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Abstract

This work presents topology optimisation implementations for linear elastic compliance minimisation in three dimensions,
ccelerated using Graphics Processing Units (GPUs). Three different open-source implementations are presented for linear
roblems. Two implementations use GPU acceleration, based on either OpenMP 4.5 or the Futhark language to implement
he hardware acceleration. Both GPU implementations are based on high level GPU frameworks, and hence, avoid the need
or expertise knowledge of e.g. CUDA or OpenCL. The third implementation is a vectorised and multi-threaded CPU code,
hich is included for reference purposes. It is shown that both GPU accelerated codes are able to solve large-scale topology
ptimisation problems with 65.5 million elements in approximately 2 h using a single GPU, while the reference implementation
akes approximately 3 h and 10 min using 48 CPU cores. Furthermore, it is shown that it is possible to solve nonlinear topology
ptimisation problems using GPU acceleration, demonstrated by a nonlinear end-compliance optimisation with finite strains
nd a Neo-Hookean material model discretised by 1 million elements.
2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

http://creativecommons.org/licenses/by/4.0/).

eywords: Topology optimisation; GPU acceleration; Structural optimisation

1. Introduction

Topology optimisation is a rapidly maturing technology which enables automatic design of application tailored
tructures [1,2]. At the time of writing, this design method has been shown to work for a wide variety of physics.
evertheless, the computational cost of performing the optimisation is challenging for many practical use-cases.
arge-scale topology optimisation problems usually take days to run on expensive compute clusters [3,4], which are
nly readily available to few large companies and academics. Therefore, the research community seeks to improve
he computational efficiency of topology optimisation in order to make the methods easily available to small and

edium sized companies. One approach is to use graphics processing units (GPUs) to accelerate the computation.
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Advantages of GPU accelerated computing. Modern GPUs offer a great computing power to price ratio,
ompared to the more general purpose central processing units (CPUs). Consider the Nvidia 3080Ti GPU, which
romises a theoretical limit of 34 TFLOPS on 32-bit floating point numbers. This card was launched in 2021 at a
ecommended retail price of 1200 USD [5]. A similarly priced CPU, the Intel Xeon W-3335 launched in 2021 with
ecommended retail price 1300 USD, promises a theoretical limit of 1 TFLOPS on 32-bit floating point numbers
4 GHz× 16 cores× 16 SIMD-lanes) [6]. This order of magnitude improvement of computing speeds explains the
urrent interest in using GPUs for computationally intensive tasks outside of graphics processing. It should be noted
owever, that many graphics cards are optimised for 32-bit floating point performance, as these are commonly used
or graphics. The graphics cards with good 64-bit floating point performance are usually high-end cards designed
pecifically for acceleration of scientific and machine learning workloads. This is a relevant observation as topology
ptimisation implementations rely on 64-bit, as the high precision is required to avoid truncation errors which arise
n the solvers, both for the physics and the optimisation problem [7].

Challenges of general purpose GPU programming. The GPU is able to attain large performance improvements
ver the CPU by exploiting the large amount of parallelism in graphics processing. The GPU can be thought
f as a stream processor, which applies some function, a so-called kernel, to a large set of inputs. It is crucial
hat implementations for the GPU follow this structure. Most frameworks for general purpose GPU programming,
.g. CUDA or OpenCL, are based on the notion of kernels, in order to ensure that the resulting programs are
tructured correctly [8,9]. While these frameworks are able to produce very efficient code for the GPU, it is
hallenging to port CPU programs to GPUs, as the reformulation of the problem to kernels is left to the programmer.
ne important aspect of the highly parallel GPU architecture is that problems with irregular data access, such as

parse matrix factorisation, are non-trivial to implement efficiently.
An alternate approach to the kernel based model is to use compiler directives to declare loops as kernel executions

o be performed by the GPU. This approach is followed by OpenMP and OpenACC which both allow loop bodies
o be compiled into kernels as specified by compiler directives [10,11]. Hence, such approaches are interesting when
een from a mechanical engineering perspective.

A practical approach to general purpose GPU programming. An alternat approach to writing explicit kernels
s to use a programming language with higher levels of abstraction, which can be compiled to GPU kernels. One such
anguage is Futhark [12–14], which was chosen for this work due to the thoroughness of its language documentation.
imilar languages include Dex [15], and Lift [16]. There are several advantages to using Futhark. Writing software
t a higher level of abstraction is generally faster. While purely based on perception, it is our experience that
sing Futhark has significantly reduced the total development time of the presented GPU programs, compared
o the corresponding reference program. Furthermore, the Futhark compiler includes an aggressive ahead-of-time
ptimisation, which results in efficient compute kernels with little effort compared to writing the GPU kernels by
and.

Prior work in topology optimisation using GPUs. The use of general purpose GPU programming for topology
ptimisation problems goes back more than a decade to Wadbro and Berggren [17] who developed a CUDA
mplementation to optimise two-dimensional heat conductors. Schmidt and Schulz [18] solved a linear elasticity
roblem using the conjugate gradient method and were the first to discus the details of writing a GPU kernel for
opology optimisation. Further work exploits the structure of Cartesian grids to improve the performance of GPU
mplementations by introducing multigrid preconditioners with low memory overhead [19–21].

An interesting issue not handled in this work concerns the solution of topology optimisation problems on
nstructured meshes. A key challenge for unstructured meshes, is to avoid concurrent writes to a single node,
r so-called data-races. One way to avoid data-races is to use graph-colouring, as done in Zegard and Paulino
22],Martı́nez-Frutos et al. [23]. Recently, it has been considered to build an algebraic multigrid solver on the CPU
nd transferring it to the GPU, in order to efficiently solve unstructured problems [24].

Summary of this work. In this work we present two GPU accelerated topology optimisation implementations for
he linear elastic minimum compliance problem [1], one using the Futhark language, and the other using OpenMP
.5 to generate GPU kernels. Furthermore, we present a reference implementation for the CPU based on OpenMP
or performance comparisons. All presented codes are made publicly available, and it is the authors’ hope that the
ccessibility of such codes will make high resolution topology optimisation a viable option for a larger group of
esearchers and practitioners than those currently exploiting these possibilities.

Our implementations assume a Cartesian grid and we exploit this structure of the problem to improve the
erformance. We show that both GPU accelerated implementations for the linear problem are able to solve topology
2
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optimisation problems with more than 50 million hexahedral elements and 100 design iterations in a matter of hours
on a single Nvidia A100 GPU [25].

Finally, we demonstrate the extendibility of one of the GPU implementations by solving a nonlinear elasticity
roblem. To this end we use the Futhark language to solve a nonlinear end-compliance problem [26] using finite
trains and a Neo-Hookean material formulation. As in the linear case, a Cartesian grid is used, and exploited for
erformance in the implementation. The nonlinear equilibrium is solved using a Newton–Krylov approach. The
onlinear problem has a greatly increased computational complexity, due to the need for numerically integrating all
lement contributions during every matrix-free application of the tangent matrix. We show that it is indeed feasible
o solve topology optimisation problems with nonlinear elasticity on the GPU, although it is notably slower than
ts linear counterpart. This implementation is also made publicly available.

. Theory and methods

This section is intended to provide the reader with a sufficient overview over the theoretical background of the
onsidered topology optimisation problems.

.1. Elasticity

Linear Elasticity. Finite element analysis of small strain linear elasticity is well-known and is based on the
ollowing strain energy density

φL =
λ

2
(Ekk)2

+ µEi j Ei j , (1)

here λ and µ denote the Lamé parameters and Ei j is the strain tensor. This formulation is thoroughly covered
in many textbooks. In this work a tri-linear hexahedral element formulation is used, which can be found in Cook
et al. [27]. For the sake of brevity, the formulation is not reproduced in this article. The interested reader is referred
to Cook et al. [27].

Nonlinear elasticity. When considering large deformations, Green–Lagrange strains and a Neo-Hookean material
model are adopted. The energy expression for the Neo-Hookean formulation is [28]:

φNL =
λ

2
(ln J )2

+
µ

2
(Ci i − 3)− µ ln J, J = | fi j | (2)

ere fi j denotes the deformation gradient tensor, Ci j = fik fk j denotes the Cauchy–Green tensor, and λ and µ the
Lamé parameters

λ =
νE

(1+ ν)(1− 2ν)
, µ =

E
2(1+ ν)

(3)

In order to stabilise the void elements an interpolation between the nonlinear energy and the linear formulation
s used [29]. The interpolation on the element level is given as:

φe = Ee [φNL(γeue)+ (1− γe)φL(ue)] (4)

ere φL is the energy corresponding to the linear formulation. Note that the Young’s modulus from the Lamé
arameters is moved out as a scaling parameter of the entire energy. γe is an element-wise interpolation parameter,
ased on the filtered element density x̃e, given by

γe =
tanh(βρ0)+ tanh(β(x̃e − ρ0))
tanh(βρ0)+ tanh(β(1− ρ0))

(5)

here the parameters β = 500 and ρ0 = 0.1 are used for this work. The details of the formulation are given in
ppendix.

