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Abstract
In the past decades, the amount and quality of 3D image data being produced have
increased tremendously. This has brought the need for automated tools to analyze these
images. In some domains, models based on deep learning have become dominant. However,
there are still areas where the application of such models is challenging due to the lack of
annotated data and the sheer size of 3D images.

This thesis explores the use of explicit surfaces in image segmentation to address this issue.
Explicit surfaces in the form of meshes have two concrete benefits: First, they easily allow
the incorporation of prior knowledge on shape and topology. This helps alleviate the issues
of no annotated data for machine learning models. Second, they move the computational
scaling to the size of the mesh instead of the size of the image. This allows mesh-based
models to scale to very large segmentation problems, as this thesis will show.

The first part of the thesis focuses on fitting meshes to images with minimum cut/maxi-
mum flow (min-cut/max-flow). We review the current state of the art for serial and parallel
min-cut/max-flow algorithms, develop a new min-cut/max-flow-based parallel algorithm
for quadratic pseudo-Boolean optimization (QPBO), and a new method for multi-object
segmentation with exclusion constraints based on QPBO. We demonstrate that mesh fit-
ting with min-cut/max-flow can be scaled to large segmentation problems with thousands
of interacting objects. Furthermore, for large problems, their solution can be parallelized
efficiently, although we show parallel min-cut/max-flow algorithms struggle with speeding
up smaller problems.

Next, we contribute a method for segmentation of 4D (3D + time) images, which focuses
on objects that either split or merge over time. We demonstrate how a simple topology
constraint leads to a highly efficient method that fully captures object dynamics.

In the last part of the thesis, we investigate the use of explicit surfaces in learning-based
segmentation. Using surface fitting, we develop a method that allows the training of
neural network segmentation models from only sparse point annotations. We show that
this allows training more accurate models from significantly less annotation effort. Finally,
we develop a new mesh-based shape model which can learn a latent shape space and then
smoothly combine multiple latent representations. We demonstrate that this makes for
a highly flexible model which can easily be used for a variety of tasks — for example,
efficient image annotation and segmentation post-processing.

In conclusion, the contributions in this thesis show meshes to be a powerful tool for image
segmentation from both a modeling and computational standpoint. Therefore, meshes
have great potential to form the basis of accurate and scalable segmentation models to
handle the ever-growing amount of 3D image data.
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Resumé
I de seneste årtier er mængden og kvaliteten af 3D-billeddata, der produceres, steget
enormt. Dette har medført et behov for automatiserede værktøjer til at analysere disse
billeder. I nogle domæner er modeller baseret på dyb læring blevet dominerende, men
der er stadig områder, hvor anvendelsen af sådanne modeller er udfordrende på grund af
manglen på annoteret data og den enorme størrelse af 3D-billeder.

Denne afhandling udforsker brugen af eksplicitte overflader i billedsegmentering for at
løse dette problem. Eksplicitte overflader i form af trekantsnet, har to konkrete fordele:
For det første tillader de let at indarbejde forhåndsviden om form og topologi. Dette
hjælper på problemet med manglen på annoteret data til maskinlæringsmodeller. For det
andet flytter de den beregningsmæssige skalering til størrelsen af trekantsnettet i stedet
for størrelsen af billedet. Dette tillader modeller baseret på trekantsnet at skalere til meget
store segmenteringsproblemer, som denne afhandling vil vise.

Den første del af afhandlingen fokuserer på at tilpasse trekantsnet til billeder med grafop-
timering. Vi evaluerer nuværende serielle og parallelle algoritmer til grafoptimering, ud-
vikler en ny parallel algoritme til kvadratisk pseudo-Boolesk optimering (QPBO) baseret
på grafoptimering og præsenterer en ny metode til multi-objekt segmentering med seper-
ationsbegrænsninger baseret på QPBO. Vi viser, at tilpasning med trekantsnet baseret
på grafoptimering kan skaleres til store segmenteringsproblemer med tusindvis af inter-
agerende objekter. For store problemer kan løsningen af disse desuden paralleliseres ef-
fektivt. Vi viser dog, at parallelle grafoptimeringsalgoritmer har problemer med at løse
mindre problemer hurtigere end serielle algoritmer.

Som det næste bidrager vi med en metode til segmentering af 4D (3D + tid) billeder, som
fokuserer på objekter, der enten deler sig eller smelter sammen over tid. Vi viser, hvordan
en simpel topologibegrænsning fører til en yderst effektiv metode, der også fuldt beskriver
objektudviklingen.

I den sidste del af afhandlingen undersøger vi brugen af eksplicitte overflader i lærings-
baseret segmentering. Ved hjælp af overfladetilpasning udvikler vi en metode, der tillader
træning af segmenteringsmodeller baseret på neurale netværk fra sparsomme punktan-
noteringer. Vi viser, at dette giver mulighed for at træne mere nøjagtige modeller fra
en væsentlig mindre annoteringsindsats. Endeligt udvikler vi en ny formmodel baseret på
trekantsnet, som kan lære et latent formrum og derefter kontinuert kombinere flere latente
repræsentationer. Vi demonstrerer, at dette resulterer i en enormt fleksibel model, som
nemt kan bruges til en række forskellige opgaver — for eksempel effektiv billedannotering
og efterbehandling af segmenteringer.

Alt i alt viser bidragene i denne afhandling, at trekantsnet er et stærkt værktøj til billedseg-
mentering fra både et modellerings- og beregningsmæssigt synspunkt. Som følge deraf, har
trekantsnet derfor et stort potentiale for at danne grundlag for velfungerende og skalerbare
segmenteringsmodeller til at håndtere den stadigt voksende mængde af 3D-billeddata.
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1 Introduction
3D images (also known as volumetric images or volumes) provide a unique opportunity to
investigate the spatial structure of matter. They allow us to understand phenomena such
as how blood vessels are organized in tissue (Figure 1.1a), the physics of foam (Figure 1.1b),
the morphology of insects (Figure 1.1c), and the size and shape of organs (Figure 1.1d).

(a)

(b)

(c) (d)

Figure 1.1: Examples of 3D image data. (a) Phase-contrast X-ray CT image of heart tissue
from [1]. (b) X-ray CT image of liquid foam from [2]. The image has been thresholded.
(c) X-ray CT image of a cricket. The image has been thresholded. (d) Clinical contrast-
enhanced X-ray CT from [3].

Due to this power, 3D images have also become increasingly prevalent over the last decade.
The best known sources of 3D images are likely clinical X-ray computed tomography (CT)
scanners (Figure 1.2a) or magnetic resonance imaging (MRI) machines (Figure 1.2b) —
and the number of such machines is steadily increasing worldwide [4–6]. For industrial and
research use, laboratory X-ray CT setups (Figure 1.2c) are also becoming common and
several companies now sell ‘plug and play’ scanners aimed at non-experts. At the other
end of the scale are synchrotron light sources (Figure 1.2d), which are huge facilities that
can generate very powerful X-ray light for CT (or related techniques) [7]. These facilities
are mainly used for research (industrial and academic) and the number of publications
making use of synchrotron light has been on an upward trend for the past 20 years.1

In addition to an increase in the quantity of 3D images, their quality has increased. Spatial
resolution keeps improving [7, 10, 11], which means that structures smaller than 1 µm can
now be resolved. Simultaneously, imaging times decrease which enables scanning large
numbers of specimens or getting a larger field of view by stitching many images together.
The shorter scanning times also enable 3D movies (3D + time or 4D images) which opens
up possibilities for studying the dynamics of a sample [7, 12]. Indeed, modern synchrotron
facilities can now produce up to 1000 full 3D images per second while having spatial

1Determined by searching Scopus and Web of Science for publications containing the words ”syn-
chrotron” and (”ct” or ”tomography”) in their title, abstract, or keywords.
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(a) (b) (c) (d)

Figure 1.2: Example sources of 3D images. (a) Clinical X-ray CT scanner [8]. (b) Clinical
MRI machine. (c) Laboratory X-ray CT scanner. (d) The MAX-IV synchrotron in Lund,
Sweden [9].

resolutions in the micrometer range [13]. As a result of these developments, image data
sets can now be very large with 3D images using up to 50 gigabytes (GBs) per image while
a single 4D image can use multiple terabytes (TBs) [7].

Because of this growth, there is already a strong need for automated analysis of 3D images,
and this need is only going to increase with time. While analysis may encompass many
things, I will focus on segmentation which is one of the most common tasks in image
analysis. In medical imaging, algorithms based on deep learning have become dominant
[14, 15]. A large contributor to this success is the abundance of open datasets available [3,
16–21]. Nevertheless, there are still domains where these datasets remain insufficient and
techniques for dealing with imperfect data are still important and actively researched [22,
23]. In materials science and pre-clinical research, machine learning is still only emerging
[7, 24, 25] and researchers still rely on fairly primitive image processing tools [7, 12, 26].
However, these fields also lack standardized annotated 3D image datasets for training deep
learning models. While some preliminary efforts exist [27–30], these datasets are still much
smaller than what is available for clinical medical images.

Another obstacle to deep learning in materials science and pre-clinical research lies in the
nature of the data. Typically, a clinical dataset will consist of many 3D images where each
image consists of less than 5123 voxels. This makes them ideal for deep learning training
pipelines, as a model will see a large variety of samples during training and only a small
amount of downsampling and/or cropping is needed to fit in current graphical processing
unit (GPU) memory limits. In contrast, materials science and pre-clinical datasets may
consist of around 10 images where each image contains 20003 voxels or more. Here, a
model must learn from only a few samples and they must be heavily downsampled and/or
cropped — which essentially negates the advantages of modern 3D imaging systems. As a
result, there is currently a disconnect between the needs of researchers working with such
datasets and modern (learning-based) image segmentation tools. It is this disconnect I
will seek to address in this thesis.

1.1 Thesis Focus
Concretely, in this thesis I focus on the problem of how to perform segmentation of 3D
images with the following properties:

P1 They are large (10003 voxels and beyond). This places demands on the compu-
tational and memory efficiency of methods. Methods that work well enough on small
images may become highly impractical, or even infeasible, to use on large images.

P2 No labeled image data exists. This means that models must either work without
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a prior learning step or learn very efficiently from limited labels as these will have
to be provided from scratch.

P3 We have prior knowledge about object shapes. This knowledge can be low-
level information, such as knowledge of object topology or the assumption of a
smooth boundary, or higher level, such as a statistical shape model.

It is worth elaborating on P2 and P3 as they may seem contradictory. How can we
create shape models if we do not have access to labeled data? This is possible by making
a distinction between object appearance and shape. P2 means that we cannot (easily)
learn the appearance of an object in the images to segment. However, we may learn the
shape based on information from other modalities, which is what motivates P3. This is
important because 3D images come from many different modalities that may create very
different-looking images, even when imaging the same object.

To address the above-mentioned problem, I have focused on methods for fitting surface
meshes to images. Meshes are attractive as they open many avenues for incorporating
prior shape information. Furthermore, by developing methods that scale with the size of
the mesh instead of the size of the image we can potentially tackle segmentation of very
large images. Finally, meshes are also very suitable — and sometimes necessary — for
downstream analysis tasks such as volume measurement, shape analysis, finite element
modeling, etc.

1.2 Thesis Structure
I now give an overview of the thesis and how each chapter addresses the three problem
properties stated above. The majority of the thesis is a collection of papers completed
during my PhD. At the beginning of Chapters 3 and 4 I provide additional information
on each contribution.

• In Chapter 2, I provide background information and describe related work in order
to position the work of this thesis in the broader scope of image segmentation.

• In Chapter 3, I focus on P1 and P2 to investigate new segmentation methods that do
not make use of learned shape information but instead rely on low-level smoothness
priors. The main focus was computational and memory efficiency of segmentation
with minimum cut/maximum flow (min-cut/max-flow) algorithms which we reviewed
(Paper A) and improved (Paper B). We also developed a new method that can
segment multiple objects in large 3D images (Paper C) using min-cut/max-flow.
Finally, we developed a new deformable surface method for segmenting objects with
changing topology in large 4D images (Paper D).

• In Chapter 4, I focus on P2 and P3 to incorporate shape knowledge into learned
segmentation models. We use smoothness-based shape fitting in order to greatly
reduce the annotation effort required to train a deep learning-based segmentation
model (Paper E). Expanding on that, we then developed a new learnable mesh-based
shape model (Paper F) that could further reduce the required annotation effort and
also improve existing segmentations from other models.

• In Chapters 5 and 6, I give concluding remarks on the work in this thesis and provide
perspectives on future work and developments.

1.3 Project Evolution
The scope of this project was initially very wide and finding the focus of my PhD was a
large part of the first year. I began by exploring min-cut/max-flow methods for multi-GB
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3D image segmentation, which lead to Paper C. While working on this, it became clear
that serial min-cut/max-flow algorithms were a performance bottleneck. This led to a
collaboration with Niels Jeppesen, who had observed the same, and we set out to explore
what had been done with min-cut/max-flow, especially on the parallel front. The result of
this investigation formed the basis for Paper A. We also set out to develop a new parallel
method to further speed up our segmentation methods, which resulted in Paper B. Early
in the project I also tried adapting the min-cut/max-flow surface fitting to 4D. However, it
became clear that a deformable surface approach would be better, which lead to Paper D.

In parallel to this, I became interested in methods from the emerging field of geometric
deep learning. The hope was to develop a learned shape prior to further improve image
segmentation. We noticed that Udaranga Wickramasinghe from Pascal Fua’s lab was also
doing work in this direction and initialized a collaboration which led to me participating
in Paper E. We continued the collaboration to create a more powerful shape model which
would (potentially) improve Paper E and allow me to create the segmentation model I
initially wanted. This led to Paper F, which was about that shape model. With the PhD
coming to an end, I didn’t have enough time to build on Paper F to create my segmentation
algorithm — another paper for another time.

During the project, I also had forays into other projects which are not included in this
thesis. In the first year, I briefly worked on foam quantification, which never crystallized
into a paper. I also spent some time working on fast 3D mathematical morphology, which
expanded on a paper2 I wrote during my master’s. While we improved the theoretical
framework, it did not result in a new paper during my PhD. Finally, I also spent time
working with physicists from Göttingen on segmenting blood vessels in large 3D images
using deep learning. This led to a paper3 and I learned a lot about how the image data
I work with was captured. Although not included in the thesis, this was the catalyst for
shifting my work to deep learning.

Non-Included Contributions
In this section, I list all contributions I have participated in, but which are not included
in this thesis due to being out of scope or my contribution being too minor.

[i] Patrick M. Jensen, Camilla H. Trinderup, Anders B. Dahl, and Vedrana A. Dahl.
“Zonohedral approximation of spherical structuring element for volumetric morphol-
ogy”. In: Scandinavian Conference on Image Analysis. Springer. 2019, pp. 128–139.

[ii] Matthias B. Stuart, Patrick M. Jensen, Julian T. R. Olsen, Alexander B. Kristensen,
Mikkel Schou, Bernd Dammann, Hans Henrik B. Sørensen, Jørgen A. Jensen. “Fast
GPU-beamforming of row-column addressed probe data”. In: IEEE International
Ultrasonics Symposium (IUS). 2019, pp. 1497–1500.

[iii] Matthias B. Stuart, Patrick M. Jensen, Julian T. R. Olsen, Alexander B. Kristensen,
Mikkel Schou, Bernd Dammann, Hans Henrik B. Sørensen, Jørgen A. Jensen. “Real-
time volumetric synthetic aperture software beamforming of row–column probe data”.
In: IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control 68.8
(2021), pp. 2608–2618.

[iv] Marius Reichardt, Patrick M. Jensen, Vedrana A. Dahl, Anders B. Dahl, Maximilian
Ackermann, Harshit Shah, Florian Länger, Christopher Werlein, Mark P. Kuehnel,
Danny Jonigk, Tim Salditt. “3D virtual histopathology of cardiac tissue from Covid-
19 patients based on phase-contrast X-ray tomography”. In: eLife 10 (2021), e71359.

2Not included in this thesis. See paper [i] in the section Non-Included Contributions.
3Not included in this thesis. See paper [iv] in the section Non-Included Contributions.
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[v] Jakob Christensen, Patrick M. Jensen, Morten R. Hannemose, Anders B. Dahl, Ve-
drana A. Dahl. “LayeredCNN: Segmenting Layers with Autoregressive Models”. In:
Proceedings of the Northern Lights Deep Learning Workshop. 2022.
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2 Background
In this chapter, I provide a brief background on the most important concepts in this thesis
which are not defined in the included contributions. The goal is to establish the terms
used in the later chapters and to position the work of this thesis within the wider scope
of image analysis as a research field.

2.1 Digital Images and Segmentation
While the word image has a wide scope in daily speech, we will take it to mean something
highly specific in this text. An image, I, refers to a set of values arranged in a finite
N -dimensional grid, as shown in Figure 2.1. Commonly, it is assumed that an image
represents regular samples from an underlying continuous-coordinate function I : RN →
RM , as that often reflects the reality of how images are captured. In 2D, we refer to each
element of I as a pixel (from picture element) and in 3D or above as a voxel (from volume
element). For simplicity, I will use voxel henceforth, except when explicitly talking about
2D images. Each voxel corresponds to a region of space of size δ1 × . . . × δN . Typically,
it is assumed implicitly that all δi are equal which is referred to as isotropic voxel size.
However, this is not always the case. For example, images from medical scanners often
have anisotropic voxel sizes where the voxels have different side lengths due to how the
images were obtained.

(a) 2D image. (b) 3D image. (c) 4D image.

Figure 2.1: Digital images in multiple dimensions. Images are divided into boxes denoted
as pixels in 2D and voxels for 3D and above, which are arranged in an n-dimensional grid.

In this thesis, I focus on so-called gray-scale images, where the value stored at each voxel is
a scalar. The reason is that in 3D and above, segmentation is typically done on images that
are acquired by equipment that only outputs scalars. However, storing multidimensional
values is also common. In 2D, color images typically store a vector of red, green, and blue
values at each pixel. In 3D, diffusion tensor MRI produces images where each voxel stores
a tensor that describes the diffusion properties [1].

By image segmentation, we refer to a partition of the image into regions that each have
semantic meaning. The segmentation can either be defined by filled regions, e.g. another
image where each voxel stores a label, or by storing the boundary of each region. See
Figure 2.2 for an illustration. In this work, we focus on the latter case where the object
boundaries are stored as meshes. We elaborate on meshes in Section 2.3.
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(a) Liver segmentation defined by filled region. (b) Liver segmentation defined by boundary.

Figure 2.2: Two ways of representing a segmentation of a clinical X-ray CT scan of a
human torso from [2]. We show a 3D rendering of the image data with the segmentation
in red. The inset shows a horizontal slice through the 3D image and segmentation.

(a) Raw image. (b) Semantic. (c) Instance. (d) Panoptic.

Figure 2.3: Different segmentation types illustrated on an image (a) of dividing cells from
[3]. In semantic segmentation (b), the image is divided into background (green), normal
cells (blue), and cells about to divide (orange) but we do not differentiate individual cells.
In instance segmentation (c), each cell is segmented with a separate label, but we do not
distinguish between cell types. In panoptic segmentation (d), each cell is both detected as
a separate object and classified as a normal (blue outline) or dividing cell (orange outline).

Image segmentation can be further split into three subcategories [4]: Semantic segmenta-
tion, instance segmentation, and panoptic segmentation. The differences between these
are illustrated in Figure 2.3 and can be explained as:

• Semantic segmentation partitions the image into disjoint regions according to a
semantic label. However, no distinction is made between different objects that share
the same label. As a result, multiple objects may fuse into one connected component
in the segmentation, such as the cells in the left part of Figure 2.3b.

• Instance segmentation segments each object of one or more predetermined seman-
tic classes with a separate label. However, no distinction is made between segmented
objects of different semantic classes. Also, objects that are not in the predetermined
classes are not segmented.

• Panoptic segmentation is the combination of semantic segmentation and instance
segmentation. The image is partitioned into disjoint regions, each having two labels:
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a semantic class and an instance id. This provides the most complete description of
the image, but, as a result, is also the most challenging.

The work in this thesis focuses on instance segmentation. The reason is that the developed
methods focus on deforming an existing boundary to match the image data. This requires
that we specify up front what kind of object to segment and how many. Although it is a
limitation, this still encompasses a wealth of important image segmentation tasks.

2.2 Neural Networks
The following section contains a brief introduction to deep learning and neural networks.
Since deep learning is an incredibly expansive field, a thorough treatment is beyond the
scope of this thesis. The goal is to introduce the most important elements for the works in
this thesis, namely multilayer perceptrons (MLPs), which are used in Paper F, and convo-
lutional neural networks (CNNs), which are used in Paper E. For a more comprehensive
introduction, the reader is referred to the book by Goodfellow, Bengio, and Courville [5].

2.2.1 Multilayer Perceptrons
Multilayer perceptrons (MLPs), also known as feed-forward neural networks, can be seen
as the essence of deep learning. Their goal is to approximate some unknown function
F ∗ : RN → RM . As an example, F ∗ may be a classifier mapping a vector input x
to a class y or a continuous function mapping a 3D position to a displacement. The
name, neural network, comes from the fact that they are based on a simplified model of
biological neurons. Each neuron has several inputs and produces an output. The inputs
to each neuron may be data samples, e.g., pixel values, or the outputs of other neurons.
As a result, the neurons form a directed graph, i.e., a neural network. In MLPs, we do
not allow cycles in the graph and can therefore arrange the neurons in layers such as in
Figure 2.4. The first layer always contains the input data, x = (x1, x2, . . . , xN ), and the

x1

x2

h11

h21

h31

h12

h22

h32

y1

y2

Input Hidden 1 Hidden 2 Output

Figure 2.4: A simple multilayer perceptron (MLP) with two hidden layers mapping a 2-
dimensional input (x1, x2) to a 2-dimensional output (y1, y2). The output of each neuron
is connected to every neuron in the following layer.

last layer contains the output neurons, y = (y1, y2, . . . , yM ). We can therefore view an
MLP as a function from RN to RM . In between, there may be zero or more so-called
hidden layers with additional neurons, hkl. For simplicity, we assume that the output of
each neuron is connected to every neuron in the next layer, as shown by the arrows in
Figure 2.4.

Mathematically, we model the output of each neuron, fkl, as a linear combination of its
C inputs plus a bias, b, followed by a differentiable nonlinear activation function σ. We
write it as

fkl(x) = σ(w1x1 + w2x2 + . . .+ wCxC + b) = σ
(
wTx + b

)
. (2.1)

3D Image Segmentation with Explicit Surface-Based Priors 11



Here, w ∈ RC is a vector that contains the weights for the neurons. Today, the nonlinear
activation function σ is usually taken to be the rectified linear unit (ReLU), which is
given by ReLU(x) = max{x, 0}. However, several other activation functions have been
proposed and the best one is often application dependant. Furthermore, it is common to
use a different activation function for the output neurons. We can collect the D neurons
in the l’th layer in a single function fl : RC → RD as

fl(x) = σ
(
WT

l x + bl

)
, (2.2)

where σ is applied elementwise, Wl ∈ RC×D has the D weight vectors as columns, and
bl ∈ RD is a vector of the biases. To evaluate an MLP with L layers for an input x, we
apply each layer in sequence, using the output of each layer as the input to the next

MLP(x) = fL(. . . f3(f2(f1(x)))) . (2.3)

The goal now is to find weights and biases such that the MLP approximates the function F ∗

as well as possible. We call this process training: the MLP learns from prepared training
samples

(
x(i), F ∗ (x(i)

))
by comparing its output MLP

(
x(i)

)
with the known ground truth

F ∗ (x(i)
)
. This comparison is done via a differentiable loss function L : RM × RM → R

where L
(
MLP

(
x(i)

)
, F ∗ (x(i)

))
is low when the MLP and F ∗ agrees and high otherwise.

Common choices are cross entropy when training a classifier or mean squared error when
training a continuous function.

Training is then performed via (variations of) gradient descent. After computing the loss
for a training sample, we can compute the derivative of the loss w.r.t. the weights and
biases with a process known as backpropagation [5]. The weights and biases are then
updated in the direction of the negative gradient with a given step length called the learn-
ing rate. Typically, we compute the loss for a random batch of samples at a time before
computing the gradient. This process is repeated until the loss stops decreasing, a given
compute budget is exceeded, or some other stop criterium is reached. In addition to this,
there is a wealth of other techniques to improve the training of neural networks even
further. These include different optimization algorithms, learning rate schedules, parame-
ter regularization, input and output normalization, initialization schemes, and many more.
These are all important for the practical performance of neural nets, and more information
can be found in [5, 6].

2.2.2 Convolutional Neural Networks
Convolutional neural networks (CNNs) are the cornerstones of modern deep learning mod-
els for image segmentation. They are specialized for grid-like data such as images. Concep-
tually, they are similar to MLPs in that CNNs consist of several layers where the output
of each layer is the input for the following layer. The main difference is that, while the
basic building blocks of MLPs are matrix multiplication, CNNs are based on convolutions1

where the kernels are the learnable parameters. As an example, let I be a 2D image and
K be the kernel, which itself can be seen as a 2D image. The convolution of I and K,
written I ∗K, then results in another 2D image, R, given by

R(a, b) = (I ∗K)(a, b) =
∑
i

∑
j

I(a+ i, b+ j)K(i, j) . (2.4)

Typically, K is smaller than I which means each pixel of R only depends on a subset of I.
This is illustrated in Figure 2.5 for a 5× 5 image and a 3× 3 kernel. Note that the output

1Technically, most use cross-correlation, which is identical to convolution except the kernel is flipped.
In line with most CNN literature, we will refer to both operations as convolution.
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Input image I Kernel K Result image R

Figure 2.5: Illustration of 2D discrete convolution, which forms the basic building blocks
of convolutional neural networks (CNNs). A 5× 5 image is convolved with a 3× 3 kernel
to produce a 3× 3 result.

is smaller than the input image. To avoid this, we can pad the input image to make it
larger. In the case of vector-valued images, the summation in (2.4) would also run over
each pixel component

R(a, b) = (I ∗K)(a, b) =
∑
i

∑
j

∑
c

I(a+ i, b+ j, c)K(i, j, c) . (2.5)

Note that even if the input image is vector-valued, the result will be a scalar image.

Figure 2.6: Exam-
ple of max pooling.

In CNNs, each layer typically contains several kernels which are con-
volved with the input image separately. After convolution, each re-
sult pixel is fed through a non-linear activation function — typically
ReLU, but again, this is application specific. The result images are
then stacked to form a vector image, which is fed into the next layer.
Another important component of CNNs is pooling, which applies a
pooling operation — typically maximum or mean — over a sliding
window. The stride is usually chosen such that windows do not over-
lap, which reduces the size of the image, as shown in Figure 2.6. For
CNNs that perform segmentation, they commonly include operations
to undo this downscaling. Common operations are either simple bi-
linear upscaling or learned convolutions with extra padding.

To train CNNs, we use the same strategy as with MLPs. Using a
modified version of the backpropagation algorithm, we can compute the derivative of each
kernel element w.r.t. to a given loss function. Given this, we can train the CNN with
gradient-based optimization to minimize this loss function for a set of training examples.
As with MLPs, there is a huge amount of additional techniques to improve the training
and performance of CNNs, and more information can be found in [5, 7, 8].

2.3 Shape Representations
As this thesis focuses on segmentation with prior knowledge about shape and topology,
it is worth discussing different ways to represent shapes. The major divide in shape
representations is whether to represent the shape explicitly or implicitly.

With explicit representations, we directly represent the boundary of a shape. This gives us
direct access to surface points, which makes it easy to compute distance queries to other
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(a) Triangle mesh. (b) Tetrahedral mesh. (c) Point cloud.

(d) Voxel volume. (e) Neural Implicit.

Figure 2.7: Examples of common shape representations. Each figure shows the shape
sliced in half to display the interior and the inset shows the full shape. The voxel volume
in (d) encodes an occupancy function and only inside voxels are shown. The neural implicit
in (e) encodes a signed distance function.

shapes and to compute surface properties such as area or curvature. On the other hand,
we can not directly check whether an arbitrary point is inside the shape — e.g., to evaluate
an image segmentation. The most popular way to implement such an inside/outside query
is by shooting a ray from the point to infinity [9, 10]. If the number of intersections with
the surface is odd, the point is inside. However, other methods are also possible [11, 12].

With implicit representations, we label every point in space as being either inside or
outside the shape. Typically, this is either done using an occupancy function (i.e., a binary
labeling) or with a signed distance function (SDF). The surface is then given implicitly
as a level set — commonly extracted by evaluating the function on a grid and then using
marching cubes [13, 14]. This reverses the situation from explicit representations: We can
easily check if a point is inside the shape, but must do work to access the boundary.

We now give an overview of the most prevalent shape representations currently in use:

• Triangle meshes (Figure 2.7a) are the classic example of explicit representations
and the focus of this thesis. It is a collection of vertices, edges, and triangles where
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each triangle represents a small piece of the surface. The vertex positions encode
the geometry of the represented shape and the edges and faces encode the topology.

A common way to store triangle meshes is as a list of coordinates for each vertex and
a list of vertex indices for each triangle. While simple, it does not store connectivity
between edges and triangles which are needed for several mesh operations. If only
edge connectivity is needed, common for smoothing, then this may be stored in a
separate list or sparse matrix. If general connectivity is needed, e.g., for dynamic
mesh changes, the most popular data structure is the so-called half-edge data struc-
ture [15], also known as a doubly connected edge list (DCEL). Finally, it should be
noted that meshes may be comprised of other polygons than triangles, e.g., quadri-
laterals, in which case they are known as polygonal meshes. Nevertheless, we can
always convert a polygonal mesh to a triangle mesh by splitting each polygon into
triangles.

• Tetrahedral meshes (Figure 2.7b) are similar to triangle meshes, but instead rep-
resent a volume rather than a surface. They are mainly included here due to their
use in Paper D. It is a collection of vertices, edges, triangles, and tetrahedra where
each tetrahedron represents a small piece of volume. An advantage over triangle
meshes is that we can check if a point is contained inside the shape by checking if it
is contained in one of the tetrahedra instead of performing ray-intersection tests.

As with triangle meshes, tetrahedral meshes are often stored as a list of vertex
coordinates, a list of vertex indices for each tetrahedron, and, if needed, a list of edges.
For general connectivity, the situation is not as settled as for triangle meshes, and
several data structures are used [16–19]. As with triangle meshes, a main application
for such data structures is to allow dynamic updates to the mesh.

• Point clouds (Figure 2.7c) sit between explicit and implicit representations and are
simply a list of points representing samples from the surface of a shape. Their main
benefit is their high flexibility, as they can easily represent complex surfaces of any
topology. The downside is that topological information is not explicitly encoded,
which can introduce ambiguities for highly complex geometries. To convert a point
cloud to a triangle mesh common strategies are the Ball Pivoting algorithm [20] and
Poisson surface reconstruction [21, 22]. Both require estimates of surface normals
for each point, which may be part of the point set or estimated from nearby points.

• Voxel volumes (Figure 2.7d) are the classic example of implicit representations.
At every voxel, we store either an occupancy value or a signed distance. The main
strength of voxel volumes is their simplicity. Also, since they have been in use for a
long time, there is a large selection of tools for working with this representation. The
major drawbacks are their memory and computational requirements — especially
when representing fine geometric details since that requires a very dense grid. To
alleviate this, some authors have used sparse data structures such as octrees to
represent volumes [23].

• Neural implicits (Figure 2.7e) have emerged in recent years as a powerful implicit
shape representation. Here, an MLP is trained to map arbitrary 3D positions to
occupancy values or signed distances. Since the representation is continuous, neu-
ral implicits can represent shapes with fine details without using large amounts of
memory — to the point that they sometimes use less memory than a triangle mesh
representation. This property makes such representation extremely attractive, which
has led to an explosion of papers in the last few years.
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2.4 Priors for Image Segmentation
Incorporating prior knowledge has long been a tried and true strategy for improving seg-
mentation algorithms. Allowing for some overlap, we can organize the imposed prior
knowledge into three overall groups: appearance priors, abstract priors, and shape priors.
Note that many segmentation methods combine several priors, e.g., an appearance and
a shape prior. The group on shape priors is the most relevant for this thesis and will
therefore be the focus.

2.4.1 Appearance Priors
Appearance priors are based on the distribution of object brightness, color, and texture. A
trivial example is knowing that we seek bright objects such as in thresholding [24]. More
typically, we seek to learn an appearance model given a set of training examples and then
use this model to classify pixels in later images. For brightness and color, this may be done
using a Gaussian mixture model (GMM) [25], principal component analysis (PCA) [26]
linear discriminant analysis (LDA) or similar methods [27, 28]. For texture, researchers
have made use of filter banks [29], engineered feature vectors [30], image patch dictionaries
[31], and more [32]. Today, CNNs are arguably the standard way to learn an appearance
prior [33] as they make use of both texture and shape [34].

In this thesis, appearance priors have not been the focus. For the contributions in Chap-
ter 3, we make use of very simple appearance models that only seek bright or dark regions.
In Chapter 4, we do make use of CNN models but only as backbones for the contributed
methods.

2.4.2 Abstract Priors
Abstract priors are those that do not make use of appearance or shape. Topological priors
constrain the connectivity and/or genus of the segmentation [35, 36]. The first ensures
that each object is represented as a single connected component. The second ensures that
objects do not have spurious holes or that they maintain the correct number of holes.
Knowledge may also be introduced interactively by a user by constraining some image
regions to be background or object [37, 38]. Finally, when segmenting multiple objects,
we may enforce that one object contains another, that objects cannot overlap, and that
objects must be separated by a minimum or maximum distance [39–41].

Topological priors are especially important for this thesis since representing an object
via its surface fixes its topology. Therefore, all methods in this thesis fall under this
category. Furthermore, Paper C dealt with how to enforce exclusion during segmentation,
and Paper B with how to accelerate segmentation under inclusion/exclusion and separation
constraints.

2.4.3 Shape Priors
Shape priors are based on knowledge of the expected shape of objects. Note that in this
section, we widen the scope to include shape prior methods used for other tasks than
image segmentation, e.g., surface reconstruction. At the low level, we have priors such
as favoring boundaries that are smooth or have a small surface area, used in e.g., active
contour models (ACMs) [42–45] and Markov Random Fields (MRFs) [46]. At the mid-
level, we have priors that favor tubular or flat structures [47, 48]. Other examples are
priors which constrain the volume of objects [49, 50]. In recent years, some have used the
prior that local surface details are reoccurring over a surface [51–53].

At the high level, we have priors that control the overall shape. Atlas-based segmentation
learns a representative mean shape from a set of training examples. This is stored either
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as a binary or as a probability volume. Segmentation then corresponds to registering the
atlas to a new image [54]. Wu and Chen [55] developed a surface fitting framework based
on minimum-cut/maximum-flow (min-cut/max-flow) that constrains the final fit to not
deviate significantly from an initial shape [39, 56–59]. Active shape models and active
appearance models learn a space of plausible shapes by computing a PCA of a set of
aligned training shapes [60].

In recent years, there have been large developments in the application of deep neural
networks to shape priors. In [61–66] they use a neural network to deform a template mesh
to match the image data — thereby making use of a learned shape prior. In [67, 68]
they train generative models to synthesize shapes from incomplete inputs. Neural implicit
models have also proven especially powerful as shape priors [69–72] and are starting to find
use for 3D images [73–76]. These works aim to represent a shape with a latent vector from
a learned shape space. Newer methods are also exploring using multiple latent vectors
that each describe a local region [77–80]. This makes the methods more flexible, which
makes them drastically better at representing complex geometry. However, most research
in this direction is focused on simply representing a specific geometry and less on learning
a shape prior.

Every method in this thesis has made use of shape priors to some extent. In Chapter 3 the
spatial priors were fairly simple — Paper C uses the shape deviation prior common to the
min-cut/max-flow surface fitting methods and Paper D uses a smoothness prior similar to
ACMs. In Chapter 4, Paper E also uses an ACM-like smoothness prior. In Paper F, we
take inspiration from recent developments in learned local shape priors and create a new
mesh shape prior with high flexibility.
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3 Learning-Free Segmentation
This chapter includes the contributions related to image segmentation methods that do
not make use of machine learning to learn prior information from data. The focus has been
on multi-object segmentation in large multi-GB images where we have a clear expectation
of the shapes we are looking for. Here, meshes are used to enforce topological constraints
and to incorporate simple shape priors such as smoothness or deviation from an initial
shape. Furthermore, meshes are used as a way to avoid working directly with the image
grid such that the computational complexity of the methods scale with the mesh size and
not the image size.

