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Abstract

Mechanical structures are often simultaneously subjected to thermal and mechanical loading, both of which can lead to
uckling failure. Developing efficient structural forms with better capacity for stability is important to keep structures safe.
his study aims to optimize structural buckling capacity by using a density-based topology optimization scheme. Instead
f treating the mechanical and thermal loadings as a single coupled part in the linearized buckling analysis, the effects of
echanical and thermal loadings are decoupled, which allows to separately analyze and optimize buckling aspects induced by
echanical or thermal loading. Two optimization models based on the decoupled analysis models are developed to respectively
aximize the critical load factor of buckling induced by mechanical loading under a specified thermal loading and buckling

nduced by thermal loading under a specified mechanical loading. Further, based on a three-phase material model, a multi-
aterial topology optimization scheme is employed to optimize the buckling capacity of active structures made of structural

nd actuating materials and prestressed structures containing prestressed components. The actuation effects are mimicked by the
hermal loading of active material. The sensitivities of the objective functions and constraints are derived through the adjoint
echnique, and the method of moving asymptotes (MMA) is employed to solve the topology optimization problems. Numerical
xamples are adopted to verify the effectiveness of the proposed approach.
2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

http://creativecommons.org/licenses/by/4.0/).

eywords: Multi-material; Topology optimization; Stability; Buckling; Thermo-mechanical loading; Active/prestressed structure

1. Introduction

Structural topology optimization has been developed for decades and has drawn more and more attention in
he research and industry fields [1–4]. Several approaches, such as homogenization [5], solid isotropic material
ith penalization (SIMP) [6], evolutionary structural optimization (ESO) [7], level set method [8], moving
orphable components (MMC) [9] have been proposed to efficiently carry out the topology optimization on a

ange of problems. Optimal structural design covers a variety of physical problems, such as optimizing structural
tiffness [10], strength [11], and stability [12]. Among these problems, optimal design with respect to stability or
uckling is a rather important but challenging issue that has been thoroughly studied [12–15].

Structural design considering buckling criteria dates back decades when it mainly dealt with the design of trusses,
here stability was imposed on the local level, constraining the maximum stress or displacement of individual
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members [12,16]. Then, several methods have been proposed to consider overall structural stability [13,17,18]. For
continuum structures, Neves et al. [19] firstly investigated the maximization of the linearized buckling load based
on a homogenization-based topology optimization method. Folgado and Rodrigues [20] studied the reinforcement
problem for a plate considering buckling criterion. Due to the specific and often counter-acting character of buckling
design, as opposed to compliance or stress designs, it is apparent that the former must be carefully treated in the
optimization, especially for complex structures. Therefore, a renewed interest in topology design with regard to
buckling is rising.

Recently, Gao et al. [21–23] re-studied buckling-based topology optimization that focused on alleviating the
ssues due to pseudo buckling modes and the conflict between the requirements for structural stiffness and stability.
indgaard et al. [24] studied buckling-based topology optimization considering geometrically nonlinearity. Dunning
t al. [25] and Bian and Feng [26] proposed to use effective iterative methods for solving the large eigenvalue
roblem in large-scale buckling-constrained topology optimization problems. Cheng and Xu [27] optimized the
opologies of stiffened plates and material microstructures considering buckling criteria. Thomsen et al. [28] carried
ut the design of periodic microstructures with respect to multi-scale buckling conditions. Ye et al. [29] and Wang
t al. [30] investigated the topological optimization of plate/shell and lightweight structures subjected to linear
uckling constraints and frequency constraints based on the Independent Continuous Mapping Method (ICM) [31].
errari and Sigmund [32] revisited topology optimization with buckling constraints and gave a comprehensive
iscussion on several important issues in buckling-constrained topology optimization, such as the competition
etween stiffness and stability requirements, the activation of several buckling modes, the use of non-conforming
nite elements for the analysis, and the use of inconsistent sensitivity. Further, a 250-line Matlab code was provided
y Ferrari et al. [33] for topology optimization for linearized buckling criteria, which uses efficient strategies to
ignificantly cut the computational bottlenecks in linearized buckling topology optimization.

The works mentioned above all deal with buckling induced by pure mechanical loading. In practical scenarios,
hermal loading may also lead to buckling failure since a temperature rise may cause severe compression in the
tructure. Therefore, the effect of thermal loading or coupled thermo-mechanical loading on the buckling capacity
hould also be considered for optimal structural design. In this regard, Singha et al. [34] and Malekzadeh et al. [35]
dopted a genetic algorithm (GA) to optimize the fiber orientation and thickness of laminated composites to
aximize the buckling load induced by thermal effects. Kamarian et al. [36] optimized the stacking sequence of

aminated structures to enhance the buckling temperature. Apart from buckling induced only by thermal loading, the
uckling-based structural optimization under thermo-mechanical loading is also investigated by some. For example,
eng et al. [37] used a level-set approach to solve a buckling-constrained problem under thermo-mechanical loading

or a single material case. Stanford and Beran [38] employed the SIMP approach to develop a buckling-constrained
opology optimization framework of a metallic panel structure subjected to thermo-mechanical loading. Recently,

u et al. [39] adopted the rational approximation of material properties (RAMP) [40] interpolation scheme to
ddress the multi-material topology optimization problems considering thermo-mechanical loading to enhance the
tructural buckling resistance capacity. Gan and Wang used the SIMP approach to explore the size effect under
hermal buckling criterion [41] and considered the influence of the thermo-solid coupling field on the buckling
erformance of porous infill structures [42]. Lee et al. [43] proposed a topography optimization method and a
ize optimization method to control linear buckling temperature and thermal buckling modes of composite plate
tructures.

In all the studies mentioned above on the buckling under thermo-mechanical loading, the thermal load and
echanical load are formulated as a single coupled part to compute the stress/geometrical stiffness matrix in the

inearized buckling analysis, i.e., the thermal load and mechanical load are scaled simultaneously by the same
uckling load factor in the eigenvalue analysis. This kind of formulation implies that thermal load and mechanical
oad are not independent and always proportional to each other. This is a very strong assumption from a practical
oint of view because thermal load and mechanical load are usually independent of each other, and buckling can be
aused by either of them separately. To be able to separately investigate the thermal load and mechanical load on
he buckling, it is better to decouple the effects of the two types of loads in the buckling analysis, which allows one
o separately analyze the buckling induced by mechanical or thermal loading. Based on the decoupled formulations,
wo optimization models are developed in this study to respectively maximize the critical load factor of buckling
nduced by mechanical loading under a specified thermal loading and the buckling induced by thermal loading

nder a specified mechanical loading.
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In the topology optimization field, thermal expansion effects have been employed to mimic the actuation property
f a material. For example, Sigmund [44,45] proposed a topology optimization method to design multiphysics
ctuators and electro-thermo-mechanical systems based on material thermal expansion effects through a one-
aterial or two-material scheme. Jensen et al. [46] proposed a systematic topology optimization approach for

imultaneously designing the morphing functionality and actuation in three-dimensional wing structures in which
he actuation was modeled by a thermal-like linear-strain-based expansion in the actuation material. Based on the
ecoupled formulations developed in this study and utilizing the thermal expansion effect, a three-phase multi-
aterial topology optimization scheme [45] is further adopted to optimize the buckling capacity of active structures

hat are made of structural and actuating materials and prestressed structures that contain prestress in the structural
embers. It shows that, compared to topology-optimized passive structures, stability can be considerably improved

or topology-optimized active and prestressed structures.
The outline of the paper is as follows: Section 2 introduces basic formulations for the decoupled models for

inearized buckling analysis under thermo-mechanical loading; Section 3 develops the single-material topology
ptimization model for the maximization of buckling capacity of single-material structures and the multiple-
aterial topology optimization model for the maximization of buckling capacity of active and prestressed structures;
ection 4 presents numerical examples to verify the effectiveness of the proposed approach; finally, Section 5
iscusses and concludes the paper.