.2. Topology optimisation formulation

The chosen topology optimisation problem treated in this work is the classical problem of compliance min-

misation with density filtering and a volume constraint. A detailed explanation of the formulations can be found

3
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in Bendsøe and Sigmund [1], Buhl et al. [26] for the linear and nonlinear case respectively. The problems are
summarised here for completeness.

Density filter. Ensuring that non-physical phenomena, such as chequer-boarding are avoided, the density filter
s applied [30]. The density filter applies a local weighted average to the elements

x̃i =

∑
j x jwi j∑

j wi j
, wi j = max[r − di j , 0] (6)

here x is the local element density, r is the filter radius, and di j is the distance between element centres of element
and j . x̃ denotes the filtered density. Note that wi j only takes non-zero values when di j < r . The element-wise

onstant densities are preferred as this improves the efficiency of the linear implementation, as element contributions
ith a constant Young’s module are faster to compute.
Stiffness interpolation. In order to avoid intermediate densities in the resulting design, the Solid Isotropic

aterial Penalisation (SIMP) is used [1]. The interpolation occurs between some solid material stiffness Emax, and
low void stiffness Emin chosen so low that it does not have any practical effect on the solution to the elasticity

roblem. In this work it is chosen such that Emin = 10−6 Emax. The element-wise interpolation is

Ee = Emin + (Emax − Emin)x̃e
p (7)

he penalisation parameter p is chosen to reduce the Young’s Module at intermediate values. In this work a value
f p = 3 is used throughout. For every finite element the local Young’s Module is computed by the interpolation.
he assembly of local finite element matrices is otherwise unaffected.

Linear optimisation problem. The linear optimisation problem is a compliance minimisation problem for linear
lasticity. The problem is analogous to that solved in several Matlab implementations [31,32], with the exception
hat it is extended to three dimensions. The formal definition of the problem is

minimise
x∈Rne

u⊤f

subject to:
filter x̃ = F(x)

state equation r(u, x̃) =
∂Π

∂u
− f = 0

volume
1∑ne

e=1 ve

ne∑
e=1

ve[x̃]e ≤ V ∗

box 0 ≤ [x]e ≤ 1, ∀e ∈ {1, 2, . . . , ne}

(8)

Here F is used to denote the elementwise computation of the filter operation from Eq. (6), and Π is used to
denote the integral of φ in the considered domain and f is the nodal load vector. For the linear problem we have that
r(u, x̃) = K(x̃)u− f, where K(x̃) denotes the assembled stiffness matrix using the given density values to interpolate
the Young’s module. Note that for the employed rectangular grids, where all elements have identical shape and size,
simplifying the volume constraint in practise. The optimisation problem is solved using the Optimality Criteria
method [1], similar to the 88-line Matlab code presented in Andreassen et al. [32].

Nonlinear optimisation problem. The nonlinear optimisation problem is in many aspects similar to the
linear problem. Both volume constraint, filter technique, and stiffness interpolation are unchanged from the linear
problem. The goal of the optimisation process is to minimise the end-compliance, i.e. the compliance of the final
deformation [26]. Indeed Eq. (8) is still valid for the nonlinear problem, with the small change of interpretation
that r(u, x̃) is no longer a linear system. Instead, a nonlinear problem is solved to find the end-displacement, and a
corresponding linear adjoint problem is solved in order to compute the gradients.

In order to compute the sensitivities of the residual, the adjoint method is used to obtain an analytic expression
for the gradients. The derivation of the adjoint expression for end-compliance can be found in Buhl et al. [26].
Given a system where equilibrium has been found, the Lagrange multiplier λ can be found by

K (u )λ = f (9)
t equilibrium

4
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Where Kt (uequilibrium) denotes the tangent matrix in the system of equilibrium. Using the Lagrange multiplier, the
sensitivity with respect to an element can be found by

∂(u⊤f)
∂ρe

= λ⊤
∂r
∂ρe

(10)

The right hand derivative term can be found by taking the partial derivative of Eq. (A.22).

2.3. Solving the linear systems

The multigrid preconditioned conjugate gradient method is used to solve the linear systems, arising from both
linear elasticity, as well as the linearisations of the nonlinear elastic problem. The method is widely used in large-
scale topology optimisation problems [3,33], as its error smoothing properties allow for an efficient solution of a
design iteration by reusing the previous solution as an initial guess. In this work a V-cycle multigrid is employed
as the preconditioner for the conjugate gradient method.

Conjugate gradient. The preconditioned conjugate gradient method is used to solve the linear problems. The
method is well established, and details can be found in e.g. Saad [34]. For the linear elastic problem the mixed
precision scheme presented in Liu et al. [7] is used. 32-bit floating point numbers are used to store the auxiliary
vectors, while the matrix operations and multigrid hierarchy are computed using 64-bit floating point numbers.

The conjugate gradient method requires that the system matrix solved is symmetric positive definite (SPD).
While this is always the case for linear elasticity, it is possible to generate non-SPD matrices in the nonlinear case
when instabilities occur in the solution. In practice this does not happen unless the magnitude of the applied load is
too high compared to the load-carrying ability of the structure. To remedy this potential issue a load continuation
scheme, as discussed in Section 3, is introduced during the early design iterations.

Multigrid preconditioner. A V-cycle multigrid, shown in algorithm 1, is used as the preconditioner for the
conjugate gradient method. The prolongation matrices Pl are used to project the vectors and matrices between
grids. These prolongation matrices are constructed by using the element shape-functions to point-wise evaluate the
coarse grid value at the nodes of the finer mesh. In practise the operators Pl and Kl are never assembled in matrix
form, but are implemented through functions, with the exception of Kl for the coarsest grids.

For the OpenMP implementations, the used coarse space matrices are not the Galerkin projections shown in
lgorithm 1 lines 1–3. Instead, the linear elastic stiffness matrix is assembled on the coarse grid, with spatially
arying densities within each tri-linear hexahedral element, similar to the approach used in Nguyen et al. [35].
n practice, this means that the coarse grid matrices are assembled by considering the larger coarse elements
ith a multiresolution density described by the finest level density distribution. The element formulation itself is
nchanged from Nguyen et al. [35]. This approach gives rise to a slightly worse preconditioner, but a much simpler
mplementation. It was therefore chosen for the OpenMP codes, to reduce their inherent complexity.

Algorithm 1: Multigrid V-cycle
Data: Initial residual b0, Stiffness matrix K0
Result: smoothed displacement u0

1 for l=1,...,L do
2 Kl ← P⊤l Kl−1 Pl ; // construct coarse space matrices

3 end
4 for l=0,1,...,L-1 do
5 ul ← SSOR(0, bl , Kl) ; // smooth

6 rl ← bl − Klul ; // compute residual

7 bl+1 ← Pl+1⊤rl ; // restrict residual

8 end
9 Solve KLuL = bL as tight as possible ; // solve coarse space

10 for l=L-1,L-2,...,0 do
11 ul ← ul + Plul+1 ; // prolong solution estimate

12 ul ← SSOR(ul , bl , Kl) ; // smooth

13 end
5
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Smoothing. The used multigrid preconditioner uses nodal symmetric successive over-relaxation (SSOR) itera-
ions to smooth the residual at all levels. This smoother is similar to the one used in Wu et al. [36], although it is
xtended to retain symmetry properties.

Algorithm 2: Nodal symmetric successive over-relaxation
Data: displacement vector u, force vector f, stiffness matrix K, damping parameter ω(= 0.6)
Result: smoothed displacement û

1 s← Ku ; // apply stiffness matrix

2 û← u;
3 forall nodes n in mesh do // Update independently

4 M ← Kn ; // nodal 3x3 matrix

5 r ← sn
− Mun ;

6 ûn
1 ←

1
M11

(
fn
1 − r1 − M12û2 − M13û3

)
;

7 ûn
2 ←

1
M22

(
fn
2 − r2 − M21û1 − M23û3

)
;

8 ûn
3 ←

1
M33

(
fn
3 − r3 − M31û1 − M32û2

)
;

9 end
10 u← ωû+ (1− ω)u ; // Damped update

11 û← u;
12 s← Ku;
13 forall nodes n do // Update independently

14 M ← Kn;
15 r ← sn

− Mun;
16 ûn

3 ←
1

M33

(
fn
3 − r3 − M31û1 − M32û2

)
;

17 ûn
2 ←

1
M22

(
fn
2 − r2 − M21û1 − M23û3

)
;

18 ûn
1 ←

1
M11

(
fn
1 − r1 − M12û2 − M13û3

)
;

19 end
20 û← ωû+ (1− ω)u;

Algorithm 2 shows the nodal SSOR smoothing as implemented for the multigrid. Here the superscript (·)n is used
o describe accessing the local vector of size 3, or 3 × 3 matrix, associated with node n. The nodal SSOR is applied
uccessively for several smoothing sweeps, in this work two sweeps are always used unless otherwise stated. The
amping parameter ω is chosen as a constant 0.6 in this work, as this is found to perform consistently well through
rials. The OpenMP implementations use the simpler Jacobi iteration to smooth the residual on intermediate levels.