A large part of this chapter is devoted to methods based on minimum cut/maximum flow
(min-cut/max-flow). Specifically, the surface fitting framework originally introduced by
Xiaodong Wu and Danny Z. Chen. Here, an initial surface (often a sphere) is deformed
by placing new candidate positions for each vertex in a ray along its normal. The optimal
placement for each vertex is then selected by solving a min-cut/max-flow problem. See
Paper C for additional details. We have focused on using this framework to segment
multiple objects under interaction constraints and how to do this in a computationally
efficient manner. The contributions are as follows:

A Review of Serial and Parallel Min-Cut/Max-Flow Algorithms for Com-
puter Vision
First, we review and benchmark the current algorithms for min-cut/max-flow in
order to assess the current state of the art. We evaluate both serial and parallel
algorithms over a wide array of min-cut/max-flow problems from computer vision.
For the serial algorithms, we also evaluate multiple variants to investigate the effect
of implementation details.

B Faster Multi-Object Segmentation using Parallel Quadratic Pseudo-Bool-
ean Optimization
Next, we develop a new method for solving large quadratic pseudo-Boolean optimiza-
tion (QPBO) problems in parallel. QPBO becomes necessary when we have exclusion
constraints between many objects, but can still be solved via min-cut/max-flow. We
demonstrate the performance of the method on a large multi-object segmentation
problem making use of both inclusion and exclusion constraints. We also evaluate
it on many smaller problems.

C Multi-object Graph-based Segmentation with Non-overlapping Surfaces
Finally, we develop a new method for handling exclusion constraints in multi-object
segmentation based on the Wu and Chen surface fitting framework. The method is
based on separating each object with a plane. The position of the plane is determined
as part of the segmentation which is formulated as a single combined QPBO problem.

The last contribution is dedicated to segmentation of large 4D (3D + time) images. Our
contribution belongs to the active contour framework originally introduced by Michael Kass,
Andrew Witkin, and Demetri Terzopoulos. Here, an initial surface is iteratively deformed
according to two sets of forces: external forces, which pull it toward object boundaries,
and internal forces, which regularize the surface. See Paper D for more details. The con-
tribution is:
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D Finding Space-Time Boundaries with Deformable Hypersurfaces
We develop a new method for simultaneously segmenting and tracking evolving ob-
jects in 4D images which undergo splits or merges but not both. This assumption
ensures that the 4D volume traced by the splitting/merging objects is simply con-
nected. We can therefore represent the boundary of this traced volume with a single
tetrahedral mesh of (hyper)disk topology. Our method deforms an initial tetrahe-
dral mesh through time and space to fit this boundary. Since we only operate with
the deforming boundary mesh, our method is both fast and memory efficient. Once
fitted, we can extract a 3D segmentation at any time by computing a cross-section
of the 4D tetrahedral mesh. Additionally, we can detect the precise location and
time of splits/merges by finding the saddle points of the fitted mesh.
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3.1 Paper A: Review of Serial and Parallel Min-Cut/Max-Flow
Algorithms for Computer Vision

Patrick M. Jensen, Niels Jeppesen, Anders B. Dahl, Vedrana A. Dahl,
IEEE Transactions on Pattern Analysis and Machine Intelligence, 2022.
DOI: 10.1109/TPAMI.2022.3170096
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Review of Serial and Parallel Min-Cut/Max-Flow
Algorithms for Computer Vision

Patrick M. Jensen, Niels Jeppesen, Anders B. Dahl, and Vedrana A. Dahl

Abstract—Minimum cut/maximum flow (min-cut/max-flow) algorithms solve a variety of problems in computer vision and thus significant
effort has been put into developing fast min-cut/max-flow algorithms. As a result, it is difficult to choose an ideal algorithm for a given
problem. Furthermore, parallel algorithms have not been thoroughly compared. In this paper, we evaluate the state-of-the-art serial and
parallel min-cut/max-flow algorithms on the largest set of computer vision problems yet. We focus on generic algorithms, i.e., for
unstructured graphs, but also compare with the specialized GridCut implementation. When applicable, GridCut performs best. Otherwise,
the two pseudoflow algorithms, Hochbaum pseudoflow and excesses incremental breadth first search, achieves the overall best
performance. The most memory efficient implementation tested is the Boykov-Kolmogorov algorithm. Amongst generic parallel
algorithms, we find the bottom-up merging approach by Liu and Sun to be best, but no method is dominant. Of the generic parallel
methods, only the parallel preflow push-relabel algorithm is able to efficiently scale with many processors across problem sizes, and no
generic parallel method consistently outperforms serial algorithms. Finally, we provide and evaluate strategies for algorithm selection to
obtain good expected performance. We make our dataset and implementations publicly available for further research.

Index Terms—Algorithms, computer vision, graph algorithms, graph-theoretic methods, parallel algorithms, performance evaluation of
algorithms and systems

F

1 INTRODUCTION

M IN-CUT/MAX-FLOW algorithms are ubiquitous in computer
vision, since a large variety of computer vision problems can

be formulated as min-cut/max-flow problems. Example applications
include image segmentation [11, 18, 49, 50, 57, 84], stereo
matching [14, 64], surface reconstruction [71], surface fitting [24,
60, 70, 74, 97, 101], graph matching [48], and texture restoration
[88]. In recent years, min-cut/max-flow algorithms have also found
use in conjunction with deep learning methods — for example,
to quickly generate training labels [61] or in combination with
convolutional neural networks (CNNs) [42, 80, 93].

Greig et al. [40] were the first to use min-cut/max-flow
algorithms to solve maximum a posterior Markov random field
(MRF) problems in computer vision. Later, Boykov and Jolly [9]
showed how this could be generalized and Boykov and Kolmogorov
[11] proposed a fast min-cut/max-flow algorithm for computer
vision problems. Min-cut/max-flow algorithms in computer vision
are used to solve a large family of energy minimization problems,
and the most commonly used energy function is of the form

E(x) =
∑
i∈P
Ei(xi) +

∑
(i,j)∈N

Eij(xi, xj), (1)

where P is a set of indices for the binary variables xi ∈ {0, 1},
and N is a set of index pairs. A unary term Ei : {0, 1} → R is
associated with variable xi, and a pairwise term Eij : {0, 1}2 → R
is associated with the pair of variables xi, xj . As the inputs to the
energy terms are binary, the terms are often represented as lookup
tables. In a typical application, such as binary segmentation with
MRFs [10], P represents pixels in an image and xi represents the
assignment of pixel i. However, variables can also describe more

• P. M. Jensen, N. Jeppesen, A. B. Dahl, and V. A. Dahl are with the
Department of Applied Mathematics and Computer Science, Technical
University of Denmark, Kongens Lyngby, Denmark.
E-mail: {patmjen, niejep, abda, vand}@dtu.dk

abstract things [24, 48, 57, 74, 97, 100], e.g., candidate positions
for mesh vertices.

For energy functions which are submodular, meaning that all
pairwise energy terms satisfy the condition

Eij(0, 0) + Eij(1, 1) ≤ Eij(0, 1) + Eij(1, 0), (2)

the minimization can be solved directly as a min-cut/max-flow
problem [29, 65]. Submodular energies favor neighbors that have
the same label, i.e., (xi, xj) having the labels (0, 0) or (1, 1)
rather than (0, 1) or (1, 0). Therefore, submodularity imposes a
local smoothness of the solution, which is useful in many computer
vision problems. However, some important vision problems are
not submodular. In such cases, one can use either a submodular
approximation or an approach based on quadratic pseudo-Boolean
optimization (QPBO) as described in [6, 44, 63, 88].

Due to the wide applicability of min-cut/max-flow in computer
vision, several fast generic min-cut/max-flow algorithms have been
developed [11, 36, 45]. In addition, more specialized algorithms
have been created that exploit the grid structure of images to reduce
memory usage and run time [22, 51, 52, 86, 96]. Furthermore,
methods for dynamic problems [36, 62, 102], where a series of
similar min-cut/max-flow problems are solved in succession, have
been proposed. For such problems, the result of the first solution
can be reused to speed up computations of subsequent solutions.
Finally, some papers [43, 89, 91, 103] have explored methods
that also allow for distributed computation of min-cut/max-flow
problems across several computational nodes. This approach is
primarily suited for graphs too large to fit in physical memory.

In this paper, we focus on generic min-cut/max-flow algorithms,
which do not make assumptions about the graph structure (e.g.,
requiring a grid structure). However, for comparison, we include
the GridCut algorithm [52] in our evaluation on grid-based graphs.
Furthermore, we consider only static problems where a solution is
calculated once, without access to a previous solution (as opposed

26 3D Image Segmentation with Explicit Surface-Based Priors



2

to dynamic problems). Finally, for parallel algorithms, we do not
consider whether the algorithm works well in a distributed setting,
but focus on the shared memory case where the complete graph
can be loaded into the memory of one machine.

The goal is that our experimental results can help researchers
understand the strengths and weaknesses of the current state-of-
the-art min-cut/max-flow algorithms and help practitioners when
choosing a min-cut/max-flow algorithm to use for a given problem.

1.1 Related Work
Serial Algorithms Several papers [17, 27, 36, 95] provide
comparisons of different serial min-cut/max-flow algorithms on a
variety of standard benchmark problems. However, many of these
benchmark problems are small w.r.t. the scale of min-cut/max-flow
problems that can be solved today — especially when it comes
to grid graphs. Also, graphs in which nodes are not based on an
image grid are severely underrepresented. Furthermore, [17, 27,
95] do not include all current state-of-the-art algorithms, while
other papers do not include initialization times for the min-cut
computation. As shown by Verma and Batra [95], it is important
for practical use to include the initialization time, as algorithm
implementations may spend as much time on initialization as on the
min-cut computation. Additionally, existing papers only compare
reference implementations (i.e., the implementation released by the
authors) of algorithms — the exception being that an optimized
version of the BK algorithm is sometimes included, e.g., in [36].
However, as implementation details — i.e., choices that are left
unspecified by the algorithm description — can significantly impact
performance [95], a systematic investigation of their effect is also
important. Finally, existing comparisons focus on determining the
overall best algorithm, even though, as we show in this work, the
best algorithm depends on the features of the given graph.

Parallel Algorithms To our knowledge, parallel min-
cut/max-flow algorithms have not been systematically compared.
Papers introducing parallel algorithms only compare with serial
algorithms [75, 91, 103] or a single parallel algorithm [5]. The
most comprehensive comparison so far was made by Shekhovtsov
and Hlaváč [89] who included a generic and grid-based parallel
algorithm. However, no paper compares with the approach by Liu
and Sun [75], as no public implementation is available, even though
it is expected to be the fastest [89, 91]. Additionally, all papers use
the same set of computer vision problems used to benchmark serial
algorithms. This is not ideal, as the set lacks larger problems which
we expect to benefit the most from parallelization [56]. Therefore,
how big the performance benefits of parallelization are, and when
to expect them, is still to be determined.

1.2 Contributions
We evaluate current state-of-the-art generic serial and parallel min-
cut/max-flow algorithms on the largest set of computer vision
problems so far. We compare the algorithms on a wide range of
graph problems including commonly used benchmarks problems,
as well as many new problem instances from recent papers — some
of which are significantly larger than previous problems and expose
weaknesses in the algorithms not seen with previous datasets. Since
the performance of the algorithms varies between problems, we
also provide concrete strategies on algorithm selection and evaluate
the expected performance of these.

For the serial algorithms, we evaluate the reference imple-
mentations of the Hochbaum pseudoflow (HPF) [45, 46], the

preflow push-relabel (PPR) [35], and the GridCut [51] algorithms.
Moreover, to reduce the influence of implementation details, we
evaluate different versions (including our own) of the Excesses
Incremental Breadth First Search (EIBFS) [36] and the Boykov-
Kolmogorov (BK) [11] algorithm. We chose these for an extended
evaluation, as EIBFS is the most recent min-cut/max-flow algorithm
and BK is still widely used in the computer vision community.

For the parallel algorithms, we provide the first comprehensive
comparison of all major approaches. This includes our own
implementation of the bottom-up merging algorithm by Liu and
Sun [75], our own version of the dual decomposition algorithm
by Strandmark and Kahl [91], the reference implementation of the
region discharge algorithm by Shekhovtsov and Hlaváč [89], an
implementation of the parallel preflow push-relabel algorithm by
Baunstark et al. [5], and the parallel implementation of GridCut
(P-GridCut) [51]. In our comparison, we evaluate not just the run
time — including both the initialization time and the time for the
min-cut/max-flow computations — but also the memory use of the
implementations. Memory usage has not received much attention in
the literature, despite it often being a limiting factor when working
with large problems. Finally, we show that the current parallel
algorithm implementations have unpredictable performance and
unfortunately often perform worse than serial algorithms.

All tested C++ implementations (except GridCut [51]), in-
cluding our new implementations of several algorithms, are
available at https://github.com/patmjen/maxflow algorithms and
are archived at DOI:10.5281/zenodo.4903945 [54]. We also provide
Python wrapper packages for several of the algorithms (includ-
ing BK and HPF), which can be found at https://github.com/
skielex/shrdr. All of our benchmark problems are available at
DOI:10.11583/DTU.17091101.

2 MIN-CUT/MAX-FLOW ALGORITHMS FOR COM-
PUTER VISION

To illustrate the use of min-cut/max-flow, we will sketch how a
vision problem, image segmentation, can be solved using min-
cut/max-flow. We start by introducing our notation and defining
the min-cut/max-flow problem.

We define a directed graph G = (V,E) by a set of nodes, V ,
and a set of directed arcs, E. We let n and m refer to the number
of nodes and arcs, respectively. Each arc (i, j) ∈ E is assigned
a non-negative capacity cij . For min-cut/max-flow problems, we
define two special terminal nodes, s and t, which are referred to
as the source and sink, respectively. The source has only outgoing
arcs, while the sink has only incoming arcs. Arcs to and from the
terminal nodes are known as terminal arcs.

A feasible flow in the graph G is an assignment of non-
negative numbers (flows), fij , to each arc (i, j) ∈ E. A fea-
sible flow must satisfy the following two types of constraints:
capacity constraints, fij ≤ cij , and conservation constraints,∑

i|(i,j)∈E fij =
∑

k|(j,k)∈E fjk for all nodes j ∈ V \ {s, t}.
Capacity constraints ensure that the flow along an arc does not
exceed its capacity. Conservation constraints ensure that the flow
going into a node equals the flow coming out. See Fig. 1(a) for an
example of the graph and a feasible flow. The value of the flow is
the total flow out of the source or, equivalently, into the sink, and
the maximum flow problem refers to finding a feasible flow that
maximizes the flow value.

An s-t cut is a partition of the nodes into two disjoint sets S
and T such that s ∈ S and t ∈ T . The sets S and T are referred
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Fig. 1: Graph basics and serial algorithms. (a) An example of
the graph and a feasible (non-maximal) flow. The flow and capacity
for each arc is written as fij/cij , and (to reduce clutter) zero-values
of the flow are omitted. The flow is 8, which is not maximal, so
no s-t cut is evident. (b) The min-cut/max-flow with a value of 18,
which all min-cut/max-flow algorithms will eventually arrive at.
(c) Residual graph for the flow from (a). (d) An intermediate flow
while running the AP algorithm. In the first iteration, 10 units are
pushed along the path highlighted in orange and red, saturating two
terminal arcs (red). In the next iteration, flow is pushed along the
residual path highlighted in blue. (e) A preflow at an intermediate
stage of a PPR algorithm. Nodes with excess are shown in red, and
a label in green is attached to every node. (f) A pseudoflow at an
intermediate stage of the HPF algorithm. Nodes with surplus/deficit
are shown in red/blue, a label is attached to every node, and arcs
of the tree structure are highlighted in green.

to as the source and sink set, respectively. The capacity of the cut
is the sum of capacities of the arcs going from S to T . And the
minimum cut problem refers to finding a cut that minimizes the
cut capacity. Often, this partition of the nodes is all that is needed
for computer vision applications. Therefore, some algorithms only
compute the minimum cut, and an additional step would be needed
to extract the flow value for every arc.

Finally, the max-flow min-cut theorem states that the value of
the maximum flow is exactly the capacity of the minimum cut.
Fig. 1(b) shows min-cut/max-flow on a small graph. This can be
shown by formulating both problems as linear programs, which
reveals that max-flow is the strong dual of the min-cut.

2.1 Image Segmentation

When formulating segmentation as a min-cut/max-flow problem,
one modeling choice involves deciding which structures to repre-
sent as graph nodes. Often, nodes of the graph represent individual
image pixels, but various other entities may be associated with
graph nodes, some of which are illustrated in Fig. 2.

(a) (b) (c) (d) (e)

Fig. 2: Some possibilities for associating graph nodes with en-
tities used for segmentation. Graph nodes (gray dots) associated
with (a) image pixels, (b) superpixels (c) positions in the image (d)
mesh faces (e) mesh vertices.
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Fig. 3: Some typical segmentation models. Terminal arcs are
shown only for the first example. Arcs drawn in purple have infinite
capacity. (a) A classical MRF segmentation with 4-connected grid
graph. (b) A multi-column graph used for segmenting layered
structures. (c) Two-object segmentation with inclusion constraint.
(d) Three-object segmentation with mutual exclusion using QPBO.

The energy formulation (1) is convenient when min-cut/max-
flow algorithms are used to optimize MRFs. Here, each unary
energy term is a likelihood energy (negative log likelihood) of a
pixel being labeled 0 or 1. Likelihood terms are typically computed
directly from image data. The pairwise terms are defined for pairs
of pixels, so-called neighbors, and for 2D images, the neighborhood
structure is usually given by a 4 or 8-connectivity.

The typical pairwise energy terms used in (1) are

Eij(0, 0)=Eij(1, 1)=0 and Eij(0, 1)=Eij(1, 0)=βij . (3)

These terms penalize neighboring pixels having different labels
by a fixed amount, βij , thus encouraging smoothness of the
segmentation. In this case, the construction of the s-t graph which
exactly represents the energy function is straightforward: The node
set is V = P ∪ {s, t}. For terminal arc capacities, csi and cit,
we use the unary terms Ei(0) and Ei(1), respectively. Meanwhile,
pairwise energy terms correspond to non-terminal arc capacities,
such that cij = cji = βij . Fig. 3(a) shows this construction for
a 4-connected grid graph. The binary segmentation of the image
corresponds directly to the binary labeling given by the minimum
cut. Put in another way, the sets S and T give the optimal labeling
of the nodes, and because we have a 1-to-1 mapping between non-
terminal nodes and pixels, the node labeling is the segmentation.
However, there are many more advanced ways to formulate image
segmentation using binary energy optimization and s-t graphs, and
ways to formulate other computer vision problems as well [65].

An example closely related to image segmentation is surface
fitting, where [74] uses arcs of infinite capacity (i.e., infinite
pairwise energy terms) to impose a structure to the optimal solution.
In Fig. 3(b), downward-pointing arcs ensure that if a pixel is in a
source set, the column of pixels below it is also in the source set —
so the optimal solution has to be a layer. The slanted arcs impose
the smoothness of this layer.
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It is also possible to formulate multi-label/multi-object segmen-
tation problems that can be solved with a single s-t cut [22, 50,
57, 74], or by iteratively changing and computing the cut [8, 49].
For the single-cut Ishikawa method [50], it is common to duplicate
the graph for each label, i.e., having a sub-graph per label. For
example, in Fig. 3, each pixel is represented by two nodes: one for
object A and one for object B, so a pixel may be segmented as
belonging to A, B, both, or neither. The submodular interaction
between the objects may be achieved by adding arcs between the
sub-graphs. Fig. 3(c) shows submodular interaction, where arcs
with infinite capacity ensure that if a pixel belongs to object A, this
pixel and all its neighbors also belong to object B. This is known
as inclusion or containment with a minimum margin of one.

In the examples covered so far, the arcs between the graph
nodes correspond to submodular energy terms, which means the
energy is lower when the nodes belong to the same set (S or T ).
Mutual exclusion, in the general case, requires non-submodular
energies which are not directly translatable to arcs in the graphs
shown so far. An alternative is to use QPBO [63], as illustrated
in Fig. 3(d), which can handle any energy function of the form in
(1) — submodular or not. When using QPBO, we construct two
sub-graphs for each object: one representing the object and another
representing its complement. The exclusion of two objects, say A
and B, is then achieved by adding inclusion arcs from A to B
and from B to A. However, there is no guarantee that the min-
cut/max-flow solution yields a complete segmentation of the object
as the object and its complement may disagree on the labeling of
some nodes leaving them “unlabeled”. The number of unlabeled
nodes depends on the non-submodularity of the system. Extensions
to QPBO, such as QPBO-P and QPBO-I [88], may be used to
iteratively assign labels to the nodes that QPBO failed to label.

3 SERIAL MIN-CUT/MAX-FLOW ALGORITHMS

All min-cut/max-flow algorithms find the solution by iteratively
updating a flow that satisfies the capacity constraints. Such a flow
induces a residual graph with the set of residual arcs, R, given by

R = {(i, j) ∈ V×V | (i, j) ∈ E, fij < cij or

(j, i) ∈ E, fji > 0}.
(4)

Each of the residual arcs has a residual capacity given by c′ij =
cij − fij if (i, j) ∈ E or c′ij = fji if (j, i) ∈ E. In other
words, residual arcs tell us how much flow on the original arc
we can increase or decrease, see Fig. 1(c). If the graph contains
bidirectional arcs, both conditions from (4) may be met, and the
residual capacity then equals the sum of two contributions.

Serial min-cut/max-flow algorithms can be divided into three
families: augmenting paths, preflow push-relabel, and pseodoflow
algorithms. In this section, we provide an overview of how
algorithms from each family work.

3.1 Augmenting Paths

The augmenting paths (AP) family of min-cut/max-flow algorithms
is the oldest of the three families and was introduced with the
Ford-Fulkerson algorithm [28]. An algorithm from the AP family
always maintains a feasible flow. It works by repeatedly finding so-
called augmenting paths, which are paths from s to t in the residual
graph. When an augmenting path is found, a flow is pushed along
the path. Pushing flow means increasing flow for each forward
arc along the path, and decreasing flow for each reverse arc. To

maintain the capacity constraints, the flow that is pushed equals the
minimum residual capacity along the path. Conservation constrains
are maintained as the algorithm only updates complete paths from
s to t. The algorithm terminates when no augmenting paths can be
found. Fig. 1(d) shows an intermediate stage of an AP algorithm.

The primary difference between various AP algorithms lies
in how the augmenting paths are found. For computer vision
applications, the most popular AP algorithm is the Boykov-
Kolmogorov (BK) algorithm [11], which works by building search
trees from both the source and sink nodes to find augmenting paths
and uses a heuristic that favors shorter augmenting paths. The BK
algorithm performs well on many computer vision problems, but
its theoretical run time bound is worse than other algorithms [95].

In terms of performance, the BK algorithm has been surpassed
by the Incremetal Breadth First Search (IBFS) algorithm by
Goldberg et al. [37]. The main difference between the two
algorithms is that IBFS maintains the source and sink search trees
as breadth-first search trees, which results in both better theoretical
run time and better practical performance [36, 37].

3.2 Preflow Push-Relabel
The second family of algorithms are the preflow push-relabel
(PPR) algorithms, which were introduced by Goldberg and Tarjan
[35]. These algorithms use a so-called preflow, which satisfies
capacity constraints but allows nodes to have more incoming
than outgoing flow, thus violating conservation constraints. The
difference between the incoming and outgoing flows for a node, i,
is denoted as its excess, ei ≥ 0.

The PPR algorithms work by repeatedly pushing flow along the
individual arcs. To determine which arcs admit flow, the algorithms
maintain an integer labeling (so-called height), di, for every node.
The labeling provides a lower bound on the distance from the node
to the sink and has a no steep drop property, meaning d(i)−d(j) ≤
1 for any residual arc (i, j).

An algorithm from the PPR family starts by saturating the
source arcs and raising the source to d(s) = n. The algorithm then
works by repeatedly selecting a node with excess (after selection
called a selected node) and applying one of two actions [19, 35]:
push or relabel. If there is an arc in the residual graph leading from
the selected node to a lower-labeled node, push is performed. This
pushes excess along the arc, until all excess is pushed or the arc
is saturated. If no residual arc leads to a lower node, the relabel
operation is used to lift the selected node (increase its label) by
one. Fig. 1(e) shows an intermediate step of a PPR algorithm.

When there are no nodes with excess left, the preflow is the
maximum flow. It is possible to terminate the algorithm earlier,
when no nodes with excess have a label di < n. At this point, the
minimum s-t cut can be extracted by inspecting the node labels.
If di ≥ n, then i ∈ S, otherwise i ∈ T . Extracting the maximum
flow requires an extra step of pushing all excess back to the source.
However, this work generally only represents a small part of the run
time [95] and, for computer vision applications, we are typically
only interested in the minimum cut anyway.

The difference between various PPR algorithms lies in the
order in which the push and relabel operations are performed. Early
variants used simple heuristics, such as always pushing flow from
the node with the highest label or using a first-in-first-out queue to
keep track of nodes with positive excess [17]. More recent versions
[3, 33, 34] use sophisticated heuristics and a mix of local and
global operations to obtain significant performance improvements
over early PPR algorithms.
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Unlike other serial algorithms, the algorithms from the PPR
family operate locally on nodes and arcs. This, as we shall discuss
later, has resulted in a whole family of parallel PPR algorithms.

3.3 Pseudoflow
The most recent family of min-cut/max-flow algorithms is the
pseudoflow family, which was introduced with the Hochbaum
pseudoflow (HPF) algorithm [45, 46]. These algorithms use a so-
called pseudoflow, which satisfies capacity constraints but not the
conservation constraints, as it has no constraints on the difference
between incoming and outgoing flow. As with preflow, we refer to
the difference between incoming and outgoing flow for a node as
its excess, ei. A positive excess is referred to as a surplus and a
negative excess as a deficit.

During operation, HPF algorithms maintain two auxiliary
structures: the forest of trees and a node labeling function. Only
one node in every tree, the root, is allowed to have an excess. The
algorithm works by repeatedly pushing the flow along the paths
connecting the trees, and growing the trees.

A generic algorithm from the HPF family is initialized by
saturating all terminal arcs. At this point, each graph node is a
singleton tree in the forest. The algorithm then selects a tree with
surplus and containing at least one node with the label less than
n (the number of nodes in the graph). In this tree, i denotes the
node with the lowest label. If there are no residual arcs from i to
a node with a lower label, the label of i is incremented. If there
is a residual arc (i, j) that leads to a node j with a lower label, a
merge is performed. This operation involves pushing surplus along
the path from the root of the tree containing i, over i, over j, and
to the root of the tree containing j. If the arc capacities along this
path allow it, the entire surplus will be pushed and the trees will
be merged with j as the root. If the flow along the path saturates
an arc (i′, j′), a surplus will be collected in i′, and a new tree
rooted in i′ will be created. In contrast to the AP algorithms, the
only restrictions on how much flow to push are the individual arc
capacities, not the path capacity.

The algorithm terminates when no selection can be made,
at which point nodes labeled with n constitute the source set.
Additional processing is needed to recover the maximum feasible
flow. Fig. 1(f) shows an intermediate step of the HPF algorithm.

There are two main algorithms in this family: HPF and
Excesses Incremental Breadth First Search (EIBFS) [36]. The
main differences are the order in which they scan through nodes
when looking for an arc connecting two trees in the forest, and how
they push flow along the paths. Both have sophisticated heuristics
for these choices, which makes use of many of the same ideas
developed for PPR algorithms.

3.4 Implementation Details
As stressed by [95], the implementation details can significantly
affect the measured performance of a given min-cut/max-flow
algorithm. In this section, we will highlight the trends of modern
implementations and how they differ.

3.4.1 Data Structures and Data Types
The implementations considered in this paper all use a variant of
the adjacency list structure [21] to represent the underlying graph.
The most common setup mimics the BK algorithm: there is a list of
nodes and a list of directed (half-)arcs. Each Node structure stores
a pointer to its first outgoing half-arc. Each Arc stores a pointer to

the node it points to, a pointer to the next outgoing arc for the node
it points from, a pointer to its reverse arc, and a residual capacity.
For algorithms implemented with computer vision applications in
mind (e.g., BK, IBFS, and EIBFS), the terminal arcs are stored
as a single combined terminal capacity for each Node, instead
of using the Arc structures. Other implementations simply keep
track of the source and sink nodes and use Arc structures for all
arcs. The HPF implementation uses a bidirectional Arc structure
with a capacity, a flow, and a direction. It is also common to store
auxiliary values such as excesses, labels, or more.

As a result of these differences, the memory footprint varies
between implementations, as shown in Table 1. The footprint
also depends heavily on the data types used to store the data, in
particular references to nodes and arcs, as we discuss in the next
subsection. For storing arc capacities, integers are common because
they are computationally efficient and may use as little as 1 byte.
However, some graph constructions involve large capacities to
model hard constraints, and here some care must be taken to avoid
overflow issues. With floats, this can be modeled using infinite
capacity. However, floats are less efficient and some algorithms are
not guaranteed to terminate with floats due to numerical errors.

As the size of the data structures influences how much the CPU
can store in its caches, which has a large effect on performance,
it is generally beneficial to keep the data structures small. Note
that some compilers do not pack data structures densely by default,
which may significantly increase the size of the Arc and Node
data structures.

3.4.2 Indices vs. Pointers
One way to reduce the size of the Arc and Node data structures
on 64-bit system architectures is to use indices instead of pointers
to reference nodes and arcs. As long as the indices can be stored
using unsigned 32-bit integers, we can halve the size arc and node
references by using unsigned 32-bit integers instead of pointers
(which are 64-bit). This approach can significantly reduce the
size of the Arc and Node data structures, as the majority of the
structures consist of references to other arcs and nodes [52]. As the
performance of min-cut/max-flow algorithms is mainly limited by
memory speed, smaller data structures can often lead to improved
performance. The downside of indices is that extra computations
may be needed for every look-up, although this depends on the
exact assembly instructions the compiler chooses to use.

Some grid-based algorithms [52] use 32-bit indices to reduce
the size of their data structure. The generic algorithms we have
investigated in this work all use pointers to store references between
nodes and arcs. Some implementations avoid the extra memory
requirement by compiling with 32-bit pointers. However, 32-bit
pointers limit the size of the graph much more than 32-bit indices.
The reason is that the 32-bit pointers only have 4 GiB of address
space, and the Node and Arc structures they point to take up many
bytes. For example, the smallest Arc structure we have tested, c.f .
Table 1, uses 24 bytes, meaning that an implementation based on
32-bit indices could handle graphs with 24 times more arcs than an
implementation based on 32-bit pointers.

3.4.3 Arc Packing
The order in which the arcs are stored may significantly affect
performance. Arc packing is used to reduce CPU cache misses by
storing the arcs in the same order that the algorithm will access
them. For example, min-cut/max-flow algorithms often iterate over
outgoing arcs from a node, making it beneficial to store outgoing
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arcs from the same node adjacent in memory. However, as arcs may
be added to the graph in any order, packing the arcs usually incurs
an overhead from maintaining the correct ordering or reordering
all arcs as an extra step before computing the min-cut/max-flow.
Similar to arc packing, node packing may improve performance.
However, this is not done in practice as opposed to arc packing.

Of the serial reference implementations that we examined,
only HI-PR [19], IBFS, and EIBFS implement arc packing. These
all implement it as an extra step, where arcs are reordered after
building the graph but before the min-cut/max-flow computations
start. None of the examined implementations use node packing.

3.4.4 Arc Merging
In practice, it is not uncommon that multiple arcs between the
same pair of nodes are added to the graph. Merging these arcs
into a single arc with a capacity equal to the sum of capacities of
the merged arcs may reduce the graph size significantly. As this
decreases both the memory footprint of the graph and the number of
arcs to be processed, it can provide substantial performance benefits
[52, 89]. However, as redundant arcs can usually be avoided by
careful graph construction and they should have approximately
the same performance impact on all algorithms, we have not
investigated the effects of this further.

4 PARALLEL MIN-CUT/MAX-FLOW

Like serial algorithms, parallel algorithms for min-cut/max-flow
problems can be split into families based on shared characteristics.
A key characteristic is whether the algorithms parallelize over
individual graph nodes (node-based parallelism) or split the graph
into sub-graphs that are then processed in parallel (block-based
parallelism). Other important algorithmic traits include whether
the algorithm is distributed, which we do not consider in this
paper, and the guarantees in terms of convergence, optimality, and
completeness provided by the algorithm.

We should note that since many (but not all) min-cut/max-flow
problems in computer vision are defined on grid graphs, several
algorithms [51, 52, 86, 96] have exploited this structure to create
very efficient parallel implementations. However, many important
computer vision problems are not defined on grid graphs, so in this
paper we focus on generic min-cut/max-flow algorithms.

The category of node-based parallel algorithms is generally
dominated by parallel versions of PPR algorithms. In the block-
based category, we have identified three main approaches: adaptive
bottom-up merging, dual decomposition, and region discharge,
which we investigate. In the following sections, we give an overview
of each approach and briefly discuss its merits and limitations.

4.1 Parallel Preflow Push-Relabel

PPR algorithms have been the target of most parallelization efforts
[2, 4, 5, 22, 32, 47, 96], since both push and relabel are local
operations, which makes them well suited for parallelization. Be-
cause the operations are local, the algorithms generally parallelize
over each node — performing pushes and relabels concurrently. To
avoid data races during these operations, PPR algorithms use either
locking [2] or atomic operations [47]. As new excesses are created,
the corresponding nodes are added to a queue from which threads
can poll them. In [5], a different approach is applied, where pushes
are performed in parallel, but excesses and labels are updated later
in a separate step, rather than immediately after the push.

Since parallel PPR algorithms parallelize over every node, they
can achieve good speed-ups and scale well to modern multi-core
processors [5], or even GPUs [96]. However, these algorithms
have not achieved dominance outside of large grid graphs for min-
cut/max-flow problems [103]. Since GPU hardware has advanced
considerably in recent years, it is unclear whether GPU method
should remain restricted to grid graphs, but this question is not
within the scope of this paper.

4.2 Adaptive Bottom-Up Merging
The adaptive bottom-up merging approach introduced by Liu and
Sun [75] uses block-based parallelism and has two phases, which
are summarized in Fig. 4. In phase one, the graph is partitioned
into a number of disjoint sets (blocks), and arcs between blocks
have their capacities set to 0 — effectively removing them from
the graph. For each pair of blocks connected by arcs, we store a
list of the connecting arcs (with capacities now set to 0) along
with their original capacities. Disregarding s and t, the nodes in
each block now belong to disjoint sub-graphs and we can compute
the min-cut/max-flow solution for each sub-graph in parallel. The
min-cut/max-flow computations are done with the BK algorithm —
although one could in theory use any min-cut/max-flow algorithm.

Split graph

(a)

First merge

(b)

Second merge

(c)

Last merge

(d)

Fig. 4: Illustration of the adaptive bottom-up merging ap-
proach for parallel min-cut/max-flow. Terminal nodes and arcs
are not shown. Note that the underlying graph does not have to
be a grid graph. Phase one: (a) The graph is split into blocks
and the min-cut/max-flow is computed for each block in parallel.
Phase two: (b) The topmost blocks are locked, merged, and the
min-cut/max-flow recomputed. (c) As the topmost block is locked,
the next thread works on the bottom-most blocks (in parallel). (d)
Last two blocks are merged and min-cut/max-flow recomputed to
achieve the globally optimal solution.

In phase two, we merge the blocks to obtain the complete
globally optimal min-cut/max-flow. To merge two blocks, we
restore the arc capacities for the connecting arcs and then recompute
the min-cut/max-flow for the combined graph. This step makes
use of the fact that the BK algorithm can efficiently recompute the
min-cut/max-flow when small changes are made to the residual
graph for a min-cut/max-flow solution [62].

For merges in phase two to be performed in parallel, the method
marks the blocks being merged as locked. The computational
threads then scan the list of block pairs, which were originally
connected by arcs, until they find a pair of unlocked blocks. The
thread then locks both blocks, performs the merge, and unlocks the
new combined block. To avoid two threads trying to lock the same
block, a global lock prevents more than one thread from scanning
the list of block pairs at a time.

As the degree of parallelism decreases towards the end of phase
two — since there are few blocks left to merge — performance
increases when computationally expensive merges are performed
early in phase two. To estimate the cost of merging two blocks, [75]
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uses a heuristic based on the potential for new augmenting paths to
be formed by merging two blocks. This heuristic determines the
merging order of the blocks.

By using block-based, rather than node-based parallelism,
adaptive bottom-up merging avoids much of the synchronization
overhead that the parallel PPR algorithms suffer from. However, its
performance depends on the majority of the work being performed
in phase one and in the beginning of phase two, where the degree
of parallelism is high.

4.3 Dual Decomposition
The dual decomposition (DD) approach was introduced by
Strandmark and Kahl [91] and later refined by Yu et al. [103].
The approach was originally designed to allow for distributed
computing, such that it is never necessary to keep the full graph in
memory. Their algorithm works as follows: first, the nodes of the
graph are divided into a set of overlapping blocks (see Fig. 5(a)).
The graph is then split into disjoint blocks, where the nodes in the
overlapping regions are duplicated in each block (see Fig. 5(b)). It
is important that the blocks overlap such that if node i is connected
to node j in block bj and node k in block bk, then i is also in both
blocks bj and bk.

