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On the interpretation of kinetic effects from ionization in fluid

models and its impact on filamentary transport
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1PPFE, DTU Physics, Technical University of Denmark, 2800 Kgs. Lyngby, Denmark

January 3, 2023

Abstract

In regions where plasma is not fully ionized, such as the edge and scrape-off layer (SOL) regions in
a tokamak, the charged particles may be subject to strong sources from interactions with neutral atoms
and molecules. Such sources, e.g., from electron impact ionization, can introduce kinetic effects, as the
ionized particles may have a flow velocity and temperature different from that of the main species. If
treated in the conventional fluid picture, this kinetic effect emerges as a frictional heating term. In this
paper the physics of this term is discussed, both for un-magnetized and magnetized plasmas. The fluid
source terms are mapped back to the kinetic sources to provide a consistent picture for future model
comparison. In the limits of low and high ratios between the rates of thermalization and ionization,
a multi-ion species drift-fluid model is applied to assess the impact of this kinetic effect on SOL drift-
plane plasma transport. This is done by modeling a seeded blob where the ions follow either a single- or
double-Maxwellian velocity distribution function (VDF). It is found that the robustness of the magnetized
plasma VDF in the drift-plane, and the limited effect on the vorticity source, ensure that the impact
of kinetic effects on the perpendicular blob evolution is small, even in the limit of high ionization to
thermalization rate ratio, where kinetic effects to the ion VDF are significant.

∗Corresponding author: alec@fysik.dtu.dk
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1 Introduction

In balance with the transport of particles, momentum, and heat, sources to the plasma shape magnetically
confined plasmas. The profiles at the plasma edge and Scrape-Off Layer (SOL) regions determine the
exhaust of particles and heat from the core and are central in regulating the machine performance [1]. The
sources at the colder plasma boundary originate largely from the interactions with the neutral atoms and
molecules, and the impact of the interactions on the plasma transport is subject to current attention in
both experiments [2, 3] and simulations [4–12]. In particular, such effects as fuelling, divertor detachment
[1, 13–15] and SOL density shoulder formation [2, 16–20], depend on the plasma-neutral interactions.

A successful approach to modeling the plasma edge and SOL dynamics is to describe the plasma in the
two-fluid picture [21], where ions and electrons each constitute a fluid with its own density, momentum,
and temperature, although the charge densities of electrons and ions are commonly assumed equal due
to quasi-neutrality. The family of edge and SOL codes [4–7, 9–12], based on the two-fluid model, are
extended within the past years to additionally model transport of neutral particles and the corresponding
sources to the fluid plasma species.

Certain experimental observations in the edge and SOL regions, such as a deviation from a Gaussian
ion velocity distribution to one with a lower temperature peak during shoulder formation [19] and mea-
surements of co-existing neutral atoms at characteristic temperatures [22, 23] are, however, beyond the
modeling capabilities of fluid models due to their restrictive assumption of a Maxwellian velocity distri-
bution function for the continuum. Collisions generally drive the velocity distribution function towards
that of a Maxwellian, whereas sources can contribute to a drive away from that. Regions with a high
source rate compared to the collision rate pose an uncertainty in the applicability of fluid models.

The aforementioned observations are examples of kinetic effects that move the velocity distribution
away from a Maxwellian function. While fluid-like descriptions of continua with non-Maxwellian distri-
bution functions is an actively researched field [24, 25], a generic fluid description of a non-equilibrium
continuum is lacking and may very well not exist, although some success was found in certain limit cases.
For limit cases where the drive towards a single-Maxwellian velocity distribution function is sufficiently
small, however, the distribution function may be described by a multi-Maxwellian distribution function,
i.e., a sum of single-Maxwellian distribution functions, if the sources each follow a Maxwellian distribution
function.

As for the neutral-augmented two-fluid models the interest in multi-ion-species fluid models, required
for describing, e.g., fusion plasmas with a deuterium-tritium fuel mixture, is likewise increasing [9, 26].
The development of such models also enables plasma models where a single ion species is described by
a multi-Maxwellian distribution function. In tandem with the source terms that arise from introducing
neutral interactions, such a model may possibly describe the kinetic effects on the ion species arising
from, e.g., the ionization of neutrals.

In this paper, we re-derive the self-consistent fluid source terms from kinetic operators and discuss
how a fluid picture interprets the kinetic effects introduced by ionization. A multi-ion drift-fluid model
(nMIHESEL), which in its essence combines transport and interactions with neutrals, nHESEL [5], with
a multi-component plasma transport model, MIHESEL [26], is applied to model the neutral-populated
SOL and edge regions, where the ionization source rate in the hot and dense plasma perturbations
(blobs) may be high compared to the collision rate. The study considers blob scenarios using both a
(conventional) single-Maxwellian and a double-Maxwellian velocity distribution fluid model. The results
demonstrate that in the limit of a high source- to collision-rate ratio, which may be relevant for plasma
filaments (blobs) in magnetically confined plasmas, the filamentary cross-field transport causes a different
evolution of the density from that where a single-Maxwellian is assumed. The difference, however, is not
to an extent that calls for a reevaluation of existing plasma fluid models of perpendicular transport with
fluid interactions.

The paper is structured as follows. In Section 2 generic fluid source terms are re-derived from
kinetic velocity space operators and the physical interpretation of the terms, in particular, an anomalous
emergent heating term, is discussed. The underlying cause of the term is a failure of the fluid picture
to describe the kinetic effects of a non-Maxwellian velocity distribution function. Section 3 sets out to
investigate the impact of this kinetic effect by comparing simulations of seeded blobs described by either
a single-Maxwellian or a double-Maxwellian drift-fluid model. The conclusions are summarized in Sec. 4.
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2 Source terms in fluids and magnetized plasmas

The source terms that arise from the dominant inelastic interactions between charged particles and
neutrals are well established and can be found in e.g. [5, 27, 28]. In the following section, Sec. 2.1, we do,
however, sketch the derivation for these generic source terms to a fluid, originating from adding kinetic
sources of amplification, advection, and diffusion in velocity space, to support the subsequent discussion.
In Section 2.2 the form of the ionization sources, in terms of the generic sources, is provided. A particular
term, that effectively heats the ions without the presence of an underlying physical mechanism to explain
such heating, is moreover discussed in detail in Sec. 2.3.