Coarse space correction. The coarse space correction is solved approximately using the Jacobi preconditioned
onjugate gradient method. Ideally a direct solver should be employed, as the coarse problem is typically so small
hat a direct solver yields the best results. Unfortunately, a sparse matrix direct solver is currently not available in
he Futhark ecosystem, and therefore an alternative approach was necessary.

Similar to the PETSc based topology optimisation framework from Aage et al. [3], the Futhark implementation
ses yet another Krylov method to solve the coarse space correction. Specifically, the Futhark implementation uses
he Jacobi preconditioned conjugate gradient due to memory efficiency, and due to ease of implementation. The
onjugate gradient method is run as a coarse space correction for 800 iterations (4000 iterations in the nonlinear
ase), or until a relative tolerance of 10−10 is achieved. The OpenMP implementations, on the other hand, use a
irect solution strategy for the coarsest level, using the Cholmod package to implement the factorisation and back
ubstitution [37].

. Implementation

This section is intended to provide the reader with a sufficient overview over the three linear elastic implementa-
ions in question, their differences, complexities, and limitations. However, as none of the presented code frameworks
re shorter than 100 lines, cf. the multitude of Matlab codes, it is not possible to go through the frameworks
ine by line. Instead the most important and crucial parts are highlighted and explained in detail. The three
mplementations follow very similar structures and, unless otherwise noted, details given in this section are valid
6
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for all implementations. Two slower reference implementations written in Matlab are also present in the OpenMP
repositories, which can be used to compare with the provided implementations. These Matlab implementations
are not discussed further in this work, as they are significantly less efficient than the provided OpenMP-CPU
implementation. The three implementations are denoted as follows.

Futhark The first GPU accelerated implementation is developed in the Futhark language [12]. The Futhark
implementation for the linear problem is available at doi:10.5281/zenodo.7791871.

OpenMP-GPU The second implementation is written in the C language with OpenMP 4.5, and uses GPU accel-
eration through OpenMP. The OpenMP-GPU implementation is available at doi:10.5281/zenodo.7791868.

OpenMP-CPU Finally, a version of the OpenMP implementation which only uses OpenMP to parallelise the work
on the CPU is presented, mostly as a reference code. This implementation is available at doi:10.5281/zenodo.
7791870.

Remark, that the exact details of the solver setup differs between the Futhark implementation and the two
OpenMP based implementations. This is because there is no direct factorisation implementation available for sparse
matrices in Futhark, and the coarse space correction is therefore only computed approximately using the conjugate
gradient algorithm [38]. In principle, it would be possible to split the futhark kernels in a way that allowed a direct
solver to be employed on the coarse level, but this was not chosen, as it would introduce a lot of complexity to
the implementation, and hence, it was deemed outside the scope of this work which attempts striking a balance
between simplicity and performance. In contrast, the OpenMP implementation has easy access to any direct solver
which has a C interface. It was chosen to use the best possible solver setup for each implementation, in order
to avoid restricting the performance artificially. As the multigrid method generally performs better with a direct
solution on the coarse space, it was chosen for the OpenMP implementations. The direct solver comes at the
cost of transferring data between the CPU and GPU every time the preconditioner is applied. We nevertheless
found that the total number of used iterations was reduced, resulting in an overall reduction of compute time. The
second and final difference between the Futhark and OpenMP implementations is that the Futhark implementation
uses nodal successive over-relaxation for smoothing the residual between multigrid levels, while the OpenMP
implementations use Jacobi smoothing. SSOR was only implemented for Futhark, as the high-level language eased
writing an additional smoother. While the SSOR implementation was found to perform better, it was not ported to
the OpenMP based codes, due to a consideration of the improvement of run-time compared to the time required
for implementation.

Matrix-free operator. In order to update all nodes in the finite element mesh independently, a nodal traversal
approach is used. An informal way to describe the update f = K u is by

f n
i =

∑
e∈En

Ee

24∑
j=1

K e,n
i j ue

j , i ∈ {1, 2, 3} (11)

here f n
i denotes a component of the resulting force vector at node n, En denotes the set of neighbouring elements

f the node n, Ee denotes the Young’s modulus associated with element e, K e,n
i j denotes a 3 × 24 slice of the

reintegrated stiffness matrix, where the three rows correspond to the node n, and ue
j denote the local deformations

ssociated with the nodes of element e.
While this approach requires additional work, as ue

j and Ee are computed once for every neighbouring node,
e can parallelise the updates across nodes, without the usual problem of potential data-races if the nodal values

re updated element-by-element. In order to apply the matrix-free operator for a coarse space, such as the next-to
nest mesh, the nodal values are prolonged to the fine mesh, and the fine mesh matrix-free operator is applied. The
esulting values are then restricted to the original mesh. This is in contrast to most standard FEM implementations.
he reader is referred to Schmidt and Schulz [18],Wu et al. [19] which treat the subject of nodal updates more

horoughly.
Assembly of coarse operators. For the coarse levels in the multigrid preconditioner, the Galerkin projection of

he matrices is constructed and stored in memory. The computation of the matrices is shown in algorithm 1 and an
xample for level 2 is given in Eq. (12).

⊤ ⊤
K2 = P2 P1 K0 P1 P2 (12)

7
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19
The matrices cannot be computed using sparse matrix–matrix products, as the matrices for the finest levels cannot
e stored in memory. Instead, the coarse matrices are computed by repeatedly applying vectors from the standard
asis of the coarse space. As an example, the first column of the assembled matrix at level 2 can be extracted by
pplying matrices of the left hand side of Eq. (12) to e1, i.e. the basis vector with value 1 in the first entry and 0
n all other entries. By repeatedly prolonging the values using matrix-free representations of Pl , then applying the

atrix-free fine level operator K0, and finally restricting the resulting values back to the coarse mesh. The locality
f the prolongation and restriction can be used to only compute fine values in a small neighbourhood around the
ode which is being expanded, which is needed for making this approach feasible. For the alternate coarse space
atrix formulation used in the OpenMP implementations, a usual finite element assembly is used for the coarse

pace matrices as described in Section 2.3.

.1. Comparison of languages

In order to compare the complexity of the different implementations, we show the implementation of the density
lter in both Futhark and C with OpenMP in Listing 1 and 2. The purpose of this comparison is to show the
ifferences in programming styles, and ease of use. The interested reader may compare these implementations
ith the simpler convolutionTexture examples [39] and the optimised convolutionSeparable [40] example
rovided by NVIDIA, which both implement a separable convolution in two dimensions. As the density filter on a
tructured grid is also a separable convolution, albeit in three dimensions and with a slightly more complex filter
ernel, these implementations give a good indication of how an equivalent CUDA implementation might look.

We note that there is a trade-off for performance in the choice of high-level languages. The simplicity comes at a
oss of control of the exact layout of memory, thread groupings, and more. Therefore, a carefully written and tuned
ower-level implementation will most probably outperform the presented implementations. Furthermore, high-level
anguages do not absolve the user from knowing some architectural details to achieve the best performance, such
s e.g. having to set an appropriate stencil size in the OpenMP implementations to match available parallelism.

The Futhark implementation in listing 1 is based on a functional programming language, which uses higher
rder functions. The concept of this implementation is to compute the two sums from Eq. (6) independently, before
omputing the filtered density value. Initially a series of helping methods and types are defined on lines 1–32.
pecially noteworthy is the sumOverNeighbourhood, which is a so-called higher-order function that evaluates an

nput function for all neighbouring elements, and sums the results. This is a core operation in the density filter,
hich is used to compute both the sum of weights (line 40), and the sum of the scaled densities (line 41). The

mplementation of sumOverNeighbourhood makes use of pipes (written |>) which work much like Unix pipes,
assing the output of the left expression as input to the function to the right. Another noteworthy detail is the partial
pplication of functions, which is used to create new function, seen in lines 37, 40, and 41. Here the first input
alues of a function are passed, to create a new function that takes the remaining input.

t y p e index = {x: i64 , y: i64 , z: i64}

-- Check if index is valid.

l e t isInsideDomain nelx nely nelz (idx :index) :bool =

idx.x >= 0 && idx.y >= 0 && idx.z >= 0 &&

idx.x < nelx && idx.y < nely && idx.z < nelz

-- Compute weight given radius , element , and neighbour.

l e t getFilterWeight rmin (ownIdx :index) (neighIdx :index) =

f32.max 0 (rmin - f32.sqrt( f32.i64 (

(ownIdx.x-neighIdx.x)*( ownIdx.x-neighIdx.x) +

(ownIdx.y-neighIdx.y)*( ownIdx.y-neighIdx.y) +

(ownIdx.z-neighIdx.z)*( ownIdx.z-neighIdx.z))))

-- Sums the output of computeValue in a local neighbourhood with radius boxRadius of

element [i,j,k].

