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The study of the exchange of momentum and energy between wave components of the turbulent velocity field, the
so-called triad interactions, offers a unique way of visualizing and describing turbulence. Most often, this study has
been carried out by Direct Numerical Simulations or by power spectral measurements. Due to the complexity of the
problem and the great range of velocity scales in high Reynolds number developed turbulence, direct measurements
of the interaction between the individual wave components have been rare. In the present work, we therefore present
measurements and related computer simulations of triad interactions between controlled wave components injected into
an approximately laminar and uniform flow from an open wind tunnel by vortex shedding from two rods suspended into
the flow. We are hereby able to isolate and display the individual triad interactions taking place as the flow develops
downstream as well as the strength of the interactions and the time constants governing the development of higher order
frequency components. This provides unique insight into the inner workings of turbulence and shows how the nonlinear
term in the Navier-Stokes equation forces the energy towards higher frequencies, which is the reason for the so-called
energy cascade.

I. INTRODUCTION

Turbulence is characterized by a spatial mixture of fluid ve-
locity fluctuations spanning a great range of frequencies. The
dynamics of these fluctuations is described mathematically by
the Navier-Stokes equation (NSE), and the growth and inter-
change between them are governed by the nonlinear term in
the NSE. This nonlinearity is of a special form, involving the
product of a vector quantity, the velocity, and its own deriva-
tive, the velocity spatial gradient. This second order non-
linearity generates new frequency components that are phase
matched to either sum or differences of two existing frequency
components, motivating the term triad interactions. Because
of the special form of the nonlinearity, the coefficient for the
sum frequency is greater than the one for the difference fre-
quency (see e.g. Buchhave and Velte (2022)), which explains
the tendency of the spectral energy to transfer towards higher
frequencies, the so-called energy cascade.

Because of the great range of sizes of the spatial velocity
fluctuations and the very different roles they play in the inter-
actions, whether it be forcing terms delivering energy to the
flow, it be fluctuations in an equilibrium state of the turbu-
lence or whether it concerns small fluctuations losing energy
to viscous diffusion, it is exceedingly difficult, due to the com-
bination of strong nonlinearity and the effect of dissipation, to
give a detailed accurate description of the dynamics of turbu-
lence. However, a successful study of the triad interactions
offers an instructive insight into the inner “machinery” of tur-
bulence.

Triad interactions have in the past most often been analyzed
analytically by means of Fourier integrals resulting in delta
function phase match conditions where the resulting wave
vector, say ~k, must equal exactly the vector sum of two in-
cident Fourier components with wave vectors~k1 and~k2 giv-

ing the phase match condition ~k =~k1 +~k2. The existence
of temporal and spatial windows, which are encountered in
all practical measurements, implies that the interaction be-
tween Fourier components is allowed outside the strict delta-
function phase match condition, for example within a sinc2-
shaped spectral window in case of a box car window in the
physical domain. A detailed study of triad interactions as they
appear in real experiments is treated in Buchhave and Velte
(2023) (see also Velte and Buchhave (2021)).

The study of triad interactions in Fourier space offers a
unique way of viewing the basic energy exchange between
velocity scales taking place when a turbulent flow develops
and how spatial velocity structures, in a net sense, develop to-
wards smaller and smaller scales. In realistic, practical flows,
the complexity is so great that it is difficult to follow the in-
dividual interactions. Thus, there is a need to devise experi-
ments where fewer Fourier components are introduced into a
flow and the development of these components and the inter-
actions between them and the surrounding flow can be isolated
and traced as the flow evolves. However, not many such ex-
periments are to be found in the literature. An earlier study by
our group describes measurements of vortex shedding behind
a single rectangular rod inserted across a low turbulence uni-
form flow and behind oscillating airfoils in a highly turbulent
flow, Dotti et al. (2020). By spectral analysis, it was possible
to follow the development of the oscillating modes introduced
in the flow. Other similar studies, focused mainly on the aero-
dynamic properties of airfoils, show indirectly some of the
same spectral development, but without analyzing the flow in
terms of triad interactions, see e.g. Wu, Haniu, and Miyakoshi
(2004) and Jung and Park (2005).