Split graph

(a)

Solve blocks

(b)

Overlap disagrees

(c)

Overlap agrees

(d)

Fig. 5: Illustration of the dual decomposition approach. Termi-
nal nodes and arcs are not shown. Note that the underlying graph
does not have to be a grid graph. (a) Graph nodes are divided into
a set of overlapping blocks. (b) The graph is split into disjoint sub-
graphs and nodes in overlapping regions are duplicated into each
blocks. (c) The min-cut/max-flow for each block is computed in
parallel which gives an assignment to source set (black) or sink set
(white). The source/sink capacities are then adjusted for disagreeing
duplicated nodes. (d) The min-cut/max-flow is recomputed and
capacities are adjusted until all duplicated nodes agree.

Once the graph has been partitioned into overlapping blocks,
the algorithm proceeds iteratively. First, the min-cut/max-flow for
each disjoint block is computed in parallel using the BK algorithm.
Next, for each duplicated node, it is checked if all duplicates
of that node are in the same s-t partitioned set, S or T . In that
case, we say that the node duplicates agree on their assignment.
If all duplicated nodes agree on their assignment, the computed
solution is globally optimal and the algorithm terminates. If not,
the terminal arc capacities for the disagreeing duplicated nodes
are updated according to a supergradient1 ascent scheme and the
min-cut/max-flow is recomputed. This process of updating terminal
capacities and recomputing the min-cut/max-flow is repeated until
all duplicated nodes agree on their assignment.

A limitation of the original dual decomposition approach is
that convergence is not guaranteed. Furthermore, [103] and [89]
have demonstrated that the risk of nonconvergence increases as the
graph is split into more blocks. To overcome this, Yu et al. [103]

1. Analogous to subgradients for convex functions [7].

introduced a new version with a simple strategy that guarantees
convergence: if the duplicated nodes in two blocks do not belong to
the same set, S or T , after a fixed number of iterations, the blocks
are merged and the algorithm continues. This trivially guarantees
convergence since, in the worst case, all blocks will be merged, at
which point the global solution will be computed serially. However,
performance significantly drops when merging is needed for the
algorithm to converge, as merging only happens after a fixed
number of iterations and all blocks may (in the worst case) have to
be merged for convergence.

4.4 Region Discharge
The region discharge (RD) approach was introduced by Delong
and Boykov [22] and later generalized by Shekhovtsov and Hlaváč
[89]. The idea builds on the vertex discharge operation introduced
for PPR in [35]. Similarly to DD by Strandmark and Kahl, RD
was designed to allow for distributed computing. The method first
partitions the graph into a set of blocks (called regions in [89]
following the terminology of [22]). Each block R has an associated
boundary defined as the set of nodes

BR = {v ∈ V | v /∈ R, (u, v) ∈ E, u ∈ R, v 6= s, t}. (5)

Capacities for arcs going from a boundary node to a block node
are set to zero. This means that flow can be pushed out of the block
into the boundary, but not vice versa. Furthermore, each node is
allowed to have an excess.

Split graph

(a)

Sync. borders

(b)

Re-solve blocks

(c)

Fig. 6: Illustration of the region discharge approach. Terminal
nodes and arcs are not shown. Note that the underlying graph does
not have to be a grid graph. (a) Graph nodes are divided into a set
of blocks and the region discharge operation is run on each block,
which pushes flow to the sink or boundary. (b) Flow is synchronized
between boundaries. (c) Region discharge is run again. The process
repeats until no flow crosses the block boundaries.

The method then performs the region discharge operation,
which aims to push as much excess flow to the sink and/or the
boundary nodes as possible (the source, s, is assumed to have
infinite excess). This has been done with a PPR [22, 89] or an AP
algorithm (specifically BK) [89]. When using a PPR algorithm, the
discharge of a block is done by performing only push and relabel
operations between nodes in the same block.

When using the BK algorithm, a distance labeling is maintained
for the boundary nodes which gives an estimate of how many
boundaries must be crossed to reach the sink. Initially, in each
block, flow is pushed exclusively to the sink. Then, flow is pushed
to the boundary nodes with distance labels less than 1, then less than
2, etc., until no more flow can be pushed. The BK implementation
used by Shekhovtsov and Hlaváč has been slightly modified to
allow excess in the boundary nodes and for flow to be pushed from
the boundary nodes out of the block (but not back).

The discharge operation is performed on all blocks in parallel.
Afterward, flow along boundary arcs is synchronized between
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neighboring blocks. This may create additional excesses in some
blocks, since boundary nodes overlap with another block. The
discharge and synchronization process is repeated until no new
excesses are created, at which point the algorithm terminates. It is
proved in [89] that this process terminates in at most 2n2 iterations
of discharge and synchronization when using PPR and 2n2B + 1
when using AP, where nB is the total number of boundary nodes.

The guarantee of convergence, without having to merge blocks,
is beneficial, as it means that the algorithm can maintain a
high degree of parallelism while computing the min-cut/max-flow
solution. However, because flow must be synchronized between
blocks, the practical performance of the method still depends
on well-chosen blocks and may be limited by synchronization
overhead. For details on the heuristics used in the algorithm, which
are also important for its practical performance, see [89].

5 PERFORMANCE COMPARISON

We now compare the performance of the algorithms discussed
in the previous sections. For all experiments, the source code
was compiled with the GCC C++ compiler version 9.2.0 with
-O3 optimizations on a 64-bit Linux-based operating system with
kernel release 3.10. Experiments were run on a dual socket NUMA
(Non-Uniform Memory Access) system with two Intel Xeon Gold
6226R processors with 16 cores each and HTT (Hyper-Threading
Technology) disabled, for a total of 32 parallel CPU threads. The
system has 756 GB of RAM, and for all experiments all data
were kept in memory. All resources were provided by the DTU
Computing Center [23].

For all parallel benchmarks, we prefer local CPU core and
memory allocation. This means that for all parallel benchmarks with
up to 16 threads, all cores are allocated on the same CPU/NUMA
node. If the data fits in the local memory of the active node, we
use this memory exclusively. If the data cannot fit in the local
memory of one node, memory of both NUMA nodes is used.
For benchmarks with more than 16 threads, both CPUs and their
memory pools are used.

Run time was measured as the minimum time over three
runs and no other processes (apart from the OS) were running
during the benchmarks. We split our measured run time into two
distinct phases: build time and solve time. Build time refers to
the construction of the graph and any additional data structures
used by an algorithm. If the algorithm performs arc packing or
similar steps, this is included in the build time. To ensure that
the build time is a fair representation of the time used by a given
algorithm, we precompute a list of nodes and arcs and load these
lists fully into memory before starting the timer. Solve time refers
to the time required to compute the min-cut/max-flow. For the
pseudoflow, PPR, and region discharge algorithms (c.f . Table 1),
that only compute a minimum cut, we do not include the time to
extract the full feasible maximum flow solution. The reason for this
is that for most computer vision applications the minimum cut is
of principal interest. Furthermore, converting to a maximum flow
solution usually only adds a small overhead [95].

5.1 Datasets
We test the algorithms on the following benchmark datasets:
(1) The commonly used University of Waterloo [98] benchmarks

problems. Specifically, we use 6 stereo [14, 64], 36 3D voxel
segmentation [9, 12, 10], 2 multi-view reconstruction [72, 13],
and 1 surface fitting [71] problems.

(2) The 4 super resolution [30, 88], 4 texture restoration [88],
2 deconvolution [88], 78 decision tree field (DTF) [82], and
3 automatic labelling environment (ALE) [25, 67, 68, 69]
datasets from Verma’s and Batra’s survey [95].

(3) New problems that use anisotropic MRFs [38] to segment
blood vessels in large voxel volumes from [87]. We include
3 problems where the segmentation is applied directly to the
image data and 3 to the output of a trained V-Net [79].

(4) New problems that use MRFs to clean 3D U-Net [20]
segmentations of prostate images from [90]. We contribute 4
benchmark problems.

(5) New problems on mesh segmentation based on [76]. We
contribute 8 benchmark problems. The original paper uses
α-expansion and αβ-swaps [9, 11] to handle the multi-class
segmentation problem. For our benchmarks, we instead use
QPBO to obtain the segmentation with a single min-cut, which
may lead to different results compared with the referenced
method.

(6) New problems using the recent Deep LOGISMOS [42] to
segment prostate images from [90]. We contribute 8 problems.

(7) New problems performing multi-object image segmentation
via surface fitting from two recent papers [53, 57]. We
contribute 9 problems using [53] and 8 using [57].

(8) New problems performing graph matching from the recent
paper [48]. The original matching problems can be found at
https://vislearn.github.io/libmpopt/iccv2021. For each match-
ing several QPBO sub-problems are solved. We contribute the
QPBO subproblems (300 per matching problem) for each of
the 316 matching problems.

In total, our benchmark includes 495 problems covering a
variety of different computer vision applications. Note that some
datasets consist of many small sub-problems that must be run in se-
quence. Here, we report the accumulated times. All the benchmark
problems are available at: DOI:10.11583/DTU.17091101 [55].

For the parallel algorithm benchmarks, we only include a subset
of all datasets. This is because parallelization is mainly of interest
for large problems with long solve times. For the block-based
algorithms, we split the graph into blocks in one of the following
ways: For graphs based on an underlying image grid, we define
blocks by recursively splitting the image grid along its longest axis.
For the surface-based segmentation methods [53, 57], we define
blocks such that nodes associated with a surface are in their own
block. For mesh segmentation, we compute the geodesic distance
between face centers and then use agglomerative clustering to
divide the nodes associated with each face into blocks. For bottom-
up merging, we use 64 blocks for the following dataset: the grid
graphs, the mesh segmentation, and the cells, foam, and simcells.
For the NT32 tomo data we use two blocks per object. For 4Dpipe
we use a block per 2D slice. For P-GridCut we use the same blocks
as for bottom-up merging. For dual decomposition and region
discharge, we use one and two blocks per thread, respectively.

5.2 Tested Implementations

All tested implementations (except GridCut [51]) are available at
https://github.com/patmjen/maxflow algorithms and are archived
at DOI:10.5281/zenodo.4903945 [54]. Beware that the implemen-
tations are published under different licenses — some open and
some restrictive. See the links above for more information.

In the following, typewriter font refers to a specific
implementation of a given algorithm. We use this for BK and
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EIBFS, where we test more that one implementation of each
algorithm, e.g., BK refers to the algorithm, BK is the reference
implementation, and MBK is one of our implementations.

BK [11] We test the reference implementation (BK) of
the Boykov-Kolmogorov algorithm from http://pub.ist.ac.at/∼vnk/
software.html. Furthermore, we test our own implementation of
BK (MBK), which contains several optimizations. Most notably,
our version uses indices instead of pointers to reduce the memory
footprint of the Node and Arc data structures. Finally, we test a
second version (MBK-R), which reorders arcs so that all outgoing
arcs from a node are adjacent in memory. This increases cache
efficiency, but uses more memory (see Table 1) and requires an
extra initialization step. The memory overhead from reordering
could be reduced by ordering the arcs in-place; however, this may
negatively impact performance. Therefore, we opt for the same
sorting strategy as EIBFS, where arcs are copied during reordering.

EIBFS [36] We test a slightly modified version [49] (EIBFS)
of the excesses incremental breadth first search algorithm originally
implemented by [36] available from https://github.com/sydbarrett/
AlphaPathMoves. This version uses slightly larger data structures
to support non-integer arc capacities and larger graphs, compared
to the implementation tested in [36]. Although these changes
may slightly decrease performance, we think it is reasonable to
use the modified version, as several of the other algorithms have
made similar sacrifices in terms of performance. Additionally,
we test our own modified version of EIBFS (EIBFS-I), which
replaces pointers with indices to reduce the memory footprint.
Finally, since both EIBFS and EIBFS-I perform arc reordering
during initialization, we also test a version without arc reordering
(EIBFS-I-NR) to better compare with other algorithms.

HPF [45] We test the reference implementation of Hochbaum
pseudoflow (HPF) from https://riot.ieor.berkeley.edu/Applications/
Pseudoflow/maxflow.html. This implementation has four different
configurations that we test:
1) Highest label with FIFO buckets (HPF-H-F).
2) Highest label with LIFO buckets (HPF-H-L).
3) Lowest label with FIFO buckets (HPF-L-F).
4) Lowest label with LIFO buckets (HPF-L-L).

HI-PR [19] We test the implementation of the preflow
push-relabel algorithm from https://cmp.felk.cvut.cz/∼shekhovt/d
maxflow/index.html2.

P-ARD [89] We test the implementation of parallel augment-
ing paths region discharge (P-ARD) from https://cmp.felk.cvut.cz/
∼shekhovt/d maxflow/index.html. P-ARD is an example of the
region discharge approach. It uses BK as the base solver. Note that,
as the implementation is designed for distributed computing, it
makes use of disk storage during initialization, which increases the
build time.

Liu-Sun [75] Since no public reference implementation is
available, we test our own implementation of the adaptive bottom-
up merging approach based on the paper by Liu and Sun [75]. Our
implementation uses MBK as the base solver.

P-PPR [5] We test the implementation of a recent parallel
preflow push-relabel algorithm from https://github.com/niklasb/
pbbs-maxflow.

Strandmark-Kahl [91] We test our own implementation of
the Strandmark-Kahl dual decomposition algorithm based on the
implementation at https://cmp.felk.cvut.cz/∼shekhovt/d maxflow/

2. Orignally from http://www.avglab.com/andrew/soft.html, but the link is no
longer available.

index.html3. The original implementation can only handle grid
graphs with rectangular blocks, while our implementation can
handle arbitrary graphs and arbitrary blocks at the cost of some
additional overhead during graph construction. Our implementation
uses MBK as the base solver. Note that our implementation does not
implement the merging strategy proposed by [103] and, therefore,
is not guaranteed to converge. We only include results for cases
where the algorithm does converge.

GridCut [51, 52] We test both the serial and parallel versions
of the highly optimized commercial GridCut implementation
from https://gridcut.com. The primary goal is to show how much
performance can be gained by using an implementation optimized
for grid graphs. GridCut is only tested on problems with graph
structures that are supported by the reference implementation, i.e.,
4- and 8-connected neighbor grids in 2D, and 6- and 26-connected
(serial only) neighbor grids in 3D.

Table 1 lists the tested implementations along with their type
and memory footprint. Their memory footprint can be calculated
based on the number of nodes and arcs in the graph and will be
discussed further in Section 7.

TABLE 1: Summary of the tested implementations including
their memory footprint. The table shows the bytes required as a
function of the number of nodes, n, number of terminal arcs, mT ,
and number of neighbor arcs, mN . We assume the common case
of 32-bit capacities and 32-bit indices, which is also what we use
for all of our experiments. Since HPF stores undirected arcs, we
give all sizes as undirected arcs, i.e., for implementations using
directed arcs the size per arc reported here is doubled. Note that
the numbers depend on, but are not the same as, the Node and
Arc structure sizes, as the footprint reported includes all stored
data (connectivity, capacity, and any auxiliary data).

Serial algorithms Algorithm type Memory footprint

HI-PRa [19] Preflow push-relabel 40n + 40mT + 40mN

HPFb [45] Pseudoflow 104n + 48mT + 48mN

EIBFS [36] Pseudoflow
EIBFSc Pseudoflow 72n + 72mN

EIBFS-I∗i Pseudoflow 29n + 50mN

EIBFS-I-NR∗i Pseudoflow 49n + 24mN

BK [11] Augmenting path
BKd Augmenting path 48n + 64mN

MBK∗i Augmenting path 23n + 24mN

MBK-R∗i Augmenting path 23n + 48mN

Parallel algorithms

P-PPRei [5] Parallel PPR 48n + 68mT + 68mN

Liu-Sun∗i [75] Ada. bot.-up merging† 25n + 24mN

Strandmark-Kahl∗i [91] Dual decomposition† 29n + 24mN

P-ARDa [89] Region discharge† 40n + 32mN

†Uses BK (augmenting path)
∗Implemented or updated by us:

https://github.com/patmjen/maxflow algorithms
iAssuming 32-bit indices
ahttps://cmp.felk.cvut.cz/∼shekhovt/d maxflow/index.html
bhttps://riot.ieor.berkeley.edu/Applications/Pseudoflow/maxflow.html
chttps://github.com/sydbarrett/AlphaPathMoves
dhttp://pub.ist.ac.at/∼vnk/software.html
ehttps://github.com/niklasb/pbbs-maxflow

3. Originally from https://www1.maths.lth.se/matematiklth/personal/petter/
cppmaxflow.php but the link is no longer available.
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(b) Relative solve times.

Fig. 7: Relative performance for the serial algorithms. For each
dataset, the solve and total times for each algorithm were compared
to those of the fastest algorithm for that dataset and a relative time
was computed. This shows how often an algorithm was fastest
and, if it was not fastest, how much slower than the fastest it
was. We oversample speed-ups from each problem family (c.f .
Table 2) so all groups have the same number of entries. This is to
avoid bias due to some problem groups having more entries than
others. Finally, we overlay a random sample of the (oversampled)
speed-ups as jittered points.

5.3 Serial Algorithms

The primary experimental results for the serial algorithms are listed
in Table 2 and Fig. 7. Table 2 shows a representative subset of
the results, grouped by problem family, while Fig. 7 shows the
distribution of the solve time and the total time for each algorithm
on each dataset relative to the fastest algorithm on the dataset.
Thus, for a given dataset, a relative performance score of 0.5 means
that the algorithm used double the amount of time as the fastest
algorithm on that dataset. The distribution of these scores indicates
how well the different algorithms perform relative to each other.

From Fig. 7(b), we see that EIBFS and HPF outperform the
other two algorithms on the majority of the datasets in terms of
solve time and total time, as the algorithms have most of their
relative times close to 1. Looking at the median, EIBFS has a
slightly better relative solve time than HPF, while HPF is faster w.r.t.
total time. Furthermore, HPF has the best worst-case performance
for both solve and total time. However, despite its overall good
performance, HPF performs significantly worse on the oriented
MRF and U-Net cleaning datasets. The performance of BK varies
significantly depending on the benchmark problem. Although it has
a median relative total time of just over 0.5, its relative performance
is considerably more inconsistent than that of the three other
algorithms. It performs particularly poorly on the 4Dpipe datasets,
using over 6 hours on 4Dpipe small, which both HPF and EIBFS
completed in less than 30 seconds. For 4Dpipe large, BK was
not able to find the solution within 45 hours. HI-PR generally
has the worst performance but does have the fastest solve time
for a few datasets. However, measured on total time, it almost
never manages a relative score of more than 0.5. It is worth noting
that the distribution of relative times for all algorithms exhibits a
bimodality. This indicates that all algorithms have datasets where
they are poorly suited compared to the others. We further investigate
this in Section 6.

5.3.1 Algorithm Variants
The different variants of each algorithm are compared in Fig. 8,
which shows the relative performance of each implementation
compared to a chosen “reference” implementation. For the BK
algorithm, the BK implementation is used for reference, for the
EIBFS algorithm, the EIBFS implementation is used as a reference,
and for HPF the HPF-H-F configuration is used as reference,
since it is the one recommended by the authors. As we are now
measuring relative to a specific implementation, rather than the
fastest implementation as in Fig. 7, it is possible to obtain a relative
performance score of more than one.

For the BK algorithm, both MBK and MBK-R overall perform
similarly or slightly better than BK, when measured on total
time. Looking at solve time, MBK-R shows a large speed-up over
the other variants. This clearly reflects the effect of arc packing
(reordering the arcs), in that it typically decreases solve at the cost
of increased build time. From Table 2, we see that BK is generally
best for smaller problems where the smaller memory footprint of
the index-based variants is less of an advantage. However, the very
small difference in absolute time for these small problems will in
many cases render the choice of algorithm irrelevant.

For the EIBFS variants, the index-based version (EIBFS-I)
consistently outperforms the reference implementation with a me-
dian improvement of more than 20%. Meanwhile, EIBFS-I-NR
performs worse than EIBFS on almost all datasets w.r.t. to solve
time, but better w.r.t. total time for the majority of the problems.
In some cases, it also outperforms EIBFS-I, again showing that
while arc packing generally significantly reduces the solve time,
the additional overhead is not always worth it.

For the HPF algorithm, HPF-H-L consistently performs the
best, while HPF-L-F andHPF-L-L perform worse than the
reference HPF-H-F for the majority of datasets. However, for
some datasets HPF-L-F and HPF-L-L show large speed-ups
over the other variants. Table 2 reveals that the HPF-L variants
seem to be better for graph matching and ALE datasets.

5.4 Parallel Algorithms

Our benchmark results for the parallel algorithms are shown in
Table 3, where we compare the build and solve time for each
algorithm on each dataset. The table includes the number of
CPU threads used by each algorithm for the listed solve times.
Furthermore, it includes the solve time of the best serial algorithm
for each dataset for comparison. We focus on the solve time, as
that is what reveals how successfully the algorithms distribute
the work as more threads are added. Additionally, a lack of
optimization leads to very long build times for some of the parallel
implementations, especially P-PPR and P-ARD. Finally, some
datasets are omitted for P-PPR due to run-time errors and for
Strandmark-Kahl due to excessive run time.

From Table 3, it is clear that no algorithm is dominant, except P-
GridCut for 6-connected grid graphs. Every algorithm has datasets
where it is the fastest and a serial algorithm often gives the best or
close to the best performance. The parallel algorithms show their
strength for the large datasets with more than 1 M nodes where
significant performance improvements are found. Curiously, only
P-ARD shows a significant speed-up for smaller problems.

The parallel benchmarks are also summarized in Fig. 9. All
algorithms have median speed-ups less than one. Liu-Sun generally
performs best, giving a speed-up for almost half of the dataset and
having the largest maximum speed-up. P-PPR and P-ARD still
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Fig. 8: Performance comparison of serial algorithm variants. The solve time and total time is compared against the times for the
chosen reference algorithm for each dataset. The violin plots show a Gaussian kernel density estimate of the data and the horizontal bars
indicate — from top to bottom — the maximum, median, and minimum. The values were re-sampled as described in Fig. 7.
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Fig. 9: Speed-up of the parallel algorithms relative to the best
serial solve time for each dataset. The values were re-sampled as
described in Fig. 7.
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Fig. 10: Speed-up of the the parallel algorithms compared to their
single-threaded performance. For each number of threads, the
distribution of the speed-ups over all datasets is shown. The values
were re-sampled as described in Fig. 7.

provide good speed-ups for some datasets. Strandmark-Kahl comes
off the worst, as it rarely beats the best serial algorithm.

Finally, Fig. 10 shows the speed-up distribution of the parallel
algorithms compared to their single-threaded performance. Only
P-PPR improves consistently as more threads are added. Liu-Sun
and P-ARD only show consistent improvements when looking at
the maximum speed-up, and for over half of the datasets they have
issues scaling beyond 12 threads.

6 ALGORITHM SELECTION

As the previous section shows, the performance of the individual
min-cut/max-flow algorithms depends on the problem to be solved,
i.e., the structure of the graph. Choosing the wrong algorithm may
significantly increase the run time. In this section, we investigate
strategies for selecting a min-cut/max-flow algorithm that maximize
the expected performance given different levels of knowledge about
the graph. To quantify the expected performance of a strategy,
we will use the relative performance (RP), which we compute
as follows: 1. Use the strategy to select an algorithm for each
dataset. 2. For each dataset, compute the relative performance of
the selected algorithm. For serial algorithms, this is the total time
of the selected algorithm divided by the total time of the fastest
algorithm for that dataset. For parallel algorithms, we use the solve
time. This score shows the expected performance of a given strategy
compared to choosing the fastest algorithm.

Scenario 1: No Graph Knowledge If one has no knowledge
of the graph to be solved, the best strategy is to choose the
overall best algorithm. Table 4 shows summary statistics for the
performance scores of each algorithm. To avoid bias in Fig. 8, we
oversample scores from each problem family so that they all have
the same number of samples.

For the serial algorithms, the best choice is by far GridCut if
it is applicable. It is almost always the fastest option and never
more than 36% slower than the best option. Otherwise, the best
option is HPF-H-L in which case the expected performance 64%
of the optimal. Another good option is EIBFS-I due to its high
mean and high minimum RP scores. All implementations, except
EIBFS, have a maximum RP of 1, meaning that they outperformed
all other implementations on at least one problem instance.

For the parallel algorithms, GridCut again dominates when
applicable. Otherwise, the best parallel option is Liu-Sun which
is slightly better than P-PPR. Surprisingly, using the best serial
algorithm for a dataset is the overall best option, although we
should note that comparing to the best serial algorithm gives some
advantage to the serial algorithms. If one compares to a single
serial algorithm, the parallel algorithms do give an improvement —
although the mean RP is only 1.8x higher in the best case.

Scenario 2: Known Problem Family If one knows from
which problem family the graph to be solved comes, a good strategy
is to select the algorithm that performs well on that problem family.
This could, for example, be established beforehand by running a
set of benchmarks on example graphs.

Table 5 shows the best performing serial algorithm for each
problem family. Note that, as opposed to Table 2, we split graph
matching into sub-groups as papers use different energy functions
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TABLE 2: Performance comparison of serial algorithms based on both their solve and total (build + solve) times. We show a
representative subset of the datasets, which have been grouped according to their problem family. For each problem family we only show
the fastest variant of each algorithm measured in total time. The fastest solve time for each dataset has been underlined and the fastest
total time has been marked with bold face. Datasets which contain many sub-problems are marked with (s).

Dataset Nodes Arcs Solve Total Solve Total Solve Total Solve Total Solve Total

3D segmentation: voxel-based MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

adhead.n26c100 [9, 12, 10] 12 M 327 M 65.81 s 92.57 s 22.60 s 33.93 s 24.29 s 29.03 s 225.38 s 424.67 s 25.19 s 27.79 s
adhead.n6c100 [9, 12, 10] 12 M 75 M 23.88 s 28.03 s 13.23 s 15.85 s 14.13 s 15.87 s 59.65 s 102.84 s 6.98 s 7.31 s
babyface.n26c100 [9, 12, 10] 5 M 131 M 82.29 s 92.87 s 30.13 s 34.74 s 54.47 s 56.71 s 183.60 s 228.09 s 53.21 s 54.11 s
babyface.n6c100 [9, 12, 10] 5 M 30 M 7.78 s 9.44 s 5.56 s 6.61 s 11.56 s 12.24 s 57.28 s 69.66 s 2.88 s 3.00 s
bone.n26c100 [9, 12, 10] 7 M 202 M 9.01 s 25.62 s 9.18 s 16.28 s 4.24 s 7.16 s 68.39 s 173.75 s 4.52 s 5.88 s
bone.n6c100 [9, 12, 10] 7 M 46 M 4.09 s 6.65 s 2.74 s 4.35 s 2.30 s 3.36 s 23.66 s 46.71 s 0.91 s 1.12 s
bone subx.n6c100 [9, 12, 10] 3 M 23 M 4.10 s 5.36 s 2.38 s 3.11 s 1.28 s 1.81 s 10.34 s 21.49 s 1.34 s 1.44 s
bone subx.n26c100 [9, 12, 10] 3 M 101 M 7.70 s 15.78 s 4.74 s 8.23 s 2.14 s 3.61 s 25.51 s 75.15 s 3.69 s 4.45 s
liver.n26c100 [9, 12, 10] 4 M 108 M 11.78 s 20.41 s 10.49 s 14.20 s 5.72 s 6.50 s 71.88 s 131.00 s 5.62 s 6.21 s
liver.n6c100 [9, 12, 10] 4 M 25 M 10.08 s 11.40 s 5.82 s 6.57 s 5.70 s 6.24 s 30.49 s 42.71 s 3.87 s 3.99 s

3D segmentation: oriented MRF MBK [11] EIBFS-I-NR [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

vessel.orimrf.256 [11, 38, 87] 16 M 66 M 1.84 s 2.95 s 1.13 s 2.03 s 3.19 s 6.80 s 4.11 s 30.99 s 0.40 s 1.04 s
vessel.orimrf.512 [11, 38, 87] 134 M 536 M 12.44 s 21.40 s 7.95 s 15.39 s 25.29 s 55.32 s 32.16 s 321.75 s 2.43 s 7.73 s
vessel.orimrf.900 [11, 38, 87] 688 M 2 B 75.23 s 121.82 s 48.13 s 88.09 s 147.22 s 300.79 s 177.38 s 1774.65 s 15.97 s 44.70 s

3D U-Net segmentation cleaning MBK [11] EIBFS-I-NR [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

clean.orimrf.256 [11, 38, 87] 16 M 66 M 0.97 s 2.09 s 0.69 s 1.61 s 3.21 s 6.89 s 3.93 s 30.83 s 0.13 s 0.77 s
clean.orimrf.512 [11, 38, 87] 134 M 536 M 7.87 s 17.03 s 5.51 s 13.51 s 27.10 s 58.22 s 31.40 s 320.87 s 0.91 s 6.27 s
clean.orimrf.900 [11, 38, 87] 688 M 2 B 35.83 s 81.92 s 25.96 s 64.22 s 130.22 s 280.73 s 163.88 s 1755.87 s 3.90 s 31.43 s
unet mrfclean 2 [11] 8 M 32 M 0.47 s 1.01 s 0.29 s 0.74 s 3.55 s 5.36 s 9.80 s 22.82 s 62 ms 0.36 s
unet mrfclean 3 [11] 15 M 63 M 0.82 s 1.88 s 0.52 s 1.37 s 5.68 s 9.14 s 20.59 s 46.69 s 0.11 s 0.68 s
unet mrfclean 8 [11] 4 M 19 M 0.48 s 0.81 s 0.24 s 0.50 s 2.39 s 3.46 s 6.55 s 13.89 s 0.11 s 0.28 s

Surface fitting MBK [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

LB07-bunny-lrg [71] 49 M 300 M 15.40 s 21.17 s 6.38 s 15.25 s 21.87 s 32.13 s 610.24 s 820.64 s 2.36 s 3.75 s

3D segmentation: sparse layered graphs (SLG) MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

4Dpipe small [57] 14 M 124 M 6.03 h 6.03 h 2.06 s 15.55 s 17.91 s 28.85 s 202.49 s 266.01 s - -
4Dpipe big [57] 143 M 1 B - - 20.59 s 195.41 s 222.09 s 332.06 s 2611.65 s 3436.43 s - -
NT32 tomo3 .raw 3 [57] 7 M 49 M 15.42 s 18.69 s 24.22 s 27.19 s 15.87 s 18.33 s 176.11 s 200.29 s - -
NT32 tomo3 .raw 10 [57] 22 M 154 M 52.86 s 63.15 s 50.82 s 60.01 s 36.46 s 44.14 s 645.33 s 741.98 s - -
NT32 tomo3 .raw 30 [57] 67 M 462 M 145.23 s 176.37 s 194.79 s 221.90 s 179.82 s 202.73 s 2939.04 s 3260.63 s - -
NT32 tomo3 .raw 100 [57] 183 M 1 B 778.39 s 860.71 s 553.50 s 627.08 s 520.26 s 583.76 s 9732.34 s 2.95 h - -

3D segmentation: seperating surfaces MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

cells.sd3 [53] 13 M 126 M 48.23 s 59.03 s 35.24 s 40.66 s 15.52 s 21.84 s 98.25 s 167.56 s - -
foam.subset.r160.h210 [53] 15 M 205 M 6.05 s 22.02 s 3.21 s 12.52 s 17.14 s 26.18 s 15.16 s 145.58 s - -
foam.subset.r60.h210 [53] 1 M 24 M 0.62 s 2.58 s 0.39 s 1.49 s 1.98 s 3.01 s 1.85 s 12.82 s - -
simcells.sd3 [53] 3 M 27 M 9.93 s 12.10 s 2.94 s 4.12 s 3.23 s 4.60 s 21.57 s 33.89 s - -

Deep LOGISMOS MBK [11] EIBFS-I [36] HPF-H-F [45] HI-PR [19] GridCut [52, 51]

deeplogismos.2 [42] 511 K 4 M 0.15 s 0.25 s 28 ms 0.21 s 0.12 s 0.31 s 0.16 s 1.29 s - -
deeplogismos.3 [42] 707 K 5 M 0.18 s 0.31 s 41 ms 0.30 s 0.18 s 0.45 s 0.24 s 1.90 s - -
deeplogismos.7 [42] 989 K 7 M 0.34 s 0.54 s 0.26 s 0.66 s 0.29 s 0.69 s 0.36 s 2.86 s - -

Super resolution BK [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

super res-E1 [30, 88] 10 K 62 K 2 ms 2 ms 1 ms 2 ms 2 ms 3 ms 1 ms 7 ms - -
super res-E2 [30, 88] 10 K 103 K 4 ms 5 ms 2 ms 3 ms 2 ms 3 ms 2 ms 12 ms - -
super res-Paper1 [30, 88] 10 K 62 K 2 ms 3 ms 1 ms 2 ms 2 ms 3 ms 1 ms 7 ms - -
superres graph [30, 88] 43 K 742 K 62 ms 78 ms 10 ms 26 ms 7 ms 12 ms 19 ms 0.16 s - -

Texture MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

texture-Cremer [88] 44 K 783 K 1.54 s 1.58 s 0.35 s 0.37 s 0.17 s 0.19 s 42 ms 0.19 s - -
texture-OLD-D103 [88] 43 K 742 K 0.60 s 0.65 s 0.19 s 0.21 s 73 ms 92 ms 41 ms 0.19 s - -
texture-Paper1 [88] 43 K 742 K 0.65 s 0.69 s 0.19 s 0.21 s 76 ms 95 ms 36 ms 0.17 s - -
texture-Temp [88] 14 K 239 K 0.22 s 0.23 s 30 ms 34 ms 9 ms 15 ms 6 ms 32 ms - -

Automatic labelling envrionment (ALE) MBK-R [11] EIBFS-I-NR [36] HPF-L-L [45] HI-PR [19] GridCut [52, 51]

graph 1 (s) [68, 69, 26, 67] 185 K 5 M 16.80 s 18.52 s 0.35 s 0.79 s 1.00 s 1.60 s 1.58 s 10.60 s - -
graph 2 (s) [68, 69, 26, 67] 175 K 3 M 7.38 s 10.47 s 0.83 s 1.64 s 2.25 s 3.55 s 2.91 s 20.87 s - -
graph 3 (s) [68, 69, 26, 67] 179 K 7 M 27.68 s 35.55 s 2.69 s 4.51 s 4.63 s 6.96 s 6.49 s 43.73 s - -

Multi-view MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

BL06-camel-lrg [13] 18 M 93 M 107.53 s 111.42 s 28.55 s 31.54 s 24.44 s 28.82 s 291.71 s 337.91 s - -
BL06-gargoyle-lrg [13] 17 M 86 M 238.08 s 241.65 s 33.76 s 36.57 s 26.51 s 30.61 s 208.27 s 251.10 s - -
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TABLE 2: Continued

Dataset Nodes Arcs Solve Total Solve Total Solve Total Solve Total Solve Total

Deconvolution MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

graph3x3 [88] 2 K 47 K 9 ms 11 ms 3 ms 3 ms 1 ms 1 ms 1 ms 5 ms - -
graph5x5 [88] 2 K 139 K 62 ms 67 ms 6 ms 9 ms 3 ms 4 ms 2 ms 15 ms - -

Stereo 1 BK [11] EIBFS-I-NR [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

BVZ-sawtooth (s) [14] 164 K 796 K 0.91 s 1.16 s 0.58 s 0.69 s 1.39 s 1.85 s 7.89 s 12.27 s - -
BVZ-tsukuba (s) [14] 110 K 513 K 0.49 s 0.58 s 0.35 s 0.41 s 0.66 s 0.84 s 4.69 s 6.64 s - -
BVZ-venus (s) [14] 166 K 795 K 1.72 s 2.03 s 1.30 s 1.44 s 1.94 s 2.46 s 15.00 s 20.11 s - -

Stereo 2 BK [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

KZ2-sawtooth (s) [64] 294 K 1 M 2.59 s 3.40 s 1.14 s 2.02 s 3.30 s 4.66 s 23.79 s 36.55 s - -
KZ2-tsukuba (s) [64] 199 K 1 M 1.41 s 1.84 s 0.71 s 1.12 s 1.92 s 2.55 s 20.95 s 27.14 s - -
KZ2-venus (s) [64] 301 K 2 M 3.98 s 4.89 s 2.18 s 3.16 s 4.70 s 6.21 s 41.63 s 55.60 s - -

Decision tree field (DTF) MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

printed graph1 [82] 20 K 1 M 0.63 s 0.73 s 0.13 s 0.17 s 40 ms 51 ms 51 ms 0.25 s - -
printed graph16 [82] 11 K 683 K 0.24 s 0.29 s 44 ms 62 ms 16 ms 22 ms 25 ms 0.12 s - -

Graph matching: small BK [11] EIBFS-I-NR [36] HPF-L-L [45] HI-PR [19] GridCut [52, 51]

atlas1.dd (s) [58, 48] 1 K 5 K 37 ms 59 ms 34 ms 52 ms 21 ms 39 ms 23 ms 0.18 s - -
car1.dd (s) [25, 73, 48] 38 131 1 ms 1 ms 0 ms 1 ms 1 ms 1 ms 0 ms 3 ms - -
hassan1.dd (s) [1, 92, 48] 120 2 K 17 ms 30 ms 5 ms 25 ms 2 ms 6 ms 4 ms 65 ms - -
matching1.dd (s) [66, 59, 48] 38 380 10 ms 12 ms 5 ms 8 ms 2 ms 4 ms 6 ms 14 ms - -

Graph matching: big MBK-R [11] EIBFS-I [36] HPF-H-L [45] HI-PR [19] GridCut [52, 51]

pair1.dd (s) [48] 1 K 58 K 1.42 s 1.97 s 0.70 s 0.96 s 92 ms 0.13 s 0.82 s 1.68 s - -

Mesh segmentation MBK-R [11] EIBFS-I [36] HPF-H-F [45] HI-PR [19] GridCut [52, 51]

bunny.segment [76] 97 K 536 K 0.12 s 0.14 s 63 ms 75 ms 68 ms 91 ms 0.20 s 0.30 s - -
bunnybig.segment [76] 2 M 13 M 1.01 s 1.59 s 0.62 s 1.23 s 1.43 s 2.12 s 4.99 s 9.91 s - -
candle.segment [76] 159 K 959 K 87 ms 0.13 s 49 ms 83 ms 0.11 s 0.15 s 0.29 s 0.53 s - -
candlebig.segment [76] 1 M 5 M 0.51 s 0.72 s 0.26 s 0.44 s 0.60 s 0.91 s 2.03 s 3.70 s - -
chair.segment [76] 305 K 1 M 0.76 s 0.88 s 0.31 s 0.39 s 0.27 s 0.37 s 0.86 s 1.37 s - -
chairbig.segment [76] 3 M 26 M 1.62 s 2.89 s 1.02 s 2.45 s 3.23 s 4.59 s 9.98 s 20.92 s - -
handbig.segment [76] 248 K 1 M 0.15 s 0.19 s 71 ms 0.11 s 0.13 s 0.18 s 0.35 s 0.63 s - -
handsmall.segment [76] 15 K 69 K 4 ms 5 ms 2 ms 3 ms 4 ms 6 ms 10 ms 16 ms - -

for the matching. For all but four problem families, the best
algorithm achieves a mean relative performance of 95% or higher.
Furthermore, for most problem families, one algorithm is always
the best. This indicates that the problem family is a strong predictor
of algorithm performance. The problem family where this strategy
performs the worst is 3D segmentation with sparse layered graphs
(SLG). Here, the mean RP is only 81%, which is likely due to the
large variation in graph size in this problem family.