l e t sumOverNeighbourhood boxRadius nelx nely nelz i j k (computeValue :index -> f32) =

l e t boxSize = 2* boxRadius +1

i n tabulate_3d boxSize boxSize boxSize (\ii jj kk ->

l e t neighIdx :index = {x=i+ii-boxRadius ,y=j+jj -boxRadius ,z=k+kk-boxRadius}
8
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1

2
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10
11
12
13
14
15
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17
18
19
20
21
22
23
i n
i f isInsideDomain nelx nely nelz neighIdx

t h e n computeValue neighIdx

e l s e 0)

|> map (map f32.sum)

|> map f32.sum

|> f32.sum

-- given origin and neighbour indices , compute the weighted density contribution .

l e t getScaledDensity (x :[][][] f32) rmin ownIdx neighIdx =

l e t wgt = getFilterWeight rmin ownIdx neighIdx

l e t dens = #[ unsafe] x[neighIdx.x,neighIdx.y,neighIdx.z]

i n wgt*dens

-- For all elements , compute the filtered density.

e n t r y forwardDensityFilter [nelx][nely][nelz] (rmin :f32) (x :[nelx][nely][nelz]f32) :[nelx

][nely][nelz]f32 =

l e t boxRadius = i64.max 0 (i64.f32 (f32.ceil (rmin -1)))

l e t sumOverThisNeighbourhood = sumOverNeighbourhood boxRadius nelx nely nelz

i n tabulate_3d nelx nely nelz (\i j k->

l e t ownIdx :index = {x=i,y=j,z=k}

l e t weightSum = sumOverThisNeighbourhood i j k (getFilterWeight rmin ownIdx)

l e t scaledDensity = sumOverThisNeighbourhood i j k (getScaledDensity x rmin ownIdx)

i n scaledDensity / weightSum)

isting 1: Density filter implementation in Futhark

The C implementation using OpenMP in listing 2 is based on a slightly different algorithm for computing the
density filter. Instead of adding 0 values for the out-of-bounds neighbours, as done in the Futhark implementation,
their contributions are not computed, by adjusting the size of the inner loop. The C implementations have domain
padding, changing the loop limits (line 10–12), and complicating the computation of indices slightly (lines 13,30).
A gridContext data-structure is used to store grid dimensions, including information on the padding. The domain
padding is added to allow an efficient implementation of the stiffness matrix operator, which is one of the most
time-consuming methods. While the density filter would be faster if a style like the Futhark implementation was
used, this was not prioritised, as the overall program time spent in the density filter is low.

v o i d applyDensityFilter( c o n s t s t r u c t gridContext gc, c o n s t DTYPE rmin , c o n s t DTYPE *rho ,

DTYPE *out) {

c o n s t uint32_t nelx = gc.nelx;

c o n s t uint32_t nely = gc.nely;

c o n s t uint32_t nelz = gc.nelz;

c o n s t uint32_t elWrapy = gc.wrapy - 1;

c o n s t uint32_t elWrapz = gc.wrapz - 1;

#pragma omp target teams distribute parallel f o r collapse (3) d e f a u l t (none) firstprivate(

nelx ,nely ,nelz ,rmin ,elWrapy ,elWrapz) shared(out ,rho)

f o r ( u n s i g n e d i n t i1 = 1; i1 < nelx + 1; i1++)

f o r ( u n s i g n e d i n t k1 = 1; k1 < nelz + 1; k1++)

f o r ( u n s i g n e d i n t j1 = 1; j1 < nely + 1; j1++) {

c o n s t uint32_t e1 = i1 * elWrapy * elWrapz + k1 * elWrapy + j1;

d o u b l e oute1 = 0.0;

d o u b l e unityScale = 0.0;

// loop over neighbourhood

c o n s t uint32_t i2max = MIN(i1 + (ceil(rmin) + 1), nelx + 1);

c o n s t uint32_t i2min = MAX(i1 - (ceil(rmin) - 1), 1);

f o r (uint32_t i2 = i2min; i2 < i2max; i2++) {

c o n s t uint32_t k2max = MIN(k1 + (ceil(rmin) + 1), nelz + 1);

c o n s t uint32_t k2min = MAX(k1 - (ceil(rmin) - 1), 1);
9
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f o r (uint32_t k2 = k2min; k2 < k2max; k2++) {

c o n s t uint32_t j2max = MIN(j1 + (ceil(rmin) + 1), nely + 1);

c o n s t uint32_t j2min = MAX(j1 - (ceil(rmin) - 1), 1);

f o r (uint32_t j2 = j2min; j2 < j2max; j2++) {

c o n s t uint32_t e2 = i2 * elWrapy * elWrapz + k2 * elWrapy + j2;

c o n s t d o u b l e filterWeight = MAX(0.0, rmin - sqrt((i1 - i2) * (i1 - i2) + (j1 - j2) *

(j1 - j2) + (k1 - k2) * (k1 - k2)));

oute1 += filterWeight * rho[e2];

unityScale += filterWeight;

}

}

}

out[e1] = oute1 / unityScale;

}

}

Listing 2: Density filter implementation in C with OpenMP

The OpenMP pragma which parallelises the density filter is shown in line 9. To get the corresponding multi-
threaded CPU implementation, the keywords target teams distribute should be removed. This is a standard
pragma that compiles the loop-body to a GPU kernel, with a collapse keyword to indicate that it is the iteration
space of all three loops which must be distributed. The firstprivate clause is used to indicate that thread-local
opies of the variable are created, initialised with the current value of the variable. The shared clause indicates
hat these variables are accessible by all threads, and that the programmer is responsible to avoid data-races.

While the Futhark implementation is about the same length as the C implementation, it has several advantages.
y moving the summation out as a higher order function, the filtering method itself is written very concisely, and
ther similar methods, such as the filtering of the gradients using the chain rule, can use the same set of helping
unctions. While helping functions are also possible to implement in C, the implementation of local neighbourhood
ummation would quickly become complex and prone to mistakes, due to the use of function pointers. Furthermore,
he strict type system in Futhark allows many types to be inferred by the compiler, and ensures that there is no
nexpected behaviour due to implicit type conversions. As a partial summary, the authors infer that Futhark is in
any ways simpler to work with than C/OpenMP, despite the additional need to learn the Futhark language in the
rst place.

When comparing these implementations to the CUDA convolution examples [39,40], it can be seen that the
UDA examples are significantly longer, even though they solve a simpler problem. When trimming the CUDA
rograms for headers and such, it can be seen that the simple and optimised implementations are 130 and 175 lines
espectively, compared to the around 40 lines for both Futhark and OpenMP in listings 1 and 2. The optimised kernel
plits the computation into blocks, adds a halo, unrolls loops, and uses more of such transformations to improve
he performance. While this is necessary to achieve the best performance on a GPU, it also decreases readability
nd ease of understanding of the implementation.

Tuning the OpenMP-GPU Implementation. In general, GPUs excel at doing simple, identical operations on
any pieces of data simultaneously. This is known as Single Program Multiple Data (SPMD). In principle, adding
penMP directives for GPU acceleration to an existing C-code is a simple process. However, it is required to

efactor some loops to increase the level of parallelism and to reduce the number of registers used in the loop
odies to achieve efficient kernels.

As copying data between the CPU and the GPU introduces overhead, it is important to think about where data
esides and when it is transferred. Determining which parts of the program should run on the host and the accelerator,
herefore, has to be decided by inspecting profiling results for various problem sizes. Due to the overhead of
ransferring data, it may be beneficial to run some inefficient kernels on the GPU if that can bring down the number
f transfers.

As an example, the density filter kernel in listing 2 is rather complex and does not achieve high streaming-
ultiprocessor throughput due to non-uniform access patterns. However, by running it on the GPU we can limit
he number of data transfers. Further, it is important to verify that the map clause has the intended behaviour. When

10
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Fig. 1. Program structure of the OpenMP-GPU implementation. Each node represents a significant function.

oing a reduction on the GPU it may be needed to use the always,tofrom map modifier for the reduction variable.
Otherwise, the reduction variable may be uninitialised on the GPU and the result may not be copied back to the
CPU. That depends on whether or not the reduction variable has already been mapped. It is also important to ensure
that the environment variable OMP TARGET OFFLOAD is set to MANDATORY. Otherwise, bugs can be introduced if a
kernel may be executed on the host instead of the accelerator while the result is transferred back from the accelerator.

3.2. OpenMP implementation structure

The two OpenMP based implementations are structured similarly and are therefore both covered in this section.
The program execution begins in main.c, which reads parameters from the command line, and calls the optimisation
routine. The main parts of the implementation are described in this section. A sketch of the most important functions,
and their calling sequence is presented in Fig. 1, to help navigate the implementation.

