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且夫天地之間，物各有主，苟非吾之所有，雖一毫而莫取。惟江上之
清風，與山間之明月，耳得之而為聲，目遇之而成色，取之無禁，用之不
竭，是造物者之無盡藏也，而吾與子之所共適。

——蘇軾1，《赤壁賦》，1082

Besides, in this universe, everything has its rightful owner. If something does
not belong to you, then you shall not even have a bit of it. However, the fresh
breeze over this river and the bright moon above the mountains are an exception.
If you can hear it, it is a sound to you; if you can see it, it is a view to you. It never
ends and is never exhausted. It is the infinite treasure that nature has for both of us
to enjoy.

—Sū Shì1,2, Chìbì Fù2, 1082

1蘇軾 [Sū Shì] (1037–1101) was a Chinese scholar-official, active as a poet, essayist, calligrapher and painter.
2This is the pronunciation in modern Standard Chinese. Pronunciation in other languages can differ.





Abstract
Combination of Magnetic Resonance Imaging (MRI) and Dissolution Dynamic Nuclear

Polarisation (dDNP) promises faster diagnosis and treatment of cancer. Tomake the technology
clinically viable, radio-frequency receivers with high Signal-to-Noise Ratio (SNR) are needed.
This work investigates three aspects of radio-frequency receiver design: theoretical limits of
preamplifier decoupling between receiver elements, matching network design, and cryogenic
coil arrays.

Preamplifier decoupling is a technique used widely to avoid de-tuning coil elements in
coil arrays. To investigate preamplifier matching/decoupling, the quantitative relation between
preamplifier Noise Figure (NF) and preamplifier decoupling is established using preamplifier
parameters. Closed-form design equations for matching circuits with arbitrary preamplifier
input impedance are derived. This theory relaxes restrictions on preamplifiers and greatly
improves design flexibility. The theory is confirmed by numerical examples and experimentally
tested in preamplifiers at 32.13 MHz.

The potential of SNR improvement of a single coil is investigated, and compared with the
SNR loss of different matching network designs. A mouse coil is matched by two types of
matching networks at room and cryogenic temperatures, and compared in regard to output
SNR. It is found that loss of matching circuits have higher influence on the SNR than the
temperature of coils and matching circuits. Experiments reveal that an improper design of
matching network reduces SNR by 7.9 dB, whereas cryogenic cooling only compensates for
2.0–2.6 dB. This stresses the importance of careful matching network designs.

Finally, a cryogenic 14-channel array for human brain imaging is constructed to investigate
SNR improvement of coil arrays by cryogenic cooling. A cryostat for human head that offers
reliable cooling for approximately 1 h and decent thermal insulation is built. Electronic circuits
are adapted to cryogenic temperature and strong static magnetic field operation. TheMR image
SNR when using the array at cryogenic temperature is found 27%–168% higher than at room
temperature, with SNR improvement 47% at the image centre. Thus, it is demonstrated that
SNR can increase by cryogenically cooling an array.



Resumé
Kombination af magnetisk resonans billeddannelse (MRI) og dissolution dynamic nuclear

polarization (dDNP) lover hurtigere diagnosticering og behandling af kræft. For at gøre tek-
nologien klinisk bæredygtig er der brug for radiofrekvensmodtagerdesign med højt signal-
støj-forhold (SNR). Dette arbejde undersøger tre aspekter af radiofrekvensmodtagerdesign:
teoretiske grænser for forforstærker-decoupling mellem spoleelementer, design af matching-
netværker og kryogene spolearrays.

Forforstærker-decoupling er en teknik, der anvendes i vid udstrækning for at undgå de-
tuning af spoleelementerne i spolearrays. For at undersøge forforstærker-matching/-decoupling
etableres den kvantitative sammenhæng mellem forforstærkerens støjtal (NF) og forforstærker-
decoupling ved hjælp af forforstærkerparametre. Designligninger på lukket form udledes for
matching-kredsløb med vilkårlig forforstærkers indgangsimpedans. Den udledte teori lemper
restriktionerne på forforstærkere og forbedrer designfleksibiliteten betydeligt. Teorien demon-
streres eksperimentelt ved at matche forforstærkere ved 32,13 MHz.

Potentialet for SNR-forbedring af en enkelt spole undersøges og sammenlignes med SNR-
tabet ved forskellige matching-netværksdesign. En musespole matches for to typer af matching-
netværk ved hhv. stuetemperatur og kryogen temperatur og sammenlignes på basis af out-
put SNR. Det viser sig, at tab i forbindelse med matching-kredsløbet har større indflydelse
på SNR end temperaturen af matching-kredsløbet og spolerne. Eksperimenter afslører, at et
forkert matching-netværksdesign reducerer output SNR med 7,9 dB, hvorimod kryogen frys-
ning kun kompenserer for 2,0–2,6 dB. Dette understreger vigtigheden af omhyggeligt design
af matching-netværker.

Endelig bygges et kryogent 14-kanals-array til human billeddannelse af hjernen for at un-
dersøge SNR-forbedringer for spolearrays ved kryogen frysning. En kryostat, der passer til et
hoved, bygges med pålidelig spolenedkøling i ca. 1 times varighed og tilstrækkelig varmeiso-
lering. Elektriske kredsløb tilpasses til den kryogene temperatur. SNR for et MR-billede ved
brug af arrayet ved kryogen temperatur viser sig 27%–168% højere end ved stuetemperatur,
med en SNR-forbedring på 47% i billedets centrum. Således demonstreres det, at SNR kan
øges ved kryogen frysning af et array.
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CHAPTER 1
Reaching ultimate SNR in hyperlolarised

MRI: challenges and approaches

1.1 Introduction
Man pursues longevity. Cancer impedes it. According to World Health Organisation

(WHO) in 2019, cancer is the first or second leading cause of death before the age of 70 years
in 112 of 183 countries and ranks third or fourth in further 23 countries [1]. In 2020, the inci-
dence rate in Eastern Asia is 242.3 per 100 000; the death rate is 157.4. The incidence rate in
Northern Europe is 343.7; the death rate is 115.1… Data over all continents sum to 19.3 mil-
lion new cancer cases and 10.0 million new cancer deaths in the world [1]—1.2 million more
new cancer cases and 0.4 million more new cancer deaths than in 2018 [2]. Cancer afflicts not
only elders; there are 1.2 million cases and 0.4 million cancer-related deaths amongst 15- to
39-year-olds in 2018 [3]. Cancer becomes more common in less developed countries as well;
for example, in Africa, the cumulative risk of death from cancer amongst women in 2020 is
broadly comparable to that in Northern America [1].

Cancer impedes longevity. Man pursues it. To curb cancer, humans have developed and
applied multiple techniques. One of them is Magnetic Resonance Imaging (MRI), an imaging
technique of unparalleled ability to display tumour anatomy and assess tumour function at the
same time.

MRI is built upon nuclear Magnetic Resonance (MR), which was discovered by Isidor
Isaac Rabi [4]. The first MR image of human tissues was made in 1974 [5]. Since then, MRI
began to unfold its potential. As early as in 1971, the ability of MRI to distinguish tumours
was recognised [6]. Today, proton MR spectroscopic imaging is routinely used to grade brain
tumours [7], and shows potential in diagnosing other various cancers like prostate cancer and
breast cancer [8]. MR can image other non-proton nuclei as well. Through non-proton MRI,
tissue metabolism invisible to proton MRI can be seen, by which the effect of cancer treatment
can be evaluated, ideally in several weeks after treatment instead of months, improving doctors’
decisions on treatment [9, 10].

The work of this thesis focuses on hyperpolarised 13CMRI, a valuable tool for characteris-
ing cancer andmonitoring early response to cancer treatment [11]. The low natural abundance1
of 13C (1.1%), low gyromagnetic ratio (𝛾), and low molecule concentration of 13C-carrying
substance pose severe limitations on the Signal-to-Noise Ratio (SNR) [12, 13] of images and
spectra. To address this, hyperpolarisation is often needed. 13C hyperpolarisation improves the
SNR by more than 10,000 times [14], enabling access to a new field of imaging. In this tech-
nology, a hyperpolarised agent injected into the human body takes part in several metabolic

1By definition, ‘natural abundance’ is the abundance of isotopes of a chemical element as naturally found on the
Earth.
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processes and turns into metabolites that are detectable by 13CMR receivers and discernible by
their chemical shifts. The proportions of these metabolites can then serve as a mark of disease
progress. The metabolic process captured by 13CMRI can add valuable additional information
invisible to 1H MRI, facilitating diagnosis and treatment of diseases. A common example of
hyperpolarised agent is [1-13C] pyruvate, which is shown able to mark cancer progress and re-
veal treatment response earlier than standard 1HMRI-based radiography [11,15]. In addition,
hyperpolarised 13C MRI may also be useful for assessing cardiac diseases [16].

1.2 The MR and dDNP techniques in brief

MR occurs in nuclei of non-zero spin such as 1H, 13C, 23Na, 31P. Placed in a strong static
magnetic field 𝑩0, nuclei generate a total magnetic moment aligned with and proportional to
𝑩0. Driven by an excitation field 𝑩1 oscillating at the resonance frequency, also referred to as
Larmor frequency, the magnetic moment starts to precess away from the equilibrium. After
the excitation, the Radio Frequency (RF) field 𝑩1 is turned off, the magnetic moment precesses
back toward equilibrium, giving out a free induction decay signal that is captured by receiver
coils2 and handled by RF receivers. This work focuses on 13C imaging at the Larmor frequency
32.13 MHz under 𝐵0 = 3 T, unless otherwise noted.

To obtain an image of a body, the k-space technique is used. A set of gradient coils gen-
erates a linear, space-varying static magnetic field in addition to 𝑩0. This introduces spatial
variation of resonance frequency, so that reception coils receive a signal that corresponds to the
weighting coefficient of a point of k-space, which is related to the actual image through Fourier
transform. By manipulating field generated by gradient coils, one is able to traverse through
the k-space. The actual image can then be obtained by taking the inverse Fourier transform
of the k-space. More detailed descriptions of the working mechanism of MRI can be found
in [17].

The working mechanism behind dissolution Dynamic Nuclear Polarisation (dDNP) tech-
nology requires quantum physics to understand [18–20] and omitted here for brevity. The
dDNP procedure is described as follows. A solid-state sample is put in a strong static magnetic
field while at cryogenic temperature. The polarisation of electrons is transferred from electrons
to nuclei with the help of microwave irradiation. Afterwards, hot liquid is injected to dissolve
the sample. The solution is then transferred to the patient [14]. It should be noted that once
the sample gets dissolved and taken outside the magnet bore, the polarisation decays rapidly,
usually within very fewminutes [21,22]. Therefore the signal must be captured by fast imaging
methods [21].

2The term ‘coil’ dates back to 1960s when receivers were sinusoidal coils resembling inductors. This term is
preserved even though receivers no longer look like wire spools.



1.3 Signal-to-Noise Ratio (SNR) 3

1.3 Signal-to-Noise Ratio (SNR)
SNR is the ratio of signal to noise. It is used as a measure of spectroscopy sensitivity and

often defines image clarity. In general, the expression for SNR in MRI is [23]

SNR ≈ 𝜔𝐵1
√4𝑘B𝑅c𝑇c + 4𝑘B𝑅s𝑇s

(1.1)

where𝜔 = 𝛾𝐵0 is the angular Larmor frequency, 𝐵1 the excitation field strength, 𝑘B Boltzmann
constant, 𝑅c the equivalent coil noise resistance 𝑇eq temperature of the coil, 𝑅s the equivalent
sample noise resistance, and 𝑇s temperature of the sample.

The SNR can be improved by increasing the signal or decreasing the noise. As (1.1) sug-
gests, one way to boost signal is to increase static magnetic field, to which Larmor frequency
𝜔 is directly proportional. The high SNR offered by high field strength translates into higher
spatial [24] and spectroscopic resolution [25]. To date, MRI scanners with field strength as
high as 17.6 T have been implemented to perform in-vivo mouse imaging [26, 27]. However,
high costs, high complexity of hardware and changed relaxation mechanisms of biological
tissues make further increase of field strength less rewarding [28]. At present, the most com-
monly adopted field strength of clinical scanners lies within the range of 1.5–3 T. At given field
strength, signal can be increased using hyperpolarisation [14, 29] and contrast agents [30].

Themajor sources of noise inMRI are thermal noise of sample and coils [31]. Sample noise
can be decreased by decreasing sample size. In some cases, setups of tiny samples under high
field strength is particularly useful [32,33]. For humans and most animals, reducing coil noise
is more beneficial, especially at the resonant frequency of 13C, where coil noise dominates
compared with 1H [13]. As (1.1) suggests, cooling a coil lowers both temperature 𝑇eq and coil
resistance (hence equivalent noise resistance 𝑅eq), thereby reducing thermal noise. Following
these considerations, the attempt in this thesis is to increase SNR by lowering sample noise
using an array of small coils and reducing coils’ thermal noise by cryogenic cooling.

1.4 Scope and objectives
The fundamental question to be addressed is:

What is the ultimate SNR in hyperpolarised MR?

This work tries to answer the question with the focus onMR detectors. The targeted application
is human brain MRI. The method implements low-noise receiving coil arrays which are cooled
to a cryogenic temperature. Research objectives are:
1. Investigating the general principles of preamplifier matching and decoupling.

Understanding preamplifier decoupling is important for all coil arrays because the decou-
pling circuitry can control howmuch noise the preamplifier generates. In this thesis, pream-
plifier decoupling is used to decouple array elements in the coil array.

2. Assessing the influence of circuit topology of matching/decoupling networks on SNR.
Although matching/decoupling networks can take various forms, in practice the output
SNRs they produce differ considerably. To pursue high image SNR, matching networks
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ought to yield the low noise. Hence, principles of optimal matching network design is
studied.

3. Designing a cryogenic coil array for clinical hyperpolarised MR.
Translating hyperpolarised MR into clinical practice requires designing and implementing
coil arrays compliant with clinical standards.
The following sections review the current state-of-the-art of cryogenic coils, coil arrays,

array decoupling and common-mode current suppression techniques.

1.5 State-of-the-art of cryogenic coils and coil arrays

1.5.1 Cryogenic surface coils
Currently there are two major types of coils: volume coils and surface coils. Volume coils

have better field uniformity [34], whilst surface coils have higher local SNR. Typical surface
coils have the shape of a loop. Recently, dipole antennae also began to be used as surface coils
for better performance at higher frequency [35]. Only loop-shaped surface coils are discussed
in this chapter.

As described in Section 1.3, further SNR improvement in surface coils can be achieved by
cryogenic cooling, which lowers both the physical temperature and coil resistance [36]. As
thermal noise in terms of voltage squared is proportional to both the physical temperature and
equivalent coil resistance [31], the noise from coil is largely reduced. Cryogenic experiments
using copper coils have been described in literature for 1H [37–39], 13C [40], 19F [41]; for
imaging, spectroscopy [42, 43], angiography [44] and fMRI [45] applications; using liquid
nitrogen and liquid helium [43] as coolants. In practice, operating at a temperature below 77 K
has a limited benefit because copper reaches its residual conductivity at 30 K [46].

To further reduce coil resistance, superconductors are proposed as coil material. [28] The
most widely used materials are High-Temperature Superconductor (HTS) [23]. Imaging of
humans [47–53], and small animals [54–57] have been demonstrated. The low resistance of
superconducting materials yields very high Q values up to 40 000 [48]. Compared to room
temperature copper coils, further SNR improvement3 from 0.9 to 3.0 have been reported [47–
52,54, 58–60]. An impressive 10× SNR gain on mouse imaging is reported by Poirier-Quinot
et al [57]. However, concomitant with the high Q values are extremely narrow bandwidths and
difficult circuit tuning. Other technical challenges of HTS coil implementation include strict
requirements on operating temperature, dependency of conductance to static magnetic field,
limited ability to handle high current, and higher manufacturing costs [23].

In addition, the Superconducting Quantum Interference Device (SQUID) is also proposed
as receiver coils. SQUIDs are based on Josephson junctions and require superconduction to
function. [61] Myers et al conclude [62] that SQUIDs are superior to HTS coils at frequencies
below 2 MHz. At frequencies above 10 MHz, SQUIDs does not offer SNR benefits compared
to ordinary coils. Besides, above 10 MHz, SQUIDs easily fail to work [62]. Several imaging
experiments with SQUIDs have been conducted [63, 64] at field strength below 0.05 T.

More detailed reviews of cryogenic coils can be found in [28, 46, 65].

3In this thesis, ‘improvement of 𝑎’ means (1 + 𝑎) ×, and ‘gain of 𝑎’ means 𝑎×.
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1.5.2 Coil arrays
The higher SNR of surface coils comes at the cost of smaller Field of View (FOV). To solve

this problem, surface coils are arranged into arrays, whereby a large FOV and high SNR can
be achieved at the same time [66]. Coil arrays also enable parallel imaging techniques, e.g.,
SENSE [67], GRAPPA [68], SMASH [69], thereby shortening total acquisition time, which
is vital for hyperpolairsed 13C imaging with inherent rapid signal decay. Up to present, coil
arrays up to 32 [70], 64 [71], 96 [72], 128 [73] channels have been developed for 1H imaging.
Coil arrays up to 27 channels for 31P imaging [74], 31 channels for 13C imaging [75], 30
channels for 23Na imaging [76], and others [13], have also been demonstrated. However, while
stacking up number of channels makes array construction more difficult, the SNR in return is
not necessarily higher than arrays with lower channel counts [77, 78]. The evolution of coil
arrays has thus in recent years gone beyond chasing for number of channels; multi-nucleus
coil arrays [79], adaptable [80] and flexible coil arrays [81, 82], wireless coil arrays [83], and
integrated RF/shim coil arrays [84] begin to appear as new tools [85].

1.5.3 Cryogenic coil arrays
In contrast to the popularity of room-temperature coil arrays, the field of cryogenic coil

arrays remains cold and scarcely visited. The first theoretical study of cryogenic HTS arrays
by Wosik et al. [48] concluded a potential SNR improvement of 60%. Later, experiments on
2- and 4-channel SNR arrays revealed 100% SNR improvement [86, 87]. SNR improvement
around 140% was demonstrated using a 2-channel array cooled by liquid N2 [88].

1.5.4 Common-mode current suppression and array decoupling
Common-mode current suppression and coil element decoupling are two practical aspects

of building receiving arrays where various methods have been proposed. Other practical as-
pects are more empirical and less documented; they can be found in [89].

In coil arrays, common-mode RF current can be induced on the outer shield of signal cables
[90], introducing additional noise and heating patient tissues. For both imaging quality and
safety, cable traps need to be installed on signal cables to suppress common-mode currents
[91–93].

Mutual coupling between coil elements is one of the basic challenges of coil array building.
On the one hand, mutual coupling alters coils’ input impedances, complicating matching [66];
on the other hand, mutual coupling results in correlated noise between the coil elements, de-
grading the SNR of the final image [94]. Although it is possible to gain the highest SNR with
mutual coupling present [95, 96], in practice, it is often more convenient to decouple coils in
the first place. Several decoupling techniques exist to reduce coil impedance change or noise
correlation between elements. The techniques include, but might not be limited to:
• Geometric overlap [66, 97]. Coils are overlapped so that their mutual inductance is min-

imised. This requires no additional circuit components, but it imposes geometric restric-
tions.

• Interconnecting capacitive or inductive networks [98–101]. In this technique, networks of
inductors or capacitors are connected between non-overlapping coils. Its major drawbacks
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are narrow frequency range and sensitivity to loading [102]. The complexity also grows
rapidly with the number of array elements.

• Resonant inductive decoupling [103–108]. This technique introduces intermediary loops
to cancel mutual coupling. This method cannot decouple adjacent and non-adjacent coils si-
multaneously. Its difference from ‘interconnecting capacitive or inductive networks’ is that
in this technique the intermediary loops do not electrically connect coil elements, whereas
in ‘interconnecting capacitive or inductive networks’ the capacitive or inductive networks
electrically connect coil elements.

• Self-decoupling by loops of coaxial cables [82, 109–111]. This technique employs loops
of transmission line structures that contain distributed inductance and capacitance. These
coils exhibit high or low input impedance. Because of its recent emergence, it has not been
clearly explained in the literature why such coils decouple by themselves.

• Preamplifier decoupling [66, 112]. This technique typically relies on high impedance con-
nected to coil terminals using preamplifiers of low input impedance and impedance trans-
forming networks. Noise correlation does not necessarily reduce by this technique [96,
113].

• Decoupling using auxiliary shielding structures [114] like magnetic walls [115].
• Techniques involving transmit signal correction like Cartesian feedback [116], signal vector

decoupling [117]. There is no documented use in receiving arrays at present.
Although decoupling methods have been largely enriched, preamplifier decoupling, which

is the least sensitive to coil positioning and can decouple coils reasonably well in the presence
of multiple neighbour and next-neighbour coils, remains indispensable especially in arrays
with a high number of channels.

1.6 Contributions and organisation
This thesis is arranged as a collection of articles. It contains a summary and papers. The

papers included are to be submitted, submitted, accepted, or published in academic journals or
conference proceedings. The summary is comprised of overview of the main achievements of
the conducted research. The contributions described mainly focus on the following 4 topics:
• Defining and extending the limits of preamplifier matching/decoupling covers Objectives 1,

2 in Section 1.4. This part focuses on theory, design, and implementation of preamplifier
matching/decoupling networks. It is covered by Papers I, II, III, IV, V, VIII and Chapter 2.

• Coils and arrays covers Objective 3. It focuses on construction and evaluation of coils and
arrays. It is covered by Papers VI, VII, VIII, X and Chapters 3, 4.

• Cryogenics covers Objective 3. It focuses on cryostat design. It is covered by VI, VII, VIII,
IX and Chapters 3, 4.

• Practical aspects covers Objective 2. It covers methods to measure decoupling, SNR, and
diode behaviour in a MR scanner. It is covered by Papers II, IV, IX, X and Chapters 2, 4.
An overview of the contributions of the papers and chapters is shown in Table 1.1.
Chapter 2 summarises the theory of matching networks for preamplifier decoupling, and

the trade-off between preamplifier decoupling and noise figure. It documents and expounds as-
pects omitted or shortened in papers, including conversion from impedancematrices to circuits,
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Table 1.1. Contributions of the thesis.

calibration of double-loop probes, and measurement of coil SNR. This chapter contributes to
Objective 1.

Chapter 3 describes cryogenic coils for mouse imaging. The theory on matching network
design in Chapter 2 is applied. This chapter quantitatively compares the influence of cryogenic
coil cooling and matching network designing. This chapter contributes to Objective 2.

Chapter 4 describes a 14-channel coil array for human head imaging operating at liquid
N2 temperature. Images are acquired to demonstrate SNR increase by cryogenically cooling
the array. This chapter contributes to Objective 3.

Paper I presents two three-element matching networks for preamplifier matching/decou-
pling, which have the most compact forms. This paper is later proven to be a special case of
Paper II. It is related to Objective 1.

Paper II quantifies the fundamental trade-off between preamplifier noise figure and decou-
pling for real-world preamplifiers, derives the conditions for preamplifiermatching/decoupling,
and encompasses the cases in Paper I and [112]. It is related to Objective 1.

Paper III proves that the condition of maximum preamplifier decoupling for high-impe-
dance coils as stated in Paper II is correct. It encompasses the example in Supporting Informa-
tion E of Paper II. It is related to Objective 1.

Paper IV shows a way to estimate a matching network’s noise figure with reasonable ac-
curacy. It is related to Objective 2.

Paper V is a prelude to Paper I, and accordingly, a special case of Paper II. It is related to
Objective 1.
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Paper VI describes a 14-channel cryognenic array and verifies the superior performance of
the array cooled by liquid N2 to the array at room temperature array. It is related to Objective 3.

Paper VII describes a 4-channel cryognenic array and verifies the superior performance
of cryogenic arrays to room-temperature arrays. It is a prelude to Paper VI. It is related to
Objective 3.

Paper VIII compares the performance of the same mouse coils operating at room and cryo-
genic temperature and matched by three- and four-element matching networks. It demonstrates
how in the real world matching networks can wreak havoc on SNR. Part of it is a prelude to
Paper IV. It is related to Objective 2.

Paper IX unravels the cause of mysterious diode failure in an MR scanner at cryogenic
temperature. It tells that wrong diode orientation spoils MR scanning. It is related to Objec-
tive 3.

Paper X introduces a calibration method for double-loop probe measurements of RF coil
current. It is related to Objectives 1, 2, 3.



CHAPTER 2
Preamplifier decoupling and matching in coil

arrays

Preamplifier1 decoupling still enjoys an indispensable role amongst all methods of decou-
pling despite its long age. It involves transforming the input impedance of preamplifiers to a
high value, ideally infinity, to suppress coupling between elements in arrays [66].

Preamplifier decoupling typically has a scheme shown in Figure 2.1. A matching net-
work is inserted between a coil and a preamplifier. The matching network transforms the coil
impedance 𝑍coil to 𝑍out and transforms the preamplifier impedance 𝑍amp to 𝑍in. In 1990, Roemer
et al. proposed that preamplifiers of low input impedance could be used to present high match-
ing input impedance 𝑍in to coils [66]. In 1995 Reykowski et al. proposed four-element match-
ing network designs using preamplifiers of negligible input resistance ℜ𝑍amp [112]. Since
then, the proposed approach of preamplifier decoupling has become a standard in array build-
ing and has not been further developed. In Roemer and Reykowski’s method, matching net-
works are regarded as transmission lines or the equivalent lumped-element networks [118]. The
advent of high-impedance coils (HICs) called for a different matching scheme as low match-
ing impedance 𝑍in should be presented to coils, but the problem was bypassed by ‘reversing’
preamplifier decoupling proposed by Roemer et al. [66] using a transmission line impedance
transformer [82].

The design equations for the decoupling networks by Reykowski et al. [112] were derived
assuming preamplifiers with purely reactive input impedance ℜ𝑍amp = 0, which is hardly
found in practice [119]. Typical preamplifiers, therefore, offer finite decoupling, but there
has not been any answer as to how much decoupling they can offer. In addition, the existing
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Figure 2.1. The preamplifier matching scheme.

1‘Preamplifier’ means ‘Low Noise Amplifier (LNA)’.
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preamplifier decoupling theory relies on purely real matching output impedance [112], which,
unfortunately, imposes another restriction on the preamplifier.

Recently, it is discovered that higher decoupling can be achieved by choosing matching
output impedance 𝑍out as 100 Ω rather than the conventional 50 Ω. This sacrifices a small
amount of noise figure (NF)2, yet enables freer coil positioning [120,121]. The existing theory,
however, does not offer a method to calculate the trade-off between preamplifier decoupling
and NF.

This chapter answers these questions and summarises a theory that describes the trade-
off between preamplifier decoupling and NF. For all details and derivation process, refer to
Paper II. Below are the features of the theory:
• The theory predicts achievable decoupling as a function of NF while imposing essentially

no constraint on preamplifier parameters. It offers a method to benchmark performance of
preamplifier decoupling for all preamplifiers. See Section 2.2.

• The theory allows a designer to construct a matching network with free choice of matching
output impedance, enabling the decoupling-NF trade-off to be utilised in practice. See
Section 2.1.

• The theory removes the need to include a pre-match network inside a preamplifier that trans-
forms optimum noise impedance to 50 Ω and exhibits low impedance to external circuitry
at the same time. Removing such additional networks can help further improve SNR.

• The theory describes matching networks’ impedance matrices to present high or low
impedance to coils. It helps design matching networks and explain some common experi-
mental phenomena. From the theory, a guideline to minimising matching network loss can
be given. See Section 2.1.1 and Paper IV.

2.1 Preamplifier decoupling network properties and
construction

2.1.1 Decoupling conditions and network description using
impedance matrix

The considered setup is illustrated in Figure 2.1. The coil and the preamplifier (‘Preamp.’)
has input impedance of 𝑍coil = 𝑅coil + j𝑋coil and 𝑍amp = 𝑅amp + j𝑋amp respectively. Signal from
samples is modelled as a voltage source 𝑉 , which results in a current 𝐼 , on the coil. The input
and output impedance of the matching network are 𝑍in = 𝑅in + j𝑋in and 𝑍out = 𝑅out + j𝑋out,
respectively. The matching network represented by impedance matrix Z is assumed lossless
and reciprocal. Additional conditions are 𝑅coil > 0, 𝑅amp ≥ 0, 𝑅in ≥ 0, 𝑅out > 0. The
preamplifier is represented by matrix Za and has output impedance 𝑍out, a. For preamplifier
decoupling, one can choose high or low impedance 𝑍in .

High 𝑍in = 𝑍HZ
in can be used for conventional loop coils and series-resonant coils, whilst

low 𝑍in = 𝑍LZ
in can be used for parallel-resonant coils, or high-impedance coils. It is shown in

2Some literature names noise figure in linear scale as ‘noise factor’, and noise figure in decibel as ‘noise figure’.
In this thesis, only the term ‘noise figure’ is used and refers to the quantity in linear scale or decibel depending
on the context.
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Paper II and Paper IV that for a given coil and preamplifier the highest decoupling is achieved
when

𝑍in = 𝑍HZ
in = 𝛽𝑅coil − j𝑋coil (2.1)

𝑍in = 𝑍LZ
in = 𝑅coil

𝛽 − j𝑋coil (2.2)

where

𝛽 = 1 + ∣Γout∣
1 − ∣Γout∣

,

Γout =
𝑍out − 𝑍∗

amp
𝑍out + 𝑍amp

.

The matching network’s impedance matrix Z can be written as [122]

Z = j [𝑋11 𝑋⌀
𝑋⌀ 𝑋22

] . (2.3)

For the high-impedance case, the elements of the impedance matrix are

⎧{{{{{{
⎨{{{{{{⎩

𝑋11 = 𝑋HZ
11 = −𝑋coil +

𝛽𝑅coil (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

,

𝑋22 = 𝑋HZ
22 = −𝑋amp +

𝑅amp (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

,

𝑋⌀ = 𝑋HZ
⌀ = ±

√
√√
⎷

𝑅coil𝑅out
⎛⎜⎜
⎝

1 + ⎡⎢
⎣

𝛽 (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

⎤⎥
⎦

2
⎞⎟⎟
⎠

,

(2.4)

where 𝑋amp + 𝑋out ≠ 0 or 𝑅out > 𝑅amp ≥ 0.3
For the low-impedance case, the elements of the impedance matrix are

⎧{{{{{{
⎨{{{{{{⎩

𝑋11 = 𝑋LZ
11 = −𝑋coil +

𝑅coil (𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out

,

𝑋22 = 𝑋LZ
22 = −𝑋amp +

𝛽𝑅amp (𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out

,

𝑋⌀ = 𝑋LZ
⌀ = ±

√
√√
⎷

𝑅coil𝑅out
⎡⎢
⎣
1 + (

𝑋amp + 𝑋out
𝛽𝑅amp − 𝑅out

)
2
⎤⎥
⎦

,

(2.5)

where 𝑋amp + 𝑋out ≠ 0 or 𝑅amp > 𝑅out > 0.4

3The condition in Paper II is written 𝑋amp+𝑋out ≠ 0∨(𝑋amp + 𝑋out = 0 ∧ 𝑅out > 𝑅amp ≥ 0). It can be simplified
to 𝑋amp + 𝑋out ≠ 0 ∨ 𝑅out > 𝑅amp ≥ 0. ‘∨’ is logical OR, ‘∧’ is logical AND.

4The condition in Paper II is written 𝑋amp+𝑋out ≠ 0∨(𝑋amp + 𝑋out = 0 ∧ 𝑅amp > 𝑅out > 0). It can be simplified
to 𝑋amp + 𝑋out ≠ 0 ∨ 𝑅amp > 𝑅out > 0.
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It can be proven that [112] and Paper I are special cases of (2.4); refer to Supporting Infor-
mation C of Paper II. It can also be proven that, if the preamplifier is disconnected from the
matching network, the coil resonates with the matching network, provided that 𝑋amp+𝑋out = 0,
and the matching network is correctly tuned; refer to Section 2.4 of Paper II. This result also
leads to a guideline to minimising matching network loss in practice: namely, the designer
should focus on minimising 𝑅11 = 𝑅in∣𝑍amp→∞, the input resistance of the matching network
when the preamplifier is disconnected. For details, refer to Paper IV.

The formulations of (2.4) and (2.5) are general, i.e., they do not require preamplifiers
have purely resistive input, or the input impedance have low real part, or the matching out-
put impedance 𝑍out be purely real as they were in previous art [66, 112]. By removing these
restrictions, the generalised theory developed here enables free choice of preamplifiers and
output impedance of matching networks. Thus, a pre-matching network inside a preamplifier
that transforms optimum noise impedance to 50 Ω and preamplifier input impedance to a low
value simultaneously is no longer needed. Removing such additional networks can further im-
prove SNR, enable designing preamplifiers of wider SNR bandwidth and facilitate preamplifier
design for multi-nucleus imaging.

2.1.2 Circuit topologies
The matching network’s Z matrix, once determined, can be realised by inductors and ca-

pacitors. The network described by (2.4) and (2.5) can be realised as T-network topology as in
Figure 2.2(a) with element reactance

⎧{{
⎨{{⎩

𝑋I =𝑋11 − 𝑋⌀ ,
𝑋II =𝑋⌀ ,
𝑋III =𝑋22 − 𝑋⌀ .

(2.6)

The corresponding Y matrix is

Y = Z−1 = j [𝐵11 𝐵⌀
𝐵⌀ 𝐵22

]

= j
𝑋2
⌀ − 𝑋11𝑋22

[𝑋22 −𝑋⌀
−𝑋⌀ 𝑋11

] ,
(2.7)

and the Π-topology in Figure 2.2(b) can be obtained by

⎧{{
⎨{{⎩

𝐵I =𝐵11 + 𝐵⌀ ,
𝐵II = − 𝐵⌀ ,
𝐵III =𝐵22 + 𝐵⌀ .

(2.8)

The three-element networks can be extended to four-element networks by adding an addi-
tional degree of freedom. A fourth element in parallel to the preamplifier, as shown in Fig-
ure 2.2(c), referred to as ‘TI’ topology. The reactance 𝑋IV can be freely chosen by the designer
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Figure 2.2. (a) Three-element matching networks of T-topology and (b) Π-topology; (c) four-element
matching networks with T-topology near the coil and additional element in parallel with the pream-
plifier, referred to as ‘TI’, and (d) Π-topology near the coil and an additional element in series to the
preamplifier, referred to as ‘Π–’.

so that solutions are found with practically convenient component values. This fourth element
transforms the 𝑍out and 𝑍amp by

⎧{{
⎨{{⎩

̃𝑍T
amp =�̃�T

amp + j ̃𝑋T
amp = [𝑍−1

amp + (j𝑋IV)−1]
−1

,

̃𝑍T
out =�̃�T

out + j ̃𝑋T
out = [𝑍−1

out + (j𝑋IV)−1]
−1

.
(2.9)

The impedance matrix of the T-network on the left is calculated by replacing 𝑅amp, 𝑋amp,
𝑅out, 𝑋out with �̃�T

amp, ̃𝑋T
amp, �̃�T

out, ̃𝑋T
out in (2.4) or (2.5). The remaining elements of the TI network

are calculated using (2.6).
Similarly, an element can be placed in series with the preamplifier, as shown in Figure 2.2(d),

referred to as ‘Π–’ topology. A three-element Π-network is on the coil side with its equivalent
̃𝑍Π
out and ̃𝑍Π

amp being

⎧{
⎨{⎩

̃𝑍Π
amp =�̃�Π

amp + j ̃𝑋Π
amp = 𝑅amp + j (𝑋amp + 𝑋IV) ,

̃𝑍Π
out =�̃�Π

out + j ̃𝑋Π
out = 𝑅out + j (𝑋out − 𝑋IV) . (2.10)
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The impedance matrix of the Π-network is calculated by replacing 𝑅amp, 𝑋amp, 𝑅out, 𝑋out
with �̃�Π

amp, 𝑋Π
amp, �̃�Π

out, 𝑋Π
out in (2.4) or (2.5). The remaining elements of the Π– network can be

calculated using (2.7), (2.8).
The matching and decoupling network design process and the corresponding equations are

also summarised in Figure 2.3.

2.2 Relation between decoupling and NF

2.2.1 Trade-off between decoupling and NF
The trade-off between decoupling and the noise figure of the preamplifier can be quantified

in the following way. We define power reflection coefficients at the input and the output of the
matching network as

Γin = 𝑍in − 𝑍∗
coil

𝑍in + 𝑍coil
, (2.11)

Γout =
𝑍out − 𝑍∗

amp
𝑍out + 𝑍amp

, (2.12)

where * denotes complex conjugate. For a passive, lossless two-port matching network [123],

∣Γin∣ = ∣Γout∣ . (2.13)

Decoupling can be defined as

Decoupling (dB) = −20 lg ∣1 − Γin∣ (2.14)
≤ −20 lg (1 − ∣Γout∣) .

The following steps can be used to find the maximum decoupling for a given noise figure
𝐹 ≥ 𝐹min.5

Procedure 2.1: Finding the maximum decoupling at noise figure 𝐹

1. For a given 𝐹 ≥ 𝐹min, determine a range of corresponding 𝑍out (𝐹). The relation between
𝑍out and 𝐹 is

𝑍out (𝐹) = 𝐶FO (𝐹) + 𝑟FO (𝐹) ej𝜑 , (2.15)

where −π ≤ 𝜑 < π. 𝐶FO (𝐹) and 𝑟FO (𝐹) are the centre and radius of a constant-noise
circle at 𝐹 [124], which are found from amplifier noise parameters

⎧{{
⎨{{⎩

𝐶FO (𝐹) =𝑍n, opt + Δ
2 ,

𝑟FO (𝐹) =√𝑅n, optΔ + (Δ
2 )

2
,

(2.16)

5𝐹 denotes noise figure in linear scale, and NF denotes noise figure in decibel. NF (dB) = 10 lg𝐹.
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Identify Za, noise 
parameters, Zcoil

For each NF, calculate Zout and 
Zamp such that |Γout|= max |Γout|
Eq. (2.12), (2.15)–(2.18)

Plot decoupling-NF trade-off, 
Determine NF to match to

Matching network 
topology

Calculate Z matrix by 
Eq. (2.4) or (2.5)

3-element

Get Z̃out and Z̃amp by 
Eq. (2.9) or (2.10)

4-element

Find XI, XII, XIII (or 
BI, BII, BIII) by Eq. 

(2.6) or (2.8)

Calculate Z matrix using 
Z̃out, Z̃amp in Eq. (2.4) or 
(2.5)

Calculate Z matrix by 
Eq. (2.4) or (2.5)

Other 
topologiesConvert Z to circuit 

structures as needed
END

START

Assign XIV

Choose networks with 
suitable component 
values

High impedance Low impedance

𝑋HZ
11 = −𝑋coil +

𝛽𝑅coil (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

𝑋HZ
22 = −𝑋amp +

𝑅amp (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

(2.4)

𝑋HZ
⌀ = ±

√
√√
⎷

𝑅coil𝑅out
⎛⎜⎜
⎝

1 + ⎡⎢
⎣

𝛽 (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

⎤⎥
⎦

2
⎞⎟⎟
⎠

𝑋LZ
11 = −𝑋coil +

𝑅coil (𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out

𝑋LZ
22 = −𝑋amp +

𝛽𝑅amp (𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out

(2.5)

𝑋LZ
⌀ = ±

√
√√
⎷

𝑅coil𝑅out
⎡⎢
⎣
1 + (

𝑋amp + 𝑋out
𝛽𝑅amp − 𝑅out

)
2
⎤⎥
⎦

Valid if 𝑋amp + 𝑋out ≠ 0 or 𝑅out > 𝑅amp ≥ 0 Valid if 𝑋amp + 𝑋out ≠ 0 or 𝑅amp > 𝑅out > 0

𝛽 = 1 + ∣Γout∣
1 − ∣Γout∣

, Γout =
𝑍out − 𝑍∗

amp
𝑍out + 𝑍amp

Elements of matching
networks’ Y matrices Three-element topologies

𝐵11 = 𝑋22
𝑋2
⌀ − 𝑋11𝑋22

𝐵22 = 𝑋11
𝑋2
⌀ − 𝑋11𝑋22

𝐵⌀ = −𝐵⌀
𝑋2
⌀ − 𝑋11𝑋22

(2.7)

T, Figure 2.2(a) Π, Figure 2.2(b)

𝑋I =𝑋11 − 𝑋⌀

𝑋II =𝑋⌀

𝑋III =𝑋22 − 𝑋⌀

(2.6)
𝐵I =𝐵11 + 𝐵⌀

𝐵II = − 𝐵⌀

𝐵III =𝐵22 + 𝐵⌀

(2.8)

𝑋11 = 𝑋HZ
11 or 𝑋LZ

11 ; the same for 𝑋⌀, 𝑋22.
(𝑋 ← 𝑋HZ) ⇒ 𝐵HZ; 𝐵11 = 𝐵HZ

11 or 𝐵LZ
11 ; the same for 𝐵⌀, 𝐵22.

(𝑋 ← 𝑋LZ) ⇒ 𝐵LZ. Get 𝐵HZ and 𝐵LZ by (2.7).

Four-element TI, Figure 2.2(c) Four-element Π–, Figure 2.2(d)

̃𝑍T
amp =�̃�T

amp + j ̃𝑋T
amp = [𝑍−1

amp + (j𝑋IV)−1]
−1

̃𝑍T
out =�̃�T

out + j ̃𝑋T
out = [𝑍−1

out − (j𝑋IV)−1]
−1 (2.9)

̃𝑍Π
amp =�̃�Π

amp + j ̃𝑋Π
amp = 𝑅amp + j (𝑋amp + 𝑋IV)

̃𝑍Π
out =�̃�Π

out + j ̃𝑋Π
out = 𝑅out + j (𝑋out − 𝑋IV) (2.10)

Figure 2.3. Illustration of the design procedure.
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where 𝑍n, opt = 𝑌−1
n, opt is the optimal noise impedance of the preamplifier,

Δ = (𝐹 − 𝐹min)
∣𝑍n, opt∣

2

𝑅n
, (2.17)

in which 𝐹 and 𝐹min are the noise figure chosen and the minimum noise figure in linear
scale, respectively; 𝑅n is the equivalent noise resistance [124].

2. For each 𝑍out, determine the corresponding 𝑍amp when the preamplifier’s output is complex
conjugate matched. We have

𝑍out, a (𝐹) = 𝑍a,22 − 𝑍a,12𝑍a,21
𝑍a,11 + 𝑍out (𝐹) ,

𝑍amp (𝐹) = 𝑍a,11 − 𝑍a,12𝑍a,21
𝑍a,22 + 𝑍∗

out, a (𝐹) ,
(2.18)

where 𝑍out, a (𝐹) is the preamplifier’s output impedance; 𝑍a,11, 𝑍a,12, 𝑍a,21, 𝑍a,22 are the
elements of the preamplifier’s impedance matrix Za.