In earlier work attempting to explain the spectral transfer,
different models for the coupling between the Fourier compo-
nents describing the spectral distribution of the fluctuations

http://arxiv.org/abs/2301.06588v1
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have been proposed, c.f. Batchelor (1953) and Heisenberg
(1948). Best known and most used for deriving average prop-
erties of flows at high Reynolds numbers is probably the
theory initiated by Kolmogorov (1941), often referred to as
‘K41’, which postulates that the small-scale fluctuations in
flows at very high Reynolds numbers are essentially decou-
pled from the large scales that are infusing the energy into
the flow, and that the fluctuations in the medium and high fre-
quency range are in statistical equilibrium. It then follows that
the interactions between the small, high frequency scales and
the large energy containing scales is simply a convection of
the small scales by the large scales without any direct coupling
through the nonlinear term in the NSE (although the NSE in
itself does not exclude such interactions). The spectral en-
ergy transfer then operates as a cascade between similar size
spectral Fourier components only governed by the rate of en-
ergy input by the large energy containing scales and the energy
is dissipated predominantly at the small scales. Dimensional
analysis then consequently explains many properties of equi-
librium turbulence.

However, none of the early proposed theories for spectral
transfer derives directly from the widely accepted govern-
ing equation of motion for turbulence – the NSE. Recent ex-
perimental evidence, as also pointed out early by Kraichnan
(1959), hints at the weakness of the Kolmogorov picture
and its inability to describe non-equilibrium turbulence, see
also George (2014) and Velte and Buchhave (2021). A sig-
nificant problem with K41 is that it does not take into ac-
count, for example, strong interactions between very dis-
parate scales as caused for example by large-scale stretching
of small-scale vortex filaments and vortex sheets, Kraichnan
(1974). Neither are isolated occurrences of high activity ve-
locity bursts (Batchelor and Townsend (1949)) explained, al-
though a later expansion of the K41 theory attempts to include
these effects, Kolmogorov (1962).

Also missing in the K41 theory is an explanation of the per-
sistence of large-scale structures throughout developing flows
like jets and wakes, c.f. Yeung, Brasseur, and Wang (1995).
Direct numerical simulations of the NSE has provided helpful
insight into the interactions between Fourier modes and the
spectral transfer, but the substantial computational costs still
limit the calculations to relatively low Reynolds numbers.

The question about local vs. nonlocal interactions and the
role played by the large structures have been an issue since
early on. Batchelor (1949), for example, showed theoretically
that the large scale structures, determined by the initial condi-
tions, survived until well into the process of decay of the fine
structures in homogeneous turbulence, indicating a weak cou-
pling between the small and large eddies. An experimental
demonstration of this can be found in e.g. Dotti et al. (2020).

Yeung and Brasseur (1991), Yeung, Brasseur, and Wang
(1995) and Brasseur and Wang (1992) conducted early stud-
ies by Direct Numerical Simulations (DNS) of the inter-
action between the large structures and the anisotropy of
the small structures and showed that the small scales were
influenced by nonlocal interactions between the low fre-
quency/wavenumber Fourier components (large scales, low
spatial frequency) and two closely spaced high frequency

Fourier components (small scales). Thus, many studies con-
tradict the simpler Kolmogorov picture of independence be-
tween large and small structures and a cascade dominated
by interactions between (close to) neighboring modes. Fur-
ther DNS studies of local vs. nonlocal interactions have been
reported by Domaradzki and Rogallo (1990). Their results
show that energy transfer is predominantly taking place be-
tween scales of similar size, but that the triad interactions are
caused by separate, nonlocal wave vectors.

Triad interactions in turbulence have been stud-
ied indirectly theoretically by modelling the process
(see Kraichnan and Spiegel (1962) for some early
work), experimentally by power spectral measure-
ments (van Atta and Chen (1969)) and numerically by
DNS simulations (c.f. Domaradzki and Rogallo (1990)
and Ohkitani and Kida (1992)).

In the following, we describe measurements similar to those
of Dotti et al. (2020), but with two rods instead of a single
one. The objective being to study combinations of determin-
istic low frequency components and how they interact locally
and/or nonlocally as the flow evolves. Corresponding compu-
tations with an NSE-simulator, applied and validated against
measurements in Buchhave and Velte (2022), agree well with
the measurement results and identifies the individual triad in-
teractions, their strengths and time constants and provides de-
tails of the energy exchange between components.

