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Stretch-dominated truss and plate microstructures are contenders in the quest for realizing architected materials with extreme stiffness
and strength. In the low volume fraction limit, closed-cell isotropic plate microstructures meet theoretical upper bounds on stiffness
but have low buckling strength, whereas open-cell truss microstructures have high buckling strength at the cost of significantly reduced
stiffness. At finite volume fractions, the picture becomes less clear but both are outperformed by hollow truss lattice and hierarchical
microstructures in terms of buckling strength. Despite significant advances in manufacturing methods, hollow and multi-scale hier-
archical microstructures are still challenging to build. The question is if there exist realizable microstructures providing stiffness and
strength matching or even beating hard-to-realize hollow or hierarchical microstructures?

Herein, single-scale non-hierarchical (first order) microstructures that beat the buckling strength of hollow truss lattice structures
by a factor of 2.4 and first- and second-order plate microstructures by factors of 5 and 1.4, respectively, are systematically designed,
built, and tested. Stiffness of the microstructures is within 40% of theoretical bounds and beats both truss and second order plate
microstructures. The microstructures are realized with 3D printing. Experiments validate theoretical predictions and additional insight
is provided through numerical modelling of a CT-scanned sample.

1 Introduction

Stiffness and strength are factors of paramount importance for engineering design. Material stiffness and
strength are fundamental properties that determine material resistance against deformation and ultimate
load-carrying capability. Progress in 3D printing and micro/nano-fabrication has made it possible to realize
architected materials that push the limits in stiffness-strength property space for broad applications in
lightweight design and infill structures [1, 2, 3, 4, 5, 6, 7, 8].

Achievable stiffness for porous microstructures is limited by theoretical Hashin-Shtrikman bounds [9],
whereas ultimately, strength is governed by material yield or the onset of plastic deformation. However,
for low volume fractions or high yield strength base materials, buckling induced failure or microstructural
collapse happens before yield. Hence, closing the gap between failure due to material yield and buckling
without significant stiffness degradation is essential for realizing the potential of architected materials. Pre-
viously, many studies have considered material microstructural configurations achieving optimal stiffness
approaching theoretical upper bounds via analytical studies [9, 10, 11, 12, 13], numerical analyses [14, 15]
or systematic optimization approaches [16, 17]. It has been shown that stretch-dominated isotropic plate
materials (P microstructure in Figure 1 (a)) achieve the Hashin–Shtrikman upper bounds on isotropic
elastic stiffness in the low volume fraction limit and remain within 90% of the bound at higher volume
fractions [12, 14, 15]. In the low volume fraction limit, the closed-cell plate materials are up to three times
stiffer than their open-cell truss counterpart (T microstructure in Figure 1 (a)). On the other hand,
the open-cell truss materials possess higher buckling strength than their isotropic plate counterpart [18].
Hollow truss structures further increase the buckling strength [4]. Another way to significantly increase
buckling strength is by introducing structural hierarchy as discussed by Lakes [19].

Predictions of stiffness and buckling strength of isotropic truss, hollow-truss and plate microstructures
with up to hierarchical level 2 (level n = 0 is for solids, 1 is for simple microstructures and 2 is for
microstructures built from simple microstructures) are listed in Table 1. The table is based on an extensive
comparison of truss vs. plate lattice structures from [18]. It includes two-term volume fraction interpolation
functions based on numerical studies that significantly change observations and conclusions compared to
those drawn for the one-term interpolation functions used in Lakes’ original work [19]. Of particular
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Figure 1: Strategy illustration with f = 0.2. (a) Material property space for hierarchical reference stiffness-optimal mi-
crostructures. Points indicated with × represent evaluation of material properties using linear modelling [20]. E0, E and
σc denote the base material’s Young’s modulus, Young’s modulus and buckling strength of the microstructures, respectively.
The numbers in subscripts ‘i’ indicate hierarchical order. The subscript ‘h’ indicates hollow. For simplification, the first order
hierarchical microstructures are written without the subscript. (b) Optimized microstructures pushing the stiffness-strength
bound. (c) Illustration of the fabrication procedure. (d) Uniaxial compression test. Left to Right: Compression test of
2×2×2 cell O1 specimen; Material property characterization of the base material; Experimental setup for uniaxial compres-
sion test. (e) Specimen quality investigation via computed tomography (CT) scanning. (f) Nonlinear numerical evaluations
for nominal and CT-scanned structures using COMSOL Multiphysics® V5.6. (g) Overall performance comparison in the
material property space for T, P and O1.
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importance is the different exponents m0 for the buckling strength estimates for truss, hollow truss and
plate microstructures. The hierarchical microstructures are described in the Supporting Information and
illustrated in Figure S1.