3. Calculate a range of Γout (𝐹) by 𝑍out (𝐹) and 𝑍amp (𝐹) using (2.12). Find 𝑍out such that
∣Γout (𝐹)∣ = max ∣Γout (𝐹)∣. In this case the decoupling specified by (2.14) reaches its
maximum.

If a preamplifier has high reverse isolation and can be regarded as a unilateral device with
fixed input impedance 𝑍amp, u, following Gonzalez’s notes [125], the constant-noise contours
Γout (𝐹) can be approximated by circles of radii and centres

⎧{{{{
⎨{{{{⎩

𝐶FU (𝐹) =
Γn, opt ∣𝑍amp, u + 𝑍n, opt∣

2

𝑅amp, uΔ + ∣𝑍amp, u + 𝑍n, opt∣
2 ,

𝑟FU (𝐹) =
2𝑅amp, u

𝑅amp, uΔ + ∣𝑍amp, u + 𝑍n, opt∣
2

√𝑅n, optΔ + (Δ
2 )

2
,

(2.19)

where Δ is still defined by (2.17), and

Γn, opt =
𝑍n, opt − 𝑍∗

amp, u
𝑍n, opt + 𝑍amp, u

(2.20)

is an intermediary variable. The maximum decoupling in the case of a unilateral device is

max[Decoupling (dB)] = −20 lg[1 − max ∣Γout (𝐹)∣]
= −20 lg [1 − ∣𝐶FU (𝐹)∣ − 𝑟FU (𝐹)] . (2.21)

Following the procedure, using the data in Table 1 of Paper II, the curves of decoupling-
NF trade-off for WanTComWMA32C and a biased transistor BFP740 are drawn in Figure 2.4
as an example. It is seen that, by sacrificing NF, decoupling can be further increased. The
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overall trend is that decoupling increases fast as NF starts growing from the minimum NF, and
gradually slows down as NF grows farther and farther from the minimum NF. For these two
preamplifiers, the decoupling-NF trade-off curves assuming fixed 𝑍amp are close to the curves
with changing 𝑍amp. This does not imply that Procedure 2.1 can be replaced by (2.19)–(2.21),
because the preamplifier input impedance 𝑍amp, u, if unknown, must be calculated from Step 2
of Procedure 2.1.

2.2.2 Process for matching network design and techniques for SNR
and decoupling measurements

The design procedure of matching networks is described in detail in Paper II. It can be sum-
marised as Procedure 2.2. A flow chart and all relevant equations are available in Figure 2.3.

Procedure 2.2: Matching and decoupling network design procedure

1. Extract preamplifier’s Z parameters and noise parameters (𝑅n, NFmin, 𝑍n, opt).
2. For a range of 𝐹 ≥ 𝐹min, find and store 𝑍amp (𝐹) and 𝑍out (𝐹) that maximise decoupling,

i.e., ∣Γout (𝐹)∣ = max ∣Γout (𝐹)∣, using Procedure 2.1.
3. Plot the decoupling-NF trade-off and choose the desired NF.
4. Find coil impedance 𝑍coil at the design frequency.
5. Calculate Z matrix of the matching network using (2.4) or (2.5).
6. Convert Z to circuit structures following the approach described in Section 2.1.2.

In practice, calculated component values cannot be directly used in actual circuits. Due to
high Q-factor of the cryogenic circuits and inherent narrow bandwidth, it is necessary to adjust,
or fine-tune, component values after fabrication. Fabricated matching networks can be tuned
according to Procedure 2.3.
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Figure 2.4. Curves of decoupling-NF trade-off forWMA32C at 32.13MHz and a BFP740-based pream-
plifier at 127.7 MHz. The dashed lines are calculated assuming 𝑍amp is fixed: 𝑍amp = 𝑍amp (𝐹min). The
solid and dashed lines for WMA32C overlap well, so that the dashed line can be invisible. ‘Dcp’ means
decoupling.

Procedure 2.3: Fine-tuning matching networks

1. If necessary, calibrate the double-loop probe first (refer to Procedure 2.4 on page 19). The
experience is that, if measured ∣𝑆21∣ less than 15 dB over the internal coupling of double-loop
probes, calibration is necessary. Otherwise, calibration is optional.
2. Fine-tune with the preamplifier connected so as to align the ∣𝑆21∣ trough to the correct
frequency. The third component from the coil, 𝐶III or 𝐿III, is mainly responsible for decoupling
frequency. The higher 𝐶III or 𝐿III, the lower the decoupling frequency.
3. Adjust output impedance 𝑍out to the correct value with the preamplifier disconnected. The
second component from the coil, 𝐶II or 𝐿II, is mainly responsible for output impedance range.
It mainly affects the size of the 𝑆21 trajectory on a complex plane.
4. Repeat Step 2 and Step 3 until decoupling and 𝑍out are tuned to the right frequency.
5. Connect preamplifiers and tune the network to maximise SNR at the desired frequency.
The first component from the coil, 𝐶I or 𝐿I, is mainly responsible for SNR peak frequency.
The higher 𝐶I or 𝐿I, the lower the SNR peak frequency.

To demonstrate the theory that has been described thus far, the same coils are matched to
WMA32C preamplifiers (WanTCom Inc., Chanhassen, MN, USA) atNFmin andNFmin+0.5 dB
by Procedures 2.2, 2.3. The experimental results are fully described in Paper II.
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2.2.2.1 Calibrating double-loop probes

It has been observed that, during decoupling measurement, the double-loop probe should
be away from the coil by at least 5 cm to measure decoupling accurately. This is because when
the double-loop probe is too close to the coil, the field distribution and the current distribu-
tion on the coil are greatly perturbed, which distorts measurement. However, large distance
between the probe and the coil means the ∣𝑆21∣ or ∣𝑆12∣ measured is small, which can be easily
overwhelmed by the internal coupling within the double-loop probe. Sometimes, the actual
∣𝑆21∣ or ∣𝑆12∣ goes below the internal coupling of the double-loop probe, which makes direct
measurement difficult. To increase the dynamic range of the decoupling measurement, a cali-
bration technique is employed. The calibration procedure is described in Procedure 2.4 below.
A full explanation by a physical model is found in Paper X.

Procedure 2.4: Calibrating double-loop probes

1. Connect a double-loop probe to a VNA. Make sure all cable connections are tight and the
setup is mechanically stable. During the measurements, place the probe far enough from
the coil under test and the sample.

2. Remove the coil under test. The best result is obtained if the sample is retained, but re-
moving the coil and the sample together is acceptable; the choice depends on practical
convenience. Record 𝑆21,𝑎.

3. Place the coil in the measurement setup and record 𝑆21,𝑏.
4. Take 𝑆21,cal = 𝑆21,𝑏 − 𝑆21,𝑎.

Below 140 MHz, the relation between calibration 𝑆21 and the current on the coil 𝐼coil is

𝑆21,cal ≈ j𝜔𝜅 exp (j𝜔𝜏) 𝐼coil , (2.22)

where 𝜅 > 0, 𝜏 < 0 and 𝜔 is the angular frequency. When averaging is turned on, the noise
of the Vector Network Analyser (VNA) decreases, and the dynamic range of the measurement
further increases. To eliminate the effect of the factor j𝜔 the measurer can use a mathematical
expression

𝑆21,cal = (𝑆21,𝑏 − 𝑆21,𝑎) /𝜔 , (2.23)

which may also be implemented on a VNA. Above 140 MHz, the relation between 𝑆21 and
𝐼coil is still linear, i.e., 𝑆21 ∝ 𝐼coil, but the ratio 𝑆21/𝐼coil gradually deviates from the simple
expression j𝜔𝜅 exp (j𝜔𝜏).

Using this technique, measured preamplifier decoupling curves of the coils matched to
WMA32C preamplifiers at NFmin and NFmin + 0.5 dB as described in Paper II are drawn in
Figure 2.5. Taking into account imperfections in simulation models such as inaccurate esti-
mation of component loss, the measured curves follow simulated curves closely; the resulting
difference in decoupling values is within 2.3 dB.
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2.2.2.2 Improving sensitivity of SNR measurements

SNR measurement itself has uncertainties. The uncertainty calculator from Keysight Tech-
nologies Inc. [126] reports that even if the input and output of the preamplifier are perfectly
matched, theNFmeasurement uncertainty—whichmay be taken as SNR uncertainty for now—
is 0.20 dB. In Paper II, coils are matched to WMA32C preamplifiers at NFmin and NFmin +
0.5 dB, but the simulated output SNRs of preamplifiers differ only by 0.25 dB at 32.13 MHz
after inclusion of component loss and substrate loss of circuit boards. Considering that in this
case the input is highly mismatched (𝑍amp ≈ 2 Ω, 𝑍out > 50 Ω) and the transmission path
may be subject to mechanical movements, the 0.25 dB SNR difference as predicted by EM co-
simulation is bound to be inundated by the measurement uncertainty. To tackle this problem,
the following procedure is used to enhance the sensitivity of SNR measurements.

Procedure 2.5: Measuring SNR at one frequency
1. Measure the SNR 𝑁 times. We suggest 𝑁 ≥ 1 500.
2. Group the SNR data by size 𝑛 and get ⌊𝑁/𝑛⌋ groups. We recommend 𝑛 ≥ 30.
3. Within each group, take SNR average SNR = SNR/𝑛.
4. Fit the dataset of SNR by normal distribution.

The principle behind Steps 2 and 3 is central limit theorem [127]. It guarantees that aver-
aged SNR values, SNR, converges to normal distribution irrespective of their original distribu-
tion when 𝑛 is large enough:

SNR − 𝜇
𝜎/√𝑛 ∼ 𝒩 (0, 1) . (2.24)
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Figure 2.5. Simulated and measured (a) decoupling and (b) SNR for a coil matched to WMA32C
preamplifier at NFmin and NFmin + 0.5 dB. In (a), ‘Match’ means complex-conjugate matching to 50 Ω.
In (b), error bars denote 1𝜎 intervals. Source Paper II.
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The fitted mean 𝜇 and standard deviation 𝜎 are plotted in Figure 2.5(b) over 32.13 MHz ±
200 kHz. Error bars which denote 1𝜎 intervals separate near 32.13 MHz, suggesting that the
simulated 0.25 dB SNR difference at 32.13 MHz is distinguished.

There are four suggestions for more precise SNR measurement:
1. When measuring SNR using a spectrum analyser, average more times rather than narrow

down the Resolution Bandwidth (RBW) of the spectrum analyser. This follows from (2.24),
which implies that the larger the 𝑛, the smaller the resulting standard deviation 𝜎/√𝑛. In
practice, to speed up SNR measurement, the RBW can be set 10 Hz, and 𝑛 ≥ 40. The
measurement takes far less time than a measurement with RBW = 1 Hz and 𝑛 = 10 while
having lower SNR uncertainty.

2. Be alert of ambient temperature changes. As is known [128], thermal noise power is pro-
portional to temperature: 𝑁𝑡 ∝ 𝑇 . Let the temperature rise from 𝑇1 = 15∘C = 288 K to
𝑇2 = 30∘C = 303 K. Assuming the signal level remains the same, the SNR will drop by
10 lg (𝑇2/𝑇1) = 0.22 dB. It is therefore advisable to perform measurements when instru-
ments and electronic circuits reach steady-state temperature regime.

3. Fix the mechanical positions of all parts.
4. Install cable traps on signal feed cables and preamplifier output cables. For convenience,

one may use ferrite cable traps in bench tests.

2.3 Summary
This chapter describes a generalised theory of passive, lossless, reciprocal matching circuits

for preamplifier decoupling. The impedance matrices of matching networks delivering high
and low input impedance are formulated for preamplifiers with arbitrary preamplifier input
impedance withℜ𝑍amp ≥ 0 and arbitrary matching network output impedance withℜ𝑍out > 0.
It is shown that the output impedance of the matching network can be adjusted, so that better
preamplifier decoupling can be achieved by sacrificing preamplifier NF. This theory extends
the application range of preamplifier decoupling and paves the way for greater design flexibility.
Finally, two techniques for improving the sensitivity of decoupling measurements and SNR
measurements are described.



CHAPTER 3
Cryogenic mouse coils

Chapter 2 proposes a generalised theory of designing matching networks transformable to
three-element, four-element networks and networks of other topology. How much noise can
matching networks contribute to the output signal? Which network shall be chosen to minimise
its noise contribution? Can the noise from matching networks be suppressed by cryogenic
operation?

This chapter tries to answer these questions with demonstrations using 3 T 13C mouse
coils. At the resonance frequency 32.13 MHz the loss of mouse coils loaded with samples
can be very small, making these coils good objects to study matching network loss with. Four
mouse coils are matched by three-element T and four-element Π– matching networks to eval-
uate the matching network on output SNR. A cryostat is described in Section 3.2, and later
shown to effectively cool the coils. The effect of cryogenic cooling on output bench-top SNR
is evaluated. It should be mentioned that for simplicity the hardware built in this chapter is not
sent for imaging.

3.1 Estimation of SNR improvement with cryogenic cooling
SNR is one of the most important specifications of MR images. The higher the SNR,

the clearer an image can potentially be. To calculate SNR, Hoult et al. have already devised
mathematical models [31,129,130]. The key to calculating the signal item in SNR is to apply
principle of reciprocity [131]

∭ (𝑬1 ⋅ 𝑱2 − 𝑯1 ⋅ 𝑴2) dΩ = ∭ (𝑬2 ⋅ 𝑱1 − 𝑯2 ⋅ 𝑴1) dΩ , (3.1)

where 𝑱1, 𝑴1 are electric current and magnetic current1 sources on object 1, 𝑬1, 𝑯1 are the
electric and magnetic field that 𝑱1 and 𝑴1 generate on object 2; 𝑱2, 𝑴2 are electric current and
magnetic current sources on object 2, 𝑬2, 𝑯2 are the electric and magnetic field that 𝑱2 and𝑴2
generate on object 1. Thus, a coil’s reception sensitivity can be calculated by its transmission
profile [31]:

𝑉signal = −j𝜔 ∭ 𝑩1 ⋅ 𝑴𝑥𝑦 dΩ , (3.2)

where 𝑩1 is the magnetic flux density produced by the coil by unit current, and 𝑴𝑥𝑦 is the
transverse magnetisation per unit volume. After manipulation, the SNR at the coil terminal in
terms of voltage [23, 46]

SNR (𝒓) ∝ 𝜔𝐵1 (𝒓)
√𝑇c𝑅c + 𝑇s𝑅s

, (3.3)

1Magnetic current is fictitious since magnetic monopole charges are not known to exist. Nonetheless, magnetic
current can be realised by a loop of electric current or a magnetic dipole.



3.2 Cryostat design and performance 23

where 𝑇c and 𝑇s are the temperature of the coil and the sample, respectively; 𝑅c and 𝑅s are
equivalent resistance of the unloaded coil2 and the sample, respectively; the symbol 𝒓 stresses
that SNR differ by spatial position within the sample. (3.3) only takes into account the thermal
noise of the coil and the sample, and therefore for a single coil it specifies the highest value the
output SNR may reach.

Consider two identical coils, one at room temperature 𝑇 (r), the other at cryogenic temper-
ature 𝑇 (c). They have resistance 𝑅(r) and 𝑅(c) respectively. Assuming the sample does not
change and the sample temperature is kept the same, the relative SNR of the cryogenic coil to
the room-temperature coil is

SNR(c)

SNR(r) = √ 𝑇 (r)
c 𝑅(r)

c + 𝑇s𝑅s

𝑇 (c)
c 𝑅(c)

c + 𝑇s𝑅s
. (3.4)

Sometimes it is easier to measure coil quality factor 𝑄 than resistance 𝑅. (3.4) can be written
in terms of 𝑄 as

SNR(c)

SNR(r) =
√
√
√
⎷

𝑇 (r)
c 𝑄(r)

u
−1 + 𝑇s𝑄s

−1

𝑇 (c)
c 𝑄(c)

u
−1 + 𝑇s𝑄s

−1
, (3.5)

where 𝑄u is the unloaded Q factor; 𝑄−1
s = 𝑄−1

l − 𝑄−1
u , where 𝑄−1

l is the loaded Q factor. The
SNR increase in dB at cryogenic temperature compared with that at room temperature is

ΔSNR (dB) = 10 lg 𝑇 (r)
c 𝑄(r)

u
−1 + 𝑇s𝑄s

−1

𝑇 (c)
c 𝑄(c)

u
−1 + 𝑇s𝑄s

−1
. (3.6)

(3.6) can be used to estimate improvement of coil SNR by cryogenic cooling. (3.6) can also be
used to estimate the improvement or degradation of coil SNR at the same temperature but with
different matching networks, which is done by assigning 𝑇 (r)

c = 𝑇 (c)
c . The accuracy of (3.5)

and (3.6) improves when coil Q is measured when the coil is connected to matching network,
and the preamplifier is disconnected meanwhile. In this way, the loss of the matching network
can be taken into account. The rationale is explained in Paper IV.

3.2 Cryostat design and performance
The cryostat is an essential part of cryogenic coils. The challenges of designing for MRI

are that the cryostat
(1) shall not be magnetic;
(2) shall contain as little conductive material as possible;
(3) shall provide sufficiently low temperature for a sufficiently long time;
(4) shall not damage electronic components by rapid cooling;
(5) shall be RF-transparent and use material with low dielectric loss;
(6) should have high temperature gradient to preserve a short distance between room tempera-

ture sample and a cryogenic coil.
2A coil is ‘loaded’ if a sample is present nearby. A coil is ‘unloaded’ if a sample is absent.



24 3 Cryogenic mouse coils

Figure 3.1. (a) The cryostat (‘Lid’, ‘Box’) and the Al2O3 cooling piece onto which a coil is mounted. A
cable trap is installed on the output signal cable. (b) The (Al2O3) cooling piece consisting of an upper
piece, a nether piece and a post.
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Figure 3.2. Temperature vs time on the upper and nether slabs of the cooling piece.

Following these requirements, a cryostat is made of an oblong Styrofoam® box. The cryo-
stat is shown in Figure 3.1(a), as annotated by ‘Lid’ and ‘Box’. The dimensions outside are
213 mm × 255 mm × 125 mm. The dimensions inside are 146 mm × 197 mm × 68 mm. A
piece of plastic foam is fixed inside the cryostat box to reduce liquid N2 consumption while
maintaining the cooling effect. The volume of the cryostat is measured 1.12 L. A phantom can
be placed on top of the cryostat lid to emulate tissue loading.

Three alumina (Al2O3) pieces are glued together, two of which are 100 mm × 50 mm ×
8 mm slabs and one of which is a cylinder of 30 mm diameter and 60 mm height, as shown in
Figure 3.1(b). Plastic screws and nuts then mount this glued ceramic piece onto the cryostat
lid. A coil with PCB can be mounted onto the top of the glued ceramic piece and cooled, as
shown in Figure 3.1(a).

A Lakeshore Model 218 temperature monitor (Lake Shore Cryotronics Inc., Westerville,
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Figure 3.3. (a) The mouse coil mounted in the cryostat. (b) Dimensions of the mouse coil, unit mm.
The coil thickness is 0.70 mm. (c) The mouse coil connected to a Printed Circuit Board (PCB).

OH, USA) measures the temperature of the upper and nether ceramic pieces (shown in Fig-
ure 3.1(b)) by Pt100 sensors. The temperature curves over time after pouring liquid N2 are
drawn in Figure 3.2. The cryostat reaches its steady-state temperature regime after about
6.5 min. The temperature of the upper piece reaches −186∘C (87 K) from room temperature
22∘C in 14 min after pouring liquid N2. The temperature of the nether piece can reach −189∘C
(84 K). The temperature then stabilises and rises slowly as liquid N2 evaporates. If the cryostat
is initially full, the coil temperature can keep below −181∘C (92 K) for 71 min. Afterwards
liquid N2 runs out and the cryostat warms up.

The temperature of a PCB to which a coil is connected, as shown in Figure 3.3(c), are also
measured. However, temperature readings on a PCB vary with PCB thickness and the position
at which temperature is measured. A typical figure is −169∘C (104 K) for experiments in this
chapter.

In this cryostat, a coil has been cooled and thawed over 20 cycles, after which the coil and
the associated circuitry still function normally.

3.3 Design 1: mouse coils matched by three-element T
matching

The goals of the experiments described in Section 3.3 and Section 3.4 are
(1) evaluating the SNR improvement of a cryogenic coil over a room-temperature coil, and
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(2) evaluating the influence of matching network topology on output SNR.
To fulfil these tasks, four matching schemes are tested using four identical coil and PCB assem-
blies separately:
(1) a room-temperature coil using three-element T matching,
(2) a cryogenic coil using three-element T matching,
(3) a room-temperature coil using four-element Π– matching, and
(4) a cryogenic coil using four-element Π– matching.

In Section 3.3 and Section 3.4 the mouse coils shown in Figure 3.3 are matched to WanT-
Com WMA32C preamplifiers (WanTCom Inc., Chanhassen, MN, USA). The corresponding
matching circuits for room and cryogenic temperature have the same circuit topology and differ
only in component values. The circuits are designed for maximum decoupling at 32.13 MHz,
and output impedance 𝑍out = 𝑍n, opt ≈ 50 Ω at 32.13 MHz, as Figure 3.4(a) illustrates. Af-
terwards, since parasitic parameters unaccounted for or inaccurately estimated in circuit mod-
elling can alter circuit performance, component values on fabricated PCBs are fine-tuned.

In the following section, the circuit fine-tuning process, measurement, and results are pre-
sented.

3.3.1 Circuit design and fine-tuning
Here, the process of circuit design and tuning is described in detail.
Measuring coil impedance. To measure the impedance of the loaded coil, a 1 mm slot is

cut on the coil loop. A capacitor 𝐶 = 390 pF of high 𝑄 = 𝑄C (PPI 1111C, Passive Plus Inc.,
Huntington, NY, USA) is soldered across the slot, and a phantom is positioned near the coil to
emulate coil loading.

𝑄C is extracted from the S parameter file [132] at 50 MHz, and extrapolated to 32.13 MHz
by assuming 𝑄C ∝ 𝜔−1. The fitted expression at 50 MHz is

𝑄C = exp (−8.190 × 10−2 ln2 𝐶 − 0.2175 ln𝐶 + 9.884) , (3.7)

where 𝐶 is in pF and 𝐶 ≤ 10 000 pF, as shown in Figure 3.5. This rough fitting gives good
results in simulation, as Section 3.5 indicates.

𝑆21 is measured by a double-loop probe connected to a VNA. Coil𝑄 can be calculated from
the ∣𝑆21∣ curve. From𝑄,𝐶 and𝑄C, the coil impedance can be calculated. At room temperature,
the result is 𝑍coil = 0.109 + j11.7 Ω without 𝑄C correction and 𝑍coil = 37.1 mΩ+ j11.7 Ω with
𝑄C correction.

𝑀1 𝑀2 𝑀3 𝑀4

3 elem. T 757 pF 6.88 nH 16.0 nF –
4 elem. Π– 415 pF 19.7 pF 73.2 pF 150 nH

Table 3.1. Calculated component values of three-element T and four-element Π– matching networks
shown in Figures 3.4(b) and 3.4(c), converted from (3.8). 𝑀1–𝑀4 represent capacitors 𝐶1–𝐶4 (or 𝐶′

1–
𝐶′

4) or inductors 𝐿1–𝐿4 (or 𝐿′
1–𝐿′

4) depending on the units.
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Figure 3.4. The matching scheme. (a) An overview of three- and four-element matching schemes. (b)
Three-element Tmatching. Values𝐶′

1 = 𝐶1, 𝐶′
3 = 𝐶3. (c) Four-element Π– matching. Values𝐶′

2 = 𝐶2,
𝐿′

4 = 𝐿4.

Designing matching/decoupling networks. The WMA32C preamplifier’s input impe-
dance is 𝑍amp = 2.30 − j0.769 Ω and the optimal noise impedance is 𝑍n, opt = 52.0 + j0.073 Ω.
Given these numbers, the Z matrix of matching circuits at room temperature are calculated
by (2.4), which is converted to circuits shown by Figures 3.4(b) and 3.4(c). The calculated Z
matrix is

Z = j [−11.70 ±1.389
±1.389 0.770 2] Ω . (3.8)

The Z matrix is then transformed to corresponding circuits. Calculated component values at
room temperature are listed in Table 3.1. The circuits comprised of circuit component models
and PCB models are EM co-simulated by Advanced Design System (Keysight Technologies).

The Z matrix of matching circuits at cryogenic temperature is not calculated. This is be-
cause the rated operating temperature ranges of components extend at most to −55∘C [133,
134]; the lowest rated operating temperature of WMA32C is 0∘C [135]. In this application,
the temperature is far below that value. It follows that, (1) the behaviour of the preamplifier is
unpredictable, and (2) the components in matching networks shift in value. Thus, component
values at room-temperature are chosen as starting points.
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Figure 3.5. Extracted and fitted 𝑄C at 50 MHz. The fitted ln𝑄C = −8.190 × 10−2 ln2 𝐶 − 0.2175 ln𝐶
+ 9.884, where 𝐶 is in pF and 𝐶 ≤ 10 000 pF.

Tuning component values. PPI 1111C capacitors (Passive Plus Inc.) and air-core induc-
tors from Coilcraft Inc. (Cary, IL, USA) are used in the matching/decoupling networks for
high 𝑄. Procedure 2.3 in Section 2.2.2 is used to adjust component values, reaching the de-
sired matching scheme shown in Figure 3.4(a).

Adjusting active decoupling circuitry. In an MRI scanner, transmitted high-power elec-
tromagnetic wave can excite current in reception coils during the transmission phase, which can
create field inhomogeneity and image distortion. To further suppress the current, active decou-
pling circuitry is used. To tune active decoupling circuitry correctly, the calibration described
in Procedure 2.4 must be used.

In the experiments described in this chapter, the preamplifier is not used in a scanner.
Hence, active decoupling circuitry is skipped in order not to obscure the matching network
analysis.

Measuring loaded and unloaded coil Q. This measurement is crucial for comparing cryo-
genic coils with room-temperature coils. To take into account the matching network’s loss,
when measuring the coil Q, the coil should be connected with the matching network, but the
preamplifier should be disconnected, as stated in Section 3.1.

Measuring SNR. All cryogenic and room-temperature coils are mounted onto the same
place inside the cryostat described in Section 3.2 to ensure comparability of all SNR measure-
ments. It is discovered that, throughout measurements, to reduce uncertainty of SNR measure-
ment, the cryostat box must be mechanically fixed. To mount and dismount coils, only the
cryostat lid is moved.

The work flow described above is summarised in Procedure 3.1 below.

Procedure 3.1: Circuit design and bench characterisation

1. Measure coil impedance 𝑍coil. Correct for capacitor𝑄C if necessary. The experience is that,
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for designing matching/decoupling networks, correction for capacitor 𝑄C can be skipped;
when evaluating SNR loss of matching/decoupling networks, the correction is necessary,
especially when the coil has low ℜ𝑍coil.

2. Design the matching network following the procedure in Figure 2.3 on Page 15.
3. Fine-tune components. Refer to Procedure 2.3 on Page 18.
4. Measure loaded and unloaded coil Q with matching/decoupling network connected, while

the preamplifier is disconnected.
5. Measure SNR.

3.4 Design 2: mouse coils matched using a four-element Π–

network
By adding one more component to the matching network, the components can be adjusted

more freely, reducing the loss of the matching network and improving output SNR.
To build a four-element Π– matching circuit, Procedure 3.1 is used, starting from Step 2.

The same Z matrix as (3.8) is realised as the Π– matching network shown in Figure 3.4(c)
following Figure 2.3 on Page 15. The calculated component values are shown in Table 3.1.
The components are adjusted to approach the matching scheme in Figure 3.4(a). Loaded coil
Q, unloaded coil Q and SNR are measured for cryogenic and room-temperature coils.

3.5 Measurement results
The Q of a loaded standalone mouse coil in Figure 3.3(b) is 315. Measured loaded Q

and unloaded Q of mouse coils connected to matching networks are shown in Table 3.2. The
cryogenic temperature is -186°C (87 K) (refer to Section 3.2), and the room temperature is
taken as 22°C (295 K). According to (3.6), for three-element T matching and four-element
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Figure 3.6. SNR over frequency band 32.13 MHz ± 0.4 MHz.
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Room, T Cryo, T Room, Π– Cryo, Π–

Me. 𝑄ul 84.4 170.3 299.4 425.6
Me. 𝑄l 79.9 156.2 229.0 314.8

Es. SNR (dB) 23.4 30.3 28.0 32.3
Si. SNR (dB) 20.8 — 28.0 —
Me. SNR (dB) 20.1 22.1 28.0 30.6

Table 3.2. Simulated (‘Si.’) and measured (‘Me.’) SNRs, unloaded coil (𝑄ul), and loaded coil(𝑄l), at
32.13 MHz. Q is measured when coils are connected to matching networks. From Q and temperature,
by (3.6), SNR is estimated as ‘Es. SNR’ with 28.0 dB as reference. ‘Room, T’ means three-element T
matching at room temperature, ‘Cryo, Π–’ means four-element Π– matching at cryogenic temperature,
and so forth.

Π–, the SNR for cryogenic coil should be higher than the room-temperature coil by 6.9 dB and
4.3 dB, respectively. However, the numbers measured are only 2.0 dB and 2.6 dB, respectively.
The discrepancy is analysed in Section 3.6.1 and Section 3.6.3.

The measured SNR of the mouse coil matched by the four-element matching network at
room temperature is 28.0 dB, which is taken as the reference for all SNR measurements and
estimations. The SNR over the frequency range 32.13 MHz± 0.4 MHz is shown in Figure 3.6.
It can be seen from Table 3.2 that (3.6) overestimates output SNR in all cases considered here.
In contrast, simulation predicts that, at room temperature, the coil matched by four elements
yields 7.2 dB SNR higher than the coil matched by three elements, much closer to the measured
SNR, 7.9 dB. The reason why the gap narrows is analysed in Section 3.6.3.

3.6 Result analysis

3.6.1 Effect of matching network loss
The huge 7.9 dB difference of output SNR at room temperature between the three- and four-

element matching networks for the coils in this experiment suggests that matching networks
can contribute significantly to SNR degradation. The major reason in this case is the loss in
matching networks.

While in general cases the SNR degradation by matching networks must be analysed case
by case, a neat expression can be found for a special type of matching condition. Denote the
available power gain of a matching network as 𝐺av, the coil resistance as 𝑅coil, the matching
network input resistance when the preamplifier is disconnected as 𝑅11 = ℜ𝑍11, which is an
element of the matching networks’ Z matrix

Z = ZT = [𝑍11 𝑍12
𝑍21 𝑍22

] . (3.9)

Then we have, for preamplifiers that fulfil 𝑋amp + 𝑋out = 0, the noise figure of the matching
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Room,
T

Room,
Π–

𝑅out 53.039 53.039
𝑅22 0.486 1.798
𝑅out/ (𝑅out − 𝑅22) 1.009 1.035

in dB 0.040 0.150
𝑅coil 0.037 0.037
𝑅11 0.531 0.078
(𝑅11 + 𝑅coil) /𝑅coil 15.307 3.102

in dB 11.849 4.917
𝑅amp 2.309 2.309
𝑋𝛿 −0.723 −0.723
1/√1 + [𝑋𝛿/ (𝑅amp + 𝑅out)]2 1.000 1.000

in dB 0.000 0.000
Total NF (dB) 11.889 5.066
Si. NF (dB) 11.917 5.075
Error (dB) 0.028 0.008
Error (lin.) 0.66% 0.19%

Table 3.3. Contribution to NF by item for three-element T (Figure 3.4(b)) and four-element Π– (Fig-
ure 3.4(c)) matching networks at room temperature. ‘Total NF’ is calculated by (3.11). ‘Si. NF’ is the
simulated NF.

network is
𝐹 = 𝑅out

∣𝑅out − 𝑅22∣
𝑅coil + 𝑅11

𝑅coil
, (3.10)

where 𝑅coil and 𝑅amp are defined in Figure 2.1, 𝑅22 = ℜ𝑍22. Note that 𝑅coil = 𝑅c + 𝑅s is
the resistance of the loaded coil, where 𝑅c and 𝑅s are defined in (3.3). For derivation, refer to
Paper IV.

If 𝑋amp+𝑋out = 𝑋𝛿, where 𝑋𝛿 is a small number, and assuming the coil still resonates with
the matching network when the preamplifier is disconnected, the noise figure in this case is

𝐹𝛿 = 𝐹

√1 + ( 𝑋𝛿
𝑅amp + 𝑅out

)
2

, (3.11)

where 𝐹 is defined by (3.10).
To quantify the contribution of each component in (3.11), simulation is carried out. The

numbers and calculated results are shown in Table 3.3. The results calculated by (3.11) are
within 1% of simulated values, demonstrating the efficacy of (3.11).
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Table 3.3 shows that the major source of SNR degradation is the term (𝑅11 + 𝑅coil) /𝑅coil.
The three-element T matching network in this case has 𝑅11 = 0.531 Ω, which degrades noise
by 15.31×; by comparison, the 𝑅11 = 0.078 Ω of the four-element Π– matching network de-
grades noise merely by 3.10×. Therefore, in this particular case, this four-element Π– matching
network is far superior to the three-element T matching network in terms of output SNR.

Similar analyses can be carried out to other coils and matching networks to determine the
importance of coil and circuit loss.

3.6.2 Effect of cryogenic cooling
It is clear from Table 3.2 that, for both three-element T and four-element Π– matching

circuits, cooling coils to −186∘C (87 K) improves output SNR by 2.0–2.6 dB. Compared with
the influence on SNR by matching network loss, the conclusion follows that designing a low-
loss matching network shall precede cryogenic operation.

3.6.3 Limitations of (3.6)
As shown in Table 3.2, SNR degradation by matching network loss is not estimated by (3.6)

accurately even though coil𝑄 is measuredwhen coils are connected to their matching networks.
Besides, at room temperature, the SNR degradation is underestimated by (3.6) (by assigning
𝑇 (c)
c = 𝑇 (r)

c ): the difference between coils matched by three-element T and four-element Π–

networks at room temperature is estimated 4.6 dB but measured 7.9 dB. This is most likely
because 𝑄 is measured by 3 dB bandwidth, which can be easily affected by parasitics and
measurement imperfections; moreover, high 𝑄 is especially sensitive to measurement errors.
Therefore, (3.6) should be used with caution.

The simulated SNR difference (7.2 dB) between room-temperature coils matched by three-
element T and four-element Π– networks in Table 3.2 is closer to measured SNR difference
(7.9 dB). The reason is that the loss in thematching networks is well accounted for in a simulator
as component models are available.

3.7 Summary
Section 3.1 describes theoretical prediction of SNR improvement. The equations are ex-

tended to coils operating at different temperature points.
Next, a cryostat for mouse coils is described. It meets all design goals with temperature

as low as −186∘C (87 K) and operating time as long as 109 min. The cryostat is used to
cool cryogenic coils, which improves the output SNR by 2.0–2.6 dB compared with room-
temperature coils.

Then, four coils matched by three-element T or four-element Π– matching networks are
made to operate at room temperature or cryogenic temperature. The contrast between perfor-
mance of three-element T and four-element Π– matching shows the importance of matching
network loss. For high output SNR, design of low-loss matching/decoupling networks shall
precede cryogenic operation. In the experiments in this chapter, the cryogenic coil matched by
a four-element Π– matching network gives the highest output SNR.



CHAPTER 4
Cryogenic human head coil array

The human brain is of particular interest in MRI [7]. In human brain hyperpolarised 13C
imaging, the signal that decays exponentially to nil within a mere few minutes is a challenge.
Coil arrays, of which Roemer et al. [66] laid the groundwork, turn out particularly useful in
such a scenario. Two aspects contribute to their significance. First, the surface SNR increases
without major impairment to SNR deep inside the brain; second, the existence of multiple coil
channels enables parallel imaging techniques that shorten image acquisition time. [89] Both
aspects are crucial for capturing 13C signal that decays fast.

As has been demonstrated by Sánchez-Heredia et al [136], cryogenic cooling increases
SNR for 13C MRI. Although a few cryogenic arrays for 1H MRI have been made [86–88], no
cryogenic array for 13C MRI exists.

This chapter covers the design of a prototype 14-channel human brain coil array for 13C
imaging. A cryostat for the 14-channel array is built, single coils are characterised, and MR
images are acquired by the 14-channel array at room temperature and cryogenic temperature.
The SNR of the array improves at cryogenic temperature.

4.1 Cryostat construction
The cryostat is a crucial part of the array. The requirements are:

(1) The cryostat must be compatible with MRI, should not be magnetic, and should contain as
little conductive material as possible;

(2) The size should fit a human head;
(3) A coil array must be able to be mounted onto the cryostat;
(4) The temperature should be as close to liquid N2 as possible and the temperature should last

longer than total acquisition time;
(5) The cryostat should be leak-tight, and the human head should be thermally insulated from

the cryogenic array.
The requirements described in Section 3.2 still apply.

4.1.1 Cryostat size
Based on these requirements, a cryostat in Figure 4.1 is designed and constructed. Detailed

descriptions can be found in Paper VI. The cryostat is connected to a liquid N2 tank by a
rubber tube as shown in Figure 4.1(a). The liquid N2 tank has volume 9.4 L. The head support
and the cryostat core are separated by two layers of Aerogel blanket, and one more Aerogel
blanket of 3 mm thickness is added between the phantom and the head support. This keeps the
temperature at the contact point between the phantom and the cryostat above 0°C. The distance
between the phantom and coils is thus 18 mm. The size of the cryostat meets requirements (2)
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and (3). For the cryostat and the liquid N2 tank, except tube adaptors of stainless steel weakly
magnetic, no part is made of conductive material. Although the tube adaptors are weakly
magnetic, no dangerous mechanical attraction to the scanner or negative influence on image
quality is observed. No part is magnetic otherwise. These satisfy requirement (1).

4.1.2 Coil fixture
As shown in Figure 4.1(b), (c), an alumina (Al2O3) ceramic ring is used to mount the coil

array. Because of mechanical size, 14 coils are mounted on the alumina ring with a vacancy
between coils 1 and 14 on the top, as Figure 4.2 shows. Holes are drilled on the alumina ring.1
Through these holes, zirconia (ZrO2) screws and nuts fix copper coils onto alumina ring.2 This
turns out superior to gluing coils on the ceramic ring because of the following reasons:
(1) As shown in Figure 4.3(a), the lowest temperature of coils fixed by screws and nuts ex-

hibits a regular pattern with coils at the same height having close temperature, whereas the
temperature of glued coils distributes irregularly, which indicates poor thermal contact;

(2) Coil positions are fixed by holes and not subject to errors in gluing that are significantly
larger;

(3) Screws and nuts do not fall off after cycles of cooling and thawing, whereas glue does,
which degrades thermal contact over time;

(4) Fixation by screws and nuts does not require special space or mechanical tools except screw-
drivers and normal clamps, whereas gluing demands good ventilation, good eye and skin
protection, and special mechanical bar clamps (e.g. Irwin® Quick-Grip® SL300, Irwin
Tools, Huntersville, NC, USA);

(5) Screws and nuts do not taint coil loops and allow re-use of coils after disassembly, whereas
glue taints coil loops and forbids coils to be re-glued onto other array assemblies.
During use, the liquid N2 tank is first filled full, and filled full again when half of the initial

liquid N2 boils off. This gives temperature change over time shown in Figure 4.3(b). Dur-
ing use, the highest temperature is observed on coils 1 (-128.5°C, 144.6 K) and 14 (-125.1°C,
148.1 K). The lowest temperature is observed on coils 7 (-170.5°C, 102.6 K) and 8 (-172.8°C,
100.3 K). Defining -100.0°C, 173.2 K as the highest temperature for proper use, the cryostat is
available for use 30 min after liquid N2 is poured in, and remains available for use for approxi-
mately 1 h 10 min.

4.1.3 Thermal insulation
During experiments, to avoid frostbite, at least the temperature on the head should not

drop below 0°C. However, the alumina ring which carries -172.8°C is 15 mm from the phan-
tom bottom. Since this cryostat is not designed for vacuum operation, good thermal insula-
tion must be inserted between the alumina ring and the head support (refer to Figure 4.1(c)).
The material that have been experimented on include ArmaFlex Ultima (Armacell, Mamer,

1Holes are drilled on a cast before sintering. They are not drilled on alumina ceramic rings already fabricated.
For convenience, we say ‘holes are drilled on the alumina ring’.

2Alumina screws and nuts were not available during procurement.
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Figure 4.1. (a) The cryostat is connected by a tube to a liquid N2 tank. (b) The interior of the cryostat.
(c) The assembly of the cryostat.

Figure 4.2. The 14-channel coil array mounted on the alumina ring. The alumina ring is drawn translu-
cent for display.
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Figure 4.3. (a) The lowest temperature of coils fixed by screws or glued. For the curve ‘screws’, coils
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were changed. These make the curve ‘glue’ unreliable despite seemingly lower temperature on the top.
(b) Two temperature curves of coils 1, 8. The lowest temperature is −128.5∘C on coil 1 and −172.8∘C
on coil 8.

Luxembourg), Aerogel Spaceloft® (Aspen Aerogels Inc., Northborough, MA, USA), Aerogel
Thermal Wrap™ (Cabot Corp., Boston, MA, USA).

Two of the blankets are laid on the alumina ring as shown in Figure 4.1(b) to measure
their thermal insulation performance. Because the thicknesses of blankets cannot change, the
thermal performance cannot be rigorously compared. One 8 mm ArmaFlex UltimaArma layer
gives surface temperature approximately −32°C, one 6 mm Aerogel Spaceloft® layer gives
surface temperature approximately −16°C. From the data, Aerogel Spaceloft® insulates cryo-
genic temperature better. However, a distinct drawback of Aerogel Spaceloft® is that it spills
a large amount of inhalable silica (SiO2) dust into the environment when moved. Although in
this case, Aerogel Spaceloft® is encapsulated by wide Kapton tape, during cryostat assembly
process, Kapton tape often breaks, which lets silica dust spill out. Even if the tape encapsu-
lation does not break, silica dust marches through adhesive, forms a passage, and eventually
spills out. Because of the potential threat to health, Aerogel Thermal Wrap™, which spills
substantially less dust than Aerogel Spaceloft®, is adopted for insulation. Two layers of Aero-
gel Thermal Wrap™ totalling 9.5 mm is installed in the cryostat, which is assembled as shown
in Figure 4.1(a).3 The resulting temperature on the head support is approximately −8°C. To
raise the temperature on the phantom above 0°C, one more Aerogel Thermal Wrap™ blanket
of 3 mm thickness is added. Together, the Aerogel Thermal Wrap™ thermal insulation leaves

3Although the nominal distance between copper loops on the alumina ring and the head support is about 15 mm,
because of mechanical errors two layers of Aerogel Thermal Wrap™ totalling 12 mm do not fit the space.
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approximately 18 mm between the phantom and the coils.