Table 6 shows the best performing parallel algorithm for each
problem family. For the 6-connected graphs, the parallel GridCut
algorithm is clearly superior, but otherwise, the different families
appear to favor different algorithms.

Scenario 3: Known Graph Finally, we consider a strategy
where the graph is known, but the problem family is not. Here,
our strategy is to train a simple decision tree to predict the best
algorithm given a feature vector that describes the graph to be
solved. Although a single decision tree is not the strongest classifier,
it has the benefit of being easily interpretable.

The first components of our feature vector consist of the number
of nodes, the number of terminal arcs, the number of neighbor
arcs, and whether the graph is a grid graph. Then we include mean,
standard deviation, and standard deviation of non-zero values for
a number of arc and node properties. For arc properties, we use:
source, sink, terminal (source and sink combined), and neighbor
capacities. Finally, for node properties we use: sum of in-going
neighbor capacities, sum of out-going neighbor capacities, sum of

neighbor capacities, degrees, out degrees, and in degrees counts
only non-zero arcs. Note that these statistics can be computed
efficiently during graph construction. We normalize all capacity
statistics by the mean over all arc capacities. In total, our feature
vector has 31 entries per graph. Fig. 11 shows a UMAP embedding
[78] of the feature vectors for all benchmark datasets. Similar
problem families cluster together, despite UMAP receiving no
information on this. This suggests the feature vectors provide a
good description of the graphs.

We train the decision tree using Scikit-learn [83] version 0.23.1.
We use Gini impurity as the split criterion and reduce the tree
using minimal cost-complexity pruning [15]. The optimal amount
of pruning is determined with 5-fold cross validation. We split
each problem family evenly into the folds (if it contains at least 5
datasets). When fitting, each dataset is weighed by one over the
number of datasets in its problem family. When evaluating, we
oversample the validation data, so that each problem family has the
same number of entries. This indicates how well the decision tree
will perform with representative training data. We also perform an
additional evaluation where we hold out one problem family, fit on
the rest, and then evaluate on the held out family. This indicates
how well the decision tree will perform for a problem family that it
has not yet encountered. We use the mean RP as validation metric.

We first train a decision tree for the serial algorithms; the
result is shown in Fig. 12. It achieves a mean RP of 0.82 and 0.82
in the two evaluations, respectively. This means that the tree is
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TABLE 3: Performance of parallel algorithms based on build and solve times. We show a representative subset of the datasets grouped
according to their problem family. See Table 2 for the number of nodes and arcs. The algorithms were run with 1, 2, 4, 6, 8, 12, 16, 24,
and 32 threads. Only the best time is shown along with the thread count for that run. For comparison, the solve time for the fastest serial
algorithm is also included. All times are in seconds. The fastest solve time for each dataset has been marked with bold face

Liu-Sun [75] P-PPR [5] Strandmark-Kahl [91] P-ARD [89] P-GridCut [52, 51] Best serial
Dataset Build Best solve Build Best solve Build Best solve Build Best solve Build Best solve Algo. Solve

3D segmentation: voxel-based

adhead.n26c10 [9, 12, 10] 6.90 17.41 8T 42.71 14.37 12T 26.14 25.40 2T 78.20 35.17 4T - - - GridCut 13.21
adhead.n26c100 [9, 12, 10] 6.86 20.87 8T 41.79 8.41 32T 27.65 19.30 6T 75.37 42.91 4T - - - EIBFS 22.60
babyface.n26c100 [9, 12, 10] 2.89 72.26 32T 15.99 7.93 32T 9.15 40.86 4T 32.01 61.20 32T - - - EIBFS 30.13
bone.n26c100 [9, 12, 10] 4.36 3.68 32T 25.63 4.01 32T 16.38 5.04 8T 48.90 11.21 4T - - - HPF 3.48
bone subx.n26c100 [9, 12, 10] 2.30 4.04 16T 12.48 2.34 32T 8.03 4.43 8T 24.07 11.71 16T - - - HPF 2.14
liver.n26c10 [9, 12, 10] 2.37 10.79 6T 14.42 7.91 32T 0.89 3.49 1T 21.93 14.95 1T - - - GridCut 2.95
liver.n26c100 [9, 12, 10] 2.36 18.24 6T 13.94 5.45 32T 0.86 6.69 1T 27.07 25.74 24T - - - GridCut 5.62
liver.n6c100 [9, 12, 10] 0.53 7.62 6T 4.78 3.68 16T 0.51 7.24 1T 6.18 7.74 32T 0.11 2.70 6T GridCut 3.87
adhead.n6c100 [9, 12, 10] 1.59 11.17 8T 14.49 4.72 32T 2.52 7.17 4T 15.46 14.41 2T 0.31 3.83 4T GridCut 6.98
babyface.n6c10 [9, 12, 10] 0.66 2.70 32T 5.30 3.09 24T 0.73 3.55 1T 8.87 5.35 1T 0.12 0.88 32T GridCut 1.52
babyface.n6c100 [9, 12, 10] 0.66 5.34 32T 6.53 3.63 24T 0.98 5.24 4T 7.29 7.28 32T 0.12 1.66 16T GridCut 2.88
bone.n6c100 [9, 12, 10] 0.99 0.79 24T 8.30 2.66 32T 1.23 2.01 2T 11.18 2.08 4T 0.20 0.17 12T GridCut 0.91

3D segmentation: oriented MRF

vessel.orimrf.256 [11] 1.22 0.69 6T 14.67 1.69 32T 1.89 1.04 2T 16.24 0.82 32T 0.52 0.14 12T GridCut 0.40
vessel.orimrf.512 [11] 9.72 4.92 8T - - - 15.08 6.49 2T 100.95 5.54 16T 4.26 0.43 32T GridCut 2.43
vessel.orimrf.900 [11] 49.62 28.66 8T - - - 79.82 38.45 2T 599.09 24.02 32T 21.98 2.49 32T GridCut 15.97

3D U-Net segmentation cleaning

clean.orimrf.256 [11] 1.23 0.39 12T 16.50 2.48 24T 2.39 0.48 4T 15.96 0.84 8T 0.52 0.06 32T GridCut 0.13
clean.orimrf.512 [11] 9.73 2.45 16T - - - 18.26 3.81 4T 131.62 4.81 8T 4.37 0.27 32T GridCut 0.91
clean.orimrf.900 [11] 50.52 12.36 16T - - - 85.77 18.66 4T 578.09 20.17 16T 23.64 0.82 32T GridCut 3.90
unet mrfclean 3 [11] 1.15 0.27 32T - - - 2.15 0.45 4T 12.66 0.53 4T 0.46 0.04 32T GridCut 0.11
unet mrfclean 8 [11] 0.37 0.21 8T - - - 0.64 0.23 4T 4.01 0.28 2T 0.14 0.04 16T GridCut 0.11

Surface fitting

LB07-bunny-lrg [71] 6.14 1.86 16T 55.88 24.27 32T 7.73 4.14 4T 72.02 4.31 16T 1.24 0.32 24T GridCut 2.36

3D segmentation: sparse layered graphs (SLG)

4Dpipe small [57] 9.93 9.39 12T - - - - - - 47.53 421.60 24T - - - EIBFS 2.06
4Dpipe big [57] 122.43 86.18 16T - - - - - - 570.44 7485.11 4T - - - EIBFS 20.59
NT32 tomo3 .raw 10 [57] 4.99 18.58 12T 34.90 14.39 32T 22.02 85.49 1T 43.95 15.40 12T - - - HPF 36.46
NT32 tomo3 .raw 30 [57] 14.93 45.70 16T 111.70 59.81 32T 66.56 363.06 1T 132.41 36.13 32T - - - BK 145.23
NT32 tomo3 .raw 100 [57] 38.93 95.24 32T - - 1T 170.38 1189.78 1T 365.60 158.92 24T - - - HPF 498.94

3D segmentation: seperating surfaces

cells.sd3 [53] 4.18 10.33 16T 25.93 9.47 32T 23.90 76.40 1T 21.84 44.98 1T - - - HPF 15.52
foam.subset.r160.h210 [53] 5.91 8.59 32T 37.08 3.61 32T 52.11 17.24 1T 33.72 7.32 1T - - - EIBFS 3.21
simcells.sd3 [53] 0.69 2.28 16T 5.60 1.99 32T 1.49 2.82 32T 4.96 0.89 32T - - - EIBFS 2.94

Multi-view

BL06-camel-lrg [13] 3.99 57.41 8T - - - 1.87 75.56 1T 13.76 95.40 1T - - - HPF 24.44
BL06-gargoyle-lrg [13] 3.70 29.28 16T - - - 1.70 190.07 1T 12.20 102.31 2T - - - HPF 26.51

Mesh segmentation

bunnybig.segment [76] 0.30 0.37 12T 2.81 1.15 32T 1.12 1.89 1T 3.66 0.41 32T - - - EIBFS 0.62
chairbig.segment [76] 0.60 0.64 24T 6.10 1.76 32T 2.62 3.29 1T 6.89 0.57 32T - - - EIBFS 1.02
handbig.segment [76] 0.02 0.11 8T 0.25 0.25 16T 0.04 0.16 1T 0.40 0.11 32T - - - EIBFS 0.07

significantly better than naively choosing the overall best algorithm
but not as good as knowing the best algorithm for a problem family.

Next, we train a decision tree for the parallel algorithms. We
include a category ‘Serial’, which means that choosing a serial
algorithm would be faster. For simplicity, we do not specify which
serial algorithm to choose in this scenario. The result is shown in
Fig. 13. The decision tree achieves a mean RP of 0.56 and 0.57 in
the two evaluations, respectively. Thus, the tree is slightly better
than simply choosing the overall best algorithm. However, the best
option is to choose the best algorithm for a given category.

7 DISCUSSION

In this section, we discuss the most interesting findings from our
experiments.

7.1 Serial Algorithms

Our results clearly show that GridCut is superior to the other tested
algorithms for min-cut/max-flow problems with fixed neighborhood
grids. This is not surprising since GridCut has been designed and
optimized specifically for this type of graph. However, as shown in
Table 2, the performance benefit of GridCut decreases significantly
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TABLE 4: Summary of relative performance (RP) scores for
each of the min-cut/max-flow algorithm variants. The best score
(higher is better) in each column has been marked with bold face.
Results were oversampled as described in Fig. 7. We only include
results where the algorithm ran to completion.

Serial algorithms Mean RP ± Std. RP Min RP Max RP

EIBFS-I 0.59 ± 0.28 0.1309 1.00
EIBFS-I-NR 0.56 ± 0.32 0.0535 1.00
EIBFS 0.47 ± 0.23 0.1288 0.94
HI-PR 0.16 ± 0.17 0.0046 1.00
HPF-H-F 0.59 ± 0.33 0.0279 1.00
HPF-H-L 0.64 ± 0.36 0.0393 1.00
HPF-L-F 0.49 ± 0.29 0.0313 1.00
HPF-L-L 0.53 ± 0.31 0.0312 1.00
MBK-R 0.27 ± 0.20 0.0006 1.00
BK 0.27 ± 0.24 0.0005 1.00
MBK 0.28 ± 0.22 0.0005 1.00
GridCut∗ 0.99 ± 0.03 0.6419 1.00

Parallel algorithms

Liu-Sun 0.48 ± 0.30 0.0667 1.00
P-PPR 0.46 ± 0.38 0.0133 1.00
Strandmark-Kahl 0.23 ± 0.16 0.0667 0.85
P-ARD 0.35 ±0.32 0.0028 1.00
P-GridCut∗ 1.00 ± 0.00 1.0000 1.00
Best serial 0.59 ± 0.33 0.1365 1.00
∗ Only grid graphs included (6- and 26-conn. for serial, 6-conn for parallel).

TABLE 5: Relative performance (RP) scores for the best serial
algorithm variant for each problem family. Almost all problem
families have one dominant algorithm.

Problem family Algorithm Mean RP

3D segmentation: SLG [57] HPF-H-L 0.81
Multi-view [13] HPF-H-L 1.00
Surface fitting [71] GridCut 1.00
3D segmentation: voxel-based [9, 12, 10] GridCut 0.98
Mesh segmentation [76] EIBFS-I 0.95
3D segmentation: sep. surfaces [53] EIBFS-I 0.92
3D MRF [11] GridCut 1.00
Deep LOGISMOS [42] EIBFS-I-NR 0.96
Deconvolution [88] HPF-H-L 0.96
DTF [82] HPF-H-L 1.00
Super resolution [30, 88] EIBFS-I 0.87
Stereo 1 [14] EIBFS-I 0.99
Stereo 2 [64] EIBFS-I 1.00
ALE [68, 69, 26] EIBFS-I-NR 1.00
Graph matching: small [58, 48] HPF-L-L 1.00
Graph matching: small [25, 73, 48] EIBFS-I-NR 0.91
Graph matching: small [1, 92, 48] HPF-L-F 1.00
Graph matching: small [94, 16, 48] HPF-L-L 1.00
Graph matching: small [66, 59, 48] HPF-L-F 1.00
Graph matching: big [48] HPF-H-L 1.00

Mean ± std. 0.97 ± 0.05

when moving from 6-connected to 26-connected graphs. Actually,
both EIBFS and HPF manage to beat GridCut on a couple of the
26-connected problems. This indicates that the benefit of using
GridCut significantly decreases for graphs with high connectivity,
perhaps because it is an AP algorithm.

In general, the pseudoflow algorithms have the best overall
performance. Measured on solve time, EIBFS performs the best,
which aligns with existing literature [36]. However, looking at
the total time, HPF performs better overall, slightly contradicting
previous benchmarks [36]. The reason for the difference between
the results may be that [36] compared EIBFS with HPF-H-F,
which we show to be inferior to HPF-H-L. Also, in [36] they use

TABLE 6: Relative performance (RP) scores for the best
parallel algorithm for each problem family. Since the parallel
GridCut implementation can only handle 6-connected graphs ‘3D
segmentation: voxel based’ has been split into two subgroups: 6-
connected graphs and 26-connected graphs. If an algorithm did not
run to completion on a dataset we count the RP as 0.

Problem family Algorithm Mean RP

3D segmentation: SLG [57] Liu-Sun 0.63
Multi-view [13] Serial 1.00
Surface fitting [71] P-GridCut 1.00
3D seg.: voxel-based [9, 12, 10] (26-conn.) Serial 0.86
3D seg.: voxel-based [9, 12, 10] (6-conn.) P-GridCut 1.00
Mesh segmentation [76] P-ARD 0.88
3D segmentation: sep. surfaces [53] P-PPR 0.74
3D MRF [11] P-GridCut 1.00

Mean ± std. 0.89 ± 0.14
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Deep LOGISMOS
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Fig. 11: UMAP embedding [78] of the extracted graph features.
Each point correspond to a benchmark dataset and is colored
according to its problem family. When a benchmark consists of
multiple sub-problem we use the mean feature vector. Notice that
points from the same problem family tend to cluster together.

No Yes

Grid graph

GridCut
YesNo

Sink cap. std. ≤ 2.151

EIBFS-I-NR
YesNo

Num. arcs ≤ 29289

HPF-H-LHPF-L-LEIBFS-I
YesNo

Sink num. nonzero ≤ 43630

Fig. 12: Decision tree trained to select the best serial algorithm.
Note that capacity statistics are normalized, c.f . Section 6.

32-bit pointer for most datasets, which may also provide slightly
improved performance. Finally, the hardware used in [36] may
have different performance characteristics than ours. We observed
that EIBFS actually performed better on an older system than
on the one we used for our experiments. We speculate if this
could be due to the lower cache and memory latency (estimated
using Intel R© Memory Latency Checker v3.9a) on the older system
compared to the one used for our benchmarks. In any case, this
raises the question whether HPF implemented with arc packing
could outperform EIBFS on even more problems.

Our results also show that the performance of the different
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No Yes

Mean degree ≤ 19.804
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No. nonzero nbor. arcs ≤ 28325491

YesNo

In cap. no. nonzero ≤ 45024258

Serial

P-ARD

Fig. 13: Decision tree trained to select the best parallel algorithm.
‘Serial’ means a serial algorithm would be the best option. Note
that capacity statistics are normalized, c.f . Section 6.

algorithm variants varies, and the choice of variant can significantly
affect the run time. Optimizing for cache efficiency seems to be
of particular importance, since optimizations such as arc packing
and smaller data structures have large effects on the solve times for
both BK and EIBFS.

As shown in Section 6, for non-grid problems, the best
algorithm most often comes down to a choice between EIBFS
or HPF. From Fig. 12 it seems that HPF is faster when the sink
(or, more likely, terminal) arc capacities vary a lot. As expected,
EIBFS-I-NR is preferred for small graphs, while the preferred
HPF variant for small graphs appears to be HPF-L-L, which aligns
with the results in Table 5. However, the best strategy is to test
several algorithms on a set of problems from the family at hand.

7.2 Parallel Algorithms
P-GridCut provides the best performance of the parallel algorithms
for 6-connected grid graph problems and scales well with many
threads. Of the other parallel algorithms, Liu-Sun is overall the best,
closely followed by P-PPR, which aligns with previous results [75]
and expectations [89, 91]. However, all the block-based algorithms
only scale well for large graphs. For small to medium problems,
they do not scale to many threads, but seem to peak at 8-12
threads, c.f . Fig. 10. This also means that choosing an optimal
thread count may be difficult. Only P-PPR scaled consistently with
up to 32 threads. In addition, all parallel algorithms were often
outperformed by a serial algorithm except on large graphs. In fact,
as Table 4 shows, selecting a good serial algorithm has better
expected performance than selecting any of the parallel algorithms.

For practical use, only the Liu-Sun, P-PPR, and P-ARD
algorithms seem to be relevant as is. However, the block-based
algorithms have the additional challenge of dividing the graph
into blocks — the result of which significantly affects the run
time of the algorithms. This was also shown in [89], where it
was noticed that the multiview problems would scale better with
more processors when partitioned on vertex numbers vs. the grid.
While the graphs tested in this work have a natural way to be split,
this may not always be the case. Meanwhile, even though this
problem is avoided with P-PPR, it does not perform as well as the
block-based algorithms overall, as shown in Fig. 9.

Finally, while all parallel algorithms had datasets where they
were best, selecting the best parallel algorithm is difficult (except
for 6-connected grid graphs). No algorithm showed dominant
performance — neither globally nor per problem family. Further-
more, using the decision tree only gives a small improvement over
selecting the best overall algorithm. Fig. 13 indicates that for grid

and low-degree graphs, a serial algorithm or GridCut performs
best. Otherwise, the choice comes down to graph size, with P-
ARD doing better for the smaller graphs, P-PPR being faster for
the medium-sized ones, and Liu-Sun performing the best for the
largest graphs. However, as Table 6 shows, the best strategy is
again to test on a number of graphs from the problem family at
hand.

8 CONCLUSIONS AND PERSPECTIVES

We now summarize our findings for the serial and parallel
algorithms tested in this work. We also provide perspectives on
possible future developments of min-cut/max-flow methods, as
well as how these may fit into the future of computer vision.

8.1 Serial Algorithms
For the serial min-cut/max-flow algorithms, we have tested a
total of 12 different variants across five of the fastest and most
popular algorithms: PPR, BK, EIBFS, HPF, and GridCut. These
include representatives for the three families of min-cut/max-flow
algorithms: augmenting paths, push-relabel, and pseudoflow.

Our results clearly show that, for simple grid graphs, GridCut
has the best performance. In most other cases, the two pseudoflow
algorithms, EIBFS and HPF, are significantly faster than the other
algorithms and thus should be the first choice for anyone looking
for a fast serial min-cut/max-flow algorithm for static computer
vision problems. For dynamic problems, we refer to [36].

Contrary to existing literature, we recommend the HPF algo-
rithm in the H-LIFO configuration as the default, since it has
the best overall performance. However, the EIBFS algorithm
(EIBFS-I implementation) is a very close contender and can
easily replace HPF with little impact on performance — and indeed
may perform better on some problem families. If memory usage is
of chief concern, the MBK and EIBFS-I-NR implementations are
both good options, as they use significantly less memory than the
reference EIBFS and HPF implementations.

Furthermore, we think significant performance improvements
may be gained from further improving the algorithm implementa-
tions — especially with a focus on memory use and cache efficiency.
In particular, faster and more memory efficient methods for arc (and
node) packing could result in significant benefits, since the extra
initialization step incurs a large memory and run time overhead.
We would like to see a reimplementation of HPF with a half-arc
data structure and arc packing.

Finally, we found significant gains through automatic algorithm
selection. Based on our results, it seems likely that one could train
a robust classifier for selecting the appropriate algorithm based on
the min-cut/max-flow problem to be solved. By selecting the right
algorithm for the job, run time could in many cases be significantly
reduced without the need for new algorithms or implementations.
In general, we find it unlikely that a single algorithm will ever be
dominant for all types of graphs.

8.2 Parallel Algorithms
We tested five different parallel algorithms for min-cut/max-flow
problems: parallel PPR (P-PPR), adaptive bottom-up merging (Liu-
Sun), dual decomposition (Strandmark-Kahl), region discharge
(P-ARD), and parallel GridCut (P-GridCut).

If the graph is a simple grid, P-GridCut significantly outper-
forms all other algorithms. For other graphs, we found adaptive
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bottom-up merging, as proposed by Liu and Sun [75], to be the
best overall parallel approach. However, each parallel algorithm
had an area in which it was the best, and it is difficult to predict
the best parallel algorithm for a graph (except for 6-connected grid
graphs).

Of the parallel algorithms, only P-GridCut and P-PPR improved
consistently with more threads. All block-based algorithms failed
to scale beyond 12 threads, except on large graphs. Furthermore, ex-
cept for P-GridCut, all parallel algorithms were often outperformed
by a serial algorithm, and consistent improvements over serial
algorithms were obtained only for large graphs. These issues reveal
a major deficiency in the state of current parallel min-cut/max-flow
algorithms and deserve further study. While providing good scaling
on any type of graph may be unreachable as min-cut/max-flow is
P-complete and therefore hard to parallelize [39], computer vision
graphs often come with additional structure. Therefore, it seems
highly likely that further improvements in practical performance
can be achieved. However, at this time, we only recommend using
a parallel algorithm for graphs with more than 5 M nodes or where
a serial algorithm uses at least 5 seconds.

To improve the parallel min-cut/max-flow algorithms, one
could try to replace BK, which is currently used in all the tested
block-based parallel algorithms, with a pseudoflow algorithm.
However, this may not be trivial. In [56], results for a Liu-Sun
implementation using EIBFS instead of BK showed a significant
performance decrease compared to serial EIBFS. Still, given the
superior performance of pseudoflow algorithms, this is an important
area to investigate. Furthermore, parallelized graph construction
is currently only available for P-GridCut. As the build time is
a significant part of the total time, reducing build time will be
important — especially as solve time decreases.

Finally, choosing an optimal blocking strategy remains an open
problem. Generally, when nodes correspond to spatial positions
(e.g., pixels or mesh vertices), we find that grouping based
on spatial distance works well. However, we recommend that
practitioners experiment with different blocking strategies since it
can significantly affect the performance. Furthermore, a general
method that only considers the graph structure would be of high
interest, as this would also make the algorithms more accessible
to the average user. An alternative would be to focus on P-PPR
algorithms that do not rely on blocking. Further improvements in
these areas could also open the door to GPU-based implementations
for solving general min-cut/max-flow problems.

8.3 Min-Cut/Max-Flow in Modern Computer Vision

It is no secret that the field of computer vision is currently
dominated by deep learning. In this context, it is highly relevant to
consider the future role of traditional computer vision tools, such
as min-cut/max-flow algorithms.

For 3D images used in medical imaging and materials science
research [77], it is common to have images where no relevant
training data are available. Here, segmentation methods based on
min-cut/max-flow continue to play an important role, as they work
without training data and allow geometric prior knowledge to be
incorporated. Furthermore, while modern 3D images can already be
very large (many GB per image), dynamic imaging (3D + time) with
high acquisition rates is now also possible [31, 81]. Computational
efficiency is paramount to be able to process this ever increasing
amount of data, and for this, parallel min-cut/max-flow algorithms
could prove particularly useful.

Finally, as mentioned in [80], there is agreement that the
performance of deep learning-based segmentation methods has
started to plateau, and investigating how to integrate CNNs with
‘classical’ approaches should be pursued. Already, combinations
with active contours have shown promising results [41, 85, 99]
and a combination of CNNs and min-cut/max-flow methods could
lead to new advances. As deep learning involves repeated forward
and backward passes through a model, it is crucial that the min-
cut/max-flow algorithms are fast and efficient. While not the focus
of this work, this is also an area where dynamic min-cut/max-flow
algorithms can be of great importance, as they are effective at
handling repeated solves of graphs where capacities do not change
drastically between successive solves.
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[68] L’ubor Ladickỳ et al. “Associative hierarchical crfs for
object class image segmentation”. In: International Confer-
ence on Computer Vision. 2009, pp. 739–746.

[69] Lubor Ladicky et al. “Graph cut based inference with
co-occurrence statistics”. In: European Conference on
Computer Vision. 2010, pp. 239–253.

[70] Kyungmoo Lee et al. “Multiresolution LOGISMOS graph
search for automated choroidal layer segmentation of 3D
macular OCT scans”. In: Medical Imaging 2020: Image
Processing. Vol. 11313. International Society for Optics
and Photonics. 2020, 113130B.

[71] Victor Lempitsky and Yuri Boykov. “Global optimization
for shape fitting”. In: IEEE Conference on Computer Vision
and Pattern Recognition. 2007, pp. 1–8.

[72] Victor Lempitsky, Yuri Boykov, and Denis Ivanov. “Ori-
ented visibility for multiview reconstruction”. In: European
Conference on Computer Vision. 2006, pp. 226–238.

[73] Marius Leordeanu, Rahul Sukthankar, and Martial Hebert.
“Unsupervised learning for graph matching”. In: Interna-
tional Journal of Computer Vision 96 (2012), pp. 28–45.

[74] Kang Li et al. “Optimal surface segmentation in volumetric
images-a graph-theoretic approach”. In: IEEE Transactions
on Pattern Analysis and Machine Intelligence 28.1 (2005),
pp. 119–134.

[75] Jiangyu Liu and Jian Sun. “Parallel Graph-cuts by Adaptive
Bottom-up Merging”. In: IEEE Conference on Computer
Vision and Pattern Recognition. 2010, pp. 2181–2188.

[76] Lei Liu et al. “Graph cut based mesh segmentation using
feature points and geodesic distance”. In: Proceedings of
the International Conference on Cyberworlds (CW). 2015,
pp. 115–120.

[77] Eric Maire and Philip John Withers. “Quantitative X-
ray tomography”. In: International materials reviews 59.1
(2014), pp. 1–43.

[78] Leland McInnes, John Healy, and James Melville. “Umap:
Uniform manifold approximation and projection for dimen-
sion reduction”. In: arXiv:1802.03426 (2018).

[79] Fausto Milletari, Nassir Navab, and Seyed-Ahmad Ahmadi.
“V-net: Fully convolutional neural networks for volumetric
medical image segmentation”. In: International Conference
on 3D Vision. 2016, pp. 565–571.

[80] Shervin Minaee et al. “Image segmentation using deep
learning: A survey”. In: IEEE Transactions on Pattern
Analysis and Machine Intelligence (2021).

[81] Rajmund Mokso et al. “GigaFRoST: the gigabit fast
readout system for tomography”. In: Journal of synchrotron
radiation 24.6 (2017), pp. 1250–1259.

44 3D Image Segmentation with Explicit Surface-Based Priors



20

[82] Sebastian Nowozin et al. “Decision tree fields”. In: Inter-
national Conference on Computer Vision. 2011, pp. 1668–
1675.

[83] F. Pedregosa et al. “Scikit-learn: Machine Learning in
Python”. In: Journal of Machine Learning and Research
12 (2011), pp. 2825–2830.

[84] Bo Peng, Lei Zhang, and David Zhang. “A survey of graph
theoretical approaches to image segmentation”. In: Pattern
Recognition 46.3 (2013), pp. 1020–1038.

[85] Sida Peng et al. “Deep snake for real-time instance
segmentation”. In: IEEE Conference on Computer Vision
and Pattern Recognition. 2020, pp. 8533–8542.

[86] Yi Peng et al. “JF-Cut: A parallel graph cut approach for
large-scale image and video”. In: IEEE Transactions on
Image Processing 24.2 (2015), pp. 655–666.

[87] Marius Reichardt et al. “3D virtual Histopathology of
Cardiac Tissue from Covid-19 Patients based on Phase-
Contrast X-ray Tomography”. In: eLife. (2021).

[88] Carsten Rother et al. “Optimizing binary MRFs via ex-
tended roof duality”. In: IEEE Conference on Computer
Vision and Pattern Recognition. 2007, pp. 1–8.

[89] Alexander Shekhovtsov and Václav Hlaváč. “A distributed
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Abstract

We introduce a parallel version of the Quadratic Pseudo-
Boolean Optimization (QPBO) algorithm for solving binary
optimization tasks, such as image segmentation. The origi-
nal QPBO implementation by Kolmogorov and Rother relies
on the Boykov-Kolmogorov (BK) maxflow/mincut algorithm
and performs well for many image analysis tasks. However,
the serial nature of their QPBO algorithm results in poor
utilization of modern hardware. By redesigning the QPBO
algorithm to work with parallel maxflow/mincut algorithms,
we significantly reduce solve time of large optimization tasks.
We compare our parallel QPBO implementation to other
state-of-the-art solvers and benchmark them on two large
segmentation tasks and a substantial set of small segmenta-
tion tasks. The results show that our parallel QPBO algo-
rithm is over 20 times faster than the serial QPBO algorithm
on the large tasks and over three times faster for the majority
of the small tasks. Although we focus on image segmentation,
our algorithm is generic and can be used for any QPBO
problem. Our implementation and experimental results are
available at DOI: 10.5281/zenodo.5201620

1. Introduction

Computational parallelism is essential to the performance
and thereby the usefulness of many image segmentation al-
gorithms. The best example is perhaps deep learning, which
owes much of its success to highly efficient parallel imple-
mentations of the matrix operations used during both training
and inference. However, not all algorithms used in computer
vision rely on easily parallelizable matrix operations.

Graph cut algorithms are popular for solving binary op-
timization problems in image analysis, due to their speed
and guarantee of optimality. Thus, they provide efficient
solutions to a variety of computer vision problems – on their
own [8, 9, 11, 16, 23, 26, 33, 35], or in combination with
other methods [18, 29, 30]. While some popular graph cut

algorithms have been parallelized [11, 36, 41, 43], other al-
gorithms have remained serial, which severely limits their
ability to utilize modern hardware. One example is the
Quadratic Pseudo-Boolean Optimization (QPBO) algorithm
[7, 19, 33, 39], which allows non-submodular energy terms,
making it particularly useful for instance segmentation. In-
stance segmentation without training data is common in
microscopy and material science, where manually labeling
large volumetric datasets can be highly impractical. Often,
the input needed for segmentation with QPBO can be ob-
tained much easier.

In this paper, we introduce the first parallel QPBO (P-
QPBO) algorithm. Our goal is to provide an efficient and
scalable algorithm that can take advantage of modern multi-
core processors. With our P-QPBO algorithm, results can
be obtained over an order of magnitude faster than with
previous serial methods, and the scale of the tasks can be
increased significantly. It enables us to segment a volume
with hundreds of interacting 3D objects in minutes based on
limited user input and no training data. Although we only
demonstrate the advantage of P-QPBO for image segmenta-
tion, P-QPBO can be used for any QPBO problem.

This work focuses on our parallel algorithm and its time
and memory efficiency on image segmentation tasks. Thus,
the formulation of suitable energy functions for specific
computer vision tasks is outside the scope of this paper.

1.1. Related work

Several algorithms have been developed to solve
QPBO problems [19, 32, 33]. In computer vision, the
QPBO algorithm [7, 19] implemented by Kolmogorov and
Rother [33, 39], utilizing the serial Boykov-Kolmogorov
maxflow/mincut (BK) algorithm [9] for solving the opti-
mization problem, is arguably the most popular. Gener-
ally, maxflow/mincut algorithms can be separated into three
groups [42]: push-relabel algorithms [3, 10, 14, 15], aug-
menting path algorithms [9, 17], and pseudoflow algorithms
[16, 20, 21], which are a hybrid of the two previous cat-
egories. BK is an augmenting path algorithm. It is the
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most popular maxflow/mincut algorithm in computer vi-
sion, due to its performance and ability to handle dynamic
maxflow/mincut scenarios, by reusing computations from
previous solutions when changes are made to the graph [31].
In the last decade, pseudoflow algorithms like Excesses In-
cremental Breadth-First Search (EIBFS) [16] have outper-
formed BK in most static cases, as well as some dynamic
cases. However, the overhead associated with graph changes
for dynamic problems is still higher for EIBFS than for BK.

Push-relabel algorithms have traditionally been the target
of most parallelization efforts [2, 5, 11, 13, 22, 43], as oper-
ations mainly act locally, making them well-suited for par-
allel execution. However, synchronization overhead means
that many threads are needed to achieve good performance
[6, 40]. More recent works [36, 40, 41, 44, 45] have focused
on parallelizing augmenting path algorithms. Here, a graph
is partitioned into multiple sub-graphs and a serial algorithm
is applied to each sub-graph in parallel. Information is then
propagated between sub-graphs, or they are merged. This
process is repeated until a global solution is found. Parallel
pseudoflow algorithms have not been attempted yet.

Finally, as grid-based graphs are relatively common in
computer vision, algorithms specialized for this structure,
such as Grid-Cut [24, 25], have also been developed. Grid
structured graphs have also been the target of GPU-based
implementations [38, 43], as they rely on the highly regu-
lar structure of grid graphs to fully utilize the GPU. While
grid-based algorithms achieve significant performance im-
provements, they are only usable on a limited (but certainly
important) subset of binary optimization problems. In this
paper, we are concerned with a general-purpose parallel
QPBO algorithm and will therefore not discuss the grid-
based algorithms further.

1.2. Contribution

We introduce a fast parallel algorithm for solving QPBO
problems. It is based on the efficient two-stage approach of
the QPBO algorithm as presented in [33] and the bottom-
up merging approach from [36]. Our algorithm is fully
compatible with the original QPBO algorithm and we prove
that it is guaranteed to find equivalent solutions.

We show that our parallel algorithm reduces the solve
time significantly on a large multi-object 3D segmentation
task compared to current state-of-the-art approaches. We
also benchmark our algorithm for segmentation using a large
set of 2D images and show significant performance improve-
ments, even for smaller segmentation tasks.

