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Abstract

In this paper, we provide a geometric analysis of a new hysteresis model that is
based upon singular perturbations. Here hysteresis refers to a type of regularization of
piecewise smooth differential equations where the past of a trajectory, in a small neigh-
borhood of the discontinuity set, determines the vector-field at present. In fact, in the
limit where the neighborhood of the discontinuity vanishes, hysteresis converges in an
appropriate sense to Filippov’s sliding vector-field. Recently (2022), however, Bonet
and Seara showed that hysteresis, in contrast to regularization through smoothing,
leads to chaos in the regularization of grazing bifurcations, even in two dimensions.
The hysteresis model we analyze in the present paper—which was developed by Bonet
et al in a paper from 2017 as an attempt to unify different regularizations of piece-
wise smooth systems—involves two singular perturbation parameters and includes
a combination of slow—fast and nonsmooth effects. The description of this model is
therefore—from the perspective of singular perturbation theory—challenging, even
in two dimensions. Using blowup as our main technical tool, we prove existence of an
invariant cylinder carrying fast dynamics in the azimuthal direction and a slow drift in
the axial direction. We find that the slow drift is given by Filippov’s sliding vector-field
to leading order. Moreover, in the case of grazing, we identify two important parameter
regimes that relate the model to smoothing (through a saddle-node bifurcation of limit
cycles) and hysteresis (through chaotic dynamics, due to a folded saddle and a novel
return mechanism).
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1 Introduction

In this paper, we consider piecewise smooth (PWS) systems of the following form:

Zi(z) y=>0

1
Z(z) y<O0’ M

where z = (x, y) € R"!, Z4(z) = (X+(2), Y+(z)). The set = : y = 0 is called the
discontinuity set or switching manifold. In a more general setting, one could define the
switching manifold ¥ as a smooth hypersurface 4(z) = 0 for some regular function
h : R**! — R. Locally, however, we can always introduce coordinates (x, y) so that
h(x,y) = y. We will suppose that Z1 are smooth vector-fields, each defined in a
neighborhood of X.

The basic problem of (1) is how to define solutions of (1) on X. The case when
Y1 (x,0) < 0and Y_(x,0) > 0 is most interesting from a technical point of view,
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Fig. 1 Illustration of Filippov’s
sliding vector-field X; in the y
case of stable sliding

Z_(z,0)

Z4(x,0)

because in this case orbits of either system z = Z_ (z) reach X in finite time, see Fig. 1.
This is known as (stable) sliding. To be able to define a forward flow, a vector-field
must be assigned on X. The most common way to do this, is through the Filippov
vector-field defined by

Xs(x) == X4 (x,00p(x) + X_(x, 0)(1 — p(x)),

. Y_(x,0)
PO =5 oo € OV @)

The PWS systems, where (2) is assigned along the subset of the switching mani-
fold with Y4 (x, 0)Y_(x, 0) < 0, are called Filippov systems. Filippov systems may
also be viewed more abstractly in the sense of differential inclusions (Filippov 1988).
They occur naturally in mechanics, e.g., in friction modeling(Bossolini et al 2017,
Kristiansen2021).However, even such mechanical models may suffer from nonunique-
ness of solutions, and a meaningful forward flow may not be defined at all points
(Bossolini et al. 2017).

From a modeling perspective, nonuniqueness may be interpreted as an insufficient
model where additional information or complexity has to be added in order to select
a unique forward trajectory. From this point of view, it is therefore important to study
regularizations of (1). There are two basic examples of regularizations of (1), one is
smoothing and another one is hysteresis. In this paper, we shall—following Sotomayor
and Teixeira (1996)—define regularization by smoothing as replacing (1) with an

E'family Of Sl’nOOth S y stems:
€

3)
- Y
y_Y<Z’¢<e))’
with Z(z, p) = (X(z, p), Y(z, p)) defined by:
Z(z,p) =24 ()p+Z_(2)(1 = p), 4

for Z1 = (X4, Y1). Regarding the function ¢ in (3), we assume the following
assumption, so that (3) approaches (1) pointwise for ¢ — 0 for y # 0.

@ Springer
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Fig. 2 TIllustration of hysteresis

in the case of stable sliding. In y
comparison with regularization Y=«
by smoothing, hysteresis can be /\ ,,(\ 7(\ J

of which is given by 2«

interpreted as introducing a >
negative boundary layer, the size 78/ \\/ V V y=—a T

Assumption 1 The smooth “regularization function” ¢ : R — R satisfies the
monotonicity condition

¢'(s) >0,
for all s € R and, moreover,

b(s) — {1 for s — o0, )

0 fors — —oo.

On the other hand, in hysteresis, solutions of z = Z, (z) are extended to y = —«
before switching to z = Z_(z). Here, @ > 0 is some small parameter. Solutions of
Z = Z_(z) are similarly extended to y = « before switching occurs, see Fig. 2.

In smoothing, we basically introduce a boundary layer of order O(¢) around y = 0
where p = ¢(ye~!) changes by an O(1)-amount. From this point of view, it is also
useful to think of hysteresis as introducing a “negative” boundary layer around y = 0
of size 2.

In both types of regularizations, forward solutions can be uniquely defined for all
€ > 0, o > 0, respectively, and in some cases, €, « — 0 can be analyzed. For example,
in Kristiansen and Hogan (2018) the authors studied the regularization by smoothing of
a visible—invisible twofold in R3. The twofold is a well-known singularity of Filippov
systems that give rise to nonuniqueness of solutions. The results of Kristiansen and
Hogan (2018) showed that the smooth system has a well-defined limit for ¢ — 0
which selects a distinguished forward trajectory through the twofold. In this way, the
nonuniqueness has (in a certain sense) been resolved.

Reference Kristiansen (2020) also studied regularization by smoothing but consid-
ered the planar grazing bifurcation scenario, where a limit cycle of Z grazes ¥ while
Z_ remains transverse and points toward X. The results showed, in line with Bonet
and Seara (2016) and analysis based upon the associated Filippov system (Kuznetsov
et al. 2003), that in the case of a repelling limit cycle, the smooth system has a locally
unique saddle-node bifurcation of limit cycles. The analysis rested upon a careful
description of the local dynamics, through a local transition map Py, : I[Tin = oy,
near the grazing point which is given by a visible fold, see illustration in Fig. 3. These
results, together with Jelbart et al. (2021a, b, c¢) and Kristiansen and Szmolyan (2021)
working on similar systems, were obtained by adapting methods from Geometric Sin-
gular Perturbation Theory (Fenichel 1979; Jones 1995). In particular, these references

@ Springer
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Fig.3 TIllustration of the planar A
visible fold, which is important y
for the grazing bifurcation. The Ly,

visible fold separates the
switching manifold X into stable
sliding (x < 0) and crossing

points (x > 0)

oy

use a modification of the blowup method (Dumortier and Roussarie 1996; Krupa and
Szmolyan 2001) to gain smoothness of systems of the form (3).

Recently, in Bonet and Seara (2022) the authors performed a related study of the
grazing bifurcation, but using regularization by hysteresis instead. Interestingly, the
results are completely different in this case. In fact, hysteresis leads to chaotic dynamics
for any 0 < @ < 1 under the same assumptions.

In this paper, we consider a new regularization of (1) developed by Bonet et al.
(2017):

i =X p).
y=Y(, p), ©)
. +

clalp=¢ (ydjp) —

for0 < e, || < 1.! Notice that the dimension of (6) is one greater than the dimension
of (1). The connection between (6) and (1) at the pointwise level is as follows: By
Assumption 1, (6) converges pointwise to

=2z, p),
_J1 y=>0 @)
o y<0’

for e, — O for y # 0, which upon using (4) projects to (1). This model was
introduced by Bonet et al. (2017), in a general framework where Z(z, p) depends
nonlinearly on p, with the purpose to incorporate smoothing and hysteresis in one
single unified framework. The authors present asymptotic results for both @ < 0 and
a > 0, connecting the dynamics of (6) in the latter case with Filippov’s sliding vector-
field. Since trajectories in hysteresis cross each-other in the “negative boundary layer,”
recall Fig. 2, it makes sense that the smooth model (6) is defined in an extended space.

! In contrast to Bonet et al. (2017), we write their « as €.

@ Springer
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In Bonet et al. (2017), the authors consider functions ¢, see Assumption 1, that
reach 0 and 1 at finite values:

¢(s)={l foralls =1~ = i6)= 0 foralls € (—1. 1), 8)

=
0 foralls > —1

Such functions have—following Sotomayor and Teixeira (1996)—been called
Sotomayor—Teixeira regularization functions. In this paper, also to exemplify the power
of our approach, we will follow Jelbart et al. (2021a,b, ¢), Kristiansen and Szmolyan
(2021) and Kristiansen (2020) and consider general regularization functions that are
truly asymptotic, like analytic ones, e.g.,

P(s) = l + l arctan(s). O]
2 7«

For this purpose, we add the following technical assumption:

Assumption 2 The regularization function ¢ has algebraic decay as s — o0, i.e.,
there exists a k € N and smooth functions ¢ : [0, c0) — [0, c0) such that

1 — ¢ (s)s*, s >0,

p—_(—=s)(—=s)k, s <0, (10

s =

and

B+ = ¢+(0) >0, p— = ¢_(0) > 0. (11)

There could be different k values k. for s— 400, respectively, but for simplicity we
take these to be identical. In the following, S_ will play little role so we will therefore
for simplicity write 81 as B. For (9),k =1 and 8 = %

Lemma 1.1 Suppose that Assumption 2 holds and consider (6) on any compact domain
U+ upon which y > 0. This system has an attracting slow manifold S¢ o—of the graph
form p = 1 4+ O(eX|a|*)—which carries the reduced problem:

i =Z4(2) + O alb), (12)

This holds uniformly and smoothly on the compact subset Uy and on this set (12) is
therefore a smooth O(e¥|a|¥)-perturbation of z = Z (z).

Proof By Assumption 2, we have the following on U/

x' = ela|X(z, p),
y' = €lalY (z, p),

ﬁzl_p_<em y¢ (em|)
y+ap) TT\y+ap)’

@ Springer
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in terms of the fast time defined by ()’ = e|a|('). Settinge = 0, = 0ony > 0 gives
the layer problem

S e =
I
'—“.OO

for which So = {(x, y, p) € Uy | p = 1} clearly is a normally hyperbolic and attract-
ing critical manifold. The result then follows from Fenichel’s theory (Fenichel 1979),
see also Jones (1995, Theorem 2). O

A similar result clearly holds within y < 0. The objective of our analysis is to
uncover what occurs near y = 0.

It is possible to obtain some intuition on the dynamics of (6) by looking at the
equation for the p-nullcline:

¢><y+‘”’)—p=o, (13)

€la|
see also Bonet et al. (2017, Fig. 3). Given that p is a fast variable of (6), it is tempting
to think about the set defined by (13) as a critical manifold (ignoring for the moment

that it depends on € and « in a singular way). We can solve (13) for y as a function of
p, € and « by using ¢~!. This gives

y=F(p, e a) =c¢lalp" (p) —a. (14)

Now, the graph y = F(p,€,a), p € (0, 1), of the function F has fold points at
(v, p) = (yy. py) whenever

FI/)(pf’E’a)ZEkx' —O[:O, Fl/;p(pf,f,a)#(),

1
o' (9~ (py))
see Fig. 4. Because the former condition can be written as
¢ <¢_1(pf)) = esigna,

we only have fold points (using Assumption 1) for sign @ = 1. In this case, assuming
that Assumption 2 holds, it is a simple calculation to show that there exist two fold
points (y"f—L, pjic) and that these have the following asymptotics

70 =(0lactr) 0 ().