2.1 Moments of kinetic source terms

The onset for the analysis of fluid source terms is the Boltzmann kinetic equation

∂tfσ + ∂x · (vfσ) + ∂v · (afσ) = Cσ(f) + Sσ(f) , (1)

for the distribution function for particle species σ, fσ = fσ(t;x,v). On the right-hand side of (1) are
the collision operator Cσ(f), where the absence of an index on the argument indicates that also other
distribution functions than that for species σ are involved, and the source operator Sσ.

The fluid equations are readily obtained in the Chapman-Enskog closure scheme by calculating
the velocity-space moment equations for (1) while assuming that the distribution function fσ ≡ fM

σ

is Maxwellian

fM
σ (t;x,v) = nσ

(
mσ

2πTσ

) 3
2

exp

(
−mσ

2Tσ
(v − uσ)

2

)
, (2)

where nσ = nσ(t;x) is the particle density, uσ = uσ(t;x) is the flow velocity, Tσ = Tσ(t;x) is the
temperature, and mσ is the mass of particle species σ. The (contracted) moment integrated terms are
identified as the fluid variables

nσ(t;x) ≡
∫

d3v fσ(t;x,v) , (3)

Γσ(t;x) ≡ m

∫
d3v vfσ(t;x,v) , (4)

Eσ(t;x) ≡ 1
2
m

∫
d3v v2fσ(t;x,v) , (5)

where Γσ = mσnσuσ is the momentum density and Eσ = 1
2
mσnσu

2
σ + 3

2
nσTσ is the energy density for

the Maxwellian velocity distribution.
The collision operator is typically assumed to be bi-linear, but in the forthcoming analysis, the exact

form of the collision terms is not crucial, although the associated characteristic collision frequency will
play a role in defining the schemes in which the fluid approximation is valid.

Both the collision operator, which accounts for elastic collisions between particles in fσ and those in
the fσ′ distribution functions, and the source operator, which accounts for all other interactions (including
inelastic collisions), potentially involve other distribution functions and the index on the argument in (1)
is thus omitted. The moments of the source operator are defined in agreement with (3-5)

Sn
σ (t;x) ≡

∫
d3v Sσ(t;x,v) , (6)

SΓ
σ(t;x) ≡ mσ

∫
d3v vSσ(t;x,v) , (7)

SE
σ (t;x) ≡ 1

2
mσ

∫
d3v v2Sσ(t;x,v) . (8)

We will consider two categories of kinetic source terms; those which correspond to a source only
in one of the fluid variables nσ, uσ, Tσ, i.e., by adding more particles at the same flow velocity and
temperature as the existing fluid. The other category arises from the conversion of particles in fσ′ to
fσ, such as ionization of neutrals, which potentially introduce a source to all fluid variables, since the
created particles may have a different flow velocity and temperature than those of the bulk fluid.

The explicit form of kinetic source terms, which corresponds to only changing a single fluid parameter,
denoted Sρ

σ for ρ = nσ, uσ, Tσ, can be found by writing the arguments of the Maxwellian distribution
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2.1 Moments of kinetic source terms

function (2) in terms of the fluid variables, i.e., fM
σ (t;x,v) = fM

σ (v;nσ(t;x),uσ(t;x), Tσ(t;x)) and
calculate the change in fM

σ due to changes in the individual fluid variables[
dfM

σ (v;nσ,uσ, Tσ)

dt

]
S

=
∂fM

σ

∂nσ

[
dnσ

dt

]
S︸ ︷︷ ︸

Sn
σ

+
∂fM

σ

∂uσ
·
[
duσ

dt

]
S︸ ︷︷ ︸

Su
σ

+
∂fM

σ

∂Tσ

[
dTσ

dt

]
S︸ ︷︷ ︸

ST
σ

.
(9)

For some field, [dt ·]S represents the temporal change of that caused by a source. Denoting the corre-
sponding fluid variable source terms

[dtnσ]S ≡ Σn
σ(t;x) , [dtuσ]S ≡ Σu

σ(t;x) , [dtTσ]S ≡ ΣT
σ (t;x) , (10)

and using the known form of fM
σ in (2) the source terms in (9) are readily evaluated

S
n
σ (t;x,v) =

Σn
σ

nσ
fM
σ (t;x,v) , (11)

S
u
σ (t;x,v) =

mσ

Tσ
(v − uσ) ·Σu

σ fM
σ (t;x,v) , (12)

S
T
σ (t;x,v) =

(
1
2
mσ (v − uσ)

2

Tσ
− 3

2

)
ΣT

σ

Tσ
fM
σ (t;x,v) . (13)

It is noted that the known form of the Maxwellian velocity distribution allows for obtaining the above
explicit form for the kinetic source operators. For source operators acting on fσ through respectively
amplification, advection, and diffusion in velocity space, similar to the form of the Landau collision
operator [29],

S
n
σ (fσ) ≡ Aσfσ(t;x,v) , (14)

S
u
σ (fσ) ≡ Bσ · ∂vfσ(t;x,v) , (15)

S
T
σ (fσ) ≡ Cσ∂

2
vfσ(t;x,v) , (16)

where the units of the coefficients are [Aσ] = s−1 (particle number source rate), [Bσ] = m s−2 (accelera-
tion), and [Cσ] = m2s−3 = Wkg−1 (specific power) and for which it is straightforward to verify that the
Maxwellian case have

Aσ =
Σn

σ

nσ
, Bσ = −Σu

σ , Cσ =
ΣT

σ

2mσ
. (17)

This form of the source operators (14-16) is also physically intuitive; a density source Σn
σ increases the

amplitude of fσ, a flow velocity source Σu
σ advects fσ in velocity space, and a heating source ΣT

σ results in
a widening of fσ in velocity space without changing the volume (density) or mean velocity (flow velocity).
The physical mechanisms that would result in fluid source terms are, e.g., for Σn

σ addition of fluid at the
same flow and temperature, for Σu

σ acceleration of the fluid by, e.g., applying an external electric field
in the case of a charged fluid such as a plasma, and a finite ΣT

σ could be obtained by heating the fluid
without changing the density, e.g., by electromagnetic heating of the fluid particles. It is noted that for
a plasma fluid, the flow velocity source from the acceleration due to an electric field is usually accounted
for in the last term of the left-hand side of the Boltzmann equation (1) which has the same form as the
flow velocity source term (15). The term is, however, preserved here for the sake of completeness. Also
note that for a heat sink, due to, e.g., ionization for the electrons in a plasma, the kinetic heat source
term results in anti-diffusion of the velocity distribution function.