Hierarchical level Structure Young’s modulus E/E0 Buckling strength σc/E0

1 a0f + a1f
2 bm0

0 + b1f
m0+1

n (a0 + a1f
1/n)nf (a0 + a1f

1/n)n−1(b0 + b1f
1/n)f1+(m0−1)/n

n P (a0 + a1f
1/n)nf (a0 + a1f

1/n)n−1(b0 + b1f
1/n)f1+2/n

n T (a0 + a1f
1/n)nf (a0 + a1f

1/n)n−1(b0 + b1f
1/n)f1+1/n

1 P 0.500f + 0.228f2 0.2000f3 + 0.184f4

1 T 0.167f + 0.464f2 0.0350f2 + 0.143f3

1 Th 0.167f + 0.589f2 0.0400f3/2 + 0.089f5/2

1 (f = 0.2) P 0.1091 0.00190

1 (f = 0.2) T 0.0519 0.00254

1 (f = 0.2) Th 0.0569 0.00517

2 P 0.2500f + 0.2280f3/2 + 0.0520f2 0.1000f2 + 0.1376f5/2 + 0.0420f3

2 T 0.0270f + 0.1547f3/2 + 0.2153f2 0.0058f3/2 + 0.0401f2 + 0.0664f5/2

2 (f = 0.2) P 0.0725 0.00680

2 (f = 0.2) T 0.0280 0.00331

- (f = 0.2) O1 0.0820 0.0080

- (f = 0.2) O2 0.0727 0.0102

- (f = 0.2) O3 0.0637 0.0132

Table 1: Overview of effective Young’s modulus and buckling strength for conventional isotropic plate (P), truss (T) and hollow
truss (Th) microstructures (based on results from [18]), as well as for the proposed non-hierarchical optimized microstructures
(O). Parameters are (P): a0 = 1/2, a1 = 0.228, b0 = 0.2, b1 = 0.184, m0 = 3, (T): a0 = 1/6, a1 = 0.464, b0 = 0.035, b1 = 0.143,
m0 = 2 and for the hollow truss (Th): a0 = 1/6, a1 = 0.589, b0 = 0.040, b1 = 0.089 and m0 = 3/2.

Common for all three considered stretch-dominated microstructures is that their stiffnesses initially
scale linearly with volume fraction, albeit with different factors. Plate microstructures (P) beat the truss
microstructures (T and Th) with a factor of 3 in the low volume fraction limit. This factor is even higher
for second order hierarchical microstructures (n = 2). This picture changes dramatically when considering
buckling strength: Plate microstructures (P) scale with volume fraction raised to the power m0 = 3, truss
(T) with m0 = 2 and hollow truss (Th) with m0 = 3/2, which means that the truss microstructures have
much higher buckling strength at low volume fractions (for f ≤ 0.1, at least one time higher). However,
due to a larger factor in front of the f 3 component (a0 = 0.2) for the (P) case, plate microstructures
actually perform better than truss microstructures for volume fractions of f ≥ 0.31 and hollow truss
microstructures when f ≥ 0.43. For second order hierarchy (n = 2), plate microstructures (P) beat
truss (T) and hollow truss (Th) microstructures, already for volume fractions f = 0.01 and f = 0.08,
respectively. For simplicity of manufacturing, we specifically study the case of volume fraction f = 0.2
in this work. Strength-stiffness points for hierarchical T and P microstructures and Th are plotted in
Figure 1 (a). For this volume fraction value, the strength of the basic isotropic truss microstructure (T)
just marginally exceeds that of the basic isotropic plate microstructure (P), whereas the stiffness is less
than half of the plate microstructure. Second order hierarchy (T2) only marginally improves strength at
considerable stiffness degradation, whereas second order hierarchy of the plate microstructure (P2) more
than triples the strength at only a 30% stiffness decrease. The second order plate microstructure also beats
the hollow truss (Th) microstructure both in terms of stiffness and strength.