Of.pp) = (O(a), 1+0 (eﬁ» ,

@ Springer
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with respect to €, — 0, near p = 0 and p = 1, respectively. The leading order
terms can expressed in terms of 8 and k, see also (16) below.

In this paper, we will focus on @ > 0; the case @ < 0 is simpler and can be handled
by the same methods.

The graph of F has an S-shape, see Fig. 4, but since F converges pointwise to 0
for p € (0, 1) as €, ¢ — 0, the folds (black disks) are only visible upon magnifica-
tion/blowup of y. Moreover, due to the singular nature it is a priori unclear whether
this folded structure behaves like folds in slow—fast systems, see, e.g., Szmolyan and
Wechselberger (2001, 2004). Nevertheless, if we continue to think of the graph of
F as a critical manifold and p as the fast variable, the S-shape structure hints at a
hysteresis-like mechanism for fast transitions between p = 0 and p = 1 through the
fold points. The folded structure becomes more profound for larger values of o > O.
Our blowup approach (see Sect.4) will describe this in further details and motivate
coordinates, including (v213, p213, p213) defined by

y=—a(l+ /051319213) + 01,0'2‘13\/213,

p = (1+ p530213), (15)
k+1
€= 03>

that can be used to describe the dynamics in a rigorous way. In fact, (15) leads to the
following equations: x = 0 and

. —k
213 = —1213 (ﬂvm + P213) ,

P213 = =213 (ﬂv;{; + p213> .

with 8 = ¢4 (0), in the dual singular limit o, p213 — 0. This system has the set R>13
defined by p213 = —/31)2_1"3, 1213 > 0, as a manifold of equilibria. R13 is normally
hyperbolic everywhere except at

paisg = —B KB HT . vyz = (KB)FT (16)

which is a fold point, see the left subfigure in Fig. 14 for an illustration. In the case
of sliding, we find that the fold point is a simple jump point, whereas in the case of
grazing it becomes a canard point (folded saddle singularity, within a certain parameter
regime). Notice that the location of the fold point (16) is by (15) in agreement with
the asymptotics for (y;f, p}f) above.

We anticipate that our approach will have general interest. It is clear that (6) involves
a combination of slow—fast and nonsmooth effects. The analysis of such system seems
to be rare. Reference Kristiansen (2021) offers an exception. This manuscript studied
a model of a friction oscillator, also of the form (3) but with ¢ non-monotone, in
the presence of a timescale separation. The combination of slow—fast and nonsmooth
effects was shown to lead to chaotic dynamics through a horseshoe obtained through
a folded saddle singularity (Szmolyan and Wechselberger 2001) and a novel return

@ Springer
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/% O(w) 1 p

Fig. 4 Illustration of the graph of F (in orange), see (14). For €, > 0 small enough, F has two folds
k

(black disks) located O(e k+T)-close to p = 0 and p = 1, respectively. The parameter « measures the
separation of the fold points in the y-direction. The pointwise limit for €,  — 0 is indicated in red and
blue. In particular, the blue lines at p = 0 and p = 1 are asymptotes for the graph (14)

mechanism. We will obtain something similar for (6) in the case of the grazing bifur-
cation. However, the analysis of (6) is more involved, and as opposed to the system in
Kristiansen (2021), the slow—fast and nonsmooth effects are more combined. On top
of that, (6) involves two small parameters 0 < €, || < 1.

We hope that our analysis of (6) will provide a template for the analysis of similar
systems with several singular parameters as well as a combination of slow—fast and
nonsmooth phenomena. At the same time, it is our anticipation that our results, in
particular on the grazing bifurcation and the unification of known results on smoothing
and hysteresis, will stimulate further research on the model (6).

1.1 Overview

The remainder of the paper is organized as follows. In Sect. 2, we present the blowup
approach which will form the basis for our analysis of (6) with @ > 0. This will include
a review of this method in the context of regularization by smoothing. Although the
results on smoothing are well known to experts, we believe that the use of the blowup
approach in this context provides a good platform to extend it to the analysis of (6).
In Sect. 3, we then present the first main results, summarized in Theorem 3.1, on the
dynamics of (6) for €, « > 0 both sufficiently small in the case of stable sliding. In
proving this result, we also lay out the geometry of the dynamics using our blowup
approach. In Sect. 4, we prove an important lemma on a return map (resting upon the
description of a transition map near the blowup of the folds in Fig. 4) that is used to
prove Theorem 3.1. Finally, in Sect. 5, we turn our attention to the grazing bifurcation.
The main results of this section are stated in Theorem 5.2. In particular, for the grazing
bifurcation, we identify two separate parameter regimes in the (e, o)-plane. In one
regime, we obtain a locally unique saddle-node bifurcation, as in the regularization by
smoothing (Kristiansen 2020), while in the other regime, we obtain chaotic dynamics,
consistent with the results in Bonet and Seara (2022) on regularization by hysteresis.

@ Springer
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The chaotic dynamics is obtained through a horseshoe and folded saddle singularities
of the blowup of the folds in Fig. 4.

2 Blowup

The blowup approach (Dumortier and Roussarie 1996; Krupa and Szmolyan 2001),
which in its original framework was developed as a method to deal with lack of hyper-
bolicity, has recently been adapted (Kristiansen and Hogan 2018) to deal with smooth
systems approaching nonsmooth ones. Within this framework, we gain smoothness
rather than hyperbolicity by applying blowup.

2.1 A Blowup Approach for Regularization by Smoothing

A particular emphasis in the development of blowup for smooth systems approaching
nonsmooth ones, has been on systems of the form (3). Within our context, these
systems correspond to regularization of the PWS system (1) by smoothing and the
blowup approach proceeds as follows:

Firstly, we work in the extended space (x, y, €) by adding the trivial equation ¢ = 0.
At the same time, to ensure that e = 0 is well defined, we consider this extended system

in terms Of a faSt time:
/ ( ’ ( )) ’
€

i=er(eo )

e =0.

Then, (x, y,0) is a set of equilibria, but (x, 0, 0) is extra singular due to the lack
of smoothness there. This set is therefore blown up through a cylindrical blowup
transformation defined by

(18)

r.(5.8) iy_rf’
€ =€,

forr >0, (y,€) € S 1 leaving x fixed. Here, S 1 is the unit circle in RZ. Notice that
r=0,(¢ €S maps to (y,€) = (0,0) and the preimage of the set of points
(x, 0, 0) is a cylinder; it is in this sense that the set of point (x, 0, 0) is blown up by
(18). See Fig. 5.

Under the Assumption 2, qb(ye_l) = ¢()7€_1) extends smoothly to (y, €) € stn
{e > 0}. This leads to the following, see Kristiansen and Hogan (2018).

Lemma 2.1 Let V denote the vector-field associated with (17) and let ®
(x,r, (3,€)) = (x,V,€) be the blowup transformation defined by (18). Moreover, let
®*(V) be the pullback of V. Then,

V=& 'd*(V) definedon (x,r,(3,€) € R" x [0,00) x S' N{€ > 0},

@ Springer
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y Z_(x,0) X\( %
¢ &< L W
/
A X t
¢ j( A
Z + (T ) 0) €
Fig.5 Illustration of blowup in the case of regularization by smoothing. Upon blowup, we gain smoothness
and hyperbolicity along the edges of the cylinder (indicated by the double-headed arrows, see Sect.2.5)
as well as a critical manifold (in pink) when the associated PWS system has stable sliding. The most

fundamental result, see Proposition 2.2, is then that the slow flow on this critical manifold is given by
Filippov’s sliding vector-field (Color figure online)

extends smoothly and nontrivially (i.e. V is not identically zero) to € = 0.
We suppose that the following holds.

Assumption 3 The PWS system (1) has stable sliding along the discontinuity set X:
Yi(x,0) <0, Y_(x,0) > 0.

We also assume that ¥ is a compact domain in R”.

In this way, Z+ are each transverse to 2. This leads to % having hyperbolic prop-
erties along r = 0, € = 0, see Kristiansen and Hogan (2018). This also holds true
even if Z(z, p) depends nonlinearly on p. However, for the purpose of this section,
we suppose the following.

Assumption 4 Z(z, p) is affine with respect to p as in (4).
Then, we have the following.

Proposition 2.2 (Kristiansen and Hogan 2018; Llibre et al. 2009; Sotomayor and Teix-
eira 1996) Consider (3) and suppose that Assumptions 3 and 4 both hold. Then, v
has a normally hyperbolic critical manifold, carrying a reduced slow flow defined by
X = Xy1(x), where X is the Filippov sliding vector-field, see (2).

The result is illustrated in Fig. 5, see figure caption for further details, and has been
known to experts for many years, see also Sotomayor and Teixeira (1996).

2.2 Directional Charts

In practice, the analysis of Vis performed in directional charts. Since we will use
different directional charts in the sequel, we now define these blowup-dependent charts
(in some generality, following Szmolyan and Wechselberger (2001, Definition 3.1) and
Kristiansen and Hogan (2018) before we apply these concepts to (18).

@ Springer
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2
o o2
%
o g W
ral) e . .
0, o(o) o 1)R"*1 Directional blowup > zER"

Fig. 6 Given a blowup and an associated directional blowup (two edges in the diagram), we define the
corresponding chart as the mapping (the final, third edge in the diagram) that makes the diagram commute
(on a subset of [0, co) x S”_l)

Consider x = (x1,...,x,) € R", « = («x1,...,4,) € N" and the following
general, weighted (or quasihomogeneous Kuehn 2015), blowup transformation:

®:[0,00) x "' >R (p, ) > x, (0, X) > (0MF1, L, 0 ), (19)
Here, the preimage of x = 0 is {0} x S"~! where
n
sl = {x: &1, ... %) eRY Y i =1¢,
i=1

is the unit (n — 1)-sphere. The positive integers «; € N are called the weights of the
blowup, see Kuehn (2015).

Definition 2.3 Let j € {1,...,n} and write £/ = (X1, ..., %1, %j41,...,. %) €
R™~!. Then, the directional blowup in the positive j-th direction is the mapping

W/ [0,00) x R"™1 — R”,

obtained by setting x; = 1 in (19):

W (B, R b x = (PR, L, PRy, L P R s, PR (20)
The directional chart (x; = 1) is then the coordinate chart

2/ : [0,00) x "' — [0, 00) x R"™,
such that
® =W og

The directional blowup in the negative j-th direction and the associated directional
chart (x; = —1) are defined completely analogously (by setting x; = —1 in (19)).

We illustrate the concepts of a directional blowup and a directional chart in Fig. 6.
Notice that the directional blowup (20) is a diffeomorphism for p > 0. But the preim-

ageof x =0is p = 0, % € R""!. B/ exists and is unique, see Kristiansen and Hogan
(2018, Equation (5.5)). The details are not important and therefore omitted.

@ Springer



Journal of Nonlinear Science (2024) 34:6 Page 13 of 64 6

With slight abuse of notation, we will, as is common in the literature, simply refer
to (20) as the (directional) charts x; = 1 (although they are actually the coordinate
transformations in the local coordinates of the charts themselves, see also Fig. 6).
Notice that the directional blowups are easy to compute: We just substitute x; = 1
into (19), see (20).

In the context of (18), we have three directional charts (y = £1) and (¢ = 1) so
that (18) takes the following local forms:

- y :rlﬂ
=1
€ =ri€l,
=ry2,
E=1): {77 @1
€ =17,
= y = —r3,
=-Ds:
€ = r3€3.