4.2 Single coil characterisation

Procedure 3.1 on Page 28 is used to fabricate receiving circuits and measure bench-top
SNR. Cable traps are designed as described in [93]. The cryostat for bench-top measurement
is described in Section 3.2 and shown in Figure 3.1. The front-end receiving circuit and the
circuit for cable traps are documented in Paper VI. There are four additional key points worth
noting:

(1) Diodes must be laid parallel to the static magnetic field 𝑩0 to avoid elevation of threshold
voltage and disruption of normal scanning processes; refer to Paper IX for details.

(2) The coils are matched to 176 Ω rather than the commonplace 50 Ω for higher preamplifier
decoupling, which corresponds to 1.16 dB preamplifier noise figure. This does not greatly
affect the Q of a single coil, but improves coil Q when the coil is put in an array, as Table 4.1
shows. The improved preamplifier decoupling will enhance image SNR, as [120] suggests.

(3) A high-Q trimmer (variable capacitor) is used as one of the capacitors nearest to the coil.
This trimmer mainly tunes the SNR peak, as recorded in Procedure 2.3 on Page 18. In this
case, at the SNR peak frequency, which corresponds to 176 Ω matching network output
impedance, because the preamplifier reactance and the matching network’s output reac-
tance sums to roughly zero, resonance should appear on the coil when the preamplifier
disconnects from the matching network, as explained in Section 2.4 of Paper II (also noted
on Page 11 of this thesis). In this case, the preamplifier WMA32C (WanTCom, Chanhas-
sen, MN, USA) is disconnected from the matching network, and the trimmer is tuned so
that the measured resonance on the coil resides between 31.97MHz–32.00MHz. The SNR
peak is located at 31.97 MHz–32.00 MHz when the coil is at room temperature and drifts
to approximately 32.13 MHz when the coil is in a steady-state cryogenic regime as shown
in Figure 3.1.

(4) The Direct Current (DC) of preamplifier WMA32C drops to 4 mA–7 mA at 10 V DC bias
when the temperature is below approximately -160°C. However, below 6 mA DC bias, the
transistor of the preamplifier does not function normally, as can be seen from the transmis-
sion path gain vs DC bias current, and a levelled curve of SNR vs frequency at cryogenic
temperature, as shown in Figure 4.4(a), (b). To address this, the DC bias circuit of the
preamplifier is modified so that the current rises above 9 mA below -160°C. This restores
the preamplifier to proper bias and gives a standard curve of SNR vs frequency as shown
in Figure 4.4(c). Accordingly, at room temperature, the DC bias current rises from around
16 mA to around 30 mA at 10 V DC bias. A modified preamplifier is tested at 10 V DC
bias for 18 h and the preamplifier still functions normally, with no sign of malfunction. The
modified preamplifiers are used for coils 5–10 to guarantee normal preamplifier function-
ing.
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Sg 50 Ω Sg 176 Ω Ar 50 Ω, Typ Ar 176 Ω, Typ Ar Nc, Typ

Cryo Loaded 254.8 274.0 — — —
Unloaded 635.4 687.1 137.3 223.0 741.9

Room Loaded 200.3 207.6 — — —
Unloaded 374.4 330.0 104.4 162.3 439.9

Table 4.1. Coil Q when a coil is matched to 50 Ω or 176 Ω, and of a single coil (‘Sg’), a coil in an array
(‘Ar’). ‘Typ’ indicates typical values. As a reference, ‘Ar Nc’ is measured by soldering a capacitor to
one coil in an array wherein every other coil is mounted but not connected to any circuitry. For a single
coil, the preamplifier is disconnected from the matching network, and the Q is measured when the coil
is connected to the matching network (the rationale is explained in Paper IV). For a particular coil in an
array, to measure Q, the preamplifier of this coil is disconnected while preamplifiers of other coils are
still connected to provide preamplifier decoupling. The Q is still measured when this coil is connected
to its matching network.

4.3 Imaging experiments
The photograph of the experimental setup using the 14-channel receiving array in a 3 T GE

MR750 scanner (GE Healthcare, Waukesha, WI, USA) is shown in Figure 4.5(a). A clamshell
13C transmit coil (RAPID Biomedical GmbH, Rimpar, Germany) is used for transmission. A
head-shaped phantomfilled by 99.8% ethylene glycol solution of natural abundance 13C (Sigma
Aldrich, St. Louis, MO, USA) is used for imaging, as shown in Figure 4.5(b). A QA protocol
developed byOlin et al [40] is used to evaluate the SNR performance. The protocol consists of a
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Figure 4.5. (a) The experiment setup. (b) The head-shaped phantom.

signal acquisition by chemical shift imaging (CSI) sequence and a noise acquisition. Detailed
parameters are documented in Paper VI. A 28-channel array described in [137] is used as a
reference array at room temperature. SNR and noise correlation are measured. To evaluate
the parallel imaging performance, retrospective Sensitivity Encoding (SENSE) 𝑔 factor [67]
is calculated. In a two-dimensional SENSE sequence, at acceleration rate 𝑅, the SNR of a
particular pixel4 is given by

SNRacc = SNRfull

𝑔√𝑅
. (4.1)

Thus, the higher the 𝑔 factor, or the lower the 1/𝑔 factor, the lower the SNR [67].
The acquired SNR maps of the 14-channel array at cryogenic temperature and room tem-

perature are shown in Figure 4.6 with the SNR map of the 28-channel array. The SNR gain
of the array at cryogenic temperature over room temperature is drawn in Figure 4.7(c). The
SNR in the anterior-posterior (A-P) and right-left (R-L) cross-sections are shown in Figure 4.7
along with the SNR produced by the 28-channel array. The noise correlation matrices of the
14-channel array at cryogenic and room temperature and the 28-channel array at room temper-
ature are illustrated in Figure 4.8. The retrospective SENSE 1/𝑔 maps of the 14-channel array
and the 28-channel array are shown in Figure 4.9. The statistical data of SNR gain are shown
in Table 4.2 on page 39. The statistical data of SNR, noise correlation and 𝑔 factor are shown
in Table 4.3 on page 42.

As Figure 4.4(c) shows, the drift of SNR peak in frequency must be accounted for; this
can be done by dividing SNR gain with a factor 1.076. The minimum raw SNR gain of the
cryogenic 14-channel array over the room-temperature 14-channel array is 1.268, as shown in

min central mean max

14-ch SNR Cryo/Room 1.268 1.468 1.637 2.684

Table 4.2. Statistical data of the SNR of the 14-channel array at cryogenic temperature normalised to
room temperature depicted in Figure 4.7(c). The central SNR gain is averaged for the centremost 16
pixels.

4The word ‘voxel’ can replace ‘pixel’ because we only look at one slice.
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14-ch cryo, 18 mm 14-ch room, 18 mm 28-ch ref, 2 mm

mean SNR 86.31 50.05 81.82
central SNR 47.42 32.17 29.77
max SNR 275.7 127.9 321.3
mean ∣𝜌∣ 0.1179 0.1469 0.2203
min ∣𝜌∣ 0.0040 0.0065 0.0591
max ∣𝜌∣ 0.2886 0.4244 0.4935

Acc. 2×

mean 𝑔 1.113 1.071 1.037
max 𝑔 1.712 1.312 1.182

mean 1/𝑔 0.9112 0.9357 0.9649
min 1/𝑔 0.5842 0.7621 0.8459

Acc. 3×

mean 𝑔 1.295 1.265 1.138
max 𝑔 2.434 2.083 1.704

mean 1/𝑔 0.8021 0.8181 0.8871
min 1/𝑔 0.4109 0.4801 0.5868

Table 4.3. Statistical data of SNR, noise correlation 𝜌, and 𝑔 factors. The original data are depicted in
Figure 4.6, Figure 4.7(c), Figure 4.8, Figure 4.9. The central SNR values are averaged for the centremost
16 points.

Table 4.2; therefore the corrected minimum SNR gain is 1.178 = 1.268/1.076. Thus, the 14-
channel array provides higher SNR at cryogenic temperature compared with room temperature
on all pixels also when accounting for drift of the SNR peak.

The cryogenic SNR of the 14-channel array is lower on the periphery of the phantom than
the SNR of the 28-channel array (Figure 4.6) likely because, in the 14-channel array, the phan-
tom is farther from coils by approximately 16 mm. Therefore, coil sensitivity decreases on
the periphery of the phantom, which lowers the SNR there. Besides, on the very top of the
phantom, no coil exists (Figure 4.2), which further lowers SNR on the top. Nonetheless, the
14-channel array at cryogenic temperature has considerably higher SNR at the image centre
than the 28-channel array (Figure 4.6, Figure 4.7, Table 4.3).

The noise correlation of the 14-channel array at cryogenic temperature is in general lower
than at room temperature (Figure 4.8, Table 4.3). This is because during array construction, coil
overlap is optimised for cryogenic operation. Low temperature, and accordingly low resistance
of coils, may also contribute to low noise correlation [96, 113].

The SENSE 1/𝑔 factor of the cryogenic 14-channel array is lower than the room-temperature
14-channel array in general, and the room-temperature 14-channel array has in turn lower 1/𝑔
than the room-temperature 28-channel array (Figure 4.9, Table 4.3) in general. The higher
max 𝑔 of the cryogenic array likely results from uneven temperature distribution.

Despite higher 𝑔, themaximal 𝑔 of the cryogenic 14-channel array is 1.712, still low at an ac-
celeration rate of 2. Besides, at an acceleration of 2, (min 1/𝑔cryo) / (min 1/𝑔room) = 0.7666,
the minimal SNR gain is 1.268, so according to (4.1), the worst-case SNR gain under accelera-
tion is 0.7666×1.268 = 0.9720, very close to 1. Therefore, the 𝑔 is not high enough to counter-
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act the SNR gain by cryogenic operation. Even at an acceleration rate of 3, max 𝑔 rises to 2.434,
𝑔 is not high enough to fully offset the SNR gain because (min 1/𝑔cryo) / (min 1/𝑔room) =
0.8559, and the worst case SNR gain under acceleration is 0.8559 × 1.268 = 1.085 according
to (4.1). It should be noted that min 1/𝑔cryo, min 1/𝑔room and min [SNRcryo/SNRroom] are lo-
cated on different pixels, so the actual minimum SNR gain is much above the bounds 0.9720
and 1.085. In addition, the exact g-factors are determined by the geometry of the imaged object
and the applied undersampling strategy relative to the coil geometry, and a general conclusion
on parallel imaging performance cannot be made.

4.4 Further discussion
The cryogenic 14-channel array has lower peripheral SNR on the phantom than the 28-

channel array at room temperature, which is caused by the larger head-to-coil distance in the
14-channel array. To address this, the distance between the head and coil must be reduced.
Since Aerogel is already effective at thermal insulation, to reduce the head-to-coil distance,
evacuation is likely needed [138]. This will further increase complexity of design, use, and
maintenance.

Better design of the cryostat can improve the uniformity of temperature distribution, which
will further increase SNR on the top, and likely increase SENSE 1/𝑔 as well. A possible
improvement of design is filling liquid N2 from the top instead of filling from the bottom as
shown in Figure 4.1(a). As the scanner bore does not allow the liquid N2 tank in Figure 4.1 to
be put significantly higher than the cryostat, filling liquid N2 from the top of the cryostat also
involves long tube connection to the liquid N2 tank. This implies potential issues of safety and
complicates mechanical installation.

Other possible improvement is to instal one more row of 14 coils in addition to what is
shown in Figure 4.2 to enable broader FOV. Despite the imperfections in design, the cryogenic
14-channel array shows high SNR deeper in the phantom than the 28-channel array, likely
because of lower thermal noise from coils.

Because of time limit of the PhD study, long-term effects of cryogenic operation on me-
chanical and electronic parts are not evaluated. These effects must also be investigated when a
designer continues to improve the cryogenic coil array. The cryogenic coil array has potential
to be a high-end coil array product for 13C imaging of high SNR, but requires significant efforts
to become clinically acceptable for human head imaging.

4.5 Summary

A 14-channel array for 3 T 13C human head imaging is described in this chapter. A
cryostat compatible with human head imaging is designed. The cryostat can cool coils to
−125°C~−173°C while keeping the temperature on the phantom above 0°C. A 14-channel ar-
ray is made of coils adapted to liquid N2 temperature. The 14-channel array shows higher SNR
and lower noise correlation under cryogenic operation than under room-temperature operation.
Compared with a 28-channel array, the cryogenic 14-channel array provides lower peripheral
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SNR. A cryogenic array for clinical 3 T 13C imaging can be constructed based on the present
design.



Conclusion

The ultimate goal of this thesis is to achieve the highest SNR in 13CMRI. The main focuses
are on the theory of optimal preamplifier matching/decoupling networks and on cryogenic coils
for rodent and human head imaging. The study on optimal preamplifier matching/decoupling
network design and the trade-off between preamplifier decoupling-noise figure is summarised
in Chapter 2. The initial experiments with cryogenic coils described in Chapter 3 show that
cooling to −180∘C improves output SNR by 2.0–2.6 dB. Nonetheless, this improvement can
be tramped down by heavy SNR degradation from slipshod, lossy matching circuit designs.
Matching circuits of low SNR loss are later employed in a 14-channel cryogenic human head
array in Chapter 4. Cryostats are made to cool electronic circuits reliably. Final MR images
show 47% improvement of central SNR and 168% maximal SNR improvement in a cryogenic
array.

Along with these primary topics, other practical aspects like calibrating coil current mea-
surement and orienting diodes in static magnetic field are also explored.

Optimal matching networks for preamplifier decoupling

Research objective 1, investigating the principles of preamplifier matching and decoupling,
is described in Chapter 2. Procedure 2.1 on page 14 is developed for reaching the highest
decoupling at a given NF. This procedure generates the matching network output impedance
𝑍out for the highest preamplifier decoupling, together with the value of decoupling. It is shown
that, to reach the highest preamplifier decoupling, the condition 𝑋coil+𝑋in = 0must be fulfilled
when 𝑍amp and 𝑍out are determined (refer to Figure 2.1 for notation). The design equations of
the corresponding matching networks are derived. This generalised theory of preamplifier
decoupling relaxes requirements on the active devices of receiver front-ends. For example,
designers are not restricted to low-input-impedance, 50 Ω noise pre-matched preamplifiers.

Research objective 2, assessing the influence of circuit topology of matching/decoupling
networks on SNR, is described in Chapter 3. Although there are an infinite number of circuits
with the same properties of impedance transformation, in practice, designers ought to choose
the matching circuits with lower loss. When the sample loading is low and the loss of coils
themselves is low, matching circuits can heavily impair output SNR, which cannot, as shown
in Chapter 3, be remedied by cryogenic cooling. A theoretical analysis of matching network
loss further discerns the major source of SNR degradation, i.e., (𝑅11 + 𝑅coil) /𝑅coil. As elec-
tronic components inevitably carry loss, the chase for higher coil Q factor may stop benefitting
designers after a certain point as the loss of matching networks becomes the major limiting
factor.
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Cryogenic coils and coil arrays
Research objective 3, designing a cryogenic coil array for clinical hyperpolarised MR, is

described in Chapter 3 and Chapter 4. Circuits can be adapted for cryogenic operation with
special care on preamplifier bias, stability, and diode orientation. By cryogenic cooling, the 14-
channel coil array in Chapter 4 yields higher SNR on all pixels of an image, and lower overall
noise correlation. Cryostat design with thinner thermal insulation is needed for higher SNR on
the periphery of imaged objects.

Prospects
In this thesis, the trade-off between preamplifier decoupling and NF is investigated for

preamplifiers with non-negative input resistance (ℜ𝑍amp ≥ 0). The theory can be extended
to preamplifiers with negative input resistance (ℜ𝑍amp < 0) [139], together with the design
equations for corresponding matching networks. The design equations of matching networks
for the low-impedance case can then be used to build pre-matched MRI preamplifiers with
ultra-low input resistance, for example, WanTCom WMA3RA-R1 (WanTCom Inc.), which
exhibits input resistance as low as 0.1 Ω. The inherent loss of the matching network may help
stabilise the preamplifier. In this way preamplifier decoupling unattainable by conventional
preamplifiers can be reached.

Currently, preamplifiers for MRI are usually designed to have low ℜ𝑍amp and low ∣𝑋amp
+𝑋out∣. To increase preamplifier decoupling, preamplifiers with large ∣𝑋amp + 𝑋out∣ may be
designed, which can offer higher preamplifier decoupling than those counterparts with both
lowℜ𝑍amp and low ∣𝑋amp + 𝑋out∣. However, the experience up to the present is that the resulting
matching networks imposes higher SNR loss. This is a heavy disservice to efforts of improving
coil Q and decreasing preamplifier noise figure, especially when the thermal noise from sample
is not dominant. Nonetheless, when the thermal noise from sample dominates, this idea of
preamplifier design may be worth trying.

The rise of non-proton imaging [140] has sparked interest in multi-nucleus coil design,
in which SNR nearly equal at resonance frequencies of several nuclei is desired. NF can be
compromised for flatter SNR response over a frequency range [141], and the theory in Chapter 2
shows a way to realise matching/decoupling networks. However, the theory in Chapter 2 does
not show a systematic way to build matching/decoupling networks of wideband SNR response.
This aspect can be investigated in the future.

The cryogenic array in Chapter 4 exhibits 27%~168% SNR improvement over a room-
temperature array. To improve the image SNR further, the coils can be placed closer to the
human head, a continuous liquid N2 supply can be arranged, and the space between the coil
and the human head can be evacuated to steepen the thermal gradient. However, these can
entail high costs in development, fabrication, usage and maintenance. Technical challenges
such as component ageing and human safety can arise in the long run as well.

A room-temperature flexible coil array [142] made of highly decoupled, deform-insensitive
elements appears a handy alternative to a cryogenic array. The array can be put tight to human
heads so that its output SNR can be at par with the output SNR of a cryogenic array fixed
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farther away—at least on the periphery of human heads. The costs of design, fabrication and
maintenance are anticipated to be lower. Albeit so, trained personnel are often needed to put
such arrays properly on the patient, so using flexible coil arrays might turn out more expensive
in the long run.
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Purpose: Preamplifier decoupling is useful for minimizing interaction between MRI 
array elements. The purpose of this work is to propose a general approach to design-
ing networks for preamplifier decoupling while keeping the number of elements to 
a minimum. The approach is applicable to arbitrary impedance preamplifiers and 
arbitrary coil impedances.
Methods: Closed form design equations for decoupling networks are derived based 
on maximum decoupling and minimum preamplifier noise conditions. The analyti-
cal solutions are verified using numerical simulations. Design examples at 32.1, 64, 
128, and 298 MHz are shown. One of the examples is realized on a test bench. The 
fabricated circuit is tested for decoupling and minimum noise properties.
Results: The design equations are verified numerically and experimentally. The fab-
ricated network demonstrates 30.7 dB of decoupling and minimum output noise at 
the design frequency.
Conclusion: The design equations lead to four alternative network solutions. Each 
network is realized as a T-shape or Π-shape three elements circuit topology. All 
four networks are identical in performance providing minimum amplifier noise and 
maximum decoupling for a given preamplifier and coil combination. An MRI array 
designer can choose any solution out of four. The considerations for choosing the 
most practical solution are given. The presented method enables the use of arbitrary 
impedance preamplifiers or transistors (not necessary 50 Ω) and provides the most 
compact design possible (with the least number of components), which is particularly 
useful in multi-element systems.

K E Y W O R D S

impedance matching, MRI array, optimal noise matching, preamplifier decoupling

1 |  INTRODUCTION

The detectors in the MRI systems are often arranged into 
arrays, and the spatial proximity of detector coils leads to 

mutual coupling and detuning. This greatly complicates 
the impedance matching procedure. It has been shown that 
it is possible to maximize combined SNR in the presence 
of mutual coupling.1 Notwithstanding, suppressing mutual 
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coupling is generally considered a more convenient ap-
proach. Suppression of mutual coupling is possible by careful 
spatial arrangement of array elements.2 Yet, preamplifier de-
coupling, where array elements are nearly open circuited,2-4 
allows for more flexibility in spatial element arrangement.

Matching networks providing a large impedance at the 
terminals of the coil are used in preamplifier decoupling. At 
the same time, these networks transform the coil impedance 
to the optimal noise impedance of the preamplifier5 to mini-
mize noise coming from the active element (transistor). There 
have been several design methods for such networks. For 
example, Johansen et al6 showed a general approach to net-
work design with several steps of impedance transformation 
involving transmission lines. The approach6 can be used to 
design a five-element matching network, although reduction 
in number of elements is possible. Reykowski et al7 showed 
the design of a four-element matching network that presents 
flexibility in the choice of element values. The design ap-
proach relies on preamplifiers with purely real optimal noise 
impedance (typically 50 Ω), although one can easily extend it 
to complex impedances with additional circuit components.

As will be shown in this paper, a minimum of three cir-
cuit elements is required to construct such a noise matching 
and decoupling network for an arbitrary impedance coil and 
an arbitrary optimal noise impedance preamplifier. A gen-
eral approach to designing all possible topologies of such 
three-element networks is developed in this work. The de-
sign equations presented here are derived using the same 
matching and decoupling conditions as in the methods out-
lined above,2,6,7 and therefore leads to the same decoupling 
level and minimum noise conditions. Because the described 
networks are capable of matching complex impedance coils 
to complex optimal noise impedance preamplifiers, this ap-
proach increases design flexibility. The approach enables use 
of a wider variety of preamplifiers and transistors, which do 
not have to be pre-matched to the system impedance, for ex-
ample, 50  Ω, and therefore, might have wider bandwidths, 
better noise, and decoupling performance. Relying on a min-
imum number of circuit elements—three in this case—might 
also lead to a compact design, which is useful in constructing 
dense MRI arrays. Approaches with a larger number of cir-
cuit elements, for example, four-element network described 
by Reykowski et al,7 allow for flexibility with regard to the 
choice of the component values. The three-element design 
approach described in this work offers four alternative solu-
tions to choose from, still offering a reasonable degree of 
flexibility. To our knowledge, the design equations for all 
possible topologies of three-element decoupling networks 
for arbitrary coils and preamplifier noise impedances are pre-
sented here for the first time.

In the following sections, circuit topologies and corre-
sponding design equations for three-element matching and 

decoupling networks are presented. The design flow is illus-
trated by a design example, where the circuit is also fabri-
cated and tested.

2 |  METHODS

In the outlined context, the purpose of the matching and 
decoupling circuit between the coil and the preamplifier, 
as shown in Figure 1, is (C1) to maximize coil decoupling, 
and (C2) to minimize preamplifier noise at the same time. 
Condition (C1) requires that the coil terminals should be 
presented with an impedance considerably larger than the 
impedance of the coil itself, ideally, infinitely large: Zin =∞ 
or Yin =0. The condition Zin =∞ inevitably imposes limita-
tions on the input impedance of the preamplifier Za, as the 
circuit theory suggests8: if this impedance is finite, it must be 
purely reactive, that is, Za = jXa or Ya = jBa. Za is an inherent 
property of the implemented preamplifier. Obviously, such 
amplifiers and transistors do not exist in real world. Even 
though the real part of the input impedance of the preampli-
fier Za is in practice often smaller than the imaginary part, 
that is, ℜ

(
Za

)
≪

|||ℑ
(
Za

)||| or ℜ
(
Ya

)
≪

|||ℑ
(
Ya

)|||, it is never 

F I G U R E  1  A, The T-matching network topology. B, The 
Π-matching network topology. The MRI coil is equivalently 
represented by a complex impedance Zc =Rc + jXc or admittance 
Yc =1∕Zc =Gc + jBc, where the real part describes the loss, and the 
imaginary part describes the coil reactance. The preamplifier has a 
complex optimal noise impedance, that is, Zn,opt =Rn,opt + jXn,opt. For coil 
decoupling Zin =∞ or Yin =0 should be presented to the coil terminals. 
To minimise preamplifier noise Zout =Zn,opt or Yout =Yn,opt should be 
presented to the preamplifier input



546 |   WANG et Al.

zero. The consequence is that Zin never reaches infinity but is 
a finite number in practice. Yet it satisfies condition (C1) for 
a given preamplifier.

Condition (C2) requires that the impedance of the coil 
transformed through the matching network Zout is equal to the 
optimal noise impedance of the preamplifier Zn,opt, and is ex-
pressed mathematically as Zout =Zn,opt. These conditions are 
illustrated in Figure 1, where the equivalent circuit models of 
the setup are shown.

The conditions (C1) and (C2) can be met using a cir-
cuit with at least three degrees of freedom, that is, three- 
element networks. For a three-element network, only T- and 
Π-topologies are possible.

In the following analysis, the MRI coil is represented by a com-
plex impedance Zc =Rc+ jXc or admittance Yc =1∕Zc =Gc+ jBc,  
where the real part describes the loss, and the imaginary part 
describes the coil reactance. The preamplifier has a complex 
optimal noise impedance Zn,opt =Rn,opt+ jXn,opt or admittance 
Yn,opt =1∕Zn,opt =Gn,opt+ jBn,opt.

For the T-matching network topology (referred to as 
T-network hereafter) shown in Figure Figure 1A, the condi-
tions (C1) and (C2) translate into system of three equations: 
Zin =∞, ℜ

(
Zout

)
=Rn,opt, and ℑ

(
Zout

)
=Xn,opt, which can be 

satisfied using a circuit with at least three degrees of freedom. 
Assuming the reactance of the components are X1, X2, and X3, 
they should satisfy the system of the following equations:

The solution of Equation 1 leads to

where X�
a
=Xa+Xn,opt. The derivation of Equation 2 is given 

in the Supporting Information to this paper. The sign of X2 
can be either positive or negative, each corresponding to a 
set of solutions. However, the sign of X1 is not related to the 
sign of X2 and can be verified by substituting into Equation 1. 
Although Equation  2 is derived using relationship Zin =∞, 
Equation 2 is still valid for amplifiers with nonzero real input 
resistance, as discussed earlier.

For the Π-matching network topology (referred to as 
Π-network hereafter) shown in Figure 1B, the requirements 
are Yin =0, and Yout =Yn,opt =Gn,opt+ jBn,opt. Assuming the 

susceptances of the components are B1, B2, and B3, the equa-
tions are:

The solution of Equation 3 leads to:

where B�
a
=Ba+Bn,opt. The sign of B2 can be either chosen 

positive or negative. Each sign corresponds to a solution set. 
Detailed derivation is given in the Supporting Information.

Four matching and decoupling networks can be de-
signed for a given coil and preamplifier using Equations 2 
and 4. The designer can choose any network among four 
for realization.

To demonstrate the method and outline the design flow, a 
simple surface loop coil described by Sánchez-Heredia et al9 
is used. The design frequency is 32.1  MHz, the resonance 
frequency of 13C in a 3T static magnetic field. One of the 
solutions is realized on a test bench, and maximum decou-
pling and minimum preamplifier noise are verified experi-
mentally. To demonstrate the applicability of the method to 
wider range of applications, examples at 64, 128, and 298 
MHz are given at the end of the following section.

3 |  RESULTS

This section presents the results of the design example de-
veloped using the theory described in the previous section. 
The measured impedance of the implemented coil loaded 
with a phantom is Zc =0.11+ j11.7Ω, which corresponds 
to admittance Yc =0.79− j85.4 mS. The parameters of the 
preamplifier are usually provided by the manufacturer, and 
in this case, are extracted from the available preamplifier 
model.10 The implemented preamplifier elcry1-u10 has input 
impedance Za =109− j863Ω, and the optimal noise imped-
ance Zn,opt =120+ j25.8Ω. The corresponding input admit-
tance and optimal noise admittance of the preamplifier are 
Ya =0.14+ j1.1 mS, and Yn,opt =8.0− j1.7 mS. Out of four 
possible solutions, a Π-network is realized here. The com-
ponent values are calculated using Equation 4 (please refer 
to Figure 1B for topology and Figure Figure 2B for actual 
circuit realization):

(1)
⎧⎪⎨⎪⎩

�
1

j(X3+Xa)
+

1

jX2

�−1

+ jX1 =∞,
�

1

Rc+jXc+jX1

+
1

jX2

�−1

+ jX3 =Rn,opt+ jXn,opt.

(2)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

X2=±

�
RcRn,opt

�
1+

X�2
a

R2
n,opt

�
,

X3=−Xa−X2,

X1=−Xc±

�
RcRn,opt−R2

c
+

Rc

Rn,opt

�
X�

a
+X2

�2
.

(3)

⎧
⎪⎨⎪⎩

�
1

j(B3+Ba)
+

1

jB2

�−1

+ jB1 =0,
�

1

Gc+jBc+jB1

+
1

jB2

�−1

+ jB3 =Gn,opt+ jBn,opt.

(4)

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

B2=±

�
GcGn,opt

�
1+

�
BcB�

a
+Gn,optGc

BcGn,opt−B�
a
Gc

�2
�

,

B3=−B2−Ba−Gc×
B�2

a
+G2

n,opt

BcGn,opt−B�
a
Gc

,

B1=−B2−Bc−Gc×
BcB�

a
+Gn,optGc

BcGn,opt−B�
a
Gc

,
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These calculated values were verified numerically in 
Advanced Design System (ADS) software simulating circuit 
in Figure 2A.

First, Ga is neglected such that Ya = j1.1 mS is purely 
imaginary. At this point Zin is nearly infinite and the output 
impedance of the matching network Zout is equal to preampli-
fier noise impedance Zn,opt.

Second, Ga =0.14 mS is included in simulations to eval-
uate its influence on Zin. The matching network input im-
pedance becomes Zin =6.1− j11.7Ω. Presented to the coil 
terminals, this impedance translates to a finite decoupling 
level of 35.2 dB. As anticipated, the output impedance of the 
matching network Zout does not change, therefore, the noise 
figure is at the minimum noise figure of the preamplifier.

As a next step, all the ideal circuit components are re-
placed with models of off-the-shelf commercially available 
components to evaluate the influence of parasitic loss and 
component values deviation from initially calculated values. 
SMD inductor from Coilcraft Inc., Cary, Illinois, is used in 

this example. Because no 2 μH inductor is available off-the-
shelf, the closest available value of 1.8 μH (1812 form fac-
tor with ceramic core) is used. To compensate for possible 
mismatch because of this new inductor value, the values of 
the capacitors were slightly adjusted. Because the capac-
itors have higher Qs, they can be either tunable or a com-
bination of fixed value capacitors. Finally, the values are 
C1 =433 pF, L2 =1.8�H, C3 =8.4 pF, with corresponding 
quality factors Q1 =1.0×103, Q2 =68, Q3 =1.0×104. These 
new implemented values result in new Zin =4.7− j9.7Ω and 
Zout =154− j110Ω. This Zin is presented to the terminals 
of the coil, which translates to 27.1 dB of decoupling. The 
total simulated noise figure is 0.71 dB. The minimum noise 
figure extracted from the CAD model of the preamplifier is 
0.14  dB. The excessive noise comes mainly from parasitic 
resistive loss in the matching network.

Finally, the circuit is built to verify maximum decoupling 
and minimum noise level experimentally. To measure the de-
coupling level, a reference matching network that emulates 
standard power matching is built. The difference between 
power matching and noise matching is taken as a measure of 
decoupling.7 The reference circuit power matches the coil to 
a resistor by two capacitors, as shown in Figure 2.

The preamplifier, the fabricated Π-network, and the refer-
ence circuit are integrated on the same printed circuit board 
(PCB) to evaluate the decoupling. The coil can be connected 
to either the preamplifier or the reference matching network, 
as shown in Figure 2. The capacitors are realized as a par-
allel combination of fixed-value and variable capacitors to 
compensate for parasitics in the layout and component vari-
ations because of the fabrication tolerance. The inductor is 
1.8 µH, and the measured total capacitances after fine-tuning 

(5)
B1 =+88 mS⇔C1 =440 pF,

B2 =−2.5 mS⇔L2 =2.0�H,

B3 =+1.4 mS⇔C3 =7.2 pF.

F I G U R E  2  A, The circuit diagram of the fabricated matching 
network and the preamplifier. B, The photo of the fabricated circuit. 
On the PCB, there is a reference matching network and a preamplifier 
network. The coil can be connected to either the reference matching 
network or the preamplifier network to evaluate decoupling level

F I G U R E  3  |S21| curves of the reference matching network and 
decoupling matching network. S21 is the transmission coefficient 
between the two terminals of a double probe pair. The difference 
between the two |S21| curves is taken as decoupling. The maximum 
decoupling is at the minimum of |S21| curve
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are C1 =326 pF, C3 =6.1 pF, not far from the calculated val-
ues. A pair of overlapped probes (with coupling less than 
−80 dB) connected to a vector network analyzer (VNA), as 
shown in Figure  3, is used for decoupling measurements. 
The |S21| curves of the probe pair are recorded by VNA. The 
difference is taken as the measure of decoupling level.7 The 
results are shown in Figure 3. The minimum of |S21| appears 
at the design frequency, indicating the maximum decoupling. 
The decoupling is 30.7 dB. This measured decoupling level 
is somewhat higher than the simulated value (27.1 dB). This 
may be attributed to small difference between element val-
ues in simulation and experiment setups, particularly the 
difference brought by variable capacitors and fabrication tol-
erances. The sample load of a coil may be subject to small 
change, resulting in a lower equivalent coil resistance, there-
fore, improving the decoupling.

To verify the optimal noise matching of the preamplifier, 
its output noise spectrum is observed. A minimum in the 
power spectral density should appear at the frequency where 
the impedance of the coil is transformed to the optimal noise 
impedance of the preamplifier. The entire circuit including 
preamplifier and coil is enclosed in a shielded box to sup-
press interference from man-made noise.11 The output of the 
preamplifier is connected to a spectrum analyzer with the 
noise bandwidth set to 10 kHz. The recorded noise spectrum 
is shown in Figure 4 together with the simulation results. The 
measured noise spectrum exhibits a local minimum close to 

the design frequency, indicating that impedance at the input 
terminals of the preamplifier is close to the optimal noise 
matching condition (C2).

To evaluate the described design approach in a wider 
range of frequencies, circuits for 64, 128, and 298 MHz are 
also developed as an example here. The anticipated imag-
ing coil is 100 mm in diameter. It is loaded by a phantom 
and matched to the same preamplifier. At 298 MHz, the coil 
is segmented by three capacitors. The coil impedance Zc, 
the input impedance of the preamplifer Zin, and the optimal 
noise input impedance Zn,opt, are obtained from the CAD 
model. As before, the Equations 2 and 4 are used to calcu-
late the corresponding element values. The input parame-
ters as well as the corresponding results of the design are 
listed in Table 1.

4 |  DISCUSSION

It should be emphasized that even though only one out of four 
solutions is realized as an example here, any design provided 
by Equations 2 and 4 could be used. Ideally, all four circuits 
supposed to provide the same level of decoupling and opti-
mal preamplifier noise matching. In practice, however, one 
solution can be more preferable than another. Below, several 
practical aspects of choosing a solution for actual realization 
are illustrated.

F I G U R E  4  Verification of optimal noise matching. The 
simulated and measured noise spectra at the output terminals of the 
preamplifier in Figure 2. The measured noise spectrum exhibits a local 
minimum close to the design frequency 32.1 MHz, indicating that 
the impedance at the preamplifier input is close to the optimal noise 
matching condition. The simulated noise figure is plotted on the right 
vertical axis. The agreement between the simulated and measured 
circuit responses demonstrates the usefulness of Equations 2 and 4 for 
designing the matching network

T A B L E  1  T- and Π-network examples at 64, 128, and 298 MHz

f 64 MHZ 128 MHz 298 MHz

Zc 0.97 + j105 5.0 + j224 3.7 + j60.5

Zin 24.4 − j320 23.9 − j154 16.8 − j73.9

Zn, opt 114 + j42.5 86.9 + j63.2 33.1 + j61.2

T1

M1 19.1 pF 5.0 pF 7.5 pF

M2 68.7 nH 37.3 nH 6.4 nH

M3 727 nH 154 nH 33.1 nH

T2

M1 33.2 pF 6.6 pF 11.3 pF

M2 90.0 pF 41.5 pF 44.9 pF

M3 864 nH 229 nH 45.8 nH

Π1

M1 21.6 pF 4.5 pF 7.4 pF

M2 2.0 pF 1.1 pF 1.4 pF

M3 644 nH 177 nH 202 nH

Π2

M1 25.7 pF 6.61 pF 10.2 pF

M2 3.0 µH 1.4 µH 35.3 nH

M3 1.1 µH 234 nH 54.3 nH

Note: The units of Zc, Zin and Zn, opt are all Ω. Mn (n = 1, 2, 3) correspond to 
either jXn in T-networks or jBn in Π-networks.
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• One practical aspect is the sensitivity of the circuit to vari-
ation in element values. Depending on input parameters 
(impedance of the coil, input and optimal noise imped-
ances of the preamplifier), one solution can be more sensi-
tive than others. A standard approach is performing Monte 
Carlo analysis for each solution. A simpler approach is 
looking at the bandwidth of circuits which can indicate 
how sensitive the circuit is to the component values.12 Out 
of four available solutions, it is more practical to choose 
those with wider bandwidths. Two examples of bandwidth 
analysis are given in Supporting Information.

• Another important aspect is the feasibility of the practical 
circuit realization. The designer should be aware of how 
close the calculated element values are to the limit of what 
is available off the shelf. Depending on the set of input pa-
rameters, some solutions of Equations 2 and 4 may give too 
low or too high component values. For example, the 1.4 pF 
capacitor at 298 MHz in Table 1 may be on the low side. 
Even though this low capacitance is available from the 
vendors, the final circuit might require extra care during 
PCB design and layout. In such circumstances, other solu-
tions that require more reasonable component values are 
preferable.

• There are also cases where solutions with extreme value 
components can still be useful and even preferred. For 
example, if the components can be neglected because of 
extreme impedance value. A very large impedance com-
ponent in parallel or a very small impedance component 
in series can sometimes be neglected without sacrificing 
the overall circuit performance. Then, the three-element 
network degenerates into two-element network, leading to 
even more compact and lower loss designs. In such cases, 
the solution with extreme component values can be pre-
ferred for practical realization.

• The last aspect is the flexibility of circuit with regard to 
co-integration with active switching components (diodes) 
that turn off the reception during the transmit pulse in an 
MRI system. For example, in T-network having one active 
switching component is sufficient to break the coil circuit 
and prevent the current flow. The Π-network needs two ac-
tive switches (one series and one parallel) if a conventional 
switch driver of the scanner is used. In circumstances 
where compact design is a priority, the T-network with a 
single active switch may be preferred over the Π-network 
solution.

Finally, further analyzing Equations 1 and 3, it can be eas-
ily discovered that, if a short circuit is desired at the coil ter-
minals rather than an open circuit, the design equations still 
apply, if one swaps X ↔ B, and R ↔ G. This implies that the 
solutions (2) and (4) are still applicable to the short-circuit 
case. This is particularly useful in self-resonant high imped-
ance coils (HIC), which has gained a lot of attention recently.

5 |  CONCLUSION

The design approach for the T-network and the Π-network 
is proposed to simultaneously provide high decoupling and 
optimal preamplifier noise matching. Design equations are 
derived according to requirements for decoupling and mini-
mum preamplifier noise. Several design examples have been 
developed. One design example is fabricated and measured 
to demonstrate the design approach.

The approach offers four circuit solutions for a given coil and 
preamplifier combination. The general approach enables the use 
of arbitrary optimal noise impedance preamplifiers, at the same 
time minimizing the number of circuit components. It can be 
used in traditional low impedance as well as novel HIC.
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Supporting Information and Figures
To solve Eq. (1), the circuit in Figure 1(a) can be reduced to Figure 1(a). This is equivalent

to substituting 𝑋1, 𝑋3 and 𝑋𝑎 with 𝑋′
1 = 𝑋1 + 𝑋𝑐, 𝑋′

3 = 𝑋3 − 𝑋𝑛,opt, and 𝑋′𝑎 = 𝑋𝑎 + 𝑋𝑛,opt. It
reduces Eq. (1) to

⎧{{{
⎨{{{⎩

[ 1
j (𝑋3 + 𝑋𝑎) + 1

j𝑋2
]

−1
+ j𝑋1 = ∞,

( 1
𝑅𝑐 + j𝑋𝑐 + j𝑋1

+ 1
j𝑋2

)
−1

+ j𝑋3 = 𝑅𝑛,opt.
(I.1)

or, equivalently,
⎧{{{
⎨{{{⎩

1
j (𝑋′

3 + 𝑋′𝑎) + 1
j𝑋2

= 0,

1
𝑅𝑐 + j𝑋′

1
+ 1
j𝑋2

= 1
𝑅𝑛,opt − j𝑋′

3
.

(I.2)

After separation of the real and imaginary parts, Eq. (I.2) is expanded as

⎧{{
⎨{{⎩

𝑅𝑛,opt (𝑅2𝑐 + 𝑋′2
1 ) − 𝑅𝑐𝑅2𝑛,opt + 𝑅𝑐𝑋′2

3 = 0,
(𝑅2𝑐 + 𝑋′2

1 + 𝑋′
1𝑋2) (𝑅2𝑛,opt + 𝑋′2

3 ) + 𝑋2𝑋′
3 (𝑅2𝑐 + 𝑋′2

1 ) = 0,
𝑋2 + 𝑋′

3 + 𝑋′
𝑎 = 0.

(I.3)

Supporting Information Figure 1. Reduced circuits
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By eliminating 𝑋′2
1 and 𝑋2, equation

𝑅𝑛,opt𝑋
′2
3 + 2𝑅𝑛,opt𝑋

′
𝑎𝑋′

3 + (𝑅𝑛,opt − 𝑅𝑐) 𝑋′2𝑎 − 𝑅𝑐𝑅2𝑛,opt = 0 (I.4)

comes out, and the solution is thus given by Eq. (3).
A similar procedure is followed to get the solution of Eq. (2). The circuit described by

Figure 1(b) can be reduced to Figure 1(b). Let 𝐵′
3 = 𝐵3 − 𝐵𝑛,opt, and 𝐵′𝑎 = 𝐵𝑎 + 𝐵𝑛,opt. Eq. (2)

becomes
⎧{{{
⎨{{{⎩

⎡⎢
⎣

1
j (𝐵′

3 + 𝐵′
𝑎)

+ 1
j𝐵2

⎤⎥
⎦

−1
+ j𝐵1 = 0,

( 1
𝐺𝑐 + j𝐵𝑐 + j𝐵1

+ 1
j𝐵2

)
−1

+ j𝐵′
3 = 𝐺𝑛,opt.