II. BACKGROUND THEORY

A. Navier-Stokes equation in Fourier space

The motion of an incompressible fluid with constant kine-
matic viscosity at a small test volume at position~r = (x,y,z)
and time t is described in physical space by mass conservation
(1) and momentum conservation (2):

∇ ·~u(~r, t) = 0 (1)

∂~u(~r, t)

∂ t
+~N(~r, t) =−∇p(~r, t)+ν∇2~u(~r, t) = 0 (2)

Here ~u =~u(~r, t) is the velocity at the test volume, p = p(~r, t)
is pressure, ν is the kinematic viscosity and the density is nor-
malized to unity, ρ = 1. The second term on the left hand
side in the NSE (2), the nonlinear convection term ~N(~r, t) =
(~u(~r, t) ·∇)~u(~r, t) of the NSE, makes this equation quite dif-
ficult to solve for fluids of high or even moderate Reynolds
numbers, since it involves the product of the fluctuating ve-
locity and the velocity gradient over a large range of frequen-
cies. However, the term is local, meaning that it can be solved
at each point separately. The third term, the pressure term, is
nonlocal, since it involves the instantaneous sum of pressure
fluctuations generated throughout the full flow field.

As mentioned, it may give a different, and perhaps bet-
ter, insight into the momentum and energy transfer between
different spatial scales of the flow if we consider the NSE in
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Fourier space. The four-dimensional Fourier transform, ·̂, of
the velocity is given by

~̂u(~k,ω) =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

~W (~r)W (t)e−i(~k·~r−ωt)~u(~r, t)d~r dt

(3)
where ω is the temporal frequency. The window functions
~W (~r) and W (t) reflect the fact that any real experiment is of
limited spatial and temporal extent.

Mass conservation and momentum conservation in
Fourier space is then given by equations (4) and (5)
(Buchhave and Velte (2023)):

~k ·~̂u(~k,ω) = 0 (4)

− iω~̂u(~k,ω)+

[

1−
~k

k2
~k·

]

~̂N(~k,ω) =−νk2~̂u(~k,ω) (5)

The first term in the square bracket is due to the convection
term and the second one is due to the pressure gradient term.
Thus, the nonlinear effects can be studied by considering only

the Fourier transform of the nonlinear term, ~̂N(~k,ω). This
Fourier term may be expressed by:

~̂N(~k,ω) =
1

(2π)4

∫∫∫∫

d~k1 dω1
1

(2π)4

∫∫∫∫

d~k2 dω2

×

∫∫∫∫

~W (~r)W (t)e−i[(~k−~k1−
~k2)·~r−(ω−ω1−ω2)t] d~r dt

×

[(

i~k2 ·~̂u(~k1,ω1)
)

~̂u(~k2,ω2)
]

(6)

In a highly turbulent flow, the mode interactions in-
volve all four-dimensional phase match conditions,
[

(~k−~k1 −
~k2) ·~r− (ω −ω1 −ω2)t

]

= 0. However, if

we can invoke Taylor’s hypothesis, the four-dimensional
mode match simplifies to the usual three-dimensional triad
condition,~k =~k1 +~k2, see Buchhave and Velte (2023).

However, even a strong vortex, as generated in this exper-
iment, will contain a range of wavenumbers due to the effect
of the finite window functions. As explained below, the wave
vectors for the strong vortices generated in the experiment all
point in the same direction, and the phase match condition
then becomes a scalar condition, k = k1 + k2. Using Taylor’s
hypothesis, we can equally express the mode match condi-
tion by the measured temporal frequencies, ω = ω1 +ω2 or
f = f1 + f2, where ω = 2π f = u0k and u0 is the local convec-
tion velocity.

The interactions between spatial frequency components
can be analyzed by a simple example as described
in Buchhave and Velte (2022). If Taylor’s hypothesis can be
invoked, the analogous analysis can be written in terms of
temporal frequencies, f = u0

k
2π . Considering two parallel

spatial velocity waves with different wavenumbers,~k1 and~k2

(since the wavenumber vectors are parallel, the direction is
indicated only by the sign in the below):

u(s) = cos(k1s)+ cos(k2s)

where s is a spatial coordinate along the convected flow
through the measurement point, Buchhave and Velte (2017).
When inserted into the nonlinear term:

u(s)
d

ds
u(s)=

[

(cos(k1s)+ cos(k2s)) ·
d

ds
(cos(k1s)+ cos(k2s))

]

=

[

(cos(k1s)+ cos(k2s)) ·
d

ds
(−k1 sin(k1s)− k2 sin (k2s))

]

=
1

2
[−k1 sin(2k1s)− k2 sin(2k2s)

− (k1 + k2)sin[(k1 + k2)s]− (k1 − k2)sin[(k1 − k2)s]] (7)

We see that four frequencies will be generated, doubling of
the two original frequencies, sum and difference of the two
frequencies. The sum of the two original frequencies will have
the largest coefficient, especially when k1 = k2, and the energy
will have a tendency towards higher frequency values.