What remains now is to calculate the moments of the kinetic source term, i.e., Sσ = Sn
σ + Su

σ + ST
σ ,

due to changes in the fluid variables, defined in (6-8). The fluid density source for a Maxwell distribution
function is

Sn
σ (t;x) =

∫
d3v Sσ(t;x,v) =

Σn
σ

nσ

∫
d3v fM

σ (t;x,v) = Σn , (18)

as only (14) has a finite integral value. The momentum density source is

SΓ
σ(t;x) = mσuσΣ

n
σ +mσnσΣ

u
σ , (19)

since only (14) and (15) have finite first moments. Similarly, the energy density source is

SE
σ (t;x) =

(
1
2
mσu

2
σ + 3

2
Tσ

)
Σn

σ +mσnσuσ ·Σu
σ + 3

2
nσΣ

T
σ . (20)
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2.2 Fluid variable source terms from ionization

The above expressions can be obtained equally from (11-13), (14-16) together with (17), or by applying
the differentiation chain rule to the fluid expressions for Γσ and Eσ together with the definitions in (10).

In the following, we consider a plasma described as an electron fluid and an ion fluid and review the
kinetic and fluid source terms that appear due to the ionization of a background fluid of neutral atoms of
the same atomic number as the ions (e.g., a hydrogen plasma in a background of hydrogen atoms). Since
the neutral fluid does not necessarily have the same flow velocity and temperature as the plasma fluids
the task is more complicated than simply identifying an expression for Σn

σ and applying the previous
framework.

2.2 Fluid variable source terms from ionization

The method of Sec. 2.1 is applicable if the velocity distribution of the particles added or removed by the
density source Σn

σ has the same velocity space moments, i.e., flow velocity and temperature, as the bulk
fluid described by fσ. When a fluid, such as a plasma, is created, e.g., by ionization of neutral atoms, this
is, however, not guaranteed. The sources must therefore be derived from (6-8) where, for ionization, the
kinetic source term, Sσ, depends on the neutral velocity distribution function fn. A detailed derivation
of the electron impact ionization fluid source terms can be found in, e.g., [28] and result in the source
terms for density

Sn
iz, σ =

∫
d3v′ fn(v

′)

∫
d3v fe(v)σizvrel

≈
∫

d3v′fn(v
′)

∫
d3w fe(w)σiz(w)w = nnne⟨σizve⟩ ≡ Σn

iz ,

(21)

momentum density

SΓ
iz, σ = mσ

∫
d3v′ v′fn(v

′)

∫
d3v fe(v)σizvrel ≈ mσunΣ

n
iz , (22)

and energy density

SE
iz, σ = 1

2
mσ

∫
d3v′ v′2fn(v

′)

∫
d3v fe(v)σizvrel ≈

(
1
2
mσu

2
n + 3

2
mσ
mn

Tn

)
Σn

iz +
3
2
nσΣ

T
iz, σ

=
(

1
2
mσu

2
n + 3

2
mσ
mn

Tn − δσe
3
2
ϕiz

)
Σn

iz ,

(23)

where the last equality is obtained by writing the heat sink for the electrons in terms of the electron
ionization potential ϕiz. Note that the terms only describe sources from adding particles at distinct flow
velocities and temperatures. Additional physical sources that may dominate in certain regimes, e.g.,
radiation at low temperatures, are not included.

The moments of the kinetic equation for an electron (σ = e) or ion (σ = i) species with an ionization
source result in the Braginskii two-fluid equations [21] with auxiliary source terms

[∂tnσ]S = Sn
iz, σ , [∂tΓσ]S = SΓ

iz, σ , [∂tEσ]S = SE
iz, σ . (24)

The interpretation of the sources is straightforward; all sources are proportional to the rate of particle
creation, which also defines the density source in (21). The rate of gain in momentum density (22) by
adding new particles is proportional to the rate at which the particles are created and to the momentum
that the particles are created with, i.e., that defined by the flow velocity of the neutral fluid un. In
particular, if the neutrals do not have a flow velocity there is no source from ionization to the momentum
density of the plasma species. Similarly, the rate of growth of plasma species energy density (23) that
results from adding new particles is proportional to the rate of particle creation. If the neutrals that are
ionized have a finite flow velocity un the first term in the brackets of (23) increases the energy density
of the plasma species accordingly and similarly for the second term in case of neutrals with a finite
temperature Tn. There is thus no gain in energy density if the neutrals are static and cold. The last
term in (23), only present for electrons, is the sink in electron energy from the ionization process.

It is, however, more instructive to consider the set of ionization sources to the fluid variables used to
parametrize the distribution function, i.e., Sn

iz, σ, S
u
iz, σ, S

T
iz, σ. The latter two are defined by the right-

hand sides of the equations

[∂tuσ]S = Su
iz, σ , [∂tTσ]S = ST

iz, σ , (25)
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2.3 Does ionization heat the ions?

and are obtained by subtracting lower moment equations from the momentum density and energy density
equations respectively. The flow velocity source is thus

∂tuσ =
1

nσ

(
1

mσ
∂tΓσ − uσ∂tnσ

)
=

1

nσ

(
1

mσ
SΓ

iz, σ − uσS
n
iz, σ

)
= (un − uσ)

Σn
iz

nσ
.

(26)

As opposed to the momentum density (22), ionization is a sink to the flow velocity if the ionized neutrals
are static (un = 0), whereas the source term vanishes if the neutrals have the same flow velocity as the
plasma species (un = uσ). On the path to obtaining the temperature source, one finds the pressure
source

∂tpσ = 2
3

(
∂tEσ − 1

2
mσ∂t

(
nσu

2
σ

))
= 2

3

(
SE
iz, σ −

(
1
2
mσu

2
σS

n
iz, σ +mσnσuσ · Su

iz, σ

))
=
(

1
3
mσ (un − uσ)

2 + mσ
mn

Tn − δσeϕiz

)
Σn

iz ,

(27)

which readily yields the temperature source

∂tTσ =
1

nσ
(∂tpσ − Tσ∂tnσ) =

1

nσ

(
Sp
iz, σ − TσS

n
iz, σ

)
=
(
1
3
mσ (un − uσ)

2) Σn
iz

nσ
+
(

mσ
mn

Tn − Tσ

) Σn
iz

nσ
− δσeϕiz

Σn
iz

ne
.