For now, second order hierarchical structures are only practically realizable in 2D [21, 22, 23], and hollow
ones are challenging to realize as well. Hence, an open question is if one can realize 3D single-scale structures
that beat simple T, Th and P microstructures without sacrificing stiffness? The first attempt to answer
this question was based on topology optimization with the aim of enhancing buckling strength subject to a
stiffness constraint [20] based on linear material modelling. Here, material stiffness and buckling strength
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are evaluated using the homogenization method and linear buckling analyses with Bloch-Floquet condi-
tions to capture all the possible buckling modes with short and long wavelengths. This study provided
optimized single-scale, first order hierarchical microstructures with up to four times improved buckling
strength compared to stiffness optimized counterparts with moderate stiffness deterioration of 38%. These
microstructures were designed for maximizing the first onset of microstructural instability, assuming lin-
ear buckling analysis and infinite periodicity. However, the optimized designs lacked fabricability due to
enclosed cavities. Hence, the study left several questions open regarding: 1) performance vs manufactura-
bility; 2) theory vs experiments; 3) finite vs infinite; 4) linear vs material and geometrical nonlinearity;
and 5) experimental comparison to simple reference truss and plate microstructures.

This study addresses the above open questions by designing and validating manufacturable first order
hierarchical microstructures with extreme stiffness and strength. We combine the material design procedure
in [20] with 3D printing constraints to exploit manufacturable isotropic microstructure configurations with
extreme stiffness and buckling strength and further experimentally validate their performance against the
numerically predicted ones. The whole procedure is illustrated in Figure 1. Extremal microstructures are
designed to push the stiffness-strength bound in material property space Figure 1 (a)-(b). Finite cubic
structures consisting of 2×2×2 and 4×4×4 unit cells are 3D printed in soft polymer (Figure 1 (c)). Base
material properties are calibrated and specimens are tested under uniaxial compression (Figure 1 (d)).
The 2× 2× 2 cell O1 specimen is computed tomography (CT) scanned to investigate the specimen quality
(Figure 1 (e)). Finite nominal and CT-scanned structures are numerically evaluated using nonlinear
analyses considering geometric and material nonlinearities under uniaxial compression (Figure 1 (f)).
The performances of the microstructures obtained by the different approaches are compared, also against
single scale and hierarchical reference microstructures (Figure 1 (g)).

Via systematic numerical and experimental studies, we provide manufacturable first order hierarchical
microstructures with extreme properties. They exhibit up to three times higher ultimate strength than the
first order hierarchical reference microstructures with moderate stiffness deterioration. Furthermore, they
significantly improve the stiffness-strength bound predicted by the hierarchical reference microstructures.

2 Results and Discussions

2.1 Design and Physical Realization of Architected Materials

We employ the optimization procedure in [20] to design manufacturable isotropic microstructural archi-
tectures with extreme stiffness and buckling strength for a volume fraction of f = 0.2. Specifically, we
create a new class of manufacturable open-cell architected isotropic materials using a feature-based shape
optimization, where the feature parameterizations are inspired by topology optimized microstructural ge-
ometries. Design manufacturability for 3D printing is ensured by explicitly imposing length scales and
guaranteeing open designs via proper feature-based parameterizations. The optimization goal is to min-
imize the weighted sum of the inverses of microstructural buckling strength and Young’s modulus. The
details of the feature-based parameterization and optimization are provided in the Supporting Information
and illustrated in Figure S2.

