squeezing of the initial input cat states. One important
feature of this breeding protocol is that homodyne detectors
and beam splitters can be implemented with near-unity
efficiency. Thus, the experimental challenges are focused on
producing high-quality squeezed cat states. Note from
Eq. (13) that the amplitude of the initial squeezed cat states
depends on the number of iterations M. Thus, to achieve a
highly squeezed approximate GKP state, we require
alarge amplitude squeezed cat state, which is more sensitive
to noise, such as loss, and thus experimentally more
demanding.

A deterministic version of this protocol was proposed in
[22], by adding a feed-forward displacement to the final
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state. Furthermore, it was shown in [22] that this deter-
ministic approach on average generated GKP states with
~1 dB more squeezing compared to the probabilistic
approach.

Figure 3(a) shows the obtainable amount of effective
squeezing generated with the breeding protocol, using
squeezed cat states produced by a single reflection on
the cavity. As with Fig. 2, we also optimize the displace-
ment of the squeezed cat state, with the results shown by the
dashed lines. We see a substantial increase in the amount of
achievable squeezing, reaching more than 10 dB for an
internal cooperativity around C, = 1300, corresponding to
a cooperativity of C = 25 and escape efficiency n = 0.98.
Note that we have to generate 2" squeezed cat states to
breed each approximate GKP state. Even though each of
these squeezed cat states are generated under noisy con-
ditions, they still breed into an approximate GKP state with
more squeezing than what is possible solely using the
cavity. Figure 3(b) shows Wigner functions and quadrature
distributions of two example states generated with C, =
200 and Cy = 2000 using M = 2 and M = 3, respectively.
Comparing to Fig. 2(c), we observe a clear improvement in
the quality of the produced states.

The results presented in Fig. 3 are generated using the
original probabilistic approach [21], as it allows efficient
evaluation of the effective squeezing levels with mixed state
inputs, which enables us to numerically optimize the cavity
coupling rate and input squeezing levels. However, as
mentioned, the protocol can be made fully deterministic
following [22], with the added benefit of an expected slight
increase in the squeezing levels.

Finally, we address the input squeezed light source.
Ideally, one might want to use squeezed light generated
from parametric down-conversion [40], as this method can
yield very high-squeezing values. However, the wavelength
and temporal mode profile of the squeezed light from such
a source might not be straightforwardly compatible
with a high cooperatively cavity QED system. In the
Supplemental Material [35], we therefore propose a method
to generate squeezed states starting from a coherent state,
using the cavity QED system.

The results presented herein were calculated using a
single-mode frequency formalism, thus assuming a negli-
gible bandwidth of the incident optical mode. However, for
fast pulsed operation, which would be desirable in order to
achieve a high clock rate, the spectral width of the mode
becomes relevant. Thus, for the scheme to work in this
regime, the difference in the phase imposed by the cavity
for the atom in state |0) and |1) should be constant across
the spectrum of the pulse. In the Supplemental Material
[35], we show that the phase difference is constant to
second order in the pulse bandwidth if «,.=

A/ g+ 2y, + K%. If y =k, this approximately coincides

with the value of k. which optimizes the balance between 5
and C, Eq. (10).

Conclusion.—We have presented a method for generat-
ing approximate GKP states using a cavity QED system as
the central non-Gaussian element. The performance is, in
practice, limited by the internal cooperativity of the
systems. State-of-the-art systems have demonstrated inter-
nal cooperativities of up to 200 [30,33], which could
produce approximate GKP states with 4.4 dB squeezing,
which can be improved to 5.5 dB through the breeding
method of Ref. [21]. However, improved cavity designs are
rapidly being developed across multiple platforms, and
designs with cooperativities exceeding 1000 have been
proposed [41], which could push the achievable amount of
effective squeezing above 10 dB in the near future.

This project was supported by the Danish National
Research Foundation through the Center of Excellence
for Macroscopic Quantum States (bigQ, DNRF(0142).
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