(28)

The third term on the right-hand side of (28) is the temperature sink due to the ionization reaction, and
the second term is, similar to that for the flow velocity in (26), a change in the temperature, depending
on whether the thermal speed for the particles in the ionized fluid is smaller or larger than that for
the resulting fluid. The nature of the first term on the right-hand side of (28) is, at first sight, perhaps
somewhat less intuitive than the other source terms that have been reviewed. The term is positive definite
unless un = uσ in which case it vanishes. What makes this term peculiar is exactly the dependency
on the neutral and charged particle flow velocities and that a difference in the two generates heat even
in a plasma that is assumed to be collisionless. The physical interpretation of this term is discussed in
Sec. 2.3.

To conclude the subsection, and for future reference, and before diving into a more deliberate discus-
sion of the flow velocity dependent heat source term in Sec. 2.3 the flow velocity and temperature source
terms are restated separately from their derivation in (26) and (28)

Su
iz, σ = (un − uσ)

Σn
iz

nσ
, (29)

ST
iz, σ =

(
1
3
mσ (un − uσ)

2) Σn
iz

nσ
+
(

mσ
mn

Tn − Tσ

) Σn
iz

nσ
− δσeϕiz

Σn
iz

ne
. (30)

It is noted that the form of the source terms provided here, despite being derived without consideration
of magnetization of the plasma, are identical to those for a magnetized plasma. This correspondance is
not obvious, as the ionized particles immidiately drift with their gyro-center velocities independent of
their velocity before ionization. The derivation and interpretation are provided in App. A.

2.3 Does ionization heat the ions?

Consider the ions in a homogeneous one-dimensional collisionless plasma with fluid variables n0, u0, T0

and thus with the velocity distributed according to the Maxwellian distribution function fM
0 ≡ fM(v;n0, u0, T0)

for fM given by (2). Now introduce a homogeneous density source by adding particles from another dis-
tribution function fM

1 with fluid variables n1, u1, T1. Note that we are now describing the system by
two distribution functions. One could equally analyze this for the electron population, but the term of
interest (i.e., the first term of (30)) is more relevant for the ion population due to their larger mass. The
evolution of the fluid variables, and thus the velocity distribution function, is prescribed by the resulting
source terms in (21, 29-30) by matching the indices to those above, i.e., σ = 0, n = 1. For the case
of some u1, T1 < u0, T0 the evolution of the distribution function f is sketched in Fig. 1. For the case
considered, adding new ions that are slower and colder to the system has the effect of increasing the
density, slowing down the flow, and increasing the temperature. That the addition of ions results in a
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heating of the system, even though the added ions are colder, is due to the difference in the flow velocities
of the original ions and neutrals, which causes the flow velocity-dependent term in (30) to exceed that
which depend on the temperature difference. The physical process, by which flow velocity is converted
into heat, may not be obvious, but comes from the logical fallacy that the system is collisionless while
maintaining a Maxwellian velocity distribution.

Note that the fluid equations for collisional fluids have terms of the exact same form as those in
(29-30), with the source rate Σn

iz/nσ replaced by the collision frequency [21]. In such case, the term
corresponding to that in question is interpreted as frictional heating from collisions, which is required to
drive the velocities towards a Maxwell-Boltzmann distribution.

Without collisions, there is no physical reason to treat the original and newly created ions as one
fluid. If one desires to describe a truly collisionless system a more appropriate approach in the collisionless
limit, or at least in the limit where the source rate is much larger than the rate of thermalization, may
be treating the total velocity distribution as a double Maxwellian defined by the sum of two Maxwellian
distribution functions; one for the original ions and one for the ions created in the ionization process

f(t;x, v) = fM
0 (t;x, v) + fM

1 (t;x, v)

= fM(v;n0, u0, T0) + fM(v;n1, u1, T1) .
(31)

In Figure 1 the evolution of the distribution function fM for the ions described as a single fluid and
the double Maxwellian distribution function f defined in (31) are sketched. It is apparent that as the
density of the secondary ion species grows the assumption of a common Maxwellian distribution function
becomes increasingly incorrect. The interpretation of the source terms in (29-30) is now straightforward;
there is no physical mechanism responsible for the change in flow velocity and temperature. The source
terms simply describe how to evolve a single Maxwellian velocity distribution to fit a double Maxwellian
velocity distribution function better under the conservation of momentum and energy. Ionization does
not heat the ions if the system is treated properly.

Describing a collisionless system as a fluid may appear as an incorrect starting point in the first place.
The reason for doing so is to highlight the origin of the source terms (29-30), which appear independent
of collisionality and initiate the discussion of the (lack of) underlying physical mechanism.

In this section, the source terms for non-magnetized and magnetized plasmas have been laid out. It is
highlighted how describing the fluid by a single Maxwellian velocity distribution function leads to a source
term that interprets as a heating term when introducing particles with a different flow velocity, e.g., from
ionization in a plasma. While this kinetic effect may be present in fusion plasmas, the magnitude of
its impact on the plasma transport is not obvious. In Section 3 we investigate the implications of the
effect on seeded blob cross-field transport when considering regimes of both small and large Σn

iz/nσ to
thermalization rate ratios. This is done while describing the ions either by a single or double Maxwellian
velocity distribution function.

3 Numerical simulation of seeded filaments

In this section, we model and discuss the kinetic effects of ionized ions that have different flow velocities
and temperatures compared to the main species. Section 3.1 describes the multi-species drift-fluid model
equations and the implementation of the single-Maxwellian and double-Maxwellian distribution function
(sMDF and dMDF) models. The simulation parameters are provided in Sec. 3.2 and the simulation
results, i.e., the kinetic effects of the ionization process on seeded blob dynamics, are presented and
discussed in Sec. 3.3.

3.1 nMIHESEL model equations

The neutral atoms are modeled as a static background fluid with density nn, flow velocity un = 0, and
(Franck-Condon) temperature Tn = 2 eV. The temperature of the neutral atoms is that of a deuterium
atom that originates from a dissociated deuterium molecule. While the nMIHESEL model allows for
dynamic modeling of both interactions and transport of atoms and molecules, a static background of
atoms, and no molecules, is applied here to focus the study. The ionization reaction rate Σn

iz is given by
(21), and where the ionization reaction rate coefficient ⟨σizv⟩ is a function of the electron temperature
and obtained from [30]. The neutral model is a limit case of that in nHESEL [5] with static neutrals and
only ionization considered.
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3.1 nMIHESEL model equations

fM
0

fM
1

f = fM
0 + fM

1

fM

u1 u0

v

Figure 1: Sketch of the evolution (frame-wise from top and downwards) of the
velocity distribution function for a collisionless fluid with a density source. The
top plot shows the initial distributions and the plots below show the distributions
at later times. fM

