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Constructing Local Models for General Measurements on Bosonic Gaussian States
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® (Received 2 December 2022; revised 23 May 2023; accepted 22 August 2023; published 12 September 2023)

We derive a simple sufficient criterion for the locality of correlations obtained from given measurements
on a Gaussian quantum state. The criterion is based on the construction of a local-hidden-variable model
that works by passing part of the inherent Gaussian noise of the state onto the measurements. We illustrate
our result in the setting of displaced photodetection on a two-mode squeezed state. Here, our criterion
exhibits the existence of a local-hidden-variable model for a range of parameters where the state is still

entangled.
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Introduction.—Quantum mechanics allows for correla-
tions than are impossible classically and which can be
exploited in a variety of applications. In particular, entangled
quantum states are a key resource for quantum information
science, enabling advantages in computing, communica-
tion, and sensing [ 1-4]. Furthermore, as shown by Bell [5],
measurements on certain entangled states can lead to
observations that violate a so-called Bell inequality and
are then incompatible with local causal explanations. This
phenomenon, known as nonlocality, demonstrates a pro-
found departure from classical physics and is a cornerstone
of modern understanding of quantum physics [6]. Nonlocal
correlations also enable advantages for communication [7,8]
and information processing at an unprecedented level of
security [9-11].

Entanglement and nonlocality, however, are not equiv-
alent. While entanglement is a prerequisite for nonlocality,
in general, only carefully chosen measurements on a given
entangled state will produce nonlocal observations, and
while such measurements can always be found for pure
entangled states [12], there exist mixed entangled states that
are local for any possible measurements [13,14]. Deciding
whether given states can give rise to nonlocality is desirable
both for applications and fundamentally. This is, for
instance, crucial in the context of device-independent
(DI quantum key distribution (QKD), the strongest form
of quantum cryptographic protocols [15,16]. In DIQKD
and other DI protocols, security relies on the violation of a
Bell inequality and hence requires the use of entangled
states that enable nonlocality.

Certifying whether an entangled state exhibits nonlocality
is far from trivial. To demonstrate nonlocality, it is sufficient
to find a particular set of measurements that leads to
violation of a particular Bell inequality. Demonstrating that
a state cannot give rise to nonlocality is much harder because
there are infinitely many possible measurements and Bell
inequalities. It requires the construction of local-hidden-
variable (LHV) models that can reproduce the observations
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for any combination of measurements. Constructing such
models is challenging, even for particular classes of mea-
surements. A number of methods for constructing LHV
models have nevertheless been developed [13,14,17-22],
applicable to a variety of entangled states and measure-
ments. Very often, a clear connection between the intro-
duction of noise and the vanishing of nonlocality can be
identified in these models, e.g., in [13,18].

While most previous work is concerned mainly with
systems of finite dimension, another relevant class is that of
so-called continuous-variables systems [23]. Most particu-
larly, Gaussian bosonic states and transformations are
ubiquitous in quantum theory and in experiments in,
e.g., optical, superconducting, and mechanical platforms.
At the same time, Gaussian systems are relatively easy to
model. Their entanglement properties have been exten-
sively studied [24,25] and their nonlocality [26-35] and
steering [36] have also been explored. The relation between
noise and nonlocality has also been investigated [37,38].
For Gaussian measurements on Gaussian states, the result-
ing observations are always local, because the positive
Wigner function of such states enables the construction of
an LHV model for any set of Gaussian measurements (as
explained in more detail below). However, little is known
about the existence of LHV models for Gaussian states
subject to non-Gaussian measurements.

Here, we develop a sufficient criterion for the existence
of LHV models for general measurements on Gaussian
states. Given a state and a candidate family of measure-
ments, the criterion enables one to certify that they will
never lead to nonlocal correlations. The idea behind our
result follows the lines of Werner and Wolf’s criterion for
the separability of Gaussian states [24]. Furthermore, we
provide an interesting interpretation in terms of the role of
noise for the vanishing of nonlocality, separating the
inherent quantum noise resulting from the uncertainty
relations from additional classical Gaussian noise. Before
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presenting our main result, we review some elements of the

theory of bosonic systems and nonlocality.