(In the radial case of (18), they simply correspond to central projections onto the lines
y =1, =1and y = —1, respectively, see also Kristiansen and Hogan (2018, Fig.
6).) These charts cover the relevant part of the cylinder with € > 0. As indicated, we
refer to the three charts in (21) by (y = 1)1, (€ = 1)2, (y = —1)3, respectively, and
the subscripts relate to the numbering used on the corresponding coordinates (ry, €1),
(r2, y2) and (r3, €3), respectively. The charts (y = 1)1 and (€ = 1), overlap fory > 0
and the equations

-1
r=ry:, €=y, ,

define smooth change of coordinates there. Similarly, (y = —1)3 and (¢ = 1),
overlap for y < 0 and the equations r3 = r2y7, €3 = —y, ! define smooth change of
coordinates there. (Obviously, (y = 1); and (y = —1)3 do not overlap.) Notice also

that in (€ = 1), we have y = €y, upon eliminating r, and the blowup transformation
therefore relates to this important scaling where

y
¢ (2) =00,
€
changes by an O(1)-amount. Moreover, in terms of (x, y2, r2), V becomes slow—fast:

X =€eX(x,ey2, d(y2)),

. (22)
2 =Y(x, €y2,¢(y2)),
with r, = € = const.
Using Assumptions 3 and 4, it follows that (22) has a normally hyperbolic critical
manifold for € = 0, carrying reduced slow flow given by (2). This essentially proves
Proposition 2.2. We illustrate the local dynamics in Fig. 7.
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Fig.7 Slow—fast dynamics in A

the (¢ = 1)p-chart (for € = 0) in

the case of regularization by Y2

smoothing. The reduced NZ
problem is given by Filippov

>
%4
Yy

2.3 A Different Version of Blowup

We emphasize that, while the blowup (18)—following Lemma 2.1—leads to gain
of smooothness, blowup is traditionally associated with gain of hyperbolicity. In
this version of blowup, the starting point is a vector-field V having a fully nonhy-
perbolic equilibrium point (or a set of degenerate equilibria) with the linearization
having only zero eigenvalues. Assuming that the equilibrium is at the origin, a blowup
transformation @ is then of the form (19) with the weights « chosen such that

V= p*o*(V)

on (p,x) € (0, po] x "1 extends smoothly and nontrivially to p = 0 for some
k e N. The most useful situation is when the division by p~* (desingularization)
leads to hyperbolicity of equilibria within p = 0, so that the usual hyperbolic methods
(linearization, stable, unstable and center manifolds, etc.) of dynamical systems theory,
see, e.g., Wiggins (2003), can be applied. See also Dumortier et al. (2006, Chapter
3.3) for general results on blowup (including the use of Newton polygons to select the
weights) for planar systems.

Blowup has been extremely successful in the analysis of slow—fast systems,
Dumortier and Roussarie (1996), Kosiuk and Szmolyan (2009), Krupa and Szmolyan
(2001) and Szmolyan and Wechselberger (2001), where loss of hyperbolicity occurs
persistently in the layer problem. Here, the weights « of the blowup transformation
can often be directly related to the geometry of the problem. For example, for the
planar fold jump point, see, e.g., Krupa and Szmolyan (2001, Equation 2.5) where

I~ 2
x/ y+x“, 23)
y =0,

for € = 0, we have a quadratic tangency between the critical manifold y ~ x2 and
the (degenerate) fiber y = 0. In order to gain hyperbolicity, the weights « have to be
so that this tangency is “broken.” This can be achieved by x = px, y = p?¥, p > 0,
(%,7) € S'. Indeed, y ~ x2 leads y ~ ¥2, (%, 7) € S' (0 ~ +0.67 if ¥~'§ = tan ),
while y = 0 leads to y = 0. For further details, we refer to Krupa and Szmolyan
(2001).

In this paper, we will combine these two different versions of blowup (gaining
smooothness and gaining hyperbolicity) to study (6). Similar combinations of blowup
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have been used to study bifurcations in systems of the form (3), see, e.g., Kristiansen
(2020) for an analysis of the grazing bifurcation and Jelbart et al. (2021b,c) for an
analysis of boundary equilibrium bifurcations (where equilibria of either Z collide
with ¥ upon parameter variation).

2.4 A Blowup Approach for (6)

To study (6) with « > 0, we now proceed as in Sect.2.1. First, however, due to the
timescale separation of (6), we introduce a fast time and augment trivial equations for
eand o > O:

x' =eaX(z, p),

y =eaY(z, p),

p’=¢(y+ap>—p, (24)
€x

€ =0,

o =0.

Now, since (6) is PWS with respect to both ¢ — 0 and @« — 0, we anticipate that we
will need to perform two blowup transformation. In light of this, Sect.2.1 suggests
that we should consider (24) with respect to an even faster timescale, corresponding to
multiplying the right hand side by e« again. But notice, despite the similarities, there
is also a fundamental difference between (24) and (17) insofar that the discontinuity
set of (24) fore,a — O0isy = 0,x € X, p € R, but the discontinuity only enters
the p-equation. To avoid too many multiplications and subsequent divisions by the
same quantities, we will therefore proceed more ad hoc in the following; in fact, the
analysis will show that it is only necessary to multiply the right hand side of (24) by
€ in order gain smoothness.

A priori it is not obvious how the two blowup transformations should be organized
and whether the order is important, but leaving € and « as independent small parame-
ters, we will show that it is convenient to first blowup with respect to «. (See the end
of the section for a further discussion of this.) We therefore first apply the following
blowup transformation

(r.Goa) s T ey 25)

o =ra,

wherer > 0, (¥, @) € S', leaving all other variables x, p and € untouched. In this way,
we gain smoothness with respect to & > 0 for any € > 0. Indeed, the transformation
(25) gives a smooth vector-field V fore > 0 on (x, p,e, (r, (y,)), withr > 0,
(7,a@) € S', @ > 0, by pullback of (24) (without the need for further transformation
of time, as the division by € in Lemma 2.1). Notice specifically, that using (25) the
first term in the p-equation in (24) becomes:

¢(y+°‘p>=¢(l_), 26)
€EQ EA
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A ~ -
=

> *»
p

(&N - —’—
Fig. 8 Illustration of the two consecutive blowup transformations relating to (6). The first cylinder
corresponds to (25). The second one corresponds to (27)

Qa, €

which for each € > 0 is smooth on (y, @) € S I'n{@ > 0}. However, there is still a
lack of smoothness along (@, ¥y) = (1, 0) as € — 0. To deal with this, we perform a
second blowup transformation:

aly=
€ = VE,

‘<||

wxia)w{ 27)

where v > 0, (;, €)es ! Indeed, in this way, (26) becomes regular

y+ap y
¢ = ¢ =
€laf €
under Assumption 2. We illustrate the blowup transformations in Fig. 8.
As described in Sect.2.1 in the context of regularization by smoothing, we will
also use different directional charts in the analysis of (6) to cover the two cylinders. In

particular, to cover the first cylinder, defined by (25) and (y, @) € S ! we (re-)consider
the two charts defined by:

- y=-—-ria1p—+ri,
G=1);: ! P (28)
o =rioy,

(29)

- = —rp+nry,
@=1),: {y p y
(07 r.

We will refer to these charts by (y = 1)1 and (& = 1)», respectively, henceforth. In
principle, we will also need the chart (y = —1)3 that covers y < 0 of cylinder, but
since the analysis there is identical to the analysis in the (y = 1);-chart we skip this.
The change of coordinates between the charts (y = 1)1 and (@ = 1); is given by the
expressions:

ro=ry, o =y;. (30)
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Subsequently, to cover the second cylinder due to (27), we notice that in (¢ = 1),
(27) becomes

- = 2 = V21,
@=1,5 =D {y 31
€ = i€z,
@=1,¢6=1)n: !”:”22”2’ (32)
€ = Vo).
In both charts, we have @ = r;. (The chart corresponding to y = —1 is again similar

to y = 1 and therefore left out.) The change of coordinates is given by the expressions

V1 =vnyn, €1 =Yy, (33)

valid for yz> > 0.
The two blowup transformations relate to two important scalings. Firstly, in the
(@ = 1)p-chart, we have
y=—ap+ay, (34)

upon eliminating r» and consequently

(7520 =e(2)

Through the coordinate y,, we therefore zoom in on a O(«)-neighborhood of y = 0.
From (26), we understand that the resulting vector-field V5 in terms of (x, y2, p, 72, €)
is itself PWS in the limit ¢ — 0. Consequently, following Sect. 2.1 and the results for
gaining smoothness of (17), we see that through (27), we obtain a smooth vector-field
Vyon (x, p,a,v, (3,6),v >0, € = 0, by pullback of € V;. This system has € as a
common factor and it is therefore V5 := é~1V, that we will study (please compare
with Lemma 2.1).

Next, we emphasize that in the (@ = 1, € = 1)p-chart, we have y, = €y, upon
eliminating v and consequently

y=—ap+oaeyn. (36)
Therefore, we also have that
y+ap
¢ =¢ (), (37)
€ler]
and we see that coordinate yy, provides azoom on a O(«e)-neighborhoodof y = —a p.

@ Springer



6 Page180f64 Journal of Nonlinear Science (2024) 34:6

It is obvious that the scaling defined by (36) is important; this captures the region
where the first term in the equation for p in (24) changes by an O(1) amount with
respect to €, « — 0. It also seems reasonable that the scaling (34) is useful, but it not
obvious why the scaling defined by

y=—ap+ey, (38)

seems to play no role. To see this we have to insert this expression into (24). This gives
. Y1
€y =« <¢> (E) - p) +eaY(x,y, p).

Here, we would like to divide by € on the left hand side, but for this we will have to
make assumptions on € relative to « (i.e., whether ¢l is small, moderate or large).
If we insert (34) instead, then we obtain

ay, =a (¢ (%) — p) +eaY(x,y, p).

Here, o is a common factor on both sides which can therefore be divided out. This
explains why (34) and (36) are both important in our analysis and why (38) will not
be used.

Finally, we emphasize that, while it might seem tempting to include y, € and «
in a single spherical blowup transformation, this only works well upon imposing
specific order dependency on € and «. In contrast, our approach based on two separate
blowup transformations allows us to consider the small parameters 0 < €, K 1
independently and thus cover a full neighborhood of (e, «) = (0, 0).

2.5 Notation

Throughout the paper, we follow the convention that a set S in the blowup space is
given a subscript when viewed in a chart. That is, the subset of a set S, which is visible
in the chart (y = 1)1, will be called S;. Similarly, S in the chart (& = 1),. In the
charts, (@ = 1), and (@ = 1,€ = 1), r» = « and vy, = € are constants, so when
working in these charts, it is most convenient to eliminate rp and vy, respectively,
and return to treat € and « as parameters. The only important thing to keep in mind in
regard to this, is that when we change coordinates (e.g., through (30) and (33)) then
this has to be viewed in the appropriate space. For example, in the (& = 1),-chart, we
will obtain a slow manifold S¢ 4.2 in the (x, y22, p)-space. When writing this in the
(y = 1)1-chart, we first have to embed S, o 2 in the extended (x, y22, p, €, o)-space
in the obvious way. We can then apply the change of coordinates (30) with r», = «
and obtain S¢ o,1. We will henceforth perform similar change of coordinates without
further explanation, moving back and forth between different spaces, treating € and «
as parameters whenever it is convenient to do so.

Moreover, when illustrating phase space diagrams, we follow the convention of
using different arrows on orbits to separate slow and fast directions. In particular,
fast orbits are indicated by double-headed arrows, while slow orbits are indicated
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by single-headed ones. More generally, we adapt a similar notation to separate
hyperbolic directions (double-headed arrows) from center/nonhyperbolic directions
(single-headed arrows).