0 is the distribution function for the initial fluid and fM
1 is that for

the newly created fluid at lower temperature and flow velocity. The distribution
function denoted f = fM

0 + fM
1 is the actual distribution function for the total

fluid, whereas fM is that which is obtained from evolving the Maxwellian fM
0

under conservation of momentum and energy. It is conventional to assume fM as
the velocity distribution function when modeling plasmas as fluids.
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3.1 nMIHESEL model equations

The evolution of the charged particle species is governed by the MIHESEL equations [26] augmented
with the source terms from nHESEL described in Secs. 3.1.1 and 3.1.2. The full model, denoted nMIH-
ESEL, describes the evolution of all individual ion species within a multi-ion species drift-fluid plasma.
For ion species α the fluid is characterized by its ion densities nα, ion pressures pα, electron pressure pe
and E×B-vorticity ω. The set of equations is closed according to the 21-moment Zhadanov closure [31]
and can be found in B.

For the full set of MIHESEL equations and their origins, the reader is referred to B and [26] for the
full derivation.

For this particular study two cases of the nMIHESEL equations are realized; one that treats the
plasma as a conventional two-fluid with a single-ion component, and another that describe the plasma
as a fluid with two ion components of the same species but with individual densities and pressures. The
first case describes the ion velocity distribution function by a single-Maxwellian distribution function
(sMDF), whereas the second case describes it by a double-Maxwellian distribution function (dMDF).
The source terms for the two realizations are provided in Secs. 3.1.1 and 3.1.2 respectively. The electron
species thermalize by a factor of the square root of the mass ratio faster than the ions and their velocity
distribution function is described by a sMDF.

The aim of the simulations is to investigate if there is a significant difference between describing
the ions by the conventional sMDF velocity distribution or the dMDF velocity distribution, which may
be more proper to use in cases with subspecies of particles with another temperature. Two cases are
investigated for each velocity distribution function; one where the collisionality rate is much larger than
the source rate, νcol ≫ νiz, and one where the opposite is the case, νiz ≫ νcol. This totals the number of
four simulation cases that are summarized in Table 1.

Table 1: The four study cases cover simulations with single and double Maxwellian
distribution functions (sMDF and dMDF) in the collision and source-dominated
regimes (νcol ≫ νiz and νiz ≫ νcol)

sMDF dMDF

νcol ≫ νiz Case 1 Case 2
νiz ≫ νcol Case 3 Case 4

Intuitively one would expect Cases 1 and 2 to yield similar results since the collisions force the
distribution functions towards their shared Maxwellian form faster than the new ions are created from
ionization, whereas Cases 3 and 4 may differ for opposite reasons.

The temperature dependence of νcol and νiz, as well as their temperature-dependent ratio, is shown
in Fig. 2. To access the high collision-to-source rate regime, for cases 1 and 2, the seeded blob is given a
lower temperature than that in cases 3 and 4, which is consequently initiated at a low collision-to-source
rate. In the following, the source terms are explicitly given for the sMDF and dMDF cases. The full
system of equations, including source terms, is also given in App. B.

3.1.1 Sources for the sMDF cases

The plasma is a single-species two-fluid with the additional source terms from the ionization of neutral
atoms

[∂tni]S = Σn , (32)

[∂tpi]S =
[
1
3
miu

2
i + Tn

]
Σn , (33)

[∂tpe]S =
[
1
3
meu

2
e + µTn − ϕiz

]
Σn , (34)

[∂tω]S = −∇ ·
[

Σn

niΩci

(
∇⊥ϕ

B
+

∇⊥pi
qiniB

)]
, (35)

where the plasma variables are the ion density ni, ion pressure pi, electron pressure pe, E×B-vorticity ω
and electric potential ϕ. Σn = nnne⟨σizv⟩ is the density source, Ωci is the ion gyro frequency, ue = ui are
the leading order plasma velocity from E×B advection, µ is the electron to ion mass ratio, and Tn = 2 eV
is the neutral atom temperature.

It is noted that the vorticity source (35) replaces the flow velocity source of Sec. 2.2 in the drift-fluid
picture. The vorticity source, for the case of a neutral flow velocity identical to the drift-velocity, is
reproduced in the gyro-fluid picture [32, 33]. The flow velocity source that appears when the neutral flow
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3.1 nMIHESEL model equations
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Figure 2: The temperature dependence of the ion-ion collisionality rate νcol, the
ionization rate νiz and the ratio between the two.
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3.2 Domain, parameters and initial conditions

velocities are different from the drift-velocity, and which is described in App. A, is, however, not consistent
with the gyro-fluid picture. This misalignment between the drift-fluid and gyro-fluid descriptions is a
subject of future work.

3.1.2 Sources for the dMDF cases

The plasma is a double-species two-fluid with the additional source terms from the ionization of neutral
atoms. One species is the original plasma (i.e., no sources) and the other species is that created by
ionization.

[∂tn1]S = 0 , (36)

[∂tp1]S = 0 , (37)

[∂tn2]S = Σn , (38)

[∂tp2]S =
[
1
3
miu

2
i + Tn

]
Σn , (39)

[∂tpe]S =
[
1
3
meu

2
e + µTn − ϕiz

]
Σn , (40)

[∂tω]S = −∇ ·
[

Σn

n2Ωci

(
∇⊥ϕ

B
+

∇⊥p2
qin2B

)]
, (41)

where the plasma variables are the ion densities n1,2, ion pressures p1,2, electron pressure pe, E×B-
vorticity ω and electric potential ϕ.

3.2 Domain, parameters and initial conditions

The machine and plasma parameters are chosen to resemble those of a medium-sized tokamak with major
radius R = 1.5m, minor radius a = 0.5m, on-axis magnetic field strength B0 = 2T, and safety factor
at 95% of the minor radius q95 = 5, and a deuterium (mass number A = 2 and charge number Z = 1)
plasma.

Table 2: Initial reference densities and temperatures for the four study cases.