System definitions. The header definitions.h is used to set several important system-wide parameters, which
are used by the entire program. Most importantly, the stencil size and floating point types are defined here. The
stencil size indicates the amount of nodes in the finite element mesh are updated simultaneously. For the CPU
version best performance is achieved by selecting the number of double precision floating points which fit in the
vector instructions of the machine, which are 4 for AVX2, or 8 for AVX512. The default value is set to 8, which
ensures acceptable performance on all current CPUs. For the GPU version best performance is usually achieved
with 64 or 128, depending on the used GPU. Again, the default value is set to the higher value of 128 to ensure
acceptable performance everywhere.

definitions.h also defines the gridContext struct, which is used to store all necessary grid data, such as local
element matrices, material parameters, and boundary conditions. Additional methods to use the struct are defined
in grid utilities.h, such as the initialisation utility setupGC. This is also where the boundary conditions are

efined in the function setFixedDof halo, and where they can be modified.
Optimisation. stencil optimization.c is the central file for the optimisation process, where the main optimi-

ation loop is defined in the top3dmgcg method. Optimisation specific methods, such as filtering
applyDensityFilter), computation of sensitivities (getComplianceAndSensitivity halo), and the optimality criteria

update (update solution) are also implemented here.
Multigrid solver. The multigrid solver is implemented in the multigrid solver.c file, which includes the con-

jugate gradient method for the fine level (solveStateMG halo), and the multigrid preconditioner
itself (VcyclePreconditioner). Grid operations, such as the matrix-free stiffness matrix product for the
fine level (applyStateOperator stencil), matrix-free stiffness matrix product for the coarse level
applyStateOperatorSubspace halo), and prolongations between grids are defined in stencil methods.c,

using utility methods from stencil utility.h. The Cholmod [37] direct solver for the coarse grid
11
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Fig. 2. Program structure of the Futhark implementation. Each node represents a significant function.

solveSubspaceMatrix) is called in coarse solver.c, and the assembly of the coarse grid matrix is defined
n coarse assembly.c.

Utilities. Additional utility methods are also included in separate files. local matrix.c defines the integration
of the local matrices, which is performed once before starting the program. write vtk.c defines methods to write
the result to a vtk file. A small benchmark suite is also present in benchmark.cpp, using the Google Benchmark
library.

3.3. Futhark implementation structure

The Futhark implementation is structured differently from the OpenMP implementation, due to the functional
nature of the Futhark language. This structure is sketched in Fig. 2, to help navigate the implementation. The
execution begins in the futtop.c file, which contains the main part of the program. The GPU kernels which are
called from the C code are defined in the libmultigrid.fut source file, which imports all necessary Futhark
sources.

Optimisation. The main design loop is implemented in futtop.c, which calls four different GPU ker-
nels, all defined in libmultigrid.fut. These kernels apply the density filter, assemble the coarse space
matrices (assembleMultigridData), solve the linear system (solveSystem), and update the design variables
(designIteration). The choice was made to split the functionality into multiple kernels, as this improves the
compilation time of the Futhark compiler. Updating the design variables with the optimality criteria method is
implemented in the updateDesignOC method, defined in optimization.fut. The forward and backward filtering
are implemented in densityFilter.fut.

Multigrid solver. The preconditioned conjugate gradient solver cgSolveMG is defined in solver.fut, while
the multigrid preconditioner vcycle l0 is defined in multigrid.fut. Similarly, projection.fut implements
the projection between multigrid levels, sor.fut implements the smoothing operations sorMatrixFree and
sorAssembled, assembly.fut implements the assembly of coarse matrices, and so on. Of special interest is
applyStiffnessMatrix defined in applyStiffnessMatrix.fut, which implements the matrix-free stiffness matrix
product, and boundaryConditions.fut which define the boundary conditions for the problem, which are then
called by applyStiffnessMatrix.

Utilities. The program makes use of several utility methods, which helps keep the code concise. These are defined
in utilities.fut for general array utilities, and indexUtilities.fut for indices and element numbering. Pre-
computed matrices are also stored in the separate source files keConstants.fut and assemblyWeights.fut.

Methods to write VTK files are implemented in io.c.

12
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Fig. 3. Domains for the presented examples in this article. Purple is used to denote a surface with a symmetry condition normal to the
surface. Green is used to indicate the position of the traction loads. Brown is used the indicate the position of the Dirichlet boundary
conditions. For (a) and (c) red indicates a clamped surface. For (b) brown indicates that the displacement is 0 in the vertical direction,
furthermore one point on the brown surface in (b) is prescribed a zero displacement in the y direction. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Linear cantilever example with 65.5 million elements, volume fraction of V ∗ = 0.1, and filter radius of 2.5 elements. Computed
sing the Futhark implementation on a Nvidia A100 GPU to run 100 design iterations, in 7380 s, approximately 2 h. The shown result is
hresholded such that elements with filtered density lower than 0.5 are removed.

. Numerical experiments

In order to validate the correctness and performance of the GPU implementations, several numerical examples
re presented here. Three examples are considered for both linear and nonlinear elasticity, a cantilever (aspect ratio
× 1 × 1), the MBB beam (aspect ratio 3 × 1 × 1), and a double clamped beam example (aspect ratio 1.5×1×1),

s shown in Fig. 3. For all presented examples the following material parameters are used E = 1 Pa and ν = 0.3.

.1. Linear elasticity

This section is intended to demonstrate that the presented algorithms produce physically sound designs, and more
mportantly, to discus the efficiency and scaling of the presented implementations.

Cantilever. The first linear elastic example is the cantilever example. The cantilever domain is shown in Fig. 3(a).
constant traction load is applied on a small circular surface, with radius corresponding to a fifth of the domain

idth, as shown by green in Fig. 3(a).
A resulting design for the Futhark code is presented in Fig. 4 for a 640 × 320 × 320 mesh with approximately

5.5 million elements. The design was optimised using a volume fraction of V ∗ = 0.1, filter radius r = 2.5 elements,
nd 100 design iterations. The resulting designs for the other two codes are not shown, as they are indistinguishable.

he presented result was computed using the Futhark implementation on an A100 GPU in 7380 s (∼ 2 h). In
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Fig. 5. Linear MBB beam example with 41 million elements, a volume fraction of V ∗ = 0.1, and a filter radius of 2.5 elements. The shown
esult is thresholded such that elements with filtered density lower than 0.5 are removed.

omparison, the OpenMP implementations are estimated to take approximately 2 h (GPU) and 3.15 h (CPU) ,
y extrapolating the computation time of the first 20 design iterations presented in Fig. 6.

It can be seen that the resulting structure has the expected V-shape near the clamped boundary, as the bending
tiffness is increased by placing material near the top and bottom of the domain. The structure has a bottom plate,
nd a top plate, which curve into two supporting bars for the load.

MBB beam. The classic MBB beam example is also considered. The domain is shown in Fig. 3(a), where
he brown line denotes a rolling boundary condition, which allows displacement along the longer aspect ratio, but
estricts displacement in to two remaining directions.

Fig. 5 shows a resulting MBB design using the linear formulation. The result is computed using the Futhark
mplementation, the results from the two other implementations are not shown, as they are identical. This example
ontains 41 million elements and was computed in 4 h using the Futhark implementation and a Nvidia A100 GPU
s accelerator. Compared to the cantilever, the MBB example uses more time to compute for fewer elements. This
s due to the fact that the loading and larger domain aspect ratios makes it harder for the iterative solvers, and more
terations are required to solve the system [4].

The resulting structure makes intuitive sense, i.e. it can be seen to have two plates on the top and bottom of
he domain with stiffening structure in between. The two round supporting corners are connected by beams, as the
olling support only supports in the vertical direction.

.2. Performance analysis of linear elasticity

Having established that all the presented implementations are capable of solving the design problem to
atisfaction, it is time to consider the scaling and efficiency. To achieve this, the cantilever example is used. The
all-clock time of computing the first 20 design iterations is compared across implementations, for a variety of mesh

izes. The Gnu Compiler Collection (version 11.2) was used to compile the OpenMP-CPU code, the NVIDIA HPC
DK (version 22.5) was used for OpenMP-GPU, and the Futhark compiler (version 0.21.11) with GCC was used for

he Futhark code. The used compiler flags can be found in the Makefile of the respective code repositories. It should
e noted that the performance of the OpenMP-CPU implementation is sensitive to compiler optimisations, most
otably enabling manipulation of floating point expressions assuming associativity greatly improves performance.
he OpenCL backend was used for the Futhark compiler. Both the CUDA and OpenCL backends were tested,
nd it was found that the OpenCL backend resulted in faster GPU-kernels for this specific program. The multicore
ackend was also tested for the Futhark program, which generates a multithreaded CPU program. However, this
ackend was found to perform significantly worse than the OpenMP-CPU code. This is somewhat expected, as the
ain focus of Futhark is compilation to GPU-kernels. For the remainder of this work we consider only the OpenCL

ackend of Futhark.
Two different test machines are used for the performance benchmarks. For the tests of CPU based implemen-
ations a machine with two Intel Xeon 8160 CPUs is used. The same machine also has a Nvidia 1080Ti GPU,
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Fig. 6. Runtimes for 20 design iterations of a linear elastic minimum compliance cantilever example with a volume fraction of V ∗ = 0.1.
he optimisations were performed using a filter radius of 1.5 elements, resulting in possibly different topologies obtained for every mesh
ize. The blue and green lines indicate the OpenMP implementations for CPU and GPU respectively. The purple and red lines show the
uthark implementation on two different GPUs. All shown times are computed using 4 multigrid levels, with the exception of the additional
oints shown with dashed line and square marks, which are computed using 5 levels. (For interpretation of the references to colour in this
gure legend, the reader is referred to the web version of this article.)