. Basic formulations for thermo-mechanical buckling analysis

.1. Linearized buckling analysis under mechanical loading

Considering a discretized mechanical system under only mechanical loading Pm , the linearized buckling
analysis [47] can be done by solving the following eigenvalue problem

[K + λGm] ϕ = 0, ϕ ̸= 0 (1)

here K is the linear, symmetric, and positive definite stiffness matrix, Gm is the stress/geometric stiffness matrix
aused by the mechanical loading and can be assembled from the element stresses. The stress vector σ m,e for each

element can be calculated by

σ m,e = Deεm,e = DeBeUm,e (2)

here De, Be, and Um,e are the constitutive matrix, strain–displacement matrix, and displacement vector of element
, respectively. The equilibrium displacement Um is computed by

KUm = Pm (3)

and ϕ are respectively the critical buckling load factor (BLF) and the associated buckling mode. In practical
uckling analysis, the fundamental BLF λ1, associated with the critical load Pcr = λ1Pm , is what determines the
tability of the structure.

.2. Linearized buckling analysis under thermo-mechanical loading

Following a similar formula as in Eq. (1), the linearized buckling analysis under thermo-mechanical loading may
e realized by solving the following eigenvalue problem

[K + λG] ϕ = 0, ϕ ̸= 0 (4)

here in this case G is the stress/geometric stiffness matrix caused by the combined effect of thermal and mechanical
oadings, i.e., G = Gt + Gm . Here, Gm depends on the mechanical load as outlined in Section 2.1 and Gt can be
ssembled from the element stresses caused by thermal loading that is given by

σ t,e = De
(
εt,e − ε∆T,e

)
= De

(
BeUt,e − αeΦ

T∆Te
)

(5)

here αe and ∆Te are respectively the thermal expansion coefficient and temperature variation of element e, Ut,e

s the displacement of element e caused by thermal loading, and Φ =
[

1 1 0
]T is a constant vector for

wo-dimensional problems. The equilibrium displacement Ut under thermal loading Pt is solved by
KUt = Pt (6)

3
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B

where Pt is the thermal loading vector given by

Pt =

∑
e

∫
Ve

BT
e Deε∆T,edV (7)

where Ve is the volume of element e.
Eq. (4) can be re-expressed as

[K + λ (Gt + Gm)] ϕ = 0, ϕ ̸= 0 (8)

y solving this eigenvalue problem, the critical load Pcr is then given by Pcr = λ1 (Pt + Pm).
The formulation presented above has been widely adopted for the linearized buckling analysis and buckling-

related topology optimization under thermo-mechanical loading [37–39,41,42]. However, in the above formulation,
the BLF λ scales Gt and Gm simultaneously, which implies that thermal loading Pt and mechanical loading Pm are
always proportional to each other. This is a strong assumption that is seldom satisfied in practice because in most
instances thermal loading and mechanical loading are independent of each other. Therefore, the above formulation
may not be able to lead to reasonable results in terms of critical buckling load.

A more reasonable way is to decouple the effects of thermal and mechanical loading in the buckling analysis,
i.e., the BLF λ scales Gt or Gm respectively instead of scaling them simultaneously. In this way, we can obtain two
decoupled formulations as follows

[K + Gt + λGm] ϕ = 0, ϕ ̸= 0 (9)

[K + Gm + λGt ] ϕ = 0, ϕ ̸= 0 (10)

Solving the eigenvalue problem in Eq. (9) allows us to analyze the buckling induced by mechanical loading under a
specified thermal loading while solving the eigenvalue problem in Eq. (10) allows analyzing the buckling induced by
thermal loading under a specified mechanical loading. For brevity, Eqs. (9) and (10) can be rewritten into compact
forms as[

K′
+ λGm

]
ϕ = 0, ϕ ̸= 0 (11)[

K′′
+ λGt

]
ϕ = 0, ϕ ̸= 0 (12)

where K′
= K+Gt and K′′

= K+Gm . In the following, the original model Eq. (4), and decoupled models Eqs. (11)
and (12) are referred to as model #1, model #2, and model #3, respectively.

Next, let us adopt a simple example shown in Fig. 1(a) to compare the difference between using different models
for linearized buckling analysis. The two ends of the bar are pin-supported and a horizontal mechanical load is
applied to the center of the bar; meanwhile, a temperature variation ∆T gives a uniformly distributed thermal load
inside the bar. Eqs. (4) and (11) are respectively employed to perform the buckling analysis.

Fig. 1(b) shows the comparison of the fundamental BLF λ1 obtained by using model #1 and model #2 under
different ∆T . As can be seen, with the increase of ∆T , fundamental BLFs obtained by the two models both decrease
because positive ∆T will induce compression in the bar (reduces the buckling resistance capacity). However, the
trends of the two curves are different: the curve of model #1 is upward concave while that of model #2 is downward
concave; this results in the fundamental BLF obtained through model #2 approaching zero at a certain ∆T , which
means that the bar already buckles under the current thermal load even if no mechanical loading exists. This is
consistent with the actual situation in practice. In contrast, the curve of model #1 tends to never be zero; this is
because the effects of thermal loading and mechanical loading are scaled by λ1 simultaneously, hence once λ1
decreases the effects of Gt and Gm also decrease, which makes λ1 never reach zero. On the other hand, it can be
seen that the two curves coincide at two points: one is for ∆T = 0 and the other one is for λ1 = 1, in which cases
the formulas of model #1 and model #2 are identical.

A similar analysis can be carried out to compare model #1 and model #3 based on the fundamental BLF λ1
under different mechanical loading P (Fig. 1(c)). Note that the curves in (Fig. 1(c)) are symmetrical with respect
to the vertical axis due to the symmetry of the bar. From the analysis and comparisons above, it can be concluded
that the decoupled models have a clearer and more practical physical meaning for linearized buckling analysis.
Therefore, the two decoupled models will be adopted in the following to analyze buckling induced by mechanical
loading under a specified thermal loading and buckling induced by thermal loading under a specified mechanical

loading.

4



Y. Wang and O. Sigmund Computer Methods in Applied Mechanics and Engineering 407 (2023) 115938

3

3

B
i
t
d

w

Fig. 1. Comparison of fundamental buckling load factors obtained by different models.

. Thermo-mechanical buckling topology optimization

.1. Single-material topology optimization model

The density-based topology optimization approach [6] is employed in this study to maximize the fundamental
LF. For a regular finite element mesh, the design variables are defined as the relative densities of the elements,

.e., x = {xe}. In order to avoid mesh dependency and checkerboard patterns [6] and enhance the discreteness of
he designs, a three-field approach [48] is employed. The elementwise density fields are first filtered by using the
ensity filter

xe =
1∑

i∈Ne
Hei

∑
i∈Ne

Hei xi (13)

here xe is the filtered design variables, Ne is the set of element i for which the center-to-center distance ∆ (e, i)
to element e is smaller than the filter radius rmin, and is the typical linear distance function

Hei = max (0, rmin − ∆ (e, i)) (14)

Physical density fields are then obtained by a modified smooth Heaviside function

x̃e =
tanh (βθ) + tanh (β (xe − θ))

tanh (βθ) + tanh (β (1 − θ))
(15)

where β controls the steepness/sharpness of the function and θ sets the threshold value.
The design-dependent stiffness matrices K, Gt , and Gm are assembled from the element ones, i.e., ke (̃xe),

ge,t
(̃
xe, Ut,e

)
, and ge,m

(̃
xe, Um,e

)
, which are parameterized by interpolation functions as

ke (̃xe) = h1 (̃xe) k0

ge,t
(̃
xe, Ut,e

)
= h2 (̃xe) g0

(
Ut,e

)
ge,m

(̃
xe, Um,e

)
= h2 (̃xe) g0

(
Um,e

) (16)

where local matrices k0, g0
(
Ut,e

)
, and g0

(
Um,e

)
correspond to unit elastic modulus and are independent of x̃e. The

local stress stiffness matrix g0
(
Um,e

)
can be computed by [49]

g0
(
Um,e

)
=

∫
BT S0

m,eBdV (17)