νcol ≫ νiz νiz ≫ νcol
Case 1 Case 2 Case 3 Case 4

n1,bkg [m−3] 1018 1018 1018 1018

n2,bkg [m−3] − 1015 − 1015

T1,bkg [eV] 10 10 100 100
T2,bkg [eV] − 2 − 2

The initial conditions for the dMDF cases are provided below. For the sMDF cases, the conditions for
i = 1 are applied. The primary density and temperature fields are initiated as Gaussian perturbations
on a flat background and the secondary fields are homogeneous

fi(t = 0, x, y) = fi,bkg

[
1 +Ai exp

(
− (x− x0)

2 + (y − y0)
2

2σ2

)]
(42)

with fields f = n, Te,i, background levels f1,bkg = f0, T2,bkg = Tn, n2,bkg = 1 · 10−3n0 and perturbation
amplitudes A1 = 1, A2 = 0. The density of the neutral background is nn = 1016 m−3. The physical
values of the reference densities and temperatures are summarized in Table 2. The electrostatic potential
is ϕ(0, x, y) = 0 at initialization. The blob width is σ = 10ρs, the domain is a square grid with physical
side length L = 40σ, and the blob is initiated in the center at spatial position x0 = y0 = L/2. The
equations are numerically solved using the Feltor discontinuous Galerkin library [34] on a grid resolved
by Nx = Ny = 360 cells with three polynomial coefficients for a third-order method. Dirichlet boundary
conditions are applied to all fields

fi(t, x = {0, L}, y) = fi(t, x, y = {0, L}) = fi,bkg ,

ϕ(t, x = {0, L}, y) = ϕ(t, x, y = {0, L}) = 0 .
(43)

For this particular study the density source term in nMIHESEL is modified so only the perturbed
electrons ionize neutrals, i.e., the density source is

Σn = (ne − ne, bkg)nn⟨σizv⟩ . (44)
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3.3 Filament cross-field dynamics

The reason for this is, that the background pressure is mainly included for numerical reasons. If this
is not subtracted from the source terms, a flat increase in plasma density occurs due to background
ionization. The global increase in density does not provide new knowledge and moreover disturbs the
effects of the ionization on the blob transport, and the cause of this is therefore subtracted.

3.3 Filament cross-field dynamics

In Figure 3 an instance of the blob density is shown at various time instances for all four simulation cases
together with the absolute difference between cases 1 and 2, and cases 3 and 4. For all cases the blob
develops asymmetrically due to a finite ion temperature and the warmer blob, with a higher ionization
rate, is also observed to remain more coherent, which is consistent with the findings in [35–37]. The
difference between the rightmost frames in Fig. 3a and Fig. 3d, which both show the density difference
at time t = 2.20µs, is the largest among those displayed. The difference of applying a single MDF (cases
1 and 3) and a double MDF (cases 2 and 4) in the two scenarios at this point in time is almost three
orders of magnitude.

Comparing the two scenarios at the same point in time may, however, not be the most appropriate
basis for comparison. The ratio is qualitatively consistent with Sec. 2; a higher collisionality drives the
two MDFs towards their common single MDF faster and the difference between those is therefore smaller.
There are, however, other factors that may attribute to this difference that is not caused by the difference
in collisionality-to-source ratio.

Part of the explanation for the larger difference could be attributed to the ionization rate being higher
for the warmer cases with lower collisionality. To account for this the high collisionality cases are evolved
to a point, τiz, where the ionization time is similar to that of the low collisionality cases at t = 2.20µs.
The blob for cases 1 and 2 are shown at this time instance in Fig. 3b. Although the accounting for
the difference in ionization time between the low and high collisionality reduces the discrepancies, the
absolute differences in Figs. 3b and 3d still differ by almost two orders of magnitude.

Another explanation, that also relates to the different temperatures more than the difference in
collisionality, is the difference in the blob evolution stages measured by their respective interchange times

γ−1 =
√
Rσ

2cs
. Here R is the tokamak major radius, σ is the blob width according to (42) and cs =

√
Te
mi

is

the ion acoustic speed [38]. Cases 1 and 2, with a temperature perturbation of 10 eV, have at t = 2.20µs
evolved through 1.56 γ−1, whereas the blob for cases 3 and 4 are shown at 4.94 γ−1 according to their
respective interchange time. Evolving cases 1 and 2 to the same point relative to the interchange time,
τγ , as cases 3 and 4 in Fig. 3d, results in the density distributions for the high collisionality cases shown
in Fig. 3c. At this stage, the low collisionality cases have evolved through a larger ionization time, but
there persists to be an order of magnitude difference between the discrepancies between the single and
double MDF cases for Figs. 3c and 3d.

In summary; Fig. 3 shows that the difference in describing a blob, that is subject to a density source
from ionization, by either a single or double MDF is more pronounced at low collisionality compared to
a similar system at higher collisionality. The difference is partly caused by the difference in ionization
time and interchange time, but cannot solely be explained by those effects, and is therefore attributed
to kinetic effects.

The influence of the kinetic effect on the blob motion is, however, not pronounced in the cross-field
filament dynamics. A hypothesized reason for this draws on the conclusions from [36]; that the main
contributor in altering filamentary cross-field dynamics is the F×B-vorticity source. Inspecting the
source terms (35) and (41) it appears that the source enters through gradient fields. Since the density
source is proportional to the bulk plasma density, the spatial density distribution of the pressure of the
plasma created from ionization is also similar to this, and the difference in the gradient terms in the
vorticity sources is marginal. Thus, kinetic effects from ionization are believed to only weakly alter the
dynamics due to their small divergence from the fluid vorticity source.

The kinetic effect is also visible in Fig. 4, where the ion temperatures for all four cases are shown. It
is observed that for case 2 the temperature, T2, of the ions that originate from ionization is almost 4 eV
at its peak. The temperature of the ions from ionization in case 4, on the other hand, remains close to 2
eV, which is the temperature at which the ions in all cases are created. The Figure demonstrates that for
a low-temperature filament, where the collisionality is high and the source rate low, a single Maxwellian
is appropriate for describing the velocity distribution function of the ions. For higher temperatures,
however, the collisionality is lower and the source rate is higher. In those cases, the temperature of the
ions from ionization remains close to that at which they are created as the thermalization is slower than
the rate of creation of new ions. A double Maxwellian may describe the velocity distribution function
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3.3 Filament cross-field dynamics

Figure 3: Evolution of seeded blob densities in the four cases. The first and last
rows display the densities for all cases at time t = 2.20µs. The second and third
rows show the density of the high collisionality cases after the same ionization and
interchange times as that of the low collisionality cases. The rightmost frame of
all rows shows the absolute difference between the densities in that row.
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3.3 Filament cross-field dynamics

Figure 4: Evolution of seeded blob temperature perturbations in the four cases at
time t = 2.20µs. For the dMDF cases, 2 and 4 both the main ion temperature
and that of the ions that originate from ionization are shown. For case 2, the
low-temperature case, the ions from ionization thermalize much faster than for
the high-temperature case 4.
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3.3 Filament cross-field dynamics
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Figure 5: Velocity distribution functions corresponding to the fluid parameters at
the peak density positions for the four blob cases shown in Figs. 3a and 3d.
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better in those cases.
The kinetic effect is also visible from Fig. 5 in which the result of inserting the thermodynamic

variables at the density peak positions in the MDFs prescribed by (2) for all four cases is shown. The
figure illustrates clearly that the kinetic effect, while only weakly influencing the blob motion, is much
more pronounced for the low collisionality double MDF case. The reason for this cannot only be attributed
to the higher collisionality for cases 1 and 2, which drives the velocity distribution functions faster towards
a shared form. The relative temperature difference between the bulk and ionized plasma species is much
smaller for cases 1 and 2, compared to the low collisionality cases. Any perturbation to case 2 is therefore
much less pronounced than for case 4.