Our implementation, benchmark code, results, notebooks,
and proof are available at 10.5281/zenodo.5201620.

2. QPBO
We briefly summarize the original QPBO algorithm

here. Both the QPBO algorithm and general-purpose

maxflow/mincut algorithms can be used to minimize energy
functions of the form

E(x) =
∑
p∈V

θp(xp) +
∑
p,q∈V

θpq(xp, xq) . (1)

Here, V is a set of nodes, xp ∈ {0, 1} are the node labels, θp
are unary energy terms, and θpq are pairwise energy terms. If
E is submodular, meaning that all pairwise energies satisfy

θpq(0, 0) + θpq(1, 1) ≤ θpq(0, 1) + θpq(1, 0) , (2)

then maxflow/mincut-based algorithms (including QPBO)
are guaranteed to find the global optimal solution to the min-
imization problem [9, 33]. However, if the energy function
contains non-submodular terms, we cannot directly model
it as a maxflow/mincut problem [12, 34]. To overcome this
limitation, the QPBO algorithm uses an extended graph ap-
proach, in which every node is represented by two graph
nodes: a node p ∈ V and a flipped node p ∈ V . Every energy
term is then represented by two graph edges (see Table 1).
This allows the non-submodular terms to be represented as
graph edges between nodes p and q, and the flipped nodes
p and q. Computing the maximum flow/minimum cut of
this extended graph corresponds to minimizing the energy
function (1) [33] given that all terms are non-negative. One
can convert a QPBO function to an equivalent non-negative
one using the linear time algorithm described in [33].

Table 1. Conversion from energy terms to graph edges [33],
where s the source node, t is the sink node, and p, q ∈ V are
the flipped versions of the nodes p, q ∈ V .

Energy term Corresponding edges Edge capacity

θp(0) (p → t), (s → p) 1
2θp(0)

θp(1) (s → p), (p → t) 1
2θp(1)

θpq(0, 1) (p → q), (q → p) 1
2θpq(0, 1)

θpq(1, 0) (q → p), (p → q) 1
2θpq(1, 0)

θpq(0, 0) (p → q), (q → p) 1
2θpq(0, 0)

θpq(1, 1) (q → p), (p → q) 1
2θpq(1, 1)

However, the support for non-submodular terms means
that the guarantee of finding the global optimal solution is
replaced by one of finding a partial optimal solution [33].
This means that we may get a solution with unlabeled nodes,
which may lead to bad segmentation results [23]. However,
when non-submodular terms are used only for exclusion,
[26] has shown that unlabeled nodes are rare and hardly
affect the resulting segmentation.

The original QPBO algorithm uses an efficient two-stage
approach [33]. In Stage 1, only submodular terms are con-
sidered and the problem is modelled and solved as a regular
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maxflow problem, i.e., without the flipped nodes. In Stage
2, the flipped graph is created by copying the residual graph
from Stage 1 and reversing the edges. Finally, the edges
for the non-submodular terms are added and the solution is
updated. This two-stage approach reduces the solve time
significantly, but relies on maxflow solvers that can handle
dynamic graphs efficiently, e.g., the BK algorithm [31].

3. Parallel QPBO
We now describe our new Parallel QPBO (P-QPBO) al-

gorithm, which combines the two-stage QPBO approach
described in Section 2 with the bottom-up merging paral-
lelization approach by Liu and Sun [36]. Judging from previ-
ous work [36, 40, 41, 44, 45], bottom-up merging provides
good performance on non-distributed multi-core systems.
Like Liu and Sun’s algorithm, ours has two phases. In Phase
A, the QPBO problem is split into disjoint sub-problems,
which are solved independently in parallel. In Phase B, these
partial solutions are merged and re-solved, also in parallel,
to get the complete solution. Note that Phase A/B strictly
refers to the splitting and merging of sub-problems. Stage
1/2 refers to whether the sub-graph associated with a sub-
problem has had the flipped graph added or not.

In contrast to Liu and Sun’s algorithm, which strictly
works as a maxflow/mincut solver, our algorithm also con-
siders each sub-problem as a QPBO problem. Specifically,
each sub-problem is kept in Stage 1 (where we do not need
the flipped graph) as long as it contains only submodular
terms. Thus, in the case of few non-submodular terms, most
sub-problems will remain in Stage 1 for most of Phases A
and B. This significantly reduces the solve time. We will now
describe the two phases, including the specific conditions,
which will trigger a conversion to Stage 2 for a sub-problem.
Figure 1 shows a visual summary.

Phase A: Partitioning of the QPBO problem is done by
splitting the underlying graph G = ⟨V ∪ V, E⟩. We split the
node set V into N disjoint sets V1,V2, ...,VN . This gives
a partition of the graph nodes into blocks W1,W2, ...,WN

where Wi = {p, p | p ∈ Vi}. Then, for each pair of blocks
Wi,Wj connected by one or more edges, we identify inter-
block edges and store these in separate lists. From now on,
we refer to these edge lists as block interfaces. After building
the block interfaces we remove inter-block edges from G.

We now have a series of sub-graphs Gi = ⟨{Wi, s, t}, Ei⟩
where Ei = {(p → q) ∈ E | p, q ∈ Wi}. Because these sub-
graphs are disconnected, except through the source and sink
nodes, we can compute their individual maxflow solutions
in parallel (see Figure 1a). For each sub-graph, we adapt
the two-stage approach from the serial QPBO algorithm.
First, we only consider submodular terms and do not add the
flipped graph. Then, if (and only if) a sub-graph contains
non-submodular terms, we transition the sub-graph to Stage
2. During this transition, the flipped graph is constructed

by copying the residual graph from Stage 1, the remaining
non-submodular edges are added, and the maxflow solution
is updated (see Figure 1b). When all sub-graphs have been
solved, we move to Phase B.

Phase B: In this phase we merge the sub-graphs to re-
create the original extended graph, G. Merging two sub-
graphs is done by re-adding the inter-block edges, which
were removed in Phase A. If all sub-graphs and inter-block
edges correspond to submodular terms, we keep both sub-
graphs in Stage 1 (see Figure 1c). If some of the inter-block
edges correspond to non-submodular terms, both sub-graphs
are transformed to Stage 2 (see Figure 1d) before the inter-
block edges are added (see Figure 1e). Furthermore, if the
two sub-graphs are in different stages, the sub-graph in Stage
1 is transformed to Stage 2 before inter-block edges are re-
added and the sub-graphs are merged (see Figure 1f). After
merging, the solution of the combined graph is updated.

To further reduce the solve time, we want merges to hap-
pen in parallel, for which we use the strategy from [36].
Updating the maxflow solution is a serial process, so only
one thread can work on a sub-graph at a time. For synchro-
nization, each sub-graph can be locked (meaning it is being
worked on) or unlocked (meaning it is free for merging).

To decide which sub-graphs to merge, each thread scans
through the list of block interfaces created in Phase A, until
it finds one that connects two unlocked sub-graphs. The
thread then locks the sub-graphs and merges them. Then, it
re-computes the maxflow solution for the merged sub-graph
and the sub-graph is unlocked. Note that after sub-graphs
have been merged, there may be several block interfaces
connecting the previously merged sub-graphs. Therefore,
when a thread finds a pair of sub-graphs to merge, it con-
tinues to scan the list of block interfaces to find all block
interfaces connecting the pair. The block interfaces are then
removed from the global list and the merge proceeds. A
global synchronization object is used to ensure that only one
thread can scan the list of block interfaces at a time.

At the end of Phase B, the number of remaining merges
will be less than the number of running threads (unless only
one thread is used). Therefore, if a thread scans the whole
list of block interfaces without encountering a pair of un-
locked sub-graphs, it terminates. As a result, the degree
of parallelism is gradually reduced near the end of Phase
B. However, for most problems, the time required for the
last merge will be small compared to the total solve time.
In total, the number of merges performed will be one less
than the number of blocks. The process for each thread is
summarized in Algorithm 1.

3.1. Correctness

Our P-QPBO algorithm will always give a solution equiv-
alent to that of the serial QPBO algorithm.

Energy: The energy of the solution is given by the unique
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Figure 1. Illustration of merging strategy. Blue dots and lines represent nodes and edges in the non-flipped graph, while
red dots and lines are nodes and edges in the flipped graph. Green lines represent edges between a node p ∈ V and flipped
node q ∈ V , corresponding to non-submodular terms. Dashed lines represent inter-block edges, which are re-added when the
sub-graphs are merged. The exception is green dashed lines between two blue nodes. These represent non-submodular energy
terms, which will be translated to edges, once the flipped graphs are added. Source/sink nodes and edges are not shown. (a)
The graph is split into sub-graphs and the Stage 1 solution for each sub-graph is computed in parallel. (b) Sub-graph A contains
internal non-submodular terms, so it is transformed to Stage 2 and the solution is updated. (c) Sub-graphs D and E are merged.
Inter-block edges are re-added and the sub-graph solution is updated. As all intra- and inter-block terms are submodular the
sub-graph remains in Stage 1. (d) A term between B and C is non-submodular, so the sub-graphs are transformed to Stage 2 to
prepare for merge. (e) Sub-graphs B and C are merged. (f) Sub-graph D + E is transferred to Stage 2 to allow merges with the
remaining sub-graphs. All sub-graphs are now in Stage 2, and merging can proceed as normal bottom-up merging.

value of the minimum cut for the extended graph. Since the
final graph is identical for the serial and parallel algorithms,
and they both compute a minimum cut, the solutions must
have the same energy.

Labeling: There may be several minimum cuts which
have the same cost/energy but label a different number of
nodes [33]. However, given a residual graph, the algorithm
from [4, 33] will choose the minimum cut that labels the
maximum number of nodes. It can be shown (proof in sup-
plementary material) that since both QPBO and P-QPBO
compute a minimum cut of the same graph, they must label
the same nodes after running this extra algorithm. Since this
extra step is an insignificant part of the overall runtime, we
do not include it in our runtime experiments.

3.2. Efficient graph partitioning and merging

The partitioning of the graph nodes into blocks is impor-
tant for the performance of the P-QPBO algorithm. While
our method allows for any partitioning of nodes, ideally,
we want as much work as possible to be done in Phase A
(computing the partial solutions) and as little as possible to

be done in Phase B (merging sub-graphs and updating solu-
tions). A good way to achieve this is to separate the nodes
into blocks that are densely packed (many intra-block terms)
and sparsely related (few inter-block terms). This speeds up
the merging by reducing the number of changes made to the
graph. Of course, the ideal partitioning very much depends
on the energy function.

For image segmentation, we can use the spatial position of
the nodes/pixels when partitioning them into blocks. Cutting
the image into evenly sized rectangular blocks, as done by
[36, 41] should result in many intra-block terms, compared
to inter-block terms, as long as the blocks are not very small.
When solving instance segmentation tasks using Sparse Lay-
ered Graphs (SLG) [26], an intuitive way to partition the
nodes is to create a block per label/object. This works well
when the interaction between the objects is low compared
to the size of the objects (which is usually the case), and
we have at least as many objects as the number of parallel
threads available on the system. We use this natural way of
partitioning the nodes for all our experiments, as most of our
images contain many objects.
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Algorithm 1: Phase B of the parallel QPBO algo-
rithm for each thread.

while true do
Lock synchronization object
Let S = ∅
foreach block interface s do

Let Gi and Gj be sub-graphs connected by s
if both Gi and Gj are unlocked then

S = {si | si connects Gi and Gj}
break

Remove entries of S from list of block interfaces
if S is empty then

Unlock synchronization object
return

Lock sub-graphs Gi and Gj connected by S
Unlock synchronization object
/* Ensure sub-graphs are in stage 2 if needed. */
if S contains non-submodular terms or Gi in stage 2

or Gj in stage 2 then
if Gi in stage 1 then Transform Gi to stage 2
if Gj in stage 1 then Transform Gj to stage 2

Unite sub-graphs Gi and Gj to sub-graph Gij

/* Re-insert boundary edges */
foreach inter-block edge e in S do

Reinsert e in graph
if Gij in stage 2 then

Reinsert flipped edge of e in graph
if nodes of a have different labels then

Mark nodes of reinserted edges as active
Update maxflow for subgraph Gij

/* Make Gij available for merges */
Lock synchronization object
Unlock sub-graph Gij

Unlock synchronization object

For determining the merging order, P-QPBO uses the
same approach as Liu and Sun [36]. After Phase A, we
loop over each block interface and count the number of
potential new augmenting paths, when merging the sub-
graphs containing the blocks. This serves as a heuristic for
how much work must be done when merging the sub-graphs.
The list of block interfaces is then sorted in descending order
based on the number of potential new augmenting paths, in
the hope that threads will perform the most expensive merges
first. The goal is to do as much work as possible early in
Phase B, while the degree of parallelism is high.

4. Benchmark results

To test the scalability of our P-QPBO algorithm, we com-
pare it with two serial QPBO implementations. The first is
a slightly optimized implementation of the original QPBO
algorithm by Kolmogorov – we call it K-QPBO. The reason
we are using a slightly modified version is that the original

implementation has overflow issues for large graphs. The
second serial implementation is our own re-implementation
of K-QPBO, which contains numerous improvements in
data structures and optimizations of the code that improves
performance. We call this implementation Modern QPBO
(M-QPBO). M-QPBO is included to provide a more fair
comparison between a serial and parallel implementation
since M-QPBO contains the same performance optimization
as P-QPBO. When referring to results for our parallel imple-
mentation, we use the notation P-QPBO(t), where t is the
number of parallel threads used by P-QPBO.

We test the QPBO implementations on the two datasets
used in [26], and use the exact energy functions shared in
[27]. Our notebooks (based on [27]), used to formulate
the energy functions and to benchmark the QPBO algo-
rithms, are included in our supplementary material (DOI:
10.5281/zenodo.5201620). However, as our focus in this pa-
per is purely on the computational performance, the energy
formulations are not included in the paper.

The first dataset used for our experiments is a high-
resolution µCT 3D image of nerves [28] shown in Figure 2a.
This is a large segmentation task with many non-overlapping
objects. It allows us to test the scalability of the parallel
QPBO implementation across many CPU threads. The sec-
ond dataset is the BBBC038v1 stage1 train (S1) nuclei
image set from the Broad Bioimage Benchmark Collection
[37]. An image from the dataset along with the instance
segmentation results is shown in Figure 2b. Using these im-
ages, we test the performance of the QPBO implementations
on a variety of small and medium-sized segmentation tasks.
For both datasets, the energy function creates a nontrivial
graph topology consisting of irregularly interconnected or-
dered multi-column sub-graphs. Unlike general maxflow
problems, where a number of commonly used benchmark
datasets exist [16], there are no commonly used benchmark
datasets specifically for QPBO.

We use two Intel Xeon Gold 6226R (16 cores / 16 threads)
CPUs in dual socket configuration for all our benchmarks.
With this, we test how our implementation scales on a mod-
ern architecture with up to 32 threads executing in parallel.

4.1. Large segmentation tasks

The goal of this experiment is to compare the solve times
of the K-QPBO and M-QPBO to those of P-QPBO at various
parallel thread counts on large segmentation tasks. Although
solve times vary between system architectures, this experi-
ment shows the benefit of using P-QPBO, depending on the
number of CPU cores available.

In the experiment, we segment the myelin and axon of
216 nerves in a 2048× 2048× 2048 volume at two different
radial sampling resolutions, using the SLG method of [26].
The first resolution (N1) is the one used by [26], while the
second resolution (N2) is higher, resulting in a graph more
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(a) (b)

Figure 2. (a) Result of N1 nerve segmentation task. Nodes
are split into blocks such that all nodes associated with either
the inner (red) or outer (blue) surface of a nerve are in the
same block (two blocks per nerve). (b) Example of nuclei
segmentation on the image from S1 with the most nuclei.
Nodes are split into blocks such that all nodes associated
with a cell are in the same block (one block per cell).

than twice the size of N1 (see Table 2). In both cases, the
output is a 3D multi-label segmentation with a total of 432
interacting objects (two per nerve). For P-QPBO we use one
block per object (see Figure 2a).

As shown in Table 2, our M-QPBO implementation re-
duces the solve time for the N1 task by 25% compared to the
K-QPBO implementation, while P-QPBO(1) outperforms M-
QPBO slightly for this task, with a 33% reduction compared
to K-QPBO, using only a single thread. Using two threads, P-
QPBO(2) provides a 62% reduction in solve time, compared
to K-QPBO, and a 49% reduction compared to M-QPBO.
The best result is achieved using 40 threads, in which case
P-QPBO is over 11 times faster than K-QPBO. Figure 3a
show the relative speed-up when using P-QPBO compared
to K-QPBO. We see that the performance increases up to
and beyond the number of CPU cores (32) in our test system.

For the larger N2 task, we observe even larger perfor-
mance improvements and better scaling of P-QPBO than
for N1 (see Figure 3b). From the solve times in Table 2,
we see that the bottom-up merging strategy, even without
parallelism, provides a reduction in solve time of 51% for
P-QPBO(1) compared to K-QPBO. Meanwhile, M-QPBO
provides a 26% reduction over K-QPBO. In other words, P-
QPBO clearly improves its relative performance as the task
grows, while M-QPBO performs similarly for N1 and N2,
when looking at the relative improvement over K-QPBO.

Both Figures 3a and 3b show that the speed-up increases
significantly less past 16 threads. This is expected, as we are
testing on a dual socket system, which means we are likely
to experience some degree of computational overhead when
using both CPUs, especially for cache and memory intensive

N1 N2

Nodes 363,748,800 818,434,800
Edges 2,124,073,454 4,864,255,488

Memory footprint

K-QPBO [33] 134.2 GB 306.8 GB
M-QPBO 60.1 GB 182.7 GB
P-QPBO 70.0 GB 224.9 GB

Fastest solve time

K-QPBO [33] 836 s 4,987 s
M-QPBO 628 s 3,704 s
P-QPBO (1) 558 s 2,429 s
P-QPBO (16) 94 s 323 s
P-QPBO (32) 80 s 264 s
P-QPBO (40) 74 s 245 s
P-QPBO (48) 76 s 239 s

Table 2. Graph details for the nerve segmentation tasks.
Nodes and edges refer to the size of the full extended graph.
The memory footprint is the total memory footprint of the
graph and relevant bookkeeping. P-QPBO and M-QPBO
use 32-bit indices for N1, but 64-bit edge indices for N2,
because it has more than 231 edges. K-QPBO always uses
64-bit pointers for indexing. The solve times are shown
for each of the three algorithms, with a number of different
thread configurations for P-QPBO. Each solve time is the
minimum of ten runs for N1 and three runs for N2.

tasks such as computing the maximum flow. Yet, despite
the overhead, the combined 32 CPU cores allow P-QPBO to
scale past 32 threads for both N1 and N2, with P-QPBO(40)
significantly outperforming P-QPBO(32) in both cases. This
is perhaps a result of some threads idling while waiting for
the synchronization lock to be released.

Another reason for the way P-QPBO scales with the num-
ber of threads is the reduction in the degree of parallelism at
the end of Phase B. According to Amdahl’s law [1], this puts
a theoretical maximum to the speed-up, which in our case
will depend on the energies and blocking strategy. For the
nerve segmentation tasks we estimate a parallel fraction of
0.88 and 0.92 (including overhead) for N1 and N2, respec-
tively, meaning that most of the work is done in parallel.

We expect that most of the performance improvement
of M-QPBO over K-QPBO is due to the smaller memory
footprint of the graphs shown in Table 2. We achieve this
reduction by using more compact data structures for nodes
and edges. Instead of 64-bit pointers, we use 32-bit indices
where possible. Furthermore, we store forward and back-
ward edges adjacent in memory to avoid storing pointers
between these. P-QPBO and M-QPBO use the same funda-
mental data structures for nodes and edges. The increased

52 3D Image Segmentation with Explicit Surface-Based Priors



11111111112222222222 4444444444 8888888888 16161616161616161616 24242424242424242424 32323232323232323232 40404040404040404040 48484848484848484848 56565656565656565656 64646464646464646464
Number of threads

0
2
4
6
8

10
12

So
lv

e 
tim

e 
sp

ee
d-

up
 (t

im
es

)

K-QPBO
M-QPBO
P-QPBO
Amdahl's law fit (p=0.88)

(a) N1

111222 444 888 161616 242424 323232 404040 484848 565656 646464
Number of threads

0

5

10

15

20

So
lv

e 
tim

e 
sp

ee
d-

up
 (t

im
es

)

K-QPBO
M-QPBO
P-QPBO
Amdahl's law fit (p=0.92)

(b) N2

Figure 3. Plots showing the relative speed-up in the solve time when using P-QPBO compared to K-QPBO and M-QPBO. The
speed-up is calculated using the fastest solve time out of ten runs for N1 and three runs for N2. K-QPBO and M-QPBO are
represented as horizontal lines, as they always use a single thread. We also show a fit of Amdahl’s law [1] and the parallel
fraction, p. Keep in mind that two 16 core CPUs were used, which means we expect the speed-up to stagnate or even decrease
when using more than parallel 32 threads. For these tasks, the stagnation appears to start at 40 threads on our test system.
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Figure 4. Box plots showing the relative speed-up for each image in the S1 dataset, for M-QPBO and P-QPBO compared
to K-QPBO. Following Tukey’s definition, the green line in the box is the median, the box marks the two quartiles and the
whiskers show the minimum and maximum values, excluding outliers. Outliers are defined as values more than 1.5 times the
interquartile range from the nearest quartile and are shown as rings. In (a) the results for all 670 images are shown, while (b)
only includes the 502 images with 16 or more nuclei. The relative speed-up is calculated using the fastest solve time for each
method, with each method having been run ten times.

memory footprint of the P-QPBO graph is a result of extra
bookkeeping needed for the bottom-up merging. Reducing
the memory footprint of the graph structures is important for
two reasons. 1) It increases performance due to improved
CPU cache and memory efficiency. 2) It allows us to solve
larger tasks without running out of memory.

It is important to remember that the scaling depends
both on the optimization problem and the system architec-
ture. Generally, we would expect M-QPBO to outperform
P-QPBO(1) on smaller tasks, due to the overhead of merging
the sub-graphs. However, for large tasks, using bottom-up
merging, even without parallel computations, actually turns
out to be faster. This behavior was previously noted by
[16, 36] and is probably due to a combination of shorter
augmenting paths and better cache efficiency.

For the N1 task, [26] reported a solve time of 44 minutes
for K-QPBO, which is much higher than the 14 minutes we
found in our experiments. We suspect that the main reason

for the big difference is that their system only had 112 GB
memory, while the graph has a footprint of at least 134 GB.
This could have caused memory swapping, which would
likely impact performance negatively.

4.2. Smaller segmentation tasks

We use the S1 dataset, previously used in [26], to compare
the performance of P-QPBO, M-QPBO, and K-QPBO on a
large set of 2D (non-grid) segmentation problems of varying
sizes. Figure 5 shows the distributions of graph nodes and
edges for the images. With a median of 437,400 nodes and
1,598,060 edges, we consider most of these segmentation
tasks relatively small. A few of the tasks are significantly
larger, with the largest (shown in Figure 2b) having just
over six million nodes and 60 million edges. To examine
the overall performance of M-QPBO and P-QPBO for these
small to medium-sized tasks, we compute the relative speed-
up when using our implementations compared to K-QPBO.
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Figure 5. Histograms of the distribution of nodes and edges
for the graphs used when segmenting the images in S1.

Figure 4 shows the relative speed-up for M-QPBO and P-
QPBO for each image in the dataset (Figure 4a) and for each
image with 16 or more nuclei (Figure 4b). Both M-QPBO
and P-QPBO show a significant improvement compared to
K-QPBO. When we include all images, there are cases where
the relative performance drops. In these few cases, the tasks
are very small (few nodes and terms), such that the overhead
of P-QPBO outweighs the benefits. If we look only at the
502 images with 16 or more nuclei (259,200 nodes or more),
M-QPBO and P-QPBO significantly outperform K-QPBO
for all images, except when using P-QPBO with a single
thread. For these smaller tasks, the overhead of merging
blocks is not outweighed by the shorter augmenting paths.
Thus, when using only a single thread, the best performance
is achieved without bottom-up merging.

For the images with 16 or more nuclei (Figure 4b), M-
QPBO gives a median speed-up of 1.8x, with a maximum
of 2.5x. P-QPBO(4) achieves the best overall performance,
with a median speed-up of 3.2x and a maximum of 5.3x.
While P-QPBO(6) and P-QPBO(8) show the best perfor-
mance in a few of the largest tasks, the overall performance
decreases slightly when compared to using four threads, due
to the majority of the tasks being relatively small.

4.3. Comparison with other solvers

We compare P-QPBO with other state-of-the-art
maxflow/mincut algorithms. To test the effect of the two-
stage QPBO strategy, we compare with our own implementa-
tion of the parallel maxflow/mincut algorithm by Liu and Sun
[36]. Furthermore, we compare with the serial EIBFS algo-
rithm [16], as it is currently the fastest serial maxflow/mincut
solver, and we compare with our own parallel version of
EIBFS (P-EIBFS) based on bottom-up merging. Finally, we
include a best case estimate for a QPBO implementation
using EIBFS as its maxflow/mincut solver (EIBFS-QPBO).

We compare the algorithms on the N1 and S1 tasks. The
maxflow/mincut algorithms are evaluated by first convert-
ing the QPBO problem to the full extended graph and then
running the algorithm on this graph. We do not include this
conversion time in the benchmark. Results are shown in
Table 3. We see that our algorithm significantly outperforms
the other methods.

Memory Best speed-up
N1 N1 S1

M-QPBO 60.1 GB 1.33 1.72±0.28
P-QPBO 70.0 GB 10.47 2.96±0.89

Liu-Sun [36] 70.0 GB 6.07 0.78±0.13
EIBFS [16] 175.1 GB 1.08 0.33±0.08
P-EIBFS 175.8 GB 0.63 0.68±0.14
EIBFS-QPBO* 175.1 GB 2.17 0.66±0.08
*Best case estimate (half of EIBFS solve time).

Table 3. Results of ablation experiment. We consider up
to 32 threads for N1 and up to 16 for S1. We report mem-
ory and best speed-up for N1 and best mean±std. speed-up
for the S1 data. Speed-ups are computed w.r.t. K-QPBO.
The maxflow/mincut solvers were run on the full extended
graph. We do not include the time used to convert the QPBO
problem to a graph.

5. Conclusion

Our P-QPBO algorithm is the first parallel QPBO algo-
rithm. It scales much better than the serial K-QPBO algo-
rithm on modern multi-core hardware, by partitioning the
task into sub-tasks and solving them in parallel. It uses a
bottom-up merging strategy to combine the solutions, also in
parallel. This allows P-QPBO to solve tasks, such as image
segmentation, significantly faster than current algorithms.

Our experiments show that P-QPBO solves large multi-
object segmentation tasks over 20 times faster than K-QPBO,
with lower memory usage. It does so while remaining fully
compatible with K-QPBO, making no constraining assump-
tions about the graph structure. Even for smaller tasks, with
just a few hundred thousand nodes, P-QPBO is 2-5 times
faster than K-QPBO, using only four threads. This indicates
that P-QPBO will significantly outperform K-QPBO, even
on consumer hardware.

The scalability of P-QPBO, when combined with modern
hardware, makes P-QPBO suitable for solving much larger
optimization tasks than previously possible. Furthermore,
because it is a parallel algorithm, we expect the relative
performance of P-QPBO to keep increasing in the future.
Finally, P-QPBO is a general algorithm, which is suitable for
many binary optimization tasks, not just image segmentation.
Thus, we are confident that P-QPBO can be used not just for
faster image segmentation, but also for a wide range of other
tasks, both in computer vision and other fields.
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Abstract

For 3D images, segmentation via fitting surface meshes to
object boundaries provides an efficient way to handle large
images and enforce geometric prior knowledge. Further-
more, fitting such meshes with graph cuts has proven to be
a versatile and robust framework. However, when segment-
ing multiple distinct objects in one image, current methods
do not allow the natural constraint that objects should not
overlap. In this paper, we present an extension to graph cut
based methods which can provide a globally optimal segmen-
tation of thousands of objects while guaranteeing no overlap.
Our method works by separating objects with planes whose
positions are determined as part of the graph cut. To demon-
strate the general applicability of our method, we apply it
to several 3D microscopy data sets from both biology and
materials science. Our results show both quantitative and
qualitative improvements.

1. Introduction
3D microscopy includes techniques such as X-ray micro-

or nano-CT, light-sheet microscopy, optical coherence to-
mography, and confocal microscopy. These techniques,
widely used in materials and bio-science, often result in
large 3D images that are difficult to interpret through visual
inspection. It is therefore important to be able to quantify
3D structures, e.g. the size of cells, and here segmentation is
an essential tool.

Segmenting multiple objects that are densely packed can
easily result in an overlap between the detected objects,
which is not physically possible. Therefore, it is often de-
sirable to constrain the segmentation such that the detected
objects do not intersect. Besides giving a sensible solution,
avoiding overlap also regularizes the segmentation in gen-
eral. Thus, the resulting segmentation of individual objects
is more accurate than without this constraint.

In this work, we propose a method for accurately seg-
menting multiple densely packed objects while preventing
overlap. Our approach uses an s-t graph cut to fit surface

meshes to object boundaries. Using surface meshes provides
a compact representation of the segmentation, allowing us
to process large volumes with a large number of objects.

In general, incorporating non-overlap constraints directly
into the graph cut formulation is challenging, and existing
approaches are based on assumptions that limits their appli-
cation. Examples are situations where only a few objects are
to be detected, where objects have a certain shape, or where
user-provided scribbles are available.

We propose a method to incorporate non-overlap con-
straints for problems where pairs of interacting objects can
be separated by a plane. This is always the case for convex
objects [2], but can also be valid for non-convex shapes.
As a result, our approach can be applied to a range of
problems involving the segmentation of non-overlapping
densely packed objects. Our method allows us to simul-
taneously detect thousands of non-overlapping objects by
finding a globally optimal solution to the modeled segmenta-
tion problem. We provide an implementation of the method
at: https://github.com/patmjen/NOS.

1.1. Approaches for preventing overlap

By definition, an s-t graph cut provides a bipartition of
a graph, so binary segmentation is the most straightforward
use of the s-t graph cut in image analysis. Segmenting
multiple objects with a single graph involves constructing
sub-graphs dedicated to each object. This opens a possibility
for adding interactions between objects, such as containment
and exclusion, by adding edges between nodes of the sub-
graphs. While containment is relatively easy to enforce,
exclusion (preventing overlap) is in general challenging.

Several authors have explored the topic of preventing
overlap in graph-based multi-object segmentation [1, 7, 12,
20, 25]. The key challenge is that graph cuts can only be
used to minimize so-called submodular energy functions.
Adding Exclusion typically results in non-submodularity
and is therefore not straightforward to model with graphs. A
common way to circumvent this is to represent some objects
with their complement, which turns exclusion between A
and B into containment of A in Bc. This means that non-
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overlap may only be enforced between pairs of surfaces.
More specifically, we must divide our surfaces into two
groups, and separation can only be enforced between two
surfaces if they are in different groups. A simple example is
illustrated in Figure 1.

B

(a) Surfaces A and B
split into groups {A}
and {B}.

C

A B

(b) Surfaces A, B, and
C grouped as {A} and
{B, C}.

C

A B

(c) Surfaces A, B, and
C grouped as {A, C}
and {B}.

Figure 1: Usual construction of separation constraints for multiple
surfaces. For the case in (a) we can easily split two surfaces into
groups. For (b) and (c) there will always be a pair of surfaces with
no separation constraints.

Pairwise exclusion may suffice for some applications,
especially if only a few objects are to be segmented, e.g.
organ segmentation in medical image analysis. However,
for our problem this type of construction is not adequate –
we will need to support separation constraints between an
arbitrary number of surfaces. Furthermore, previous methods
usually require that we identify a region of interaction for
pairs of surfaces, and then add edges between corresponding
nodes in the graph for each surface [12, 20, 25]. This may
require re-meshing of the surfaces or significant changes to
the graph, which in turn may be highly non-trivial if several
surfaces share a region of interaction.

A way of handling non-submodular energy terms is to
use a more general framework, quadratic pseudo-boolean
optimization (QPBO). If QPBO provides labeling for all
nodes, the solution is guaranteed to be optimal. However,
QPBO might leave some graph nodes unlabeled, which is
typically problematic when enforcing exclusion in pixel-
wise segmentation. Still, unlabeled nodes will not be an
issue if relatively few energy terms are non-submodular, and
for our approach, QPBO often provides a globally optimal
solution.

2. Method
Our method builds upon existing approaches for graph

cut segmentation. To make the paper self-contained, we
first review the two most relevant algorithms for our work:
graph-based surface detection, and quadratic pseudo-boolean
optimization. Next, we detail our extension which ensures
that the fitted surface meshes are separated by planes. Finally,
we cover a few implementational details of our approach.
For clarity, we reserve the terms vertex and edge for meshes
and use node and arc when dealing with graphs.

2.1. Surface fitting with graph cuts

Wu and Chen [24] were the first to suggest using an s-t
graph cut, and its polynomial-time solution, to detect sur-
faces in a 3D image. The approach was initially used for
terrain-like and tubular surfaces [15]. For terrain-like sur-
faces, the solution is found by searching along the columns
of the volume. Tubular surfaces are found by searching radi-
ally along rays from the tube center. An interpretation of this
approach, which can be generalized to any shape, involves a
meshed base-surface.

In this interpretation, the meshed base-surface is fit to
the data by displacing the mesh vertices along the vertex
normals. The goal is to place the vertices at the boundary of
the object of interest, such that the region inside the mesh
gives a segmentation of the object. The optimal displacement
of vertices is found using a s-t graph cut.

While base-surfaces for terrain-like and tubular objects
may be a regular quad mesh (see Figure 2, left), this may not
be suitable for other shapes. For roughly spherical objects,
a regular polyhedron may be used [8, 23] (see Figure 2,
right). A different strategy involves using a rough initial
segmentation as a base-surface [25].

(a) Quad. mesh. (b) Regular polyhedron.

Figure 2: Examples of different base-surfaces and the positions of
the graph nodes computed from the mesh. The nodes belonging to
a normal-aligned column are connected by lines.

The underling graph construction is shared by all ap-
proaches, and is summarized in the following. With a
base-mesh as an input, we will construct a graph G =
(V ∪ {s, t}, E) with nodes V , a source node s, a sink node t,
and arcs E .

For a node set, V , we consider each mesh vertex i, with
position vi, and generate a series of candidate positions along
the (outward) vertex normal, ni, as

vi,k = vi + k δstep ni for k = 0, 1, ..., nstep. (1)

Here, δstep and nstep are user defined parameters which
define the step length and number of steps, respectively.
With each candidate positions vi,k we associate a graph node
vi,k ∈ V . We will refer to the set of nodes,

Ci = {vi,k | k = 0, 1, ..., nstep}, (2)
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associated with a mesh vertex i as the normal-aligned col-
umn of i. Furthermore, we say that two normal aligned
columns are neighbors, if their corresponding mesh vertices
are connected with an edge.

The arc set E consists of terminal arcs and internal arcs.
Internal arcs impose geometric constraints on the solution,
such that vertices have a well-defined position along each
normal-aligned column, and that the displacement of two
neighboring vertices does not vary more than a pre-set value
∆. The internal arcs have infinite weight and consist of:

Intracolumn arcs (vi,k, vi,k−1) between successive nodes
of each normal-aligned column Ci. Here k = 1, 2, ..., nstep.

Intercolumn arcs (vi,k, vj,l) from nodes of each normal-
aligned columnCi, to nodes of a neighboring normal-aligned
column Cj , where l = max{0, k −∆}.

These arcs are illustrated in Figure 3. The parameter ∆
constrains the displacement of neighbouring vertices relative
to the base-mesh. If the base-mesh is chosen to be smooth,
then ∆ can be thought of as a regularization parameter.

Figure 3: Illustration of intracolumn arcs (blue) and intercolumn
arcs (red) for ∆ = 2.

The terminal arcs connect graph nodes with either the
source s or the sink t. Those arcs have finite weights derived
from a cost function which is given by the image values.
Several cost functions have been used in the literature, and
they typically lead to slightly different weight functions. The
most suitable cost function is often problem-specific with
popular choices being based on image edges [15] or regions
[10]. A region-based cost function is constructed such that
it attains negative values where image data supports object,
and positive values where image data supports background.

If the node vi,k has a negative weight −w it will be con-
nected to the source with an arc (s, vi,k) having a weight
w. If the node has a positive weight w it will be connected
to the sink with an arc(vi,k, t) having a weight w. How-
ever, we always connect the innermost node in each normal
aligned column to the source, to guarantee at least one node
is included in the object.