Ve

5
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where B discretizes the deformation gradient and for a Q4 bilinear element reads [50]

B =

⎡⎢⎢⎣
∂x N1 0 ∂x N2 0 ∂x N3 0 ∂x N4 0
∂y N1 0 ∂y N2 0 ∂y N3 0 ∂y N4 0

0 ∂x N1 0 ∂x N2 0 ∂x N3 0 ∂x N4
0 ∂y N1 0 ∂y N2 0 ∂y N3 0 ∂y N4

⎤⎥⎥⎦ (18)

S0
m,e = I ⊗ σ̂

0
m,e with σ̂

0
m,e = σ̂

0
m,e

(
Um,e

)
being the element stress tensor corresponding to unit elastic modulus.

The local stress stiffness matrix g0
(
Ut,e

)
can be computed in a similar way. For more details and implementation

of the element stress stiffness matrix, we refer the reader to [50].
The interpolations in Eq. (16) can be realized by defining the constitutive matrix De in Eqs. (2) and (5) as

De =

{
h1 (̃xe) D0, for the assembly of K
h2 (̃xe) D0, for the assembly of Gt and Gm

(19)

where D0 is the constitutive matrix with unit elastic modulus.
Considering an isotropic base material, in the following we use

h1 (̃xe) = Emin + x̃ p
e (E − Emin)

h2 (̃xe) = x̃ p
e E

(20)

where E and Emin are respectively Young’s modulus of the solid and void, and p is the penalization factor. The
interpolation schemes in Eq. (20) have been proven to be an effective choice against pseudo-buckling modes, at
least for the material contrast of interest (E/Emin = 106) used in this study [21,32].

Next, we consider a topology optimization problem to maximize the fundamental BLF under compliance and
material volume constraints, which is expressed as⎧⎪⎪⎨⎪⎪⎩

max
x

λmin

s.t.V (̃x) ≤ V

C (̃x) ≤ C

(21)

where λmin is the fundamental BLF given by λmin = mini∈Θ λi in which Θ is a subset of all the eigenvalues
that are considered in the optimization; V (̃x) and C (̃x) are the volume and compliance of the structure while V
and C are the corresponding upper bounds. Notably, this study only focuses on the effect of thermal loading on
buckling. Considering the compliance measure, we treat it in the original mechanical sense: as the work of external
mechanical forces is independent of the thermal loads. In this way, we ensure mechanical meaning and avoid issues
with negative compliances associated with other difficulties, c.f. [51].

Taking model #2 as an example, from a computational point of view, it is more convenient to transform the
igenvalue equation Eq. (11) into[

µK′
+ Gm

]
ϕ = 0, ϕ ̸= 0 (22)

ith the relationship λ = 1/µ, such that the fundamental BLF λ1 is associated with the maximum algebraic value
f µ, say µ1 that can be approximated by using the Kreisselmeier–Steinhauser (K-S) aggregation function [52] by

J K S [µi ] = µ1 +
1
q

ln

(∑
i∈Θ

eq(µi −µ1)

)
(23)

here q is the aggregation parameter.
From the analysis in Section 2.2, the fundamental BLF obtained through model #2 will approach zero (i.e.,
= 0) at a certain ∆T , which means that the bar already buckles under the associating thermal load even if no
echanical loading exists. In this case, the governing equation Eq. (11) reduces to

[K + Gt ] ϕ = 0, ϕ ̸= 0 (24)

hich is equivalent to the condition that the following eigenvalue problem has a minimum eigenvalue of ω = 1

K + ωG ϕ = 0, ϕ ̸= 0 (25)
[ t ]

6
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In practice, it should be required that the structure will not buckle under the thermal loading (i.e., under the effect
of Gt ) alone, therefore, the fundamental eigenvalue of Eq. (25) should be larger than 1.0. In the optimization, a
ower bound ω that is a bit larger than 1.0 can be assigned to enforce a scaling factor for ω1, i.e., ωmin ≥ ω. Similar

to Eq. (22), Eq. (25) can be transformed into

[γ K + Gt ] ϕ = 0, ϕ ̸= 0 (26)

here ω = 1/γ . Then γ1 can be approximated by using the K-S aggregation function by

J K S [γi ] = γ1 +
1
q

ln

(∑
i∈Θ

eq(γi −γ1)

)
(27)

ased on Eqs. (26) and (27), the additional constraint ωmin ≥ ω can be re-expressed as

J K S [γi ] ≤
1
ω

(28)

hen, the final optimization model can be written as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
min

x
J K S [µi ]

s.t. gV = V (̃x) /V − 1 ≤ 0

gC = C (̃x) /C − 1 ≤ 0

gB = ωJ K S [γi ] − 1 ≤ 0

(29)

The established topology optimization model also applies to model #3 to maximize the fundamental buckling
load for thermal loading under a specified mechanical loading, with Eq. (11) exchanged by Eq. (12).

3.2. Multi-material topology optimization model

To carry out multi-material topology optimization problems, more design variables should be introduced for
each element to determine its material phase. A two-material topology optimization model is considered in this
study but the concept can be extended to cases with more than two materials. Two design variables per element are
introduced to parameterize the material distribution, i.e., a material density design variable ξe and a material phase
design variable ηe with ξe, ηe ∈ [0, 1]. Hence, the design variable vector is

x = {ξ , η}
T (30)

hen filter and projection as presented in Section 3.1 are also applied to ξ and η to get the physical-field variables
=
{̃
ξ , η̃

}T
. Based on a three-phase material model, ξ̃e = 1 and η̃e = 1 indicate that the element is occupied by

ctive material, ξ̃e = 1 and η̃e = 0 by passive material, and ξ̃e = 0 by void. Hence, the volumes of the active and
assive materials are calculated by

Va =

∑
e

Ve ξ̃eη̃e, Vp =

∑
e

Ve ξ̃e (1 − η̃e) (31)

hen the volume of the entire structure is given by V = Va + Vp.
The three-phase material model proposed by Sigmund [45] to interpolate the elemental material properties (shear

odulus G, bulk module K, and thermal expansion coefficient α) is employed, given as

G
(̃
ξe, η̃e

)
= ξ̃ p

e ΦG (̃ηe)

K
(̃
ξe, η̃e

)
= ξ̃ p

e ΦK (̃ηe)

α (̃ηe) =
(K1α1 − K2α2) K (̃ηe) − K1 K2 (α1 − α2)

K (̃ηe) (K1 − K2)

(32)

here K1 and K2 are respectively the bulk moduli of materials 1 and 2, α1 and α2 are respectively the thermal
xpansion coefficients of materials 1 and 2, the phase interpolation ΦG (̃ηe) and ΦK (̃ηe) are defined as

ΦG (̃ηe) = (1 − Ψ) G H SW
L (̃ηe) + ΨG H SW

U (̃ηe)

H S H S (33)

ΦK (̃ηe) = (1 − Ψ) KL (̃ηe) + ΨKU (̃ηe)

7
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In the above formulations, G H SW
L and G H SW

U are the lower and upper Hashin–Shtrikman–Walpole (HSW) bounds
n the shear modulus, and K H S

L and K H S
U are the lower and upper Hashin–Shtrikman (HS) bounds on the bulk

odulus. Their exact formulas depend on the property values (shear and bulk modulus) of the two materials (for
ore details about the exact formulas the reader is referred to [45]). Ψ ∈ [0, 1] interpolates linearly between

he lower and upper bounds and works as a penalization mechanism for intermediate densities, and Ψ = 1 is
dopted in this study. K (̃ηe) is found from Eq. (32) by setting ξ̃e = 1. Note that by using the three-phase material
nterpolation functions, all the physical parameters can be ensured to be within the physically realizable bounds for
ny densities [45].