Bosonic systems and Bell nonlocality.—A bosonic sys-
tem [23] is described by N modes, where each mode is
associated with an infinite-dimensional Hilbert space and a
pair of bosonic field operators a,, &Z, where k=1,....N
denotes the mode. The total system Hilbert space is the
tensor product over the modes. The field operators satisfy
the bosonic commutation relations [4;, &}] =6y, [, a;] =

0, [&j, &;] = 0. Alternatively, the system can be described

using the quadrature operators {g;, i}y, defined as
gy = a; + &Z, Dy = i(&,TC — ay) (we take 7 =2 through-
out), which can also be arranged in the vector 7 :=
(@1, P1y--»qns Pn)T. The quadratures satisfy [fy, 7] =
2iQy;, where Q = Y, (_01 é) is the symplectic form.

Any positive Hermitian operator in state space can
equivalently be completely described by its real-valued
Wigner function in phase space. If the operator is of unit
trace (e.g., the density matrix p of a quantum state), its
Wigner function integrates to unity. Two quantities
of particular interest are the two first statistical
moments: the mean of the quadratures 7 := Tr[fp| and
the covariance matrix V with V;; = Tr[{A?;, A?;}p]/2,
where AF;:=7;—7 and {-,-} is the anticommutator.
Whenever p is a genuine quantum state, the 2N x 2N real,
symmetric covariance matrix satisfies the uncertainty
principle V + iQ > 0, which also implies V > 0.

As already mentioned, Gaussian states [39] are ubiqui-
tous in quantum experiments. These are states whose
Wigner function is a multivariate Gaussian distribution.
As such, they are completely described by their first two
statistical moments, and their Wigner function can be
written as

1 L \Ty—1 (5
W)= ————— 3(=)V7(r7), 1
) (2z)Nv/detV M)

The entanglement in a Gaussian state is determined by its
covariance matrix alone. A bipartite Gaussian state with
covariance matrix V 45 will be separable if and only if there
exist genuine covariance matrices ¥, and yp of parties A
and B such that V >y, @ yp [24].

A stronger form of correlations, Bell nonlocality is
defined at the level of the observed input-output distribu-
tion in an experiment with multiple observers. In particular,
a bipartite experiment with observers A and B is charac-
terized by the distribution p(ab|xy), where x, y label the
choice of input (measurement setting) of A and B, respec-
tively, and a, b label their outputs (measurement out-
comes). The distribution is called nonlocal if it does not
admit an LHV model, i.e., if it cannot be written as

plablxy) = / dig(W)pla

x,A)p(b

A, (2

where the integral is over the (hidden) variable A, which is
distributed according to a probability density ¢(1) and
where p(a|x, ) and p(bly, A) are local response functions.
Entanglement is necessary but not sufficient for the
generation of nonlocal correlations [6]. In a general bipartite
quantum experiment, A and B share a state p,p and each
perform a generalized measurement with positive-operator-
valued-measure (POVM) elements Q) and Ry),, respec-
tively. The corresponding probabilities are p(ab|xy) =
Tr[papQax ® Ryjy]. If the quantum state and all the POVM
elements have positive Wigner functions, p(ab|xy) is
necessarily local. Indeed, if psp, Qgx» and Ry, have
respective Wigner functions W, Q,, and R;,, we have

p(ablxy) = / drw (r) %’ﬂ'g%} Z’filry)(_’ﬁif), 3)

with r = (ry,rp), where r, and rp are the phase-space
variables and N4 and N are the number of modes of party A
and B, respectively. This can be understood as an LHV
model (2) with r as the hidden variable. W is normalized and
is hence a probability density over r. Since ), Q4 =1,
with I the identity operator, the Wigner functions fulfill
>0 Qujx(ra) = (4z)™N4 forall x and r,, because the Wigner
function of the identity on N modes is the constant (47)~" in
our convention and similarly for Ry, It follows that the last
two terms in (3) are probability distributions over @ and b,
respectively, and can be interpreted as local response
functions. Hence (3) is of the form (2). An immediate
consequence is that correlations obtained by Gaussian
measurements on a Gaussian state will never be nonlocal.