The two cases of single and dual rod vortex shedding will
now be analyzed based on these insights.

B. Triad interactions for a single rectangular rod

Rectangular rods have been used in the experiments, since
they are able to generate narrow spectral peaks from shed-
ding, in contrast to cylindrical rods. When a rectangular rod
is placed in a laminar flow, vortices will be generated behind
it by the process of vortex shedding. Close to the rod, only a
single vortex appears with a single, fundamental frequency. In
the wave vector space, this fundamental vortex can be repre-
sented by the wave vector~k1, pointing in the direction parallel
to the rod if the 2D assumption is applied. At this time, there
is only one scale in the vortex shedding if the incoming flow
is assumed to be completely laminar, and the further develop-
ment will only happen because of the nonlinear convection of
this wave vector.

The first new wave vector to appear will be 2~k1, generated
by the process of frequency doubling as deducible from (7).
The frequency difference will in this case generate a zero fre-
quency contribution. When the 2~k1 is formed, further com-
binations are possible; One is 2~k1 interacting with~k1 to pro-
duce 3~k1 (frequency tripling) through frequency summation.
Another one is frequency quadrupling of 2~k1 (or summing
a wavenumber with itself), which generates 4~k1. Frequency
subtraction by e.g. 2k1 − k1 = k1 also contributes, how-
ever with a much weaker interaction, since the coefficient,
(2k1 − k1), is smaller than for the other two.

Some of the processes are shown in Figure 1, where the red
contributions correspond to the initial components and blue
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contributions to the predicted resulting frequency from the
(parallel) non-linear triad interactions, see (7). The mentioned
combinations belong only to the basic interactions at the very
beginning of the development of the velocity field. Further
downstream, more scales will be formed, and more possible
combinations will appear.

FIG. 1. Basic initial interactions in the wake of a single rod. Red
contributions correspond to the initial components and blue contri-
butions to the predicted resulting frequency from the (parallel) non-
linear triad interactions, see (7).

C. Triad interactions for dual rectangular rods

When positioning two rectangular rods in parallel in a lam-
inar flow, each rod will shed vortices, and the two vortices
and their individual developments will interact with each other
downstream. Initially, the possible scales in the wake will
be the same as discussed for the single rod. However, fur-
ther downstream the vortices will interact with each other and
more wave vector interaction combinations will be possible
as compared to the single rod case. If the fundamental wave
vectors generated by the two rods are denoted~k1 and~k2, then
downstream the flow will contain integer multiples of both~k1

and ~k2 as well as sums and differences of all possible com-
binations of~k1 and~k2. A schematic diagram of some basic
initial interactions is shown in Figure 2.

FIG. 2. Basic initial interactions in the wake of dual rods. Red contri-
butions correspond to the initial components and blue contributions
to the predicted resulting frequency from the (parallel) non-linear
triad interactions, see (7).

III. EXPERIMENTS

A. Measurements Method

Vortices were generated by respectively one or two rect-
angular rods vertically suspended near the center diameter
of an open wind tunnel (in the form of a round jet in air).
Figure 3 displays an example of one of the dual-rod se-
tups. The measurements were performed in the near field
of the 100mm diameter open wind tunnel with contraction
ratio of 2.4:1. The inside of the nozzle follows a 5th or-
der polynomial, ensuring a nearly laminar top-hat velocity
profile at the jet exit (c.f. Wygnanski and Fiedler (1969) and
Hussein, Capp, and George (1994)). The flow was condi-
tioned by internal screens to a turbulence intensity level of
less than 1% at the jet exit. The Reynolds number based on
the exit diameter and exit velocity was Re = 1650.

From previous experiments, we have noticed that rods with
a rectangular cross section with sharp corners generate nearly
sinusoidal signals with a narrow spectrum, permitting us to
consider the vortices as singular oscillating modes injected
into the main flow, Dotti et al. (2020). Moreover, the geom-
etry of the setup allows us to well approximate these modes
to be two-dimensional with velocity fluctuations mainly in a
horizontal plane through the centerline of the jet and thus a
wave vector for the mode in the vertical direction.

FIG. 3. Two rectangular rods mounted vertically across the 100mm

diameter jet exit.