For two-dimensional plane stress problems, the interpolation for Young’s modulus is expressed as

h
(̃
ξe, η̃e

)
=

4K
(̃
ξe, η̃e

)
G
(̃
ξe, η̃e

)
K
(̃
ξe, η̃e

)
+ G

(̃
ξe, η̃e

) (34)

Then following a similar analysis procedure as stated in Section 3.1, the topology optimization model considering
wo materials can be formulated as follows⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

min
x

J K S [µi ]

s.t. gV = V (̃x) /V − 1 ≤ 0

gC = C (̃x) /C − 1 ≤ 0

gB = ωJ K S [γi ] − 1 ≤ 0

gVa = Va (̃x) /V a − 1 ≤ 0

(35)

ote that an additional constraint to assign an upper bound to the active material volume occupation is considered
n Eq. (35) for completeness.

.3. Sensitivity analysis

The adjoint method [6] is employed to calculate the sensitivities of a function f (objective function or constraint
unction). The sensitivities of f with respect to the physical-field variable x̃e is obtained through

∂ f
∂ x̃e

=
∂ f
∂ x̃e

+ χT
m

(
∂K
∂ x̃e

Um + K
∂Um

∂ x̃e
−

∂Pm

∂ x̃e

)
+ χT

t

(
∂K
∂ x̃e

Ut + K
∂Ut

∂ x̃e
−

∂Pt

∂ x̃e

)
(36)

where χm and χ t are the adjoint vectors. Detailed derivations are given in Appendix. Then the sensitivities of f
with respect to the design variable xe are calculated by using the chain rule

∂ f
∂xe

=

∑
i

∂ f
∂ x̃i

∂ x̃i

∂x i

∂x i

∂xe
(37)

.4. On undesirable parasitic mode phenomenon

The undesirable parasitic mode phenomenon may happen in the SIMP and other fictitious density approaches
or the topology optimization considering design-dependent loads (e.g., self-weight load and thermal stress
oad) [53,54]; the reason is that different exponents are adopted for the power-law interpolations of elastic modulus
nd material density (for self-weight load cases)/thermal expansion coefficient (for thermal stress load cases), which
ay make the elements with extremely low densities have relatively small stiffness to support the self-weight load or

hermal stress load [53,54]. To address this issue, modified interpolation laws were proposed for elastic modulus to
imit the ratio between the self-weight load and the stiffness to a given finite value for low-density elements [53,55].
lso, it was verified that the RAMP model [40], which is smooth everywhere and always has a positive (non-zero)

lope at zero density, can be employed to avoid the undesirable parasitic phenomenon [54].
In this study, the SIMP model is adopted and only the elastic modulus is penalized (the thermal expansion

oefficient is not penalized) for the single-material model, in which case the inconsistent stiffness and thermal
tress load will not happen for elements with low densities, therefore the undesirable parasitic phenomenon can
e avoided. The effectiveness of this method has been verified and confirmed in existing studies [54,56]. For the
8
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multi-material model, we adopt the three-phase material model based on a hybrid of the power-law and the Hashin–
Shtrikman (HS) interpolation scheme [45], in which case all the physical parameters can be ensured to be within the
physically realizable bounds for any densities. Therefore the undesirable parasitic phenomenon is not encountered
in the optimization. The effectiveness of this method has been verified in existing studies [45].

4. Numerical examples

In this section, several typical numerical examples are studied to verify the effectiveness of the proposed analysis
ormulations and topology optimization approach. In the optimization, the penalty factor is set to p = 3, the

parameter in the K-S function is set to q = 100 with the first 12 eigenvalues considered, and the projection parameter
θ is set to θ = 0.5. In all the computations, we check the first 12 buckling modes obtained from the analysis to
identify potential pseudo buckling modes [21], but we point out that all the computed modes in the following
examples are physically-meaningful and thus the pseudo buckling mode problem is not encountered. The lower
bound for the additional constraint gB is set to ω = 1.2. Unless stated, a continuation approach was employed for
the projection parameter β which starts with β = 2 and then is raised by ∆β = 2 each 25 optimization steps from
the 400th iteration, up to the value β = 24. The method of moving asymptotes (MMA) [57] with an external move
limit of 0.1 is adopted to solve all the optimization problems. The stop criterion for the optimizations is that the
relative change of the maximum absolute value of design variables of two consecutive iterations is smaller than the
tolerance of 0.0001% or the iteration number reaches a limit of 750.

4.1. Single material TO example

In this example, two design domains as illustrated in Fig. 2 are considered. For the first design domain, the
width and height of the domain are respectively L x = 1.0 and L y = 0.5; the center node on the left side is pinned
and the vertical degree of freedom of the center node on the right side is constrained such that the structure can
freely deform in the horizontal direction. Assume that an evenly distributed thermal loading caused by temperature
change ∆T is applied and a horizontal mechanical load P is applied to the center of the right side. For the second
design domain, the width and height of the domain are respectively L x = 1.0 and L y = 0.25, and the center nodes
on the left and right sides are pinned as supports. Assume that an evenly distributed thermal loading ∆T is applied
and two horizontal mechanical loadings P1 and P2 applied at the center of the domain are considered as two load
cases. The magnitudes of P1 and P2 are set identical as |P1| = |P2| = 0.001 but the directions are opposite.

Fig. 2. Design domains considered in Section 4.1.

The discretization is respectively set up with 240 × 120 square elements and 360 × 90 square elements for the
two design domains, and filter radii of rmin = 6 and rmin = 5 are adopted respectively in the optimizations. An
sotropic material with Young’s modulus E = 1.0

(
Emin = 10−6 for void domain

)
, Poisson’s ratio υ = 0.3, and

hermal expansion coefficient α = 10−4 is considered. The maximum allowed volume is set to V = 0.25V0, where
V0 is the volume of the full design domain; the maximum allowed compliance for each load case is set as c = 3.0c0,

here c0 is the compliance of a single load case under the full solid domain.
Since two mechanical load cases with symmetrical loadings are considered for the second design domain, they

end to result in a structure with a symmetric topology with the same buckling resistance capacity for the two load
ases. Therefore, based on the BLF maximization model Eq. (29), a min–max formulation [58,59] is employed for
he objective function, i.e., to maximize the minimum fundamental BLFs corresponding to the two load cases.
9
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4.1.1. BLF maximization for buckling induced by mechanical loading

(a) Design domain #1
We firstly carry out an optimization with ∆T = 0, i.e., no thermal loading is applied, and the result will be used

s a reference for the comparisons with the results obtained by considering thermal loadings. For better illustration,
he BLF maximization starts with a compliance-minimized result under only volume constraint, which is similar
o the two-phase optimization algorithm proposed in [21]. In addition, the continuation for projection parameter β

tarts from the 300th iteration and the maximum iteration limit is set to 600 for this example.
The optimized structure for ∆T = 0 is shown in Fig. 3(a) (top). As can be seen, the structure has a fusiform

hape with small crossing members distributed inside, which is beneficial for buckling resistance to the mechanical
oading. The structure has a fundamental BLF of 6.173 and Fig. 3(a) (bottom) shows the fundamental buckling

ode which is a global buckling mode of the entire structure. Note that the colors in the buckling mode figure
how the distributions of relative modal strain energy densities for the displacements of the buckling mode.