Constructing the LHV model—We denote by G, the
multivariate Gaussian distribution with mean § and covari-
ance matrix y, and by fog the convolution of functions f
and g, which is defined as

(fog)(r) = / dr f()g(r — ). (4)

We also define 0 := (0,...,0)T. The following statement
provides a sufficient criterion for the existence of LHV
models for Gaussian states subject to specific measurements.

Theorem 1.—Let r be the mean and V the covariance
matrix of a Gaussian state o, and let Q,|, and Ry, be the
Wigner functions of the POVM elements Q,|, and R),.
If there exist matrices y, > 0 and y5 > 0 such that

V2>ys@ys. (5)

and

Qu\xog&m >0 and Rb|yog0s78 20, (6)
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for all a, x and b, y, then the probabilities p(ab|xy) =
Tr[papQux ® Ryy] exhibit an LHV model.

Proof—Let o =V —y, ®yp > 0. Since y, >0 and
yp =0, one can define genuine Gaussian probability
distributions Gy, and G,,,, and similarly for Gz .
|

A useful property of Gaussian distributions is that con-
volving two such distributions results in a Gaussian
distribution, i.e., G; , oG;, ,, = Gs,, with § =§, +§, and
y =y1 +7,. Exploiting this and the symmetries of
Gaussian distributions, we have

plablxy) = (4m)" / dradryGry (P47 ) Quie )Ry ()

= (4ﬂ)N/drAdrB/drgdr%gi.w(rghr;}?)go,yA@yB(rA _r,/aprB_r%)Qa\x(rA)Rbb’(rB)

= (4n)" / drydrpGr. o, (ry. 1) / dradrpGo.y,@y, (s =T, = T5) Lalx (ra) Ry ()

Qa\x(rA) ,fzb\y(rB)

= [ dradrayeara) S T )

where Qa\x = Qa|xog0,“ > 0, Rb|y = Rh‘yog(),yg > 0.
Since for the constant distribution ¢ = (47)~4, it holds
that coGy,, = c, we also have that (47)¥4 3>, Oy, = 1,
and similarly for 7~€b|y. Equation (7) can therefore be
interpreted as an LHV model. [

An important point of Theorem 1 is that y, and y need
not be covariance matrices of genuine quantum states and
only have to be non-negative. It is instructive to have a
closer look at the situation when the state p,p is separable.
In that case, there exist covariance matrices y, and yp of
quantum states (i.e., which satisfy the uncertainty princi-
ple), such that V >y, @ yp [24], so that

Oyulry) = / 4 Qe (54)G0,, (Fa —51)

:/dSAan(SA)grAJ’A(sA)
= (47)™NATr[Q1x84). (8)

where 6, is the density matrix of the Gaussian state with
mean value r, and covariance matrix y,. Since 64 is a
genuine density matrix, we have that Qa‘x(rA) > 0 for all
r4. The same reasoning can, of course, be made for party B.
We therefore see that, when p 4 is separable, we are always
provided with an LHV model whatever the measurements,
as should indeed be the case.

In fact, while the Wigner functions Qa‘x and 7~2b|y will
always become positive when subject to enough noise (that
is, noise coming from a separable state p,pz), one can push
the analysis further. Consider the bivariate convolution
Qi’l)x = Qa‘xogo,n with the choice y, = fl,, for some ¢ > 0,
where I, is the 2 x 2 identity matrix. It is well known that
the function Q(a?x then satisfies the heat (or diffusion)

equation [40]

9~ _ 1, ~0
290 — A
E Q 3 Q 9)

alx alx’

where A is the Laplacian, with initial condition le)))c = Qa‘x.

In the limit of ¢ — oo, the function QE;‘)X approaches a

Gaussian, which is necessarily non-negative everywhere.
The convolution Q,,°Gy,, actually always makes the
quasiprobability distribution Q,|, “less negative” as the
parameter ¢ increases. More precisely, the local minima of

ngll have non-negative Laplacian, which implies from the
heat equation (9) that their ¢ derivative is non-negative, so
that their values never decrease when ¢ increases.