hich is used for GPU acceleration. The other machine used for testing has a Nvidia A100 GPU (80gb), and
n Intel Xeon 6226R CPU, which has 16 cores and 700 Gb of RAM. One A100 GPU and the two Intel Xeon
160 processors have a similar recommended retail price at launch (12,500 USD vs 2× 4700 USD), although
he CPUs were launched in 2017, and the A100 in 2020 [25,41]. This is also reflected in their double precision
heoretical peak performances, which are 19.5 TFLOPS for the A100 [25], and 3.2 TFLOPS for the two Intel Xeon
160 processors (2× 24 cores× 32 FLOP/core× 2.1 GHz). This is an important observation when comparing the
erformance across various hardware components, in order to achieve a better comparison. Overall, the A100 GPU
etup is both slightly more expensive, and is significantly newer than the CPU setup. Ideally, the release date and
aunch price would match better between the used CPU and GPU configurations, but unfortunately we are limited
o the resources available to us. Finally, the CPU benchmark machine is also equipped with a Nvidia 1080Ti GPU,
ith a theoretical peak performance of 0.35 TFLOPS for double precision, which was launched in 2017 at 699

USD recommended retail price [42]. The 1080Ti is used to show the performance of the GPU implementations
on consumer-grade GPU hardware, which is optimised for single precision floating point operations. As such, the
1080Ti is expected to be a bad match for these implementations, which perform key operations in double precision.
However, there is a tendency for compute capabilities of high-end GPUs to become available in the consumer
grade market after some generations, e.g. tensor cores are becoming available in the consumer cards produced by
NVIDIA.

While computing times are in general a stochastic parameter, it was found that the variations in wall-clock time
were much smaller than the differences between implementations, therefore results for a single sample are presented.

Two studies are performed, one with varying filter radius and the second with a physically constant filter radius.
For the variable filter example, a filter radius of 1.5 elements is used for all tests, meaning that the physical filter
radius is decreased when the mesh is refined. This means that the resulting structure is different for every refinement
considered. This will affect the iterative solver, which can potentially have great variation in the number of solver
iterations across designs. The constant filter radius example uses a filter radius of a 20th of the domain width,
corresponding to 1.6 elements on the coarse mesh to 8 elements on the fine mesh.

The timings for the variable filter can be seen in Fig. 6. It can be seen that all implementations are capable
of solving large problems in a reasonable time. The slowest implementation is the OpenMP-CPU implementation,
solving the problem with 65.5 million elements. It still performs 20 design iterations in 3800 seconds (63 min),
which can be extrapolated to about 3.15 h for the entire topology optimisation problem. In contrast, the OpenMP
code which is ported to the GPU completes the same 20 design iterations in 2300 s (40 min) using the A100 GPU,
which extrapolates to about 2 h to complete the full problem. Similarly, the Futhark implementation completes the
20 design iterations in 2096 s (∼ 35 min). Problems with less that 4 million elements are solved faster by the pure

OpenMP-CPU implementation, as the overhead of offloading outweighs the performance improvements.
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Fig. 7. Runtimes for 20 design iterations of a linear elastic minimum compliance cantilever example with a volume fraction of V ∗ = 0.1.
he optimisations were performed using a constant filter radius of 1/20 of the domain width. The blue and green lines indicate the OpenMP

mplementations for CPU and GPU respectively. The red line shows the Futhark implementation on the A100 GPU. All shown times are
omputed using 4 multigrid levels, with the exception of the additional points shown with dashed line and square marks, which are computed
sing 5 levels. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

The two GPU accelerated implementations perform better for the largest problems if a fifth multigrid level is
dded. These data points are shown as squares in Fig. 6, and the computation times are reduces to 1105 s and 1264 s
or Futhark and OpenMP-GPU respectively, reducing the estimated times for the entire optimisation problem to 55
nd 63 min respectively. We speculate that the mechanisms for performance improvement are quite different in
he GPU implementations. For OpenMP-GPU, the amount of data to be transferred between the GPU and CPU
s reduced, along with the size of the direct system to be solved on the CPU. This is beneficial, even at the cost
f a slight decrease in the accuracy of the multigrid approximation. In the Futhark implementation however, the
ccuracy of the coarse grid correction increases, as the fixed number of iterations on the coarse grid can reduce the
rror further.

Fig. 6 also shows the performance when using the Nvidia 1080Ti GPU with the Futhark implementation. The
080Ti is representative of a consumer grade GPU, which is more limited in both memory and compute power
ompared to the A100 GPU. The curve stops at 8 million elements, as the Futhark implementation goes out-of-
emory for more finely refined meshes. It is seen that the Futhark implementation running on a 1080Ti is notably

lower than the other considered implementations. This is a reflection of the fact that the 1080Ti is optimised
owards single precision floating point operations, while our implementations rely heavily on double precision. It
s also influenced by the fact that the retail price of the 1080Ti is an order of magnitude lower than the other used
ompute devices.

The performance comparison for the fixed filter size, as seen in Fig. 7, results in less variation across mesh
efinements, as the considered optimisation problem is constant. However, the cost of applying the filter grows with
he filter radius, to a point where applying the filters and updating the densities account for approximately 10% of
he runtime, for the Futhark implementation with 65.5 million elements, where the filter radius corresponds to 8
lements.

For the comparison with fixed filter size, we have also timed the implementation from Aage et al. [4] based
n MPI and PETSc. This test is performed on the same machine as the OpenMP-CPU implementation. It should
e noted that this implementation is designed for running on multiple compute nodes on a cluster, although this
apability is not used for the present comparison. The problem solved is slightly different, as the PDE-based filter
s used. The reason for this difference is that the PETSc implementation assembles the filtering matrix explicitly
n memory, resulting in too high computation times and memory usage for large filter radii. By choosing the
DE-based filter, the practical difference for the timing results is minimised, as most of the reported time is spent
olving the linear elastic equations. We have changed the solver settings on the coarsest grid from the default SOR
reconditioned GMRES, to a direct solution by LU factorisation, to better match the used solver settings used in the
ther implementations. This change in solver settings improved the performance of the PETSc based implementation

or all considered mesh sizes.
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Fig. 8. Relative runtime improvement over the OpenMP-CPU implementation for the first 20 iterations using 4 multigrid levels with constant
lter radius. The three mesh refinements correspond to three vertical slices of Fig. 7. Higher is better.

It can be seen that the PETSc based implementation is overall slower than the presented OpenMP-CPU, when
unning on a single desktop machine. This is expected, as the implementation is designed to solve relatively small
ystems at every MPI rank, scaling with more MPI ranks for larger problems, e.g. by explicitly assembling all
atrices.
For both computational experiments it can be seen that the Futhark implementation has an increase in used

untime for 33M elements and above, most notably in the variable filter radius case. This is likely due to a change
f used GPU kernel. Futhark compiles several kernels, and chooses which to launch at runtime based on the input
ize.

A relative performance comparison for the fixed filter size is shown in Fig. 8. The wall-clock time of
he OpenMP-CPU implementation is scaled with the respective wall-clock times, to give an indication of the
mprovement. We chose OpenMP-CPU as the reference, since it is the fastest implementation without GPU-
cceleration.

We see that the OpenMP-GPU implementation is fastest in the coarse case, while the Futhark implementation is
ignificantly slower. Inspecting Fig. 7 it becomes clear that the Futhark implementation is almost unaffected in the
untime until 8 million elements. This indicates an overhead in launching the GPU kernels, which heavily affects
he total compute time for small grids. As the OpenMP based implementations are able to complete in less time
han the overhead, they outperform the Futhark implementation drastically for coarse problems.