The optimized structures for ∆T = −50 and ∆T = 50 are shown in Fig. 3(b–c), respectively. It can be seen
hat the two structures have almost identical topologies, fundamental BLFs, and buckling modes to the optimized
tructure obtained by ∆T = 0, which indicates that the thermal loadings have a limited effect on the buckling
esistance. This is because the structure can freely deform in the horizontal direction and thus thermal loading
auses zero stress in the structure, therefore, the buckling resistance capacity of the structure to the mechanical
oading is only governed by the structural topology and material properties. This can be verified by the minimum
rincipal stress distributions of the two structures shown in Fig. 4. Compared to the stress caused by mechanical
oading, the stress caused by thermal loading is much smaller; in fact, it can be seen that the thermal loadings cause
early zero stress in the structure and thus has almost no effect on the buckling behavior.

Fig. 3. Optimized structures and corresponding fundamental buckling modes under different thermal loadings. The colors in the figures
second row) denote the distributions of relative modal strain energy densities for the buckling mode. (For interpretation of the references
o color in this figure legend, the reader is referred to the web version of this article.)

Taking the case of ∆T = 50 as an example, Fig. 5(a) shows the convergence history of the optimization. The
eft axis denotes the normalized objective function value while the right axis denotes the constraint function values.
he maximum value of all the constraint functions, gmax (= max {gC , gV , gB}), is used to illustrate the constraint

satisfaction situation in the optimization process; the value of the additional constraint function, gB , is also included
in the diagram to illustrate the influence of thermal loading on buckling. As can be seen, steps appear in the objective
function value at the 300th iteration because the projection parameter β starts to increase. Apart from the first several
iterations and the iterations near the jumps of β, the maximum value of all the constraint functions, gmax, keeps
zero, which means that all the constraints are satisfied. The value of the additional constraint function, gB , keeps
almost constant close to −1 throughout the optimization history, which means that the fundamental BLF for the
dditional constraint gB always keeps a sufficiently large value; this also verifies that the thermal loading has no
ffect on the buckling behavior. Fig. 5(b) shows the convergence history of the first four lowest BLFs (λ1, λ2, λ3,

and λ4). In the beginning, the first four BLFs are quite different, but with the progress of optimization, they become
close to each other before they divide again for high β values. Also, similar to the objective function value, steps

appen at the iterations of jumps of β.
10
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Fig. 4. Minimum principal stress distributions caused by mechanical (σ 1
M ) and thermal (σ 1

T ) loadings. The colors in the figures denote the
distributions of minimum principal stress σ 1

M and σ 1
T . (For interpretation of the references to color in this figure legend, the reader is referred

o the web version of this article.)

Fig. 5. Convergence history of optimization for the case of ∆T = 50 in Fig. 3.

b) Design domain #2
Similar to the first design problem, we first carry out an optimization with ∆T = 0, i.e., no thermal loading

is applied, and the result will be used as a reference for the comparisons with the results obtained by considering
thermal loadings.

The optimized structure for ∆T = 0 is shown in Fig. 6(a). The structure has a symmetric topology and a
fundamental BLF of 5.672. Note that the fundamental BLF is taken as the average value of those corresponding to
the two load cases (because the structure has a symmetrical topology, the fundamental BLFs corresponding to the
two load cases are almost identical). The structure is composed of two fusiform sub-structures with small crossing
members distributed inside, which is beneficial to the mechanical buckling resistance. The right figure in Fig. 6(a)
shows the fundamental buckling mode of the structure under the first load case. As can be seen, the buckling mode
is asymmetrical because under the first load case the left part of the structure is under compression while the right
part is under tension. The situation for the second load case is similar but opposite and thus is not shown for brevity.

Next, two other optimizations with ∆T = −50 and ∆T = 50 are carried out and the optimized results are shown
in Fig. 6(b–c). For the case of ∆T = −50, the optimized structure has a fundamental BLF of 6.247 that is larger
than the result of ∆T = 0, which means that the structure obtained by ∆T = −50 has a larger buckling resistance
capacity compared to ∆T = 0; on the contrary, for the case of ∆T = 50, the optimized structure has a fundamental

BLF of 4.602 that is smaller than the result of ∆T = 0, indicating that the structure obtained by ∆T = 50 has a

11
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Fig. 6. Optimized structures and corresponding fundamental buckling modes under different thermal loadings. The colors in the buckling
mode figures denote the distributions of relative modal strain energy densities for the buckling mode. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Minimum principal stress distributions caused by thermal loading. S∆T =−50 and S∆T =50 denote the structure obtained under
∆T = −50 and ∆T = 50 respectively and the colors denote minimum principal stress distribution. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

smaller buckling resistance capacity compared to ∆T = 0. This can be explained by the minimum principal stress
istributions of the two structures caused by the thermal loadings (Fig. 7). It can be seen that the optimized structure
or ∆T = −50 is mainly under tension which can alleviate the compression caused by the mechanical loading,
ence increasing the buckling resistance capacity; on the contrary, the optimized structure for ∆T = 50 is mainly
nder compression hence will decrease the buckling resistance capacity to the mechanical loading.

Though thermal loading has a significant effect on the buckling as analyzed above, the change of structural
opology also contributes positively to the buckling resistance capacity. Compared to the structure obtained by

T = 0, the structures obtained for ∆T = −50 and ∆T = 50 have different topologies. The structure obtained
y ∆T = −50 has a narrower middle part, which is beneficial for taking advantage of the tension induced by
hermal loading; on the contrary, the structure obtained by ∆T = 50 has a wider middle part, which is beneficial
or resisting the evenly distributed compression caused by the thermal loading. Fig. 8 gives the crosschecks of the
hree structures, which reveals that the optimized structure obtained under a certain ∆T is indeed a better solution
han the others.

Take the case of ∆T = 50 as an example, Fig. 9(a) shows the entire convergence history of the optimization
hile Fig. 9(b) highlights the convergence history of the first 50 iterations. For the first five iterations, the values of

gmax are larger than zero and dominated by the value of gB , which indicates that constraint gB cannot be satisfied in
he beginning. From the 6th iteration, the constraint gB is satisfied and becomes non-active, and the values of gmax

are dominated by the value of gV . From the 10th iteration, gmax becomes zero, which means that all the constraints
are satisfied.

4.1.2. BLF maximization for buckling induced by thermal loading
Next, we investigate the buckling resistance capacity to thermal loading under the effects of mechanical loading

for the second design case shown in Fig. 2. Since positive ∆T is not conducive to buckling resistance capacity, here
12
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Fig. 8. Crosscheck of optimized structures in Fig. 6.

Fig. 9. Convergence history of optimization for the case of ∆T = 50 in Fig. 6.

e only focus on the case of thermal loading caused by positive ∆T . Specifically, we maximize the fundamental
LF associated with a positive ∆T = 100 under a specified mechanical loading.

Different levels of mechanical loadings PM with respect to a reference magnitude P0 = 2.5 × 10−4 are adopted
to carry out various simulations. The optimized designs and corresponding fundamental BLFs for PM = P0,
PM = 3P0, and PM = 5P0 are shown in Fig. 10. As can be seen, the topology patterns and shapes of the optimized
structures are quite different from the optimized designs in Section 4.1.1, which indicates that optimizing buckling
resistance capacity to mechanical loading and thermal loading are really different and indeed need to be considered
as independent problems in practical designs. In addition, the topology of the optimized structures changes, and
the fundamental BLFs decrease with the increase of the level of the mechanical loading; this is because larger
mechanical loading will cause larger compression in the structures and thus reduce the buckling resistance capacity
to thermal loading. Fig. 10 also depicts the fundamental buckling modes of the three structures under the first
loading case. As can be seen, the buckling mode of the first structure under a smaller mechanical loading is very
close to a symmetric pattern because the buckling mode is mainly governed by the thermal-induced compression
that is evenly distributed along the structure. With the increase of mechanical loading, the buckling mode becomes
more asymmetrical because the compression caused by mechanical loading tends to have a stronger effect on the
buckling.