One can give an operational interpretation of Theorem 1
in terms of the effect that added local Gaussian noise has on
nonlocality. Consider a bipartite pure Gaussian state p4p
with covariance matrix V and suppose it can be written as
V=w-+yi @y} with w,7l,73>0 (where q is for
quantum). Suppose further that we apply local noise to
pap 1n the form of classical additive Gaussian noise
channels [23], i.e., local quantum convolutions in the sense
of Ref. [41]. These channels are completely characterized
by their action on the covariance matrix, which is of the
form V=V + ¢S @ ys with v,y > 0 (where c is for
classical). The resulting mixed Gaussian state p/,, has
covariance matrix  + (y3 +r5) @ (v + 7). Now apply
Theorem 1 to p, with the POVM elements Q. and Ry,
An LHV model will exist if

Qa|xog0.}’j\+}’; 20 and Rh‘)'og0~7qg+?’% 20, (10)

for all a, x and b, y. Equation (10) expresses the fact that
Piyp Will become local with respect to the POVMs Q| and
Ry|, when the noise provided by the convolutions with the
Gaussian distributions go%q‘ o and sz 7 is important
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enough. There are two contributions to the noise. The first,
characterized by y4 and y}, is quantum noise; that is, the
uncertainty inherent to quantum mechanics coming from
the fact that the pure state p,p is subject to the uncertainty
relation. The second, characterized by y§ and y%, is
classical Gaussian additive noise making the state mixed.
An interesting situation arises when either y§ + 74 or
Y; + 7% is not a genuine covariance matrix, so that P/,
is still entangled, while the noise is important enough so
that there exists an LHV model. We provide an example of
this in the following.

An application.—For the sake of illustration, we consider
a two-mode squeezed state (TMSS) p,p with zero mean
and covariance matrix

VA — IZ>’ )

V= I/HZ
V2 -1Z vl

where v > 1 and Z := diag(1, —1). It is entangled for v > 1.
We consider a scheme similar to that of Ref. [34] for
demonstrating nonlocality with a TMSS (see Fig. 1). First,
we take losses into account by applying a local pure-loss
channel [23] £, of parameter ; € [0, 1] to each mode of the
TMSS. The channel &, acts as

&,lo] = Tra[U, (o ® [0)(0) U], (12)

where U, is a beam-splitter unitary and |0) is the vacuum
state. Since &, is Gaussian, the resulting state P, =
(&) ® &,)[pag] is also Gaussian with zero mean value
and covariance matrix

vt —12Z

v ([l +n( -1 ) 13)
[1+n( - DL

nvt —12Z

Of ———"pg |
0 e e HEaE 00
0 s X 8)
o ——— "

FIG. 1. Sketch of a scheme for demonstrating nonlocality from
a TMSS with loss. ATMSS is generated by injecting a couple of
vacua into a two-mode squeezer (TMS) of parameter v, while
losses are modeled by the interaction of each output mode of the
TMS with a vacuum state through a beam splitter (BS) of
transmittance 5. The measurements characterized by the POVM
elements X, (e, a,) and X, (e, §,) are then performed on party A
and B, respectively.

Furthermore, it can be seen to be entangled for any v > 1
and n > 0 by evaluating the partial transpose [25,42,43].
Next, for the measurements we consider displacements
followed by non-number-resolving single-photon detection
(click or no click). Ideally, this implements a measurement
where the no-click outcome corresponds to a projection onto
a coherent state. Here, we allow for some noise in the
detection by modeling the POVM element corresponding
to the no-click outcome as X, (e, a):= D,[(1 —¢)|0)
(0 + €[1)(1]]D}, where D, is the displacement operator
and |1) is the one-photon Fock state. The click outcome
corresponds to X_; (e, @) :==1— X_(e,a). The parameter
€ €10, 1] can be understood as the probability for an addi-
tional excitation to be introduced during measurement.
Inputs x,y €{0, 1} for A and B correspond to displace-
ments a, and f,, respectively, and we label the outputs
a,be{£1}, with —1 for click events. We take the noise
strength € to be the same for all measurements. Defining the
correlators (a,b,) = ", , abp(ab|xy), Eq. (2) implies the
Clauser-Horne-Shimony-Holt (CHSH) inequality [44]

S = (agby) + (aohy) + (a1by) — (a1by) <2. (14)

This inequality can be violated for the quantum probabil-
ities p(ablxy) = Trlp)(X, (6. @) ® Xy(e.,))]. In par-
ticular, taking f, = —a, for y = x and optimizing over real
a,, we find violation for a range of values of the squeezing,
loss, and noise, as shown in Fig. 2. To do so, we fix
e =0.02 as an example, before numerically maximizing
the value of S in Eq. (14) over the free para-
meters o, a; € [—1, 1], for each value of n€(0,1] and
ve(l, 1.5], after a suitable discretization. For instance, if
one chooses # = 0.95 and v = 1.4, one gets S~2.1 > 2
for (ag, o) =~ (0.12,-0.48).