(I.5)

After separation of the real and imaginary parts, Eq. (I.5) is expanded as

(𝐵1 + 𝐵2) 𝐵′
𝑎 + 𝐵1𝐵2 + 𝐵2𝐵′

3 + 𝐵1𝐵′
3 = 0 , (I.6)

𝐺2𝑐 (𝐵2 + 𝐵′
3) + (𝐵1𝑐 + 𝐵2) (𝐵1𝑐𝐵2 + 𝐵2𝐵′

3 + 𝐵1𝑐𝐵′
3) = 0 , (I.7)

𝐺𝑛,opt [(𝐵1𝑐 + 𝐵2)2 + 𝐺2𝑐] − 𝐺𝑐𝐵2
2 = 0 , (I.8)

where 𝐵1𝑐 = 𝐵1 + 𝐵𝑐. Eqs. (I.7) and (I.8) together give

𝑃 (𝐵1𝑐, 𝐵2)
𝐵𝑐 − 𝐵2 − 𝐵1𝑐

= 0 , (I.9)

where

𝑃 (𝐵1𝑐, 𝐵2) =𝐺2𝑐 (𝐵′
𝑎𝐵𝑐 + 𝐵2

2) + (𝐵2 + 𝐵1𝑐)2 𝐵′
𝑎𝐵𝑐

+ (𝐵2 + 𝐵1𝑐) [𝐵2
2𝐵𝑐 − 𝐵′

𝑎𝐺2𝑐 − 𝐵′
𝑎 (𝐵1𝑐 + 𝐵2)2] .

(I.10)

By substituting Eq. (I.8) into Eq. (I.10), equation

𝐵4
2𝐺𝑛,opt𝐺𝑐

⎡⎢⎢
⎣
1 + ⎛⎜

⎝
𝐵𝑐𝐵′

𝑎 + 𝐺𝑛,opt𝐺𝑐
𝐵𝑐𝐺𝑛,opt − 𝐵′

𝑎𝐺𝑐
⎞⎟
⎠

2
⎤⎥⎥
⎦

= 𝐵6
2 (I.11)

emerges. Again, it is a quadratic equation, and the solution to Eq. (2) is thus given by Eq. (4).

Analysing the bandwidth of the circuits can be useful for studying the sensitivity to com-
ponent values1 and difficulty of circuit tuning. The higher the coil’s Q factor, the narrower
the circuit bandwidth, and the more sensitive the circuit is to deviations in component values.
In general, different cases can behave differently and therefore require dedicated sensitivity
analysis of each particular case, as shown below:
• For the parameters of the 32.1 MHz example in the main text of the paper (the input

impedance of the preamplifier 𝑍𝑎 = 109 − j863 Ω, the coil impedance defined in terms of
Q-factor: 𝑍𝑐 = 𝑓 (𝑄)+ j11.7 Ω, the optimal noise input impedance 𝑍𝑛,opt = 120+ j25.8 Ω),
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Supporting Information Figure 2. Bandwidths of circuits in Figure 1 as a function of Q for the
32.1 MHz case. Higher coil Q entails narrower bandwidth. In this case, the T1 network is the most
narrowband.

Supporting Information Figure 3. Bandwidths of circuits in Figure 1 as a function of Q for the
128.1 MHz case. In this case, the four networks have similar bandwidths.
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the bandwidths of circuits in Figure 1 are plotted in Figure 2 for a range of coil Q-factor
for all four matching circuits. Higher coil Q entails narrower circuit bandwidth. For the
same Q-factor, the four circuits exhibit different bandwidths. In this case, the T networks
are more narrowband, and the T1 network is the most narrowband of all.

• For the 128 MHz circuit (the input impedance of the preamplifier 𝑍𝑎 = 23.9 − j154 Ω,
the coil impedance defined in terms of Q-factor: 𝑍𝑐 = 𝑓 (𝑄) + j224 Ω, the optimal noise
input impedance 𝑍𝑛,opt = 86.9+ j63.2 Ω), the bandwidths of circuits in Figure 1 are plotted
in Figure 3. All four networks demonstrate nearly the same bandwidth, although strictly
speaking the Π2 network is slightly more narrowband than the other three.

1. Vinther JMO, Zhurbenko V, Albannay MM, Ardenkjær-Larsen JH. Design of a local quasi-
distributed tuning and matching circuit for dissolution DNP cross polarization. Solid State
Nucl Magn Reson. 2019;102:12-20. doi:10.1016/j.ssnmr.2019.04.006
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Abstract
Purpose: There is a limit to the maximum achievable preamplifier decoupling. In many

cases, this level is not enough. To overcome this limit, the preamplifier noise figure can be
compromised for further decoupling increase. This is useful in flexible MRI arrays where
ensuring coil insensitivity to changes in other array elements is a challenge.

Methods: This work establishes the relation between the preamplifier noise figure and
preamplifier decoupling using closed-form equations. These equations allow the evaluation of
preamplifier decoupling properties and benchmark different preamplifiers against each other.
The method to design the corresponding decoupling networks is described. The derived gen-
eralized design equations, which are not limited to 50 Ω pre-matched preamplifiers, greatly
improve design flexibility and enable use of new amplifiers in MRI detectors.

Results: Using the method, the decoupling properties of three preamplifiers are studied.
For demonstration, the coil decoupling is further increased by 10.8 dB using one of the pream-
plifiers. The noise figure is sacrificed by 0.5 dB, which is predicted by equations and verified
experimentally. Though examples are shown for 3 T systems at 32.13 MHz and 127.7 MHz,
the approach and equations apply to any field strength and nucleus.

Conclusion: Preamplifier decoupling can be improved beyond what is possible by tradi-
tional approaches. The derived design equations cover a wide range of cases, including induc-
tive coils and self-resonant low-impedance (AIR) and high-impedance (coaxial) coils.

Index terms—matching networks, noise figure, preamplifier decoupling, receiver coil.

1 Introduction
One of the challenges in realising magnetic resonance imaging (MRI) receive arrays is

parasitic coupling between array elements. Although in theory signal-to-noise ratio (SNR)
can be recovered with coupling present1, in practice it is often convenient to decouple array
elements so as to ensure correct noise matching to preamplifiers. For this purpose, preamplifier
decoupling is widely used since it gives more freedom to place coils than coil overlapping2–4.

∗Technical University of Denmark, 2800 Kongens Lyngby, Denmark
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Figure 1. Loop coils in scope. 𝑍coil is the coil input impedance. 𝑍in is the expected input impedance of
the matching network. Self-resonant coils can be used in series or in parallel resonance. The resonance
is formed by wire inductance and capacitive coupling between wires. Both inductance and capacitance
can be distributed as well as entirely or partially realised as lumped components.

Themost widely used array elements are loop coils. In general, theywork in either inductive
or self-resonant mode. A schematic representation of such coils with distributed parameters is
shown in Figure 1. As coupling between coil elements is generally attributed to current flow
on coils, decoupling implies suppressing the current flow4, for which it is often desirable in
an MRI array to present high input impedance 𝑍in → ∞ to the terminals of inductive coils4–6.
Self-resonant coils can employ either series-7 or parallel-resonance8,9. Series-resonance coils
exhibit low coil impedance 𝑍coil at the resonance frequency. Consequently, high 𝑍in → ∞
should be presented to series-resonance coils. Parallel-resonance coils exhibit high impedance
and are often called high-impedance coils8. They can also be viewed as an inductive loop con-
nected to transmission line sections10,11. Low 𝑍in → 0 preamplifiers can increase decoupling
in parallel-resonance coils8,12 and have become useful components in designing many MRI
receive arrays4. The extreme requirements to 𝑍in can be met by purely reactive impedance
preamplifiers4–6,13, i.e., Re 𝑍amp = 0, which are hardly found in practice14. For that reason all
typical preamplifiers provide finite decoupling.

In receive arrays, dedicated matching networks transform input impedance of preamplifiers
𝑍amp to low or high4 𝑍in, and at the same time transform coil impedance 𝑍coil to the optimal
noise impedance of preamplifiers 𝑍n, opt to reach the best noise performance of the preamplifier.
However, sometimes it is desirable to transform 𝑍coil elsewhere and sacrifice a small amount
of noise figure in exchange for more decoupling, which can allow even more freedom to coil
placement, e.g., construction of non-overlapping arrays15. Up to present, there has not been
any quantitative description of the trade-off between decoupling and preamplifier noise figure
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in MRI detectors.
In this article, a theory that quantitatively describes the trade-off between preamplifier de-

coupling and preamplifier noise figure is developed. Using this theory, the level of achievable
decoupling as a function of preamplifier noise figure can be predicted and later used as a de-
sign parameter. The design equations for corresponding matching and decoupling networks
using non-ideal preamplifiers (Re 𝑍amp > 0) are derived here for the first time. The equations
are given for series resonance (low-impedance) and parallel resonance (high-impedance) coils
and cover the design of preamplifiers exhibiting low input impedance. It is also shown that
the derived design equations degenerate to the special case of ideal preamplifiers 5,13 having
Re𝑍amp = 0.

The design approach is demonstrated by evaluating the decoupling-noise figure relation of
several preamplifiers and matching these preamplifiers to chosen noise figures. Calculations
are verified by decoupling simulations and measurements of the design example matched to a
minimum noise figure NFmin and to NFmin + 0.5 dB.

2 Theory

2.1 Relation between decoupling level and matching network
impedance

The considered receiving coil setup is shown in Figure 2(a). The sample loaded coil and
the preamplifier can be equivalently represented by their impedances 𝑍coil = 𝑅coil + j𝑋coil and
𝑍amp = 𝑅amp + j𝑋amp respectively. The signal from the sample induces voltage 𝑉 , and accord-
ingly, current 𝐼 on the coil. It is assumed that the matching-decoupling network is passive, loss-
less, reciprocal, and has input and output impedances 𝑍in = 𝑅in+j𝑋in and 𝑍out = 𝑅out+j𝑋out, re-
spectively. The preamplifier is described by an impedance matrixZa and has output impedance
𝑍out, a. It is also assumed that 𝑅coil > 0, 𝑅amp ≥ 0, 𝑅in ≥ 0, 𝑅out > 0.

The relation between decoupling and noise figure is derived below using these impedances
as input parameters. As decoupling is related to the current magnitude |𝐼 |, the problem becomes
finding the range of |𝐼 | for a given noise figure. The preamplifier noise figure is determined
by the source impedance 𝑍out. The power reflection coefficient at Port 1 at the input of the
matching-decoupling network is16,17

Γin = 𝑍in − 𝑍∗
coil

𝑍in + 𝑍coil
, (II.1)

where * indicates complex conjugate. The power reflection coefficient at the matching-decoup-
ling network output, Port 2, is

Γout =
𝑍out − 𝑍∗

amp
𝑍out + 𝑍amp

. (II.2)

For passive, lossless two-port matching networks16

∣Γin∣ = ∣Γout∣ . (II.3)
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Figure 2. (a) The diagram describing the receive coil element. The coil and the preamplifier (“preamp.”)
has impedance of 𝑍coil = 𝑅coil+j𝑋coil and 𝑍amp = 𝑅amp+j𝑋amp respectively. Signal from samples induces
voltage 𝑉 , and consequently, current 𝐼 , on the coil. The input and output impedance of the matching
network are 𝑍in = 𝑅in + j𝑋in and 𝑍out = 𝑅out + j𝑋out, respectively. The matching network represented by
matrixZ is assumed lossless and reciprocal. Other conditions are 𝑅coil > 0, 𝑅amp ≥ 0, 𝑅in ≥ 0, 𝑅out > 0.
The preamplifier is represented by matrix Za and has output impedance 𝑍out, a. (b) A summary of the
design procedure. Refer to Sections 2.3 for Equations (22), (23).

As follows from Equation (2), Γout is uniquely defined by the inherent parameters of the pream-
plifier, namely, preamplifier input impedance 𝑍amp and equivalent source impedance 𝑍out pre-
sented to the preamplifier. Hence ∣Γin∣ is also uniquely defined by Equation (3). Ohm’s law
relates the current 𝐼 and the voltage 𝑉 , which can be expressed using Equation (1):

𝐼
𝑉 = 1

𝑍in + 𝑍coil
= 1 − Γin

2𝑅coil
. (II.4)

Obviously, when 𝑍out = 𝑍∗
amp, the problem reduces to conventional complex conjugate match-

ing (maximum power transmission)17 and Γin = Γout = 0. In that case,
𝐼
𝑉 ∣

Γout=0
= 1

2𝑅coil
. (II.5)

Therefore, the quantity
1 − Γin = 𝐼/𝑉

𝐼/𝑉|Γout=0
(II.6)



78 II Trade-off between preamplifier noise figure and decoupling in MRI detectors

is the current 𝐼 flowing along the coil normalised to the current under complex conjugate match-
ing and the same voltage 𝑉 . As is widely recognised, the lower the magnitude |𝐼 |, the higher
the decoupling4,6. This is because, in arrays, loop coils couple to each other mainly by mutual
inductance4,6,18. The lower the magnitude |𝐼 | is on one coil, the less it interferes with other
elements through mutual inductance, and the less it is sensitive to current flows in other ele-
ments. The quantity 1 − Γin can be reasonably defined as preamplifier decoupling, and it can
be converted to decibels by

Decoupling (dB) = −20 lg ∣1 − Γin∣ , (II.7)

which is usually measured using a double-loop probe pair connected to a vector network anal-
yser (VNA)5. Maximum decoupling is achieved by minimising ∣1 − Γin∣ for which high impe-
dance 𝑍in at Port 1 (refer to Figure 2(a)) is reached. In case of high-impedance coils, ∣1 − Γin∣
should be maximised leading to low impedance 𝑍in at Port 1. The range of ∣1 − Γin∣ is

1 − ∣Γin∣ ≤ ∣1 − Γin∣ ≤ 1 + ∣Γin∣ . (II.8)

The conditions for reaching the maximum and the minimum are, respectively,

min. (high impedance) ∶∠Γin = 0
max. (low impedance) ∶∠Γin = −π, (II.9)

where the angle of Γin is defined as −π ≤ ∠Γin < π. By Equation (3), Equation (8) can be
written as

1 − ∣Γout∣ ≤ ∣1 − Γin∣ ≤ 1 + ∣Γout∣ . (II.10)

Equation (10) can be illustrated on a Γ plane, i.e., Smith chart, as shown in Figure 3(a).
Consider the reflection coefficient Γout calculated by Equation (2) for arbitrary 𝑍out. The max-
imum and minimum of ∣1 − Γin∣ can also be interpreted as follows: if a line is drawn through
Γout and the origin 𝑂, and we let the line 𝑂Γout intersect with the circle |Γ| = 1 at points 𝑃 and
𝑄, we have

𝑄Γout = 1 + ∣Γout∣ = max ∣1 − Γin∣ ,
𝑃Γout = 1 − ∣Γout∣ = min ∣1 − Γin∣ .

(II.11)

For a given preamplifier, noise figure 𝐹 is determined by the source impedance connected
to the preamplifier input terminalsi. Accordingly, for a given noise figure 𝐹 > 𝐹min, a range
of 𝑍out or Γout exists with a corresponding range of 1 − Γin. Then, there must be at least one
𝑍out in this range that minimises ∣1 − Γin∣ and achieves maximum decoupling. For a given 𝐹,
therefore, decoupling has a maximum.

2.2 Relation between decoupling and noise figure
In this section, a method to quantify the relation between decoupling and noise figure is

proposed based on the following steps:
iIn this article, 𝐹 denotes noise figure in linear scale, and NF denotes noise figure in dB: NF = 10 lg𝐹.
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Figure 3. (a) Constant noise contours of ElCry1-u on Γ plane mapped by Equation (2). Contours are
NFmin and NFmin + 0.1 dB, +0.2 dB, +0.4 dB, +0.8 dB, +1.6 dB. As an example, an arbitrary Γout
is picked on the NFmin + 1.6 dB contour. The length 𝑃Γout = min ∣1 − Γin∣ (high impedance) for a
given 𝑍out, while 𝑄Γout = max ∣1 − Γin∣ (low impedance) for a given 𝑍out. To minimise min ∣1 − Γin∣
and maximise max ∣1 − Γin∣, Γout is moved along the contour NFmin + 1.6 dB until 𝑃Γout reaches its
minimum 𝑃mΓm

out at Γm
out. (b) Decoupling vs noise figure in dB scale for three preamplifiers: ElCry1-u

at 32.13 MHz, WMA32C at 32.13 MHz, BFP740 at 127.7 MHz. Solid lines: solutions with varying
𝑍amp; dashed lines: solutions with fixed 𝑍amp = 𝑍amp (𝐹min). Dashed lines overlap solid lines, so the
dashed lines might be invisible. “Dcp” is short for “decoupling”. At the minimum noise figure NFmin,
the highest possible decoupling values are 27.3 dB, 21.4 dB, 14.6 dB, respectively. At NFmin + 0.5 dB,
the highest possible decoupling is 32.2 dB for WMA32C. The curves can also be interpreted as the
minimum noise figure required for a given decoupling level.

1. For a given 𝐹 ≥ 𝐹min, determine a range of corresponding 𝑍out(𝐹). The relation between
𝑍out and 𝐹 is

𝑍out (𝐹) = 𝐶FO (𝐹) + 𝑟FO (𝐹) 𝑒j𝜑, (II.12)
where −π ≤ 𝜑 < π, and 𝐶FO (𝐹) and 𝑟FO (𝐹) are the centre and radius of a constant-noise
circle at a noise figure 𝐹,19 which are found from amplifier noise parameters by

⎧{{
⎨{{⎩

𝐶FO (𝐹) = 𝑍n, opt + Δ
2 ,

𝑟FO (𝐹) = √𝑅n, optΔ + (Δ
2 )

2
,

(II.13)

where 𝑍n, opt = 𝑌−1
n, opt is the optimal noise impedance of the preamplifier,

Δ = (𝐹 − 𝐹min)
∣𝑍n, opt∣

2

𝑅n
, (II.14)

in which 𝐹 and 𝐹min are the noise figure and the minimum noise figure in linear scale,
respectively; 𝑅n is the equivalent noise resistance19.
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2. For each 𝑍out, determine the corresponding 𝑍amp when the preamplifier’s output is complex
conjugate matched. We have

⎧{{
⎨{{⎩

𝑍out, a (𝐹) = 𝑍a, 22 − 𝑍a, 12𝑍a, 21
𝑍a, 11 + 𝑍out (𝐹),

𝑍amp (𝐹) = 𝑍a, 11 − 𝑍a, 12𝑍a, 21
𝑍a, 22 + 𝑍∗

out, a (𝐹),
(II.15)

where 𝑍out, a (𝐹) is the preamplifier’s output impedance; 𝑍a, 11, 𝑍a, 12, 𝑍a, 21, 𝑍a, 22 are the
elements of the preamplifier’s impedance matrix Za, as shown in Figure 2(a).

3. Compute a range of Γout (𝐹) from 𝑍out (𝐹) and 𝑍amp (𝐹) using Equation (2). The resulting
constant-noise contours Γout (𝐹) can be drawn in the Γ plane. It should be noted that as
preamplifiers are in general not unilateral, i.e., 𝑍𝑎, 12 ≠ 0, 𝑍amp (𝐹) is not constant, which
implies that the constant-noise contours Γout (𝐹) are not circles. As, in general, for a given
𝐹, maximum decoupling is desired, 𝑍out is chosen so that ∣Γout (𝐹)∣ = max ∣Γout (𝐹)∣. The
maximum achievable decoupling with respect to a given 𝐹 is

Max. decoupling (dB) = −20 lgmin ∣1 − Γin∣
= −20 lg [1 − max ∣Γout (𝐹)∣] (II.16)

At this point, the desired high or low impedance can be achieved.
On a Γ plane, this means that Γout is moved along a constant noise contour such that 𝑃Γout

shrinks to its shortest length while𝑄Γout grows to its longest length (min ∣1 − Γin∣ = 𝑃Γout and
max ∣1 − Γin∣ = 𝑄Γout according to Equation (11)). At this point Γout = Γm

out, and decoupling
is ∣1 − Γin∣ = 𝑃mΓm

out. For this noise figure𝐹, themaximum decoupling is reached. Conversely,
for this particular decoupling level𝑃mΓm

out, theminimum𝐹 is also reached. For every𝐹 ≥ 𝐹min,
steps 2.2.1–2.2.3 are repeated, resulting in a curve of decoupling versus noise figure as shown
in Figure 3(b). This curve illustrates both the maximum decoupling at a given 𝐹 and minimum
𝐹 at a given decoupling value.

When a preamplifier input impedance is insensitive to output load due to high reverse iso-
lation or fixed load termination like 50 Ω the constant-noise contours Γout (𝐹) become circles,
and Equation (16) has a relatively simple analytical form, as shown in Supporting Informa-
tion A. Nonetheless, the approximate form in Supporting Information A requires preamplifier
input impedance 𝑍amp, which, if unknown, must be calculated through Step 2; to obtain the
corresponding matching network output impedance 𝑍out, the rationale in Step 3, i.e., finding
the Γout (𝐹) such that the decoupling reaches the maximum, is still required. Therefore, in this
article, the precise forms in Section 2.2 are used.

2.3 Z matrices of matching/decoupling networks
Now that the relation between decoupling and noise figure has been established, the next

step is to calculate the impedance transformation the matching network should perform to
reach the desired matching point. The impedance matrices of possible matching-decoupling
networks can be calculated from conditions (9) at Port 1 (refer to Figure 2(a)), given that 𝑍out
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is chosen as described in Section 2.2. From Equations (1), (8), conditions (9) can be rewritten
as

high impedance ∶ 𝑋in = −𝑋coil ∧ 𝑅in > 𝑅coil,
low impedance ∶ 𝑋in = −𝑋coil ∧ 0 ≤ 𝑅in < 𝑅coil,

(II.17)

where ∧ means “logical AND”. The case 𝑋in = −𝑋coil ∧ 𝑅in = 𝑅coil is complex conjugate
matching at both input and output ports, which has been well analysed in textbooks20 and
excluded from this analysis. From (1), (3), (17), the conditions of input impedance are derived
as

high impedance ∶ 𝑍in = 𝑍HZ
in = 𝛽𝑅coil − j𝑋coil

low impedance ∶ 𝑍in = 𝑍LZ
in = 𝑅coil

𝛽 − j𝑋coil,
(II.18)

where

𝛽 = 1 + ∣Γout∣
1 − ∣Γout∣

> 1 (II.19)

can be interpreted as the power standing wave ratio at Port 2 (refer to Figure 2(a)); Γout is
defined by Equation (2).

The impedance matrix of the lossless reciprocal matching network in Figure 2(a) is ex-
pressed as17

Z = j [𝑋11 𝑋⌀
𝑋⌀ 𝑋22

] , (II.20)

where 𝑋11, 𝑋22 and 𝑋⌀ are real numbers. Using the input and output impedances found above,
the Z matrix (21) can be calculated as shown in Appendix A and Supporting Information B.
For the high-impedance case, we have

⎧{{{{{{
⎨{{{{{{⎩

𝑋11 = 𝑋HZ
11 = −𝑋coil +

𝛽𝑅coil (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

,

𝑋22 = 𝑋HZ
22 = −𝑋amp +

𝑅amp (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

,

𝑋⌀ = 𝑋HZ⌀ = ±
√
√√
⎷

𝑅coil𝑅out
⎛⎜⎜
⎝

1 + ⎡⎢
⎣

𝛽 (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

⎤⎥
⎦

2
⎞⎟⎟
⎠

,

(II.21)

where 𝑋amp + 𝑋out ≠ 0, or 𝑋amp + 𝑋out = 0 ∧ 𝑅out > 𝑅amp ≥ 0. The sign of 𝑋HZ⌀ can be chosen
either positive or negative; each choice corresponds to one set of solutions. When 𝑅amp → 0,
Equation (22) gives the same three-element matching networks described by Wang et al13.
When 𝑅amp → 0, 𝑋out = 0, Equation (22) describes four-element matching networks proposed
by Reykowski5, as shown in Supporting Information C.
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Similarly, for the low-impedance case, we have

⎧{{{{{
⎨{{{{{⎩

𝑋11 = 𝑋LZ
11 = −𝑋coil +

𝑅coil (𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out

,

𝑋22 = 𝑋LZ
22 = −𝑋amp +

𝛽𝑅amp (𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out

,

𝑋⌀ = 𝑋LZ⌀ = ±
√
√√
⎷

𝑅coil𝑅out
⎡⎢
⎣
1 + (

𝑋amp + 𝑋out
𝛽𝑅amp − 𝑅out

)
2
⎤⎥
⎦
,

(II.22)

where 𝑋amp + 𝑋out ≠ 0 or 𝑋amp + 𝑋out = 0 ∧ 𝑅amp > 𝑅out > 0. Likewise, the sign of 𝑋LZ⌀ can
be chosen either positive or negative; each choice corresponds to one set of solutions.

Equations (22) and (23) can be converted to three-element, four-element, and other circuit
topologies as needed. Methods can be found in RF textbooks17.

2.4 A corollary: disconnect-and-resonate
It is interesting to note that, for the high-impedance case, when the preamplifier is discon-

nected from a well-tuned matching network, 𝑍in becomes

lim
𝑍amp→∞

𝑍HZ
in = j𝑋HZ

11 = −j𝑋coil + j
𝛽𝑅coil (𝑋amp + 𝑋out)

𝑅amp − 𝛽𝑅out
(II.23)

If 𝑋amp + 𝑋out = 0,
lim

𝑍amp→∞
𝑍HZ
in = −j𝑋coil. (II.24)

Therefore, if𝑋amp+𝑋out = 0 and thematching network is correctly tuned, when the preamplifier
is disconnected, the coil resonates at the design frequency when connected to the matching
network. As Equation (25) follows from the Z matrix of matching networks, this property is
independent of circuit topology. This property is useful for tuning matching circuits of such
preamplifiers; see the example in Supporting Information D.

3 Methods
To verify the theory and to demonstrate a design process using matching networks’ Z ma-

trices formulated in Section 2, the following validation process is adopted:
1. Numerical examples for both high- and low-impedance cases at several frequencies are

made. (Section 3.1)
2. Decoupling-noise figure trade-off and values for corresponding matching networks for the

numerical examples in Section 3.1 are calculated. (Section 3.2)
3. Decoupling improvement is verified experimentally. For this purpose, two receive coils are

fabricated; decoupling and SNRs are measured and compared against calculated and EM
co-simulated results. (Section 3.3)
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Figure 4. The circuit schematic of the BFP740-based preamplifier. P1 is the input. P2 is the output.

3.1 Numerical examples
The chosen design frequencies are 32.13 MHz and 127.7 MHz. These are the resonance

frequencies of 13C and 1H at 3 T. The design examples A to F include high- (“HZ”) and low-
impedance (“LZ”) cases and a range of noise figures (“Target”) as listed in Table 1.

Three preamplifiers are used: WMA32C (WanTCom Inc., Chanhassen,MN,USA), ElCry1-
u (datasheet available in21), and a transistor BFP740 (Infineon Technologies, Neubiberg, Ger-
many). ElCry1-u andWMA32C are used at 32.13MHz, and the BFP740-based preamplifier is
used at 127.7 MHz. Details of the BFP740 transistor’s biasing network are shown in Figure 4.
The loop coil in cases A, B, D is made of a flat conductor of inner diameter 70 mm, outer
diameter 82 mm and thickness 17 µm. The coil is loaded with a phantom based on saltwater
solution emulating a human thigh22. 𝑍coil is measured by a double-loop probe. The 𝑍coil value
at 127.7 MHz is derived from simulations of 62.5 mm diameter wire coil with 2.5 mm wire
diameter. 𝑍coil values of self-resonant coils (“LZ”, cases C, F) in Table 1 are taken from the
literature8.

3.2 Design steps
To illustrate the design procedure, the case B in Table 1 is described below in detail. All

other cases are analysed using the same procedure. The procedure is also summarised in Fig-
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WMA32C ElCry1-u BFP740

f 0, MHz 32.13 32.13 127.7
Z11, amp, Ω 2.45∠22.5∘ 551∠84.1∘ 414∠25.2∘

Z12, amp, Ω 0.013 3∠6.8∘ 0.320∠.10∘ 1.62∠2.5∘

Z21, amp, Ω 1 338∠161∘ 2 573∠9.2∘ 6 760∠8.8∘

Z22, amp, Ω 51.9∠.09∘ 12.5∠3.6∘ 37.0∠67.3∘

Zn, opt, Ω 52.0∠.080 0∘ 114∠0.2∘ 84.4∠0.67∘

Rn, Ω 4.00 1.80 5.62
NFmin, dB 0.680 0.135 0.583

Case # (A) (B) (C) (D) (E) (F)
Case HZ HZ LZ HZ HZ LZ

Target NFmin NFmin + 0.5 dB NFmin NFmin + 0.1 dB NFmin + 0.1 dB
Zout, Ω 52.0∠0.800∘ 186∠2.51∘ 114∠0.2∘ 35.8∠.361∘ 45.5∠.143∘

Zamp, Ω 2.43∠18.5∘ 2.43∠18.5∘ 583∠83.6∘ 551∠47.0∘

Rcoil, Ω 0.382 0.382 2.0 × 103 0.382 0.536 2.0 × 103

Xcoil, Ω 33.9 33.9 0 33.9 -285 0
X11, Ω -33.9 -33.9 -396 -27.7 294 -121
X22, Ω 0.770 0.770 -1.95 587 751 -2.64
|X⌀|, Ω 4.56 8.43 483 60.6 81.7 302

Table 1. Example cases. For convenience, the BFP740-based preamplifier is referred to as “BFP740”.
In the row “Case”, “HZ” means “maximum decoupling (high impedance)”, and “LZ” means “low
impedance”. “HZ” columns are calculated by Equation (22), and “LZ” columns by Equation (23).
The cases are: (A) a loaded coil to WMA32C for HZ at minimum noise figure NFmin (B) and at
NFmin + 0.5 dB; (C) a high impedance coil for LZ to ElCry1-u at NFmin; (D) the same coil as in (A)
and (B) to ElCry1-u for HZ at NFmin + 0.1 dB; (E) another coil at 127.7 MHz to the BFP740-based
preamplifier for HZ at NFmin + 0.1 dB; (F) a high impedance coil to the BFP740-based preamplifier at
NFmin + 0.1 dB. Refer to Section 3.1 for more information on coils and preamplifiers.

ure 2(b).
1. Extract the preamplifier’s Zmatrix and noise parameters (𝑅n, NFmin, 𝑍n, opt) at 32.13 MHz.

These parameters are provided by the preamplifier manufacturer typically in a datasheet or
extracted from the preamplifier CAD model. In this case Z matrix is obtained by trans-
forming the scattering S matrix17 available. The extracted parameters are listed in Table 1,
column “WMA32C”.

2. For each noise figure 𝐹 ≥ 𝐹min, calculate 𝑍amp (𝐹) and 𝑍out (𝐹) that maximise decoupling,
i.e., ∣Γout (𝐹)∣ = max ∣Γout (𝐹)∣ using Equations (12)–(14) for 𝑍amp (𝐹), (15) for 𝑍out (𝐹),
(2) for Γout (𝐹), and (16) for maximum decoupling. In this example, the NF ranges from
NFmin = 0.68 dB to 1.28 dB in 0.01 dB steps. The computation is performed using MAT-
LAB (Mathworks, Natick, MA, USA).

3. Plot the decoupling versus noise figure. The result is illustrated in Figure 3(b), curve
“WMA32C, 32.13 MHz” in a solid line. For comparison, the decoupling versus noise
figure with fixed 𝑍amp = 𝑍amp (𝐹min) is also shown in Figure 3(b) with dashed lines.

4. Choose the desired decoupling improvement and read the corresponding noise figure, i.e.
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𝑍out Decoupling NFchain NFamp SNRout
(Ω) (dB) (dB) (dB) (dB)

Th. NFmin 52.0∠0.08∘ 21.4 0.68 0.68 57.14
Si. NFmin 52.0∠0.08∘ 18.3 1.47 0.68 56.37
Me. NFmin 48.9∠0.60∘ 20.2 – – 56.37 ± 0.10

Th. NFmin + 0.5 dB 186∠ − 2.51∘ 32.2 1.18 1.18 56.64
Si. NFmin + 0.5 dB 186∠ − 2.51∘ 29.0 1.71 1.18 56.12
Me. NFmin + 0.5 dB 180∠ − 10.5∘ 31.3 – – 56.10 ± 0.11

Table 2. Simulated and measured 𝑍in, 𝑍out, decoupling, noise figure, and output SNR. “Th.” means
theoretical values, “Si.” means EM co-simulated values, and “Me.” means measured values. “NFchain”
means the NF of the matching network plus the preamplifier. “NFamp” means the NF of the preamplifier
alone. “SNRout” means output SNR. All values are at frequency 32.13 MHz. 1𝜎 intervals accompany
measured SNRout values.

target, from Figure 3(b). For example, compared with NFmin = 0.68 dB, 10.8 dB more
decoupling can be achieved at NF = NFmin + 0.5 dB = 1.18 dB. In this example, NFmin +
0.5 dB becomes the matching target, as listed in Table 2. This noise figure is achieved when
𝑍out = 186∠ − 2.51∘ Ω, 𝑍amp = 2.43∠ − 18.5∘ Ω as follows from the steps in Section 2.2.

5. Find the coil impedance by measurement or simulation. In this case, the measured coil
impedance is 𝑍coil = 0.382 + j33.9 Ω at 32.13 MHz.

6. Use this Z matrix to design the circuit. For this high impedance case, Equation (22) is
used. For low impedance, Equation (23) should be used. For this case, the condition after
Equation (22), i.e., 𝑋amp + 𝑋out ≠ 0, or 𝑋amp + 𝑋out = 0 ∧ 𝑅out > 𝑅amp ≥ 0, is satisfied,
and solutions exist. It should be noted that if the condition after Equation (22) or (23)
is not satisfied, there is no solution, and the reader should stop this design process and
change a preamplifier. The resulting elements of the impedance matrix are 𝑋11 = −33.9Ω,
𝑋22 = 0.770 Ω, 𝑋⌀ = ±8.43 Ω. The Z matrix can then be converted to concrete circuit
structures. In this example, it is converted to the Π– network shown in Figure 5(a) with
𝐶I = 135 pF, 𝐶II = 14.7 pF, 𝐶III = 44.4 pF, 𝐿IV = 430 nH.

The design steps 3.2.1–3.2.3 are repeated for all three amplifiers in Section 3.1. The result-
ing curves are drawn in Figure 3(b). For comparison, the decoupling curves versus noise figure
with fixed 𝑍amp = 𝑍amp (𝐹min) are also shown in Figure 3(b) with dashed lines. For WMA32C,
the highest decoupling possible is 21.4 dB at NFmin and 32.2 dB at NFmin + 0.5 dB, respec-
tively. For ElCry1-u and the BFP740-based preamplifier, the highest decoupling that preserves
minimum noise figure NFmin are 27.3 dB and 14.6 dB respectively. The general trend is that,
as NF increases, the decoupling increases non-linearly. For all three preamplifiers in Section
3.1, the decoupling curves versus noise figure with fixed 𝑍amp = 𝑍amp (𝐹min) almost overlap
the curves with varying 𝑍amp.
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Figure 5. (a) A circuit diagram of the designed matching networks. Coils are integrated on PCBs and
are equivalently represented by series connection of RL1 and LL1 on the circuit diagram. J1 is a jumper.
This matching network structure can match the coil to NFmin and NFmin + 0.5 dB of WMA32C. 𝑍out is
measured at Pin 1 of J1 by SProbe1. (b) Complex conjugate matching to 50 Ω Coils are represented by
RL1 and LL1. To reduce capacitor loss, capacitors CII in (a) and CM1, CM2 in (b) are formed by combining
fixed low loss capacitors (PPI 1111C, Passive Plus Inc., Huntington, NY, USA). CI, CII contain trimmer
capacitors (SGC3S series, EW Electronics) for precise tuning. (c) The decoupling measurement setup.
A white PCB is fixed by screws onto a support that holds a phantom underneath. A double-loop probe
is placed approx. 5 cm above the coil.

3.3 Experimental demonstration
To experimentally demonstrate that the same preamplifier can be manipulated to further

increase the decoupling in a controlled manner, cases A and B from Table 1 were fabricated
and tested. Both cases are based on the same matching network topology in Figure 5(a). The
photograph of the printed circuit board (PCB) and the schematic of the implemented circuit
are shown in Figure 5(a), (c). The experimental setup allows measuring the decoupling, SNR,
and 𝑍out(using SProbe1 as shown in Figure 5(a)).

A double-loop probe connected to a VNA5 (Keysight E5062A, Keysight Technologies,
Santa Rosa, CA, USA) is used to measure the decoupling. To increase the dynamic range
of measurement and compensate for parasitic cross-talk between probe loops, the probe is
first characterised in free space. The 𝑆21 measured and averaged over 360 sweeps is used for
calibration. This complex 𝑆21 is deducted from all following decoupling measurements. The
measured 𝑆21 of a complex conjugate matching to 50 Ω—of which the circuit is shown in
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Figure 5(b)—is used as a reference for decoupling evaluation.
For SNR measurements, the preamplifier is mechanically fixed in a shielded box. The

preamplifier output is connected to a spectrum analyser (Keysight E4440A). A single loop
connected to a signal generator (Rohde & Schwarz SMC100A; Rohde & Schwarz, Munich,
Germany)is used as a signal source. SNR values are averaged and fitted by normal distribution.

For comparison, Advanced Design System (Keysight Technologies) is used for EM co-
simulation of the PCB, together with component models from Passive Plus Inc. (Huntington,
NY, USA) and Coilcraft Inc. (Cary, IL, USA). The simulated decoupling, 𝑍out, noise figure
and output SNR are listed in Table 2.

4 Results
EM co-simulated and measured 𝑆21 (decoupling) SNR are shown in Figure 6, wherein

Figure 6(b) also shows 1𝜎 intervals, amongst which the widest is -0.126 dB–+0.122 dB. Cal-
culated, EM co-simulated, and measured 𝑍out, decoupling, noise figure, and output SNR, are
listed in Table 2. The highest possible decoupling values at NFmin and NFmin+0.5 dB reported
by EM co-simulation drop to 18.3 dB and 29.0 dB, respectively. Measured decoupling values
are, however, 20.2 dB and 31.3 dB, closer to theoretical values. As can be observed from the
measurement results in Table 2, using the design with the target NFmin +0.5 dB, the SNR drops
by 0.27 dB whilst the decoupling rises by 11.1 dB, which is reasonable, taking into account
measurement uncertainties.

5 Discussion

5.1 Theory in Section 2
According to Equations (12)–(16), decoupling is explicitly defined by the impedance param-

eters and noise parameters of the given preamplifier. The matching and decoupling networks
can be designed with Equations (22)and (23) using preamplifiers that do not have low 𝑅amp
or purely real 𝑍n,opt, as long as the boundary conditions are fulfilled. This opens up for much
greater flexibility in matching network design and widens a range of applicable preamplifiers
compared with traditional design schemes4,5.

For a given coil and a given preamplifier, once 𝑍out and case (“HZ” or “LZ”) are chosen,
the Z matrices of matching networks are defined by Equations (22) or (23). Designers can
transform the Z matrices to circuit structures as needed17. The designer could also change the
target noise figure, e.g., from NFmin + 0.1 dB to NFmin + 0.2 dB, which corresponds to noise
sacrifice of 2.33%, so that the Z matrices can give suitable values. This makes network design
even more flexible.

5.2 On Z matrices of matching/decoupling networks in Section 2.3
Equations (22), (23) match between two complex impedances, which has been used for

noise matching for long. However, general matching between complex impedances lacks con-
dition (18) or (19) and therefore cannot apply to preamplifier decoupling. In general complex
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Figure 6. (a) Decoupling curves, EM co-simulated (“Si”) andmeasured by a double-loop probe (“Me.”).
“Match” refers to complex conjugate matching to 50ΩAll simulated curves are normalised to the largest
simulated 𝑆21 (linear) of 50 Ω matching, and all measured curves to the largest measured 𝑆21 (linear) of
50 Ω matching. Decoupling (dB) = −𝑆21 (dB, normalised). (b) EM co-simulated and measured SNR of
WMA32C matched to NFmin and NFmin + 0.5 dB. For both cases, 45 linear SNR values are averaged,
and approx. 100 such averaged SNRs are fitted by normal distribution. Error bars denote 1𝜎 intervals
of fitted normal distribution. All 95% confidence interval of 𝜇 < ±5.3‰, or 0.023 dB. Maximum 1𝜎
range is -0.126 dB–+0.122 dB.
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Figure 7. Comparison of (a) commonplace impedance matching and (b) matching by Equation (22).
All values are at 32.13 MHz.

matching, a designer aims at transforming real and imaginary parts of a source impedance to
an amplifier noise impedance. It requires two degrees of freedom and can be done with two
reactive components23. In preamplifier decoupling, an additional condition (18) or (19) that
minimises source current is needed, which requires one more degree of freedom. The circuit
thus needs three components at least.

Consider the setup in Figure 7(a), (b). The design input is 𝑍coil = 0.382 + j33.9 Ω,𝑍out =
𝑍n, opt = 51.99 + j0.07 Ω,𝑍amp = 2.304 − j0.771 Ω. The common practice of noise matching
transforms 𝑍coil to 𝑍n, opt, which is described by Bahl23. The resulting circuit is shown in
Figure 7(a). For comparison, the matching/ decoupling network designed by Equation (22) is
shown in Figure 7(b). It is seen that both networks present 𝑍n, opt to the amplifier terminals,
which ensures minimum noise. The impedance presented to the coil,𝑍in, is different, resulting
in disparate preamplifier decoupling levels.

5.3 Applicability of the low-impedance case for high-impedance coils
It should be emphasised that the equivalent circuit for high-impedance self-resonant coils

shown in Figure 1merelymodels the impedance of the coils at their terminals. It is not the phys-
ical model of the coil. As mentioned in Section 1, a high-impedance self-resonant coil could
be modelled as an inductive loop connected to a section of a transmission line10,11. Therefore,
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the matching condition for such coils obtained by replacing 𝑍 , 𝑅, 𝑋 in (18) with 𝑌 ,𝐺, 𝐵, i.e.,

low impedance ∶ 𝑌in = 𝑌LZ
in = 𝛽𝐺coil − j𝐵coil, (II.25)

is incorrect; see the example in Supporting Information E.
It is likely that, employing the transmission line model of high-impedance coils10,11, condi-

tion (18) on the coil outer shield is equivalent to condition (19) at coil output (matching network
input). Then it is likely that condition (19) is redundant in principle. However, condition (19)
significantly simplifies matching network design in practice. Compare these two approaches:
• Measuring coil impedance 𝑍coil and generating the Z matrix of the matching networks by

Equation (23).
• Calculating outer shield inductance, building a simulation setup, configuring all param-

eters including dielectric loss, coaxial cable length, etc., and generating the Z matrix of
the matching networks in series with transmission lines by Equation (22), and de-embed
transmission lines.