Three non-hierarchical microstructure architectures are obtained by choosing different objectives, i.e.
Young’s modulus, combined Young’s modulus and buckling strength, and buckling strength denoted by
O1, O2, and O3, respectively (Figure 2 (a), Figure S3 for magnified views). Linear material evaluations
using body-fitted meshes in COMSOL Multiphysics® V5.6 show that Young’s modulus decreases while
buckling strength increases from O1 to O3. The numerical results demonstrate that local member buckling
dominates the microstructure buckling. As seen in Figure 2 (a), the center hole grows from O1 to O3
freeing material to increase wall thicknesses and enhance local member buckling strength, hence improving
microstructure buckling strength. On the other hand, enlarged holes cause a stiffness degradation compared
to the closed-cell microstructure. The effective material properties of O1, O2 and O3 are EO1/E0 = 0.082,
σc,O1/E0 = 0.008, EO2/E0 = 0.073, σc,O2/E0 = 0.010, EO3/E0 = 0.064, σc,O3/E0 = 0.013, respectively.
The detailed geometrical parameters of these optimized microstructures are listed in Table S1 in the
Supporting Information.
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2.2 Strength versus Stiffness Performance
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Figure 2: a) Optimized (O1, O2, O3) and the reference truss (T) near-isotropic nominal microstructures. (2 × 2 × 2) (b)
Fabricated 2× 2× 2 cell specimens. (c) 4× 4× 4 cell specimens.
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We 3D print the T microstructure from [14, 15] and the three optimized microstructure architectures
(O1, O2 and O3) with 2 × 2 × 2 (Figure 2 (b)) and 4 × 4 × 4 cells (Figure 2 (c)) using a Formlabs
Form 3+ printer with elastic resin (elastic 50A shore durometer elastomeric material). The cell size is
set to 20 × 20 × 20 mm3. The T microstructure is printed with full-thickness bars at the specimen’s
outer boundaries. The produced specimens are of good quality and agree with the corresponding nominal
designs, despite a small curvature on the surface originally attached to the building plate. The curvature
is more pronounced in the larger specimens, as seen in the bottom surfaces of the 4× 4× 4 cell specimens
(Figure 2 (c)). The corresponding actual and nominal volume fractions are summarized in Table 2, and
seem to be very close. The nonlinear numerical evaluations of the 2 × 2 × 2 O1 nominal structure and
the corresponding CT-scanned reconstruction match in terms of stress-strain curves and buckling mode
patterns (see Figure 1 (f)). This further demonstrates that the printed specimens are of good quality.

To calibrate the constitutive base material properties, two solid cubes of 20 × 20 × 20 mm3 and 40 ×
40× 40 mm3 are also printed and tested under uniaxial compression. The comparison between nonlinear
numerical simulations and experimental results confirms that the constitutive base material properties fit
well with an incompressible Neo-Hookean hyperelastic material with Young’s modulus of E0 =2.736 MPa
(Figure 1 (d)).

Actual volume fraction (nominal volume fraction)
T O1 O2 O3

2× 2× 2 21.0% (22.0%) 20.1% (20%) 20.0% (20%) 19.7% (20%)
4× 4× 4 19.8% (20.9%) 21.1% (20%) 20.6% (20%) 19.6% (20%)

Table 2: Volume fractions of fabricated samples compared to nominal designs.