The frequency content of the flow was measured with a
hot-wire probe placed with the wire oriented in the vertical
direction (to reduce spatial filtering along the directions of the
largest spatial variations) and mounted on a traversing system
located far downstream of the jet exit. The probe used for
measurements was a 55P11 straight single wire probe, which
is made of tungsten, with a diameter of 5 µm and length 1mm.
The probe was connected through a straight 55H20 support
using a 4m long cable. The hot-wire was controlled by a
DANTEC Mini CTA 54T30 system and the CTA signal was
digitized by a Series 5000 Picoscope digital oscilloscope.

The modulation of the velocity signal originating from the
vortex shedding was of the order of a few percent of the
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FIG. 4. Top view of the single-rod geometry. Rod cross section:
10×2mm. Measurement positions: y = 1.5mm and x = 10, 20, 30,
40, 50 and 60mm.

freestream velocity. It was thus not deemed necessary to lin-
earize the CTA output. The record length was selected to 1s

and the sampling frequency was chosen to 50kS/s. The mea-
sured time records were stored for later further processing.
The sampled signals were also processed directly on the Pi-
coscope to provide power spectra ensemble averaged over a
selected number of measured records. Since the raw voltage
signals from the hotwire were used, the resulting power spec-
tra are provided in dimensions ‘dBu’. The measurement posi-
tions were chosen based on where the vortex shedding is most
pure and detectable (as could be directly monitored using the
Picoscope).

B. Measurements Results

Experiments were performed with both a number of dif-
ferent single- and dual-rod geometries. The main difference
resulting from different rod geometries is some difference in
the stability of the vortex generation and the spectral purity
of the vortex shedding signals. Since the purpose of the ex-
periments was not a survey of vortex generation physics, but
rather a study of the development of the vortices considered as
single oscillatory modes, we present only results of the single-
and dual-rod experiments with clean signals.

1. Single rod – results

A top view of the single-rod geometry is shown in Figure 4.
The geometry is, for practical purposes, described in a Carte-
sian coordinate system with the x-axis along the centerline of
the jet and the y-axis in the horizontal transverse direction.
The z-axis is positive in the vertical upward direction.

The rod cross section was 10× 2mm. The rod was posi-
tioned symmetrically across the center of the jet at y = 0mm,
and the hotwire measurement positions were chosen based on
the quality of the measured vortex shedding signal, resulting

in measurement positions y = 1.5mm and x = 10, 20, 30, 40,
50 and 60mm downstream from the jet orifice.

Figure 5 shows the fluctuating part of the measured veloc-
ity signal near the back edge of the rod at y = 1.5mm and
x = 10mm. We cannot expect the signal to show a continu-
ous long sinusoidal form. Vortex shedding will contain some
irregular phase jumps due to the three-dimensionality of the
geometry. In addition, low frequency fluctuations occur due
to disturbances in the jet flow introduced from the surround-
ings. The signal shown is the AC-part of a much larger DC-
signal. The velocity modulation due to the vortex shedding is
approximately 2% of the mean velocity.

FIG. 5. A 0.5s time trace of the velocity fluctuations at x = 10mm,
y = 1.5mm and z = 0mm.

Figures 6a-f show, respectively, the development of the
power spectrum, S with units (dBu), of the hotwire voltage
signal at y= 1.5mm and x= 10, 20, 30, 40, 50 and 60mm. Al-
ready at x= 20mm we see the second harmonic being formed,
and as we move downstream, we see an increase in the num-
ber of higher harmonics. Some of the peaks are second har-
monics of peaks at lower frequency and some are the result
of combinations of two different lower frequencies. In the
present case, the fundamental vortex frequency is centered
around 156Hz. The second peak is clearly the second har-
monic centered around 312Hz.

The third peak at 468Hz is the sum of the previous two.
At higher frequencies, there exist several possible combina-
tions. The fourth peak could be the double of the second peak
and/or the sum of the first and the third. Which ones we see
and how strongly they enter cannot be deduced from studying
the power spectrum, but in the section on computer simula-
tions, we shall see the details of the different combinations,
when they occur and with what strength they contribute. Fig-
ures 6e and 6f show that the regular series of distinct peaks
begins to approach a continuous spectrum, which happens for
several reasons; With downstream distance, the peaks increase
in number and interact increasingly with the background tur-
bulence from the merging shear layers and also lose power
due to dissipation.
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FIG. 6. Time development of the measured single-rod power spectrum of the hotwire voltage at y = 1.5mm and, respectively, at (a) x = 10mm,
(b) x = 20mm, (c) x = 30mm, (d) x = 40mm, (e) x = 50mm and (f) x = 60mm.
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2. Dual rod – results

The dual-rod geometry is shown in Figure 7. The rods had
the following cross sections:

• Rod 1: 8× 2.5mm

• Rod 2: 8× 2.8mm.