We wish to highlight another interesting feature of magnetized plasmas, at least those where the
drift-approximation is valid. Maxwellian velocity distribution function perturbations due to, e.g. ioniza-
tion, will always align with the velocity distribution function of the bulk plasma around a shared flow
velocity, as the ionized particles instantaneously move with the drift velocity. This results in Maxwellian
perturbations, or any other perturbation with a peaked center at the mean velocity, which will have the
largest perturbation amplitude where the background Maxwellian velocity distribution function is largest
and thus minimizing the relative amplitude of the perturbation. This makes magnetized plasmas robust
to this kind of perturbation as the error to the fluid approximation, i.e., kinetic effects, are likewise
minimized. The larger variability of the velocity distribution in the direction parallel to the magnetic
field lines is also known from gyrokinetic theory.

4 Conclusions

In certain magnetically confined plasma regions, such as the potentially neutral-rich SOL, and operation
scenarios, such as NBI or pellet fuelling, the ionization source rate may be comparable to or larger than
the rate of collisional thermalization. In those cases, the velocity distribution function of the bulk ion
species may not be well described by a Maxwell-Boltzmann velocity distribution, which is commonly
assumed in the fluid picture.

The potential kinetic effect on the transport of filamentary structures in a magnetized SOL plasma
is investigated through the multi-species drift-fluid model nMIHESEL [5, 26] that allows for treating the
bulk plasma and that created from ionization as separate fluids with individual temperatures. Seeded
filaments are created in regimes of both high and low collision-to-source rates. In the high collision-to-
source rate regime the drive towards a shared Maxwellian velocity distribution function is strong and the
single and double Maxwellian distribution functions are shown to coincide. In the low collision-to-source
rate the velocity distribution functions remain distinct but yet result in little difference in the evolution
of the filament compared to that described by a single Maxwellian distribution function.

Several factors may contribute to the robustness of the filament dynamics to kinetic effects from
ionization; due to the instantaneous acceleration of the flow velocity of ionized particles to the common
drift velocity the perturbation on the bulk plasma velocity distribution function will always appear at its
peak where the relative amplitude difference is the smallest. Temperature sources are likewise known to
only affect the filamentary transport marginally [36], and due to the form of the self-consistent ionization
source, the difference in the vorticity source between the sMDF and dMDF cases, which may have the
largest potential for changing the dynamics, is vanishing.

In addition to the simulation analysis, it is illustrated how kinetic sources to particles with a Maxwellian
velocity distribution function, which can be described as amplification, advection, or diffusion of the
velocity distribution function, correspond to sources in the fluid variables density, flow velocity, and
temperature respectively. The fluid source terms, assuming a Maxwellian velocity distribution function,
have the characteristics of frictious heating, but with the ionization rate in place of the collision rate.

The study concludes that kinetic effects from ionization may be (continued) neglected in most current
cross-field transport simulation scenarios of magnetized plasmas. The kinetic effects on transport parallel
to the magnetic field lines, where the velocity distribution function does not exhibit the same robustness
to perturbations may, however, influence the transport significantly and the topic is subject for future
research.

This work has been carried out within the framework of the EUROfusion Consortium, funded by the
European Union via the Euratom Research and Training Programme (Grant Agreement No 101052200
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— EUROfusion). Views and opinions expressed are however those of the author(s) only and do not
necessarily reflect those of the European Union or the European Commission. Neither the European
Union nor the European Commission can be held responsible for them.

A Ionization source terms in magnetized plasmas

This appendix aims to aid the discussion on the form of the fluid ionization source terms. While, as it
appears, the source terms provided in Sec. 2.2 are applicable also to a magnetized plasma, this is not
obvious. The fluid source terms for the ionization process in Sec. 2.2 reflect the conservation of fluid
momentum and energy in the ionization process. In magnetized plasmas, however, a neutral particle
that is ionized becomes an ion that gyrates with its full perpendicular velocity. In the fluid picture, this
corresponds to a conversion of some of its flow velocity to heat. The particle gyro-motion will, however,
typically result in a drift-velocity, which constitutes the perpendicular momentum for the magnetized
plasma fluid, independent of the flow velocity it had as a neutral. Only in the case where there is a
homogeneous magnetic field and no other forces acting on the particle, the full flow velocity is converted
to heat.

The leading order drift, the E×B-drift, typically results from an external magnetic field and a self-
organized internal electric field with components perpendicular to the magnetic field. Upon ionization,
the position of the gyro-center relative to the position of the particle may be located further up or down
the electrostatic potential depending on its perpendicular velocity. The rate of change in energy density
is given by mσ

(
u2

σ⊥ − un⊥ · uσ⊥
)
Σn

iz from work done by the electric field (or any other conservative
force). The total energy density source for a magnetized plasma (indicated by ⋆) is[

SE
iz, σ

]
⋆
=
(

1
2
mσu

2
n +mσ

(
u2

σ⊥ − un⊥ · uσ⊥
)
−mσuσ⊥ · (uσ⊥ − un⊥) +

3
2

mσ
mn

Tn − δσe
3
2
ϕiz

)
Σn

iz ,

=
(

1
2
mσu

2
n + 3

2
mσ
mn

Tn − δσe
3
2
ϕiz

)
Σn

iz .