Both give the same matching network, but in practice, the former approach is far easier.

5.4 Experimental results in Section 4
The maximum decoupling by EM co-simulation is lower than calculated values by 3.1 dB

and 3.2 dB for NFmin and NFmin + 0.5 dB, respectively. Even though measured decoupling
is closer to theory at 32.13 MHz, the values are still lower by 1.2 dB at NFmin and 0.9 dB at
NFmin + 0.5 dB, respectively. Apart from this, 0.5 dB noise figure sacrifice in theory leads to
output SNR decrease by 0.27 dB in the experiment.

These differences are attributable to the matching network being assumed perfectly lossless
in the theoretical analysis, whereas in reality, all passive components and substrates carry loss.
Obviously, the lower the loss in the components of the fabricated matching network, the closer
themeasurement results will be to the theoretically predicted values. The simulated decoupling
value deviates more from the theoretical value thanmeasured because simulation of decoupling
depends on 𝑅coil estimation, but acquisition of 𝑅coil is less accurate when coil 𝑄 is high and
𝑅coil is low. In this case, 𝑅coil = 0.382 Ω, which means that an error of 0.05 Ω results in 13%
change in 𝑅coil. The error accumulates when simulated 𝑆21 of complex conjugate matching to
50 Ω by lossy components (Figure 5(b)) is used as a reference for decoupling evaluation.

Overall, the theory predicts the trend in the applications where decoupling has to be further
improved or where better design flexibility is required and the noise figure can be used as an
additional degree of freedom.

5.5 Effect in arrays for MR imaging
It has been demonstrated experimentally by Sánchez-Heredia et al.24 that the trade-off be-

tween decoupling and noise figure can be used to increase decoupling, which, in that case, also
results in better SNR as arrays become more robust to detuning. The authors use the same
preamplifier as in Section 3.3 (WanTCom WMA32C) and the same matching network topol-
ogy as in Figure 5(a) (please also refer to Figure 1 of the paper24) and build 2 two-channel
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𝑍out NFamp Decoupling Max SNRout

Array 1 50 Ω 0.68 dB 20.4 dB 162
Array 2 100 Ω 0.82 dB 26.2 dB 197

Difference 0.14 dB (3.2%) 5.8 dB 21.6%

Table 3. Summary of the experimental results of 2 two-channel arrays by Sánchez-Heredia et al24.
“NFamp” means the NF of the preamplifier alone. “Max SNRout” means maximum output SNR. “De-
coupling” refers to calculated decoupling values. “Difference” means values of array 2 with regard to
array 1. All values are at frequency 32.13 MHz.

arrays24. In array 1, coils are matched to 50 Ω with preamplifier noise figure 0.68 dBii; in array
2, coils are matched to 100 Ω with preamplifier noise figure 0.82 dB (refer to Table 1 of that
paper24). The preamplifier noise figure in array 2 is thus 0.14 dB higher than in array 1, or
3.2% more noise figure in linear scale. The SNR will drop by approx. 3.2%,ceteris paribus.
However, phantom imaging shows that array 2 offers maximum SNR of 197, 21.6% higher
than the maximum SNR of array 1, 162(refer to Figure 4(a), (b) of that paper24). The results
are summarised in Table 3. Although preamplifier noise figure degrades slightly, the extra
decoupling earned makes the array more robust to detuning, leading to better SNR on images.

6 Conclusion
The theory presented quantifies the trade-off between preamplifier decoupling and pream-

plifier noise figure and applies to inductive and self-resonant coils. The design equations for
matching networks that satisfy such conditions are derived. These equations significantly re-
lax restrictions on the preamplifier parameters, which enables more freedom in the design of
receive elements of MRI arrays. The approach is illustrated using a design example.
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Appendix A. Deriving matching networks’ impedance matrices
Consider the setup in Figure 2(a). Assuming the matching circuit is passive, lossless, and

reciprocal, the impedance matrix Z is expressed in the form17

Z = [𝑋11 𝑋⌀
𝑋⌀ 𝑋22

] . (II.26)

The input and output impedance can then be written as

𝑍in = j𝑋11 + 𝑋2⌀
j𝑋22 + 𝑍amp

, (II.27)

𝑍out = j𝑋22 + 𝑋2⌀
j𝑋11 + 𝑍coil

. (II.28)

The input impedances for the high impedance and low impedance cases are described by Equa-
tions (18), (19). We begin with the high impedance case. Let 𝑍in = 𝑍HZ

in = 𝛽𝑅coil − j𝑋coil, and
we have

𝛽𝑅coil − j𝑋coil = j𝑋11 + 𝑋2⌀
𝑅amp + j (𝑋22 + 𝑋amp)

⇔𝑋2⌀ = [𝛽𝑅coil − j (𝑋coil + 𝑋11)] [𝑅amp + j (𝑋22 + 𝑋amp)] , (II.29)

The left side of the equation is a positive real number. This means

∠𝑋2⌀ = 0

⇒ − 𝑋coil + 𝑋11
𝛽𝑅coil

= −
𝑋22 + 𝑋amp

𝑅amp
. (II.30)

Equation (A-3) can be written as

𝑅out + j𝑋out = j𝑋22 + 𝑋2⌀
𝑅coil + j (𝑋11 + 𝑋coil)

⇔𝑋2⌀ = [𝑅out + j (𝑋out − 𝑋22)] [𝑅coil + j (𝑋11 + 𝑋coil)] , (II.31)

and similarly,
𝑋out − 𝑋22

𝑅out
= −𝑋11 + 𝑋coil

𝑅coil
(II.32)

If 𝛽 = 1, we have 𝑅out = 𝑅amp ∧ 𝑋out = −𝑋amp. It is seen that Equations (A-5) and (A-7)
become the same. This case is complex conjugate matching, which is ruled out in the following
derivation process.

From Equations (A-5) and (A-7), 𝑋HZ
11 and 𝑋HZ

22 are solved and provided by Equation (22).
Substitute 𝑋11 and 𝑋22 by 𝑋HZ

11 and 𝑋HZ
22 in Equation (A-4), and we get

𝑋HZ2
⌀ = 𝑅coil𝑅out

⎛⎜⎜
⎝

1 + ⎡⎢
⎣

𝛽 (𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out

⎤⎥
⎦

2
⎞⎟⎟
⎠

(II.33)
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as has been given in Equation (22). Note that by substituting 𝑋11, 𝑋22 in Equation (A-6) with
𝑋HZ

11 , 𝑋HZ
22 in Equation (22), another form of 𝑋HZ2

⌀ comes out. Further calculation shows that
when 𝑋amp + 𝑋out ≠ 0, or 𝑋amp + 𝑋out = 0 ∧ 𝑅out > 𝑅amp ≥ 0 these two forms are equal, and,
accordingly, a solution can exist; see Supporting Information B.

For the low impedance case, we follow a similar procedure and we get Equation (23). When
𝑋amp+𝑋out ≠ 0, or 𝑅amp > 𝑅out > 0∧𝑋amp+𝑋out = 0, a solution exists, as shown in Supporting
Information B.
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Supporting Information
SUPPORTING INFORMATION A. DECOUPLING-NOISE FIGURE TRADE-OFF FOR PREAMPLIFIERS WITH 

FIXED INPUT IMPEDANCE 

Sometimes, a preamplifier has fixed input impedance 𝑍amp = 𝑍amp, u. This is the case when (1) the 

preamplifier has high reverse isolation and can be regarded as a unilateral device, or (2) the preamplifier 

output is terminated by a fixed impedance. Following Gonzalez’s notes1, the constant-noise contours 

𝛤out(𝐹 ) resulting from Steps 1, 2, 3 in Section 2.2 reduce to circles of radii 𝑟FU(𝐹 ) centred at 𝐶FU(𝐹 ) 

expressed by 

 

⎩⎪
⎪
⎨
⎪
⎪⎧𝐶FU(𝐹 ) =

𝛤n, opt |𝑍amp, u + 𝑍n, opt |
2

𝑅amp, u𝛥 + |𝑍amp, u + 𝑍n, opt|
2 ,

𝑟FU(𝐹 ) =
2𝑅amp

𝑅amp, u𝛥 + |𝑍amp, u + 𝑍n, opt|
2 √𝑅n, opt𝛥 + (

𝛥
2)

2
,
 (A-1) 

where 𝛥 is still defined by Equation (14), i.e.,  

 𝛥 = (𝐹 − 𝐹min)
|𝑍n, opt |

2

𝑅n
,  

and 

 𝛤n, opt =
𝑍n, opt − 𝑍amp, u

∗

𝑍n, opt + 𝑍amp, u
  . (A-2) 

Therefore, in the case of a preamplifier with fixed input impedance,  

 
 Max. decoupling (dB) = −20 lg[1 − max|𝛤out(𝐹 )|] 

= −20 lg[1 − |𝐶FU(𝐹 )| − 𝑟FU(𝐹 )]. 
(A-3) 

  



SUPPORTING INFORMATION B. NECESSARY CONDITIONS OF MATCHING 

This section derives the matching conditions that follow Equations (22) (𝑋amp + 𝑋out ≠ 0, or 𝑋amp +

𝑋out = 0 ∧ 𝑅out > 𝑅amp ≥ 0 ) and Equation (23) ( 𝑋amp + 𝑋out ≠ 0  or 𝑋amp + 𝑋out = 0 ∧ 𝑅amp >

𝑅out > 0). If the conditions are not met, optimal matching is impossible, and Equations (22) or (23) is 

invalid. 

As shown in Appendix A, for the high-impedance case, we have 

 {
𝑋⌀

2 = [𝛽𝑅coil − j(𝑋coil + 𝑋11)][𝑅amp + j(𝑋22 + 𝑋amp)],
𝑋⌀

2 = [𝑅out + j(𝑋out − 𝑋22)][𝑅coil + j(𝑋11 + 𝑋coil)].
 

(B-1) 

(B-2) 

Substitute 𝑋11 and 𝑋22 in Equations (B-1), (B-2) by 𝑋11
HZ and 𝑋22

HZ in Equation (22), two expressions 

of 𝑋⌀
2 can be obtained:  

 𝑋⌀
HZ2

= 𝑅coil𝑅out (
1 +

[

𝛽(𝑋amp + 𝑋out)
𝑅amp − 𝛽𝑅out ]

2

)
, (B-3) 

 �̂�⌀
HZ2

= 𝛽𝑅coil𝑅amp [1 + (
𝑋amp + 𝑋out

𝑅amp − 𝛽𝑅out)

2

]. (B-4) 

For convenience, we use 𝑋⌀
HZ2

 and �̂�⌀
HZ2

 to distinguish two expressions. It is then realised that there is 

only one solution of 𝑋⌀
HZ2

 for the high-impedance case. This means Equations (B-3) and (B-4) must be 

equal; otherwise no solution can exist. To show (B-3) and (B-4) are equal, we notice 

 𝛤out =
𝑍out − 𝑍amp

∗

𝑍out + 𝑍amp
=

𝑅out − 𝑅amp + j(𝑋amp + 𝑋out)
𝑅out + 𝑅amp + j(𝑋amp + 𝑋out)

, (B-5) 

and therefore, 

 𝑅out = 1
2 (𝑍out + 𝑍out

∗ ) =
𝑅amp(1 − |𝛤out|2)

(1 − 𝛤out)(1 − 𝛤out
∗ )

, (B-6) 

and 

 𝑋amp + 𝑋out =
2𝑅amp Im 𝛤out

(1 − 𝛤out)(1 − 𝛤out
∗ )

. (B-7) 

Inserting (B-6) and (B-7) back to (B-3) and (B-4), we get 

 𝑋⌀
HZ2

= �̂�⌀
HZ2

=
𝛽𝑅amp𝑅coil

1 + cos 𝜑
, (B-8) 

where 𝜑 = ∠𝛤out  and −π < 𝜑 < π. When 𝜑 = −π, 1 + cos 𝜑 = 0. According to (B-5), 𝜑 = −π means 

𝑋amp + 𝑋out = 0 ∧ 𝑅out < 𝑅amp. In this case,  

 

⎩
⎪
⎨
⎪
⎧ lim

𝑋amp+𝑋out→0
𝑋⌀

HZ2
= 𝑅coil𝑅out ,

lim
𝑋amp+𝑋out→0

�̂�⌀
HZ2

=
𝑅coil𝑅amp

2

𝑅out
.
 (B-9) 

This means when 𝑋amp + 𝑋out = 0 ∧ 𝑅out < 𝑅amp, no solution exists.  



Therefore, when 𝜑 ≠ −π, expressions (B-3) and (B-4) are equal, and a solution exists. This concludes 

the derivation process for the high impedance case.  

For the low impedance case, we follow a similar procedure and we get Equation (23). We also have 

 
⎩⎪
⎨
⎪⎧𝑋⌀

2 = [
𝑅coil

𝛽
− j(𝑋coil + 𝑋11)] [𝑅amp + j(𝑋22 + 𝑋amp)],

𝑋⌀
2 = [𝑅out + j(𝑋out − 𝑋22)][𝑅coil + j(𝑋11 + 𝑋coil)].

 (B-10) 

We get two expressions for 𝑋⌀
LZ2

 as well: 

 

⎩⎪
⎪
⎨
⎪
⎪⎧𝑋⌀

LZ2
= 𝑅coil𝑅out [1 + (

𝑋amp + 𝑋out

𝛽𝑅amp − 𝑅out)

2

] ,

�̂�⌀
LZ2

=
𝑅coil𝑅amp

𝛽 (
1 +

[

𝛽(𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out ]

2

)
.
 (B-11) 

These expressions must be equal; otherwise no solution exists. Substituting Equations (B-6) and (B-7) 

into Equation (B-11), we have 

 𝑋⌀
LZ2

= �̂�⌀
LZ2

=
𝑅amp𝑅coil

𝛽(1 − cos 𝜑)
, (B-12) 

where −π ≤ 𝜑 < π ∧ 𝜑 ≠ 0. When 𝜑 = 0, 1 − cos 𝜑 = 0, and this equation needs special treatment. 

According to (B-5), the condition can be converted to 𝑅out ≥ 𝑅amp > 0 ∧ 𝑋amp + 𝑋out = 0 or 𝑅amp =

0 ∧ 𝑋amp + 𝑋out ≠ 0.  

1. If 𝑅out ≥ 𝑅amp > 0 ∧ 𝑋amp + 𝑋out = 0, we have 𝛤out = |𝛤out|, 𝛽 = 𝑅out /𝑅amp, and  

 lim
𝑋amp+𝑋out→0

𝑋amp + 𝑋out

𝛽𝑅amp − 𝑅out
= lim

𝑋amp+𝑋out→0

𝛽(𝑋amp + 𝑋out)
𝛽𝑅amp − 𝑅out

= 0 , (B-13) 

and therefore, 

 

⎩
⎪
⎨
⎪
⎧ lim

𝑋amp+𝑋out→0
𝑋⌀

LZ2
= 𝑅coil𝑅out ,

lim
𝑋amp+𝑋out→0

�̂�⌀
LZ2

=
𝑅coil𝑅amp

2

𝑅out
.
 (B-14) 

Except when 𝑅out = 𝑅amp ∧ 𝑋amp + 𝑋out = 0, i.e., the complex conjugate matching case, these two 

limits do not equal. Therefore, for the case 𝑅out > 𝑅amp > 0 ∧ 𝑋amp + 𝑋out = 0, there is no solution.  

2. If 𝑅amp = 0 ∧ 𝑋amp + 𝑋out ≠ 0, Equation (B-11) becomes 

 lim
𝑅amp→0

𝑋⌀
LZ2

= lim
𝑅amp→0

�̂�⌀
LZ2

= 𝑅coil𝑅out [
1 +

𝑅out
2

(𝑋amp + 𝑋out)
2]

, (B-15) 

and the solution is still applicable.  

Therefore, when 𝑋amp + 𝑋out ≠ 0, or 𝑅amp > 𝑅out > 0 ∧ 𝑋amp + 𝑋out = 0, Equations (B-11) are equal, 

and solutions exist. This concludes the derivation for the low impedance case.  

  



SUPPORTING INFORMATION C. SPECIAL CASES OF PURELY REACTIVE PREAMPLIFIERS FOR MATCHING 

NETWORKS 

For the maximum decoupling case, when 𝑅amp → 0, Equation (22) becomes 

 

⎩⎪
⎪
⎪
⎨
⎪
⎪
⎪⎧ lim

𝑅amp→0
𝑋11

HZ = −𝑋coil −
𝑅coil
𝑅out

(𝑋amp + 𝑋out),

lim
𝑅amp→0

𝑋22
HZ = −𝑋amp,

lim
𝑅amp→0

𝑋⌀
HZ = ±√𝑅coil𝑅out [1 + (

𝑋amp + 𝑋out

𝑅out )

2

] .

 (C-1) 

Or, in terms of 𝑌coil = 1/𝑍coil = 𝐺coil + j𝐵coil , j𝐵amp = 1/(j𝑋amp), 𝑌out = 1/𝑍out = 𝐺out + j𝐵out , and 

𝐵amp
′ = 𝐵amp + 𝐵out , 

 

⎩⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪⎧ lim

𝑅amp→0
𝐵11

HZ = −𝐵coil − 𝐺coil
𝐵amp

′ 𝐵coil + 𝐺coil𝐺out

𝐵coil𝐺out − 𝐵amp
′ 𝐺coil

,

lim
𝑅amp→0

𝐵22
HZ = −𝐵amp − 𝐺coil

𝐵amp
′2 + 𝐺out

2

𝐵coil𝐺out − 𝐵amp
′ 𝐺coil

,

lim
𝑅amp→0

𝐵⌀
HZ = ±

⎷

√√
√

𝐺coil𝐺out [
1 + (

𝐵amp
′ 𝐵coil + 𝐺coil𝐺out

𝐵coil𝐺out − 𝐵amp
′ 𝐺coil)

2

]
.

 (C-2) 

Equations (C-1), (C-2) are readily convertible to three-element matching networks described by Wang 

et al2. Equations (C-1), (C-2) are also convertible to four-element matching networks by Reykowski3. 

For these four-element matching networks, it is assumed that 𝑋out = 0 and 𝑅amp = 0. The equivalence 

to the four-element matching networks can be proven by converting the Z matrix (C-1) to its 

corresponding ABCD matrix4 

 [
𝐴 𝐵
𝐶 𝐷] = ±

√
𝑅out

𝑅coil(𝑅out
2 + 𝑋amp

2 ) ⎣
⎢
⎢
⎡ 𝐴𝑧
𝑅out

j𝐵𝑧

j 𝑋amp⎦
⎥
⎥
⎤
, (C-3) 

where 

 
𝐴𝑧 = 𝑅coil𝑋amp + 𝑅out𝑋coil,
𝐵𝑧 = 𝑅coil𝑅out − 𝑋amp𝑋coil.

 (C-4) 

Or, in terms of 𝑌coil = 1/𝑍coil = 𝐺coil + j𝐵coil, j𝐵amp = 1/(j𝑋amp), 𝐺out = 1/𝑅out ,  

 

[
𝐴 𝐵
𝐶 𝐷] = ±

√
𝐺out

(𝐺out
2 + 𝐵amp

2 )𝐺coil
 

×
⎣
⎢
⎢
⎡ 𝐴𝑦|𝑍coil| j𝐵𝑦

|𝑍coil|
𝐺out

j𝐵amp|𝑌coil| −|𝑌coil| ⎦
⎥
⎥
⎤
, 

(C-5) 

where 

 
𝐴𝑦 = 𝐵coil𝐵amp − 𝐺out𝐺coil,
𝐵𝑦 = 𝐺coil𝐵amp + 𝐺out𝐵coil.

 (C-6) 

 



SUPPORTING INFORMATION D. A SIMULATION EXAMPLE FOR COROLLARY 2.4 

Corollary 2.4 states that, if 𝑋amp + 𝑋out = 0 and the matching network is correctly tuned, when the 

preamplifier is disconnected, the coil resonates at the design frequency when connected to the matching 

network. Here we illustrate this with an example. Since this is a numerical example, all numbers are 

given higher precision than relevant in practice to avoid large round-off errors.  

Supporting Information Figure S1. The matching network that satisfies 𝑋amp + 𝑋out = 0, designed 

using Equation (22). 

Supporting Information Figure S2. Simulated |𝐼coil|. “ideal” means ideal components. “lossy” means 

lossy components. “conn.” means the preamplifier is connected. “disc.” means the preamplifier is 

disconnected. The peak of “lossy disc.” is located at 32.36 MHz. 



Here, WMA32C (WanTCom Inc., Chanhassen, MN, USA) is used at 32.31 MHz for minimum noise 

figure NFmin. The parameters are 𝑍amp = 2.341 − j0.073 Ω, 𝑍out = 52.039 − j0.073 Ω, 𝑍coil = 0.382 +

j34.093 Ω . By Equation (22), 𝑋11 = −34.093 Ω , 𝑋⌀ = ±4.459 Ω , 𝑋22 = 0.073 Ω . Since 𝑋amp +

𝑋out = 0 ∧ 𝑅out = 52.039 Ω > 𝑅amp = 2.341 Ω, this is a valid solution. The Z matrix is converted to 

the circuit in Supporting Information Figure S1. The circuit is simulated using Advanced Design System 

(Keysight Technologies, Santa Rosa, CA, USA).  

As is predicted by Corollary 2.4, with ideal components, when the preamplifier is disconnected, the coil 

resonates with the matching network right at 32.31 MHz, shown by Supporting Information Figure S2, 

curve “ideal disc.”. Then capacitors C2, C3, C4, C5, and inductor L2 are replaced by models from Passive 

Plus Inc. (Huntington, NY, USA) and Coilcraft Inc. (Cary, IL, USA), and their values are adjusted so 

that 𝑍out = 52.039 − j0.073 Ω still holds. When the preamplifier is disconnected, the circuit resonates 

with the matching network at 32.36 MHz, as shown by Supporting Information Figure S2, curve “lossy 

disc.”. This shows that Corollary 2.4 can help tune matching networks in practice.  

  



SUPPORTING INFORMATION E. AN EXAMPLE OF AN INCORRECT MATCHING CONDITION FOR HIGH-

IMPEDANCE COILS  

It seems reasonable that, by replacing 𝑅coil, 𝑋coil with 𝐺coil, 𝐵coil in Equation (18),  

 high impedance: 𝑍in = 𝑍in
HZ = 𝛽𝑅coil − j𝑋coil, (18) 

the matching condition for high-impedance coils can be derived as 

 low impedance: 𝑌in = 𝑌în
LZ = 𝛽𝐺coil − j𝐵coil, (26) 

where 𝑌in  is defined as 𝑌in = 1/𝑍in . Here a numerical example demonstrates (26) is incorrect by 

comparing condition 

 low impedance: 𝑍in = 𝑍in
LZ =

𝑅coil
𝛽

− j𝑋coil (19) 

and condition (26). Since this is a numerical example, all numbers are given higher precision than 

relevant in practice to avoid large round-off errors. 

E.1 METHODS 

Parameters of a high-impedance coil model: the inner conductor diameter is 0.51 mm, the outer 

diameter of the outer conductor diameter is 1.92 mm and the outer conductor thickness is 0.20 mm. The 

loop diameter counting from the inner conductor centre is 80 mm. The dimensions are drawn in 

Supporting Information Figure S3(a). The dielectric between inner and outer conductor has 𝜖𝑟 = 2.2, 

tan 𝛿 = 0. The equivalent circuit is shown in Supporting Information Figure S3(b)5,6, in which the total 

Supporting Information Figure S3. (a) The dimensions of the high-impedance coil. Dimensions are 

in mm. (b) The equivalent circuit of the high-impedance coil. The nodes Joint are connected by wire. 



transmission line length is 2 × 125.66 mm. For simplicity, the circuit is driven in differential mode. The 

inductance of the outer shield is calculated as 2 × 100.09 nH  in free space7. A typical value of a 

resistance of 2 × 1.5 Ω describing the loss in the loaded coil is added in series with inductors L1 and L2 

to avoid operation with infinitely large numbers that may appear in perfectly lossless circuits; this results 

in 𝑄 = 53.76 . By open-circuiting at coil terminals M, the coil resonates at 128.222 MHz.  

E.2 RESULTS 

It is easy to calculate the total inductor impedance 𝑍L = 𝑍L1 + 𝑍L2 = 3.00 + j161.27 Ω and the total 

admittance 𝑌L = 1/𝑍L = 115.30 μS − 6.20 mS . It is found by circuit simulation that 𝑍coil =

11 268.08 − j162.83 Ω, 𝑌coil = 88.73 + j1.28 μS. The 𝐙 matrix of the transmission line pair is  

 𝑍in
LZ = 67.61 + j162.83 Ω 𝑌în

LZ = 14.79 mS − j1.28 μS 

𝛽 166.67 166.67 

Satisfies condition (19) (26) 
𝑍TfM 502.73 − j172.79 Ω 77.75 + j178.27 Ω 
𝑌TfM 2.70 + j1.86 mS 2.06 − j4.71 mS 

|𝐼SRC1| 1.99 µA 5.14 µA 

Supporting Information Table S1. Comparison of two terminations at 128.222 MHz. All results are 

calculated by assigning 𝑍in
LZ or 𝑌în

LZ to the matching network part of Supporting Information Figure 

S3(b). 𝑍in
LZ = 67.61 + j162.83 Ω gives the maximum decoupling for a lossless high-impedance coil. 

The total inductor impedance 𝑍L = 𝑍L1 + 𝑍L2 = 3.00 + j161.27 Ω and the total admittance 𝑌L =

1/𝑍L = 115.30 μS − 6.20 mS. 𝑍TfM or 𝑌TfM is the input impedance or admittance at port TfM. 

Supporting Information Figure S4. The current on sources SRC1 and SRC2 vs ∠Γ for |Γ| fixed. 



 𝐙 = j[
−161.27 −183.86
−183.86 −161.27]. (E-1) 

Both 𝑍in
LZ = 67.61 + j162.83 Ω according to condition (19) and 𝑌în

LZ = 14.79 mS − j1.28 μS according 

to (26) will result in |𝛤in| = 0.988 07, where 𝛤in is defined by Equation (1), and 

 𝛽 =
1 + |𝛤in|
1 − |𝛤in|

= 166.67 , (E-2) 

close to the power standing wave ratio at the input of WMA3RA-R1 (WanTCom Inc.). The current 

excited by 1 mV voltage on the outer shield |𝐼SRC1| are 1.99 µA and 5.14 µA, respectively. Clearly, 

condition (26) does not give highest decoupling for this high-impedance coil, as summarised in 

Supporting Information Table S1. It can be further verified that, subject to a fixed |𝛤in| or 𝛽, condition 

(19), or equivalently, ∠𝛤in = π  in condition (9), does give the minimum current 1.99 µA at the 

excitation port, and therefore maximum decoupling for this coil, as Supporting Information Figure S4 

shows. 

E.3 FURTHER DISCUSSION 

We notice that 𝑍in = 𝑍in
LZ = 67.61 + j162.83 Ω results in Im 𝑍TfM = −172.79 Ω, with absolute value 

only 7.14% off Im 𝑍L = 161.27 Ω, whereas Im 𝑌TfM = −2.68 mS only has the same sign as Im 𝑌L =

−6.20 mS but also differ too much in absolute value. Besides, when 𝑍in = 𝑍in
LZ = 67.61 + j162.83 Ω, 

we have Re 𝑍TfM = 502.73 Ω , only 0.55% off 𝛽𝑅L = 166.67 × 3.00 = 500.00 Ω . Together, we 

conclude it is highly likely that, at Port TfM (refer to Supporting Information Figure S3(b)), we have 

the condition for the highest decoupling 

 𝑍TfM = 𝑍TfM
HZ = 𝛽𝑅L − j𝑋L, (E-3) 

which corresponds to the matching condition at the coil output  

 𝑍in = 𝑍in
LZ =

𝑅coil
𝛽

− j𝑋coil. (E-4) 

 

If condition (E-3) or (18) at Port TfM is equivalent to condition (E-4) or (19) at coil output (matching 

network input), then condition (E-4) or (19) is redundant in principle. However, condition (E-4) or (19) 

significantly simplifies matching network design in practice. Compare these two approaches:  

• Measuring coil impedance 𝑍coil  and generating the 𝐙  matrix of the matching networks by 

Equation (23).  

• Calculating outer shield inductance, building a simulation setup, configuring all parameters 

including dielectric loss, coaxial cable length, etc, and generating the 𝐙 matrix of the matching 

networks in series with transmission lines by Equation (22), and de-embed transmission lines.  

Both give the same matching network, but in practice, the former approach is far easier.  
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Abstract—Shielded loops have recently attracted keen 

interest in the design of Magnetic Resonance Imaging (MRI) 
detector arrays. To prevent unwanted detuning of array 
elements, a preamplifier decoupling is used. So far, the 
decoupling circuit design was based on intuitive approach of 
minimizing impedance presented to the terminals of the loop. 
The approach leads to decent but not optimal results. In this 
paper a systematic analytical method is used to derive the exact 
condition for maximum decoupling of shielded loops in array. 
The condition describes precisely what impedance should be 
presented to the terminals of the loop for best decoupling. It is 
shown that the method is valid for single- and multi-gap shielded 
loops with and without integrated reactive components across 
the gap. The presented results are useful in the design of MRI 
receive arrays of shielded loop coils with optimal decoupling. 

Keywords—high impedance coil, magnetic resonance, radio 
frequency coil, shielded loop. 

I. INTRODUCTION 
Shielded loop antennae are widely used for sensing 

magnetic field [1]–[3]. These antennae can be made in various 
forms like multi-turn multi-gap [4], [5] and Möbius loops [6]. 
In 2018, Zhang et al. introduced shielded loops into magnetic 
resonance imaging (MRI), referring to them as “high-
impedance coils” [7]. Since then, they attracted great interest 
in MRI community due to the fact that they also exhibit low 
noise correlation when assembled in arrays [7]–[9]. 

Simple loop antennae, named “coils” by the MRI 
community, are extensively used as receiving antennae in 
MRI. When put in arrays, the spatial proximity of loops 
introduces mutual inductance and thus de-tuning, 
complicating antenna matching and signal processing. To 
make loop antennae less sensitive to the interaction, a 
common technique is to overlap loops so that the mutual 
inductance becomes very low [10]. Another method is to 
present high impedance to loop coils to suppress coil current 
[10], which is named “preamplifier decoupling”. Back when 
Zhang et al. introduced shielded loops into MRI, they 
recognized that low impedance needs to be presented to high-
impedance coils for good preamplifier decoupling, i.e., good 
current suppression on the outer shield [7]. However, this was 
largely empirical. A dispute was raised by Mollaei et al [11] 
that a pure inductance, instead of short circuit, should be 

presented to a one-turn one-gap shielded loop for preamplifier 
decoupling. Wang [12] proposes a preamplifier decoupling 
condition assuming maximum current on the loop port, 
claiming that an impedance with a low real part and an 
imaginary part that cancels the loop reactance should be 
presented to a shielded loop, but no rigorous argument exists 
therein.  

In this paper, it is shown that, for one-turn multi-gap 
(1TMG) shielded loops, to maximize suppression of current 
on the shield when the low-noise amplifier (LNA) impedance 
𝑍𝑍a  and matching/decoupling network’s output impedance 
𝑍𝑍out,M are predetermined (by noise and impedance properties 
of LNA), as shown in Fig. 1, impedance 𝑍𝑍in,M  of low 
resistance and reactance that cancels loop reactance should 
be presented to the shielded loop. This statement holds 
whether tuning components exist across gaps or not [13]. 

 

 
Fig. 1. (a) A 1TMG shielded loop connected to a matching network 𝑀𝑀, 
which is further connected to an amplifier. Here a 1T3G shielded loop 
is drawn for demonstration. (b) The current flow is shown across the 
gap. The tuning component is optional and drawn in grey. 



II. DERIVATION OF OPTIMAL DECOUPLING CONDITION 

A. Setup and assumptions 
The setup of a shielded loop is shown in Fig. 1(a). The 

shielded loop reacts to external magnetic field, which induces 
voltage on the outer shield. We assume that the outer shield is 
thick enough so that electromagnetic field does not penetrate 
into the shield’s inner surface, a condition generally satisfied 
in practice. The induced voltage can be represented by voltage 
sources distributed along the outer shield [14], [15]. The 
voltage further generates current on outer shields of sections 
of the shielded loop 𝐼𝐼sh,1, 𝐼𝐼sh,2… The 1TMG shielded loop 
has 𝑁𝑁  gaps. For 𝑁𝑁 = 1,2,3, the shielded loops are tailored as 
shown in Fig. 2. The loop output terminal 𝐶𝐶𝐶𝐶′ is terminated 
by a balanced matching network 𝑀𝑀  followed by a balanced 
amplifier 𝐴𝐴. The shielded loop presents impedance 𝑍𝑍c to the 
matching network 𝑀𝑀 , and the matching network 𝑀𝑀  presents 
impedance 𝑍𝑍in,M to the shielded loop. The matching network 
𝑀𝑀  presents impedance 𝑍𝑍out,M  to the amplifier 𝐴𝐴 , and the 
amplifier 𝐴𝐴 presents impedance 𝑍𝑍a to the matching network. 
The matching network can be arbitrarily constructed or 
adjusted, but its output impedance 𝑍𝑍out,M  is predetermined 
(and often is equal to the optimal noise impedance of the 
implemented LNA). 

In addition, the following are assumed: 

(i) The surface current distribution on each section of the 
outer shield of the shielded loop is sufficiently 
constant; 

(ii) The shielded loop resonates when the matching 
network 𝑀𝑀  is disconnected. Resonance in this case 
assumes maximum current on the outer shield at the 
desired frequency 𝜔𝜔r ; 

(iii) All transmission line sections are lossless and operate 
in TEM mode; 

(iv) The preamplifier has ℜ𝑍𝑍a > 0. The matching network 
is lossless and has ℜ𝑍𝑍in, m > 0. 

Please be aware that, although assumption (ii) is used as a 
condition of resonance in this paper, other definitions of 
resonance can be found in literature, like ℑ𝑍𝑍c = 0 [4].  

In the following subsections, without further clarification, 
𝑍𝑍 stands for impedance, 𝑅𝑅 stands for resistance and 𝑋𝑋 stands 
for reactance. Corresponding quantities are marked by 
subscripts. For example, 𝑅𝑅a means ℜ𝑍𝑍a, 𝑋𝑋a means ℑ𝑍𝑍a. 

B. Two-port network analysis 
First, we notice the current distribution on the outer shield 

is sufficiently constant along the shielded loop in Fig. 1(a): 

 𝐼𝐼sh,1′ = 𝐼𝐼sh,2′ = ⋯ = 𝐼𝐼sh,𝑁𝑁′ 
= 𝐼𝐼sh,1 = 𝐼𝐼sh,2 = ⋯ = 𝐼𝐼sh,𝑁𝑁 . (1) 

To see this, take any gap of the outer shield, say an outer 
gap 𝑘𝑘′, as shown in Fig. 1(b). 

i. If there is no tuning component across the gap, 
𝐼𝐼sh,�𝑘𝑘′−1� flows into the shield’s inner surface. Since 
the transmission line operates in TEM mode 
(assumption (ii)), we have 𝐼𝐼sh,�𝑘𝑘′−1� = 𝐼𝐼h,𝑘𝑘′ = 𝐼𝐼i,𝑘𝑘′ =
𝐼𝐼sh,𝑘𝑘′. 

ii. If there is a tuning component across the gap—
typically an inductor or a capacitor—we have 
𝐼𝐼sh,�𝑘𝑘′−1� = 𝐼𝐼t,𝑘𝑘′ − 𝐼𝐼h,𝑘𝑘′ . Since 𝐼𝐼t,𝑘𝑘′ = 𝐼𝐼h,𝑘𝑘′ + 𝐼𝐼sh,𝑘𝑘′ , 
we have 𝐼𝐼sh,�𝑘𝑘′−1� = 𝐼𝐼sh,𝑘𝑘′. 

Therefore, we conclude that, whether a tuning component 
is present across the gap of outer shield, the current flows on 
the outer shields across the gap are equal. The current flows 
on the outer shields across a gap of inner pin can be shown 
equal in a similar way. Applying the reasoning to all gaps 
leads to (1). 

Since the current on all sections of the outer shield is equal, 
we denote the current as 𝐼𝐼sh . We then infer that, for each 
section, denoting the impedance of outer shields as 𝑍𝑍sh,𝑘𝑘, we 
have 

 𝑉𝑉sh,𝑘𝑘 = 𝐼𝐼sh𝑍𝑍sh,𝑘𝑘
⇒ 𝑉𝑉 = � 𝑉𝑉sh,𝑘𝑘

𝑘𝑘,𝑘𝑘′
 = 𝐼𝐼sh � 𝑍𝑍sh,𝑘𝑘

𝑘𝑘,𝑘𝑘′
= 𝐼𝐼sh𝑍𝑍sh . (2) 

The multi-port excitation problem is essentially reduced to 
a two-port problem as shown in Fig. 3, in which transmission 
line sections and tuning components are gathered in a block 
TL. 

C. Statements 
Having shown that the problem under investigation is 

essentially a two-port problem, we are ready to prove our 
central statement. 

We notice that, as the matching network and all 
transmission line sections are lossless (assumptions (iii), (iv)), 
the matching network 𝑀𝑀  and the intermediary network TL 
can be regarded as an extended lossless matching network 𝑀𝑀 . 
Since the output impedance of the matching network 𝑍𝑍out,M, 
and the preamplifier impedance 𝑍𝑍a  are predetermined, to 
achieve the minimum current min𝐼𝐼sh  or maximum current 
max𝐼𝐼sh  on the outer shield, according to Wang [12], there 
must be ℑ�𝑍𝑍TL + 𝑍𝑍sh� = 0 if |𝑍𝑍TL| < ∞, which is ensured 
by assumption (iv). This can be summarized in Statement 1. 

 
Fig. 2. Examples of 1TMG shielded loops. 

 
Fig. 3. The equivalent two-port problem of the multi-port problem with 
respect to gaps on a shielded loop. The extended matching network 𝑀𝑀 
consists of 𝑀𝑀 and TL. 



Statement 1. If the matching network’s output impedance 
𝑍𝑍𝑜𝑜𝑜𝑜𝑜𝑜, 𝑚𝑚 is fixed, to achieve the minimum or maximum current 
on the outer shield, the outer shield’s reactance must be 
cancelled by transmission line sections. 

To show what 𝑍𝑍in,M must be presented to the matching 
network, laborious circuit simulation seems inevitable for 
1T1G, 1T2G, 1T3G… and for a myriad combinations of 
tuning components. Here, however, Statement 2 reveals an 
underlying consistency across all cases of 1TMG loops. 

Statement 2. At the resonant frequency 𝜔𝜔𝑟𝑟, let a lossless, 
reciprocal two-port network TL have 𝑋𝑋𝑇𝑇𝑇𝑇|∞ + 𝑋𝑋𝑠𝑠ℎ = 0 , 
where 𝑋𝑋𝑇𝑇𝑇𝑇|∞ is the input reactance when 𝑀𝑀  is disconnected 
from the network. If 𝑋𝑋𝑐𝑐 + 𝑋𝑋𝑖𝑖𝑖𝑖,𝑀𝑀 = 0, then  

𝑍𝑍𝑇𝑇𝑇𝑇 =
𝑅𝑅𝑐𝑐𝑅𝑅𝑠𝑠ℎ
𝑅𝑅𝑖𝑖𝑖𝑖,𝑀𝑀

− 𝑗𝑗𝑋𝑋𝑠𝑠ℎ . 

Conversely, if 𝑋𝑋𝑇𝑇𝑇𝑇 + 𝑋𝑋𝑠𝑠ℎ = 0, then 𝑋𝑋𝑐𝑐 + 𝑋𝑋𝑖𝑖𝑖𝑖,𝑀𝑀 = 0. 

Proof. The impedance matrix of a lossless, reciprocal two-
port network can be written as [16] 

 𝐙𝐙 = j �
𝑋𝑋11 𝑋𝑋⌀
𝑋𝑋⌀ 𝑋𝑋22� (3) 

where 𝑋𝑋11 , 𝑋𝑋⌀ , 𝑋𝑋22  are real numbers. By definition of an 
impedance matrix, the input impedance when the load is 
disconnected from the network is j𝑋𝑋11, so 𝑋𝑋11 = 𝑋𝑋TL|∞ =
−𝑋𝑋sh. The output impedance of the network is 

 
𝑍𝑍c = j𝑋𝑋22 +

𝑋𝑋⌀
2

j𝑋𝑋11 + 𝑅𝑅sh + j𝑋𝑋sh
 

= j𝑋𝑋22 +
𝑋𝑋⌀

2

𝑅𝑅sh
 . 

(4) 

Therefore 𝑋𝑋c = ℑ𝑍𝑍c = 𝑋𝑋22 . Using 𝑋𝑋c + 𝑋𝑋in,M = 0 , the 
input impedance becomes 

 
𝑍𝑍TL = j𝑋𝑋11 +

𝑋𝑋⌀
2

j𝑋𝑋22 + 𝑅𝑅in,M + j𝑋𝑋in,M
 

= j𝑋𝑋11 +
𝑋𝑋⌀

2

𝑅𝑅in,M
 . 

(5) 

Using 𝑅𝑅c = ℜ𝑍𝑍c = 𝑋𝑋⌀
2/𝑅𝑅sh, and 𝑋𝑋11 = −𝑋𝑋sh, we arrive at 

𝑍𝑍TL = �𝑅𝑅c𝑅𝑅sh/𝑅𝑅in,M� − j𝑋𝑋sh . 