It has been shown [15, 24] that the vertex displacements
which result in the minimum total cost, while satisfying the
constraints set by ∆, can be found by computing a minimum
s-t cut in this arc weighted graph. Such a cut splits the
nodes into two disjoint subsets; the source set, S, and the
sink set, T . Nodes in S are then defined to be inside the

object of interest and vice versa for T . Mesh vertices are
then moved to the position associated with the outermost
node in their normal aligned columns which is in S. The s-t
cut is often computed with the efficient algorithm by Boykov
and Kolmogorov [3]. Furthermore, several extensions to this
basic construction have since been developed [4].

Setting up a segmentation via surface fitting requires some
knowledge of the geometry of the segmentation problem, or
pre-processing, in order to get an appropriate initialization.

2.2. Quadratic pseudo-boolean optimization

It turns out that the construction from the previous section
can be reformulated in a more general framework known as
quadratic pseudo-boolean optimization (QPBO). The benefit
of this is that QPBO allows us to model constraints that
are not possible with the construction in Section 2.1 [9, 14].
Specifically, it enables us to enforce that two graph nodes
cannot both be in the source set, which is what allows us to
ensure that surfaces do not overlap.

A quadratic pseudo-boolean (QPB) function is a function
f : {0, 1}n → R which can be written as

f(x) = θconst +
n∑

i=1

θi(xi) +
n∑

i=1

∑
j>i

θij(xi, xj). (3)

Computing a minimum s-t cut can then be reformulated as
minimizing the following QPB energy function [13]

E(x) = θconst +
∑
v∈V

θv(xv) +
∑

(u,v)∈E

θuv(xu, xv), (4)

where

xv =

{
0, v is in the source set S,
1, otherwise.

(5)

To define the θv and θuv functions, it will be convenient to
use the following notation

θv,i = θv(i) and θuv,ij = θuv(i, j). (6)

Furthermore, unless we explicitly specify a value for θv,i
and θuv,ij we assume it to be zero. Now, let w((u, v)) be
the weight of arc (u, v), and add the following unary terms

θv,0 = w((s, v)) and θv,1 = w((v, t)), (7)

and the following binary terms

θuv,01 = w((u, v)) and θuv,10 = w((v, u)). (8)

Minimizing E(x) then corresponds to computing the mini-
mum s-t cut on G.

Several papers have explored methods to minimize QPB
functions [11, 13, 19]. If (and only if) the function is sub-
modular, meaning that all binary functions satisfy

θuv,00 + θuv,11 ≤ θuv,01 + θuv,10, (9)
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then the minimization can be done with the construction in
Section 2.1 [9, 14]. In general, however, the minimization of
QPB functions is NP-hard [13]. Thus, many methods focus
on computing partial solutions, where each variable, xi, can
be given the value 0, 1, or unknown. The strength is that if
0 or 1 is assigned, then it is guaranteed to be the globally
optimal value. The downside is that some variables may
remain unassigned.

For our application, we found that even using the basic
method of [13] would very often result in fully assigned
(globally optimal) solutions. This method works by building
a graph, similar to the construction in Section 2.1, with two
nodes, a primal and dual, for every binary variable xi. Non-
submodular energy terms can then be modelled by adding
edges between primal and dual nodes, and the minimization
is done by computing a minimum s-t cut.

Finally, for the few cases where a full assignment was
not immediately returned, a small adjustment of the method
parameters would then fix it.

2.3. Adding overlap constraints

We now detail our extension, which allows us to enforce
that surfaces do not overlap. Our construction proceeds as
follows; assume we have two objects, A and B, to segment.
Let cA and cB be the center of the base-surface meshes for
object A and B, respectively. Now, consider a plane P with
normal vector nP = cB − cA placed between A and B. If we
constrain each mesh to not cross the plane, we would ensure
that they cannot overlap. However, if the plane is not placed
optimally the resulting segmentation may be subpar (see
Figure 4). Therefore, to make the method more robust, we

(a) Bad plane placement. (b) Good plane placement.

Figure 4: Importance of plane placement for the segmentation of
two overlapping balls. The center of each base-mesh is marked
with a ‘+’. In (a) the plane is placed too far to the left. In (b) the
plane is placed correctly which has resulted in each object being
well segmented.

want the position of the plane to be determined dynamically
as part of the segmentation problem.

To achieve this, first build graphs GA = (VA ∪ {s, t}, EA)
and GB = (VB ∪ {s, t}, EB), according to the graph con-
struction from Section 2.1. Then, merge the graphs into
G = (V, E) = (VA ∪ VB ∪ {s, t}, EA ∪ EB). Next, generate

a number of candidate positions p0,p1, ...,pn where

pi =
i

n
cB +

(
1− i

n

)
cA, (10)

and n = b‖cB − cA‖ /δstepc. Recall that δstep is the step
size used for building the normal-aligned columns for each
surface graph, cf. Section 2.1. Notice that positions start at
object A and then move towards object B. Now, add nodes
u1, u2, ..., un to V where uk is associated with pk. Further-
more, add arcs (ui, ui−1) for i = 1, 2, ..., n to E where each
arcs has infinite weight. Note that this construction is the
same as for the normal-aligned columns, see Figure 5. Thus,
we can define the final position of the plane as pi where i is
the smallest number such that ui ∈ T .

Next, we add interaction between the surfaces and the
planes. Here, it will be more convenient to work with the
QPB energy function E(x), cf. Section 2.2. Iterate over all
candidate plane positions, pi, and add energy terms to E(x)
according to the following rules:

1. For every normal-aligned column C ⊂ VA, find the
first node vk ∈ C whose position vk satisfies (vk −
pi)

T nP > 0. Add the term θvkui,01 =∞ to E(x) (see
Figure 5, left). This will enforce that if vk ∈ S then
ui ∈ S. We only need to consider this first node since
the construction of the surface graph ensures that if any
later node vl ∈ S then vk ∈ S.

2. For all normal-aligned columns C ⊂ VB find the
first node vk ∈ C whose position vk satisfies (vk −
pi)

T nP < 0. Add the term θvkui,00 =∞ (see Figure 5,
right). This term acts like an exclusion arc as it ensures
that if either vk or ui are in S, then the other cannot.
Again, we only consider the first node as vk ∈ T will
ensure that all later nodes are also in T .

These terms ensure that surface A and B never cross the plane
and therefore cannot overlap. The complete construction is
visualized in Figure 5. Intuitively, terms from step 1 will
cause surface A to ‘push’ the plane away as it grows, and
terms from step 2 will cause the plane to ‘push’ on surface
B. As both surfaces grow to fit the data they will move the
plane to a position of equilibrium where no surface can grow
without degrading the overall segmentation. Note that the
terms from step 2 are not submodular, which means we must
use QPBO based methods to minimize the energy.

When dealing with more than two surfaces, we first con-
struct a graph for each surface. Then, all graphs are merged
into one graph and the above construction is added for each
pair of interacting surfaces. Finally, the method from [13]
is used to perform all segmentations simultaneously. If no
variables are unassigned, the resulting segmentation is thus
guaranteed to be globally optimal while having no overlap.
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A B

Figure 5: Illustration of the construction used to separate two
surfaces with a moving plane. Graphs for two objects A and B are
shown, but without intra- and intercolumn arcs. Red nodes indicate
candidate plane positions, and each candidate plane is shown as a
vertical red line. Red arcs are added to pairs of candidate position
nodes pointing left, as candidate points are ordered going from A
to B. Interaction terms from step 1 are shown as solid blue arcs,
and terms from step 2 are shown as dashed blue arcs.

2.4. Detecting potential overlaps

We now describe a strategy for determining which meshes
need to have overlap constraints added. One could add
constraints between every pair of surfaces, but this would
result in an unnecessarily large graph. As the run-time and
resource use of the QPBO method is related to the size of
the graph, we want it to be as small as possible.

Often, one chooses a base-surface mesh which approx-
imates a sphere of some radius r centered at a point c. In
this case, the node farthest from the center in each normal
aligned column will have distance d = r+δstepnstep from c.
Thus, the fitted mesh will be contained in a bounding sphere
of radius d centered at c.

From this, it follows that two meshes (whose base-surface
approximates a sphere) can only overlap if their bounding
spheres intersect. This happens when D < dA + dB , where
D is the distance between the mesh centers, and dA, dB
are the radii of the two bounding spheres. Therefore, when
adding overlap constraints, we first compute all pairwise
center distances, and then only add constraints for meshes
whose bounding spheres intersect.

For more general meshes, one could also use distance
fields, bounding boxes, or, in the case of a few objects,
manual annotation to determine which meshes could overlap.

3. Results and discussion
We now apply the developed method to three data sets

with known ground truth segmentations. The first consists of
a simulated fluorescence microscopy image of HL60 cell nu-
clei (see Figure 6a) [22]. As the data is computer-generated,
we know the ground truth segmentation for the entire volume.
The task is to segment the cells and the main challenge is the
low contrast between foreground and background and the

small distance between cells. We increased the segmenta-
tion difficulty further by adding Poisson and Gaussian noise
(std. dev. of 40 with image intensity values between 0 and
255) per the description in [21]. We refer to this data set as
simulated cells.

The second data set is a 3D confocal microscopy image
of C. Elegans embryos (see Figure 6b) [17]. Here, we only
have ground truth segmentations for a single xy-slice. Again,
the task is to segment the cells and the challenge is the high
noise level of the image and poorly defined object boundaries.
Furthermore, we again have many closely packed objects.
We refer to this data set as cells.

The third data set is a 3D X-ray tomographic microscopy
image of liquid foam (see Figure 6c) [16, 18] from the To-
moBank data repository [6]. As no ground truth is provided,
we have manually annotated a single xy-slice to quantita-
tively evaluate the performance of the methods. The task is
to segment individual foam bubbles, which is made difficult
since the walls between bubbles are often not visible in the
3D image. We refer to this data set as foam.

The sizes of the data sets are shown in Table 1.

Data set Size [voxels] Voxel size [μm]

Sim. cells [22] 349 × 639 × 59 0.125 × 0.125 × 0.200
Cells [17] 512 × 708 × 35 0.090 × 0.090 × 1.000
Foam [18, 16] 504 × 504 × 230 6.000 × 6.000 × 6.000

Table 1: Size of the data sets.

For the segmentation of the images, we place a geodesic
4-frequency subdivided icosahedron at the center of each
object. For the simulated cells and cells data set, center
positions were manually annotated. For the foam data set,
bubble centers were found by first binarizing the image and
then finding local maxima of the distance transform. The
radius of the base-mesh was chosen as one voxel. When sam-
pling along the normal-aligned columns, steps were scaled
to move an equal number of μm along each axis. We use the
region based cost function from [10]. The parameters used
for segmentation are shown in Table 2. For the cells data set,
the in-region and out-region costs were scaled such that their
sum over the image region resulted in the same value.

We evaluated the segmentation performance using the
Dice similarity coefficient (also known as F1 score), bound-
ary F1 (BF) score [5], and Jaccard score (also known as
intersection over union). For the simulated cells data set, a
score was computed for each segmented object. For the cells
and foam data set, a score was only computed for meshes
which intersected the xy-slice with known ground truth. Cor-
respondences between segmentations and ground truth labels
were determined a priori. If an intersecting mesh did not
have a corresponding label, it was assigned a score of 0.

The segmentation of each data set with and without over-
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(a) Sim. cells (b) Cells (c) Foam

Figure 6: Top row: 3D renderings of the data sets. Bottom row: xy-slices of the data sets.

Sim. cells Cells Foam
Param. w/o w/ w/o w/ w/o w/

µin 105 105 100 100 −0.0002 −0.0002
µout 90 90 5 5 0.0022 0.0022
σin 4 4 20 20 0.02 0.02
σout 4 4 20 20 0.04 0.04
∆ 7 8 9 9 2 2
δstep 0.5 0.5 0.5 0.5 0.5 0.5
nstep 90 90 50 50 30 30

Table 2: Method parameters used for segmentation. See [10] for
explanation of the µ and σ parameters.

lap constraints are shown in Figure 9. Figure 7 and Table 3
summarize the segmentation scores for each data set. For
the segmentations with overlap constraints, we achieved a
full assignment for all data sets. Adding overlap constraints
generally results in an improved segmentation, especially
for the foam data set. For the cells data set, there is a small
decrease in the maximum score. This can partly be attributed
to the fact that we only measure the segmentation quality in
a single xy-slice. Thus, adding the overlap constraints may
cause some local degradations of segmentation quality, even
if the overall (3D) segmentation may be better. The reason
this does not happen for the foam data set is that overlap

Sim. cells Cells Foam
w/o w/ w/o w/ w/o w/

Dice Mean 0.83 0.84 0.61 0.62 0.81 0.88
Max. 0.91 0.91 0.91 0.89 0.97 0.98
Min. 0.51 0.58 0.00 0.00 0.00 0.00

BF Mean 0.96 0.97 0.66 0.66 0.95 0.98
Max. 1.00 1.00 1.00 1.00 1.00 1.00
Min. 0.77 0.88 0.00 0.00 0.00 0.00

Jaccard Mean 0.72 0.73 0.50 0.49 0.73 0.81
Max. 0.84 0.84 0.84 0.81 0.95 0.95
Min. 0.34 0.41 0.00 0.00 0.00 0.00

Table 3: Summary of statistics segmentation scores with and with-
out overlap constraints. The best scores for each data set have been
marked with bold (the marking is based on additional decimals).

is a much bigger problem here than for the cells data set.
Therefore, fixing it results in a greater overall improvement.

As Figure 7 demonstrates, most of the segmentation im-
provements come from increasing the quality of the worst
segmentations. This is a direct result of removing non-
physical segmentation overlap, as shown in Figure 8. When
objects are allowed to overlap the segmentation of one ob-
ject can stray into a neighboring object which increases
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(c) Foam.

Without overlap constraints With overlap constraints

Figure 7: Boxplots of segmentation scores with and without overlap
constraints.

the number of false positives. When this is prevented, the
segmentations follow the true object contours more closely.
Furthermore, the segmentations now resemble the physical
reality more, since distinct object cannot overlap.

Finally, the method was found to be fairly robust to small
parameter changes. However, changing ∆, δstep, or δstep
could have significant effects on the run time, as they directly
affect the size of the graph.

4. Conclusion and further work
In this paper, we have presented an extension for multi-

object graph-based segmentation which allows us to enforce
that segmented objects may not overlap. The extension
worked by separating neighboring objects with planes whose
position was determined dynamically. When applied to data
sets with known ground truth segmentations, adding overlap
constraints resulted in quantitative improvements. Further-
more, overlap prevention also qualitatively improved the
segemtnations as they better complied with physical reality.

It is worth noting that our extension is not restricted to
the basic version of the graph cut method used in this paper.
Indeed, it can be applied to any method in the graph cut fam-

(a) Simulated cells.

(b) Cells.

(c) Foam.

Without overlap constraints With overlap constraints

Figure 8: Examples of non-physical segmentation overlaps which
are corrected by our method. Figures show cross-sections of fitted
surface meshes overlaid on xy-slices of the data.

ily, since it only adds additional constraints to the existing
graph structures but does not otherwise modify them.

Furthermore, it is possible to generalize the extension
to separate objects with other surfaces than planes, which
would increase its usefulness. The current construction could
instead use the level sets of any suitable function as the
separating surfaces. However, if the separating surfaces have
curvature, some amount of overlap will be possible due to
the discrete nature of meshes. Developing the mathematical
theory for this more general construction will be the subject
of future work.
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The Center for Quantification of Imaging Data from MAX
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(a) Sim. cells (b) Cells (c) Foam

Figure 9: Segmentation results overlaid on data. Blue surfaces and curves were fitted without overlap constraints, red ones with overlap
constraints. Rows 1 and 3 show the fitted surface meshes overlaid on 3D rendering of data. Rows 2 and 4 show cross-sections of surface
meshes overlaid on xy-slices of the data.
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Abstract
Dynamic 3D imaging is increasingly common as a way of studying evolving objects. Here, we address the problem
of detecting and tracking simple 3D objects (like bubbles, or cells) that either merge or split in time. Solving this
problem commonly involves detecting topological changes. We instead solve this problem in 4D (space+time)
and we exploit one core observation: If the evolving objects only merge, or only split, they appear as a single
simply connected component in 4D. We can therefore initiate a topologically simple 3D hypersurface (embedded
in 4D) and deform it to fit the surface of all the objects at all times. This gives an extremely compact representation
of the objects’ continuous evolution over time. We test our method on artificial 4D images and compare it with
other established segmentation methods. Furthermore, we apply our method to a 4D dynamic synchrotron X-ray
computed tomography data set and use it to quantify evolving topology. We achieve segmentation performance
comparable to existing methods with better resource use and improved robustness to segmentation errors.

Keywords: 4D Images, Deformable Models, Segmentation

1 Introduction
4D images refer to a series of 3D volumes acquired
over time, for example via dynamic X-ray computed
tomography (CT). Such images may be used to study
the evolution of 3D objects and have applications in
e.g. medicine [1] and materials science [2–4]. To use
4D images in quantitative studies, we need segmen-
tation methods that can detect and track objects over
time. Additionally, some systems contain objects which
merge or split as part of their time evolution, and such
events are often of interest on their own [2, 5]. There-
fore, a segmentation method should handle topological
changes and still obtain an accurate result.

Generally, existing methods for segmenting 4D
images fall into two categories: mesh-based methods,
and voxel-based methods. Mesh-based methods are

mainly used for tracking non-interacting objects over
time. In [6, 7], a sequential approach is used where the
fit in one 3D volume is used to improve the fit in the
next. Here, one needs to establish a correspondence
between segmentations in consecutive 3D volumes in
order to obtain object tracking. When objects merge
or split, this can be highly nontrivial. Others [8–11]
use a more global approach where a separate mesh is
placed in every 3D volume and then all meshes are
fitted simultaneously. Common for these methods is
that the mesh connectivity is kept fixed and only vertex
positions are changed. This provides a natural corre-
spondence between meshes and makes it easy to track
the development of an object over time. However, it
does not allow for the object to split or merge.

1
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Fig. 1 The principle of the 4D segmentation approach illustrated on a lower-dimensional 3D (2D + time) example. (a) Time series of 2D images,
where two disks grow and merge. (b) 2D images are stacked to form a 3D (2D + time) volume. Here the merging disks appear as a single simply
connected component. (c) Segmentation given by sequentially detecting the disks in each 2D image. (d) Segmentation given by detecting the 2D
boundary of the 3D connected component

Voxel-based approaches on the other hand can eas-
ily handle topology changes. Here, authors have used
methods ranging from level sets [5, 12], Markov ran-
dom fields [13, 14], to deep learning [6, 15]. However,
while voxel-based approaches are more flexible regard-
ing the evolution of the object, they do not (directly)
give access to a mesh-based representation, which can
make postprocessing more challenging. Furthermore,
small errors in the segmentation can have large effects
on the resulting topology as two objects may merge pre-
maturely. And finally, due to advancements in imaging
technology [16, 17], 4D images can now be acquired
with a very high spatial and temporal resolution, i.e.
a voxel size ≤ 5µm at hundreds of 3D volumes per
second. As a result, modern 4D images have sizes mea-
sured in the tens of gigabytes (GB) to several terabytes
(TB). Segmenting 4D images with voxel-based meth-
ods therefore quickly becomes unwieldy unless the
data is severely downsampled.

In order to handle the large size of 4D images, we
will use a mesh-based method, where our goal is to
detect the surface of the evolving objects. We detect the
surface by initiating and iteratively deforming a mesh,
similar to classic active contours [18] or deformable
surfaces [7, 19]. Our approach differs from existing
methods in that we operate in 4D. We can therefore
segment a whole system of merging or splitting objects
using only one (but relatively uncommon) mesh.

We now describe the main idea of our method. First,
we utilize the fact that strictly merging 3D objects exist
as a single connected component in 4D. The boundary
of this component is a 3D hypersurface embedded in
4D [20]. Such a hypersurface may be represented as
a tetrahedral mesh with vertices having four coordi-
nates. Furthermore, we make an additional simplifying
assumption; we assume that objects in the 4D image

only undergo either splits or merges – but not both.
This assumption guarantees that the resulting 4D con-
nected component is simply connected (homeomorphic
to a 4D ball). For this case, we know the topology of
the hypersurface we want to detect. We can therefore
initialize the mesh, and fit it to the data without needing
to make any topological changes.

The main idea of our approach is also illustrated in
Fig. 1 on a lower-dimensional 3D (2D + time) exam-
ple. With existing methods, we would separately detect
the boundary for each time (illustrated in Fig. 1c), and
then attempt to connect these segmentations. Instead,
considering all images at once, the boundary of merg-
ing objects is a surface and may be detected by fitting
a mesh to the image data (illustrated in Fig. 1d).

Finally, to get a segmentation for a single time,
either in the 4D or 3D case, we can compute a cross-
section of the fitted mesh. This results in a mesh
describing the boundary of the segmented object(s) at
a given time.

While the assumption of only merging or only
splitting slightly limits our method, many interesting
systems exhibit this behavior. For example, biologi-
cal cells divide but do not merge, and bubbles in a
foam merge but do not split. Furthermore, for such sys-
tems, enforcing that objects are only allowed split or
merge can indeed be a benefit, as it enforces our prior
knowledge of the system.

Our approach has several advantages over alter-
native methods. First, it provides a very compact
description of the evolution of an object. Partly because
storing the boundary inherently requires significantly
less space. But also because a tetrahedron in 4D can
span multiple time values, which exploits the coherence
between two time-adjacent 3D volumes. The second
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advantage is that it removes the need to explicitly han-
dle merges or splits. As we only have a single simply
connected component in 4D, the segmentation can be
done with a single mesh. Thirdly, as we enforce the
prior knowledge that objects only split or merge, this
makes our method more robust to small segmenta-
tion errors, as we will demonstrate. Finally, it is worth
noting that cross-sections of the fitted tetrahedral can
be computed for any time value. Thus, our method
provides a continuous characterization of the object
evolution, which makes it easy to interpolate object
evolution between two 3D volumes.

To summarize; in this paper, we extend the classical
methods of deformable surfaces to 4D, to fit tetrahedral
meshes to boundaries in 4D images. We investigate
the properties of our method by comparing it to mesh-
based methods based on consecutive 3D segmentations
and voxel-based methods in 4D using a synthetic 4D
image. We exemplify the scalability of our method
by segmenting a 4D dynamic CT image. Finally, we
demonstrate how our method can be used to quantify
the evolving topology of merging/splitting objects.

2 Method
Deformable models are widely used in 2D and 3D seg-
mentation in the form of curves and surfaces. In 4D
segmentation, hypersurfaces that deform in space-time
are rarely encountered, and existing approaches treat
the time dimension differently than the space dimen-
sions. In this section, we propose the methodology
needed to generalize parametric deformable surfaces
to 4D, providing a combined treatment of the deforma-
tion in space and time. We begin by introducing the
continuous formulation of 4D deformable models and
then detail how we discretize the problem. In the sub-
sequent sections, we then detail each component of our
4D deformable model approach.

2.1 Continuous 4D Deformable Model
Given a 4D image, I : Ω ⊂ R4 → R, we aim to find a
partition of the domain Ω into two disjoint regions, Ωin

and Ωout, separated by a boundary Γ. The region Ωin

corresponds to the inside of the 4D simply connected
component we wish to segment and Ωout to the outside.
Since the regions Ωin and Ωout are uniquely deter-
mined by Γ we formulate our problem as a search for
an optimal boundary Γ∗ that minimizes the following

energy functional

Γ∗ = argmin
Γ

Eext(Γ) + Eint(Γ) . (1)

Here, Eext is an external energy term that ensures
that Ωin and Ωout correspond to the image regions we
wish to segment and Eint is an internal energy that
acts as a regularizer by encouraging the boundary Γ to
remain smooth. The optimal boundary Γ∗ will satisfy
the associated Euler-Lagrange equation [18, 19]

∇Eext(Γ
∗) +∇Eint(Γ

∗) = 0 . (2)

For Eext, we use the popular Chan-Vese energy
[21], which assumes the image can be modeled as a
piecewise constant function with value cin in Ωin and
cout in Ωout. It is given as

Eext(Γ) =

∫
Ωin

(I − cin)
2 dΩ+∫

Ωout

(I − cout)
2 dΩ .

(3)

Generally, cin and cout may be unknown values which
are also optimized over. However, as that adds a signif-
icant computational cost, we assume in this paper that
cin and cout are known a priori.

For Eint, we use the Dirichlet energy

Eint(Γ) = γ

∫
Γ

∥∇Γ(x)∥22 dx , (4)

where γ ≥ 0 is a fixed parameter that controls the
degree of regularization.

2.2 Discrete 4D Deformable Model
To find the optimal boundary, we use a discretized
version of Γ. Since Γ is the boundary between two 4D
regions, it is a 3D hypersurface [20] embedded in 4D.
We represent Γ with a tetrahedral mesh T with vertices
X ∈ RV×4 where vertex positions xi are given by four
coordinates as shown in Fig. 2.

Given an initial mesh T (0), a solution to the dis-
cretized version of (2) can be found by iteratively
solving [18, 19]

∇Eext(T (i−1)) +∇Eint(T (i−1)) =

−1

τ
(X(i) − X(i−1)) ,

(5)
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(x1, y1, z1, t1)

(x2, y2, z2, t2)

(x3, y3, z3, t3)

(x4, y4, z4, t4)

Fig. 2 Single element of the tetrahedral mesh. Each vertex position,
xi, has four coordinates: xi, yi, zi, and ti

where τ is a step size. The gradient of the membrane
energy ∇Eint(Γ) is given by the Laplacian ∆Γ [22].
This gives the update equation

(I + λL)X(i) = X(i−1) − τ∇Eext(T (i−1)) , (6)

where L is a matrix approximating the Laplacian of
Γ, and λ = τγ. We describe our initialization strategy
in Section 2.3. As the mesh deforms from its initial
configuration the tetrahedra will stretch, meaning the
mesh will not be able to fit the image to sufficient
detail. Therefore, we adaptively subdivide the mesh
every nsub iteration to prevent the mesh from becom-
ing too coarse. We detail our subdivision strategy in
Section 2.4.

For the external energy gradient in (6), it can be
shown that the vertex displacements corresponding to
∇Eext(T ) are given by

∂Eext

∂xi
= 2(cin−cout)(I(xi)−(cin+cout)/2)ni , (7)

where ni is the normal for vertex i [23]. As we adap-
tively subdivide the mesh during deformation, we want
our normals to be robust to this. Therefore, we have
developed an extension of angle-weighted normals to
4D, which we describe in Section 2.5.

For the Laplacian matrix, we use the scale-
dependant Laplacian [24], to be robust to irregularly
sized tetrahedra [22]. This computes the Laplacian at
the i’th vertex as

L(xi) =
1

E

∑
j∈N(i)

xj − xi

eij
, E =

∑
j∈N(i)

eij , (8)

where eij = ∥xj − xi∥ and N(i) are the neighbor ver-
tices of vertex i. Since L is sparse, we can solve the
linear system in (6) efficiently using conjugate gra-
dient iteration. However, constructing L is relatively
expensive, and we therefore only update it when we

subdivide the mesh. While not strictly correct, we did
not observe drawbacks with this strategy.

Finally, to extract the segmentation for a 3D volume
at a given time, we compute a cross-section of the fitted
4D mesh using the method detailed in Section 2.6.

2.3 Mesh Initialization
We assume that the object(s) we are segmenting is
present in every 3D volume of the 4D image. Further-
more, we assume objects only merge (similar to the
example Fig. 1), since splitting can be viewed as merg-
ing in reverse. Thus, if the initial mesh is placed in the
last 3D volume of the 4D image, it only needs to prop-
agate backward in time. This makes a hyperdisk (i.e., a
solid 3D ball) a good candidate for an initial mesh. The
boundary of a hyperdisk forms a 2D surface, which we
can represent with a triangle mesh.

This leads to the following initialization approach.
First, fit a triangle mesh to the 2D object boundary in
the last 3D volume. Since we only consider a single
3D volume here, we can ignore the time coordinate
and treat it as a traditional 3D segmentation task. As
a result, we can use an existing 3D method such as
deformable surfaces [7], graph cut approaches [25, 26],
or an isosurface [27] from a voxel segmentation to find
the triangle mesh. We now let this triangle mesh be
the boundary of the hyperdisk, and then tetrahedralize
it using the TetGen tool by Si [28]. Finally, we add
the time coordinate to the tetrahedron vertices, which
results in the initial mesh. An illustration of the initial-
ization approach for a lower dimensional (2D + time)
example is shown in Fig. 3.

(a) (b) (c)

Fig. 3 The principle of initialization process illustrated on a 3D
(2D + time) example. (a) First, the boundary of the object in a single
image (volume in 4D) is located. (b) The interior of the boundary is
triangulated (tetrahedralized in 4D), which gives the initial mesh. (c)
The initial mesh is iteratively deformed to fit to the boundary of the
connected component

To avoid the mesh leaving the last 3D volume, we
constrain the time coordinate of the tetrahedron ver-
tices that correspond to the original triangle vertices to
remain unchanged.
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2.4 Adaptive 4D Mesh Subdivision
A considerable amount of research has been conducted
on creating and subdividing tetrahedral meshes in 3D,
and we want to leverage this. We will use an idea
similar to that of coordinate charts from differential
geometry [29], which are maps from manifolds to
Euclidean space. In our case, we know the initial mesh
is contained in a single 3D volume. After the mesh
has been deformed in 4D, the initial mesh defines a
natural mapping between 3D Euclidean space and the
4D mesh. For a point placed anywhere within the ini-
tial mesh, we can then use barycentric coordinates to
find its corresponding position in 4D. See Fig. 4 for an
illustration.

Fig. 4 Illustration of the mapping from the coordinate mesh (left) to
the deformed mesh (right). A point inserted in the highlighted face
in the coordinate mesh can be mapped to its corresponding position
in the deformed mesh using barycentric coordinates.

Specifically, we keep a copy of the initial mesh,
T (0), during deformation — henceforth referred to as
the coordinate mesh, T C . To perform subdivision, we
find all tetrahedra whose volume has grown larger than
a threshold, s, and insert a new point at the barycenter
of each tetrahedron. The volume of a tetrahedra with
vertex positions x1, x2, x3, and x4 is given by [30, 31]

vol(T) =
1

6

√
G(x2 − x1,x3 − x1,x4 − x1) , (9)

where G is the Gram determinant. Then, the origi-
nal vertices of T C , along with the new points, are
re-tetrahedralized with TetGen [28], which gives a new
coordinate mesh. This is then re-mapped to 4D, after
which the old coordinate and 4D mesh are thrown away.

While performing a full re-tetrahedralization is
more expensive than updating the mesh, it has the ben-
efits of resulting in a higher quality mesh, and is simple
to implement with tools designed for 3D meshes.

2.5 Angle Weighted Normals in 4D
Analogous to surface meshes in 3D, vertex normals
are defined as a weighted average of the adjacent tetra-
hedral face normals. These are in turn defined using

ωv

θ1

θ2

θ3

Fig. 5 The solid angle ω at vertex v is the area of the spherical
triangle given by the intersection of the tetrahedron and a unit sphere
centered at v. θ1, θ2, and θ3 denote the dihedral angles along the
tetrahedron edges connected to v

a 4D analog of the cross product [32]; given 4D vec-
tors u, v, and w, we can find an orthogonal vector,
n = (nx, ny, nz, nt)

T, as

nx =

∣∣∣∣∣∣
uy uz ut

vy vz vt
wy wz wt

∣∣∣∣∣∣ , ny =

∣∣∣∣∣∣
ux uz ut

vx vz vt
wx wz wt

∣∣∣∣∣∣ ,
nz =

∣∣∣∣∣∣
ux uy ut

vx vy vt
wx wy wt

∣∣∣∣∣∣ , nt =

∣∣∣∣∣∣
ux uy uz

vx vy vz
wx wy wz

∣∣∣∣∣∣ ,
(10)

where |·| is the determinant. For a tetrahedron with
vertex positions x1, x2, x3, and x4, we form the vectors
as u = x2 − x1, v = x3 − x1, and w = x4 − x1.

Previous works have used simple averaging or
weighted the normal of each tetrahedron by its vol-
ume [33]. However, as for triangle meshes [34], these
weighting schemes are sensitive to re-tessellation of
the mesh. In this work, we extend angle-weighted nor-
mals to four dimensions by weighting the contribution
of each tetrahedron by the solid angle spanned by the
tetrahedron at v. Assume, without loss of generality,
that the mesh is scaled such that all edges are longer
than 1. The solid angle, ω, is then given by the area of
the spherical triangle formed by the intersection of the
tetrahedron and a unit sphere, as illustrated in Fig. 5.

The area of the spherical triangle ω is given by

ω = θ1 + θ2 + θ3 − π , (11)

where θ1, θ2, and θ3 are the dihedral angles of the
tetrahedron edges connected to v [35]. The normal at
vertex i is then given by

ni =

∑
T∈Ti

ωT nT∥∥∑
T∈Ti

ωT nT

∥∥ , (12)
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where Ti are the incident tetrahedra for vertex i with
normals nT and incident solid angles ωT . The denomi-
nator ensures that the resulting normal is unit-length.
Similar to angle-weighted normals for triangle meshes,
this weighting scheme is invariant to re-tessellation of
the mesh.

As a proof, consider re-tesselating a tetrahedron
meaning splitting it into multiple sub-tetrahedra where
the original vertices remain in place and all new ver-
tices are convex combinations of the original vertices.
In this case, the face normals of the new tetrahedra
will be equal to the original face normal. Furthermore,
the solid angles of the sub-tetrahedra incident with v
will sum to the original solid angle ω. Therefore, the
contribution of the incident sub-tetrahedra to the ver-
tex normal of v will be equal to the contribution of the
original tetrahedron.

2.6 Cross-sections of Tetrahedral Meshes
in 4D

Computing a cross-section is equivalent to finding
the intersection with a hyperplane or extracting an
isosurface. We use a simplified version of the march-
ing tetrahedron method [36], which has been used
previously for visualizing 4D tetrahedral meshes [32].

We assume without loss of generality that we com-
pute the intersection with the xyz-hyperplane at t = 0.
If a tetrahedron intersects a hyperplane, the intersec-
tion will always be one of the eight cases illustrated
in Fig. 6. The last three cases are problematic as the
intersections are not surface elements. To avoid these,
we perturb the time coordinate of all vertices which lie
on the hyperplane by a small ε ≪ 1, which guarantees
we will only encounter the first two cases.

3 Results
To assess the performance of our method we perform
a series of numerical experiments, where we segment
computer-generated 4D images with known ground
truth. This allows a quantitative assessment and com-
parison with other methods. Next, we apply the method
to a 4D dataset from dynamic X-ray CT. Here, a ground
truth segmentation is not known, so we can only do
a qualitative evaluation. Finally, we demonstrate how
our method allows for tracking the evolution of split-
ting/merging objects through time by computing the
Reeb graph [37, 38] of the fitted tetrahedral mesh.

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 6 All possible ways a tetrahedron in 4D may intersect a hyper-
plane. Black vertices are on the hyperplane (t = 0), red vertices are
‘below’ (t < 0), and blue vertices are ‘above’ (t > 0). The intersec-
tion can be (a) a quadrilateral (which may be split into two triangles),
(b)-(e) a triangle, (f) the entire tetrahedron, (g) a line, or (h) a point

3.1 Numerical experiments
We created an artificial 4D image containing five
organic-looking blobs, shown in the top row of Fig. 8.
As time progresses, the blobs move toward each other
until they collide and merge to a new blob whose vol-
ume grows to equal the sum of the previous two blobs.
Furthermore, as the blobs move, they rotate and deform
to make the data more challenging to segment.

(a) σ = 0. (b) σ = 25. (c) σ = 50.

Fig. 7 2D cross-sections of the last 3D volume in the artificial 4D
image for different values of the noise level σ

The 4D image consists of 200 binary label volumes
of size 100 × 100 × 100 voxels. Before segmenting,
the intensity of the 4D image is transformed so the
blobs have an intensity of 100 and the background an
intensity of 200. After that, we add zero-mean Gaussian
noise with standard deviations of 25 and 50 to create
two additional 4D images. Fig. 7 shows a cross-section
of the last 3D volume in each of the 4D images.

We segment the artificial images with the proposed
method and compare with three other segmentation
methods. These methods were chosen because they are
well established and form the basis of many segmenta-
tion approaches [39]. The first two are sequential 3D
Markov random fields and 4D Markov random fields
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(a) t = 1. (b) t = 70. (c) t = 100. (d) t = 145. (e) t = 200.
Fig. 8 Segmentation results for the artificial 4D image. The rows show 3D renderings of (top to bottom): the data, segmentation for σ = 0,
segmentation for σ = 25, and segmentation for σ = 50. The segmentations have been overlaid on the data

[40]. The segmentation is computed with the popular
algorithm by Boykov and Kolmogorov (BK) [41]. For
the sequential 3D version, we compute a separate seg-
mentation for each 3D volume consecutively. Neighbor
edges are added from a voxel node to its 6-connected
spatial neighbors. For the 4D version, we compute a sin-
gle segmentation for the entire 4D image and add edges
from a voxel node to its 8-connected spatio-temoporal
neighbors.