The rods were placed symmetrically around the centerline
with their respective centers at y = ±2.5mm. Measurement
positions along the symmetry axis (y = 0mm and z = 0mm)
were found optimal in the positions x = 10, 20, 30, 40, 50
and 60mm. The fluctuating (AC) part of the velocity signal is
shown in Figure 8. The beating between the two vortex fre-
quencies, f1 = 99Hz and f2 = 115Hz, is clearly evident from
the velocity time trace.

FIG. 7. Top view of the dual-rod geometry. Rod cross sections: Rod
1 8×2.5mm and rod 2 8×2.8mm. Measurement positions: y= 0mm

and x = 10, 20, 30, 40, 50 and 60mm.

FIG. 8. A 0.5s time trace of the velocity fluctuations at x = 10mm,
y = 0mm and z = 0mm.

Figures 9a–f show the corresponding power spectra, S with
units (dBu), of the voltage signal of the hotwire, measured
with the Picoscope. Figure 9a shows the two distinct vortex
frequencies at a position close to the downstream side of the
rods at x = 10mm. As we move further downstream, we see

a triplet emerging at x = 20mm in Figure 9b. The three fre-
quencies are 2 f1, f1+ f2 and 2 f2. The next peak to appear will
contain all possible combinations of sum frequencies between
the first and the second peak group. Many will be identical,
and it is not possible to distinguish the weight of each com-
bination separately from the power spectrum. The possible
combinations and their respective weights will, however, be
clear when we consider the more detailed results of the com-
puter simulations in section IV.

As in the case of a single rod, we again see that the power
spectrum at increasing distance downstream, as shown in Fig-
ures 9c–f, approaches an ordinary turbulence power spectrum,
both as a result of the growing number of peaks in each group
and because of interactions with the background turbulence
from the merging shear layers.

IV. COMPUTER SIMULATIONS

A. Software description

The simulations are based on an iterative one-dimensional
solution of the full Navier-Stokes equation (NSE) including
all the terms, see Buchhave and Velte (2022). The forces act-
ing on a small flow control volume at a fixed Eulerian mea-
surement point in the flow are projected onto the direction of
the instantaneous velocity vector in the control volume. This
one-dimensional record contains information about the spa-
tial structures convected through the test volume. Input into
the algorithm is a one-dimensional digital finite velocity time
record stemming from e.g. an analytical signal, a computer
simulation or from a real measurement of the velocity at the
measurement point with an Eulerian instrument, e.g. a hot-
wire anemometer or a laser Doppler anemometer.

The program computes the time development of the instan-
taneous velocity projected onto the instantaneous flow direc-
tion. This means that we can compute the time evolution of
the full magnitude of the momentum, the kinetic energy as
well as other quantities such as various structure functions,
correlations and spectral quantities. We can e.g. also compute
the time development of the full velocity power spectrum. As
explained below, the computations involve summation over
all the spatial Fourier components of the record, which means
that we have access to all the triad interactions, when and how
they develop and the respective strengths of all contributions
to the spectrum.

The algorithm includes all the terms in the Navier-Stokes
equation. However, as the pressure term is not local at the
measurement point, but includes pressure fluctuations gener-
ated over the full flow field, including the pressure should ide-
ally require the solution over the whole flow field. This is
not possible with our algorithm, which includes only terms
evaluated within the control volume. To include pressure, we
have to rely on assumptions or models. As we deal here with
few, large and energetic eddies, we can safely disregard the
influence of the pressure term. See also Buchhave and Velte
(2022), where pressure was included.

The most important features of the program are:
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FIG. 9. Time development of measured dual-rod power spectrum of the hotwire voltage at y = 0mm and, respectively, at (a) x = 10mm, (b)
x = 20mm, (c) x = 30mm, (d) x = 40mm, (e) x = 50mm and (f) x = 60mm.
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• The calculations are based on a one-dimensional tem-
poral velocity record, which is interpreted as the pro-
jection of the three-dimensional velocity vector onto the
instantaneous flow direction at the measurement point.