2.2 Strength versus Stiffness Performance

Each specimen is subjected to uniaxial compression testing. Its performance is compared to the numerical
prediction from corresponding nonlinear numerical evaluations considering geometric and material nonlin-
earities together with the infinite periodic linear material buckling prediction. Imperfections considered
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Figure 3: Evaluation of finite structures consisting of 2 × 2 × 2 and 4 × 4 × 4 cells under the uniaxial compression test via
numerical and experimental evaluations. (a) Performance of T. Inserts are numerical and experimental deformation patterns
of 2 × 2 × 2 cells (b) Performances of O1. Inserts are numerical (bright green, teal) and experimental (white) deformation
patterns of 2×2×2 cells. Numerical results include nominal (teal) and CT-scanned (bright green) structures. (c) Performance
of O2. (d) Performance of O3.
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in the nonlinear evaluations are in the form of the lowest buckling mode of the structure. The maximum
amplitude of the imperfections is set to be 0.2 mm, two times the specimens’ printed layer thickness. The
near-identical nonlinear numerical performances of the 2×2×2 O1 nominal structure and the CT-scanned
reconstruction in Figure 1 (f) indicate that the imperfection amplitude in the nonlinear evaluations re-
sembles the imperfections in the CT-scanned reconstruction well. Figure 3 (a)-(d) show the stress-strain
curves of the T, O1, O2 and O3 microstructures, respectively. The dash-dotted lines represent the linear
material evaluations with the endpoint representing the buckling strain and stress of [σc/E, σc]. The
buckling strain is determined by the ratio between the material buckling strength and Young’s modulus,
given as σc/E. The solid lines represent the experimental results, while the dashed lines represent non-
linear numerical evaluations (see Methods for detailed descriptions). The specimen’s buckling strength
is defined as the stress when the tangent stiffness drops to 30% of the initial stiffness at small strains,
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2.2 Strength versus Stiffness Performance

indicated by asterisks in the plots.
The numerical and experimental results for T microstructure predict a similar buckling strain and

strength, and the corresponding deformation patterns match (see inserts in Figure 3 (a)). Bar buckling
at the outer boundaries dominates the buckling strength of the finite cell structures. Finite structure eval-
uations predict higher buckling strain and strength than predicted by the infinite periodic linear material
evaluation due to bar thickening in compression. For the optimized cells, all the 2 × 2 × 2 cell structure
evaluations agree well in terms of buckling strain and strength. 4× 4× 4 cell specimens perform less well
in both stiffness and buckling strength than the 2× 2× 2 ones due to larger manufacturing imperfections.
Due to geometrical nonlinearities, stiffness softening is observed. Finite structure evaluations predict larger
buckling strain than the infinite periodic linear material evaluation due to stiffening effects from the loaded
and supported boundaries. Moreover, the geometric and performance comparison between O1, O2 and O3
demonstrate that the microstructures with higher stiffness (O1 and O2) exhibit buckling strength intensi-
fication in the finite structure evaluation compared to the infinite periodic linear material predictions due
to member thickening in the stretch-dominated members in compression. In contrast, the microstructure
with lowest stiffness (O3) exhibits buckling strength degradation in the finite structure evaluations due to
higher bending in the members. Beyond the buckling points, the load capacities of all specimens saturate
and no sudden stiffness reduction is observed in Figure 3, hence failure is not catastrophic for any of
them.

The overall performances of the fabricated specimens, together with nonlinear evaluations, are plotted in
Figure 4 against the strength-stiffness bound predicted using hierarchical stiffness-optimal P microstruc-
tures obtained from material evaluations. The buckling superiority of the optimized materials obtained
using linear material evaluations retains when considering nonlinearities and finite size. O2 is superior
in buckling strength among all the considered microstructure configurations. It possesses up to three
times the ultimate buckling strength of the open-cell T with around 30% stiffness improvement. The
experimental results demonstrate that the proposed material architectures have significantly extended the
strength-stiffness bound provided by higher order hierarchical stiffness-optimal P microstructures predicted
using infinite periodic linear material evaluations.
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3 Conclusion