Apart from the effect of the mechanical loading level, the change of structural topology also has a positive
contribution to the buckling resistance capacity against thermal loading. The optimized structure obtained by a
relatively small mechanical loading PM = P0 has a wider middle part that makes the entire structure obtain a

enerally fusiform shape in order to resist the evenly distributed compression along the structure caused by the

hermal loading. The optimized structure obtained for PM = 3P0 has the same topology as PM = P0 but a different
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Fig. 10. Optimized structures and corresponding fundamental buckling modes under mechanical loadings. The colors in the buckling mode
gures denote the distributions of relative modal strain energy densities for the buckling mode. (For interpretation of the references to color

n this figure legend, the reader is referred to the web version of this article.)

Fig. 11. Buckling modes for crosscheck of optimized structures for PM = P0 and PM = 5P0. The colors in the buckling mode figures
enote the distributions of relative modal strain energy densities for the buckling mode. (For interpretation of the references to color in this
gure legend, the reader is referred to the web version of this article.)

hape. The width of the middle part decreases to make the widths along the structure close and some material
igrates from the middle to the sides, especially to the long horizontal members. These shape changes are beneficial

or resisting the increased mechanical loading. For the case of PM = 5P0, the widths along the structure are also
lose, material in the middle further decreases, and two more crossing members are generated inside the structure
o further assist the resistance to the increased mechanical loading.

It has been verified that all the above results pass a crosscheck. As a typical example, Fig. 11 shows the crosscheck
esults regarding the fundamental BLFs and buckling modes of SPM =P0 and SPM =5P0 . Under mechanical loading
PM = 5P0, structure SPM =P0 has a fundamental BLF of 3.792 which is much smaller than 4.716 (Fig. 10(c)); the
uckling mode (Fig. 11(a)) indicates that only the left part of the structure buckles instead of the global buckling
f the entire structure. For structure SPM =5P0 under mechanical loading PM = P0, even though the buckling mode
s a global buckling mode of the entire structure (Fig. 11(b)), the fundamental BLF is only 5.515 which is much
maller than 6.497 (Fig. 10(a)).

Take the case of PM = 5P0 as an example, Fig. 12(a) shows the entire convergence history of the optimization
hile Fig. 12(b) highlights the convergence history of the first 250 iterations. For the first ten iterations, the values
f gmax are larger than zero and dominated by the value of gB , which indicates that constraint gB cannot be satisfied
n the beginning. From the 11th iteration, constraint gB can be satisfied and become non-active, and the values of

gmax are dominated by the value of gV . From about the 30th iteration, gmax becomes zero, which means that all
he constraints are satisfied. From about the 230th iteration, constraint gC also becomes active, and at the same
ime, the value of gB starts to increase. At the jumps of β, constraint gB becomes active tentatively but decreases

enerally with the progress of optimization and keeps non-active at the end.
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Fig. 12. Convergence history of optimization for the case of PM = 5P0 in Fig. 10.

4.2. Multiple material TO examples

In this section, the developed two-material topology optimization model is adopted to design active or prestressed
structures with better buckling resistance capacity to mechanical loading (i.e., model #2 is adopted for the buckling
analysis). Fig. 13 gives an illustrative example of the optimal design procedure. The cantilever structure is made
of two materials: passive material and active material. It is assumed that the passive material has a zero while the
active material has a non-zero thermal expansion coefficient and thus the active material can be driven actively by
temperature variation. Thermal expansion is used as a strategy here to simulate various linear-strain-based actuation
effects such as shape memory alloys (SMA) and piezoelectric (PZT) materials. The expansion or contraction of the
active material may affect the structural responses (e.g., stress) of the entire structure, that is to say, the structural
responses can be actively controlled by actively and strategically changing the temperature. Apart from mimicking
active structures, as a special case, the model can also be used to mimic prestressed structures, say the components
consisting of active material can be assumed to be some prestressed components like cable tendons, in which case
a negative temperature variation will be adopted.

Fig. 13. Illustration for active and prestressed structure modeling.

In the following computations, the passive material and active material are assumed to have the same Young’s
modulus E = 1.0

(
Emin = 10−6for void domain

)
and Poisson’s ratio υ = 0.3 but different thermal expansion

coefficients; the active material is assumed to have a non-zero thermal expansion coefficient α = 0.001 while
the passive material is assumed to have a zero thermal expansion coefficient. Different ∆T denote different levels
of actuation or prestress loads applied to the structure. Unless stated, other parameters are set the same as those in
Section 4.1.

4.2.1. BLF maximization of active structure
The second design problem shown in Fig. 2 is restudied here to design an active structure. We first need to design

a passive structure for reference. The design of the passive structure is actually the same as the single-material
optimal design in Section 4.1.1 for ∆T = 0. Therefore, the structure in Fig. 6(a) is used here for the reference

comparison with the optimized active structures. Note that for the optimization of active structures, the maximum
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Fig. 14. Optimized structures and corresponding fundamental buckling modes under different actuation loads. The colors in the buckling
mode figures denote the distributions of relative modal strain energy densities for the buckling mode. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

allowed volume is also set to V = 0.25V0, and no limit is enforced for the volume of a single material occupation,
.e., the optimizer can freely select materials as long as the structural total volume V (= Vp + Va) ≤ 0.25V0.

First, two optimizations with ∆T = −25 and − 100 are carried out and the optimized structures are shown in
ig. 14(b–c). The structure obtained for ∆T = −25 consists of two fusiform sub-structures with small crossing
embers distributed inside, which is similar to the passive structure; however, the crossing members at the two

nds and near the middle are merged into single vertical members and the entire structure is thinner than the
assive structure, especially for the middle part. The active material mainly distributes at the outside horizontal
embers, which is beneficial for the actuation to induce tensile stress in the structure to enhance the buckling

esistance capacity to the mechanical loading. This can be illustrated by the comparison of minimum principal
tress distributions (under the first load case) with and without actuation shown in Fig. 15(a). Without actuation,
he left part of the structure is under compression but turns under tension when actuation is applied. The case for
he second load case is similar. For this reason, the structure has a larger fundamental BLF of 7.103. The optimized
tructure for ∆T = −100 has a significantly different topology than the previous two structures. The entire structure
orms a straight bar made of active material in order to fully utilize the relatively large actuation load for enhancing
he buckling resistance capacity. This form gives the structure a much larger fundamental BLF of 9.902.

Next, two optimizations with ∆T = 25 and100 are carried out and the optimized structures are shown in
ig. 14(d–e). The two structures have similar topologies and the inside crossing members are made of mainly active
aterials, which results in larger fundamental BLFs. This is because under a positive ∆T , the active material will

expand and thus the crossing members can serve as actuators to push the horizontal members; this will introduce
roughly horizontal tensile stress into the structure, which alleviates the compression caused by the mechanical
loading and thus increases the buckling resistance capacity. This can be illustrated by the minimum principal stress
distributions (under the first load case) with and without actuation shown in Fig. 15(b). Without actuation, the left
part of the structure is under relatively large compression, but the compression stress reduces when actuation is
applied.

Note that all the solutions pass the crosscheck, which indicates that they are indeed better structures compared
to others under the ∆T they were optimized for.
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Fig. 15. Minimum principal stress distributions with and without actuation loads. The colors denote minimum principal stress distribution.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 16. Convergence history of optimization for the case of ∆T = 100 in Fig. 14.