To show the reverse statement, apply 𝑋𝑋11 = −𝑋𝑋sh to the 
left and middle sides of (4), and we infer 𝑋𝑋22 + 𝑋𝑋in,M = 0. 
Apply 𝑋𝑋11 = −𝑋𝑋sh  and 𝑋𝑋22 + 𝑋𝑋in,M = 0  to the left and 
middle sides of (5), and the reverse statement is proven. □ 

From assumption (ii), when the matching network 𝑀𝑀  is 
disconnected, 𝐼𝐼sh  reaches its maximum. According to 
Statement 1, we must have 𝑋𝑋TL|∞ + 𝑋𝑋sh = 0 . Again, 
according to Statement 1, to have the minimum 𝐼𝐼sh, we must 

have 𝑋𝑋TL + 𝑋𝑋sh = 0 , which, according to statement 
Statement 2, implies 𝑋𝑋c + 𝑋𝑋in,M = 0 . This again means 
𝑅𝑅TL = 𝑅𝑅c𝑅𝑅sh/𝑅𝑅in,M. To achieve the minimum 𝐼𝐼sh, 𝑅𝑅TL need 
to be as high as possible, which is achieved by low 𝑅𝑅in,M. If 
we define “maximum preamplifier decoupling” as “minimum 
𝐼𝐼sh ”, which is employed by Wang [12], we conclude 
Statement 3. 

Statement 3. For a self-resonant 1TMG shield loop, 
when the matching network has fixed output impedance 
𝑍𝑍𝑜𝑜𝑜𝑜𝑜𝑜,𝑀𝑀 , to achieve the maximum preamplifier decoupling on 
the outer shield, the matching network must exhibit to the 
shielded loop low input resistance 𝑅𝑅𝑖𝑖𝑖𝑖,𝑀𝑀  and input reactance 
that cancels the loop reactance, i.e., 𝑋𝑋𝑖𝑖𝑖𝑖,𝑀𝑀 + 𝑋𝑋𝑐𝑐 = 0. 

This statement is what we seek. It applies to all cases of 
self-resonant 1TMG shielded loops regardless of the ways 
gaps are cut and the existence of tuning components across 
gaps. 

D. Special case: 1T1G shielded loops 
We now apply Statement 3 to a one-turn one-gap (1T1G) 

shielded loop. Mollaei et al [11] claim a pure inductance 
should be presented to a 1T1G shielded loop without tuning 
components for maximum preamplifier decoupling; we show 
this is a corollary of Statement 3. In all following discussions, 
we focus on differential mode operation. 

The equivalent circuit schematic of a 1T1G shielded loop 
is shown in Fig. 4(a) [14], [15]. Voltage 𝑉𝑉  is induced on the 
outer shield of the shielded loop. The impedance on the outer 
shield can be modelled by an inductor 𝑇𝑇sh in series with a 
resistor 𝑅𝑅sh. A tuning capacitor 𝐶𝐶t  strides across the gap. For 
a loop of small electric size, the reactance of the outer shield 
can be approximated by 𝑋𝑋sh(𝜔𝜔) = 𝜔𝜔𝑇𝑇sh, where [17]  

 𝑇𝑇sh ≈ 𝜇𝜇0𝑏𝑏 �ln 8𝑏𝑏
𝑎𝑎

− 2� , (6) 

𝜇𝜇0 is the permeability in vacuum, 𝑏𝑏 is the loop radius, 𝑎𝑎 is the 
coaxial cable’s radius. Under differential mode operation, the 
voltage along the horizontal centre line is 0, giving half the 
equivalent circuit shown in Fig. 4(b), where 𝐶𝐶̃ = 2𝐶𝐶 , 𝑇𝑇� =
𝑇𝑇/2, �̃�𝑅 = 𝑅𝑅/2, �̃�𝑍 = 𝑍𝑍/2, 𝑉𝑉 ̃ = 𝑉𝑉 /2. 

From assumption (ii), the shielded loop resonates when the 
matching network 𝑀𝑀  is disconnected, which can be 
represented by disconnecting �̃�𝑍in,M  on Fig. 4. The input 
admittance of an open-circuited transmission line is [18] 

 𝑌𝑌T̃L�∞ = j𝑌𝑌0tan�𝛽𝛽𝑙𝑙�̃ , (7) 

where 𝑌𝑌0 = 1/𝑍𝑍0 = 1/50 S  is the characteristic admittance, 
𝛽𝛽 = 𝜔𝜔/𝑣𝑣 is the wave number, 𝑙𝑙 ̃is half the loop circumference. 

 
Fig. 4. (a) The circuit schematic of a 1T1G shielded loop. 𝐶𝐶t is an optional tuning capacitor. (b) Half the circuit under differential operation. Component 
values are �̃�𝐶 = 2𝐶𝐶, 𝐿𝐿� = 𝐿𝐿/2, 𝑅𝑅� = 𝑅𝑅/2, 𝑍𝑍� = 𝑍𝑍/2, 𝑉𝑉� = 𝑉𝑉/2. 

 



At the resonant frequency 𝜔𝜔r , according to Statement 1, there 
must be �̃�𝑋TL(𝜔𝜔r)�∞ + �̃�𝑋sh(𝜔𝜔r) = 0, so we have 

 1
𝑌𝑌T̃L�∞ + j𝜔𝜔r𝐶𝐶t̃

+ j𝜔𝜔r𝑇𝑇�sh = 0

⇒ 𝑌𝑌0tan�𝛽𝛽r𝑙𝑙�̃ = 1
𝜔𝜔r𝑇𝑇�sh

− 𝜔𝜔r𝐶𝐶t̃ .
 (8) 

The impedance of the shielded loop is 

 
�̃�𝑍c(𝜔𝜔) = 𝑍𝑍0

�̃�𝑍st + j𝑍𝑍0tan�𝛽𝛽𝑙𝑙�̃
𝑍𝑍0 + j�̃�𝑍sttan�𝛽𝛽𝑙𝑙�̃

 , (9) 

where 

 
�̃�𝑍st =

�
j𝜔𝜔𝐶𝐶t̃ + 1

�̃�𝑅sh + j𝜔𝜔𝑇𝑇�sh�

−1

 . (10) 

We then have 

 
�̃�𝑍c(𝜔𝜔r) =

�𝜔𝜔r𝑇𝑇�sh�
2

�̃�𝑅sh
�𝑍𝑍0

2𝐵𝐵st
2 + 1� 

−j𝜔𝜔r𝑇𝑇�sh�𝑍𝑍0
2𝜔𝜔r𝐶𝐶t̃𝐵𝐵st + 1� , 

(11) 

where 

 𝐵𝐵st = 𝜔𝜔r𝐶𝐶t̃ − 1
𝜔𝜔r𝑇𝑇�sh

.  

From Statement 3, we conclude that the matching network 
must have a low �̃�𝑅m and 

 �̃�𝑋in,M(𝜔𝜔r) = −ℑ�̃�𝑍c(𝜔𝜔r) 
= 𝜔𝜔r𝑇𝑇�sh�𝑍𝑍0

2𝜔𝜔r𝐶𝐶t̃𝐵𝐵st + 1�. 
(12) 

The sign of �̃�𝑋in,M is hard to determine since the term 𝜔𝜔r𝐶𝐶t̃ −
1/�𝜔𝜔r𝑇𝑇�sh� < 0; otherwise, according to (8), tan�𝛽𝛽r𝑙𝑙�̃ < 0 ⇒
𝛽𝛽r𝑙𝑙 ̃ > π/2, implying that the electric length of the transmission 
line section is not short, meaning that the current distribution 
on its outer shield is unlikely to be sufficiently constant, which 
violates assumption (i). 

When the tuning component 𝐶𝐶t  is not present, 𝐶𝐶t̃  can be 
replaced by 0 in (11). The matching network 𝑀𝑀  must still 
have low �̃�𝑅in,M. Half of 𝑀𝑀’s reactance is given by 

 �̃�𝑋in,M(𝜔𝜔r) = − lim
𝐶𝐶t̃→0

ℑ�̃�𝑍c(𝜔𝜔r) = 𝜔𝜔r𝑇𝑇�sh . (13) 

Finally, using 𝑅𝑅 = 2�̃�𝑅 , 𝑋𝑋 = 2�̃�𝑋 , we conclude that the 
matching network 𝑀𝑀  presents low 𝑅𝑅in,M and 𝑋𝑋in,M = 𝜔𝜔r𝑇𝑇sh. 
Therefore, the matching network 𝑀𝑀  should appear like an 
inductor to the shielded loop, and the inductance equals the 
inductance of the outer shield. 

Summarizing the reasoning above, we have Corollary 3.1. 

Corollary 3.1 For a 1T1G shielded loops, to reach the 
minimum current on the outer shield at the resonant frequency 
𝜔𝜔𝑟𝑟, when a tuning component does not exist on the gap, the 
matching network should appear like a low-loss inductor to 
the shielded loop, of which the inductance equals the outer 
shield’s inductance. 

Mollaei et al have also concluded that the matching 
network should appear like an inductor to a 1T1G shielded 

loop [11] when a tuning component does not exist. However, 
the exact inductance was not given. 

III. DISCUSSION 
The phrase “low resistance 𝑅𝑅in,M” in Statement 3 means a 

sufficiently small positive number. This meaning 
demonstrates itself in Statement 2 and assumption (iv). In 
practice, 𝑅𝑅in,M  usually lies in the range 10–30 Ω. “Low 
resistance” does not mean “zero resistance” in this article 
because of the following reasons: 

• Resistance truly zero exists only in rare occasions in 
practice like superconduction. 

• Zero resistance presented to a shielded loop can lead to 
LNA instability. 

• How low 𝑅𝑅in,M can reach is limited by LNA reflection 
coefficient, which is defined by 𝑍𝑍a and 𝑍𝑍out,M (refer to 
1.1 for notation). If the matching network 𝑀𝑀  is 
lossless, to achieve maximum preamplifier decoupling, 
according to Wang [12], 𝑅𝑅in,M = 𝑅𝑅c/𝛽𝛽 , where 𝛽𝛽 =
(1 + |𝛤𝛤out|)/(1 − |𝛤𝛤out|)  is defined in terms of LNA 
power reflection coefficient 𝛤𝛤out = �𝑍𝑍out,M − 𝑍𝑍a

∗�/
�𝑍𝑍out,M + 𝑍𝑍a�. 

CONCLUSION 
It is shown that in order to achieve maximum preamplifier 

decoupling in the shielded loop, it should be terminated with 
impedance 𝑍𝑍in,M = 𝑅𝑅in,M − j𝑋𝑋c. The resistance 𝑅𝑅in,M should 
be as low as possible; however, in practice, it is limited by the 
equivalent resistance of the loop as well as input impedance 
and optimal noise impedance of the implemented LNA. The 
decoupling reactance should equal −j𝑋𝑋c, i.e. cancel the loop 
reactance, no matter how many gaps are used.  

The future work would be to demonstrate that a similar 
condition applies to multi-turn shielded loop coils. 
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Synopsis
The noise figure of a matching network between a receive coil and a preamplifier with low

input impedance can be estimated using relationship 𝐹 ≈ 1 + 𝑅11/𝑅c. It is demonstrated how
to use this relationship to choose optimal matching-decoupling network topology in terms of
signal-to-noise ratio (SNR). The formula serves as an efficient tool to estimate noise figure of
matching networks and is useful in low-field and high-coil-Q applications, where the noise of
the matching network becomes comparable to coil noise.

Summary—A practical approach to estimating noise figure of matching networks for low-
input-impedance preamplifiers is proposed. The approach is useful in applications where the
noise of a matching network is comparable to a receiving coil’s noise.

1 Introduction
Preamplifier decoupling is widely used in receive coil arrays to avoid detuning array ele-

ments unwantedly1. Design equations for ideal three-2 and four-element3 networks (or equiv-
alent) have been reported. However, there is no explicit guideline for choosing circuits for
better noise performance. Whereas resistive loss of networks can significantly degrade SNR
at preamplifiers’ inputs, it largely relies on coil designers’ experience to discern the most SNR-
degrading network component and to minimise SNR degradation.

A diagram of an array element consisting of a coil, a preamplifier and a matching-
decoupling network is illustrated in Figure 1. In the following sections, we show that the noise
figure 𝐹 of the matching network can be estimated using

𝐹 ≈ 1 + 𝑅11
𝑅c

(IV.1)

where 𝑅c is the coil resistance and 𝑅11 = ℜ𝑍11 is the input impedance of the matching network
𝑍i when preamplifier A is disconnected. Equation (1) holds for typical low-input-impedance
∗National Space Institute, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
†Department of Health Technology, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
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Figure 1. A lossy matching network is inserted between a coil C and a preamplifier A. The network has
an impedance matrix Z. The network presents 𝑍o to A at the design frequency. The network presents
𝑍i to the coil C for the minimum current at the design frequency. The matching network has available
power gain 𝐺av and noise figure 𝐹 = 𝐺−1

av at 290 K [128]. The SNR at coil C is degraded by 𝐹 after
passing through the matching network before entering preamplifier A. Unless otherwise noted, 𝑅 = ℜ𝑍 ,
𝑋 = ℑ𝑍 .

preamplifiers with 𝑋a + 𝑋o = 0. It reveals that the SNR degradation is determined by the ratio
between component loss defining 𝑅11 and coil loss.

2 Methods
To derive (1), 𝐹 is defined as the relationship between the SNR before entering preamplifier

A and the SNR on coil C: SNRa = SNRc × 𝐹−1. Unless otherwise noted, 𝑋 = ℑ𝑍 , 𝑅 = ℜ𝑍 .
At 290 K, 𝐹−1 = 𝐺av.4 Figure 1 shows the expression of 𝐺av.5 From the relationship between
𝑍i and 𝑍o, we have

−𝑍2⌀ = (𝑍in − 𝑍11) (𝑍22 + 𝑍a)
= (𝑍o − 𝑍22) (𝑍11 + 𝑍c) . (IV.2)

From (2) we solve
𝑍22 = 𝑍a (𝑍11 − 𝑍i) + 𝑍o (𝑍c + 𝑍11)

𝑍i + 𝑍c
. (IV.3)

Therefore
𝑍o − 𝑍22 = (𝑍i − 𝑍11) (𝑍o + 𝑍a)

𝑍i + 𝑍c
. (IV.4)

For a lossless matching network, 𝑍11∣lossless = −j𝑋c if 𝑋a + 𝑋o = 0 and the matching network
is correctly tuned. ℑ𝑍i∣lossless = −𝑋c yields the maximum preamplifier decoupling regardless
of 𝑋a + 𝑋o.6 For low-loss matching networks, it is found in simulation and experiments that, if
𝑋a + 𝑋o = 0, ℑ𝑍11 = −𝑋c still holds well; ℑ𝑍i = −𝑋c is also a close condition for maximum
preamplifier decoupling. So assume ℑ𝑍11 = ℑ𝑍i = −𝑋c; together with 𝑋a + 𝑋o = 0, we infer
that ℑ (𝑍i − 𝑍11) = 0, ℑ (𝑍o + 𝑍a) = 0, ℑ (𝑍i + 𝑍c) = 0. Then, using (4), ℑ (𝑍o − 𝑍22) = 0.
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We can then write 𝑍o − 𝑍22 = 𝑅o − 𝑅22 and 𝑍c + 𝑍11 = 𝑅c + 𝑅11. Substituting these into 𝐺av
in Figure 1, we get

𝐹 = 𝐺−1
av = 𝑅c + 𝑅11

𝑅c
× 𝑅o

𝑅o − 𝑅22
. (IV.5)

Recall that 𝑍11 is defined by the input impedance at port 1 with port 2 disconnected, and 𝑍22
is defined by the input impedance at port 2 with port 1 disconnected7. Compared with 𝑅o—
often 50 Ω and higher—𝑅22 of a low-less matching network should be negligible. Neglecting
𝑅o/ (𝑅o − 𝑅22), we arrive at (1), thereby concluding the derivation.

To demonstrate (1) and (5) at 32.13 MHz, the Larmor frequency of 13C at 3 T, oval
mouse coils shown in Figure 2(a) are matched to WMA32C preamplifiers (WanTCom Inc.,
Chanhassen, MN, USA). The coil impedance 𝑍c = 25.7 mΩ + j11.7 Ω, output impedance
𝑍o = 𝑍n,opt = 52.04 + j0.07 Ω and preamplifier impedance 𝑍a = 2.30 − j0.77 Ω for initial
calculation. It follows that 𝑋a+𝑋o = −0.70 Ω, close to 0. The three-2 and four-element3match-
ing networks are first calculated by corresponding formulae, and then realised by off-the-shelf
components. Printed circuit boards (PCBs) are routed and simulated in Advanced Design Sys-
tem (Keysight Technologies, Santa Rosa, CA, USA). 𝐹 is extracted from simulations. PCBs
are fabricated, and SNR values are measured on a bench top with an SMC100 signal generator
(Rohde & Schwarz, Munich, Germany) and an Agilent E4440A spectrum analyser (Keysight
Technologies, CA, USA). During simulation and experiments, initially capacitors and induc-
tors are fine-tuned so that the maximum preamplifier decoupling is achieved for the mouse
coil, and the output impedance is 𝑍o = 𝑍n,opt = 52 Ω; then the peaks of SNR are tuned to
32.13 MHz. Capacitors are from PPI 1111C (Passive Plus Inc., Huntington, NY, USA). In-
ductors are from Coilcraft Inc. (Cary, IL, USA). Since our experiment is on a test bench, for
simplicity, no active decoupling circuit is implemented.

3 Results
The measured coil current (preamplifier decoupling) and SNR are shown in Figure 3. The

ratio of unloaded-to-loaded Q is shown in Figure 3. The simulated 𝐹 and 𝐹 estimated by (5)
at 32.13 MHz are shown in Figure 4.

4 Discussion
At 32.13 MHz, the measured SNR of the four-element network is higher than the SNR

of the three-element network by 6.60 dB, which implies noise figure difference of 6.60 dB
as both setups use the same preamplifier. Simulation predicts 7.33 dB SNR difference and
7.17 dB noise figure difference. Both are close to the measured 6.60 dB. As shown in Figure 4,
𝐹 estimated by (5) stands very close to simulated 𝐹, with errors below 0.29 dB, or 7.0%. It
is also clear that the term 𝑅o/ (𝑅o − 𝑅22) in (5) is negligible. Thus in this case (5) can be
simplified to (1).

Equations (1) and (5) explain the difference between SNR (and 𝐹) using the four-element
network in Figure 2(d) and the three-element network in Figure 2(c). The inductor in Fig-
ure 2(c) contributes significantly to the term 𝑅11, whereas the inductors in Figure 2(d) con-
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Figure 2. (a) Dimensions of the coil in mm. (b) A fabricated PCB. Active decoupling circuitry is not
installed for simplicity of experiment. (c) The three-element matching network. (d) The four-element
matching network.

tribute only to 𝑅22, and therefore affects 𝐹 less. Inductors are typically much lossier than
capacitors, so the their places in networks should be carefully chosen to avoid significant con-
tribution to 𝑅11.

5 Conclusion
A formula to predict the noise figure of low-loss matching networks is derived for 𝑋a+𝑋o =

0. It helps select amongst network topologies for the highest SNR. The formula predicts noise
figure with reasonable accuracy, which is confirmed by simulation and experiments.
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Figure 3. Measured and simulated coil current and SNR. The four-element (“exp. 4E”) network gives
ratio of unloaded Q to loaded Q as 𝑄ul ∶ 𝑄𝑙 = 299.4 ∶ 229.0. The three-element (“exp. 3E”) network
gives 𝑄ul ∶ 𝑄𝑙 = 84.4 ∶ 79.9. The SNR of the four-element network is higher than the SNR of the
three-element network by 6.60 dB at 32.13 MHz. The simulated curves differ from measured curves
mainly because coil Q and capacitor Q are high so that simulation, especially of coil current, is prone
to errors.

3E 4E

𝑅o 32.57 52.18
𝑅22 0.430 1.76

𝑅o/ (𝑅o − 𝑅22) 1.01 1.03
In dB 0.058 0.149

𝑅c 0.026 0.026
𝑅11 0.371 0.043

(𝑅c + 𝑅11) /𝑅c 15.41 2.66
In dB 11.88 4.24

F by (IV.5) 11.93 4.39
Sim. F, dB 11.64 4.47
Error, dB 0.293 0.079

Error, linear 7.00% 1.80%

Figure 4. Decomposition of 𝐹 for the three- (‘3E’) and four-element (‘4E’) matching networks using
𝑅11, 𝑅22, 𝑅o, 𝑅c from Advanced Design System’s layout simulation. There can be some rounding error
in numbers. ‘Sim. F’ is the 𝐹 given by Advanced Design System. ‘Error’ is the difference between ‘F
by (IV.5)’ and ‘Sim. F’. It is seen that (5) estimates 𝐹 accurately, and the major SNR-degrading term is
(𝑅c + 𝑅11) /𝑅c.
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Abstract—Mutual inductive coupling between elements of an 
MRI detector array greatly complicates the process of 
impedance matching of the array. This problem is even more 
severe in flexible arrays, where coupling matrix will change with 
the shape of the array. To overcome this problem a low noise 
amplifier can be integrated in each element with a network 
providing simultaneous noise matching and power mismatching 
for decoupling. This work describes the design of such 
impedance transforming networks that allow minimizing the 
influence of the inductive coupling and, at the same time, to 
ensure minimum noise figure of the connected low noise 
preamplifier. Different circuit topologies are analyzed. Their 
performance with regard to bandwidth and noise figure are 
compared. The networks ensure minimum noise figure and 
decoupling level to about 28 dB. The presented analysis would 
be useful for MRI and antenna array designs where element 
coupling presents a practical problem. 

Index Terms—array, magnetic resonance, matching 
networks, imaging, impedance matching, optimal noise 
matching, matching bandwidths, low noise amplifiers. 

I.  INTRODUCTION 
Magnetic resonance imaging (MRI) is a widely accepted 

clinical modality that uses magnetic field sensing to visualize 
the interior of the human body. As in many other sensing 
applications, in MRI, detectors are arranged into arrays. The 
spatial vicinity of the detector coils in the array leads to mutual 
coupling. This results in a crosstalk and change the impedance 
of the detector coils, which complicates the impedance 
matching procedure for such arrays. To diminish the influence 
of neighbor elements on the detector coil impedance, mutual 
inductance can be reduced or compensated, as exemplified by 
[1], [2]. This method would typically impose additional 
restrictions on spatial placement of the elements. Another 
approach is to open circuit the detector coils. In practice, this 
is achieved by loading coils with a network which transforms 
the input impedance of the low noise preamplifier of the 
receiver to a relatively large value – the so called preamplifier 
decoupling [3]. In order to keep the noise contribution of the 
preamplifier to minimum, this network should also transform 
the impedance of the coil to the optimal noise source 
impedance of the implemented low noise preamplifier of the 
MRI scanner. Matching networks that have these 
characteristics are thus adopted in MRI applications [4].  

Inductors, despite being basic components of impedance 
transformation networks, are becoming undesirable 
components in hope for lower loss. This is because inductors 
typically have considerably lower Q-factor compared with 

capacitors. Two kinds of four-component matching and 
decoupling networks have been proposed [5] that contained at 
most two inductors. A more general approach to network 
design is described in [6], where noise matching is followed 
by impedance transformation using section of a transmission 
line realized in the form of a T- or Π-networks. The approach 
would generally require five components, though the network 
could be further reduced to fewer components. Though four-
component matching network can provide additional degrees 
of freedom in the design of the network, in this work we show 
that the same matching and decoupling function can be 
realized using only three components while still providing 
four alternative solutions to the problem. 

To evaluate the viability of this approach, three-
component circuits realized and studied in this paper. First, the 
circuit topologies and design equations are presented. Then, 
the corresponding component values are calculated, and the 
resultant input impedances, noise figure curves and noise 
matching bandwidths are presented. To evaluate feasibility of 
the realization, the ideal components are replaced by realistic 
models of available off-the-shelf components with fixed 
values, and their noise performances and sensitivity are 
evaluated.  

II. MATCHING AND DECOUPLING NETWORK DESIGN 
METHOD 

Three circuit components can be arranged in a T- or in a 
Π-network, as shown in Fig. 1. A detector coil is described by 
an equivalent impedance Zc = Rc + jXc. The input impedance 
of the matching network is denoted as Zin, and the output 
impedance of the matching network is denoted as Zout, and 
their corresponding admittances are Yin = 1 / Zin, and 
Yout = 1 / Zout,, respectively. Typically, that the transistor of the 
preamplifier has a high reflection coefficient, so the network 
will transform its reactive impedance jXa to a large value 
results in Zin = ∞. That the output impedance of the matching 
network equals the optimal noise input impedance of the 
preamplifier results in Zout = Rn, opt + jXn, opt. Since the input 
reflection coefficient of a transistor is typically high, it is 
assumed that the input impedance of the preamplifier is purely 
reactive, i.e., Za = jXa. This assumption is pertinent to many 
cases, and, as it will be also shown in the example here, the 
real part of the input impedance is smaller compared to the 
imaginary part. The operating frequency in the example here 
is set to 32.1 MHz, which corresponds to resonance frequency 
of 13C in a 3T MRI scanner.  
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The conditions of Zin = ∞ and Zout = Rn, opt + jXn, opt lead to 
the following equations for the T-network:  

�
1

j(𝑋𝑋3 + 𝑋𝑋𝑎𝑎)
+ 1

j𝑋𝑋2�

−1
+ j𝑋𝑋1 = ∞

�
1

𝑅𝑅𝑐𝑐 + j𝑋𝑋𝑐𝑐 + j𝑋𝑋1
+ 1

j𝑋𝑋2�

−1
+ j𝑋𝑋3 = 𝑅𝑅𝑛𝑛,opt + j𝑋𝑋𝑛𝑛,opt

(1) 

Likewise, the conditions of Yin = ∞ and 
Yin = Gn, opt + jBn, opt lead to the following equations for the Π-
network:  

�
1

j(𝐵𝐵3 + 𝐵𝐵𝑎𝑎)
+ 1

j𝐵𝐵2�

−1
+ j𝐵𝐵1 = 0

�
1

𝐺𝐺𝑐𝑐 + j𝐵𝐵1 + j𝐵𝐵𝑐𝑐
+ 1

j𝐵𝐵2�

−1
+ j𝐵𝐵3 = 𝐺𝐺𝑛𝑛,opt + j𝐵𝐵𝑛𝑛,opt

(2) 

Equations (1) and (2) are then solved to obtain the required 
reactance or susceptance values, which are converted to 
corresponding component values at 32.1 MHz. Next, the 
component values are put into Advanced Design Systems 
(ADS) for evaluation of noise figures and noise matching 
bandwidths. Finally, in order to have realistic values of the 
noise figures and noise matching bandwidths, the ideal 
components are replaced with models of standard commercial 
components.  

jX1 jX3

jX2

Rc

jXa

Zin = ∞ 
Yin = 0

Zout = Rn, opt + jXn, opt
Yout = Gn, opt + jBn, opt

jXc

jB2 jB3jB1

OR

Coil Matching/decoupling 
network LNA

 
Fig. 1 Equivalent circuit of the coil detector and impedance conditions. 
Decoupling and noise matching are realized with a 3-element network 
connecting the coil to the preamplifier. The T-network and Π-network. Rc, 
Xc, Gc, Bc are real and imaginary parts of coil impedance and admittance. 
Xa and Ba are the reactance or susceptance of the preamplifier, respectively. 
Zin, Zout, Yin, Yout are the input and output impedance or admittance of the 
matching network, respectively.  

 
Fig. 2. Input impedances of matching networks, normalized to the coil 
impedance Zc = 0.1087 + j11.70 Ω. Zin, t is the ideal network, and Zin, r’s 
are the input impedances of realized matching networks.  

 
Fig. 3. Output impedances of matching networks, normalized to 50 Ω. 
Only the output impedances of realized networks are drawn. The output 
impedances of ideal networks are close to Zn, opt.  

 
Fig. 4. Noise figure vs. frequency for four ideal matching circuits.  
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III. COMPARISON OF DIFFERENT NETWORKS 
The input impedance and optimal noise matching 

impedance of the amplifier are extracted from its circuit 
model. The input impedance of the implemented amplifier is 
Za = 108.6 – j862.6 Ω, and the optimal noise matching 
impedance is Zn, opt = 120.08 + j25.81 Ω. The coil impedance 
is measured from a real coil. It has an oval shape and is made 
of copper, as shown in the middle of Fig. 5. The figure is the 
model for 3D electromagnetic simulation. For the outer oval, 
the major axis is 42.54 mm, and the minor axis is 32.09 mm. 

For the inner oval, the major axis is 35.38 mm and the minor 
axis is 26.60 mm. The thickness is 0.69 mm. The coil has a slit 
of approximately 1 mm for excitation. The measured coil 
impedance Zc = 0.1087 + j11.70 Ω at 32.1 MHz under room 
temperature when loaded with a phantom. The component 
values for the matching circuits are first obtained by solving 
(1) and (2). They are listed in TABLE I. M1, M2, M3 
correspond to jX1, jX2, jX3 in Fig. 1 or jB1, jB2, jB3. It can been 
seen that both the T-network and Π-network have two 
solutions, leading to four solutions (networks) in total. The 
input impedances are listed in TABLE II. It should be noted 
that theoretical solution gives infinite input impedance, but 
due to residual real part of the amplifier impedance, the 
resulting input impedance is far from its theoretical value. 
However, it is still much larger than the coil impedance, as can 
also be seen on the Smith chart in Fig. 2. Since input 
impedances are quite close in value, for clarity only the input 
impedance of the network Π1 is drawn in a Smith chart in Fig. 
2, normalized to Zc. The reflection coefficient is calculated by 
Γ = (𝑍𝑍in − 𝑍𝑍𝑐𝑐

∗)/(𝑍𝑍in + 𝑍𝑍𝑐𝑐) , where 𝑍𝑍𝑐𝑐
∗  means the complex 

conjugate of 𝑍𝑍𝑐𝑐 . 
The output impedances of matching networks are close to 

Zn, opt. The minimal noise figure, 0.10 dB, is reached right at 
32.1 MHz. The 3-dB noise bandwidths of four matching 
networks are listed in TABLE II and noise figure curves are 
plotted in Fig. 4.  

To evaluate influence of the component loss on the noise 
figure of the circuit, the ideal components are replaced with 
models of available off-the-shelf components. The inductor 
models used are mostly Coilcraft 1008CS. The capacitor 
models used are Passive Plus Inc. 1111P. Since inductors tend 
to have far lower Q’s than capacitors, combination of 
inductors is avoided, while combination of capacitors is used 
to approach the theoretical values. The component values and 
corresponding quality factors are listed in TABLE III. The 
minimum noise figures, input and output impedances of the 
matching network are calculated again, and are listed in 
TABLE IV. The input impedances are drawn in Fig. 2, and the 
output impedances of the matching networks drawn in Fig. 3. 
They are normalized the same way as described in the 
preceding paragraph. As can be seen, their decoupling levels 
decrease to different extents, and the output impedances more 
or less deviate. The major cause is component loss.  

IV. DISCUSSION 
The first observation is that the input impedances of all 

ideal matching networks and realized matching networks are 
hardly large by conventional standards. This is because the 
input impedance of the preamplifier is assumed purely 
reactive in (1) and (2), i.e., Za = jXa, or Ya = jBa, but the 
simulated input impedance of the preamplifier has 
Za = 108.6 – j862.6 Ω, and it is the real part that has changed 
the Zin. Nonetheless, these values are large enough to cause 
high reflection at the input. To prove this, and to estimate the 
level of decoupling, a simulation setup is used, shown in Fig. 
5. Two loop coils are put close to each other, and the distance 
between their centres are 14.59 mm. The coil is put 20 mm 

TABLE I.  COMPONENT REACTANCES OR SUSCEPTANCES, AND 
COMPONENT VALUES FOR IDEAL NETWORKS. 

 T1 T2 Π1 Π2 
X1 or B1 -36.4 Ω 14.5 Ω 83.0 mS 88.0 mS 
X2 or B2 25.4 Ω -25.4 Ω 2.52 mS -2.52 mS 
X3 or B3 811 Ω 862 Ω -1.88 mS 3.16 mS 

M1 136 pF 71.8 nH 411 pF 436 pF 
M2 126 nH 195 pF 12.5 pF 1.97 µH 
M3 4.15 µH 4.40 µH 1.38 µH 7.21 pF 

 

TABLE II.  NOISE BANDWIDTHS, INPUT IMPEDANCES, AND 
DECOUPLING FOR IDEAL NETWORKS. 

 T1 T2 Π1 Π2 
NFBW (MHz) 1.36 1.50 2.77 2.70 

Re(Zin) (Ω) 5.96 5.96 6.05 6.05 
Im(Zin) (Ω) -10.9 -10.9 -11.7 -11.7 

 

TABLE III.  REALIZED COMPONENTS VALUES AND Q’S AT 
32.1 MHZ. 

 T1 T2 
Values Q Values Q 

M1 
75 pF 
62 pF 

1.0 × 104 
1.0 × 104 68 nH 19 

M2 120 nH 20 180 pF 
15 pF 

1.0 × 103 
1.0 × 104 

M3 3.9 µH 70 4.7 µH 61 
 Π1 Π2 

Values Q Values Q 

M1 
330 pF 
82 pF 

1.0 × 103 
1.0 × 103 

220 pF 
220 pF 

1.0 × 103 
1.0 × 103 

M2 12 pF 1.0 × 104 1.8 µH 66 
M3 1.5 µH 63 7.5 pF 1.0 × 104 

 

TABLE IV.  MINIMUM NOISE FIGURES, INPUT AND OUTPUT 
IMPEDANCES FOR REALIZED NETWORKS. 

 T1 T2 Π1 Π2 
NFmin (dB) 11.4 8.7 0.57 0.72 
Re(Zin) (Ω) 5.72 3.79 1.50 3.50 
Im(Zin) (Ω) -11.8 -14.2 -13.7 -9.05 
Re(Zout) (Ω) 373 956 143 106 
Im(Zout) (Ω) 982 964 31.0 87.3 

 

TABLE V.  MINIMUM ESTIMATED DECOUPLING LEVELS OF ALL 
NETWORKS.  

 T1 T2 Π1 Π2 
Ideal (dB) 28.5 28.5 28.5 28.5 

Realized (dB) 28.0 25.3 17.1 26.7 
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right below the loops. The coil is first loaded with the complex 
conjugate of its impedance at 32.1 MHz, and the result is 
marked as |Smatch|. It is then loaded with input impedance of a 
matching network at 32.1 MHz, and the result is marked as 
|Smismatch|. The difference of the amplitude of transmission 
coefficient for matched and mismatched cases is then taken as 
the decoupling level, as shown in Fig. 6, where the ideal 
network Π1 is used as an example. The amplitude of 
transmission is -30.4 dB for the power-matched case, 
and -57.1 dB for the decoupled case. The decoupling is then 
26.7 dB and therefore proves that the impedance is enough to 
cause high reflection at the input. For all other networks, the 
decoupling levels are listed in TABLE V.  

It can be seen from Fig. 4 that all four matching networks 
can match the coil to the optimal noise matching impedance 
of the preamplifier at 32.1 MHz. However, using lossy 
components, T-networks have far worse noise figures than Π-
networks. As illustrated in Fig. 4, the two Π-networks have 
nearly double as wide bandwidths as the T-networks. This 
makes them more resistant to variations in component values 
and accompanying losses of actual components. On the other 
hand, for this particular set of solution, the inductors that the 
T-networks use carry large resistances. It can be calculated 
that the 3.9-µH inductor, despite having Q of 70, has a 
resistance of 11.3 Ω, and the 4.7-µH inductor has a resistance 
of 15.5 Ω. These accompanying resistances are comparable to 
either |X1| or |X2|. In contrast, the 1.5-µH and 1.8-µH inductors 
that Π-networks use carry resistances of 4.82 Ω and 5.48 Ω. 
In equivalent parallel circuits, their equivalent conductances 
are 52.7 µS and 41.6 µS, respectively, within 3% of the 
minimum value amongst |B1|, |B2| and |B3|. Interestingly, 
contrary to common intuition, network T2, despite employing 
two inductors and having a higher loss, has a performance a 
little better than T1’s.  

Finally, another consideration that affects the choice of T-
network or Π-network structures is active switching networks. 
It is already seen that the input impedances are not too high by 
conventional standards. Therefore, to increase further the 
input impedance of the matching network, active switching 
circuits are often added, as is shown in Fig. 7. Take Fig. 7(a) 
here as an example, a capacitor Cp is added in parallel with 
inductor L1, so that when the diode D1 is switched on, Cp and 
L1 resonate, forming a high input impedance at the input of 
the matching circuit. Apparently, for the T-network, only one 
diode is required, whereas for the Π-network two diodes are 
required. It is then expected that the T-network is more 
compact than the Π-network. Therefore, a priority of 
compactness would result in a preference for the T-network 
over the Π-network, if the T-network could provide a 
satisfactory noise figure.  

V. CONCLUSION 
A T-network and a Π-network are proposed to provide 

high input mismatching and optimal noise matching at the coil 
interface. Equations relating these conditions with the values 
of the circuit elements are given. The circuits are designed 
implementing models of available off-the-shelf components. 
The minimum noise figures, input impedances and output 
impedances for both ideal networks and realizable networks 
are simulated. The input impedances of matching networks 
are a high value if the preamplifier that follows has a purely 
reactive input impedance, and 6.1 – j10.9 Ω for a real 
preamplifier. The outputs are matched to the optimal noise 
matching impedance of the amplifier. A difference of noise 
matching performances between ideal networks and realistic 
networks is observed. It is shown that the T-networks have 
half the 3-dB noise bandwidths of Π-networks, and their noise 
figures can rise to more than 8.67 dB if parasitic resistances 
are taken into consideration, whereas the noise figures of Π-
networks can be kept below 0.75 dB. It is also observed that 
having fewer inductors, although indicating less loss in most 

 
Fig. 5. Simulation setup. The red spots are ports.  

 
Fig. 6 Amplitudes of transmission coefficients for matched case and 
mismatched case.  
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Fig. 7. Active switching circuits for (a)T-network and (b)Π-network.  
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cases, does not necessarily imply less noise. Finally, 
compactness is evaluated as a factor that affects the choice 
between T-networks and Π-networks. Overall, the Π-
networks are more attractive for practical implementations 
than T-networks due to better noise performance while still 
preserving good decoupling levels.  

ACKNOWLEDGMENT 
This work was supported in part by the Danish National 

Research Foundation under grant DNRF 124.  

REFERENCES 
[1] M. A. Ohliger, R. L. Greenman, R. Giaquinto, C. A. McKenzie, G. 
Wiggins, and D. K. Sodickson, “Concentric coil arrays for parallel MRI,” 
Magn. Reson. Med., vol. 54, no. 5, pp. 1248–1260, Nov. 2005. 
[2] X. Zhang and A. Webb, “Design of a capacitively decoupled 
transmit/receive NMR phased array for high field microscopy at 14.1 T,” J. 
Magn. Reson., vol. 170, no. 1, pp. 149–155, Sep. 2004. 
[3] P. B. Roemer, W. A. Edelstein, C. E. Hayes, S. P. Souza, and O. M. 
Mueller, “The NMR phased array,” Magn. Reson. Med., vol. 16, no. 2, pp. 
192–225, Nov. 1990. 
[4] A. Reykowski, “Receiver systems,” Educ. Sess. ISMRM, 2006. 
[5] A. Reykowski, S. M. Wright, and J. R. Porter, “Design of Matching 
Networks for Low Noise Preamplifiers,” Magn. Reson. Med., vol. 33, no. 6, 
pp. 848–852, 1995. 
[6] D. H. Johansen, J. D. Sanchez-Heredia, V. Zhurbenko, and J. H. 
Ardenkjær-Larsen, “Association and Dissociation of Optimal Noise and 
Input Impedance for Low-Noise Amplifiers,” IEEE Trans. Microw. Theory 
Tech., vol. 66, no. 12, pp. 5290–5299, Dec. 2018. 
 
 

Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on October 30,2020 at 16:53:49 UTC from IEEE Xplore.  Restrictions apply. 



PAPER VI
A cryogenic fourteen-channel 13C receiver

array for 3 T human head imaging

Wenjun Wang∗, Juan Diego Sánchez-Heredia†, Rie Beck Olin†, Esben Søvsø Szocska
Hansen‡, Christoffer Laustsen‡, Vitaliy Zhurbenko∗, Jan Henrik Ardenkjær-Larsen†

Submitted to Magnetic Resonance in Medicine on 18 July 2022.

Abstract
Purpose: This article presents a novel fourteen-channel receive-only array for 13C human

head imaging at 3 T that aims for high SNR by operating at cryogenic temperature cooled by
liquid nitrogen.

Methods: Cryostats are developed to evaluate single-coil bench SNR performance and cool
the fourteen-channel array with liquid nitrogen while having enough thermal insulation be-
tween the coils and the sample.

The temperature distribution for the coil array is measured. Circuits are adapted to the
-189°C environment and implemented in the fourteen-channel array. 13C images are acquired
with the array at cryogenic and room temperature in a 3 T scanner.

Results: Compared to room temperature, the array at cryogenic temperature provides 27%–
168% SNR improvement over all voxels and 47% SNR improvement near the image centre.
The measurements show a decrease of the element noise correlation at cryogenic temperature.

Conclusion: It is demonstrated that higher SNR can be achieved by cryogenically cool-
ing the fourteen-channel array. A cryogenic array suitable for clinical imaging can be further
developed on the array proposed.

Index terms—MRI array, cryogenic coil, carbon imaging, head coil

1 Introduction
In magnetic resonance imaging (MRI), high signal-to-noise ratio (SNR) is required for

high-quality images. For 13C imaging, the demand for high SNR is more peremptory than
for 1H imaging, as the signal of 13C is severely limited by the 1.1% natural abundance and
low gyromagnetic ratio1 (𝛾 [13C] ≈ 0.25𝛾 [1H]). On one hand, the MR signal of 13C can
be substantially increased by hyperpolarization2; on the other hand, coils can be carefully de-
signed to decrease noise and increase reception sensitivity. Since the major source of noise
in MRI is thermal noise, whose root-mean-square voltage is proportional to the square root of
∗National Space Institute, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
†Department of Health Technology, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
‡MR Research Centre, Department of Clinical Medicine, Aarhus University, 8200 Aarhus N, Denmark
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the temperature and the square root of the equivalent resistance3, a way to achieve higher SNR
is to reduce noise on receiving coils by cooling coils to cryogenic temperature. This approach
is useful when the noise from the coils dominates over noise from the imaged object4. For
coils of intermediate to small physical size, at the resonance frequency 32.13 MHz (Larmor
frequency of 13C at 3 T) and room temperature, the thermal noise of the coils dominates over
the sample noise4,5. Therefore, cryogenic coils may be particularly suitable for a 13C receive
coil array for 3 T human brain imaging.