3 Main Results in the Case of Stable Sliding

In this section, we will use the blowup approach, outlined in the previous section, to
describe the dynamics of (6) under the Assumption 3 of stable sliding. More specifi-
cally, we will provide a detailed study of the dynamics in each of the charts (y = 1),
(@=1), @=1,9 = 1)1, (@ = 1, = 1)25. In summary, this analysis reveals the
existence of two critical manifolds C and M; these are essentially related to the blue
and red dotted curves in Fig. 4. Whereas C extends onto the first blowup cylinder,
obtained by (25), M lies on the subsequent blowup cylinder, obtained by (27). More-
over, C is normally attracting and enables an extension of S¢ , in Lemma 1.1 up to
y = ca, for ¢ > 0 and all €, « > 0 small enough. On the other hand, M is normally
repelling. Using the geometric representation used in Fig. 8, we illustrate the findings
in Fig. 9. On both C and M, we obtain a desingularized slow flow; the direction of this
flow is also indicated in the figure but we emphasize that x (not shown) is a constant
for this reduced flow. This leads to a singular cycle I'y for each x € X, which we
indicate in Fig. 9 using curves of increased thickness. Due to the desingularization
along C, I, is akin to a relaxation cycle in slow—fast systems. In the full blowup space,
the curves I'y make up a singular cylinder I' = {I', }ex of dimension n + 1. The first
main result basically says that this singular cylinder persists for 0 < €, <« 1 and
that this manifold carries a reduced flow, which can be related to the Filippov sliding
vector-field (2).

Theorem 3.1 Suppose that Assumptions 1, 2 and 3 all hold true and let K > 1. Then,
there exists a § > 0 such that for any 0 < €, o < §, (6) has an invariant cylinder C¢ 4
of dimension n 4 1, contained within 'y € (—Ka, Ka). Ce¢ o is uniformly Lipschitz in
the blowup space and converges to I in the Hausdorff distance as €, &« — 0.

Let TI? be a local section on {y = —ap) transverse to Ce.o and define x +—
x4+ (x,€,@)and x — T(x, €, ) to be the corresponding return map and the transition
time, respectively. Then

x (6 0) = x o [V, 07+ Y-, 07 Xa (@) + 0@, emTa), (39)

T (x,6,0) = [m(x, 0~ + 7_(x. 0)|—1] O3, eFa), (40)

where the order of the remainder remain unchanged upon differentiation with respect
to x. Specifically,

xi(x, €, ) —x
lim ¥=Xsl(x).
ea—0 Ty(x,€,a)

Theorem 3.1 generalizes Proposition 2.2 to the framework of (6) with0 < €, o K 1
without any order dependency on € and «.
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Fig. 9 Illustration of the dynamics on the blowup system. Our analysis reveals two normally hyperbolic
critical manifolds C and M. In case of stable sliding, the reduced slow flow on these invariant manifolds
reveals closed a singular cycles I'y (thick curves) for each x € X. This cycle does not have completely
desirable hyperbolicity properties due to the degeneracy at the point Q (indicated by the single-headed
arrows, see Sect.2.5). The slow flow on M is given by p’ = —Y(x,0, p) and we illustrate the situation
consistent with the Assumption 4. In this case, we also have that X = X; (x) on the critical manifold defined
by Y (x,0, p) =0, see Lemma 3.5

We firmly believe that our approach can be modified to obtain a similar result for
the Sotomayor—Teixeira regularization functions, see (8). Here, the role of k will be
replaced by the order of smooothness of ¢ at £1 (assuming finite smoothness), see
Bonet and Seara (2016, p. 10) (where k is called p). In fact, as discussed in Kristiansen
(2017, Section 3.1 and App. A), the Sotomayor—Teixeira regularization functions are
somewhat easier to handle in general as they do not require compactification.

We prove Theorem 3.1 in the following. In Sects.3.1-3.4, we first analyze the
dynamics in each of the charts (y = 1)1, (& = 1)2, (@ = 1,€ = 1), (@ = 1,3:2 =
1)21, respectively. In Sect. 3.5, we then collect the findings in the local charts into a
global result, see Fig. 9. This includes a detailed description of I'. Following this
in Sect.3.6, we first present a description of the return map defined on the section
1'182 : y2» = O transverse to I" in the (@ = 1, € = 1)p-chart, see Lemma 3.8. The
description of this mapping rests upon a subsequent blowup transformation of the
degenerate point Q, which sits at the interface between C and M, with the purpose
of gaining hyperbolicity. The details of this blowup analysis of Q and the proof of
Lemma 3.8 are delayed to Sect.4. (The main idea of the proof of Theorem 3.1 can be
understood without this blowup). Before this in Sect.3.7, we show how Lemma 3.8
implies Theorem 3.1. Here, we rely on a general result (Szmolyan and Wechselberger
2004, Theorem A.1) on the existence of an invariant curve for a return mapping.

3.1 Analysis in the (y = 1)1-Chart

In this chart, we insert (28) into (24) and obtain
x'=erj Xi(x,r1, p,a, €),
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]/‘{ = rio} (1 —¢+ (Gal)ékalf —_ p+€Y1(X, r, p»a1’6)> )

P =1—¢ (cay) el — p,

o) = —0512 (1 — ¢y (eozl)ekalf —p+eYi(x,r, p,ay, e)) ,
41

and €’ = 0, using Assumption 2. This system is the local form of V in the (¥ = 1)1-
chart. As already advertised above, we will henceforth treat € as parameter in this
chart. In (41), we have defined

Xi(x,r1, p,ar,€) =X, y,p), Yilx,r1,p,a1,€):=Y(x,y, p),

with y = —ap +r1 and ¢ = rjoq on the right hand sides. The system (41) is a slow—
fast system in nonstandard form with respect to the small perturbation parameter €.
Indeed for € = 0, the set C; defined by p = 1 is a critical manifold of the layer
problem:

x' =0,
ri=riar(1—p),
p=1-p,

o) =—ai(1-p),

see illustration in Fig. 10. The linearization around any point in C; produces —1 as
the only nonzero eigenvalue. C is therefore normally attracting.

Lemma 3.2 Consider any compact submanifold So,1 of C1, defined as the graph p = 1
over a compact domain D1 in the (x,ry, a1)-space. Then for all 0 < € K 1, there
exists a locally invariant slow manifold S¢ 1, which is also a smooth graph over D :

p=Pi(x,r,a1,6),
where

Pi(x,r1, a1, €) = 1 — ¢ (eay) ekak + Ok,

Fig. 10 Dynamics in the A
(y = 1)1-chart. The manifold
C1 is normally hyperbolic. C; r1
actually extends to any ®
a = ryaq but in this picture we
illustrate the o = O limit >

a1
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Fig. 11 Reduced dynamics on the normally hyperbolic critical manifold Cy (blue in Fig. 10) in the case
when Y4 (x,0) < 0. Within o1 = 0 the system is equivalent to 7 = Z upon time reparametrization for
r;y =y > 0.Theline r; = o = 0is normally hyperbolic, each point having stable and unstable manifolds
(green and orange, respectively) under the assumption Y4 (x,0) < 0. In particular, the former invariant
manifold lies within 7; = 0, and along this set x is a constant (Color figure online)

Proof Direct calculation. O

For any o > 0 small enough, we let S¢ o1 denote the constant «-section, defined by
a = ri€y, of the center manifold S 1. The resulting invariant manifold S¢ o 1 provides
an extension of the slow manifold S¢ o in Lemma 1.1 into the (y = 1){-chart.

On S 1, we have a reduced flow defined by

x =nrXi(x,r, P(x,r1, a1, €), a1, €),
i=r (N@n 1 - pefaf a0 + Ol ™),

61 = —a (yl (.1, 1 — Bekak ar,e) + o<ek+1a';+l>) : 42)
upon desingularization, corresponding division of the right hand side by €.

Lemma 3.3 Consider (42). Then, (x, 0, 0) defines a set of equilibria for all € > 0 and
it is normally hyperbolic and of saddle type if Y (x,0) # 0.

The reduced problem is illustrated in Fig. 11. Notice it is identical to what is found
by smoothing the PWS system, recall (17) and Fig. 5, near the edge of the blowup
cylinder defined by (18).

3.2 Analysis in the (@ = 1),-Chart

In this chart, we insert (29) into (24) and obtain the following equations

x =eaX(x, —ap +ay, p),

Y2

=9 (?) —p+e¥(x,—ap+ay, p), (43)
Y2

p/ = d) <_> - D
€
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with ¢’ = o’ = 0. Within € = 0, we re-discover the manifold of equilibria C; from
the (y = 1);-chart, in the following form:

Cy: p=1.

Notice that the dependency on « is regular. In particular, note that C, is a critical
manifold for any @ > 0. We will often view it within « = 0 (as in Fig. 10 since
o = riaq in the (y = 1);-chart).

The manifold C; is also normally attracting for (43) and carries the following
reduced problem

x' =0,

vy =Yi(x,0),

upon passage to the slow time for ¢ = o = 0.

In further details, let Sp o2 C C; be a compact submanifold contained within
y2 > 0 for any & > 0. Then, Sp 2 perturbs to a slow manifold S¢ o 2 by Fenichel’s
theory for 0 < € < 1 and an easy calculation shows that it takes the following graph
form:

Sea2: p= Py, € ),
where
Py(y2. €, 0) = 1 — ¢4 (y3 'e)ys Fek + O(FH.

As a slow manifold, S¢ 42 is nonunique but we may fix a copy such that it extends
Se.«.1- The reduced problem on S¢ 42 is given by

.x/ = aX(-x7 —OlPZ(y% €, (X) + oy, P2(y21 €, a))a
vy =Y(x, —a +ays, 1) + O (44)
=Y,(x,0) + OEF, a).

3.3 Analysis in the ((_I =1, €= 1)22-Chart

Consider (24) in terms of a faster time corresponding to multiplication of the right
hand side by €. Then by inserting (32) into these equations, we obtain the following

i =e2aX(x, —ap +eayn, p),
22 = ¢(y22) — p+ €Y (x, —ap + eayn, p), 45)
p = €(@(y2) — p),

and €/ = @’ = 0. The system (45) is now a slow—fast system with respect to € > 0 in
standard form, x and p being slow while y» is fast. For € = 0, we obtain the following
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layer problem:

x =0,
y22 = ¢(y22) — p, (46)
p=0,

and consequently the set M», defined by (x, y22, ¢ (y22)) is a critical manifold, even
for @ > 0. As with C, we will often think of M, within & = 0.

The manifold M», is normally repelling, since the linearization of (46) around
any point (x, y22, ¢ (y22)) produces ¢’(y22) > 0 as a single nonzero eigenvalue, see
Assumption 1.

Lemma 3.4 Consider any compact submanifold Ny 4,22 of M2y, defined as the graph
p = ¢ (y22) over a compact domain Eo; in (x, y22)-space for any o > 0. Then for
all 0 < € K 1, there exists a locally invariant slow manifold N¢ o 22 which is also a
smooth graph over Eo):

p=Pn(x,yn, € a),
where
Py (x., yn. €,@) = ¢(yn) + €Y (x, 0, ¢ (y22)) + O(€?, €x).
The reduced problem on N¢ o 27 is given by

x' = aX(x, —aPun(x, yn, € o) + eayn, Pn(x, yn, € a)),

/ , 1 (47)
Yo =—¢' (y22)” Y (x,0,0(y22)) + O, @),

in terms of a slow time (that corresponds to dividing the right hand side of (45) by €2).

Proof For the reduced problem, we first use that

p=e€(@p(yn) —p) = —€ (Y (x,0,0(y0)) + O, a)),

on Ne¢ o,22. Then upon realizing that p = ¢ (y22) + O(€), we obtain the desired result.