As a typical example, Fig. 16 shows the convergence history of optimization and the first four lowest BLFs for
he case of ∆T = 100. As can be seen, the optimization process is quite stable; the additional constraint gB starts
rom a value close to −1 and gradually increases to around −0.75 in the first several iterations but does not change
oo much from about the 200th iteration until the end. This means that the additional constraint gB never becomes
ctive during the optimization, which is because the actuation load is not large enough to trigger the additional
onstraint gB .

Next, we adopt a larger actuation load ∆T = 1000 to carry out a test. Fig. 17 shows the convergence history of
he optimization and the first four lowest BLFs. As can be seen, the additional constraint gB becomes active from
round the 100th iteration; even though sometimes becomes non-active during the optimization, it stays active at
he end. Fig. 18 shows the optimized structure together with the fundamental buckling mode. Active material still
istributes inside the structure and the horizontal members outside are curved instead of straight like in previous
ptimized structures, which is beneficial to avoid the buckling caused by the sufficiently large actuation load.

.2.2. BLF maximization of prestressed structure
In this example, we use the two-material model to design a prestressed structure. The design domain is shown

n Fig. 19. The horizontal size L x is set to unit length and the vertical size L y is set to L y = 0.2L y . The middle
art is a void domain that will not be considered in the optimization. The left and right nodes in the bottom are
inned and small regions near the bottom sides of the void domain are fixed. A distributed line load having the
ame width as the void domain is applied on the top of the structure. A narrow area directly under the line load is
xed to be fully solid in the optimization.

A compliance-minimized passive structure is firstly designed by using 10% volume of the full domain (L y × L y).

hen, 5% more material is allowed to be added to enhance the structural stability by using a fixed prestress
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Fig. 17. Convergence history of optimization for ∆T = 1000.

Fig. 18. Optimized structure and corresponding fundamental buckling mode for ∆T = 1000. The colors in the buckling mode figures denote
he distributions of relative modal strain energy densities for the buckling mode. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

Fig. 19. Design domain of prestressed shelter structure.

load of ∆T = −100. Different upper bounds for the active material occupation are adopted to carry out various
optimizations. First, we perform the optimization without enforcing active material occupation limit and obtain
an optimized structure shown in Fig. 20(a). In this structure, the active material takes up about 49.3% of the
total structural volume and mainly distributes in three regions: the two long thin inclined members at the two
sides, the top and bottom chords of the horizontal truss in the middle, and two short-inclined members near the
middle bottom supports. Under the applied loading, the top chord of the middle horizontal truss will carry severe
compression stress; the prestress load will introduce contraction forces (i.e., tensile stress) into the first two areas
to alleviate the compression in the top chord, and thus increase the buckling resistance capacity. Also, the two long
thin inclined members at the sides can serve as stabilizing tension members to stabilize the entire structure. For
the two short inclined tensioned members near the middle supports, their functions are similar to the two long thin
inclined members to stabilize the middle vertical columns. In addition, the prestress in the long-inclined members
is deviated by two deviator bars from inclined directions to horizontal directions applied to the top chord of the

middle truss.
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Fig. 20. Optimized structures under different active material volume occupation bounds.

Next, we adopted different upper bounds of 30% and 15% (i.e., Va/V ) for the active material occupation to
arry out two optimizations, and the corresponding optimized designs are shown in Fig. 20(b–c). As can be seen,
he topologies of the obtained structures are similar to the previous structure, but with the decrease of the upper
ounds, the active material distributed in the middle horizontal truss becomes less and less and the active material
s mainly used for the inclined members at the two sides, which implies that the tension in the inclined members
as a more significant contribution to structural stability.

The optimized passive structure without prestress is shown in Fig. 20(d). The topology of the passive structure
s similar to the prestressed structures, but two main differences can be observed. First, the inclined members at the
ides are thicker than those of the prestressed designs; this is because no prestress exists in the inclined members,
nd a larger member cross-section size is required to provide enough lateral support for structural stability and also
nsure its own stability. Second, the four deviator bars at the two sides are shorter and closer to the end of the middle
russ; this might be because longer deviator bars in the passive structure have little effect on the lateral supporting
f the middle columns because the long-inclined members have no prestress, which leads to the result that the
dditional material is used in other parts of the structure to better enhance structural stability. Comparisons indicate
hat all the topology-optimized prestressed designs achieve larger fundamental BLFs, i.e., higher stability, than
he optimized passive design, which verifies the effectiveness of the proposed approach and also demonstrates the
enefit of using prestress to enhance structural stability. Notably, a truss with better stability enhanced by externally
restressed cables (Fig. 21) that is similar to the structure in Fig. 20(c) has been proposed and verified by a recent
tudy in [60].

To further demonstrate the influence of prestress on structural stability, the optimized structure in Fig. 20(c)

s adopted as an illustrative example. Fig. 22 shows the fundamental buckling modes of the structure with and
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Fig. 21. Roof truss stabilized with externally anchored prestressed cables.
Source: Reprinted with permission from Elsevier, from Ref. [60].

Fig. 22. Fundamental buckling modes of optimized structure Fig. 20(c) with and without prestress. The colors in the buckling mode figures
enote the distributions of relative modal strain energy densities for the buckling mode. (For interpretation of the references to color in this
gure legend, the reader is referred to the web version of this article.)

ithout prestress. As can be seen, without prestress, the buckling happens at the middle horizontal truss because
he top chord is under severe compression stress and thus easy to buckle, which leads to a much smaller BLF of
.799. With prestress, the buckling is a global mode of the entire structure; this is because the prestress in the
nclined members at the two sides will introduce tension into the top chord of the middle truss and thus alleviate
he compression caused by the mechanical loading, which increases the buckling resistance capacity. This can be
bserved by the minimum principal stress distributions of the two structures (Fig. 23). Without prestress, a large
art of the top chord of the middle truss is under compression, while the maximum compression stress and area
nder compression significantly decrease for the structure with prestress.

Fig. 23. Minimum principal stress distributions of optimized structure Fig. 20(c) with and without prestress. The colors denote minimum
principal stress distribution. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)
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5. Concluding remarks

This study proposes a topology optimization framework to maximize linearized buckling capacity under
hermo-mechanical loading using decoupled analysis models. Unlike the conventional coupled analysis model, the
ecoupled analysis models allow us to independently study the buckling induced by mechanical or thermal loading,
.e., buckling induced by mechanical loading under a specified thermal loading or buckling induced by thermal
oading under a specified mechanical loading.

A topology optimization model to maximize the fundamental buckling load factor for single-material structure
s first developed. The numerical examples indicate that optimizing buckling capacity induced by mechanical
oading and induced by thermal loading lead to quite different optimized topologies and thus they indeed need
o be considered as independent problems in practical designs, which demonstrates the necessity and effectiveness
f the proposed decoupled analysis formulations for handling such problems. Further, a multi-material topology
ptimization model is developed to design active structures and prestressed structures with better stability regarding
echanical loading, assuming that thermal loading is used as a strategy to denote linear-strain-based actuation effects

nd prestress loading. Numerical examples indicate that, compared to topology-optimized passive structures, the
uckling capacity of topology-optimized active structures and prestressed structures can be enhanced. The optimized
opology of the active or prestressed structure may or may not be the same as that of the corresponding passive
tructure, depending on the actuation/prestress load level or active material occupation ratio.

Based on the study, the following points are highlighted for future investigations on topology optimization
onsidering buckling/stability criterion:

• The decoupled analysis models allow one to independently study the buckling induced by mechanical loading
and the buckling induced by thermal loading, which has a clearer physical meaning for practical design.

• The single-material model allows one to perform the topology optimization considering stability criterion
regarding buckling induced by mechanical loading under a specified thermal loading or buckling induced by
thermal loading under a specified mechanical loading.