The development of cryogenic coils began in 1980s6. Most cryogenic coils up to present are
built for 1H high-field spectroscopy6, imaging for small objects7, and 1H imaging at low field
such as 0.17 T8 and 0.21 T9. Apart from 1H, cryogenic coils for 19F imaging at 9.4 T10 and 13C
imaging at 3 T11 in rodents have also been developed. Despite different resonant frequencies,
in all these situations, the noise from the coils dominates over noise from the sample. For 1H
imaging, the SNR improvement typically ranges from 0.7-fold12 to 3.0-fold13; an impressive
8.8-fold improvement has also been reported14. For 13Cmouse imaging, an SNR improvement
of near 1-fold is reported11. Human in-vivo imaging by cryogenic coils is mostly confined to
skin5,15 and fingers16 at 1.5 T. In-vivo imaging of the hand17, the wrist18, the brain19 and the
knee19,20 by cryogenic coils have been performed at low field strength below 0.21 T.

Phased arrays21 are nowadays widely used for signal reception because of their ability to
reduce sample noise and yield high SNR on surfaces and deeper inside objects22 and to enable
image acceleration through parallel imaging23. Phased arrays have been developed for imaging
1H24 and non-proton nuclei25 like 13C26 and 31P27. However, experiments with cryogenic coil
arrays are sparse. For 1H imaging, two-28,29 and four-channel30 cryogenic arrays have been
reported with SNR improvement from 1.0-fold28,30 to 1.4-fold29. The two-channel cryogenic
array by Kwok et al is used to image a human hand29. To the authors’ best knowledge, no
cryogenic array for 13C imaging has been reported so far. Exploring the MR performance of a
cryogenic coil array for 13C imaging is, therefore, of particular interest. A cryogenic coil array
for clinical 13C imaging will be worthwhile if substantial SNR improvement can be found on
a prototype array.

In this article, a prototype fourteen-channel cryogenic coil array for 13C head imaging at
3 T is described. Two cryostats are developed for evaluating single coils and carrying the
fourteen-channel array. The electronic circuits are adapted to cryogenic temperature. Images
are acquired with the array and a human-sized head phantom with both the array at room
temperature and cooled by liquid nitrogen.

2 Methods

2.1 Cryostats
Two cryostats are designed, one for evaluating the performance of a single element of the

array, and the other for imaging using the fourteen-channel array. The cryostats are built to
cool electronic components without damage, maintain low temperature for sufficiently long
time, and thermally insulate the coils. Both cryostats are radio frequency transparent, use
nonmagnetic materials, and are compatible with 3 T MRI.
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Figure 1. (a) Cryostat #1, a Styrofoam box of 213mm×255mm×125mm size. (b) Cryostat #2 assembly
which consists of a liquid nitrogen tank, a tube connector, and cryostat 2E. The copper-clad small boxes
with two ‘eyes’ each are cable traps. Coils mounted inside cryostat 2E are labelled 1–14 as marked.
(c) The alumina piece on which coils are mounted inside cryostat 1. (d) The inside of the cryostat 2E.
Copper rings are fixed by zirconia (ZrO2) screws and nuts on an alumina ring. 5–8 are coil numbers. (e)
Cryostat 2E. Liquid nitrogen flows through nitrogen inlet and exhausts through nitrogen outlet. Holes
are drilled on Lid 2 to let wires and cables pass through. A head is drawn as a ball for simplicity of
graph drawing.
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Figure 2. (a) Coil dimensions. The four holes on the ring are for fixing coil on an alumina ring in
cryostat 2E shown in Figure 1(b), (d). (b) The schematic of the cable trap. L1 is formed by a coaxial
cable. The inset is a photograph of a cable trap with encasement. (c) The biasing and matching circuit
for preamplifier WMA32C. C1–C6 and L1–L2 comprise the matching circuit. D2, L6, C11, and D3, L7
comprise the active decoupling circuit.
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2.1.1 Cryostat #1 for benchtop measurements

Cryostat #1 for evaluating single coils is an oblong Styrofoam box of size 213mm× 255mm
× 125 mm as shown in Figure 1(a). The full volume inside is 1.6 L. The lid is 15.5 mm
thick. Two 100 mm × 50 mm × 8 mm alumina (Al2O3) slabs and one alumina post of 30 mm
diameter and 60 mm height are glued by Loctite® STYCAST 2850FT (Henkel AG & Co.
KGaA, Düsseldorf, Germany) to form an alumina cooling piece shown in Figure 1(c).

During experiments, a coil is first mounted onto the ceramic piece, which is later attached
by nylon screws and nuts onto the cryostat, as shown in Figure 1(a). Then, the cryostat is filled
with liquid nitrogen. Next, the lid closes the cryostat. The temperature of the upper slab of
the alumina piece in cryostat #1 is measured by Pt100 sensors and recorded by a model 218
temperature monitor (Lake Shore Cryotronics Inc., Westerville, OH, USA). Cryogenic thermal
contact grease (M&I Materials Ltd., Manchester, UK) is applied on Pt100 sensors to ensure
good thermal contact.

2.1.2 Cryostat #2 for imaging with a fourteen-channel array

Cryostat #2 for carrying the fourteen-channel array consists of a liquid nitrogen tank, a
cryostat 2E, and a tube connector, as shown in Figure 1(b). Outer surfaces of all parts of
the cryostat are clad by ArmaFlex Ultima (Armacell, Mamer, Luxembourg) for good thermal
insulation. The liquid nitrogen tank is a hollow cylinder of glass fibre that opens on the top
with outer diameter 305 mm, inner diameter 200 mm, height 300 mm, and full volume 9.4 L.
The tube connector is PB-8 (Swagelok Company, Solon, Ohio, USA). More adaptors from
Swagelok are used for joining the tube with the liquid nitrogen tank and cryostat 2E. These
adaptors are made of stainless steels of little magnetism. The complete assembly of the cryostat
in Figure 1(e) consists of the following parts:
• two lids of glass fibre, of which lid 2 has holes drilled on to let cables and wires through;
• an outer protection of glass fibre for protection with outer diameter 365 mm, thickness

2.0 mm, length 300 mm;
• a cryostat core of glass fibre for holding liquid nitrogen with outer diameter 328 mm, inner

diameter 280 mm, length 210 mm;
• a head support of glass fibre for placing a head with outer diameter 243 mm, thickness

2.0 mm, length 300 mm;
• an alumina ring for coil cooling with outer diameter 280 mm, thickness 4.5 mm, length

80 mm, mounted between the inner part and the cryostat core;
• an Aerogel insulation part made of two layers of 6 mm Thermal Wrap™ Aerogel blanket

(Cabot Corp., Boston, MA, USA).
There are 15 pairs of through-holes on the alumina ring in Figure 1(d), (e) for ISO M3

countersunk zirconia (ZrO2) screws for fixing the copper coils. The holes in a pair are separated
by 50.5 mm centre-to-centre distance. Each pair is separated by 56.8 mm centre-to-centre
distance, in line with the coil dimensions shown in Figure 2(a). The coil loops are labelled
1–14 clockwise from the top of cryostat, as shown in Figure 1(b). When the coil loops are
installed, layers of electrical insulator are inserted between overlapping loops.
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For use, the liquid nitrogen tank of cryostat #2 is filled full. After the liquid nitrogen drops
to half, the liquid nitrogen tank is filled full again, and not replenished afterwards. The tem-
perature of the coil loops in cryostat #2 is also measured by Pt100 sensors and recorded by
the model 218 temperature monitor. To keep the temperature of the head above 0°C during
imaging, one more layer of 3 mm Aerogel blanket is padded on cryostat 2E. This makes the
coil-to-head separation 18 mm.

For simplicity of nomenclature, the term cryostat #2 refers to the whole setup in Figure 1(b)
or Cryostat 2E shown by Figure 1(e) hereafter depending on the context.

2.2 13C coils
All coils are copper loops of outer diameter 82.0 mm, inner diameter 70.0 mm, thickness

0.45 mm31. Four holes of diameter 3 mm separated by 50.5 mm×56.8 mm are drilled on coils
for mechanical fixing. The coil inductance is 147.5 nH at 32.13 MHz. The coils are matched
to a WMA32C (WanTCom Inc., Chanhassen, MN, USA) preamplifier. The matching circuit
is designed as proposed by Reykowski et al.32 and Roemer et al.21 For better decoupling, the
coils are matched to 180 Ω at cryogenic temperature rather than the typical 50 Ω textsuper-
script33,34. Matching coils to 180 Ω at room temperature gives 1.16 dB room-temperature
preamplifier noise figure, 0.48 dB higher than the minimum noise figure. For good noise per-
formance, the matching circuit is built by low-loss, high-Q PPI 1111C capacitors (Passive Plus
Inc., Huntington, NY, USA) and Coilcraft Midi inductors (Coilcraft Inc., Cary, IL, USA). A
PIN diode pair MML4401-GM3 (Microsemi, Aliso Viejo, CA, USA) is installed in front of
the preamplifier for extra protection during transmission phase. The output of the preamplifier
is connected to a 50 Ω coaxial cable. To suppress common-mode current on outer shields of
cables22,35, for each cable output, a doubly tuned cable trap is constructed36, and shielded by
copper-painted polymer boxes 3D printed on a Prusa i3 MK3S+ (Prusa Research a.s., Prague,
Czechia).

The bench SNRs of the coils are measured by enclosing a coil and a small transmit loop in a
CMW-Z10 shielded box (Rohde & Schwarz GmbH&Co. KG, Munich, Germany). The coil is
loaded by a phantom of saltwater emulating a human head31. Signal is excited by an SMC100A
signal generator (Rohde & Schwarz) and received by an E4440A spectrum analyser (Keysight
Technologies, Santa Rosa, CA, USA). Coil Q and preamplifier decoupling are measured by
a double-loop probe connected to a ZNL3 vector network analyser (Rohde & Schwarz)21,32.
The matching network is adjusted so that the SNR peak and the local decoupling extremum are
located at 32.13 MHz at cryogenic temperature.

The DC current of the WMA32C amplifier drops after cooling. The lowest DC current
observed is 3.9 mA, at which WMA32C malfunctions, as shown by Supporting Information
Figure S1. To solve the problem, circuits of WMA32C amplifiers on channels 5–10 (refer to
Figure 3(b)) are modified to increase the cryogenic DC current to 9–10 mA.

2.3 Image acquisition
The fourteen-channel array is tested by a human-head sized phantom. A head-shaped

Specific Anthropomorphic Mannequin phantom (IXB-030, IndexSAR, Horsham, UK) with
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300 mm top-to-bottom height, 225 mm maximum outer perimeter, as shown in Figure 4(c),
is used. The phantom is filled with 99.8% ethylene glycol solution of natural abundance 13C
(Sigma Aldrich, St. Louis, MO, USA) and 17 g/L NaCl for tissue loss emulation. The concen-
tration of NaCl is chosen to match tissue conductivity at 32 MHz of 0.66 S/m37. The phantom
is scanned using a clinical 3 T MR scanner (MR750, GE Healthcare, Waukesha, WI, USA).
The cryogenic array mounted in cryostat #2 described in Section 2.1.2 is used for signal recep-
tion. A clamshell 13C transmit coil (RAPID Biomedical GmbH, Rimpar, Germany) is used for
transmission. The experimental setup is shown in Figure 4(d).

A quality assurance (QA) protocol described by Olin et al37 is used to estimate array SNR.
Signal is acquired with a non-refocused chemical shift imaging (CSI) sequence with centre
frequency at ethylene glycol central peak resonance. The sequence is scanned in the axial
plane with field-of-view 360 mm×360 mm, slice thickness 20 mm, matrix size 24×24. The
nominal spatial resolution is 15 mm×15 mm×20 mm. Other sequence parameters are: soft
pulse excitation, nominal flip angle 70°, TR 1000 ms, spectral bandwidth 5000 Hz, FID points
1024. The total scan time is 9 min 36 s. The sequence is run with echo time 3.06 ms. A
separate noise acquisition follows with TR 1000 ms, spectral bandwidth 5000 Hz, FID points
1024, flip angle 0°. The noise equivalent bandwidth factor is 0.845.37

Images are first acquired at room temperature. Afterwards, liquid N2 is poured into cryostat
#2 as described in Section 2.1.2. Image acquisition begins 40 min after cooling to ensure
coils have reached their nominal temperature. A geometry factor map, or g-factor map, is
derived from the dataset of the CSI sequence. 𝑘-space is under-sampled retrospectively with
acceleration rates of 2 and 3 in the right-left direction. 1/𝑔maps are constructed by the SENSE
method23 and can be interpreted as maps of SNR reduction due to parallel imaging. Noise
covariance matrices are calculated from the dataset of noise-only acquisition and converted to
noise correlation matrices.

3 Results

3.1 Cryostat temperature profiles
The curves of temperature vs time for cryostats #1 and #2 are shown in Figure 3(a). At time

0 min, liquid nitrogen is poured, and cooling begins. The alumina piece of cryostat #1 reaches -
189°C in approx. 6.5min and lasts approx. 1 h 10minwithout replenishment of liquid nitrogen.
For cryostat #2, after 30 min of cooling, the temperature of coil loop 8 reaches -170°C and the
temperature of coil loop 1 reaches -104°C. If liquid nitrogen is not replenished, the temperature
of coil 1 keeps below -100°C for approx. 1 h 10 min. Benchtop SNR characterisation takes
approx. 5 min, so cryostat #1 suffices for that. Imaging takes approx. 10 min, and Cryostat #2
suffices as well.

The steady-state temperature of coil loops on cryostat #2 is drawn in Figure 3(b). The
temperature profile is symmetric about the vertical line, indicating reliable thermal contact
between the alumina ring and the cryostat core (refer to Figure 1(e)). The lowest temperature
-172.8°C is found on loop 8. The highest temperature -125.1°C is found on coil 14. The
temperature difference is 47.7°C. The lowest temperature of the contact point between the
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Figure 3. (a) Temperature of cryostat #1, and coil 1, coil 8 of cryostat 2 vs time. Cryostat #1 needs
6.5 minutes to cool and sustains temperature for approximately 1 h 10 min. Cryostat #2 needs 30 min
to cool and remains useable for approximately 1 h 10 min if no liquid nitrogen is replenished. (b) The
steady-state temperature distribution of coils in cryostat #2 if liquid nitrogen is not replenished. Coils
1, 14 stand on the top of cryostat #2. Coils 7, 8 lie at the bottom. The lowest temperature -172.8°C is
found on coil 8. The highest temperature -125.1°C is found on coil 14.

phantom and cryostat 2 is above 0°C throughout the experiment when no warm air is blown
toward the sample.

3.2 Coil Q and benchtop output SNR
The Q values of a single coil and coil 7 inside the fourteen-channel array is shown in Table

1. When measuring Q, a coil is connected to its matching network, but the preamplifier is
disconnected. In the absence of a phantom, the Q values of a single coil are 330 and 687 at

Coil Q, single Coil Q, in array

Cryogenic Loaded 274 —
Unloaded 687 223

Room Loaded 208 —
Unloaded 330 162

Table 1. Q of a single coil, Q of coil 7 in the fourteen-channel array. Coil Q is measured when a coil
is connected to its matching network without preamplifier connected. For a single coil, ‘cryogenic’
refers to -189°C. For coil 7 in the fourteen-channel array, ‘cryogenic’ refers to -172°C. ‘Loaded’ means
phantom is present. ‘Unloaded’ means phantom is not present.
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room and cryogenic temperature, respectively; after the coil is placed in an array, with other
array elements preamplifier-decoupled, the values drop to 162 and 223 respectively. In the
presence of a phantom, the Q values of a single coil are 208 and 274 at room and cryogenic
temperature, respectively. In the presence of a phantom, the bench cryogenic SNR is measured
to be 1.35× the room-temperature SNR. The measured SNR as a function of frequency for a
single coil at cryogenic temperature and room temperature for the range 32.13 ± 0.50 MHz is
shown in Figure 6(f) with the room-temperature SNR at 32.13 MHz normalized to 100. The
maximum SNR of a room-temperature single coil is 108 at 32.13 − 0.14 MHz. The maximum
SNR of a cryogenic single coil is 136 at 32.13 MHz. The maximum cryogenic SNR is 1.26×
the maximal room-temperature SNR.

3.3 Image SNR and g-factor
The noise correlationmatrices of the fourteen-channel array at cryogenic and room tempera-

tures are shown in Figure 4(a), (b) respectively. At cryogenic temperature, the average of the ab-
solute values of the off-diagonal elements is ∣𝜌∣ = 0.118; ranging between 0.004 ≤ ∣𝜌∣ ≤ 0.289.
At room temperature, ∣𝜌∣ = 0.147, 0.006 ≤ ∣𝜌∣ ≤ 0.424 for the off-diagonal elements. The
correlation data are also listed Table 2. Both the maximum and average off-diagonal noise cor-
relation decrease at cryogenic temperature. SNR maps of the individual channels at cryogenic
and room temperature are shown in Figure 5. SNR increases at cryogenic temperature for all
channels.

SNR Noise correlation

Max. Central Avg. Max. Avg. Min.

Cryognenic 276 47.4 86.3 0.289 0.118 0.004
Room 128 32.2 50.1 0.424 0.147 0.006
Ref37 252 40 — 0.218 0.053 0.003

Table 2. First three columns: maximum, central, and average (‘Avg.’) SNR of the 14-channel array
at cryogenic (‘Cryogenic’) and room temperature (‘Room’), and the 14-channel array in Olin et al.37
(‘Ref.’). Second three columns: maximum, average, andminimumoff-diagonal noise correlation. Noise
correlation of ‘Ref.’ is extracted from Figure 6 of Olin et al.37

SNR Cr/Rm Benchtop, single coil Image

ROI 1 ROI 2 ROI 3

Min.
1.35

1.27 1.27 2.05
Avg. 1.39 1.47 2.33
Max. 1.60 1.65 2.68

Table 3. Ratio of cryogenic SNR to room-temperature SNR, denoted by SNR Cr/Rm, including bench-
top SNR of a single coil, image SNR in ROI 1, 2, 3 in Figure 6(c). The benchtop SNR ratio has a single
value 1.35. ‘Min.’ means minimum, ‘Avg.’ means average, and ‘Max.’ means maximum.
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Figure 4. The noise correlation of the fourteen-channel array at (a) cryogenic and (b) room temperature.
The head-shaped phantom is shown in (c). The experiment setup is shown in (d). At cryogenic temper-
ature, the average absolute values of the off-diagonal elements of the correlation matrix is ∣𝜌∣ = 0.118,
ranging between 0.004 ≤ ∣𝜌∣ ≤ 0.289. At room temperature, ∣𝜌∣ = 0.147, 0.006 ≤ ∣𝜌∣ ≤ 0.424. These
correlation values are also listed in Table 2.

The SNRmaps for the combined images from the array at cryogenic and room temperature
are shown in Figure 6(a) and (b) respectively. The fourteen-channel array at cryogenic tempera-
ture yields higher SNR than at room temperature. At cryogenic temperature, max SNR = 276,
central SNR = 47.4 , average SNR = 86.3 . At room temperature, max SNR = 128 , central
SNR = 32.2 , average SNR = 50.1 . The SNR data are also listed in Table 2. The map of
SNR gain calculated by the array SNR at cryogenic temperature divided by the SNR at room
temperature is shown in Figure 6(c). The SNR profiles along the centremost 4 lines in anterior-
posterior (A-P) and right-left (R-L) directions are shown in Figure 6(d) and (e) respectively,
along with the SNR gain at cryogenic temperature over room temperature.

The highest SNR gain is 2.68× on voxel A-P -37.5 mm, R-L 97.5 mm. The lowest SNR
gain is 1.27× on voxel A-P 7.5 mm, R-L -22.5 mm. SNR gain of centremost 16 voxels ranges
between 1.27× and 1.56×, with an average of 1.41×. The average SNR gain of all voxels in
Figure 6(c) is 1.64×. The average SNR gain on the top, at the centre and at the bottom as delin-
eated by regions of interest (ROI) 1, 2, 3 in Figure 6(c) are 1.39×, 1.47×, 2.33×, respectively,
as also shown in Table 3.

1/𝑔 maps of the fourteen-channel array operating at cryogenic and room temperature with
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Figure 5. Individual coil SNR profiles of the array (a) at cryogenic temperature and (b) at room temper-
ature. The signal has an arbitrary unit. Numbers 1–14 on the upper right corner of each picture mark
coil numbers that correspond to Figure 3(b). SNR increases at cryogenic temperature for all channels.

2× acceleration in the R-L direction are shown in Figure 7(a), (b), respectively. 1/𝑔 maps
at cryogenic and room temperature with 3× acceleration in the R-L direction are shown in
Figure 7(c), (d), respectively. The average and minimum 1/𝑔 values are shown in Figure 7.
The fourteen-channel coil at cryogenic temperature has similar average 1/𝑔 values compared
to at room temperature, but lower minimum 1/𝑔 corresponding to a greater parallel imaging
SNR reduction.

4 Discussion

4.1 Temperature of cryostat #2
As described in Section 2.1.2, liquid nitrogen is not replenished after some point, which

results in the 47.7°C temperature difference between the coils on the top (coils 1, 14) and at
the bottom (coils 7, 8). As the liquid nitrogen level drops, the coils on the top gradually loses
thermal contact with liquid nitrogen. While alumina still transfers heat between the bottom and
the top, thermal dissipation eventually causes the temperature on the top to rise. To thoroughly
cool the coils, devices that automatically replenish liquid nitrogen could be installed on cryostat
#2.

Using the coil Q values in Table 1, it can be estimated that the sample contributes 59.1 mΩ
resistance to the coil; the loop contributes 43.3 mΩ at -189°C, and contributes 90.2 mΩ at
room temperature 22°C. Since copper resistivity is linear with temperature down to -243.1°C
(30 K)38, it can be estimated that, below -100°C, the loop to contribute less than 51.6% the
total coil resistance. In the experiment, the lowest temperature on coil 14 is -125.1°C, and
images are acquired around the time when the temperature on coil 14 is near its minimum. In
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Figure 6. (a) The SNR map of the cryogenic coil array after coil combination. (b) The SNR map of
the coil array at room temperature. (c) The map of SNR gain, calculated by the array SNR at cryogenic
temperature divided by the array SNR at room temperature. The statistical data of regions of interest
(ROI) 1, 2, 3 that correspond to top, central and bottom areas are shown in Table 3. (d) The SNR profile
of the centremost 4 columns of the image in anterior-posterior direction (A-P). (e) The SNR profile of
the centremost 4 rows of the image in right-left direction (R-L). SNR follows axes on the left. SNR
gain follows axes on the right. Shaded stripes depict the corresponding ranges of SNR and SNR gain.
Solid lines delineate the average SNR or SNR gain. The maximum, central and average SNR values
are listed in Table 2. The highest, lowest, central, average SNR gain at cryogenic temperature over
room temperature are 2.68×, 1.27×, 1.47×, 1.64×, respectively. (f) The benchtop SNR of a single coil
at cryogenic and room temperature vs frequency. The abscissa is 𝑓 − 32.13 MHz. The benchtop room-
temperature SNR at 32.13 MHz is set 100.

this case, the loop contributes less than 49.3% the total coil resistance. Therefore, the imaging
acquisition setup at cryogenic temperature ensures that loop noise does not dominate.

The thermal insulation between the coils and the sample only guarantees temperature on
the head to be above 0°C. Even though cryostat #2 is designed for human head imaging, tem-
perature of 0°C is too cold for human use. A possible solution to increase the temperature
is blowing warm air to cryostat #2. The temperature can also be increased by thicker insula-
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Figure 7. Retrospective SENSE 1/𝑔 factor maps of the coil array (a) at cryogenic temperature with
acceleration rate 2, (b) at room temperature with acceleration rate 2, (c) at cryogenic temperature with
acceleration rate 3, (d) at room temperature with acceleration rate 3. Acceleration occurs in the R-L
direction. ‘Min.’ means minimum 1/g factor. ‘Avg.’ means average 1/𝑔 factor.

tion, but the SNR will further decrease especially near the surface of a head. Higher thermal
insulation with thinner layers will likely involve evacuation39, which implies a more complex
mechanical design.

4.2 SNR and noise correlation
The SNR gain of central voxels in the A-P direction distributes less evenly than the SNR

gain of central voxels in the R-L direction. There are three reasons for this: the phantom is not
a cylinder, so the bottom of phantom is much closer to coils, improving the peripheral SNR at
the bottom; the temperature of cryogenic coils at the bottom is 48°C lower than coils on the
top, further increasing the SNR at the bottom of the phantom; there is no coil on the very top
of cryostat #2, as Supporting Information Figure S2 shows, which yields insufficient SNR on
the top of the phantom. Despite the unevenness of the temperature, the higher SNR and the
decreased noise correlation of the cryogenic array demonstrates its good performance.

From Figure 6(f), it can be concluded that the improvement of image SNR at cryogenic
temperature over SNR at room temperature is not caused solely by drift of SNR peak after
cooling. To account for the drift of the SNRmaximum, the SNR improvement can be corrected
by a factor of 1/1.076, which yields image SNR gain ranging from to 1.18× to 2.49× with an
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average of 1.52×. Therefore, there is ‘authentic’ SNR gain on all voxels in the images.
The noise correlation of the array at cryogenic temperature is lower than at room tempera-

ture. This is likely because, first, the coil overlap is optimised for cryogenic operation, so that
coils decouple more at cryogenic temperature, which is suggested by the Q improvement from
162 to 223 after cooling as shown in Table 1; second, at cryogenic temperature, low tempera-
ture and lower coil resistance may decrease noise covariance40,41, which may decrease noise
correlation.

The SNR and noise correlation of the 14-channel array can be compared against a room-
temperature 14-channel array described by Olin et al.37, labelled Coil #6 therein. The coil is
benchmarked with the same phantom as in this paper and the coil-to-head separation is 2 mm.
Its maximum SNR is 252, and the central SNR is 40, as shown in Table 2 of Olin et al.37 (Also
in Table 2 of this paper, row ‘Ref.’) Both the maximum and central SNR are slightly lower than
the maximum (276) and central SNR (43.0) of the cryogenic 14-channel array in this paper.
The noise correlation of the cryogenic 14-channel array is higher than the 14-channel array in
Olin et al.37, but not significantly higher, as Table 2 shows. These data suggest the cryogenic
array, despite wider coil-to-head separation, yields SNR performance at least at par with the 14-
channel array of Olin et al.37 Higher SNR may be achieved by smaller coil-to-head separation,
which, however, requires better insulation of cryostat #2, as discussed in Section 4.1.

4.3 1/𝑔 factors

The cryogenic array has lower minimum 1/𝑔 factor compared to the room-temperature
array. At 2× acceleration, min 1/𝑔 = 0.584 for the cryogenic array and 0.762 for the ar-
ray at room-temperature. However, this greater SNR reduction is less than the SNR gain
shown in Figure 6, which means that the SNR for the cryogenic array will still be higher than
that of the room-temperature array after parallel imaging. Consider that, at 2× acceleration,
(min 1/𝑔cryo) ∶ (min 1/𝑔room) = 0.767, the minimum SNR gain without acceleration is 1.27,
so that the worst-case SNR gain under acceleration is 0.767 × 1.27 = 0.974, very close to
1. This means the SNR will at least not drop at cryogenic temperature. At 3× acceleration,
(min 1/𝑔cryo) ∶ (min 1/𝑔room) = 0.856, and the worst-case SNR gain under acceleration is
0.856 × 1.27 = 1.09, which also means SNR will not drop at cryogenic temperature. It should
be noted that the worst-case SNR gain is calculated by min 1/𝑔cryo, min 1/𝑔room and minimum
SNR gain on different voxels and therefore the actual SNR gain is far higher than the bounds
above. It is also important to note that the exact 𝑔-factors are influenced by both the geome-
try of the imaged object and the applied undersampling strategy relative to the coil geometry.
Different 𝑔-factors are therefore expected with different methods.

The lowerminimum 1/𝑔 and different distribution for the cryogenic array results likely from
uneven temperature distribution among coils, which, to address, requires continuous liquid
nitrogen supply to keep cryostat 2 full. In practice, however, the safety issues of placing a
liquid nitrogen supply near an MR scanner can be complicated.
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4.4 Overall evaluation and future directions
On the particular experiment setup in Section 2.3, despite problems like temperature un-

evenness (Section 3.1), thick thermal insulation (Section 2.1.2) but low temperature on the
sample (Section 3.1), the fourteen-channel array yields 27%–168% higher SNR than at room
temperature, with the central SNR improvement being 47%. As shown in Section 4.2, on the
periphery of an object, the SNR improvement of the cryogenic coil is not significantly higher
than a fourteen-channel array at room temperature with merely 2 mm space between coils and
sample. Unique to the cryogenic array is the SNR improvement at the image centre, which re-
sults from reduced thermal noise power of coils. For the cryogenic coil to be applied to clinical
human imaging, the following aspects can be improved:
• Liquid nitrogen can be fed from the top rather than the bottom, which will likely improve

temperature evenness.
• Warm air can be blown into cryostat #2 during use to warm the head. Better thermal insu-

lation and air-tight cryostat design can prevent warm air from heating coils.
• Thinner thermal insulation can be devised, which can improve SNR on the periphery of a

head. However, as discussed in Section 4.1, evacuation is likely needed.
On the whole, it is likely that, the fourteen-channel cryogenic coil array is most suited for

scenarios where higher SNR than room-temperature arrays is desired deep in a head while
peripheral SNR at par with room-temperature arrays is also required.

5 Conclusion
A prototype fourteen-channel array operable at cryogenic temperature is made for 13C hu-

man head imaging at 3 T. A cryostat is made for the fourteen-channel array to mount on, which
shows reasonably good thermal distribution. The array at cryogenic temperature has lower
noise correlation and higher SNR than at room temperature. Highest 𝑔-factor, and therefore
SNR reduction, is found at cryogenic temperature, but not high enough to erase the SNR gain
compared to the array at room temperature. A cryogenic array for clinical human head imaging
can be built on the prototype array with a better cryostat design and better thermal insulation.
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Supporting Information Figure 1. Transmission path gain vs DC current at room and cryogenic tem-
perature forWMA32C. At 4.0 mADC bias current, WMA32C does not function well, so the bias circuit
of WMA32C is changed to provide 9–10 mA DC quiescent current.

Supporting Information Figure 2. Coils mounted on the alumina ring. Screws and nuts are not drawn.
There is a vacancy on the top. The alumina ring is drawn transparent for display.
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Synopsis
A cryogenic coil and a dedicated cryostat for 13C human head imaging is developed. A 1.90-

fold SNR enhancement over a room temperature coil is observed experimentally. To verify the
retention of SNR enhancement in arrays, a 4-channel cryogenic coil array and another cryo-
stat are also developed. The superior performance to a room-temperature array is confirmed
experimentally.

1 Introduction
Cryogenically cooled coils can improve SNR in magnetic resonance imaging (MRI) espe-

cially at low frequencies1. However, up to present, use of cryogenic coils for human-sized
coils for 13C imaging remains barely explored2. In this work, cryogenic setups for human head
MRI of 13C at 3 T (32 MHz) are proposed. First, the performance of a single element is char-
acterized using a cryostat where the coil is cooled to ‑169°C (104 K). Then, a 4-channel array
is built and mounted on a full-head cryostat where the coils are cooled to ‑162°C (111 K). A
1.54-fold SNR improvement is observed on MR images of a head phantom.

2 Methods
Two experimental setups are made. Setup 1 is for single coil evaluation and shown in

Figure 1(a), (c). A copper coil of 81.6mmouter diameter, 69.2mm inner diameter and 0.64mm
thickness is matched to a preamplifier (WMA32C,WanTCom, Chanhassen, USA) as described
by Reykowski et al3. The output impedance of the matching network is 50 Ω. The maximum
decoupling is achieved at 32.13 MHz. The circuit schematic is given in Figure 2. Later, the
coil is installed on a self-developed cryostat where the temperature reaches ‑169°C (104 K)
after 20 min of cooling. In this cryostat, the coil-to-sample distance is approximately 22 mm.

∗Department of Electrical Engineering, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
†Department of Health Technology, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
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Figure 1. Experiment setups. (a) Setup 1. The cylindrical ceramic part stands in liquid nitrogen (LN2)
and cools the coil to ‑169°C (104 K). (b) Setup 2 for the 4-channel array. The fiberglass LN2 chamber
underneath is connected to a LN2 tank, and the inner and outer surfaces are clad in Aerogel layers, as
shown in (d). The temperature goes to ‑162°C (111 K). Coil-to-sample distances are around 22 mm for
(a) and 13 mm for (b). (c) Setup 1 and (d) setup 2 at an MR scanner.

After cooling for 30 min the temperature on the phantom surface is 4.9°C without an external
supply of warm air. The Q factors of coils are measured before and after cooling to estimate
possible SNR improvement following the approach described by Ginefri et al4.

Setup 2 is prepared for a 4-channel coil array experiment, shown in Figure 1(b), (d). Coils
identical to the one described above are overlapped to minimize mutual magnetic coupling. Af-
terwards, the array is installed on another self-developed cryostat supporting a higher number
of elements. The temperature in that cryostat reaches ‑162°C (111 K) within 40 min. After
another 30 min, the temperature on the phantom surface is 8.5°C. This cold temperature can
be easily compensated by external warming2. The inner and outer surfaces of the cryostat are
clad in Aerogel layers for thermal insulation, which gives a coil-to-sample distance of approx-
imately 13 mm.

MR imaging experiments are performed on a human head phantom of ethylene glycol
(99.8%, natural abundance 13C) and NaCl (17 g/L). A CSI sequence (24 × 24 acquired points,
TR 1000 ms, FOV 360 × 360 × 20 mm3) is used. SNR measurements are conducted for both
setups 1 and 2, under both room and cryogenic temperature. For comparison, the same coil



144 VII Towards a cryogenic RF coil array for 13C human head imaging: first experience

Figure 2. The schematic of the matching network and preamplifier bias. J1 and J2 connect a coil.

in setup 1 is tested when placed 2 mm from the head phantom. A 28-channel array at room
temperature built with identical loop coils is used as a reference.

3 Results
In setup 1, the measured Qs of the coil are 𝑄lr = 225, 𝑄ur = 405, 𝑄lc = 286, 𝑄uc = 706,

where subscripts“l”and“u”denote sample loaded and unloaded cases,“r”and“c”denote
room and cryogenic cases, respectively. By calculation, a 1.31-fold SNR gain can be obtained
by cooling.

The SNR maps obtained are shown in Figure 3. SNR values along central axes of the
phantom are plotted in Figure 4. The highest SNR values are 247 for 1-channel cryogenic coil,
130 for the room-temperature coil 22 mm from the phantom, 296 for the room-temperature
coil 2 mm from the phantom, 417 and 270 for the 4-channel array at cryogenic and room
temperature, 265 for the 28-channel array at room temperature. The ratio of cryogenic to room
temperature SNRs are 1.90 for the 1-channel coil 22 mm from the phantom and 1.54 for the
4-channel array, respectively. The 4-channel array at cryogenic temperature has a 1.57-fold
SNR gain over the 28-channel array at room temperature.

4 Discussion
The SNR measurement results demonstrate that the cryogenic 1-channel coil has a bet-

ter performance compared with a room-temperature coil with the same separation of 22 mm.
Cryogenic coils can be extended to an array with the SNR improvement largely retained.

For the 1-channel coil, the SNR gain is predicted to be 1.31 but turns out to be 1.90. An
explanation is that the component values in the matching circuit are selected for cryogenic
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Figure 3. SNR maps of 1-, 4-, and 28-channel coils at cryogenic and room temperatures. The SNR
has an arbitrary unit. The peak SNRs are 247 for 1-channel cryogenic coil, 130 and 296 for room-
temperature coils separated from the phantom by 22mm and 2mm; 417 and 270 for 4-channel cryogenic
and room-temperature arrays separated from the phantom by 13mm; 265 for 28-channel array. The ratio
of cryogenic SNR to room-temperature are 1.90 for the 1-channel coil and 1.54 for the 4-channel array.

Figure 4. Cross-section SNR profiles of imaging experiments. The SNR has an arbitrary unit. The
SNR values are averaged between two nearest pixels. The inset shows the positions of cross-sections.
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temperature. At room temperature, the matching circuit is off the optimal noise matching
while contributing more noise itself, which decreases the room-temperature SNR by an extra
amount.

In addition, Figure 3 and Figure 4 indicate that a coil 2 mm from the phantom at room
temperature outperforms a coil 22 mm from the phantom at cryogenic temperature. This em-
phasizes the importance of putting coils as close to objects as possible. The detrimental large
distance is caused by suboptimal design of the cryostat in setup 1. This is improved in setup 2,
where the coil-to-phantom distance is reduced to 13 mm.

5 Conclusion
Cryogenic coils can provide significant SNR improvement for 13C human head MRI at 3 T.

The superior performance can be largely retained when coils are extended to a 4-channel array.
The results open the possibility to develop highly sensitive cryogenic coil arrays for 13C human
head MRI.
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Synopsis
The SNR performances of a three- and a four-element matching circuit topologies are com-

pared for the case of 3 T 13C imaging. The benefit to SNR of cryogenic cooling is also com-
pared against the choice of matching networks. Results show that while cryogenic cooling can
improve the output SNR by 2–3 dB, a less lossy matching network design can improve the
SNR performance by 7–8 dB. The importance of matching network design ought not to be
dismissed.

1 Introduction
Preamplifier decoupling is widely used as a decoupling technique in coil arrays1. To de-

couple coils, matching/decoupling networks that present a high impedance to coils are built,
among which three-2 and four-element matching networks3 already have explicit design equa-
tions. While they perform equally well in lossless cases, how their performance changes in
lossy cases remains to be studied. This abstract compares the performance of a three- and a
four-element matching network in terms of final output signal-to-noise ratio (SNR) and inves-
tigates the importance of temperature relative to the choice of matching networks by cryogenic
cooling to -169°C (104 K).

2 Methods
To evaluate SNR performance of three- and four-element matching networks at room and

cryogenic temperature, an oval coil4 for mouse imaging shown in Figure 1(a) is matched
∗Department of Electrical Engineering, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
†Department of Health Technology, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
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Figure 1. (a) Dimensions of the coil in mm. (b) A fabricated PCB. (c) A PCB mounted on a cryostat.
The coil can be cooled to -192°C (81 K).

to WMA32C preamplifiers (WanTCom, Chanhassen, MN, USA) at 32.13 MHz, the reso-
nance frequency of 13C at 3 T. The loaded coil impedance at room temperature is 𝑍coil =
37.1mΩ+j11.7ΩMatching schemes are shown in Figure 2(a). Three- and four-element match-
ing networks are built by design equations2,3. For three-element matching, the T structure as
shown in Figure 2(b) is selected as the Π structure contains two inductors. For four-element
matching, the structure in Figure 2(c) is used with 𝐿4 = 𝐿′

4 = 150 nH. Air-core inductors from
Coilcraft Inc. (Cary, IL, USA) and high-Q capacitors from Passive Plus Inc. (Huntington, NY,
USA) are used. Both networks are symmetric.

Circuits at room temperature are EM co-simulated by Advanced Design System (Keysight
Technologies, Santa Rosa, CA, USA). Printed circuit boards (PCBs) are designed and fabri-
cated. During experiments at both room and cryogenic temperature, inductors and capacitors
are adjusted to obtain optimal noise impedance of 50 Ω at the output and maximum decoupling
at the input, all at 32.13 MHz, as shown in Figure 2(a).

Next, all coils, room-temperature coils included, are mounted in the same place in the
cryostat shown in Figure 1(c) one at a time to ensure measured SNRs are comparable. For
cryogenic experiments, coils are cooled by liquid nitrogen to -192°C (81 K), and PCBs are
cooled to -169°C (104 K), at which the temperature is kept throughout each measurement.
For room-temperature experiments, the cryostat is not cooled. The cryostat is placed inside a
shielded box. Signal is excited by a signal generator (SMC100A, Rohde & Schwarz, Munich,
Germany) and received by a spectrum analyzer (E4440A, Keysight Technologies).

Coil Qs, both unloaded and loaded when connected with matching networks, are measured
by a double-loop probe connected to a vector network analyzer (ZNL3, Rohde & Schwarz)1.
For simplicity, active decoupling circuitry is not installed. The output SNR improvement is
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Figure 2. (a) The matching networks exhibit 𝑍out ≈ 50 Ω and give maximum decoupling at 32.13 MHz.
(b) The symmetric three-element matching network. At room temperature values 𝐶′

1 = 𝐶1 = 552 pF,
𝐿2 = 16 nH, 𝐶′

3 = 𝐶3 = 1 490 pF. (c) The symmetric four-element matching network. At room
temperature values 𝐶1 = 459 pF, 𝐶′

2 = 𝐶2 = 23 pF, 𝐶3 = 66 pF, 𝐿′
4 = 𝐿4 = 150 nH.

estimated by coil Qs5:

ΔSNR (dB) = 10 × lg
𝑇 (r)𝑄(r)−1

𝑙,ref + 𝑇 (r)𝑄(r)−1

𝑠,ref

𝑇 (c)𝑄(c)−1
𝑢 + 𝑇 (r)𝑄(c)−1

𝑠
,

where 𝑇 denotes temperature; superscripts (r) and (c) denote room-temperature and cryogenic
quantities; subscripts 𝑙, 𝑠, 𝑢 denote loaded, sample, and unloaded quantities. The reference
(subscript ref) is four-element matching at room temperature.

3 Results
Simulated and measured SNRs are shown in Figure 3. SNRs for three-element matching

are significantly lower than the four-element matching. At room temperature, the three-element
SNR lags behind the four-element SNR by 7.9 dB. The lag is predicted to be 7.2 dB by simu-
lation, which agrees well with the measurement. The three-element SNR improves by 2.1 dB
at cryogenic temperature, and four-element SNR improves by 2.6 dB. The three-element SNR,
however, further lags behind the four-element SNR by 8.5 dB.
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Room, 3 elem. Cryo, 3 elem. Room, 4 elem. Cryo, 4 elem.

Mea. ul. Q 84.4 170.3 299.4 425.6
Mea. l. Q 79.9 156.2 229.0 314.8

Est. SNR (dB) 23.4 30.3 28.0 32.3
Sim. SNR (dB) 20.8 – 28.0 –
Mea. SNR (dB) 20.1 22.1 28.0 30.6

Figure 3. Simulated (“sim.”) and measured (“mea.”) SNRs and coil Qs, both unloaded (“ul.”) and
loaded (“l.”), at 32.13 MHz. From Q and temperature, SNR is estimated as “Est. SNR” with 28.0 dB
as reference. “Room, 3 elem.” means three-element matching at room temperature, “Cryo, 4 elem.”
means four-element matching at cryogenic temperature, and so forth.

Coil Qs are also significantly lower for three-element matching. In this case, SNR predic-
tion by coil Q over-estimates the SNRs of three-element matching.

4 Discussion
Measured Qs do not predict the SNR lag of three-element matching, especially at cryogenic

temperature; besides, they over-estimate the SNR improvement of four-element matching at
cryogenic temperature. This is because the estimation method assumes perfect coil matching,
which is not the case in reality. Nonetheless, a low or high coil Q still signals high or low output
SNR.