O
Notice that for ¢ = o = 0, we can also write (47) as
x =0, (48)
p/ == _Y('xa 07 p)7

which is more convenient.

Lemma 3.5 Suppose that Assumptions 3 and 4 both hold. Then, (48) has a critical
manifold K> defined by

Y(x,0, p) =0,
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Fig. 12 Dynamics in the A
(¢ =1, € = 1)pp-chart. The y22
critical manifold M»; is
normally hyperbolic and M 29
repelling and if Assumptions 4
and 3 hold true then there exists
an unstable critical set Kpp of 7 >
the slow flow on M), carrying 1 p
Filippov’s sliding flow as a
reduced slow flow, see
Lemma 3.5

which is normally repelling. The reduced problem on K> is given by

X = Xg(x), (49)
recall (2), with respect to the original (slow) time of (6) for e = o = 0.
Proof Using 4, we obtain that K> is given by

. Y _(x,0)
P Y (6, 0) = Yi(x, 0)

Inserting this into ¥ = limgoa 'x/, where x’ is given as in (47) with
Py (x, y22,0,0) = p, produces (49), see also (2). Finally, the stability of K»; is
determined by the linearization of (48). We obtain —Y; + Y_ > 0 (using Assumption
3) as the single nontrivial eigenvalue. This completes the proof. O

In Fig. 12, we summarize the findings.

Remark 3.6 Interestingly, the contraction and expansion rates along S¢ , and N¢ , are
different with respect to €, @ > 0 in the following sense: Suppose that X| # 0. Then,
when x; changes by an order O(1)-amount for the reduced flow on Sc o, there is
contraction along the stable fibers of the order O(e’“fl"fl), ¢ > 0. On the other
hand, under the same assumptions on N¢ o, see (45), if x1 changes by an order O(«)-
amount for the reduced problem on N , in backward time then there is a contraction

along the (unstable) fibers of the order O(e_“_z), c>0.
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3.4 Analysis in the ((_1 =1, }:' = 1)21-Chart

Consider again (24) in terms of a faster time corresponding to multiplication of the right
hand side by €. Then by inserting (31) into these equations, we obtain the following

. 2
x = vy e1aX21(x, V21, p, &),

. k

Vo1 = V21 [1 — ¢r(€21)€y; — p +vareaYai(x, vo1, p, Ol)] ,

(50)
b= (1-gi(c)eh - p).

€1 = —€21 [1 — py(e21)es; — p + varear Va1 (x, va1, p, Ol)] ,

upon desingularization through division of the right hand side by €>;. Here, we treat
« as parameter and have introduced the following quantities

Xo1(x,v21, p,@) := X(x, —ap +avy1, p), Y21(x,v21, p,@) :=Y(x, —ap + avyy, p).

The set B, defined by vy; = €31 = 0 is a set of equilibria for any « > 0. The
linearization about any point in this set has two nontrivial eigenvalues: £(1 — p).
Consequently, the subset 0>1 C Bpj defined by p = 1 is fully nonhyperbolic, also
for any o > 0.

Let vp; = 01in (50). Then,

x =0,

p=0,
én = —en (1 - gu(ca)éh — p).
Besides Bj1, we see that the set My, defined by
My : p=1—di(en)es, e >0, 5D

is a set of equilibria within vy; = 0. M3 corresponds to the subset of M»; with y2; > 0
by (33). The corresponding graph (51) ends in Q21 for €21 = 0.

There is obviously another critical set Cp1, given by €21 = 0, p = 1, vp1 > 0,
emanating from Q. It corresponds to C from the (y = 1)-chart, see Sect.3.1.

Both sets, M>; and C3 are normally hyperbolic, M> being repelling, whereas Co1
is attracting. The set Q,1—at the interface of these critical manifolds with different
normal stability—acts like a regular fold jump point of slow—fast systems, see Krupa
and Szmolyan (2001) and Szmolyan and Wechselberger (2004). In particular, there is
only one mechanism (a fast jump, magenta in Fig. 13) with which one can leave Q2
(upon entering from either C»; or M»1). (For further details, see Sect.4.1 where Q71
is blown up.) Notice that as in the case of the planar fold piont (23), there is tangency
between p = 1 (the jump mechanism) and M»>; within vy = O for k > 1, but the
tangency is of order k in the present case.
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Fig. 13 Dynamics in the

@ =1, 5 = 1)p)-chart. The V21 A Cor:p=
critical manifolds M5, B»1 and
C3; are all normally hyperbolic
away from the degenerate point
Qo1 atn) =€ =0, p=1

Boy
N
p
N .
Mo Fast jump
€21
Let €21 = 0in (50). Then,
x =0,
v =1 (1= p),
p=va(l—p).

It follows that each point on the critical set (x, 0, p, 0) € By with p < 1 is connected
by a heteroclinic orbit through the dynamics of (50) to a point on C3;. In particular,
we have the following result, which follows from a simple calculation.

Lemma 3.7 Consider (50). Then for each p < 1 and any a > 0, there is a heteroclinic
connection contained within €1 = 0, having (x, 0, p, 0) € By as the a-limit set and
(x,1—p, 1,0) € Ca1 as the w-limit set.

We illustrate our findings in the (@ = 1, y = 1);-chart in Fig. 13.

3.5 Collecting the Local Results Into a Global Picture

Figure 9 summarizes the findings in the local charts. Notice specifically, that while
we have focused on the upper part of the cylinders, the analysis of the lower part is
identical and therefore skipped. In conclusion, we obtain a singular cycle I'y for each
x € X, x being a constant on the two cylinders. I'y is the union of six pieces yy;,
i=1,...,6 where:

1. yy1 is a heteroclinic connection on the first cylinder. It is described in the coor-
dinates of the (@ = 1, ;)zl—chart in Lemma 3.7 (corresponding to p = 0 in
this result). In particular, x is constant along y,1 and its «-limit set is given by
(v21, p, €21) = (0,0, 0) on By, whereas the w-limit set is given by (va1, p, €21) =
(1, 1, 0), belonging to the normally attracting set Cp;.

2. yx2 1s an orbit segment of the desingularized system on the attracting manifold
C. In the coordinates of the (¢ = 1),-chart, y», takes the following form p = 1,
y2 € (0, 1], ¢ = a = 0. In the coordinates of the (¥ = 1, ):/ = 1)p1-chart, it ends
at 0»1.
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3. yx3 is a heteroclinic connection on the second cylinder, connecting the degenerate
point Q with a partially hyperbolic point on the other side. In the coordinates of
the (@ = 1, €)pp-chart, yy3is givenby p =1, y20 e R,e =a = 0.

The remaining pieces yy;, I = 4, 5, 6 are obtained in a similar way. When x ranges
over the compact domain ¥, we obtain a compact cylinder I' := {T'y} ex.

3.6 A Return Map

Consider the (@ = 1, € = 1)2-chart and define a local section 1'132 in the (x, y22, p)-
space at yop = 0 with p € 19 a small neighborhood of p = 0, see Fig. 9, treating both
€ > 0 and o > 0 as sufficiently small parameters. I" then intersects HgQ in p = 0 (for
€ =a =0). Fore > 0, « > 0, sufficiently small, we will then have a well-defined
return map Ppp : ng — ng, (x, p) = (x4, p4+) with (x4, 0, p4+) being the first
return of (x, 0, p) to ng upon following the forward flow. In particular, the following
holds.

Lemma 3.8 The mapping Pa; is given by

X pea) =x ta [(1 — Y, 0) 7 X (x, 0) + Y (x, )] X (x, 0)]
+ O (az, ekk?ot> ,

p+(x, p.e, o) = so(x, €, ) + O(e™/9),
(52)
k
with sy (x, €, a) = O(e®T1) smooth in x, continuous in 0 < €, a < 1. The remainder
terms remain unchanged upon differentiation with respect to x and p.

We prove Lemma 3.8 in Sect. 4.

3.7 Completing the Proof of Theorem 3.1

We now show how Lemma 3.8 implies Theorem 3.1. For this, we first realize that
the return map in Lemma 3.8 satisfies the hypothesis of Szmolyan and Wechselberger
(2004, Theorem A.1) regarding the existence of an invariant curve.

Proposition 3.9 The mapping P> has an invariant curve given by the graph
p=cnx € a),

with ¢y (x, €, ) = O(e®T1) smooth in x and continuous in €, « — 0.

Proof To apply (Szmolyan and Wechselberger 2004, Theorem A.1), we first write P2
in terms of (x, p) where p := p — s22(x, €, ). We drop the tilde. Then following
Lemma 3.8, Py, for o, ¢ — 0 is given by (x, p) — (x,0). In comparison with
Szmolyan and Wechselberger (2004, Theorem A.1), we therefore have y = x, z = p,
Go(y) = y with G,(y) # O and H(¢) = O(e/€). The conditions of Szmolyan and
Wechselberger (2004, Theorem A.1) are easily verified. O
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Upon applying the flow map to the invariant curve of P»; in Proposition 3.9, we
obtain the desired invariant cylinder C o in Theorem 3.1. To finish the proof of The-
orem 3.1, we just have to prove (39). For this, we reduce the mapping P to the
invariant manifold C¢ . From the previous analysis, we obtain

i 1 4a [|Y+(x, 0)~' X4 (x, 0) + |V (x, 0) " X_(x, 0)] +0 (a2, ek"?a) .
Using (2) we can write [-- -] as

(1726, 017" 4+ Y-, 0171) X (o).

This completes the proof of the expression for x4 in (39). The expression for the
transition time is similar; in fact, it can be obtained from the expression for x by
setting X4 = X_ = 1 (since = 1).

4 Proof of Lemma 3.8

To prove Lemma 3.8, we will chop the return map Py into several local pieces.
However, to describe the local transition near the degenerate set Q, we have to perform
an additional blowup step. In the following, we first analyze this blowup transformation
and the associated dynamics in separate local charts. In this way, we obtain singular
cycles I', with improved hyperbolicity properties.

4.1 Blowup of Q

We work in the (@ = 1, ):) = 1)»1-chart with the coordinates (x, va1, p, €21), treating
«a as a parameter. Then, Q takes the local form (x, 0, 1, 0), x € X, which is blown up
by the following transformation

vy = ok,
p >0, (01, p,é1) € 2> 1 p =1+ pkp, (53)
€1 = péay,

that leaves x fixed. Notice that the weights on p and €y are so that the tangency
between p = 1 and M>i, see (51), is “broken” in the blown up space (recall the
discussion around (23)). This transformation induces a vector-field V by pullback
of (50), having p¥ as a common factor. It is therefore the desingularized vector-field
V = p~*V,) that we study in the following.

Seeing that v, €21 > 0 we are only interested in the quarter sphere defined by
V21, €21 > 0, see Figs. 14 and 15. Consider the two directional charts, v = l and € = 1
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with chart-specific coordinates defined by

n1 = phy,
@=1,y=1,01=a1: {p=1+p%,p211,
€21 = p211€211-
Vo1 = phavan
(@=1,y=1é1=0: {p=1+p5,pu.
€21 = P212.