The final method is a graph cut (GC) method for
surface detection in 3D volumes [11, 42]. Here, an
initial mesh is placed at a user-defined location and
deformed to fit the image contours [25, 26, 42] via a
graph cut – we again use the BK algorithm and the
region-based cost function from [43]. The initial mesh
was chosen to be an 8-frequency subdivided icosahe-
dron approximating a sphere. We process each volume
sequentially and place a mesh at the centroid of each
connected component of the ground truth label volume.
Note, that this represents a best-case scenario for this
method, as it requires either a good pre-segmentation

of the data or manual annotation at every time step. Fur-
thermore, the sequential nature of this method means
that we do not have any correspondence between seg-
mentations in different 3D volumes as we do with our
method. The correspondences would have to be estab-
lished afterward which is non-trivial. We apply the
graph cut method for two values of the max. difference
parameter, ∆, which controls how much the final shape
is allowed to deviate from the initial shape (a sphere).
A large value gives the method more freedom to fit
elongated shapes, while a smaller value makes it more
robust to noise.

For our method, we scale each spatial axis to
[−1, 1] and the time axis to [−2, 2]. We use the ground
truth segmentation of the last volume to initialize as
in Section 2.3. Furthermore, the max. tet. volume, s,
starts at 4× the final value to perform a rough initial fit
and is then set to the final value for the last 10 iterations
to refine the fit.

The parameters for all methods are shown in Table 1
and all experiments were performed with an AMD
Ryzen 7 3700X processor. For the noiseless image, we
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Table 1 Parameters used to segment the artificial 4D images.

Method Parameter σ = 0 σ = 25 σ = 50

Ours Means, cin, cout 100, 200 100, 200 100, 200
#iter., N 50 50 50
Step size, τ 0.2 0.2 0.3
Smoothing, λ 0.004 0.004 0.004
Max. volume, s 16 16 16
nsub 10 10 10

MRF Source term - (I(x)−200)2 (I(x)−200)2

3D/4D Sink term - (I(x)−100)2 (I(x)−100)2

Neighbor term - 104 104

Graph cut Means, cin, cout - 100 , 200 100 , 200
(GC/∆) Std. dev., σ - 100 100

#samples - 150 150
Sample step - 0.5 0.5
Max. diff., ∆ - 2 and 8 2 and 8

only apply our method. The segmentation results for
our method are shown in Fig. 8. Visually, the segmen-
tations correspond well with the data, with some noise
observable for σ = 50.
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Fig. 9 Plots of mean and max. distance between cross-sections of
the fitted tetrahedral meshes and ground truth segmentation boundary.
The gray regions signify times when merges are ongoing and the
vertical dotted lines mark the beginning of a new merge

To provide a quantitative measure of the quality of
the segmentation, a ground truth segmentation bound-
ary – stored as a surface mesh – was created for each
3D volume. These were then compared with cross-
sections of the tetrahedral mesh at the corresponding
times. The comparison was done with the mean and
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Fig. 10 Plots of the mean distance between the computed segmen-
tation boundary for each method and ground truth segmentation
boundary. The gray regions signify times when merges are ongoing
and the vertical dotted lines mark the beginning of a new merge

maximum distance between the surface meshes as com-
puted with the MESH tool by Aspert et al. [44]. The
results are shown in Fig. 9.

The plots support what is seen in Fig. 8 as the
mean distances remain small, i.e. below one voxel.
There is a spike in the error at the end of the merges,
since there is a slight discontinuity in the data when
blobs merge. Thus, the temporal part of the chosen
regularization introduces a larger error at these times.
The same behavior occurs for the maximum distance,
although the errors are larger since a single spurious
vertex can significantly affect the value.

For the other methods, we also use the distance
to the ground truth segmentation boundary. For the
GC methods, this can be done directly. For the MRF
methods, we extract an isosurface from each 3D label
volume. The results are shown in Fig. 10. Additionally,
we also compare the resource use of the methods. We
measured runtime, peak memory use, and how much
memory was needed to store the final segmentations.
Table 2 shows the results along with the theoretical
scaling of each measured value w.r.t. the image size.
Our method performs as well as or better than the com-
pared approaches while resulting in a more compact
representation of the final segmentation.

3.2 Application to Metal Foam
We now apply the method to a 4D synchrotron X-ray
CT image. The dataset is a time series of foaming
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Table 2 Resource use for the segmentation approaches. The memory uses do not include the size of the image data (200 MB). The scaling w.r.t.
the image size of each value is also shown. S represents the size of each 3D volume, and T is the number of 3D volumes in the 4D image

Noise Method Time Memory use (peak) Memory use (seg.)
Meas. Scaling Meas. Scaling Meas. Scaling

σ = 25 3D MRF 45 sec. S, T 408.3 MB S 200.0 MB S, T
4D MRF 205 sec. S, T 57,500.0 MB S, T 200.0 MB S, T
GC/2 37 sec. T 62.6 MB 1 9.2 MB T
GC/8 39 sec. T 50.3 MB 1 9.2 MB T
Ours 36 sec. 1 40.5 MB 1 4.4 MB 1

σ = 50 3D MRF 45 sec. S, T 421.5 MB S 200.0 MB S, T
4D MRF 232 sec. S, T 57,500.0 MB S, T 200.0 MB S, T
GC/2 38 sec. T 40.1 MB 1 9.2 MB T
GC/8 40 sec. T 48.3 MB 1 9.2 MB T
Ours 38 sec. 1 41.0 MB 1 5.3 MB 1

Table 3 Parameters used to segment the 4D synchrotron X-ray CT
data. Please see Table 1 for more descriptive parameter names

cin cout N τ λ s nsub

25 70 342 0.03 0.0003 5.2 · 10−6 10

metal, where blowing agent powders have been mixed
into a block of aluminum. As the aluminum sample
is heated to its melting point the powders release gas,
which causes bubbles to form. Over time, these bubbles
expand and merge to form even larger bubbles. More
details can be found in [2]. The data consists of 55
volumes of size 888 × 888 × 600 and uses 26 GB of
memory. It is visualized in the top row of Fig. 11.

We initialize the mesh at the large bubble in the
bottom of the last volume (see Fig. 11(d)). We again
scale the spatial axes to [−1, 1] and the temporal to
[−0.25, 0.25]. The goal of the segmentation is to detect
which bubbles merged together to form the final bubble.
The parameters are shown in Table 3 and the segmen-
tation itself took 5 minutes using an Intel Xeon Gold
6142 processor.

The result of the segmentation is shown in the
bottom row of Fig. 11. The method has detected the
merging of different bubbles. Furthermore, the 4D
cross-sections provide a good match with the data, even
though the quality of the segmentation degrades some-
what the further we are from the initial mesh. Also,
there are some minor errors in the last volumes where
the tetrahedral mesh has moved into an adjacent bubble.

3.3 Tracking Evolving Topology
We now demonstrate how our method allows the quan-
tification of splitting/merging by computing the Reeb

graph [37, 38] of the fitted tetrahedral mesh. Reeb
graphs are used to describe the evolution of level sets of
a function defined on a manifold — in our case the time
coordinate of our fitted tetrahedral mesh. As illustrated
in Fig. 12, nodes are placed where topological changes
occur such as local extrema and saddle points. If the
level sets between two points form a connected com-
ponent, the points are joined by an edge. As a result,
the Reeb graph provides a compact description of the
evolving topology of an object and also encodes when
and where topological changes occur.

1.0

0.5

0.0

0.5

1.0

Fig. 12 Illustration of the
Reeb graph for a simple
2D+time example. The level
sets are shown as black rings
and the Reeb graph has nodes
where the level sets change
topology. The nodes are col-
ored according to their time
coordinate

We use the Topology
Toolkit [45, 46] to com-
pute the Reeb graph for
the (noiseless) segmenta-
tion of our 4D test image
and the segmentation of the
metal foam image. Prior
to computation, we smooth
the tetrahedral mesh with
Laplacian smoothing and
afterwards we prune edges
of the Reeb graph which
are shorter than 10% of the
mean edge length.

The results are shown in
Fig. 13. For both segmenta-
tions, the Reeb graph pro-
vides a good description of
where and how the objects
merged together. Note especially how, even though a
level set might have some slight self-intersections, e.g.,
in Fig. 13(h), objects are not counted as having merged
since the Reeb graph considers the full spatio-temporal
structure.
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(a) xyz-volume at t = 25 (b) xyz-volume at t = 35 (c) xyz-volume at t = 45 (d) xyz-volume at t = 55 (e) xyt-volume at x = 232

Fig. 11 Segmentation results for the 4D synchrotron X-ray CT data. The top row shows a 3D rendering of the 4D data at different times. The
bottom row shows the segmentations overlaid on the data. Note that the last column shows an xyt-slice where the vertical axis represents time
(bottom = t0 and top = t95)

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)
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0.5

  0.0

  0.5

  1.0

Fig. 13 Reeb graphs for the artificial (top row) and metal foam (bottom row) images. Each column shows a 3D cross-section of the fitted 4D
tetrahedral mesh with the Reeb graph overlaid. The Reeb graph has been projected to 3D and its nodes are colored according to their time
coordinate (scaled to be in [−1, 1]) as in Fig. 12

4 Discussion
The method presented in this paper can segment merg-
ing or splitting objects in 4D. As demonstrated in
Section 3.1, this can be achieved even in the presence
of severe noise, although with a reduced quality. When
objects are merging, our method also significantly out-
performed the fixed-topology GC methods while being
faster and using the same amount of memory. The
MRF methods gave the most accurate segmentation,
which is expected given that this is a binary segmenta-
tion problem with Gaussian noise. However, they used
significantly more time and memory.

Furthermore, the time and memory benefits of our
method will only improve as the image size increases,
since the resource use of our method only depends on
the complexity of the object to segment and not on the
size of the input image. This is not the case for the com-
pared methods. Finally, storing the segmentation as a
tetrahedral mesh also results in an extremely compact
description of the segmented objects – indeed, of the
tested methods, ours provided the most compact seg-
mentation. For the foaming aluminum data, which took
up 26 GB of space, the resulting mesh only uses around
8.5 MB which is a reduction factor of more than 3,000.
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Our method also offers increased robustness regard-
ing quantifying the evolution of object topology. As
we explicitly model the hypersurface boundary in 4D,
splits/merges can be automatically detected as saddle
points and do not need manual heuristics or collision
detection like sequential methods. Furthermore, this
also means that if some level sets intersect due to seg-
mentation errors it is easily discarded as an error and
not a merge/split — something which is not possi-
ble with sequential or 3D/4D voxel-based approaches.
These benefits are unique to our object representation.

The main challenge with our method is how to
maintain the mesh quality during deformation. With
too high a regularization, the method cannot achieve
a sufficient quality of fit due to over-smoothing. With
too low, the tetrahedral mesh may start to invert itself
which results in a degenerate fit. Currently, finding the
suitable balance between step size and regularization
strength requires manual tuning. Furthermore, while
Laplacian smoothing works well to regularize the spa-
tial components of the fit, the spatio-temporal saddle
points, that form at splits/merges (see Fig. 11(e)), are
sensitive to over smoothing. Finally, for more com-
plex image data (e.g. medical scans), an intensity-based
deformation force may not be adequate. In these cases,
performance may be improved by adapting approaches
from [47–50] where the output of a neural network
is used to guide the deformation of a contour in 2D
images.

5 Conclusion
We presented a method for simultaneously segmenting
and tracking merging or splitting objects in 4D images.
This was achieved by fitting a discretized hypersurface
to the 3D boundary of the 4D simply connected com-
ponent comprising the object of interest. Applications
to artificial and real 4D images showed the method
was able to successfully segment, track, and quantify
merging or splitting objects, even in the presence of
noise. The method achieved comparable accuracy to
existing methods with a resource use equal to or better
than sequential 3D methods. Furthermore, our method
only scales with object complexity and not image size
making it suitable for the analysis of very large images.
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4 Learning-Based Segmentation
This chapter includes the contributions related to incorporating topology and shape knowl-
edge into learned segmentation models. The focus has been on reducing the annotation
effort required to train deep learning classifiers and improve segmentation results for exist-
ing models via post-processing. The contributions are loosely based on the deformable con-
tours framework introduced by Michael Kass, Andrew Witkin, and Demetri Terzolpoulos
in that an initial surface is iteratively deformed to fit incomplete or noisy data. Specifically,
the contributions are:

E Weakly Supervised Volumetric Image Segmentation with Deformed Tem-
plates
Here, we introduce a method to train a 3D convolutional neural network (CNN) to
perform segmentation from only point annotations. As a user inputs points through
a graphical user interface (GUI) a mesh is deformed to fit the points while being
regularized by a low-level smoothness prior. The fitted mesh is then rasterized to
a binary label volume and a CNN is trained to predict this. A second CNN then
takes the predicted label volume and tries to reconstruct the original image. This
improves the segmentation since the labels based on the fitted mesh may be too
coarse due to the low-level smoothness prior applied.

F Deep Active Latent Surfaces for Medical Geometries
Next, we introduce a new mesh-based shape model to efficiently learn a shape prior
for downstream tasks. Our model represents shapes as a mesh with a latent vector
at every vertex. During training, the latent vectors must have the same value which
regularizes the model while it learns a shape space. To fit a new shape after training,
we update each latent vector independently under a simple smoothness regularization.
Crucially, the smoothness regularization is applied only to the latent vectors. Hence,
our model can be seen as an active contour model, but where the surface is placed
in the latent space instead of Euclidean image space. Since the model can smoothly
blend different shapes together, it does not require that the latent space contains
a single vector that describes the whole shape. This makes the model very flexible
which we demonstrate on several tasks: fitting to points (like in Paper E), fitting to
planar curve annotations, and fitting to a noisy image segmentation.
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Abstract. There are many approaches to weakly-supervised training
of networks to segment 2D images. By contrast, existing approaches to
segmenting volumetric images rely on full-supervision of a subset of 2D
slices of the 3D volume. We propose an approach to volume segmentation
that is truly weakly-supervised in the sense that we only need to provide
a sparse set of 3D points on the surface of target objects instead of
detailed 2D masks. We use the 3D points to deform a 3D template so
that it roughly matches the target object outlines and we introduce an
architecture that exploits the supervision it provides to train a network
to find accurate boundaries. We evaluate our approach on Computed
Tomography (CT), Magnetic Resonance Imagery (MRI) and Electron
Microscopy (EM) image datasets and show that it substantially reduces
the required amount of effort.

1 Introduction

State-of-the-Art volumetric segmentation techniques rely on Convolutional Neu-
ral Networks (CNNs) operating on image volumes [3,23]. However, their per-
formance depends critically on obtaining enough annotated data, which itself
requires expert knowledge and is both tedious and expensive.

Weakly-supervised image segmentation techniques can be used to mitigate
this problem. They typically rely on tag annotations [8,10] or coarse object anno-
tations in the form of point annotations [20,33], bounding box annotations [9],
scribbles [33] or approximate target shapes [14]. However, these techniques have
been mostly demonstrated in 2D and do not provide enough information when
segmenting complex shapes, such as the liver or the hippocampus. For 3D volume
segmentation, the dominant approach is to fully label a subset of 2D slices [3,5].
This is often referred to as weak supervision, even though it requires full super-
vision within individual slices.
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By contrast, we propose a truly weakly-supervised approach that only
requires a sparse set of 3D points on the surface of the target objects instead of
the usual 2D masks in selected slices. Given an appropriate user-interface, this
is much faster and easier because it eliminates the need to painstakingly outline
fine details, as shown in Fig. 1. To this end, we introduce the Weak-Net archi-
tecture depicted by Fig. 2. It comprises two U-Net-like networks. The first one
produces a segmentation map that matches a rough model of the target object
obtained from the 3D point annotations. The second one takes the map as input
and uses it to reconstruct the original image, which forces the segmentation
boundaries to be accurate even though those of the template are not.

Fig. 1. Iterative annotation strategy. The annotator provides a few 3D points,
which we fit to the template using an Active Surface Model (ASM) [28]. The result is
rasterized and overlaid on the images. The annotator can then add more and deform
the template again as needed.

We evaluate the performance of Weak-Net on Computed Tomography (CT),
Magnetic Resonance Imagery (MRI) and Electron Microscopy (EM) datasets. We
show that it outperforms the standard approach to weak-supervision in 3D at a
reduced supervision cost. More specifically, we can deliver the same accuracy as
when fully annotating 2D slices for less than a third of the annotation effort. This
matters because annotators typically are experts whose time is both scarce and
valuable. Furthermore, it creates the basis for interactive annotating strategies
that deliver the full accuracy at a lower cost than full supervision.

2 Related Work

We review current approaches to weak-supervision for 2D and 3D image segment-
ation. We then discuss using atlases to segment biomedical image volumes.

2.1 Weakly-Supervised Image Segmentation

Segmenting 2D Images. Tag and box annotations are among the weakest forms
of annotations used to segment natural and medical images [6,9,10]. However,
they rarely provide enough supervision for accurate results. By contrast, point
annotations [20], scribbles [33], and approximate shape annotation [14] can be
used to provide useful shape information.
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The annotation process can be sped-up using dynamic programming [19] or
deformable contours [12]. This makes it possible to mark only a subset of points
along a contour and have the system refine it to match the target object bound-
ary. Unfortunately, these algorithms are hard to deploy effectively in medical
imagery because there are many contours besides those of interest and they can
easily confuse these algorithms. This is addressed in [21] by introducing deep
deformable contours that only need a simple approximate contour for initializa-
tion purposes. In [2,15], the annotator is brought into the loop by giving correc-
tive clicks when necessary. However, these deep contours require fully labelled
data for their own training.

Fig. 2. Weak-Net architecture. A first U-Net takes the image X as input and outputs
a segmentation Ŷ, which is in turn fed to a second U-Net that outputs a reconstructed
image X̂. Training is achieved by jointly minimizing Lmse and Lce. This encourages X̂
to resemble the original image and Ŷ to be similar to Y, a roughly aligned version of
a template.

In the result section, we show that supplying a few 3D points, as we do, is
faster than using these techniques to delineate whole 2D contours in slices, as is
often done.

Segmenting 3D Volumes. By far the most prevalent approach to weak-
supervision for 3D segmentation, is to fully annotate subsets of slices from the
training volumes [3]. Even though this reduces the segmentation effort, the anno-
tator still has to carefully trace the object boundary in those slices. The effort
can be reduced by using scribbles in individual slices [5] or any of the semi-
automated techniques described above. Unfortunately, the effectiveness of those
that do not require training is limited [12,19] while the others [2,15,21] require
full supervision and are not applicable in our scenario.

Part of the problem is that these annotation techniques operate purely in 2D
without exploiting the 3D nature of the data. Because we do so, we only need a
comparatively small number of point annotations for effective training.

2.2 Template Based Approaches

Shape priors have long been used for image segmentation [7] and much recent
work use shape priors in conjunction with deep nets [18,29] For medical imaging,
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these priors are usually supplied in the form of sophisticated templates known
as Probabilistic Atlases (PAs) that assign to each pixel or voxel a probability of
belonging to a specific class. They are typically built by fusing multiple manually
annotated images and used as auxiliary CNN inputs to provide localization priors
that help the network find structures of interest. The PAs can be either very
detailed, as in [25], to model structures that are known in detail or very rough,
as in [27], to deal with 3D structures whose shape can vary significantly.

PAs built by annotating points have been used in medical imaging [11,22] as
a source of prior information. They are often referred to as seed layers and come
in two main flavors, Gaussian priors [22] or binary seed layers [11]. These seed
layers either indicate points inside the object [11,32] or points on the boundary
of the object [17,26]. In the context of deep learning, PAs have been mostly
used in fully-supervised approaches [11,22,25]. An exception is the work of [25].
However, they are only used for pre-training purposes. Another are the one-
shot and few-shot learning-based segmentation algorithms of [4]. However, they
require a few fully annotated target objects as the atlases, which we do not.

2.3 Image Reconstruction

Image reconstruction is used for semi-supervised [16] and unsupervised [31]
image segmentation as an auxiliary task to improve the results. In this work,
we demonstrate that this idea also applies in a weakly-supervised setting to
improve the segmentations produced by the core-network trained with rough
annotations. In our framework, the image reconstruction network helps refine
the rough initial shapes we obtain from the annotations. There are alternative
approaches to boundary refinement [1] but they are designed for 2D segmenta-
tion and extending them to 3D would be non-trivial.

3 Method

Our approach to training a network involves an annotator providing only a
sparse set of 3D points on the surface of target objects for each image volume,
as opposed to carefully annotating several individual slices in each. These points
are used to deform a template, such as those shown in Fig. 1, using active surface
models [28]. This provides a rough indication of where the target object boundary
is. Weak-Net uses it to learn weights that yield accurate object boundaries. In
short, we provide minimal human input at training time so that, at inference
time, the trained network can be used without human intervention.

3.1 Network Architecture and Losses

Weak-Net is depicted by Fig. 2 and comprises two separate U-Net networks [3].
The first takes as input an image volume X of D×H ×W , where D, H, W stand
for depth, height and width. It outputs a tensor Ŷ of dimension D×H ×W that
stores the probabilities of each voxel belonging to the foreground. The second
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takes Ŷ as input and yields X̂, which is of the same dimension as X. Ideally, Ŷ
should be the desired segmentation and X̂ should be equal to X.

To train Weak-Net, we minimize a weighted sum of two losses

L = Lce + λLmse, (1)

Lce = −
∑

i,j,k

Yi,j,k log(Ŷi,j,k), Lmse =
∑

i,j,k

Wmse
i,j,k(Xi,j,k − X̂i,j,k)2,

Fig. 3. Impact of the λ parameter in the loss of Eq. 1 and the thresholding parameter
γ. (Col. 2–4) When λ = 0, the segmentation is very similar to the template. When
λ is large, the segmentation follows boundaries that exist in the image but are not
necessarily the right ones. In between, the boundaries are correct. (Col. 5–8) We set λ
to 10−4 and vary γ.

where Y is the rasterized template fitted to the target object and λ is a scalar
that controls the influence of the second loss. Lce is a standard cross entropy
loss whose minimization promotes similarity between the rasterized template Y
and the segmentation Ŷ. Lmse is a voxel-wise mean squared error in which the
individual voxels are given weights Wmse

i,j,k whose value is high within a distance
d from boundaries in Y and low elsewhere. At inference time, we only use the
first U-Net, which we will refer to as our core network, and obtain the final
segmentation by thresholding its output Ŷ using a threshold γ.

Minimizing Lce during training ensures that the segmentations will be
roughly correct. However, because the template can only be expected to provide
a coarse depiction of the object, this is not enough. We therefore also minimize
Lmse to force the network to yield accurate boundaries. Figure 3 illustrates the
influence of the γ and λ parameters on a real image. In practice, the results are
insensitive to how they are chosen over a wide range. However, minimizing Lce

alone (λ = 0) produces boundaries in Ŷ that are exactly those of the template
while minimizing Lmse alone (λ = 1000) yields boundaries that exist in the
image but are not necessarily those we are looking for. Minimizing a properly
weighted sum of the two yields segmentations that conform to the template while
matching actual image boundaries.

3.2 Template Deformation

The template Y of Eq. 1 should approximately match the target structure.
Hence, the annotator should supply points that are distributed across the object
surface. These points are then used to deform the template. In practice, For
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structures of genus 0, we start from a simple spherical template but more com-
plex ones are possible. As we increase the number of points, we get increasingly
refined templates, as shown in Fig. 4.

To perform this deformation interactively, we developed a GUI that relies on
Active Surface Models (ASMs) [28] implemented as a MITK [30] plugin. It lets
the annotator supply a few points by clicking on 2D cross sections of the input
image volume. The ASM then deforms the template in real-time and overlays
it on the image data, both as 2D cross sections and 3D surface renderings. The
annotator can then add more points wherever the deformed template is too far
from the target organ’s boundary and iterate as often as necessary. This effec-
tively puts the human in the loop in a painless and practical way. We illustrate
this in a video that can be found in the supp. material.

Fig. 4. Deformed templates. (a, b, c, d, e) Deformed template using N =
25, 50, 125, 250, and 3661 user-supplied 3D points when segmenting a liver. N = 3661
corresponds to full annotations in all slices.

4 Experiments

4.1 Datasets, Metrics and Baseline

We use three datasets acquired using MRI, FIB-SEM, and CT. MRI dataset
consists of 260 labeled MRI image cubes of hippocampuses from the Medical
Segmentation Decathlon [24]. CT image dataset consists of 20 labeled CT image
cubes of the liver from the CHAOS challenge [13]. EM Dataset consist of 26
image cubes of Synaptic Junctions from a 500×500×200 FIB-SEM image stack
of a mouse cortex [29].

Our aim is to produce segmentations of these image values such that they are
above a given quality threshold using as few annotations as possible. To quantify
this goal, we use two metrics, one for quality and the other for annotation effort.
We use the standard IoU metric [3] to quantify segmentation quality. We use
the number of points provided by the annotator as a proxy for amount of effort.
When the annotator provides individual points, this is clearly proportional to
the time spent. When the annotator outlines contours on 2D slices, this becomes
the sum of the contour lengths in each slice. It could be argued that this is an
overestimate because the task is easier. However, in our experience it is not
because precisely outlining a contour requires deliberation.

As discussed in Sect. 2.1, the generally accepted way to provide weak-
supervision for 3D image segmentation is to fully annotate a few 2D slices [3].
To provide a baseline, we therefore use this approach to train a 3D U-Net, as
described in [3]. For a fair comparison, we use the same one as in Weak-Net.
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4.2 Comparative Results

We exploit the real-time performance of active surface models to enable the
annotator to provide a few points, deform the template accordingly, and then add
more points where the deformed shape is not satisfactory. We first benchmark
this scenario using human annotations and then provide results using simulated
annotation on the object surfaces to eliminate the subjective element it contains.

Table 1. Performance given human annotations. Values are given as mean±std.
Weak-Net consistently outperforms the baseline in terms of both IoU and annotation
effort required to achieve it.

Hippocampus Liver Syn. junction

Baseline IoU (%) 71.2± 0.9 81.9± 0.7 68.2± 0.9

Annotation effort (%) 12.4% 6.9% 10.8%

Weak-Net IoU (%) 74.2± 0.7 84.2± 1.0 71.5± 1.4

Annotation effort (%) 10.1% 6.8% 9.2%

Full annotation 79.3± 0.4 87.3± 0.3 73.3± 0.6

Table 2. Annotation time. Values are given as mean± std. Times are in minutes.

Hippocampus Liver

Manual Contouring 6.7± 0.7 min 125± 19.3 min

3D Region Growing 5.4± 1.2 min 75.4± 30.5 min

3D Fast Marching 5.7± 1.4 min 86.1± 25.3 min

Ours 4.6± 0.9 min 12.3± 1.6 min

4.3 Human Annotations

Weak vs Full Supervision. We compare Weak-Net and the baseline against
providing full supervision and report the results in Table 1. Weak-Net delivers
higher IoU numbers than the baseline on all three datasets. It delivers 92 to 97%
of the accuracy that can be achieved with full supervision for only 7 to 10% of
the annotation effort, as defined above.

Annotation Time. In the results of Table 1, we use the number of points
supplied by the annotators to gauge the annotation effort. To complement this,
we asked the annotators to manually annotate some images using other MITK
tools [30], slice-by-slice manual contouring of the borders, 3D Region Growing,
and 3D Fast Marching. 3D Region Growing and 3D Fast Marching produce many
false positive and negative regions, as shown in the supp. material. Therefore,
we had to perform slice-by-slice corrections to obtain final segmentation using
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these two tools. In Table 2, we report the average time it took to fully annotate
a single sample using each tool. As the Hippocampus volumes are small, point
annotation is only ∼1.5x faster than annotating the full volume. For the large
Liver volumes however, point annotation is ∼10x faster, which is significant.

Simulated Annotations. To eliminate subjectivity from our experiments, we
use the fact that our datasets are fully annotated to simulate the annotation pro-
cess using the algorithm described in the supp. material. It is driven by two num-
bers, N the number of points per sample and P the number of samples we annotate.
To keep the number of experiments within a manageable range, we vary both N
and P when experimenting on the Hippocampus dataset and only N for the other
two. To provide a baseline, we randomly pick a number of slices from three image
planes to be annotated anduse the ground-truth annotations for these slices.When
selecting them, we check that they contain the target object. When evaluating the
baseline, we vary the number of slices we use and of samples we annotate.

Fig. 5. Segmentation results. (a + f) A slice from the input volume (b + g) Ground
truth (c + h) U-Net with full-supervision (d + i) Corresponding Baseline (e) Weak-
Net trained with 25 points per sample. (f) Weak-Net trained with 125 points per
sample.

Fig. 6. Performance given synthetic annotations (left). Annotation effort
required to achieve 65% and 70% IoU on the hippocampus. The blue and red arrows
indicate the effort reduction our approach delivers. (right) IoU as function of the num-
ber of points used (N) for the synaptic junction and liver dataset sets. The dashed line
denotes fully supervised results. (Color figure online)
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We present qualitative results of the experiments in Fig. 5. On the left of
Fig. 6, we plot the total annotation effort, that is, the product of the number
of points per sample and the number of samples, required to attain a target
IoU—either 65% or 70%—in the Hippocampus dataset. As there are many ways
to achieve a given IoU by increasing one number while decreasing the other,
we draw iso-IoU curves. The baseline ones are dashed and ours are full and
clearly to the left of the dashed ones. In other words, we need significantly less
effort to achieve a similar result. On the right of Fig. 6, we report our results on
the other two datasets that contain fewer samples. Hence we used all training
samples and plot the IoU as a function of the number of points per sample. For
the same number of points, our approach consistently outperforms the baseline.
When using it, we cannot annotate less than one slice and, hence, reduce the
annotation effort below a certain level, which is why the blue curves extend
further to the left than the yellow ones.

5 Conclusion

We have presented a weakly supervised approach to segmenting 3D image vol-
umes that outperforms more traditional approaches that rely on fully annotating
individual 2D slices.

It relies on deforming simple spherical templates that incorporate no shape
prior. In future work, to further reduce the annotation burden, we will develop
more sophisticated templates that are parameterized in terms of low-dimensional
latent vectors and can therefore be deformed by specifying even fewer 3D points
than we do now.
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1 Appendix

(a) (b)

Fig. 1. Using a secondary task to improve segmentations. (a) X is the input
and Ytrue is the ground-truth. Y is the atlas that is roughly correct. (b) When λ is
too large, Lmse dominates and the resulting segmentation features a spurious region
shown in red that corresponds to image boundaries that are not those of the target
structure. When λ is zero, only Lce is minimized and minimizing produces boundaries
that are also those of the atlas, which are not at the right place as the denoted by
the red lines. For appropriate values of λ, the boundaries are correct and the spurious
region is eliminated.

Fig. 2. In�uence of λ and γ parameters . IoU (%) as a function of λ in (a), γ in
(b) on the Synaptic Junction dataset with N = 25.

1.1 Sampling Algorithm

Simulated annotations are generated using the Improved selection strategy

which is based on Random selection strategy.
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Fig. 3. Annotation simulation on the Liver dataset (a) Reconstruction accuracy
(IoU) variation for di�erent values of K and V . (b) Reconstruction accuracy (IoU)
variation as a function of the number of annotated points. The black-dashed line
indicates the accuracy that would be achieve by annotating all points in each sample,
that is 3661 points per sample on average for the liver dataset.

1. Random selection. N points are randomly selected across the 3D surface.

Ideally, they should be uniformly distributed across the surface but there is

no guarantee of that. To emulate the behavior of a conscientious annotator

trying to achieve this, we repeat the operation V times and select the set

of N points that exhibits the largest intra-point variance. As we increase

V , so does the probability that the selected points will indeed be uniformly

distributed. The in�uence of variables N and V is demonstrated in Fig 3.

2. Improved selection. We simulate the fact that a skilled annotator will

provide the most informative points possible by performingK random annotations

as described above, using each one to deform the template, and selecting the

one that yields the highest IoU with the ground truth. As K increases, so

does the probability that the deformed template will match the ground truth

well.

Fig. 4. Use of Fast Marching algorithm from MITK to annotate a liver (a)
Image with ground truth contour (in blue) (b) Fast Marching algorithm with small σ (c)
Fast Marching algorithm with large σ. In both instances, after the initial segmentation,
we have to �x false positive and false negative regions.
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Abstract

Shape priors have long been known to be effective when reconstructing 3D shapes
from noisy or incomplete data. When using a deep-learning based shape represen-
tation, this often involves learning a latent representation, which can be either in
the form of a single global vector or of multiple local ones. The latter allows more
flexibility but is prone to overfitting. In this paper, we advocate a hybrid approach
representing shapes in terms of 3D meshes with a separate latent vector at each
vertex. During training the latent vectors are constrained to have the same value,
which avoids overfitting. For inference, the latent vectors are updated indepen-
dently while imposing spatial regularization constraints. We show that this gives
us both flexibility and generalization capabilities, which we demonstrate on several
medical image processing tasks.

1 Introduction

3D shape reconstruction from noisy or incomplete data usually benefits from the judicious use of
shape priors. When using a deep-learning based shape representation, this usually means searching
for an appropriate latent representation under regularization losses. This latent vector representation
can take the form of either a single global latent vector per shape or a grid of latent vectors.

In either case, it is a challenge to balance regularization against quality of fit to the data. With too
much regularization the recovered shapes are too smooth and fine details are lost. With too little,
robustness to noise and generalization capabilities will suffer. Our insight is that, when using multiple
latent vectors, instead of imposing regularity constraints directly on the surface, we can impose them
on the latent vectors. This is effective because, if a latent vector has been trained to model a sharp
feature, requiring that this vector be similar to its neighbors will not detract from that. To this end, we
represent surfaces as triangulated meshes and advocate using a separate latent vector at each vertex
while imposing smoothness constraints on these vectors. To exploit this, we borrow the regularization
idea from early approaches to 3D shape modeling [25, 58, 57] that predate deep learning and apply it
to the latent vectors instead of the vertex positions.

More specifically, at training time, we use an auto-decoding approach [45] to jointly learn the network
weights along with one common latent vector for all vertices of each training sample. By contrast, at
inference time, we allow the latent vectors to be different at each vertex while enforcing consistency
of the vectors by minimizing a regularization loss. Fig. 1 depicts our Deep Active Latent Surfaces
(DALS) approach. It makes our model both easy to train from relatively small datasets and very
expressive: Because, we learn a single latent vector per shape, we do not require the training set to be
huge. At model fitting time, we do not need to find an individual vector that accurately represents a
whole shape, which can be difficult when the shape is complex. Instead, we can smoothly blend a

*Equal supervision.
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Figure 1: DALS overview. (top) Given a set of training shapes, we use an auto-decoding approach to
learning a latent space of shapes. (bottom left) To each training shape is associated a single latent
vector z that is used to compute a translation for each vertex of sphere to minimize the distance
between the deformed sphere and the training shape. (bottom right) At inference time, the latent
vectors z1, z2, . . . , zN at each one the N sphere vertices are allowed to change independently to
minimize a weighted sum of a data loss function and a regularization term that prevents neighboring
latent vectors from being too different from each other.

number of vectors to model such a shape, while preserving sharp features. Furthermore, explicitly
using a triangulated mesh instead of a grid of latent vectors makes our model more compact and
simpler to train because it does not have to waste capacity on modeling empty regions.

2 Related Work

Active Surface Models Active contour models are used to refine contours according to local image
properties while remaining smooth. They were first introduced in [25] for interactive delineation
and then extended for many different purposes [13]. Active surface models operate on the same
principle [57, 58] but replace the contours by triangulated meshes to model 3D surfaces. They have
proved very successful for medical [20, 37] and cartographic applications [14], among others, and
are still being improved [23, 29, 49]. In recent years, Deep Neural Networks (DNNs) have been used
to evaluate the energy that the active contours minimize [18, 35] and, in [31, 32, 46], they are used
to directly predict vertex offsets. In [60], active surface models are embedded in special purpose
network layers that regularize surface meshes using the same semi-implicit scheme as the original
active contours [25].

Correctly balancing the relative influence of the data and regularization terms to avoid over-smoothing
while being robust to noise remains a challenge for all these approaches. In [31] smoothing is only
added as a loss during training but not during inference. In [60], smoothing is made adaptive to
allow sharp edges. Recently, it has been proposed to replace smoothing with preconditioned gradient
descent of the external energy [43]. In all these approaches, the regularization tends to flatten sharp
geometric features of the mesh geometry, which almost always results in over-smoothing, despite the
goodness of fit at a global level. In our work, we side step these issues by focusing the smoothing on
the latent space.