By combining inverse material design with additive manufacturing, we have created manufacturable
isotropic materials with extreme stiffness and strength that significantly extend the strength-stiffness
bound provided by hierarchical stiffness-optimal reference microstructures in material property space in-
cluded [18, 19]. Architected isotropic microstructures have been optimized to achieve extreme stiffness and
buckling strength considering the first onset of instability in linear buckling analyses, assuming infinite
periodicity. Manufacturability has been guaranteed via feature-based parameterizations. The optimized
microstructures have been 3D printed using elastic resin, and 3D printed specimens have shown good agree-
ment with ideal nominal designs. Experimental verifications have confirmed that the buckling superiority
of the new architected materials prevails when considering geometric and material nonlinearities and finite
periodicity, despite the fact that nonlinearities induce a softening effect under large deformations. The best
design possesses up to five times the buckling strength and only 38% stiffness deterioration compared to the
closed-cell stiffness-optimal plate material, at the same time it has three times the buckling strength and
around 30% stiffness enhancement compared to the open-cell truss material. The architected materials are
manufacturable and tunable. They thus provide a significant improvement of the strength-stiffness bound
given by the stiffness-optimal microstructures known from the literature.

4 Methods

Fabrication: Specimens are fabricated using elastic resin 50A with a Form 3+ printer from Formlabs.
After printing, Formlabs’ recommended washing (2-propanol technical grade) and cure time (UV light at
60 deg ) is followed, using the Formlabs wash and cure equipment. To calibrate constitutive base material
properties and set up a material model, two solid specimens of 20× 20× 20 mm3 and 40× 40× 40 mm3

are printed. Specimens of 2× 2× 2 and 4× 4× 4 optimized cells are printed, together with the reference
T cell. All unit cells have the size of 20× 20× 20mm3.

Experiments : Each specimen is weighed and measured, and deviations of the volume fractions to the
nominal designs are noted. In order to characterize the constitutive base material, two solid specimens are
tested under the uniaxial compression. Furthermore, the results are compared to numerical simulations
in COMSOL to estimate the material Young’s modulus. A CT scanner (Model XT H 225 S, Xtek) is
used to scan one test specimen to investigate the influence of possible printing geometry errors. The beam
power is set to 10 W with a voltage of 70 kV. A voxel size of 33.482 µm is employed. The remaining
CT parameters are default values. A total of 750 scanned images are converted to a 3D STL file via the
freeware ImageJ. Uniaxial compressions are performed with a 1kN Instron tensile machine (Model 3343),
where the test specimens are placed between two flat surfaces. A strain rate of 0.0021 s−1 is applied. The
obtained load-displacement curves are normalized with the measured dimensions of each test specimen to
obtain accurate stress-strain curves. The buckling strengths of the different specimens are set as the stress
with a 70% stiffness drop compared to the initial maximum stiffness.

Simulations : Optimized microstructures are obtained using the shape optimization procedure presented
in [20] using an in-house optimization framework. Both linear material and nonlinear finite structure
evaluations are performed in COMSOL® V5.6, using body-fitted meshes with second order tetrahedral
elements. In the uniaxial compression test, the bottom and top surfaces are fixed due to significant frictions
between the loading headset and specimens. Therefore, the exact boundary conditions are employed in the
numerical simulations of finite structures. In the nonlinear finite structure evaluations, the incompressible
Neo-Hookean hyperelastic material with Young’s modulus of E0 = 2.736 MPa is employed to describe the
hyperelastic constitutive base material. The corresponding strain energy density function isW = µ0(I1−3),
with µ0 = E0/3 and I1 being the first invariant of the right Cauchy-Green deformation tensor. The
displacement step is set to be 1% of the structure size. The equilibrium is solved by the automatic Newton
approach implemented in COMSOL® V5.6 with the initial and minimum damping factors of 1 and 0.0001,
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respectively. In the linear analyses, a Poisson’s ratio of ν0 = 0.499 is utilized to mimic the incompressible
base material.
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