Although these charts cover the relevant part of the sphere (except for p = %1 but this
part is trivial), we prefer to cover a compact subset of vy1, €21 > 0 using a separate
chart. This chart, which we will refer to as (@ = 1, ; =1, 131621 = 1)213, is defined
by the coordinates (0213, p213, v213) and the equations

k
V21 = Pr13V213,
@=1,y=1,0é&1=Da3z: {p=1+pk;p3,
21
€21 = P213Vy3-

The advantage of working with this chart, is that in these coordinates
€ =€ = i3 (54)
and p;13 is therefore conserved. In comparison, we have
€ = mien = prjileann = phh v, (55)

in the other charts. Notice that we also have vy E;lk = v'2‘1+31 , which is why we only use

these coordinates to cover a compact subset of V1, €21 > 0. The coordinate changes
between the different charts are given by the following expressions:

1

3 -1
P211 = P213V3)3, 0212 = P213V53>
-1
P211 = P213V5)3, pai2 = pP213vh 3, (56)
kel

k+1
k Vv =V .
el = V3 212 213

@ Springer



Journal of Nonlinear Science (2024) 34:6 Page 31 of 64 6

4.2 EntryChart (@ =1,y =1,V = 1)1
In this chart, we obtain the following equations:

. k+1
X = P11 €211 X211(X, P211, P211, &),

. 1
P21 = 221 [—Pzn — ¢ (p211€211)€5, + par1€an1 Yar1 (x, p211, qu,a)] ,

p211 = (1 — pary) <—P211 - ¢+(,02116211)€§11)
— p211€211 p211Y211(x, o211, p211, @),
. k+1 k
€ =-——eu [—Pzn — ¢+ (p211€211)€311 + p211€211 Y211 (X, P211, P211,0t)],
(57)
where

Xo11(x, o211, p211, @) = le(x,plzc“, 1 +,0]2‘1117211,06),

Yar1(x, pait, pait, @) i= Yor(x, p5i 1, 1+ phyy pait, @).

Setting p211 = €211 = 0, we find x = 0 and

p211 = —p21i (1 — pann).

Consequently, (x, 0,0, 0) and (x, 0, 1, 0) are both partially hyperbolic. The former
allows us to extend the critical manifold C;; in chart (@ = 1, ; = 1)1 onto the blowup
sphere as a normally hyperbolic invariant manifold C»;;. In fact, within py1; = 0 we
have that py;; = —,36’2‘11 is a manifold of equilibria R>;; and C3; will therefore
include these points, at least locally. We will see the resulting slow—fast structure
more clearly in the chart (¢ = 1, ; = 1,vp1€21 = 1)213 which we analyze in the
following section. The hyperbolicity of C»11 allows us to extend the slow manifold
Se,« as a constant e-section Se 211, defined by (55), of a center manifold Sy 211.

Lemma 4.1 There exists an attracting center manifold Sy 211 of (x, 0, 0, 0) for (57) for
all 0 < o K 1, which is a graph over a compact domain D711 in the (x, p211, €211)-
space:

p211 = Pai(x, p211, €211, @),
where
Pr11(x, o211, €211, @) = —¢+(p211€211)€§11 (1 +kp211€211Y+(x,a/0§11) + 0(/?2116%11)) .

Proof Direct calculation. In the expression for P,j;, we have used that
You1(x, p211, 0, @) = Yy (x, a0k ). o
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The reduced problem on S, 211 is given by

. k
x = pyaX211(x, o211, P211(x, p211, €211, @), @),

. 1
211 = P21 [an(x, P211, —,3612(11,06) +ke’2‘11Y+(x,0w]2<11) + (9(612(;?1 ] ,
k+1

€11 = — €11 [qu(x, P211, —Bexy > o) + kes Yo (x, aph; ) + 0(612(#)] ,

upon dividing the right hand side by p211€211. Whenever we have stable sliding, we
have Y, (x, 0) < 0 and we can therefore divide through by —[---] > 0:

. X+ (x,0)
x = p12{11a (_ Y:(x 0) + O(Elzcna a)) )

1

P11 = — P2 (58)

k+1

é11 = €11.

We will now describe a transition map 7)§11 : 1'[‘1‘1 — 1'[?1 where 1'[‘1‘1 D 0211 = Cin

to 1'[?l €211 = Cout- We express this map in terms of (x, o211, P211, €211) With pagg
defined by

P11 = p211 — Pai(x, pa11, €11, @).
and then restrict pyq; to a sufficiently small neighborhood of 0.

Lemma 4.2 The transition map Pgll from H‘l‘l to H? | takes the following form

_ kX (x,0) 2 BT
X =Gy T O\ @0 @
4 < _ i
P511(x, Cin, P211, €211, @) = Cin(00u1t€211)"“
(’)(6—0/6211)

Cout

for some ¢ > 0. The order of the remainders remains unchanged upon differentiation
with respect to x and pj11.

Proof The proof is standard using Fenichel’s theory and normal forms, see, e.g., Jones
(1995). In particular, since pp1; = 0 is invariant, we have

P21 = (—1 + O(e2110211, 61511)) P21, (59)
upon dropping the tildes. Then upon invoking Fenichel’s normal form Jones (1995),
we straighten out the stable fibers of Sy 211 by setting X = x +0(p12<1+11 €211). Then, the

(X, p211, €211)-system is independent of p»11 and described by (58) upon dropping the
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tilde. We then simply integrate the py11 and €311-equations in (58), insert the resulting
expressions into the x-equation and estimate x. On the other hand, on the timescale
of (58), (59) becomes

Patt = pji6op Y4 (x, 0) 7! (-1 + O(e211 0211, 61511)) P211-

From here, using (55), we then estimate p1; = O(e=¢/eur) uniformly on H?l for
some ¢ > 0. The partial derivatives of P;‘“ can be handled in a similar way. The
expression for the pz11-component, p211 out, follows from the conservation of €, recall
(55):

k+1 _k+1
Cin €211 = P11 outCout-

4.3 Analysis in the ((_I = 1,;: 1, |_/z1é21 = 1)213-Chart

In this chart, we obtain the following equations:

k+1
P33 V213 X213(X, 1213, P213, 213, ),

213 = 1213 <,0213Y213(X, V213, P213, P213, &) — ¢+(p213v2_113)v2_1,§ - P213) . (60)

P213 = —V213 (¢+(,0213V2_1§)V2_11§ + P213> ,

and p213 = 0. Notice that we restrict attention to a compact set with v213 > 0, to avoid
the singularity at v13 = 0. Here, we have defined X»3 and Y>3 by

2k+1
X213(x, 1213, p213, p213, @) : = X(x, —a(l + 912‘1317213) +0tp213+ V13, 1 + p§13p213),

Y213(x, v213, p213, 0213, @) : = Y (x, —a(l + p§13p213) +ap§{‘§r111213, 1+ 1312‘1317213).
For p213 = 0, which corresponds to € = 0, we obtain the layer problem
x =0,
N —k
213 = —1213 (,3\1213 + p213> ,

P213 = —213 (ﬂvz_{% + P213> .

recall (11), writing ¢ (0) as B4 = B for simplicity. Consequently, the set Ry13 defined
by p213 = —8 vz_llg, V213 > 0, p213 = 0 is a manifold of equilibria; it coincides with
R>11 from the (0 = 1,y = 1, V31 = 1)211-chart upon change of coordinates, see
(56). The linearization about any point in Ry13 gives a single nonzero eigenvalue
kpB v2—1k3—1 — 1. This gives the following.
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V213

Gexit

Fig.14 To the left, we illustrate the dynamics inthe (@ = 1, j = 1, 121& = 1)213-chart using a projection
onto the (p213, 1213)-coordinate plane. Here, we find a critical manifold R>13 which has a regular fold
jump point (in green). On the right, we summarize the findings on the blowup of Q. The local diagram on
the left covers the subset of the sphere that is bounded away from the edges (purple) (Color figure online)

Lemma4.3 Let
B
V13, f = (KB) T . (61)

Then Ry13 divides into a repelling part Ry13 » for 0 < v213 < v213, f and an attracting
part Ro13,4 for v213 > v213, ¢. Moreover, if Y, (x, 0) < O for all x then the degenerate
subset J213 of Ro13 defined by v213 = v213, ¢ consists of regular jump points.

Proof The statement about the jump points follows from an analysis of the reduced
problem on Ry13:

V313 (62)

Vi3 = Yi(x,0) .
B »i3 — k,3v2_1k3

This can be obtained from Wechselberger (2020) or more directly by writing the slow
manifold approximation as

kﬂv_k
13 —k
— Y213(x, 1213, =Bv ™", 0,0)
V213 — kPvyi3

+ O(p313, P2130), (63)

P213 = =1 (0213V5,3) V315 + 0213

where Y>13(x, v213, —,Bv_k, 0,0) = Y4 (x, 0), inserting the result into the (x, v213)-
subsystem, writing the system in terms of the slow time and then letting pz13 — 0.
]

The dynamics of the layer problem and the reduced problem are illustrated in
Fig. 14.
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4.4 ExitChart (@ =1,y =1, €21 = 1212

In this chart, we obtain the following equations:

X = pyhv3aXan(x, v, par2, p212, @),
012 = —(1 4+ kv [—p212v212Y212(x, V212, P12, 212, @) + P4 (0212) + par2]
P21z = —kparz [—p212v212Y212(x, V212, P212. p212. @) + 1 (0212) + p212]
— n12(¢+(p212) + p212)

p212 = pa12 [—p212v212Y212(X, V212, P212, p212, @) + P4 (0212) + p2r2] -
(64)
Here, we have defined

k k
X212(x, v212, P212, P212, @) = X21(x, P31av212, 1 + p315P212, @),

k k
Y212(x, 212, P212, P212, @) = Y21(x, P315V212, 1 + p31aP212, @).

For o = 0, vy12 = 0, we re-discover the manifold of equilibria M>, from the chart
(¢ =1, € = 1)2; in the following graph form

M1z 0 po12 = —¢4(p212), p212 > 0.

The graph ends at a partially hyperbolic point p212 = —¢1(0) = — < 0, recall (11).
On the other hand, consider @ = 0 and the (v212, p212, p212)-subsystem with x fixed.
Then, the point gexir 212 : p212 = 0, v212 = 0, p212 = 0 is fully hyperbolic for the
resulting (v212, p212, P212)-subsystem. Indeed the linearization of this system around
(0, 0, 0) produces the following eigenvalues

_(] +k)ﬂv _kﬂv ﬁv

independent of x.

For later convenience, we will now describe details of a transition map 732712 :
M), — T8, for all « > O sufficiently near p.y;; and with x € Iy, from
[y3 @ w2 = cip to ng I P212 = Couts With ¢y > 0 and coy¢ > 0 small
enough. For this, we first divide the right hand side of (64) by the square bracket:
[—p212v212Y212(x, P212, P212, @) + ¢+ (p212) + p212] > O, using that this quantity is
~ B and therefore positive in a sufficiently small neighborhood of g,;;212. This gives

X = Plffrzlv%]zd??zlz(x, V212, P212, P212, @),
112 = —(k 4+ Dvaga,
P21z = —kpaia — vai2 + V300212 Z212(X, V212, P12, 0212, )
212 = P212,

(65)
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where )?212 = Xs12/[---]and

Y212(x, p212, 212, @)
—p212v212Y212(x, p212, P212, @) + 4 (0212) + P212

Zo12(x, v212, P212, P212, @) i= —

Lemma 4.4 The transition map 732712 for systems (64) from 1'[; 13 fo Hg 13 Is given by

7
P10y (X, P2125 P212, @)
7 (pZIZ) + Cin
P312(x, Cin, 212, p212, @) = Cout

7
Pr12p (X, p212, p212, @)

Cout

where (x, p212) —> P15, (X, P212, p212, @), 772712[)()6, D212, P212, &) are both smooth
and continuous with respect to py12 and «, satisfying

Pliax (X, P212, P212, @) =O(p5a), 7’;12,,()6, P212, p212, @) = (p212 — Cin)Cgu]ipglz
+ 055

The order of the remainder terms remain unchanged upon differentiation with respect
to x and pa13.