Neural Shape Modeling Deep-learning methods are now routinely used to model 3D shapes. Most
methods rely on auto-encoders or auto-decoders to produce latent vectors that parameterize the target
shapes in terms of triangulated meshes [17, 33, 41], tetrahedral meshes [15, 50], surface patches
[16], point clouds [1, 48], voxel grids [6, 12], occupancy functions [8, 39, 47], signed and unsigned
distance fields [9, 24], and neural splines [61].
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These methods can be classified as those that use a single latent vector to represent a complete shape
and those that use multiple ones. Those that use one obtain the latent vector for a shape with an
encoder [8, 11] or by directly optimizing a latent vector [11, 24, 33, 45, 59]. These methods are
effective but accurately representing all the details may require more than one latent vector as in the
methods of [9, 47], who use an encoder, and of [22, 38], who directly optimize the latent vectors.
These methods all rely on a grid of latent vectors and a shared decoder to represent the signed
distance function of a complete shape. Since each latent vector only has to describe a small part of the
complete shape, this greatly increases the model flexibility. It also allows for a much smaller decoder
network, which makes inference faster. However, storing a full grid of latent vectors means that
some latent vectors are wasted on representing empty space. This increases memory use and training
time. The approach of [7, 34] avoids this by using a sparse grid from which unused grid cells are
removed. In [36, 55], a tree structures is used to construct sparse multiscale representations. However,
these methods either require prior knowledge about the surface or periodic updates of the sparse data
structure as it deforms, which makes training more complex. In [42], these issues are alleviated by
using a spatial hash encoding which allows the model to implicitly allocate more capacity to regions
near the surface. However, this method is designed to represent single shapes and would require
non-trivial extensions for model fitting purposes. In our work, we also rely on multiple latent vectors
but require neither a priori knowledge about the surface nor complex adaptation of a data structure.

3 Deep Active Latent Surfaces

We now describe our Deep Active Latent Surface (DALS) approach, which is illustrated by Fig. 1.
We represent watertight 3D shapes by triangulated spheres with a latent vector at each vertex. This
latent vector along with the vertex coordinates is fed to a decoder Dθ that generates an offset vector
that is then used to translate the vertex to its final position. Once all the vertices have been translated,
we have the final shape such as the one shown on the top right part of Fig. 1. At training time, we use
the same latent vector for all vertices whereas, at model fitting time, we allow them to be different
but impose spatial consistency on the vectors. This does not preclude the modeling of sharp features
because such features can be predicted by individual latent vectors.

3.1 Training Scheme

Formally, let DΘ be a neural network with weights Θ that takes as input a d-dimensional latent vector
z and a 3D location x and returns an offset DΘ(z,x). Given a triangulated sphere with V vertices
and F facets, we denote by Mθ(z) the deformed mesh we obtain by translating each vertex xv by
DΘ(z,xv) for all v between 1 and V .

Let us further assume we are given a set of N training shapes S = {S1, . . . , SN}. As in [45], we can
simultaneously learn Θ and a zi for each Si by looking for

Θ∗, z∗1, . . . , z
∗
N = argmin

Θ,z1,...,zN

N∑
i=1

Ldat(Θ, zi, Si) , (1)

Ldat(Θ, z, Si) = Lcf(Mθ(z), Si) + λregLreg(Mθ(z)) + λn∥z∥2 ,

where Lcf is the Chamfer distance [53], Lreg is shape regularization term, and λreg and λn are
weighting constants.

In practice, we take DΘ to be an MLP with three hidden layers of size 724, 724, and 362, which
takes as input a concatenation of x and z. We use ReLU activations for the hidden layers and none
for the last layer. Before each ReLU activation we use layer normalization [3]. Our initial spherical
triangulation is a subdivided icosahedron. We use a pointwise MLP instead of a mesh based decoder
because we want to learn a mapping from the surface of a sphere conditioned on a latent vector rather
than a mapping from a specific template mesh. To this end, we also randomly rotate the template

during training to specific vertex placement. This enables us to use any template mesh without
changing the decoder. We will take advantage of this at inference time by progressively increasing
the mesh resolution.

The Lreg term in Eq. 1 is intended to encourage the generation of high quality meshes. We could have
expressed it in terms of the Laplacian as is often done but we found experimentally that it tends to

3

3D Image Segmentation with Explicit Surface-Based Priors 101



result in meshes that are too smooth. Instead, as in [4], we take it to be

Lreg(M) = 1− 4
√
3

|F|
∑
f∈F

Af

a2f + b2f + c2f
, (2)

where F stands for the mesh facets, af , bf , cf for the lengths of the three edges of facet f , and Af

for its area. It is easy to compute and has favorable properties for numerical optimization [51]. In
practice, minimizing Lreg promotes regularity without directly penalizing high frequency features, as
illustrated by Fig. 2.

3.2 Fitting Scheme

✓✓✓✓✓✓

Figure 2: Behavior of Lreg. Minimizing Lreg will
leave the regular meshes on the left unchanged,
even though the first one exhibits a sharp crease.
In contrast, doing so with the meshes on the right,
will increase the regularity of the triangles and
smooth out the isolated outlier.

Let D = DΘ∗ be the network we trained in
Section 3.1 and let Z ∈ RV×d whose V rows
are latent vectors, one for each vertex of our
triangulated sphere. We now denote by M(Z)
the mesh we obtain by shifting each vertex xv

by D(Z[v]). In other words, we now assign to
each vertex a different latent vector and use it to
compute the corresponding translation from the
initial sphere to where it should be. To fit our
model to data, we look for

Z∗ = argmin
Z

Ltask(M(Z))+λregLreg(M(Z))+λdirLdir(Z) ,

(3)
where Ltask is a task-specific loss function, Lreg
is the geometric regularization loss of Eq. 2,
Ldir is a regularization term designed to enforce
consistency of the latent vectors across the surface, and λreg and λdir are weighting constants. In
practice, Ltask can be expressed in terms of Chamfer distance to fit points, slice Chamfer to fit curve
annotations, and SDF gradients for segmentation purposes as discussed in Section 4.

Inspired by active surfaces [25, 57, 58, 60], we use Dirichlet energy [43, 54] to define Ldir. We write

Ldir(Z) = Tr(ZT LpZ) , (4)

where L is the uniform Laplacian matrix and p is an integer power. Note that ∇Ldir(Z) = LpZ,
meaning that a gradient step corresponds to p iterations of Laplacian smoothing of the latent vectors.
We found p = 2 to work well.

Weight λdir controls how constrained the fitting is by the prior information contained in the latent
space parameterization. When λdir → ∞, all latent vectors will have the same value and our approach
reverts to a global approach with one single latent vector. For small values of λdir, the model becomes
much more flexible as the values of the latent vector can more easily change from vertex to vertex.

One could also allow independant training vectors during training. However, in our experience, this
causes the decoder to produce severely self-intersecting meshes as it has too much freedom.

4 Experiments

We demonstrate the benefits of DALS on several medical image processing tasks. We train all models
to learn a latent representation of livers and spleens using data from the Medical Segmentation
Decathlon (MSD) [2] (CC BY-SA 4.0 license). To create ground-truth meshes, we first resampled the
annotated images so that their voxel size is 1×1×1 mm and then used marching cubes [30] to extract
isosurfaces. We standardize the surfaces to have zero mean and be contained in the unit sphere.

The datasets contains 111 livers and 41 spleens. We train a model on the first 71 livers and hold
out the last 40 for evaluation. We also train another model on the first 31 spleens with the last 10
held out for evaluation. We augment the training data using the recent PointWOLF algorithm [26] to
create 100 new shapes for each training shape. PointWOLF applies a smoothly varying non-rigid
transformation to mesh vertices and yields diverse and realistic augmentations.

4
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We use 128 dimensional latent vectors and an icosahedron subdivided 3 times for training and 4 times
for fitting as a template for the decoder. To learn these vectors and the decoder weights we solve the
minimization problem of Eq. 1 with λreg = 10−4 and λn = 10−3. To this end, we use the ADAM
optimizer [27]. We set the learning rate to 0.002, the momentum terms to β1 = 0.9, β2 = 0.999 and
train for 24 hours on a single NVIDIA Tesla V100 GPU (ca. 7,500 epochs). If the loss does not
improve for 100 epochs we reduce the learning rate by a factor 2, down to a minimum of 10−5.

Baselines We compare our model against the following baselines: DeepSDF [45],
SIREN+DeepSDF where the training and inference method is as in DeepSDF but with a SIREN [52]
based decoder, and the DUAL-MLP approach of [38]. These are all auto-decoder based which
foregoes the need to train separate encoders for each experiment. We also compare to DASM, the
active surfaces of [60], along with an improved version that we dub DASM+R because it adds a
re-meshing step during fitting to avoid self-intersections. These are the only two baselines that do not
rely on a learned shape prior and simply promote smoothness.

As the DUAL-MLP authors did not release code, we implemented two separate versions of it, one that
uses one single latent vector per shape (global) and one that uses several (local). All these methods
were trained as recommended in the relevant papers.

4.1 Shape Reconstruction from 3D Point Clouds

Experimental Setup. We test the ability of the latent vector models to reconstruct unknown shapes
from a given class, here the liver and the spleen, by randomly and uniformly sampling 2,500 points
across the test surface and attempting to reconstruct from them by minimizing the loss of Eq. 3. For
DALS, DASM, and DASM+R that use a mesh-based representation, we take Ltask to be the Chamfer
distance. For the other methods, we take it to be the mean absolute SDF value at the sample points.
For all methods, we use the ADAM optimizer to minimize their fitting losses. For this task, we set
λreg = 0.001 and λdir = 0.2. Finally, for DASM+R and DALS we post process the results using five
iterations of Botsch-Kobbelt remeshing [5].

To evaluate the reconstructions, we use the Chamfer distance, the Hausdorff distance, and the F-score
[56, 28] at 1% and 2% of the surface’s bounding sphere diameter. We also evaluate the mesh quality
of the reconstructions using the quality measure of Eq. 2 and the percentage of self-intersecting faces.

(a) Ground truth. (b) DeepSDF. (c) SIREN+DeepSDF. (d) DASM.

(e) DASM+R. (f) DUAL-MLP (global). (g) DUAL-MLP (local). (h) DALS (Ours).

Figure 3: Reconstruction of a previously unseen liver from 2500 3D points. For each method,
we present the full 3D volume and a version of it cut in the middle. The red outline denotes the
ground-truth section and the black one that of the reconstructed organ. Note that only ours is smooth
while still following closely the ground-truth one.

Results. We report comparative results in Tab. 1. DALS consistently outperforms the other ap-
proaches, in part because it can model sharp features more accurately, as can be seen in the qualitative

5

3D Image Segmentation with Explicit Surface-Based Priors 103



Table 1: Quantitative results for reconstructing unseen livers from unoriented points. For each
metric we report the mean and standard deviation over the reconstructed shapes. DALS concistently
produces better reconstructions while still having very good mesh quality.

Chamfer*↓ Hausdorff↓ F@1%↑ F@2%↑ Quality↑ %self. ints.↓
DeepSDF [45] 40.7± 23.7 0.21± 0.06 31.3± 13.0 63.8± 15.6 0.98± 0.00 0.00± 0.00
SIREN+DeepSDF [45, 52] 36.2± 34.1 0.20± 0.04 51.4± 8.68 78.4± 9.27 0.98± 0.00 0.00± 0.00
DASM [60] 17.0± 10.0 0.23± 0.50 87.7± 3.25 92.9± 2.57 0.74± 0.03 7.40± 4.57
DASM+R [60] 8.8± 7.53 0.19± 0.07 94.6± 2.57 96.8± 1.97 0.98± 0.00 0.00± 0.00
DUAL-MLP (global) [38] 13.6± 5.67 0.16± 0.05 71.7± 6.39 91.4± 3.48 0.98± 0.00 0.00± 0.00
DUAL-MLP (local) [38] 161.7± 39.6 0.43± 0.04 44.5± 4.05 62.1± 4.08 0.98± 0.00 0.00± 0.00

DALS (Ours) 2.4± 1.04 0.11± 0.04 95.4± 2.06 99.0± 0.76 0.98± 0.00 0.20± 0.40
*multiplied with 10,000

results of Fig. 3. Note especially the left side point and the concavity in the lower middle part of the
liver. DALS also produces excellent mesh quality and keeps the number of intersecting triangles very
low although not zero. In future work, we will add an additional loss term to eliminate them.

Table 2: Quantitative results for recon-
structing unseen spleens. Metrics are
reported as in Tab. 1.

DASM+R [60] DALS (Ours)

Chamfer*↓ 1.6± 0.05 2.5± 0.89
Hausdorff↓ 0.05± 0.02 0.06± 0.01
F@1%↑ 97.8± 1.75 92.9± 2.73
F@2%↑ 100 ± 0.05 99.9± 0.11
Quality↑ 0.98± 0.00 0.98± 0.00
%self. ints.↓ 0.00± 0.00 0.00± 0.00
*multiplied with 10,000

(a) DASM+R (b) DALS (Ours)

Figure 4: Reconstruction of previously unseen
spleens from 2500 3D points. The inset shows the
ground truth in red.

We repeated the experiment on the much simpler and smoother spleen shapes. We focused on DALS
and DASM+R because they delivered the best results on the liver. As can be seen in Tab. 2 and Fig. 4
DASM+R delivers very slightly better metrics but a qualitatively worse reconstruction because it
overfits to the staircase artifacts on the ground-truth shape. In contrast, DALS yields an organic shape
which still fits the data well and can therefore be viewed as a more realistic result. This effect also
exists in the liver dataset but did not affect the metrics as obviously because the original images were
of higher resolution and the artifacts had much less of an effect.

4.2 Shape Reconstruction from Planar Curve Annotations

Experimental Setup. When annotating medical images, a common time-saving practice is to only
annotate three orthogonal 2D slices instead of the entire 3D image. We test the ability of our model to
reconstruct shapes from such weak annotations by fitting to the 2D planar boundary curves extracted
from the 2D slice annotations. We compute the intersection curves between each held out liver and
three orthogonal axis-aligned planes and sample 5,000 points randomly on each curve. As can be
seen in Fig. 5(e), this represents a very sparse set of data points and the quality of the shape priors
embedded in the models is key to obtaining good results.

For DALS, DASM, and DASM+R we take Ltask to be a modified Chamfer distance that relies on
distances within the annotation planes (see supplementary for details). For the other methods, we
again use the mean absolute SDF value to compute Ltask. We again use the ADAM optimizer and
Botsch-Kobbelt remeshing as in the previous section. We set λreg = 0.01 and λdir = 100 as we want
to rely heavily on the shape prior in this task.

Results. We report comparative results in Tab. 3 and qualitative results in Fig. 5. To generate these
results, we only used annotations in the three orthogonal axis-aligned planes. However, we can also
annotate additional planes to provide further information. In Fig. 6, we plot the same quality metrics
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as in Tab. 3 as a function of the number of annotated planes for one of the livers. Not only are DASM
results consistently better, but they improve almost monotonically with the number of planes we
provide, which is a very desirable behavior in clinical practice.

Table 3: Quantitative results for reconstructing unseen livers from planar curve annotations. For
each metric (w.r.t. full ground truth) we report the mean and standard deviation over the reconstructed
shapes. DALS consistently outperforms the baselines while retaining excellent mesh quality.

Chamfer*↓ Hausdorff↓ F@1%↑ F@2%↑ Quality↑ %self. ints.↓
DeepSDF [45] 4.36± 2.35 0.22± 0.06 41.5± 12.1 69.5± 12.2 0.98± 0.00 0.00± 0.00
SIREN+DeepSDF [45, 52] 3.82± 2.24 0.21± 0.05 47.0± 7.67 74.4± 8.25 0.98± 0.00 0.00± 0.00
DASM+R [60] 27.41± 7.91 0.47± 0.09 14.8± 5.99 29.5± 9.99 0.98± 0.00 0.02± 0.07
DUAL-MLP (global) [38] 4.05± 1.58 0.23± 0.05 49.9± 6.17 74.4± 6.08 0.98± 0.00 0.00± 0.00
DUAL-MLP (local) [38] 15.55± 4.53 0.39± 0.05 28.3± 2.87 48.3± 4.20 0.98± 0.00 0.00± 0.00

DALS (Ours) 3.27± 1.48 0.21± 0.05 52.1± 6.56 77.2± 6.87 0.99± 0.00 0.00± 0.00
*multiplied with 1,000

(a) Ground truth. (b) DeepSDF. (c) SIREN+DeepSDF. (d) DASM+R.

(e) Annotations. (f) DUAL-MLP (global). (g) DUAL-MLP (local). (h) DALS (Ours).

Figure 5: Reconstruction of a previously unseen liver from outlines in three different planes.
The outlines are shown in the bottom left panel. Again, our reconstruction is smooth while matching
the outlines very accurately.

4.3 3D Image Segmentation with Little Training Data

Experimental setup A common medical image analysis task is to segment objects with very
few annotations available. Here, we use DALS to refine a voxel segmentation produced by a CNN
backbone network trained on a few 2D slice annotations. As a backbone, we use the standard
U-Net [10] and V-Net [40], along with the more recent nn-U-Net [21] and UNETR [19].
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Figure 6: Reconstruction metrics for a liver as a function of the number of annotated planes.
Unlike those of other approaches, DALS results, shown in purple, consistently improve as more planes
are added. However, they tend to saturate after 6 or 7.
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(a) U-Net. (b) V-Net. (c) nn-U-Net. (d) UNETR.

Figure 7: Comparison of raw (top) and refined (bottom) segmentations. The black rings highlight
examples of how refinement with DALS corrects segmentation mistakes.

For this experiment, we only use the 40 liver images we held off for testing in the previous experiments.
We use 20 of them to train the backbone and the other 20 for testing purposes. This simulates a
realistic scenario in which we have few training images to train the segmentation network and they
have not been used to learn the shape priors.

Table 4: Quantitative results for segmentation refinement. For each metric we report the mean and
standard deviation over the 20 reconstructed shapes. Refinement with DALS consistently improves
the segmentations for all backbones and metrics.

Dice ↑ Hausdorff ↓ Chamfer×10k ↓
Raw w/ DALS Raw w/ DALS Raw w/ DALS

U-Net [10] 0.81± 0.08 0.83± 0.08 26.6± 10.2 20.9± 6.32 44.9± 51.0 26.0± 22.4
V-Net [40] 0.79± 0.16 0.80± 0.16 28.5± 12.5 25.4± 9.29 56.4± 74.8 43.3± 54.8
nn-U-Net [21] 0.84± 0.09 0.85± 0.07 25.2± 11.3 19.5± 8.08 38.7± 48.4 22.3± 20.4
UNETR [19] 0.74± 0.13 0.75± 0.17 39.5± 24.2 26.4± 12.5 164.5± 266 52.7± 57.0

Results. As the models are not sufficiently well trained — a common occurrence in medical imaging
— the ‘raw’ segmentations reported in Tab. 4 are not particularly good. To refine them by enforcing
shape priors, we can treat them as noisy data to which we fit a DALS model. To this end, we initialize
the shape at the center and scale predicted by the raw segmentation. We then fit DALS to an unsigned
distance function computed from the segmentation binary image (full details in supplementary). We
use λreg = 0, λdir = ∞, and no remeshing to heavily rely on the model’s learned prior.

As can be seen in Fig. 7 and Tab. 4, this yields much improved segmentations both in terms of
visual appearance and quantitative metrics. Note that DALS removes spurious growths and recovers
concavities that were missed in the raw segmentations. In other words, DALS does not simply smooth.
It really enforces geometric priors.

4.4 Ablation experiments

We perform an ablation study to investigate how using a single or multiple latent vectors and our
triangle quality loss Lreg affect performance. Additional ablations can be found in the supplementary
materials. To use a single vector, we constrain all latent vectors to be the same during fitting. To
remove Lreg we set λreg to 0 during training and fitting.

As shown in Tab. 5, both our local latent vector approach and Lreg loss significantly improves
reconstruction and mesh quality, even more so when combined. This is also apparent in Fig. 8
as the reconstructions with Lreg are smoother and fewer triangles are severely distorted. Finally,
adding remeshing results in excellent mesh quality at some cost to accuracy, as Botsch-Kobbelt also
optimizes vertex positions. In this work, we prioritized mesh quality for our reconstruction results.
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(a) Local and λreg = 0. (b) Global and λreg = 0. (c) Local and λreg ̸= 0. (d) Global and λreg ̸= 0.
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Figure 8: Reconstructions of the ablated models of Tab. 5. Facets are colored according to their
quality in terms of the measure of Eq. (2): yellow is high and blue is low. The insets show the
reconstruction by DALS including re-meshing. Global/local refers to single/multiple latent vectors.

Table 5: Quantitative results of the ablation study. Local inference results in a large boost to
reconstruction accuracy and the Lreg loss significantly improves triangle quality. Adding remeshing
further boosts the triangle quality at some expense to reconstruction accuracy.

Local Lreg Chamfer*↓ Quality↑
7.89± 2.75 0.75± 0.03

✓ 1.89± 0.63 0.72± 0.02
✓ 5.41± 1.77 0.83± 0.02

Local Lreg Remeshing Chamfer*↓ Quality↑
✓ ✓ 1.50± 0.49 0.87± 0.01
✓ ✓ ✓ 2.41± 1.04 0.98± 0.00

5 Conclusion

We have shown that we train a latent vector model to represent a complex surface by a triangulated
sphere and deformations at each one of its vertices that are the output of a decoder that takes as input
the vertex coordinates and a latent vector. At training time, we use an auto-decoder approach to learn
a single latent vector per training shape. However, at model-fitting time, we allow the latent vectors
to be different at each vertex but we enforce consistency of these vectors across the triangulation.
This enables us to learn the model from a relatively small training set while giving the necessary
flexibility to model complex 3D shapes without over-smoothing. A key ingredient is that we impose
regularization constraints on the latent vectors but not on the vertex 3D locations.

In this work, we have focused on organic shapes represented as watertight surfaces and demonstrated
the effectiveness of our approach on liver and spleen reconstruction. In future work, we will extend
our approach to non-watertight surfaces by dynamically updating the template mesh, that is, by
removing faces that are predicted to be unused as in [44]. We will also integrate re-meshing into
DALS as we did for DASM+R to further improve mesh quality.

Finally, as the purpose of our model is to incorporate prior knowledge into medical image processing
tasks, it is important to mention that our model may introduce unwanted biases if the training data is
heavily skewed towards certain genders, ages, or other groups. The local nature of our model makes
this bias less direct, but representative training data is still a must.
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We provide additional details on how we fit our models to planar curves and to voxel segmentations,
as described in Sections 4.2 and 4.3 respectively. Finally, we also provide additional experiments.

A Fitting DALS to Planar Curve Annotations

When annotations are only provided in 2D planes, we only wish to evaluate the reconstruction in
these planes. This is similar to how plane annotations are handled for 3D voxel segmentations [10].

Figure 9: Gradient propagation for samples on
the intersection between a triangle mesh and
a plane. The blue curve is the intersection of the
mesh and the plane, and the red curve is the ground
truth boundary curve. The highlighted triangle has
vertices u, v, and w and intersects the plane in the
line segment spanned by x1 and x2.

Formally, assume we are given a plane P and
a triangle mesh M. To differentially sample
points on the intersection between P and M we
first find the intersection between the plane and
each triangle facet. The intersection of a plane
and triangle is either empty or a line segment
spanned by two points x1 and x2. We ignore the
degenerate cases where the intersection is the
entire triangle or only one of its vertices. We
can then sample a point p on the intersecting
line segment as p = rx1 + (1 − r)x2, where
r ∈ U(0, 1). Let (α1, β1, γ1) and (α2, β2, γ2)
be the barycentric coordinates of, respectively,
x1 and x2. We can then write p in terms of the
triangle vertices u, v, and w as

p = [u v w]

[
α1 α2

β1 β2

γ1 γ2

] [
r

1− r

]
. (5)

As a result, p is a linear combination of the triangle vertices and r is an independent stochastic term.
Therefore, we can propagate a gradient from the point p to the triangle vertices u, v, and w [53], see
Fig. 9.

Now, let SP(M) denote a set of M points sampled differentially on the intersection of M and P .
Further, let TP be a set of N points sampled uniformly on the planar curve annotations for plane P .
In this work we use M = 5000 sample points. The loss for plane P is then

Lcf(SP(M), TP) =
1

M

∑
q∈TP

min
p∈SP(M)

∥p − q∥22 +
1

M

∑
p∈SP(M)

min
q∈TP

∥q − p∥22 . (6)

Note that the above is the Chamfer loss between the plane sample points [53].

Finally, given a collection of planes P1,P2, . . . ,PP , the fitting loss, Ltask, is

Ltask(M) =
1

P

P∑
i=1

Lcf(SPi(M), TPi) . (7)

B Fitting DALS to Voxel Segmentations

To fit DALS to a binary 3D voxel image B ∈ RW×H×D we first use the Euclidean distance transform
to create a new image U ∈ RW×H×D where each voxel contains the unsigned distance to the
segmentation boundary. Given a mesh M with V vertices, the fitting loss is then given by

Ltask(M) =
1

V

V∑
v=1

U(xv) , (8)

where U(xv) is trilinear interpolation of U at vertex position xv .

To optimize the latent vectors Z ∈ RV×d we require the gradient of U at xv . To get a robust estimate,
we use a Sobel operator to pre-compute a gradient image G ∈ RW×H×D×3 which contains the
gradient of U at each voxel position. We then use trilinear interpolation to evaluate the gradient of U
as ∇U(xv) = G(xv).
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We also attempted to fit DALS directly to the binary segmentation or the softmax outputs of the CNN
backbone. In practice, we found that the distance field gradients made it easier for the model to fit the
images.

C Additional experiments

Figure 10: DALS combining multiple shapes.
The large liver is colored according to the latent
vector at each vertex. For the highlighted vertices,
we show the corresponding decoded livers.

To further explore the properties of our model,
we perform additional ablation experiments.

Local latent vectors We investigate whether
DALS actually uses multiple different latent vec-
tors during fitting. We use DALS to reconstruct
a liver from unoriented points as in section 4.1
and illustrate the result in Fig. 10. The livers
corresponding to the latent vectors at the four
highlighted vertices are noticeably different and
the coloring of the reconstruction clearly demon-
strates the smooth transition between latent vec-
tors over the surface.

Reconstruction time We compare the recon-
struction time for DALS against its closest com-
petitors for shape reconstruction: DUAL-MLP
and DASM+R. We use the same setup as in sec-
tion 4.1 and vary the number of iterations used
for fitting. Since each model need a different
number of iterations, we only report the time used. Quantitative results are shown in Fig. 11 and
DALS consistently provides better reconstructions at faster times than the compared baselines.
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Figure 11: Metrics over time for reconstructing unseen livers from 2500 unoriented points. Each
point shows the mean metric over all shapes at the given time. DALS, shown in purple, is consistently
better than the compared methods.

For the results in the paper, the number of fitting iterations was set high enough to ensure convergence.
Specifically, for section 4.1, DASM+R used 2.9 seconds, DUAL-MLP used 1.3 seconds, and DALS
used 2.4 seconds.

Template mesh resolution We investigate the effect of the template mesh resolution. Again, we
use the same setup as in section 4.1 and vary the resolution of the template. Specifically, we use
a subdivided icosahedron subdivided n = 2, . . . , 6 times. Note that we use the same model for
all n, which was trained using an icosahedron subdivided 3 times — it is only the template used
for fitting that varies. Quantitative results are shown in Fig. 12. Increasing the mesh resolution
improves the reconstruction metrics at the cost of higher fitting time and worse mesh quality. We
used n = 4 subdivision for the experiments in this paper, as we find it provides the best trade-off
between reconstruction quality, time, and mesh quality.
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Figure 12: Metrics for reconstructing unseen livers for varying mesh resolution. Reconstructions
are based on 2500 unoriented points. Each point shows the mean metric over all shapes using an
icosahedron subdivided n times as a template, where n is indicted next to each point. The top row
shows metrics over time and the bottom row shows metrics over self intersections.
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5 Conclusion
This thesis studied the problem of segmenting large 3D images where little to no labeled
data is available by incorporating prior information on shape and topology. The method-
ological focus of the thesis was on methods for fitting surface meshes to image data, where
the meshes were used to incorporate topological and geometric priors. Another significant
focus of the thesis was on the computational aspects of these methods, in order to make
them usable for large segmentation problems. In this chapter, I begin with summarizing
the most important findings from each contribution and then provide general concluding
statements on the thesis as a whole.

5.1 Summary of Contributions
In Paper A, we reviewed and benchmarked the current state of the art of serial and
parallel minimum cut/maximum flow (min-cut/max-flow) algorithms. Our benchmarks
were performed over a new dataset with a wide selection of benchmark problems from
computer vision. Our main finding was the disappointing performance of parallel algo-
rithms. Except for very large problems, they scaled poorly with added computational
resources and were often beaten by a strong serial algorithm. We also found that the
best-performing algorithm could be predicted from graph statistics. Our findings show
that, while the field of min-cut/max-flow is very mature, there is still room to squeeze out
yet more performance.

In Paper B, we developed a parallel algorithm for quadratic pseudo-Boolean optimization
(QPBO). When tested on large problems, it provided a significant speed-up with good
memory efficiency. When tested on smaller problems, our parallel algorithm, like those in
Paper A, provided less of a speed-up but was faster than a serial approach in the majority
of cases. As a result, our algorithm significantly increases the scale of QPBO problems
that can be practically solved.

In Paper C, we developed a new mesh-based method for multi-object segmentation that
allows for exclusion constraints between objects. The meshes are fitted to the image by
solving a combined QPBO problem. Our method increased the segmentation accuracy for
three multi-object segmentation problems and could segment thousands of objects in a few
minutes. Using the method from Paper B, this runtime could be reduced even further.

In Paper D, we developed a new method for simultaneously tracking and segmenting
evolving objects in 4D (3D + time) images. Our method is designed for objects that
either split or merge over time, but not both, which constrains the 4D volume traced by
the objects to be simply connected. We exploited this by extending deformable surfaces to
4D such that we can fit the boundary of this simply connected component. Since we only
model the boundary, our method is computationally efficient and has a low memory use.
Hence, our method allows the segmentation of images that would be highly impractical
with other 4D methods. Furthermore, by explicitly modeling the topology, our method has
increased robustness and allows detecting the precise time and location of splits/merges
as saddle points in the fitted mesh.

In Paper E, we developed a method to train a 3D convolutional neural network (CNN)
from boundary point annotations. A user inputs the boundary points in a graphical
user interface (GUI) and a mesh is then fitted to these. The CNN is then supervised
by the fitted meshes during training. Compared to existing approaches, ours achieved
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higher accuracy for less annotation effort. As a result, our work reduced the barrier to
training CNNs in cases where little to no training data is available. Additionally, since
our annotation approach is based on mesh fitting, the effort required does not increase for
higher-resolution images.

In Paper F, we developed a new mesh-based shape model which learns a shape prior
that can easily be coupled with other methods for further downstream tasks. We represent
shapes as a mesh with a separate latent vector at each vertex. By allowing the latent
vectors to differ smoothly over the surface, the model can blend different shapes together.
This gives our model great flexibility. Our first two experiments showed that our model
was effective at completing shapes from points or planar curve annotations. Therefore,
combining the model with Paper E could further reduce the annotation effort required to
train CNNs. Finally, we also showed that the model could be used to correct noisy image
segmentations. This is important because a CNN trained on a few labels will often have
a noisy output.

5.2 General Conclusion
We consider the work in this thesis according to the data properties listed in Section 1.1.

P1 They are large (10003 voxels and beyond).
We have shown that methods based on mesh fitting with min-cut/max-flow can be scaled
to very large segmentation problems. The same applies to the 4D deformable model in
Paper D. Common for these methods is that their computational cost does not depend
on the size of the image but on the size of the mesh — which, again, is related to the
complexity of the segmentation target. Consequently, these techniques are very valuable
when dealing with large multi-GB images.

The method from Paper E on its own is less suited for larger volumes since it still relies
on a CNN. However, the developed method is still relevant, as it reduces the annotation
burden for large images — something that is often a significant bottleneck. Furthermore,
the model from Paper F could potentially be used to upscale outputs, similar to the
post-processing case in Paper F.

P2 No labeled image data exists.
The min-cut/max-flow methods and deformable model from Chapter 3 do not rely on
learned appearance information, and therefore do not need any labeled data. However,
they are restricted to images where the voxel intensities are sufficient to distinguish be-
tween object and non-object regions. For this case, we have shown the developed methods
to work very well. With images from materials science, such cases are common but less so
in biomedical imaging. Here, the methods from Chapter 3 must be coupled with a more
advanced appearance model, e.g., a CNN, where labeled image data is necessary.

To this end, the learning-based methods from Chapter 4 have been shown to reduce the
amount of annotation effort needed to train segmentation models for fixed topology objects.
Hence, in the cases where intensity does not suffice to distinguish objects, these methods
may be used to train an appearance model that can then be used with the methods from
Chapter 3 or on its own.

P3 We have prior knowledge about object shapes.
All methods in this thesis made use of meshes in a way that constrains object topology.
In Paper D, we demonstrate how restricting the 4D topology leads to a powerful seg-
mentation approach. In Paper E, restricting the topology enables training from sparse
point annotations. Both of these methods also made use of a low-level smoothness prior
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for regularization. However, especially Paper E could also make use of a more advanced
shape prior. As shown in Paper F, meshes are very effective for modeling shapes of fixed
topology and our model showed advantages over other methods when fitting to sparse
data.

The min-cut/max-flow methods in Chapter 3 make use of the simple shape prior that the
fitted shape should not deviate significantly from an initial shape. In this thesis, these
shapes have been rather simple — spheres and cylinders — and we have shown these to
be highly effective when segmenting simpler objects. For more complex geometries, one
could use, e.g., a learned atlas as the initial shape. However, capturing more complex
shape variation is not possible in the studied framework. As a result, these methods are
less suitable for segmenting objects whose range of possible shapes varies a lot from a given
template. In such a case, it is likely more valuable to use an approach like in Paper E.

All in all, we have shown meshes to be a powerful tool for 3D image segmentation due
to the strong priors they can bring and their computational efficiency. As the size of 3D
images continues to grow, meshes should therefore remain in our minds as an effective way
to escape the ever-larger image grid.
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6 Perspectives
This chapter outlines directions for future work and discusses broader perspectives for the
work in this thesis. Proceeding in the order of the contributions, we start with segmen-
tation based on minimum cut/maximum flow (min-cut/max-flow). As we pointed out in
Paper A, there is ample room for improvement concerning parallel algorithms for min-
cut/max-flow in computer vision. Current parallel algorithms are based on augmenting
paths or preflow push-relabel, while pseudoflow algorithms were demonstrated as faster.
In Paper B, as part of an ablation experiment, we attempted to insert a pseudoflow al-
gorithm into an existing parallel algorithm. However. we found that it did not improve
performance. This suggests that incorporating pseudoflow may be more than a simple en-
gineering challenge. Nevertheless, finding ways to parallelize pseudoflow algorithms seems
like an important direction with great potential.

Another important direction is the tighter coupling of min-cut/max-flow with deep learn-
ing methods. Here, an important part is to make min-cut/max-flow differentiable such
that gradient information can be propagated through it and back to other learnable pa-
rameters. For voxel-wise segmentation, this has already been explored in [1]. Other works
[2, 3] have also formulated ways to propagate gradients through more general optimization
problems. To my mind, exploring this direction further, and combining it with the mesh
fitting frameworks used in this thesis, has the potential to create robust and easy-to-train
segmentation models. For example, one could use min-cut/max-flow to fit a mesh-like in
Paper C but based on neural network predictions. That mesh could then be compared
with user point annotations like in Paper E for an end-to-end training pipeline.

Moving on to shape priors, there are also several ways to continue. One immediate avenue
is to build on active contours. Current work has already coupled active contours with
deep learning [4, 5] to learn external forces. A shape model like in Paper F could then be
used to regularize the surface instead of the common low-level smoothness prior. Another
important direction is local shape priors. Paper F and several other works [6–11] have
shown that modelling shapes locally makes models much more flexible and allows for
smaller faster models. This makes them attractive for limited data and/or interactive
scenarios like in Paper E, and could therefore be a promising research direction.

Expanding to a broader context, we should also consider whether meshes will remain
useful for image segmentation. While they have their strengths, their inflexibility limits
their application areas. Hence, other methods could eclipse them over time. In this
context, it is helpful to distinguish between two use cases: 0%-90% and 90%-100%. The
first case represents starting from scratch with a set of images and going to a 90% satisfying
segmentation. Here, I think meshes will remain an extremely useful tool precisely because
of the constraints they impose on the segmentation. For the second case, the long-run
success of mesh-based methods is likely determined by one factor: Whether we manage to
meaningfully incorporate them with learning-based methods in a scalable way.

Finally, we consider broader societal aspects. This thesis deals with incorporating prior
information into segmentation models. This is good, in the sense that it biases the models
towards correct segmentations. However, it can also have unintended consequences —
especially when the prior is learned from data. Studies have shown that biased datasets
can lead to models with worse performance on some target groups [12–14]. Since the
models in this thesis impose biases in a very direct way, it is essential to understand
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this effect when using them for real applications. Both when it comes to racial and
gender biases, but also more abstractly in the form of healthy/sick tissue, cell types, or
normal/defective materials. Otherwise, we risk creating segmentation models that may
appear to help us, but only because they always show us what we expect to find anyway.
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