Both GPU kernels perform well at the intermediate refinement of 8 million elements, while they suffer a slowing
own in the finest meshes with 4 multigrid levels. As already discussed, we see that adding a fifth multigrid level
mproves the relative performance of the GPU accelerated implementations drastically due to different reasons.

e note that adding a fifth multigrid level only slightly improves the runtime of OpenMP-CPU, as seen by the
lue dashed lines with square marks in Fig. 7. The large difference in relative performance when using 4 or 5
ultigrid levels for 65M elements is thus explained by a small improvement in runtime for the OpenMP-CPU

mplementation, along with a drastic drop in runtime for both GPU accelerated implementations.
Interpreting the difference in total runtimes of the presented implementations is not straightforward, as the

sed multigrid preconditioners also vary. Some performance improvement is due to better utilisation of GPU
ardware, some is due to a better suited preconditioner. In order to aid the comparison, Fig. 9 shows the total
mount of conjugate gradient iterations spent by the various implementations. The two OpenMP implementations
se the same preconditioner, and can thus be compared directly, resulting in a improvement of a factor of 2–4
y using GPU acceleration. Fig. 9 also shows very good agreement between the number of iterations used for
hese implementations. A small variations occurs between the two implementations, which can be attributed to the
ifference in floating point execution on the hardware. The Futhark implementation is able to achieve slightly better
erformance for large problems, even though it uses a coarse grid correction which results in more conjugate
radient iterations, as seen in Fig. 9. Finally, it can be noted that the PETSc based implementation uses very
17
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Fig. 9. Sum of used iterations in the conjugate gradient solver for the first 20 design iterations. All shown times are computed using 4
multigrid levels, with the exception of the additional points shown with dashed line and square marks, which are computed using 5 levels.

few conjugate gradient iterations, even though it is the slowest implementation. This is due to the difference of
implementation in the smoothing operations, which for the PETSc implementation reduce the error very effectively,
but are not possible to implement efficiently for GPU accelerators. We can conclude that both presented approaches
are viable for writing GPU accelerated topology optimisation implementations, specially considering the relative
ease of implementation.

When increasing the number of multigrid levels, the number of solver iterations increase for the OpenMP based
implementations, while remaining somewhat stationary for the Futhark based implementation. Still, the performance
improves for both GPU accelerated implementations. In the case of the OpenMP-GPU implementation the amount
of data which needs to be transferred between GPU and main memory every iteration is drastically reduced, which
could explain the much improved relative performance. Also, the coarse space correction which is performed on the
CPU is reduced in complexity as the number of levels increase. Hence, a larger fraction of computing is performed
on the GPU. For the Futhark implementation, this decrease of computation time is likely due to a reduction in the
computational effort required to solve the coarse grid correction on the GPU.

We note that the performances of the presented GPU codes shown in Figs. 6 and 7 are not necessarily the fastest
available. Some other works exploit the structure of topology optimisation problems to achieve high performance
with multigrid preconditioning, e.g. Wu et al. [19] and Martı́nez-Frutos et al. [20]. These works also use lower-
level implementations with better control of memory placement and other factors which greatly affect performance.
However, as these codes are not publicly available it is not possible to quantify the performance gap between these
and the presented implementations.

Memory usage. GPU memory is a very limited and costly resource. Most current cards have memory in the
range of 8–16 GiB, while only few expensive cards designed for GPGPU come with more memory. One example
of this is the Futhark implementation tested on a 1080Ti card with 8GiB, shown in Fig. 6. The implementation runs
out of memory when run with more than 8 million elements, which is why the curve stops earlier than the others.

The GPU memory usage of the two GPU implementations is shown in Fig. 10. Here we see a clear difference
between the two approaches, although they both grow linearly in the amount of memory used. The Futhark
implementation uses significantly more memory across all mesh sizes. This is a consequence of the incremental
flattening strategy implemented by the compiler to automatically transform nested parallelism. This memory usage
is the reason that 65 million elements is the limit for the Futhark implementation when using the A100 GPU. The
OpenMP-GPU implementation has much lower memory usage, enabling it to run on cards with less memory, and
solve larger problems. Here, the main bottleneck is transferring the coarse solution to the CPU every V-cycle. While
the Futhark implementation uses much more memory than the OpenMP-GPU implementation, we note that it is
still able to fit problems with 65 million elements onto a single GPU, which is sufficient for many use-cases.

5. Extension to nonlinear elasticity

To demonstrate the relative ease with which the presented GPU frameworks can be extended beyond the trivial
linear elasticity problems, this sections discuss how to incorporate nonlinearity. Remark that there is only one
18
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Fig. 10. GPU memory usage of the Futhark and OpenMP-GPU implementations as a function of mesh refinement.

onlinear elastic implementation included, which is based on Futhark due to ease of implementation. The interested
eader may find the implementation at doi:10.5281/zenodo.7791869.

Nonlinear matrix-free approach. It should be noted that the nonlinearity of the problem requires that the local
matrices are numerically integrated for every matrix–vector product, as the tangent matrix is not stored in memory.
This results in a large increase in computational work compared to the linear case, where a pre-computed local
matrix was used to enable fast matrix vector products. Due to this change, an element-wise strategy was adopted
for the matrix–vector product, to ensure that every local element matrix needs only to be computed once. In this
matrix-free approach all element contributions are computed independently, and the finite element assembly of the
nodal values are computed using a generalised histogram implemented in the Futhark core language [43]. That is,
instead of using a formulation as seen in Eq. (11), the assembly follows

f e
= Ee K eue (13)

for every element, followed by a local-to-global assembly of the resulting element forces f e.
As an example, the Futhark linear implementation takes 1.316ms for a single matrix–vector product, while the

onlinear case takes 1075.4ms, using 2 million elements on the A100 GPU. While this may seem discouraging, it
s still possible to perform topology optimisation using this approach, although the presented topology optimisation
xamples presented in this work do not go beyond 1 million elements.

Newtons method. A Newton–Krylov method with a backtracking line-search is employed for the nonlinear
roblem [38]. A sequence of linearisations are solved, where each linearisation is approximately solved using the
resented multigrid-preconditioned conjugate gradient method. The Newton method is built on top of the modified
inear solver in Futhark. Due to the ease of composition in the functional language the implementation of the Newton

ethod itself is very compact.
Load continuation for the nonlinear problem. The initial design iterations of the nonlinear problem can

sometimes experience convergence issues, due to a low stiffness for the entire structure compared to the magnitude
of the load. In order to resolve this, several approaches are possible. One is to create a continuation on the stiffness
penalisation parameter p discussed in Section 2.2, beginning with a linear interpolation, and incrementally increasing
he value of p to finally obtain the desired penalisation. Another approach, which was used in this work, is to use a
educed load for the initial design iterations, linearly increasing the load over the first 20 design iterations, until the
esired load is reached at iteration 20. Here the calling C code modifies the force vector passed into the Futhark
ethods, in order to implement this load continuation.
Cantilever. The cantilever example is revisited for the nonlinear elastic problem. The example is computed on

domain of 3 m× 1 m× 1 m domain for a material with E = 1 Pa and ν = 0.3. A load of 0.002 N is applied to
he cantilever.

From Fig. 11 it can be seen that the structure found using the nonlinear formulation is quite different from
ts linear counterpart. The nonlinear cantilever does not have a plate on the bottom connecting the support to the
oading, as the structure is able to use the reorientation of the hanging beam to decrease the end-compliance. This
19
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Fig. 11. Cantilever computed with 1 million elements, a volume fraction of 0.3, a filter radius of 1.5 elements, and a load of 0.002 N.

Fig. 12. Deformed configurations of the designs from Fig. 11, computed with the nonlinear elasticity. Elements with density below 0.5 are
removed for visualisation.

Table 1
Comparison of compliance values for the two designs shown in Fig. 11,
under both linear and nonlinear elasticity.

Linear compliance Nonlinear compliance

Linear design 3.82× 10−4 N m 3.62× 10−4 N m

Nonlinear design 4.13× 10−4 N m 3.62× 10−4 N m

is consistent with the findings of Buhl et al. [26], where similar hanging features are found. The nonlinear structure
took approximately 14 h to compute, which can be compared to its linear counterpart, which takes minutes to
complete.

Fig. 12 shows the deformed configurations of the cantilever designs, in the nonlinear formulation. It can be seen
hat for the nonlinear design the beam connecting the load reorients, such that it is in tension under loading. This
ffectively shortens the cantilever, and allows for a lower end-compliance.

Table 1 shows a cross-check of the linear elastic and end-compliance values for the two cantilever designs. It can
e seen that the linear design has a much lower linear compliance compared to the nonlinear design. This is expected
ue to the bottom plate, which greatly increases the stiffness in the linear regime. The nonlinear end-compliance of
he two structures is almost identical, with the nonlinear optimisation being slightly lower, than the linear counterpart
on the 4th decimal).

Double clamped beam. The double clamped beam from Buhl et al. [26] is interpreted in 3D and included here.
The design domain shown in Fig. 3(c) shows the modelled domain with a symmetry condition shown in blue. The
structure is discretised using 120 × 80 × 80 (768 000) elements. The topology optimisation is performed with a
filter radius of 2.5 elements, and a volume fraction of 10%. The nonlinear end-compliance is optimised for a load
of 0.00015 newton, on a domain of 1.5× 1× 1 metres, using Young’s module 1 Pa for the solid.

The linear result is shown in Fig. 13(a), where it can be seen that the linear analysis makes a simple truss structure
with two straight bars. While this structure is very stiff for small deformations, it will buckle if the applied load
becomes too high. The nonlinear structure shown in Fig. 13(b) is different from the linear structure, as it has two

bars connecting to the support on either side of the loaded surface. The upper bars stabilise the structure in regards
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Fig. 13. Double clamped beam example computed with 768 000 elements, a volume fraction of 0.1, a filter radius of 2.5 elements, and a
load of 0.00015N.

to buckling as they are loaded in tension and do not buckle. The central part of the structure has a vertical plate
underneath the loaded surface, which is supported by the trusses where the structure hangs from. The upper part
of the structure is similar to the two dimensional example provided in Buhl et al. [26], while the lower structure is
similar to the linear result.