• Knowing the instantaneous velocity magni-
tude, Buchhave and Velte (2017), or applying Taylor’s
hypothesis to the measured velocity time record if
the turbulence intensity is below ∼ 20− 25%, we can
convert the velocity record to a spatial record and
compute the spatial Fourier components.

• The input to the program can equally be a computer
simulated signal with a few frequency components, a
model for a turbulent flow with a given continuous spec-
trum or it can be a measured temporal velocity record.

• The program, dealing with only the one-dimensional
components in the instantaneous flow direction, cannot
give information on the spatial three-dimensional tra-
jectory of the fluid particles.

1. Block diagram of software

To conform with the Picoscope displays, we exhibit the
spectra in the following in terms of temporal frequency.
However, the algorithm computes the triad interactions in
spatial Fourier space. The software algorithm is explained
with reference to the block diagram shown in Figure 10.
u(t)in is the input time record. This time record is Fourier
transformed, û( f )in, and the input velocity power spectrum,
S( f )in, is displayed. The time record, u(t)in, is also con-
verted to a spatial velocity record, u(s)in, where s is the
convection record length, using either the convection record
method, Buchhave and Velte (2017), or by using Taylor’s hy-
pothesis if the turbulence intensity is less than ∼ 20− 25%.
The spatial record is then Fourier transformed to provide
the spatial input Fourier coefficients as a function of the
wavenumber, û(k)in, and the spatial input power spectrum,
S(k)in, is displayed. The input signal is added to the circu-
lating signal, û(k)p, where p is the current iteration. The in-
put signal can e.g. be added only in the first iteration, which
would simulate a disturbance added to the flow at the begin-
ning and then allowed to decay. Or, alternatively, a signal
may e.g. be added at each iteration, corresponding to a forced
flow. At each small time-increment, ∆t, a small contribution
from each force term in the NSE is added to the circulating
field. As the contributions are considered infinitesimal, they
can be added linearly in any order. The developing spatial
power spectrum can be displayed after a selected number of it-
erations. Furthermore (not shown in the diagram), the growth
of the Fourier components, real and imaginary parts, for se-
lected wavenumbers can be displayed, allowing us to follow
the development of the triad interactions as a function of time.

FIG. 10. Block diagram of the Navier-Stokes simulation program,
see Buchhave and Velte (2022).

B. Simulations Results

1. Single frequency injection - results

Figure 11a shows the input signal used in the single rod
simulations. The dimensions of the input signal (and all esti-
mates derived therefrom) are set to arbitrary units, ‘a.u’, since
the simulations output a synthetic velocity. The time signal is
a 0.5s record of a part of a Gaussian pulse modulated with a
frequency of f = 150Hz, meant to represent the vortex shed-
ding frequencies close to the single rod in the experiment de-
scribed in Section III B 1. The corresponding power spectrum
of this input signal is shown in Figure 11b.

Figures 12a and 12b show the time development of this sig-
nal after 100 and 200 iterations, respectively. The peaks occur
at the possible phase match values of f , 2 f , 4 f and also at
possible sum and difference combinations of two of these fre-
quencies.

Figures 13a-d show surface plots of the additional contri-
butions to the power spectrum after 1, 200, 300 and 400 it-
erations, respectively. These plots show the relative heights
of the interactions on an arbitrary logarithmic scale. The re-
sulting addition to the power spectrum is found by summing
the contributions along a given temporal frequency, f . The
corresponding spatial frequency is given by k = 2π f .

In Figure 14, we have shown annotated the frequencies tak-
ing part in the generation of the frequency components of the
resulting spectrum corresponding to Figure 13b. The power
spectrum addition observed in a measurement is the sum of
all contributions contributing to the frequency component la-
beled with f , i.e. the sum over all f1 and f2 frequencies for
each selected value of f .
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FIG. 11. (a) A 0.5s time record (incident signal) of a Gaussian pulse with modulation frequency 150Hz and (b) the corresponding power
spectrum.

FIG. 12. Time development of single frequency power spectrum. (a) 100 iterations, (b) 200 iterations.

2. Dual frequency injection - results

Figure 15a shows an example of a 0.5s time record of
a two-frequency signal consisting of the sum of two Gaus-
sian pulses modulated with frequencies f1 = 150Hz and f2 =
180Hz. Figure 15b shows the corresponding power spec-
trum. This signal is meant to represent the vortex shedding
frequencies close to the dual rods experiment described in
Section III B 2.