Proof We solve (65) for vp12 and py12, so that vp12(f) = cine ¥V o150 (2) = €' pain
and define us(r) by pa12(t) = cine”* D! 4 (uy(r) — cin)e . Inserting this into the

P212 equation gives

iy = e ®TVC2 1y 0 Zo12 (6, v212(2), cine ™ FTVT 4 (ua (1) — cin)e ™, p212(0), @),
together with

X = "D @ Xoia(x, v212(0), cine” ®TV 4 (ua (1) — cin)e ™, p212(1), @).

The transition time is 7 = log (cout 0y 1ln> Notice that quantities Z212(- - - ), )?212(- <)

are uniformly bounded on this domain. By integrating the equations, we therefore
obtain

uz(T) = u2(0) + O(p2,in),  x(T) = x(0) + O(p2,in)-

Recall that € = p12<]+21 V212 in this chart.
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4.5 Completing the Proof of Lemma 3.8

In Fig. 15, we summarize the findings from our analysis of the two cylindrical blowups
and the blowup of Q. In particular, the blowup of Q gives rise to an improved singular
cycle.

In Fig. 15, we also indicate different sections I, i = 1,...,8, that are each
transverse to I, that we use to decompose the return mapping P», in Lemma 3.8. (The
sections T1%! are defined in a neighborhood of p = 0, whereas IT*78 are defined near
p = 1. T1>3 are defined in between p = 0 and p = 1, but sufficiently close to these
values, respectively. The remaining sections I1°-° are defined on a blowup of p = 1.)
We describe each of the local mappings IT'~! — IT?,i =1, ..., 8 in the following.
We try to strike the balance between including a complete, rigorous and self-contained
analysis while at the same time avoiding too many details, that can be found elsewhere
in similar contexts. We provide appropriate references along the way.

n—-n

The transition from 1% and IT' is regular in the (@ = 1, €)22-chart. We therefore leave
out further details.

n - n?

On the other hand, the transition map from I1! to T2 is described in the coordinates
(x, V21, p, €21) of the (@ 'y = 1,& = 1),;-chart. We therefore consider (50) and
define the sections as follows Hél 1 €1 = Cjn, p € Iinto H%l D V21 = Couts P € louts
with i and I,y open neighborhoods of p = 0. Notice, for these values of p, the set
B> is normally hyperbolic, see Fig. 13.

To describe the mapping lel : Hél — H%l, it is convenient to divide the right
hand side of the Eq. (50) by the square bracket [- - - ], which is & 1 — p and therefore
positive for all €21, v21 > O sufficiently small. Seeing that 4p_ _ | for e =0,

. . . . ~dV21 . .
vp1 > 0itis also convenient to express the map in terms of p := p — vo;. This gives

. 2 [ ~

x = vy e1aX21(x, v21, p, €21, Q),
o1 = V21,

. . (66)
p = v Hyi(x, v21, p, €21, ),

€ = —€yy,

for some new smooth functions X 21 and Hp1. We then have the following.

Lemma 4.5 The transition map 73'211 for system (66) from 1'[%1 to 1'[%1 is given by

lelx(xa V21, p~a a)
Cout
Pay,(xs 121, by @)

V21Cin
Cout

1 ~
Py1(x, v21, P, Cin, @) =
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where x, p —> lelx(x, 1, P, ®), lelp(x, V21, P, @) are both smooth and satisfy

Pa(x, v21, pa) = O(vagalogvyy), 77211,7()6, 1, p, o) = O(v log o),

with the order of the remainder unchanged upon differentiation with respect to x and

D

Proof The proofis standard, see, e.g., De Maesschalck and Schecter (2016, Proposition
2.1). O

n? —» n?

The transition map from IT?> — TI? is regular in the (@ = 1,y = 1);-chart and
further details are therefore left out.

n - n%s

The transition map from IT? to IT* is obtained from Fenichel’s theory near the normally
attracting manifold C, e.g., by working in the (& = 1)2-chart. In fact, by working in
chart (@ = 1,y = 1)7; and using the blowup transformation (53) this result can be

extended all the way up to the section IT> on the blowup of Q»;. The details are given
in Lemma 4.2.

n° - neé
The transition map from I1° to IT° is best described in the chart (@ = 1,):1 =
1, v21€21 = 1)213 where the equations are slow—fast. The transition map is then given

as a regular fold (jump set) with py13 = € as the small parameter. See, e.g., Szmolyan
and Wechselberger (2004) for further details.

née — n’

The exit from the blowup sphere, that we describe by a transition map from IT° to I17 is
given by the transition near a resonance saddle. The details were given in Lemma 4.4.

n” - né

The transition map from IT7 — TI® is regular in the (@ = 1,& = 1);-chart and
further details are therefore left out.

Analyzing the half-map: M° — N?®
First, we state a simple corollary of the analysis above.
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Fig. 15 The dynamics of the full y A
desingularized system, including
the spherical blowup of Q. The
cycle I'y (thick curves) has
improved hyperbolicity

properties. We also indicate the r( !_13 y I
sections T19~8 used in the proof N2z " 15
of Lemma 3.8 i /(, A 6
0 ™ v
> T p
=

Corollary 4.6 Upon extension by the forward flow, the slow manifold Sc o intersects
l'Ig2 in chart (o« = 1, € = 1) in a curve defined by

y22 =0, p =s202(x, €, a),
where
k
s0(x, €, ) = 1 + O(e ),

with the order of the remainder being unchanged upon differentiation with respect to
X.

This essentially follows from Lemma 4.4 with py12~e€.

Now, let ng be defined by y»; = 0, p € I® a small neighborhood of p = 1 and
x € X.From the proceeding analysis, the map Q2 : 119, — I15,, (x, p) > (x4, p)
is well defined for all €, @ > O sufficiently small. In particular, we have

3 (e o) = x el = p)Ye(x, 0] X4 (x, 0) + 0@, eFTa),
pi(x, pe, o) = s2(x, €, a) + O™/,

with the order of the remainder unchanged under differentiation with respect to x, p.
Here, the leading order expression for x4 follows from Lemma 4.2 with ¢, = (1 — p),
recall also Lemma 3.7. The expression for the map from ng to ng is similar; the
leading order terms follow by replacing + by — and by replacing 1 in the expression
for 525 by 0. This completes the proof of Lemma 3.8 (upon redefining s77).

5 Main Results in the Case of Grazing

In this section, we consider (6) under the following assumption (which replaces
Assumption 3 henceforth):
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Assumption 5 The PWS system Z is planar z = (x, y) € R? and each Z.. depends
smoothly on an unfolding parameter 1« &~ 0 defined in a neighborhood of 0. In partic-
ular, for u = 0, Z; has a hyperbolic and repelling limit cycle y that has a quadratic
tangency with ¥ at x = 0. Z_, on the other hand, is assumed to be transverse to X.

Consequently, for © = 0 we have that (x, y) = (0, 0) is a visible fold point (Jeffrey
and Hogan 2011; Kristiansen 2020) of the piecewise smooth system Z, see T in
Fig. 3. In fact, by the implicit function theorem, Z has visible fold point for each
©~0 and this point depends smoothly on . Then upon using Bonet and Seara (2016,
Proposition 14), see also Kristiansen (2020), we can transform the PWS system Z4
locally into

_( 1+ fw _ (0
Z+(Z, /'L) - <2x + yg(z, M)) ’ Z*(Z’ M) - (1) ’ (67)

by a C*°-diffeomorphism. Here, f and g are smooth functions with f(0, u) = 0 for
all u=0; for (67) the fold point is therefore fixed at (x, y) = (0, 0). This is the system
that we will use to study the local dynamics near (x, y) = (0, 0). We will henceforth
suppress the dependency of f and g on u since this will play little role.

Since the limit cycle yp in Assumption 5 is hyperbolic for Z, we have a repelling
limit cycle y;, of Z forevery u~0. Let Y (1) = min, y(t) along y,, so that Y (0) = 0.
We assume the following degeneracy condition.

Assumption 6 Y’(0) > 0.

We illustrate the setting in Fig. 16.

Under these assumptions, reference Kristiansen (2020) proved that the system
obtained from regularization by smoothing (3) has a locally unique saddle-node bifur-
cation of limit cycles at . = o(1) with respect to € — 0. On the other hand, reference
Bonet and Seara (2022) also showed that the system obtained from regularization by
hysteresis has chaotic dynamics (through a Baker-like map) for all @ > 0 sufficiently
small provided u~0 is sufficiently small. In this section, we try to bridge these two
results by working on (6), using (as in Kristiansen (2020)) the normal form (67) to
perform the analysis near (x, y) = (0, 0).

To present the result, we define two wedge-shaped regions in the (e, o)-plane.
Firstly, for g > 0, ag > 0, let W1 (ep, p) be the region defined by 0 < o« < ey
for 0 < € < €p. On the other hand, let W5 (€, €1, p) be the region defined by

kel 51
O<a*e<e<acte,

for 0 < o < ap and 0 < ¢p < €1. We illustrate the two regions in Fig. 17. These
regions do not overlap for €; > ¢y > 0 and 9 > O sufficiently small.

In the following, we will sometimes write Wy (eg, cg) and Wa (€, €1, ag) as Wy and
W, for simplicity.

For N € N, N > 2, let £V denote the space of all N-symbol sequences s =
{...,5-1,%0,51,...},5: €{0,1,..., N—1}foralli € Z, equipped with the complete
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o

Fig. 16 The grazing bifurcation. We assume that the smooth vector-field Z has a repelling limit Iy for
= 0 having a quadratic tangency with X. Under a further degeneracy condition, which ensures that the
perturbation I';, of I'¢ as a limit cycle of Z for u~0 transverses ¥ with nonzero speed, see Assumption
6, reference Bonet and Seara (2022) has shown that, while regularization by smoothing leads to a saddle-
node bifurcation of limit cycle (Kristiansen 2020), regularization by hysteresis leads to chaotic dynamics.
Theorem 5.2 is an attempt to bridge these two regimes by working on (6)

Fig. 17 The two regions in the
(€, «)-plane relevant for

a A

Theorem 5.2
k+1 W2(€07 €1, CVO)
E = * €
@0 / A1
E=0 F €1
o = e2Fay
_W1(eo, ap)
€0 6
metric:
o0
) R 1 fori — i
d(S,E)Z Z mL7 81_’]_ — OI'l. J
i=—00 2014355 0 fori #j,

see (Wiggins 2003, Chapter 24.1).
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Proposition 5.1 (Wiggins 2003, Proposition 24.2.2) The full shift on N symbols o :
=N = 2N defined by

o(s)={...,s50,51,82,...}, thatis (o(s)); =siy1 forall i€ Z,

is continuous and chaotic in the following sense:

1. There is a countable infinity of periodic orbits, consisting of orbits of all periods.
2. There is an uncountable infinity of nonperiodic orbits.
3. There is a dense orbit.

The case N = 2 is the most familiar one, since this is the shift map relevant to the
standard Smale’s horseshoe.

Theorem 5.2 Consider (6) under the Assumptions 1, 2, 4, 5 and 6 so that (4) holds
with Z+ given in a small neighborhood of (x,y) by (67). Fix any N € N. Then for
€1 > €9 > 0 and ag > 0 all sufficiently small, we have the following:

1. For any (e,a) € Wi(eo, ag), there exists a w0 such that the system (6) has a
saddle-node bifurcation of limit cycles.

2. For any (e, ax) € Wa(eg, €1, o), there exists a u=0 such that there is a return
map defined by the system (6) having an invariant cantor set upon which the map
is homeomorphic to the full shift o : ¥V — =N on N symbols.