6. Discussion

The three implementations for compliance minimisation of linear elasticity show that it is possible to write
simple but efficient GPU codes without resorting to explicitly allocating memory and writing separate kernels,
as done in e.g. CUDA. The slowest implementation, using OpenMP without GPU acceleration, is able to solve
optimisation problems with 65 million elements in approximately 3.15 h on a desktop machine. This is already a
large-scale problem, of a scale that usually requires a high performance computing cluster. The GPU accelerated
implementations both cut this time to 2 h when using a single Nvidia A100 GPU. This shows that efficient large-
scale topology optimisation is not restricted to highly tuned implementations, and can be obtained with high levels
of abstraction.

It is especially noteworthy that the Futhark based implementation performs as fast as it does, even though it
only employs an approximate solver for the coarse space correction. The Futhark language allows for a concise
implementation, which is in contrast to the C implementation where an efficient implementation is seldom the
simplest. For instance the overhead of manually tracking indexation between grids accounts for a significant
additional amount of code and complexity in the C implementations. This is in large part thanks to the work done
on the Futhark compiler, which to our experience emits efficient GPU kernels, with little tuning to the Futhark
code.

The implementations rely heavily on the structured nature of the grid. Specifically, the local element matrices are
all identical to some scaling, since all elements have identical geometry. This allows for one single element matrix to
be integrated offline, and reused for the application of all elements, circumventing the need for numerical integration
when applying the stiffness matrix. It might be possible to rewrite the linear implementations for unstructured grids,
but not without a significant drop in performance. Another approach to handle arbitrary design domains could be
to mesh the entire bounding box, and include passive void domains to restrict the design to the desired domain,
as done in Aage et al. [3]. While it might seem counter-intuitive, it might be best for performance to model void
elements around a complex domain. The performance improvements obtained from the simplified indexing and
similar element matrices, could outweigh the cost of including passive void elements.

Other works such as Wu et al. [19] and Liu et al. [7] both use a structured mesh, but avoid working with the
passive void elements arising from embedding a non-trivial design domain. As further work, the presented codes
can be extended to enable non-trivial domains by allowing to remove passive void elements. Another option is
to include a classic hard-kill strategy, where void elements are removed throughout the optimisation iterations.
However, one should take care with updating the used elements, as indexing and non-trivial memory access very
quickly becomes prohibitively costly on GPU hardware, potentially negating the performance improvements made
by avoiding computation on some elements.

It has also been shown that it is possible to solve nonlinear problems with a million degrees of freedom on the
GPU in a reasonable time-frame, although some work is needed before large-scale applications become possible.

The nonlinear formulation requires numerical integration of all elements every time the stiffness matrix is needed.
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This makes the used matrix-free approach more computationally costly, compared to the linear problem, as the
elements need to be numerically integrated every time the tangent matrix is applied. One possible alleviation is
to explicitly assemble the full tangent matrix for the nonlinear problem, although this would greatly increase the
memory consumption of the program. This would be feasible for the examples considered in this article, as they
are no larger than 1 million elements, but could become infeasible for larger meshes as they would no longer fit in
the GPU memory.

To summarise, GPU acceleration is now at the point where it is feasible to solve large-scale linear elastic topology
ptimisation problems on a single desktop system. High level languages and compilers like Futhark simplify the
mplementation process even further. It is our hope that the provided codes may serve as a basis for future research
n topology optimisation.
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ppendix. Nonlinear element formulation

This appendix aims to describe the implemented nonlinear formulation thoroughly.

.1. Basic definitions

Given the undeformed configuration X , and some deformed configuration x , they can be related through a
deformation u.

x = X + u, (A.1)

From this we can find the deformation gradient fi j .

fi j =
∂xi

∂ X j
= δi j +

∂ui

∂ X j
, (A.2)

And the Cauchy–Green tensor

Ci j = fik fk j , (A.3)

From this the Green–Lagrange strain tensor is defined

ϵi j =
1

(Ci j − δi j ). (A.4)

2
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A.2. Neo-Hookean material model

The used Neo-Hookean energy function is

Πint =
λ

2
(ln J )2

+
µ

2
(Ci i − 3)− µ ln J, J = | fi j | (A.5)

note that J denotes the determinant of the deformation gradient.
Here the lame parameters are used

λ =
νE

(1+ ν)(1− 2ν)
, µ =

E
2(1+ ν)

, (A.6)

The second Piola–Kirchhoff stress for the Neo-Hookean energy is

σi j =
∂Πint

∂ϵi j
= λ ln JC−1

i j + µ(δi j − C−1
i j ), (A.7)

And the elasticity tensor is

Ci jkl =
∂Πint

∂ϵi j∂ϵkl
= λC−1

i j C−1
kl + (µ− λ ln J )(C−1

ik C−1
jl + C−1

il C−1
jk ). (A.8)

.3. Finite element discretisation of Neo-Hookean material model

Assuming basic FE knowledge and Cook-like notation.

[D]re f =

⎡⎢⎢⎣
∂u1

∂ξ1
∂u2

∂ξ1
∂u3

∂ξ1

∂u1

∂ξ2
∂u2

∂ξ2
∂u3

∂ξ2

∂u1

∂ξ3
∂u2

∂ξ3
∂u3

∂ξ3

⎤⎥⎥⎦ =
⎡⎣∑

i Ni,ξ1u1
i

∑
i Ni,ξ1u2

i
∑

i Ni,ξ1u3
i∑

i Ni,ξ2u1
i

∑
i Ni,ξ2u2

i
∑

i Ni,ξ2u3
i∑

i Ni,ξ3u1
i

∑
i Ni,ξ3u2

i
∑

i Ni,ξ3u3
i

⎤⎦ (A.9)

[D] =

⎡⎢⎣
∂u1

∂x1
∂u2

∂x1
∂u3

∂x1
∂u1

∂x2
∂u2

∂x2
∂u3

∂x2
∂u1

∂x3
∂u2

∂x3
∂u3

∂x3

⎤⎥⎦ = [J ]−1[D]re f (A.10)

[F] = [D]+ [I ], J = |[F]| (A.11)

[C] = [F]⊤[F] (A.12)

[ϵ] =
1
2

([C]− [I ]) (A.13)

[σ ] = λ ln |[F]|[C]−1
+ µ([I ]− [C]−1) (A.14)

The elasticity tensor is renamed E, to avoid clash with the Cauchy–Green deformation tensor.

[E] = Ci jkl transformed to voigt notation (A.15)

.4. Finite element discretisation of strains

The following write-up of the Green–Lagrange strains is based on Zienkiewicz and Taylor [44]
The Green–Lagrange strains can be written as

{ϵ} = {ϵ0} + {ϵL} (A.16)

where {ϵ0} are the usual linear strains

{ϵ } = [B ]{u}, (A.17)
0 0

23
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w

w

R

And {ϵL} denote the additional Lagrangian strains,

{ϵL} =
1
2

[A]{Θ} =
1
2

⎡⎢⎢⎢⎢⎢⎢⎣
{Θx }

⊤ 0 0
0 {Θy}

⊤ 0
0 0 {Θz}

⊤

0 {Θz}
⊤
{Θy}

⊤

{Θz}
⊤ 0 {Θx }

⊤

{Θy}
⊤
{Θx }

⊤ 0

⎤⎥⎥⎥⎥⎥⎥⎦
⎧⎨⎩{Θx }

{Θy}

{Θz}

⎫⎬⎭ (A.18)

here {Θx }
⊤
= {

∂u
∂x , ∂v

∂x , ∂w
∂x }, {Θy}

⊤
= {

∂u
∂y , ∂v

∂y , ∂w
∂y }, and {Θz}

⊤
= {

∂u
∂z , ∂v

∂z ,
∂w
∂z }. Which can be computed similarly

to Eq. (A.10).
Similarly, the Lagrange interpolation can be found by

[BL ] = [A][G] = [A] [[g1][g2][g3][g4][g5][g6][g7][g8]] (A.19)

here

[gi ] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ni,x 0 0
0 Ni,x 0
0 0 Ni,x

Ni,y 0 0
0 Ni,y 0
0 0 Ni,y

Ni,z 0 0
0 Ni,z 0
0 0 Ni,z

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.20)

Now the full interpolation is defined as

[B̄] = [BL ]+ [B0] (A.21)

Finally, the element residual and tangent matrix can be found as:

{Re} =

∫
V e

[B̄]{σ }dV − {Pe} (A.22)

[ke] =
∫

V e
[G]⊤[M][G]dV +

∫
V e

[B̄]⊤[C][B̄]dV (A.23)

here

[M] =

⎡⎣σ11[I3] σ12[I3] σ13[I3]
σ12[I3] σ22[I3] σ23[I3]
σ13[I3] σ23[I3] σ33[I3]

⎤⎦ (A.24)
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