• The multi-material model allows one to perform the topology optimization of active structures made of
structural material and linear-strain-based actuating material (e.g., SMA, PZT) to achieve better stability
regarding mechanical loading.

• The multi-material model allows one to perform the topology optimization of prestressed structures composed
of prestressed components (e.g., prestressed cable tendons) to achieve better stability regarding mechanical
loading.

inally, we remark that though the current study is to maximize the buckling load factor in the optimization and
ased on a 2D plane stress assumption, the proposed formulations can be straightforwardly extended to other
uckling-constrained problems and plane strain/3D problems under thermo-mechanical loading; also, though the
ulti-material model is used to design active and prestressed structures in this study, it can be extended to design
ulti-material passive structures.
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Appendix. Sensitivity analysis

A.1. Sensitivity of volume

For the single-material model, V =
∑

e Ve x̃e, then

∂V
∂ x̃e

= Ve (A.1)

For the multi-material model, Va =
∑

e Ve ξ̃eη̃e, Vp =
∑

e Ve ξ̃e (1 − η̃e), then

∂Va

∂ξ̃e
= Veη̃e,

∂Va

∂η̃e
= Ve ξ̃e,

∂Vp

∂ξ̃e
= Ve (1 − η̃e) ,

∂Vp

∂η̃e
= −Ve ξ̃e (A.2)

∂V
∂ξ̃e

= Veη̃e + Ve (1 − η̃e) = Ve,
∂V
∂η̃e

= Ve ξ̃e − Ve ξ̃e = 0 (A.3)

A.2. Sensitivity of compliance

The compliance is defined as C = PT
mUm , then through the adjoint method,

∂C
∂ x̃e

=
∂

∂ x̃e

[
PT

mUm + χT
m (KUm − Pm)

]
= PT

m
∂Um

∂ x̃e
+ χT

m

(
∂K
∂ x̃e

Um + K
∂Um

∂ x̃e

)
(A.4)

To eliminate the terms containing ∂Um
∂ x̃e

, the adjoint vectors χm can be calculated as χm = −Um , then

∂C
∂ x̃e

= −UT
m

∂K
∂ x̃e

Um (A.5)

here ∂K
∂ x̃e

=
∂he
∂ x̃e

∫
Ve

BT
e D0BedV . For the single-material model, interpolation function he (̃xe) is given by Eq. (20).

For the multi-material model, x̃e denotes ξ̃e or η̃e and he (̃xe) is given by Eq. (34).

A.3. Sensitivity of BLF

The sensitivity of the K-S function Eq. (23) is given by

∂ J K S [µi ]
∂ x̃e

=

∑
i∈Θ eq(µi −µ1) ∂µi

∂ x̃e∑
i∈Θ eq(µi −µ1)

(A.6)

Next, ∂µi
∂ x̃e

will be calculated. Without loss of generality, we take analysis model #2 as an example for the
following derivations and assume that the thermal expansion coefficient is a function of the physical-field variables,
i.e., αe = αe (̃xe), in order to generalize the sensitivity formulations to be able to apply to both the single- and
multiple-material models.

For an arbitrary eigenvalue λi (=1/µi ) with associated eigenvector ϕi , multiplying ϕi on both sides of Eq. (22)
gives

ϕT
i [µi (K + Gt ) + Gm] ϕi + χT

m (KUm − Pm) + χT
t (KUt − Pt ) = 0 (A.7)

where χm and χ t are the vectors of the adjoint variables. Then the sensitivity of µi with respect to physical-field
variable x̃e can be calculated by differentiating Eq. (A.7) as

2
∂ϕi

∂ x̃e
[µi (K + Gt ) + Gm] ϕi + ϕT

i

[
µi

(
∂K
∂ x̃e

+
∂Gt

∂ x̃e
+

∂Gt

∂Ut

∂Ut

∂ x̃e

)
+

∂µi

∂ x̃e
(K + Gt ) +

∂Gm

∂ x̃e
+

∂Gm

∂Um

∂Um

∂ x̃e

]
ϕi

+ χT
m

(
∂K
∂ x̃e

Um + K
∂Um

∂ x̃e

)
+ χT

t

(
∂K
∂ x̃e

Ut + K
∂Ut

∂ x̃e
−

∂Pt

∂ x̃e

)
= 0

(A.8)
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T

S

According to Eq. (22), the first term of Eq. (A.8) equals zero. Rearranging the items gives

ϕT
i

[
µi

(
∂K
∂ x̃e

+
∂Gt

∂ x̃e

)
+

∂Gm

∂ x̃e

]
ϕi +

∂µi

∂ x̃e
ϕT

i (K + Gt ) ϕi + χT
m

∂K
∂ x̃e

Um + χT
t

(
∂K
∂ x̃e

Ut −
∂Pt

∂ x̃e

)
+

(
ϕT

i
∂Gm

∂Um
ϕi + χT

mK
)

∂Um

∂ x̃e
+

(
ϕT

i
∂Gt

∂Ut
ϕi + χT

t K
)

∂Ut

∂ x̃e
= 0

(A.9)

To eliminate the terms containing ∂Um
∂ x̃e

and ∂Ut
∂ x̃e

, the adjoint vectors χm and χ t are calculated by

Kχm = −ϕT
i
∂Gm

∂Um
ϕi , Kχ t = −µiϕ

T
i
∂Gt

∂Ut
ϕi (A.10)

By combining Eqs. (A.9) and (A.10), the sensitivity of µi is given by

∂µi

∂ x̃e
=

−ϕT
i

[
µi

(
∂K
∂ x̃e

+
∂Gt
∂ x̃e

)
+

∂Gm
∂ x̃e

]
ϕi − χT

m
∂K
∂ x̃e

Um − χT
t

(
∂K
∂ x̃e

Ut −
∂Pt
∂ x̃e

)
ϕT

i (K + Gt ) ϕi
(A.11)

In the above formulation,
∂K
∂ x̃e

=
∂he

∂ x̃e

∫
Ve

BT
e D0BedV (A.12)

∂Pt

∂ x̃e
=

∂he

∂ x̃e

∫
Ve

BT
e D0ε∆t,edV +

∂αe

∂ x̃e

∫
Ve

BT
e DeΦ∆TedV (A.13)

∂Gm

∂ x̃e
=

∫
Ve

BT
e
∂Sm

∂ x̃e
BedV (A.14)

where Sm = I ⊗ σ̂ m with I being the identity matrix and σ̂ m the stress tensor caused by the mechanical loading.
Then, ∂Sm

∂ x̃e
is given by

∂Sm

∂ x̃e
= I ⊗

∂σ̂ m

∂ x̃e
(A.15)

he sensitivity of stress vector σ m with respect to x̃e can be expressed as
∂σ m

∂ x̃e
=

∂he

∂ x̃e
D0BeUm (A.16)

imilarly,
∂Gt

∂ x̃e
=

∫
Ve

BT
e
∂St

∂ x̃e
BedV (A.17)

∂St

∂ x̃e
= I ⊗

∂σ̂ t

∂ x̃e
(A.18)

∂σ t

∂ x̃e
=

∂he

∂ x̃e
D0BeUt −

∂he

∂ x̃e
D0Beε∆t,e −

∂αe

∂ x̃e
DeΦ∆Te (A.19)

For the single-material model, suitable interpolation function he (̃xe) for Young’s modulus is given in Eq. (20), and
thermal expansion coefficient αe is a constant for all the elements (i.e., ∂αe

∂ x̃e
= 0). For the multi-material model, x̃e

denotes ξ̃e or η̃e, and interpolation functions for αe (̃xe) and he (̃xe) are given in Eqs. (32) and (34) respectively.
The sensitivities for the buckling analysis based on model #3 and additional constraint gB can be analyzed

similarly.
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