From the results, inappropriate choice of matching networks can result in SNR loss irreme-
diable by cooling. This can in part be explained by matching network gain, as shown in Figure
4. Although the three-element matching network in Figure 2(b) is intrinsically less lossy than
its four-element counterpart in Figure 2(c), as is shown by the maximum gains in Figure 4, the
available power of the matching network is 6.8 dB less than the four-element network. This
means more noise comes from the matching network because for a passive two-port network,

𝑇𝑒 = ( 1
𝐺 − 1) 𝑇0 ,

where 𝑇0 = 290 K is the room temperature, 𝑇𝑒 is the equivalent noise temperature of the
matching network, and G is the available power gain6.

Room, 3 elem. Cryo, 3 elem.

Maximum gain (dB) −0.66 −1.34
Input reflection (dB) −0.06 −0.42
Output reflection (dB) −0.71 −1.02
Avaiable gain (dB) −11.9 −5.08

Noise temperature (K) 4116 708

Figure 4. Simulated reflection at input and output ports, available gain, maximum gain and noise
temperature of the matching networks at room temperature, 32.13 MHz.
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5 Conclusion
The SNR performances of a three- and a four-element matching network are compared at

room and cryogenic temperature. In this case, the four-element matching improves output SNR
by 7.9 dBmainly by increasing power delivery from a coil to a preamplifier. Cryogenic cooling
improves the SNR by 2–3 dB. Matching networks deserve careful design.
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Synopsis
Si diodes can require elevated forward bias voltage to achieve sufficient forward bias current

when they are placed in a strong static magnetic field B0 at cryogenic temperatures. This may
disrupt active decoupling circuit operation in cryogenic MRI coils. Diodes may still operate if
aligned in a certain way with the B0 field, which is studied in this work.

1 Introduction
In MR, semiconductor devices operate under strong static magnetic field B0 (most com-

monly 1.5 or 3 T). The Hall Effect has been reported to affect GaAs FETs1, for which attention
must be paid to transistors’ orientation. Here, the effect on Si diode orientation at -160°C and
3 T is studied. It is shown that for some diodes traditionally used in MRI, this effect leads to
the active decoupling circuit failing to turn ON in cryogenic cooled coil2,3.

2 Methods
To study the effect of Si diode orientation on forward bias, four types of MR-compatible

Si diodes are used: MML4401-GM2 from Microsemi Corp. (Aliso Viejo, CA, USA), and
MA4P7470F-1072T, MADP-011034-10720T, SM0502-M1 fromMACOM Inc. (Lowell, MA,
USA). Each type of diodes are put at 9 angles in 22.5° step, as shown in Figure 2(a). The carrier
printed circuit boards (PCBs) are mounted on a cryostat that cools the temperature to approx.
-160°C (113 K). The cryostat is then put inside a clinical 3T MR scanner (MR750, GE, US),
so that the diodes intersect with B0 at angles of -90°, -67.5°, -45°, -22.5°, 0°, 22.5°, 45°, 67.5°,
90°. The experiment setup is shown in Figure 2(b).

∗Department of Electrical Engineering, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
†Department of Health Technology, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
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A DC power source (Aim-TTi-MX100TP, Cambridgeshire, UK) is used to forward bias
diodes by 50 mA, the minimum ON-state current for active decoupling circuits allowed by the
scanner. For MR safety, current is fed through a cable of 11 m from outside the scanning room.
The corresponding forward bias voltages are taken to assess the influence of diode orientation
in four study cases: room temperature without magnetic field (R0), room temperature in 3 T
magnetic field (R3), cryogenic temperature without field (K0), and cryogenic temperature in
3 T field (K3).

3 Results
The voltages needed to forward bias diodes by 50 mA are listed in Figure 1. No effect

of orientation is observed for diodes outside B0 or at room temperature. Moreover, not all Si
diodes experience sharp voltage increase inside B0 around -160°C. At ±90° with B0, the diode
MA4P7470F-1072T experiences the severest effect with forward voltage reaching 11.17 V,
followed by SM0502-M1 with 5.44 V, whereas little effect is observed for MADP-011034-
10720T and MML4401-GM2. At ±67.5°, the effect of orientation dwindles, but remains sig-
nificant for MA4P7470F-1072T. Little or no voltage drop is observed for other angles or diode
MADP-011034-10720T. The asymmetry of data at ±90° and ±67.5° results in part from place-
ment error that accumulates when PCBs are mounted on the cryostat and the cryostat is put in
the scanner.

For MA4P7470F-1072T and SM0502-M1 at and near ±90°, the forward voltage drops ex-
ponentially while the forward bias current remains 50 mA, as shown in Figure 2(c). Feeble
exponential decay of forward bias voltage is observed forMML4401-GM2. The fitted time con-
stants are 697 ms, 525 ms and 137 ms for MA4P7470F-1072T, SM0502-M1 and MML4401-
GM2, respectively. Steady-state voltage is 4.37 V, 1.98 V, and 1.41 V for MA4P7470F-1072T,
SM0502-M1 and MML4401-GM2, respectively.

4 Discussion
The significant voltage increase appears only for diodes MA4P7470F-1072T and SM0502

and only at angles near ±90°. Nonetheless, if it happens, the forward bias voltage can rise
by 9.9 V. Taking into account the time constant as high as 697 ms, it follows naturally that
circuitry employing these diodes like active decoupling circuits can fail to be turned ON by an
8 V supply for merely 1 ms from scanners. Even if the voltage supply can last longer than the
voltage decay, the 4.37 V steady-state voltage is still a high barrier. This will block ensuing
scanning processes. Therefore, for builders of cryogenic coils, it is advisable to make sure that
diodes to be used have no noticeable orientation effect, or to put them parallel to B0.

The effect of Si diode orientation may be attributed to magnetoresistance effect, which
comes on the scene when semiconductor devices are placed in a strong magnetic field. The
strong magnetic field warps carriers’ paths inside Si crystals, incurring stronger carrier scat-
tering and consequently higher device resistance, particularly when carrier mobility is high4,
which is the case at -160°C, but not at room temperature4. Severity of the effect, as follows
from the experiment results, differs among diodes.
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Case Angle

-90°      -67.5°   -45°–45°     67.5°     90°

MML4401-GM2

R0 1.02 1.00 0.99 0.98 0.96
R3 0.98 1.04 0.99 0.98 0.98
K0 1.20 1.26 1.22 1.21 1.20
K3 1.45 1.42 1.38 1.40 1.42

MA4P7470F-1072T

R0 0.95 0.95 0.96 0.94 0.94
R3 0.94 1.00 0.95 0.94 0.94
K0 1.23 1.28 1.25 1.24 1.24
K3 11.17 1.42 1.22 5.67 6.28

MADP-011034-10720T

R0 0.98 0.99 0.99 0.97 0.97
R3 0.99 1.00 1.00 0.98 0.98
K0 1.18 1.24 1.19 1.18 1.18
K3 1.19 1.24 1.21 1.19 1.20

SM0502-M1

R0 1.03 1.05 1.04 1.04 1.04
R3 1.06 1.12 1.07 1.07 1.07
K0 1.21 1.28 1.23 1.21 1.22
K3 4.51 1.80 1.24 1.23 5.44

Blue indicates voltage that exponentially decays with time. 
Bold indicates significantly elevated voltage (> 4.5 V).

Figure 1. The voltage needed for 50 mA forward bias. Cases are room temperature without magnetic
field (R0), room temperature with 3 T magnetic field (R3), cryogenic temperature without field (K0),
and cryogenic temperature with 3 T field (K3). Diodes that intersect B0 at -45°–45° show no observable
voltage increase. The cryogenic temperature is approx. -160°C (113 K).

The exponential voltage decay may reflect a transient process during which high power
dissipation causes local temperature to rise, which alleviates the effect of diode orientation
until a steady state is reached. Voltage decay is hardly visible for diodes that intersect with B0
at -45°–+45° at -160°C, outside magnetic field at -160°C, or at room temperature, suggesting
the 11 m cable plays at most a minor role in contributing to the voltage decay.

5 Conclusion

At cryogenic temperature of -160°C, orientation of Si diodes has importance; when diodes
intersect the B0 field at near 90°, device resistance can increase sharply, elevating the forward
bias voltage and thereby blocking normal scanning processes. It is recommended that builders
of cryogenic coils examine the orientation effect in advance, and place Si diodes parallel to B0
to avoid it if the effect exists.
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Figure 2. (a) A PCB with MADP-011034-10720T mounted. The angles of diodes with B0 are shown
on the left side. (b) The cryostat to be sent in a 3 T scanner. A cable connects diodes to a DC source.
(c) At ±90° with 𝐵0 = 3 T, voltage of MA4P7470F-1072T, SM0502-M1, MML4401-GM2 decays
exponentially as forward bias current is kept 50 mA at cryogenic temperature. Fittings are displayed in
dash-dotted lines along with fitted expressions.
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Abstract
Purpose: Double-loop probes are indispensable tools in MR coil development. The dy-

namic range of direct measurements with such probes is limited by cross-talk between the
loops. This work analyses the quantitative relation of a probe’s S21 with the RF coil current.
A calibration method is described, which extends the dynamic range of the double-loop probe
measurements to basically the dynamic range of a vector network analyser.

Methods: The analytical relation between RF coil current and calibrated S21 parameters of
a double-loop probe is established. The calibration method is demonstrated by measuring the
1H trap frequency, the active detuning, and the preamplifier decoupling.

Results: The calibration method removes the effect of internal cross-talk in a double-loop
probe and improves the lower bound of |S21| to approx. -120 dB. It is shown that, below
140 MHz, the ratio of calibrated S21 to coil current changes almost linearly with frequency.

Conclusion: The calibration method described in this paper improves the sensitivity of
double-loop probe measurements and facilitates fine-tuning current-suppressing circuits like
active detuning circuits, traps, preamplifier decoupling and other networks.

Index terms—double-loop probe, coil current, calibration.

1 Introduction
Double-loop probes are widely used to measure current on loop coils1. A probe is con-

nected to a vector network analyser (VNA), and 𝑆21 (or 𝑆12) reading is believed to be propor-
tional to the current flowing on a loop coil1. One way to construct a double-loop probe is to
overlap two loops such that the mutual inductance is almost zero. However, this ideal case is
seldom reached in practice. The most common case is that residual internal coupling exists
between the loops, and the internal coupling limits the probe’s sensitivity. There are, however,
cases where better measurement sensitivity is needed. For example, during measurement of
active detuning where the RF current on the receiving MR coils is hardly detectable, the 𝑆21
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measured is often overwhelmed by the internal probe coupling. Here we introduce a method
to account for the internal coupling within double-loop probes and considerably improve mea-
surement sensitivity. After the proposed calibration, 𝑆21 (or 𝑆12) is proportional to the coil
current. The following steps describe the calibration procedure:
1. Connect a double-loop probe to a VNA. Make sure all cable connections are tight and the

setup is mechanically stable. During the measurements, place the probe far enough from
the coil under test and the sample.

2. Remove the coil under test. The best result is obtained if the sample is retained, but re-
moving the coil and the sample together is acceptable; the choice depends on practical
convenience. Record 𝑆21,𝑎;

3. Place the coil in the measurement setup and record 𝑆21,𝑏;
4. Take 𝑆21,cal = 𝑆21,𝑏 − 𝑆21,𝑎 (complex-number operation).
The 𝑆21,cal is directly proportional to the current on the coil 𝐼coil, i.e. 𝑆21,cal = 𝐾 (j𝜔) 𝐼coil,
where 𝐾 (j𝜔) is a frequency-dependent factor. Below 140 MHz, 𝐾 (j𝜔) can be approximated
by 𝐾 (j𝜔) ≈ j𝜔𝜅 exp (j𝜔𝜏), where 𝜅 > 0 and 𝜏 < 0 are constants related to the particulars
of a setup like positions and sizes of the coil, the sample, and the probe.

In the following sections we show that the calibrated 𝑆21,cal is proportional to the current
on the coil 𝐼coil, and derive the ratio 𝐾 (j𝜔) = 𝑆21,cal/𝐼coil. We then demonstrate the proce-
dure characterising current-suppressing circuits like preamplifier decoupling networks, active
detuning circuits, and 1H traps.

2 Theory

2.1 Physical model, assumptions, and notation
2.1.1 Shielded loop

A double-loop probe consists of two weakly coupled shielded loops made of coaxial cables.
The working mechanisms are well described in the literature2,3. An electrically small shielded
loop illustrated in Figure 1(a) can be represented by the circuit in Figure 1(b) consisting of

Figure 1. (a) A loop in a double-loop probe. The inner pin is grey. (b) The equivalent circuit of (a)3.
(c) Simplified circuit of (b). A resistor 𝑅sh is added on loop’s outer shield to account for loss.
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an inductor and two transmission line sections3. An electrically small (𝛽𝑙 ≪ π/4), shorted
transmission line section can be represented as an inductor 𝐿tn.4 The transmission line section
connected to a VNA port presents 𝑍0 = 50 Ω to the inductor of the loop.4 Therefore, a shielded
loop can be represented by a resistor in series with an inductor, as shown in Figure 1(c). A small
resistor 𝑅sh is included to model the loop loss.

2.1.2 Double-loop probe

A double-loop probe in free space is illustrated in Figure 2(a), and a probe near a coil is
illustrated in Figure 2(b). The loops are marked 1 and 2, and the coil is marked 3. We suppose
that
(i) the quasi-static approximation5, i.e., setting the term 𝜕𝑫/𝜕𝑡 = 0 in ∇ × 𝑯 = 𝑱 + 𝜕𝑫/𝜕𝑡,

well describes the coupling inside the double-loop probe and the coupling between the
double-loop probe and the coil, so that the mutual interaction between loops and coils can
be modelled as mutual inductance;

(ii) the interaction between loop 1, loop 2, coil 3 in Figure 2(a) and Figure 2(b) is reciprocal;
(iii) the spatial distribution of the current on coil 3, marked as 𝐼𝑏3 in Figure 2(b), is sufficiently

constant along the coil.
The loss on outer shields of loops 1 and 2 is modelled as resistance 𝑅1 and 𝑅2. The VNA

source is modelled as a voltage source 𝑉𝑠1. The coil can be represented by an inductor in
series with a resistor 𝑅3, and terminated by a matching network of input impedance 𝑍𝑑3. The
coupling within the double-loop probe is modelled as mutual inductance 𝑀12 = 𝑀21, and the
coupling from loops to the coil is modelled as mutual inductance 𝑀13 = 𝑀31, 𝑀23 = 𝑀32.
Mutual resistance due to e.g. loss in sample is modelled as 𝑅12 = 𝑅21, 𝑅13 = 𝑅31, 𝑅23 = 𝑅32.
We further introduce notations 𝑍𝑡1 = 𝑅1 + 𝑍0, 𝑍𝑡2 = 𝑅2 + 𝑍0, 𝑍𝑡3 = 𝑅3 + 𝑍𝑑3. In addition, we
assume that

(iv) the coil is far enough from the double-loop probe so that 𝑀12 and 𝑀21 are not disturbed
by the coil.
We use [⋅]T for matrix transpose, and 1 for identity matrices.

2.2 Voltage-current relation
Using mesh current method, the relation between the voltage 𝑉 and current 𝐼 in Figure 2(a)

can be written as

[𝐼𝑎1
𝐼𝑎2

] = Y𝑎 [𝑉𝑠1
0 ] = 𝑉𝑠1 [𝑦𝑎,11

𝑦𝑎,21
] , (X.1)

where

Y𝑎 = Z−1𝑎 = [𝑦𝑎,11 𝑦𝑎,12
𝑦𝑎,21 𝑦𝑎,22

]

and

Z𝑎 = [ 𝑍𝑡1 + j𝜔𝐿1 𝑅12 + j𝜔𝑀12
𝑅21 + j𝜔𝑀21 𝑍𝑡2 + j𝜔𝐿2

] .
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Figure 2. (a) A double-loop probe and the circuit model. (b) A double-loop probe coupled to a coil
and the circuit model. Notice that the sample is below the coil so that the double-loop probe is far from
the sample. R1, R2 and R3 are resistance of loops and the coil. Zd3 is the impedance of the matching
network seen by coil 3. Z0 is the reference impedance 50 Ω. M12, M13, M23 denote mutual inductance.
R13, R23, R12 denote mutual resistance due to e.g. sample loss.

Similarly, in Figure 2(b), there is

⎡⎢⎢
⎣

𝐼𝑏1
𝐼𝑏2
𝐼𝑏3

⎤⎥⎥
⎦

= Y𝑏
⎡⎢⎢
⎣

𝑉𝑠1
0
0

⎤⎥⎥
⎦

= 𝑉𝑠1
⎡⎢⎢
⎣

𝑦𝑏,11
𝑦𝑏,21
𝑦𝑏,31

⎤⎥⎥
⎦

. (X.2)

where

Y𝑏 = Z−1
𝑏 = ⎡⎢⎢

⎣

𝑦𝑏,11 𝑦𝑏,12 𝑦𝑏,13
𝑦𝑏,21 𝑦𝑏,22 𝑦𝑏,23
𝑦𝑏,31 𝑦𝑏,32 𝑦𝑏,33

⎤⎥⎥
⎦

and

Z𝑏 = ⎡⎢⎢
⎣

𝑍𝑡1 + j𝜔𝐿1 𝑅12 + j𝜔𝑀12 𝑅13 + j𝜔𝑀13
𝑅21 + j𝜔𝑀21 𝑍𝑡2 + j𝜔𝐿2 𝑅23 + j𝜔𝑀23
𝑅31 + j𝜔𝑀31 𝑅32 + j𝜔𝑀32 𝑍𝑡3 + j𝜔𝐿3

⎤⎥⎥
⎦

.
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2.3 Principle behind the calibration method
2.3.1 Equivalence between breaking the coil loop and completely removing the

coil

Before proceeding with calculation, notice that in Figure 2(b)’s setup, disconnecting the
coil from 𝑍𝑑3 is equivalent to placing the double-loop probe in free space, i.e., the setup in
Figure 2(a). This is because if we force 𝐼𝑏3 = 0 in (2), we have

⎡⎢⎢
⎣

𝑉𝑠1
0
0

⎤⎥⎥
⎦

= Z𝑏
⎡⎢⎢
⎣

𝐼𝑏1
𝐼𝑏2
0

⎤⎥⎥
⎦

⇒ [𝑉𝑠1
0 ] = Z𝑎 [𝐼𝑏1

𝐼𝑏2
] , (X.3)

which, if written as [𝐼𝑏1, 𝐼𝑏2]T = Y𝑎 [𝑉𝑠1, 0]T, has the same form as (1).

2.3.2 Calculating S parameters

Let 𝑍𝑡1 = 𝑍𝑡2 = 𝑍0 and 𝑍𝑑3 = 𝑍0, in which case the S parameters of the shaded area of
Figure 2(b) are measured as

S = ST = ⎡⎢⎢
⎣

𝑆11 𝑆12 𝑆13
𝑆21 𝑆22 𝑆23
𝑆31 𝑆32 𝑆33

⎤⎥⎥
⎦

. (X.4)

S = ST because the setup in Figure 2(b) is reciprocal by assumption (ii).6 We keep separate
notations for 𝑆𝑛𝑚 and 𝑆𝑚𝑛, however. S can be visualised by a signal flow graph7 shown in
Figure 3(a). By changing 𝑍𝑑3 = 𝑍0 to an arbitrary 𝑍𝑑3, a new signal flow 𝜌𝑏3 = (𝑍𝑑3 − 𝑍0)
/ (𝑍𝑑3 + 𝑍0) from 𝑏𝑏3 to 𝑎𝑏3 is added. The 𝑆21 under the arbitrary 𝑍𝑑3 is

𝑆21,𝑏 = 𝑆12,𝑏 = 𝑆21 − 𝑆31𝑆23𝜌𝑏3
𝑆33𝜌𝑏3 − 1 . (X.5)

To calibrate, we deduct the free-space 𝑆21 from 𝑆21,𝑏. The free-space 𝑆21, according to the
equivalence in Section 2.3.1, equals

𝑆21,𝑎 = lim
𝑍𝑑3→∞

𝑆21,𝑏 = 𝑆21 − 𝑆31𝑆23
𝑆33 − 1, (X.6)

The calibrated 𝑆21 is

𝑆21,cal = 𝑆21,𝑏 − 𝑆21,𝑎 = 𝑆31𝑆23 (𝜌𝑏3 − 1)
(𝑆33𝜌𝑏3 − 1) (𝑆33 − 1). (X.7)

The exact ratio of calibrated 𝑆21 to coil current is 𝐾 (j𝜔) = 𝑆21,cal/𝐼coil = 𝑆21,cal/𝐼𝑏3 with
𝑆21,cal specified by (7).
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Figure 3. (a) The signal flow graph of the S parameter of the shaded area in Figure 2(b). (b) Curves of
the exact𝐾 (j𝜔) = 𝑆21,cal/𝐼𝑏3 (‘Exact’) and predicted value by (15) (‘Predicted’) of the simulation setup
in (c). Here 𝐾 (j𝜔) 𝑎𝑏1𝑍−1/2

0 is plotted, where 𝑎𝑏1𝑍−1/2
0 > 0. The proportionality 𝐾 (j𝜔) is closely

linear with the frequency. The linear approximation (‘Lin. Approx.’) using the exact curve below
60 MHz differs from the exact proportionality by 5.8% in magnitude and 2.5% in phase at 128 MHz.
(c) The simulation setup. A copper coil (labelled 3) of loop diameter 85 mm and wire radius 0.4 mm
(area 0.5 mm2), segmented by 3 capacitors of 1 pF capacitance, is placed 2 mm above a sphere of
100 mm radius of biological tissue. A double-loop probe (labelled 1, 2) is put 5 cm above the coil. The
double-loop probe is modelled as simple wire loops instead of shielded loops to reduce computational
costs.
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2.3.3 Relation between S21 and coil current
To unravel the relation between 𝑆21,cal and the coil current 𝐼𝑏3, we need further convert (7).

While it seems straightforward to convert S parameters in (7) to Z or Y parameters, below is a
method to incorporate the coil’s circuit load. First, terminate coil 3 by an arbitrary circuit load
𝑍𝑑3. By definition, S parameters measure the ratio of reflected wave to incident wave. We now
convert voltage and current into forward and backward waves. In the setup of Figure 2(b), the
conversion follows the form6,7

{ 𝒂 = F (𝑽 + Z0𝑰) ,
𝒃 = F (𝑽 − Z0𝑰) , (X.8)

where 𝒂 is the forward wave vector, 𝒃 is the backwardwave vector,Z0 = 𝑍01, F = 1⋅1/ (2√𝑍0).
Recall 𝑆13 = 𝑆31; so we put a source 𝑉 ′

𝑠3 on the coil, and set 𝑉𝑠1 = 0. Here we use [⋅]′
to

denote voltage, current, forward wave and backward wave produced by 𝑉 ′
𝑠3 to distinguish them

from those produced by 𝑉𝑠1. Let 𝑽′ = [𝑉 ′
𝑏1, 𝑉 ′

𝑏2, 𝑉 ′
𝑏3]T

be the voltage at each port of the
shaded network in Figure 2(b), and 𝑰′ = [𝐼′

𝑏1, 𝐼′
𝑏2, 𝐼′

𝑏3]T
be the current at each port. It follows

that
⎡⎢⎢
⎣

𝐼 ′
𝑏1

𝐼 ′
𝑏2

𝐼 ′
𝑏3

⎤⎥⎥
⎦

= Y𝑏
⎡⎢⎢
⎣

0
0

𝑉 ′
𝑠3

⎤⎥⎥
⎦

= 𝑉 ′
𝑠3

⎡⎢⎢
⎣

𝑦𝑏,13
𝑦𝑏,23
𝑦𝑏,33

⎤⎥⎥
⎦

, (X.9)

and
⎡⎢⎢
⎣

𝑉 ′
𝑏1

𝑉 ′
𝑏2

𝑉 ′
𝑏3

⎤⎥⎥
⎦

= 𝑉 ′
𝑠3

⎡⎢⎢
⎣

−𝑍0𝑦𝑏,13
−𝑍0𝑦𝑏,23

1 − 𝑍𝑑3𝑦𝑏,33

⎤⎥⎥
⎦

. (X.10)

So
⎧{{{{{
⎨{{{{{⎩

𝒂′
𝑏 =

⎡⎢⎢
⎣

𝑎′
𝑏1

𝑎′
𝑏2

𝑎′
𝑏3

⎤⎥⎥
⎦

= 𝑉 ′
𝑠3

2√𝑍0

⎡⎢⎢
⎣

0
0

1 − (𝑍𝑑3 − 𝑍0) 𝑦𝑏,33

⎤⎥⎥
⎦

,

𝒃′
𝑏 =

⎡⎢⎢
⎣

𝑏′
𝑏1

𝑏′
𝑏2

𝑏′
𝑏3

⎤⎥⎥
⎦

= 𝑉 ′
𝑠3

2√𝑍0

⎡⎢⎢
⎣

−2𝑍0𝑦𝑏,13
−2𝑍0𝑦𝑏,23

1 − (𝑍𝑑3 + 𝑍0) 𝑦𝑏,33

⎤⎥⎥
⎦

.
(X.11)

The subscript b denotes the setup of Figure 2(b).Then, by definition,
⎧{{{{{
⎨{{{{{⎩

𝑆13 = 𝑆31 = 𝑏′
𝑏1

𝑎′
𝑏3

= −2𝑍0𝑦𝑏,13
1 − (𝑍𝑑3 − 𝑍0) 𝑦𝑏,33

,

𝑆23 = 𝑆32 = 𝑏′
𝑏2

𝑎′
𝑏3

= −2𝑍0𝑦𝑏,23
1 − (𝑍𝑑3 − 𝑍0) 𝑦𝑏,33

,

𝑆33 = 𝑏′
𝑏3

𝑎′
𝑏3

= 1 − (𝑍𝑑3 + 𝑍0) 𝑦𝑏,33
1 − (𝑍𝑑3 − 𝑍0) 𝑦𝑏,33

.

(X.12)

Inserting (12) back to (7) yields

𝑆21,cal = −2𝑍0
𝑦𝑏,23
𝑦𝑏,33

𝑦𝑏,13 . (X.13)
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As (13) is unrelated to any voltage or current, the equality should hold independent of means
of excitation. Therefore, we turn on 𝑉𝑠1, and set 𝑉 ′

𝑠3 = 0. According to (2), the coil current
𝐼𝑏3 = 𝑉𝑠1𝑦𝑏,31 = 𝑉𝑠1𝑦𝑏,13. Writing 𝑉𝑠1 = 2√𝑍0 × 𝑎𝑏1, we have

𝑆21,cal = −√𝑍0
𝐼𝑏3
𝑎𝑏1

𝑦𝑏,23
𝑦𝑏,33

. (X.14)

Therefore, 𝑆21,cal is indeed proportional to the coil current 𝐼𝑏3. The ratio can be calculated by

𝐾 (j𝜔) = 𝑆21,cal
𝐼𝑏3

= −√𝑍0
𝑎𝑏1

𝑦𝑏,23
𝑦𝑏,33

= √𝑍0
𝑎𝑏1

⋅
∣ 𝑍𝑡1 + j𝜔𝐿1 𝑅13 + j𝜔𝑀13
𝑅21 + j𝜔𝑀21 𝑅23 + j𝜔𝑀23

∣

∣ 𝑍𝑡1 + j𝜔𝐿1 𝑅12 + j𝜔𝑀12
𝑅21 + j𝜔𝑀21 𝑍𝑡2 + j𝜔𝐿2

∣

(X.15)

due to the relation Y𝑏 = Z−1
𝑏 . Here the derivation concludes. Note that 𝑍𝑡3 and 𝐿3 vanish in

(14), (15). It makes sense as double-loop probe measurements are expected to measure the coil
current accurately enough irrespective of coil inductance or coil termination. Equation (15)
can be further simplified in several ways to the form

𝐾 (j𝜔) ≈ j𝜔𝜅 exp (j𝜔𝜏) (X.16)

in a lower frequency range, where 𝜅 > 0, 𝜏 < 0. One possible simplification is described
in Supporting Information, in which (15) simplifies to the transfer function of a first-order
high-pass filter.

The calibration method can be interpreted as follows. Before calibration, two signal paths,
loop 1→loop 2 and loop 1→coil 3→loop 2, exist. Unless the induced current on the coil is
strong enough, the coupling between loops 1 and 2 affects the measured 𝑆21,𝑎. After calibra-
tion, the effect of signal path loop 1→loop 2 is removed, and only loop 1→coil 3→loop 2
remains. The signal path loop 1→loop 2 no longer disturbs measurement of the coil current
𝐼𝑏3.

3 Methods

3.1 Numerical experiments verifying S21-coil current relation
To verify that the proportionality of 𝑆21,cal/𝐼𝑏3 can be described by (15), a model for sim-

ulation as shown in Figure 3(c) is built in CST Microwave Studio (Dassault Systèmes, Paris,
France). A copper coil of loop diameter 85 mm and wire radius 0.4 mm (area 0.5 mm2), seg-
mented by 3 capacitors of 1 pF capacitance, is placed 2 mm above a sphere of 100 mm radius
of biological tissue with 𝜀𝑟 = 88.05 − j382.6 at 32 MHz and 𝜀𝑟 = 63.93 − j103.4 at 128 MHz.
A double-loop probe is put 5 cm above the coil. The probe is modelled as simple wire loops3
instead of shielded loops to reduce computational costs. The effect of shielding can be mod-
elled by connecting sections of coaxial cables to the three-port network3. For evaluating the
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ratio 𝑆21,cal/𝐼𝑏3, port 1 and port 2 are terminated by 50 Ω, port 3 is terminated by an arbitrary
circuit load, and 𝑆21,𝑏 and 𝐼𝑏3 are simulated. The calibrated 𝑆21,cal is taken as the raw 𝑆21,𝑏
minus 𝑆21,𝑎 with port 3 disconnected. The S parameters are then converted to Z parameters to
calculate (15).7

3.2 Physical experiments
To demonstrate the use of the calibration method, two double-loop probes of disparate

internal coupling are used to measure preamplifier decoupling and active detuning with and
without calibration. To reveal effects of probe positioning, measurements are taken for coil-to-
probe distances of 1 cm, 3 cm, 5 cm, 7 cm; the probe’s position is also changed relative to the
sample while keeping the coil-to-probe distance as 7 cm.

The experimental setup is shown in Figure 2(b). A coil loop of 85 mm diameter is made of
copper wire with 0.5 mm2 cross-section area and terminated by a matching network. Since the
coil is only for 13C signal reception, to avoid interfering with 1H imaging, a 1H trap is installed
on the coil to suppress current at 1H frequency. The maximum preamplifier decoupling, i.e.,
minimum current, is expected to occur at 31.79 MHz, and the 1H trap is expected to choke
current at 123.18 MHz. The double-loop probe is connected to a ZNL3 VNA, of which output
power is set −8 dBm and the IF bandwidth is set 10 kHz. 𝑆21 or 𝑆12 on a ZNL3 analyser
(Rohde & Schwarz, Munich, Germany) is calibrated as follows:
1. Press Meas, click S21, or S12.
2. Press BW/Power/Avg, set the number of averages, turn on averaging, and wait for averaging

to finish;
3. Press Trace, click Mem→Data to New Mem.
4. Click Math. Under Complex data, click Data – Mem2[Trc1].

4 Results
The magnitude and phase of the exact 𝐾 (j𝜔) = 𝑆21,cal/𝐼𝑏3 using 𝑆21,cal specified by (7),

and prediction of 𝐾 (j𝜔) by (15), are plotted in Figure 4(b). The curve of predicted 𝐾 (j𝜔)
by (15) overlaps the curve of exact 𝐾 (j𝜔) perfectly. The magnitude and phase of 𝐾 (j𝜔) are
closely linear with frequency, and the linear extrapolation from the curve parts below 60 MHz
differ from the exact 𝐾 (j𝜔) by 5.8% in magnitude and 2.5% in phase at 128 MHz. Therefore,
in this case, below 140 MHz, 𝑆21,cal/𝐼𝑏3 ≈ j𝜔𝜏 exp (j𝜔𝜏) where 𝜅 > 0, 𝜏 < 0.

The measured preamplifier decoupling and active decoupling at a coil-to-probe distance of
5 cm are plotted in Figure 4. For reference, measurements in which the coil is removed are
denoted as ‘probe only’. Without calibration, the measurements are obscured by the internal
coupling of Probe 2 and severely affected by the internal coupling of Probe 1. After calibration,
the sensitivity for both probes improves to approx. -120 dB, almost the detection limit of
the VNA8. After calibration, the frequency of maximum preamplifier decoupling is found
31.98 MHz by both probes; the frequency of maximum active detuning is found 33.10 MHz
by Probe 1 and 32.54 MHz for Probe 2; the frequency of the 1H trap is found 124.24 MHz by
Probe 1, 123.68 MHz by Probe 2. Preamplifier decoupling is therefore fine-tuned accurately.
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Figure 4. Measured curves of preamplifier decoupling and active detuning of the same coil using two
probes of disparate internal coupling. Dashed lines are raw results. Solid lines are calibrated results.
Probe 1 has less internal coupling, and Probe 2 has more. After calibration, the sensitivity of |S21|
measurements improves to approx. -120 dB, the detection limit of the instrument8. The coil-to-probe
distance is 5 cm. ‘P’ corresponds to the frequency of maximum preamplifier decoupling, ‘A’ to active
detuning, and ‘H’ to 1H trap. The double-loop probe is 5 cm away from the coil. The marker frequencies
are: ‘A’ = 33.10 MHz for Probe 1, 32.54 MHz for Probe 2. ‘P’ = 31.98 MHz for Probe 1, 31.98 MHz
for Probe 2. ‘H’ = 124.24 MHz for Probe 1, 123.68 MHz for Probe 2. The difference likely comes from
curve smoothing.

Active detuning and 1H trap circuits are not perfectly tuned to their assigned frequencies in this
case.

Calibrated measurement results of preamplifier decoupling at coil-to-probe distances of
1 cm, 3 cm, 5 cm, and 7 cm are plotted in Figure 5(a). For coil-to-probe distance below 3 cm,
the measurement is noticeably distorted. When the coil-to-probe distance is 7 cm, the double-
loop probe fails to measure preamplifier decoupling or the 1H trap when the sample is between
the probe and the coil, as shown in Figure 5(b).

5 Discussion
The improvement of the sensitivity by the proposed calibration method is demonstrated in

Figure 4, in which calibrated curves by two probes of disparate internal coupling are highly
consistent. For the 1H trap and active detuning, the frequencies of extremum are slightly differ-
ent likely because of curve smoothing as the ∣𝑆21∣ values are below -90 dB and measurement
becomes noisy. This is seldom a problem in practice as the purpose of 1H traps and active
detuning is to suppress coil current to, ideally, undetectable levels.

During measurement of the coil current, it is important to keep the double-loop probe far
enough from the coil; otherwise the probe distorts the field distribution of the coil, which
violates assumption (iv), and the effect is demonstrated in Figure 5(a). However, the received
signal becomes feeble when the double-loop probe is too far. Thus there is an optimal range
of coil-to-probe distance. This range depends on loop size, coil size, RF power of the VNA,
etc. In the example in Section 3.2, the optimal distance is 3–7 cm.
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Figure 5. (a) Calibrated measurement at different probe-to-coil distances. As marked by two rectangles,
the curve of 1 cm probe-to-coil distance has its lowest point at a different location and is not parallel with
the curve of 3 cm distance, suggesting that the measurement is distorted. (b) Calibrated measurement
for sample under the coil (blue) and sample between the coil and probe (orange). The distance between
the double-loop probe and the coil is 7 cm. When a sample exists between the probe and the coil,
measurement becomes invalid.

During coil current measurement, it is also important to keep a double-loop probe away
from a lossy medium; otherwise, the double-loop probe fails to measure preamplifier decou-
pling, as shown in Figure 5(b). In this case, the coil-to-probe interaction is heavily altered by
the lossy medium and becomes hard to model.

The statement that disconnecting a coil from its circuit load is equivalent to placing the
double-loop probe in free space is best tested by an experiment. For this particular setup in
the range 20–140 MHz, the difference between 𝑆21 measurement of a disconnected coil and
of free space is small. The difference in amplitude is below 1%, and the difference in phase
is below 2°, as shown in Supporting Information Figure S2. Therefore, the statement holds
well at least up to 140 MHz. It is not surprising that removing the coil but keeping the sample
gives 𝑆21 closer to the 𝑆21 of a disconnected coil than removing both the coil and the sample.
However, difference of amplitude below 1% and phase below 2° means removing both the coil
and the sample will also yield accurate calibration. Whether or not to remove the sample during
calibration depends on convenience.

It is expected that the magnitude and phase of 𝑆21,cal/𝐼𝑏3 are linear with frequency, as
shown in Figure 3(b). A receiving loop senses coil current by mutual reactance j𝜔𝑀13 or
j𝜔𝑀23, from which the linear growth of magnitude with frequency follows. The phase delay
of the electromagnetic propagation from the coil to the receiving loop grows linearly with
frequency.
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6 Conclusion
A calibration method of double-loop measurement of coil current is proposed. Its working

mechanism is described mathematically, and the effect of sensitivity improvement is demon-
strated experimentally. Practical guidelines for accurate double-loop measurement are sug-
gested. This method can be used to fine-tune circuits for current suppression such as active
detuning circuits and traps in a wide frequency range relevant to MRI.
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Supporting Information
Here we demonstrate a way to simplify Equation (15) to j𝜔𝜅 exp (j𝜔𝜏) where 𝜅 > 0,

𝜏 < 0. We simplify as follows:
• 𝑀21 = 𝑀12 because of reciprocity;
• 𝑀13 ≈ 𝑀23 assuming both loops are almost equally far from the coil;
• 𝐿1 ≈ 𝐿2 because the loops in the double-loop probe should be of similar size;
• 𝑅11, 𝑅13, 𝑅21, 𝑅22, 𝑅23 ≈ 0 because they should be small.
Under these conditions, Equation (15), which reads

𝐾 (j𝜔) ⋅ 𝑎𝑏1
√𝑍0

=
∣ 𝑍0 + j𝜔𝐿1 𝑅13 + j𝜔𝑀13
𝑅21 + j𝜔𝑀21 𝑅23 + j𝜔𝑀23

∣

∣ 𝑍0 + j𝜔𝐿1 𝑅12 + j𝜔𝑀12
𝑅21 + j𝜔𝑀21 𝑍0 + j𝜔𝐿2

∣
, (X.15)

simplifies to

𝐾 (j𝜔) ⋅ 𝑎𝑏1
√𝑍0

=
∣𝑍0 + j𝜔𝐿1 j𝜔𝑀31
j𝜔𝑀21 j𝜔𝑀31

∣

∣𝑍0 + j𝜔𝐿1 j𝜔𝑀21
j𝜔𝑀21 𝑍0 + j𝜔𝐿1

∣

= j𝜔𝑀31
j𝜔 (𝑀21 + 𝐿1) + 𝑍0

(X.17)

where 𝑎𝑏1/√𝑍0 > 0 is a positive constant. This is the transfer function of a first-order high-pass
filter.1 The amplitude is mostly linear with frequency until 𝜔𝑐 = 𝑍0/ (𝑀21 + 𝐿1). The phase
of 𝐾(j𝜔) is also linear with frequency in the low RF frequency range.

For the simulation example in Section 3.1, we have
• 𝑀21 = 𝑀12 = −3.16 nH;
• 𝑀13 = 40.72 nH, 𝑀23 = 38.95 nH, so 𝑀13 ≈ 𝑀23 holds;
• 𝐿1 = 41.54 nH, 𝐿2 = 40.31 nH, so 𝐿1 ≈ 𝐿2 holds;
• max [𝑅11, 𝑅13, 𝑅21, 𝑅22, 𝑅23] < 0.31 for frequency below 300 MHz, so 𝑅11, 𝑅13, 𝑅21,

𝑅22, 𝑅23 ≈ 0 holds.
Therefore, our simplification can hold. For this example, we plot the magnitude and phase of
(X.17) in Figure 1. The turning point of straight-line asymptotes of magnitude is 207.4 MHz
or 1.303 × 109 rad, at which the phase is 45∘. The turning point of straight-line asymptotes of
phase is 329.5 MHz or 2.070 × 109 rad, higher than 207.4 MHz.
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Supporting Information Figure 1. ∣𝐾 (j𝜔) 𝑎𝑏1𝑍−1/2
0 ∣ and 90∘ − arg [𝐾 (j𝜔) 𝑎𝑏1𝑍−1/2

0 ] as approxi-
mated by (A-1), where 𝑎𝑏1𝑍−1/2

0 > 0. In this case, 𝐾 (j𝜔) represents a first-order high-pass filter. The
magnitude and phase are largely linear in the low-frequency range. Note that this figure is only used to
illustrate the behaviour of 𝐾 (j𝜔), and it does not imply (15) or (X.17) is valid up to 1 GHz.

Supporting Information Figure 2. 𝑆ph is the double-loop probe’s 𝑆21 in the presence of a sample
(phantom), but with coil removed. 𝑆nPh is the 𝑆21 of double-loop probe in free space, in the absence
of the sample and the coil. 𝑆ds is the 𝑆21 of double-loop probe in the presence of a sample and a coil
with the coil disconnected from its circuit load. The light lines delineate amplitude ratio; the dark lines
delineate phase difference. Removing the coil and keeping the sample is closer to disconnecting the coil
from its circuit load, but removing both the coil and the sample is also a close match.








	Abstract
	Resumé
	Preface
	List of publications
	Abbreviations
	Contents
	1 Reaching ultimate SNR in hyperlolarised MRI: challenges and approaches
	2 Preamplifier decoupling and matching in coil arrays
	3 Cryogenic mouse coils
	4 Cryogenic human head coil array

	Conclusion
	Bibliography
	Papers 
	I Three-element matching networks for receive-only MRI coil decoupling
	II Trade-off between preamplifier noise figure and decoupling in MRI detectors
	III Preamplifier decoupling condition for one-turn single- and multi-gap shielded loops
	IV Estimating noise figure of matching networks for low-input-impedance preamplifiers
	V Matching and decoupling networks for receive-only MRI arrays
	VI A cryogenic fourteen-channel 13C receiver array for 3 T human head imaging
	VII Towards a cryogenic RF coil array for 13C human head imaging: first experience
	VIII Effect of matching network losses on preamplifier decoupling circuit topologies at room and cryogenic temperature for 3 T 13C applications
	IX Studying the influence of cryogenic cooling and B0 alignment on Si PIN diode operation in active decoupling circuits 
	X Calibrating double-loop probe measurements of RF coil current