Figures 16a-d show a sequence of power spectra with steps
of 100 iterations, a: 1, b: 200, c: 300 and d: 400 iterations.
It is clear that each group of frequencies develop more and
more peaks with increasing number of iterations, as a result
of interactions between their difference frequencies. The fre-
quency difference is also seen at 180Hz− 150Hz= 30Hz.

Figures 17a–d show the development of the additional con-
tributions to the power spectrum. Again, the total addition to
the power spectrum at a given value of the frequency, f , is
found by summing all contributions yielding the same value

of f .
In Figure 18, we have marked some of the frequency combi-

nations that contribute to the power spectrum peaks displayed
in Figures 17a and 17d.

3. Dual frequency injection in simulations with measured
velocity signal as input - results

Figure 8 shows one record of the 100 measured dual-rod
time records measured close to the jet exit. The signal clearly
shows the beats between the two main vortex shedding fre-
quencies and also spurious fluctuations and the AC-value of
the signal is only a few percent of the total.

Figure 19 shows a sequence of power spectra computed
with the Navier-Stokes program using this signal measured
near the rods as input and averaged over 100 records. The
figure shows the development of the group of peaks as in Fig-
ure 16, but the detailed structure is obscured by unsteadiness
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FIG. 13. Time development of iterative additions to single-frequency triad interactions (first quadrant). (a) 1 iteration, (b) 200 iterations, (c)
300 iterations and (d) 400 iterations.

FIG. 14. Annotated triad combinations at 200 iterations, correspond-
ing to Figure 13b.

in the generated vortex frequencies in the real flow. However,
the plots illustrate quite clearly the transfer of kinetic energy
to higher frequencies. Even within each group of frequen-
cies, it can be seen how interactions are biased to the high
frequency side by the special form of the nonlinearity in the
Navier-Stokes equation. Even within each group of frequen-

cies, it can be seen how interactions are biased to the high
frequency side.

Figure 20 shows corresponding phase matched triad inter-
actions averaged over 100 records. Again, we see the devel-
opment of the main group of frequency components, but as
in Figure 19, the detailed structure is difficult to discern due
to unsteadiness in the vortex frequencies and the surrounding
flow.

V. CONCLUSIONS

The development of power spectra measured downstream
from one and two vortex shedding rods in a low intensity uni-
form flow have been presented. We may view the vortices as
large oscillating modes injected into the flow, and we can mea-
sure the development of higher frequency modes as a result of
a sequence of triad interactions caused by the second order
nonlinearity in the Navier-Stokes equation between the differ-
ent modes as the fluid is convected downstream in the flow.
We then used the iterative Navier-Stokes program to compute
the development of the power spectrum of an initial velocity
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FIG. 15. (a) A 0.5s time record (incident signal) of two Gaussian pulses with modulation frequencies 150Hz and 180Hz and (b) the corre-
sponding power spectrum.

record as a function of time, both with some computer gener-
ated single or two-frequency signals and with the hot-wire sig-
nal measured near the rods as input signal. The NSE program
allows us to study the individual contributions to the power
spectrum as a function of time, i.e. with increasing number
of computational iterations. This gives unique insight into the
dynamics of the individual triad interactions, both in case of
simulated modes and for an actual measured velocity signal as
input to the program. As we get good agreement between the
measured and the computed power spectra, we assume that we
with confidence can use the computer program to study the in-
teractions between all the modes present. These interactions
are available during the computations, both as regards the ac-
tual interacting frequencies and the strengths of these interac-
tions as well as the time constants in the interactions. From
both the power spectrum plots and the surface plots of the
triad interactions, we see clearly the effect of the unique form
of the nonlinear term in the Navier-Stokes equation, which
forces kinetic energy on average to move to higher and higher
frequencies, which is the true reason for the so-called energy
cascade.
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FIG. 17. Time development of iterative additions to dual-rod triad interactions (first quadrant). (a) 1 iteration, (b) 100 iterations, (c) 200
iterations and (d) 400 iterations.

FIG. 18. Annotated dual-frequency triad combinations. (a) Initial contributions at the incident frequencies. (b) After 400 iterations, showing
many possible triad interactions.
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FIG. 19. Time development of measured dual-rod power spectra. (a) 10 iterations, (b) 20 iterations, (c) 30 iterations and (d) 40 iterations.
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FIG. 20. Time development of iterative additions to dual-rod triad interactions (first quadrant) for the measured two-rod signal, 100 records
averaged. (a) 10 iterations, (b) 20 iterations, (c) 30 iterations and (d) 40 iterations.