On the other hand, we can apply Theorem 1 to show that
the correlations must be local for another parameter region.
Let X' be the Wigner function of X, (e, «). The quasidis-

tribution A’ (f'la) is non-negative everywhere since ¢ < 1,
while X (_gl’a) admits negative values. According to Theorem
1, the probability p(ab|xy) will satisfy Eq. (2) if there
exist non-negative matrices y4 and yp such that

V' >y, @y and the Wigner functions X oGy, and
X f’ﬂ 2 oGy, are non-negative forall a, b. It is enough to find
4 and yp such that Xfia“)ogo,“ >0and X (_81’/} *‘>og0_y3 > 0.

Now, consider the choice y4, =yp =1, with r>0.
If we are to satisfy V' >y, @ yp, weneedt < 1 4+ (v — 1-

Vi? —1). From Eq. (9), it follows that if X(_S{G)Ogo,zﬂz
becomes non-negative for some value of ¢, it will remain
so for all larger #. Consequently, one can consider the highest

acceptable value of ¢, thatis t =1+ (v —1— V2> —1).
Furthermore, by definition of the convolution, the value of ¢

for which Xff‘)ogo,,b becomes non-negative does not

110202-4
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FIG. 2. Comparisons of regions for which the lossy TMSS 7/,
admits an LHV model for the choice of measurements
{X.i(e,a),X_|(g,a)} (blue region, left) and for which it violates
the CHSH inequality (orange region, right), for the choice
€ = 0.02. Note that we limited the figures to values v € [1, 1.5]
as this is where a significant violation of the CHSH inequality
occurs, but the region of existence of LHV models extends further
when increasing the range of values of v.

depend on a, so that one can take a =0. Now,
the Wigner functions of the operators I, |0)(0|, and
[1)(1| are, respectively, given by Wy(x, p) = 1/(4x),
Wioyo)(x, p) = €772/ (2x), and W)y (x, p) = —(1 =
x2 = p?)e+P))/2/(21) [45], while we have X' (x, p) =
Wi — (1 = &)Wgy0/(x, p) — eW)1yq)(x, p). Using this, we
obtain

(X00Gy 1,) (%, p)

2 2 2 —(24p2
_ 1 A+ el tr 2(1 +1)] Ao (15)
dr 27(1+1)

It can easily be shown that, forall # > 0 and (x, p) € R?, the
above function achieves its minimum at (x, p) = 0, and that
this minimum is non-negative for 7> +/1 —4e. From
our choice of ¢, this means that the distribution will be
non-negative everywhere for 1 +n(v—1-vi?—1)>
V1 — 4e. The corresponding region in the (5, v)-plane is
plotted in Fig. 2 for € = 0.02. In this region, the entangled
state p', ; admits an LHV model for the family of measure-
ments described above.

Conclusion.—In this Letter, we have developed a cri-
terion for the existence of local-hidden-variable models for
correlations resulting from general measurements on

Gaussian states, by exploiting that measurement-operator
Wigner functions can be made positive by passing
Gaussian noise from the state to the measurement. We
have illustrated the criterion for the case of noisy displace-
ment-based measurements on a two-mode squeezed state
subject to loss.

Recently, continuous-variables quantum systems have
emerged as a promising platform for the implementation of
QKD protocols [46-51]. In particular, Gaussian systems
such as coherent states can serve as a resource for security
against collective attacks [52,53]. In light of this, we expect
the present Letter to also be useful in the context of DIQKD
with Gaussian states.

An interesting question is whether the statement of
Theorem 1 is also a necessary criterion: if one cannot find
two positive semidefinite matrices y4 and yp such that
Eq. (6) is satisfied for all POVM elements simultaneously,
does this imply nonlocality of the distribution p(ab|xy) =

TrMABQa\x b2 Rh\y]?
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