(A.1)

Note how the work done has been accounted for in the first line by adding and subtracting the same
term. The reason for writing this explicitly is that it gives a hint on the origin of the sink term in the
energy density, −mσuσ⊥ · (uσ⊥ − un⊥)Σ

n
iz. Comparing the first line of (A.1) to the form of (20) one

notices that the energy density sink term has the form of a flow velocity source contribution to the energy

density, mσnσuσ ·Σu
σ. The corresponding flow velocity source is Σu

σ = (un⊥ − uσ⊥)
Σn

iz
ne

.
The fluid momentum density source term thus has an additional contribution to the flow velocity

source deduced above. Following (19) the fluid momentum density source is[
SΓ

iz, σ

]
⋆
= mσ (uσΣ

n
iz + nσΣ

u
σ) = mσ (uσΣ

n
iz + (un − uσ)Σ

n
iz)

= mσunΣ
n
iz .

(A.2)

The corresponding sources to flow velocity and temperature are[
Su

iz, σ

]
⋆
= (un − uσ)

Σn
iz

nσ
, (A.3)[

ST
iz, σ

]
⋆
= 1

3
mσ (un − uσ)

2 Σn
iz

nσ
+
(

mσ
mn

Tn − Tσ

) Σn
iz

nσ
− δσeϕiz

Σn
iz

ne
. (A.4)

The physical interpretation of the flow momentum source is, that the energy required to do the work
on the ionized particles must come from the self-organized internal field that causes the drift. By doing
work the energy of the field is changed. This again changes the local drift velocity, which reflects in the
flow momentum source.

The source terms, (A.3) and (A.4), appear identical to those for the unmagnetized plasma (29) and
(30). It is worth noting, however, that while the physics of the flow velocity term in the temperature
source discussed in Sec. 2.3 are not obvious for the unmagnetized case, the term is much more easily
explained in the magnetized case. In the magnetized case the perpendicular flow velocity of the ionized
fluid is randomized into thermal gyro-motion except for the part of the flow velocity that aligns with the
drift velocity. The term in the magnetized case thus represents an actual conversion of flow velocity to
heat.

The actual drift velocity may originate from multiple forces of various origins. In the drift-fluid
picture, however, it is typically assumed that the drift-velocity to leading order is provided by the E×B-
drift.
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B nMIHESEL equations

The nMIHESEL equations are a set of equations that solve for the density and pressure evolution of
the individual ion species and electrons under the quasi neutrality assumption

∑
α Zαnα = ne. The

gyro-Bohm normalized equations are

d

dt
nα + nαC(ϕ) +

1

Zα
C(pα)− aα

µα

Zα
∇ ·
(
d0

dt
∇⊥ϕ

∗
α

)
= Λn

α + Sn
α , (B.1)

∑
α

aαµα∇ ·
(
d0

dt
∇⊥ϕ

∗
α

)
− C

(∑
α

pα + pe

)
= Λω + Sω , (B.2)

3

2

d

dt
pα +

5

2
pαC(ϕ) +

5

2

1

Zα
C
(
p2α
nα

)
− pα

µα

Zα
∇ ·
(
d0

dt
∇⊥ϕ

∗
α

)
= Λp

α + Sp
α , (B.3)

3

2

d

dt
pe +

5

2
peC(ϕ)−

5

2
C
(
p2e
ne

)
= Λp

e + Sp
e , (B.4)

with generalized potential ϕ∗
α = ϕ + pα/Zαaα. The right-hand side contains all interactions and source

terms. The interaction terms are

Λn
α =

∑
s

Ds→α,0

asτα
∇ ·
(
Tαns∇nα − Zα

Zs
Tsnα∇ns

)
−
∑
β

aαDπ,β→α,0

Ωc,α,0
∇2∇2ϕ∗

α , (B.5)

Λω =
∑
α

∑
β

Zα
aαDπ,β→α,0

Ωc,0,α
∇2∇2ϕ∗

α + Ξω,∥ , (B.6)

Λp
α =

5

2

∑
s

Ds→α,0

as
∇ ·
(
Tαns∇nα − Zα

Zs
Tsnα∇ns

)
− pα

∑
β

Dπ,β→α,0

Ωc,α,0
∇2∇2ϕ∗

α

−
∑
β

Dβ→α,0

µαaβ
µαβ∇ ·

(
3

2

[
nβ∇pα − Zα

Zβ
nα∇pβ

]

− µα

µα + µβ
nαnβ

[(
13

4

µβ

µα
+ 4 +

15

2

µα

µβ

)
∇Tα − Zα

Zβ

27

4
∇Tβ

])
+
∑
s

Ds→α,0

asτα

(
Tαns∇nα − qα

qs
Tsnα∇ns

)
· (qα∇ϕ)

+
∑
β

µαaαDπ,β→α,0

[(
∂2
xϕ

∗
α − ∂2

yϕ
∗
α

)2
+ 4 (∂xyϕ

∗
α)

2
]

+
∑
s

3nαnsνs→α,0µα (Ts − Tα)

as(µα + µs)
+ Ξpα,∥ ,

(B.7)

Λp
e =

∑
s

Ds→α,0

asτe
∇ ·
(
Tens∇ne −

Ze

Zs
Tsne∇ns

)
+
∑
α

(
1 +

√
2

Zα

)
Dα→e,0∇ · (ne∇Te)

+
∑
s

Ds→e,0

as

(
Tens∇ne −

qe
qs

Tsne∇ns

)
· (qe∇ϕ) +

∑
s

3nensνs→e,0µe (Ts − Te)

as(µe + µs)
+ Ξpe,∥ ,

(B.8)

with constant parameters

ms/mRef → µs, ns,0/ne,0 → as, Ts,0/Te,0 → τs . (B.9)

The total derivatives are defined as

d

dt
=

∂

∂t
+

1

B
{ϕ, ·} and

d0

dt
=

∂

∂t
+ {ϕ, ·} . (B.10)

with the Poisson brackets

{f, g} ≡ ∂xf∂yg − ∂yf∂xg . (B.11)

The collision frequencies and diffusion coefficients are given by:

νs′→s =
21/2ns′Z

2
sZ

2
s′e

4 lnΛss′

(
1 + ms

ms′

)
12π3/2ϵ20m

2
s

(
Ts
ms

+
Ts′
ms′

)3/2 . (B.12)
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where lnΛss′ is the coulomb logarithm for multiple ion species. From the collision frequency the diffusion
coefficients are given:

Ds′→s = ρ2sνs′→s =
νs′→sv

2
th,s

Ω2
c,s

, (B.13)

Dπ,β→α,0 = Dβ→α,0
mαmβ

(mα +mβ)
2

(
3

10

mβ

mα
+

1

2
− 1

5

mβ

mα

Zα

Zβ

)
. (B.14)
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