The Assumption 4 (p — Z(z, p) is affine) is mainly added for simplicity. In fact,
it is not needed in item 1 and the statement of item 2 could also be generalized by
including a milder assumption on p — Z(z, p) at x = 0, see Remark 5.13. We
again expect that our approach can be modified to obtain a similar result for the
Sotomayor—Teixeira regularization functions, see (8). We leave these generalizations
to the interested reader.

To prove the theorem, we have to describe the local transition near the grazing point
with . Before going into details, we first emphasize that Z in (67) has stable sliding
for x < 0andcrossing forx > 0along X. Therefore, the blowup dynamics forx < Oin
a compact interval is covered by Theorem 3.1 and the blowup dynamics fore = o =0
is therefore as in Fig. 15 in this case. The blowup dynamics for x > 0 on the other
hand, where Assumption 3 is violated and crossing occurs, is shown in Fig. 18. This
follows from the blowup analysis with Y > 0. In each of the two diagrams, Figs. 15
and 18, x is constant on the cylinders and there is only slow flow in the y-direction.
In order to describe the details of the dynamics associated with the visible fold, we
will need to zoom in on x = 0 so that the dynamics in this direction for 0 < €, @ < 1
becomes comparable with the dynamics in the y-direction. We achieve this zoom
through blowup. In particular, in Sect. 5.1, we first reduce to the slow manifold S¢
obtained as a perturbation of the critical manifold C in the (y = 1);-chart and then
perform two separate blowup transformations. In the parameter regime (€, &) € Wy,
this is sufficient to prove Theorem 5.2 (1). Interestingly, we find that the details are
similar to those in Kristiansen (2020) covering the grazing bifurcation in the case of
regularization by smoothing.
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Fig. 18 Blowup dynamics in the y A
case of crossing upwards where
Y+(x,0)>0,Y_(x,0) >0

(corresponding to x > O for the

visible fold in Fig. 3). In this

case, the flow on C (blue) moves ;
upwards and there is no .
equilibrium of the reduced flow

on M (moving downwards)
when Assumption 4 holds p

Q, €

On the other hand, in order to prove Theorem 5.2 (2) in the regime (€, @) € W, we
have to follow dynamics that becomes unbounded in the chart (y = 1);. In Sect.5.3,
we will specifically work on the blowup of Q. Here, we will study the reduced prob-
lem on the critical manifold R»13 in the (@ =1, ):/ =1, vp1€21 = 1)313-chart for x~0
using a separate blowup transformation. This gives rise to a folded saddle singularity
(Szmolyan and Wechselberger 2001) for (€, «) € W, and an associated canard orbit
along which (extended versions of) the slow manifolds S¢  and N¢ o, obtained as per-
turbations of C and M in chart (y = 1)1 and (@ = 1, € = 1)27, respectively, intersect
transversally (see Proposition 5.12). This provides the main horseshoe-like mecha-
nism for the chaotic dynamics in Theorem 5.2 (2). In fact, the geometric construction
is similar to Kristiansen (2021), which (inspired by the work of Haiduc (2009) on the
forced van der Pol) proved existence of chaos in a friction oscillator in the presence
of slow—fast and nonsmooth effects. We therefore complete the proof of Theorem 5.2
(2) in Sect. 5.4 by exploiting this connection.

In the proof of Theorem 5.2, we will therefore again try to strike the balance
between including a complete, rigorous and self-contained analysis, while at the same
time avoiding too many details, that can be found elsewhere (Kristiansen 2020 for
item 1 and (Kristiansen 2021; Haiduc 2009) for item 2) in similar contexts.

Finally, we should emphasize that the mechanism we find for the chaotic dynamics
in case (ii) is very similar in nature to the one used in Bonet and Seara (2022) to
prove existence of chaos in the case of hysteresis. This horseshoe-like mechanism
occurs in an exponentially small regime (with respect to €, « — 0) and is therefore
probably not troubling from an engineering perspective. Moreover, any time series of
the chaotic dynamics would appear to be periodic, with only very minor changes in the
amplitudes at each oscillation. This has been referred to as micro-chaotic dynamics,
see Glendinning and Kowalczyk (2010) (for micro-chaotic dynamics in the context of
hysteresis).
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Fig. 19 Dynamics of the 1
reduced problem on S 1, see

(68), within the invariant

subspaces ;] =0andr; =0

a ¥

5.1 Analysis of the Slow Flow on S 4 in the Case of the Visible Fold

In this section, we work in the (y = 1)1-chart and consider the reduced flow on S¢ 1,
recall Lemma 3.2, in the case of (67). For this, we use (42) with Z4. as in (67):

x=rnl+ f(x,r)) (1 — Beka + Oy k+1)) ’

&1 = e [@x +rigCe, ) (1 - pefat) + pefal + O ol ™).

The dynamics of this system within the invariant subspaces ¢ = 0 and r; = 0 are
illustrated in Fig. 19. Notice that 7; = x = 0, &1 > 0 is a line of degenerate singular-
ities for € = 0. We will again need to perform consecutive blowup transformations to
resolve the degeneracy stemming from the terms of the form eXaX. For this, we first
blowup with respect to 1 and then subsequently blowup with respect to €. In further
details, we first apply the transformation (also used in Kristiansen (2020)):

X = oki
o >0, r,a) e S {r =7, (69)
o] =0a].

Notice that weights on x and « are so that the terms 2x and S eka’f in the equations
for r1 and &1 in (68) balance up. At the same time, the weights on x and r; are so that
the quadratic tangency of the grazing orbit within oy = 0 of the vector-field Z with
the x-axis (see Fig. 19) is “broken.”

Since r1,a; > 0 we are only interested in the subset of S? where 71, & > 0.
This gives a vector-field V| on o > 0, x,r, o) € 52 by pullback of (68). It has
o* as common factor and it is therefore V := %V that has improved hyperbolicity

properties.
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It is not difficult to analyze V in the directional charts. In particular, in the chart
defined by

k
X = 011X11,
G=Lr=Du: {rn=0ck,
a) = o1,

where o = 0121”]051 1, we obtain the following equations

. 1
i1 = (14 of) fi1 (e, of ) A + O(fafatb))) — S,

. 1
011=ﬁ011[-~-], (70

2k +1
2k

oy = — app[---1,

where
[---]= Qxi1 + ol g11(x11, ol A + O(er ok ab))) + Bekak + O(fay1ak)),

with af‘lf“(x“,crf‘l) = f(x,r1), and gll(xll,olkl) = g(x,7r1). We find two
hyperbolic equilibria:

g1y 0 (i onain) = (£1,0,0), (71)
for any € > 0. The eigenvalues of the linearization around these points are

) 1 2k 4+ 1 72)
xn,kxn, A X11,

with x;; = =1 at the two points qﬁ, respectively. Whereas the point ¢ has a

two-dimensional unstable manifold within o1; = 0, and a one-dimensional unstable

manifold within «;; = 0 (corresponding to the grazing orbit of the PWS system (67)

within x < 0), the point qﬁ has a two-dimensional stable manifold within oy; = 0 and

a one-dimensional unstable manifold within «;; = 0 (corresponding to the grazing

orbit of the PWS system (67) within x > 0). Compare also with Figs. 19 and 20.
The dynamics on the sphere is given by

X3 =1, (73)
F13 = 2X13,
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Fig.20 The reduced flow on
Se,1 in the (@ = 1)1-chart upon
blowingupa; =r; =x =0to
a sphere (in blue) (Color figure
online)

upon using the coordinates (x3, r13) defined by

k
X = 03X13,
(G =1Lra=Di3: {r =0k,
—1
o1 = 013713,

where ¢ = rio] = 0123]“"1. However, in the chart defined by

k
X =0p,X12,
s - ) 2%
O=Lar=Di2: yr1 =0{3712,
@] =012,

we find that x12 = r12 = 0, 012 > 0is a degenerate line for ¢ = 0. We summarize the
findings in Fig. 20.

To gain hyperbolicity and resolve the dynamics near the degenerate line (pink in
Fig. 20), we proceed to augment é = 0 and then apply the following cylindrical blowup
transformation:

x12 = &k 3,
£>0, (%12, 712, €) € 2 > {rpp = %7y, (74)
€ = £¢,

leaving 01> untouched. (This transformation can be motivated in the same way as (69).)
Let Vj; be the vector-field in the (y = 1, @1 = 1)12-chart with ¢ = 0 augmented. The

blowup transformation (74) then gives a vector-field ?12 by pullback of Vi2. It has gk
as a common factor and it is therefore Vlz = S_k f/\]z that we shall study.
To study V12 and cover the relevant part of the sphere, we use two charts:

x12 = &5 X101,
G=lar=1r2=Du: {r=E%,
€ = &1€121,
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x12 = X122,
G=lar=1é=Din: {r2=E%rnmn, (75)
€ =4§12.
The change of coordinates is given by the following expressions:

1
121 = 512%V12§2,

-2
X121 = I'1p2 X122,
1
—2%
€121 =Ty -
In the chart (y = 1,21 = 1, 13 = 1)121, where

2k+1§121, € = &p1€121, (76)

are conserved, we (again) find two hyperbolic equilibria at

5 (x1a1, 012, €121, €121) = (£1, 0,0, 0). (77
The eigenvalues of the linearization around these points are given by

2k +1 2k +1
—2x121, —2x121, — Y21 T X (78)

with x12; = +£1 at the two points zﬁ 1» respectively. The unstable manifold for z5,
is three-dimensional and contained within &12; = 0. However, for z),, it is the stable
manifold that is three-dimensional; in fact, zf“zl will be the w-limit set of all points
with &121 = 0, €121 # 0. Notice, that since

—2k 21 2k
ae — =01p €1 (79

see (76), each three-dimensional invariant manifold is foliated by constant values of
P P
O €15} = const.

To describe the dynamics in further details, we focus on the cylinder § = 0,
(%12, 712, €) € S%, 012 > 0, and the two invariant subspace of V12|§:0 given by
o012 = 0 and € = 0. The reason for doing so, is that these invariant spaces capture
different scaling regimes of € and «. In particular, within the (y = 1, a1 = 1,712 =
1)121-chart, (76) holds and on o1, = const. we therefore have by (79) that

ek (80)
(Here, we have used ~ to indicate that two quantities differ by a constant that only
depends upon the constant value of o1>.) Consequently, orbits lie close to € = 0 (i.e.,

€121 = 0) provided that

0<e*<caxl. (81)
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Fig.21 Dynamics in the
G =1 == §121

charton € =0

> +
I3 212 3/121
121 A >
L7 ~4 121
121\ H121
+
021 L121

Notice also that on o1, = const. we have

x ~ Jaxiag, (82)

upon eliminating &£1». This will be important later on.
On the other hand, in the (y = 1, @ = 1, € = 1)122-chart, we have

2k+1 g2k
a =0y, &pnr, €=~E&mn.

and r12> = const. therefore corresponds to

o 2k+1 2k
o 0'12 €.

Consequently, orbits follow o2 = 0 provided that 0 < o < €2 « 1.
We study each of these invariant subspaces in the following using the two charts
O=lLa=1Lrp=Dprand (y =1,a1 =1,€ = 1)12.

Dynamics ofV12|§=o in the invariant subspace €=0

Inthe (y = 1,1 = 1,712 = 1)121-chart, we obtain the following local form of Vlz
within £121 = €121 = 0:
X121 =1—x2,
2 12! (83)
012 = 2012X121-
The dynamics of this system are illustrated in Fig. 21. Notice in particular that there
are two invariant lines

L5, 0 xia1 = £1, (84)
along which we have 61, > 0 and 612 < O for 12 # 0. These sets therefore belong
to the stable and unstable manifolds of the points zﬁl, given by (77), respectively.

Notice also that the dynamics within § = € = 0 is unbounded (only bounded on one
side of L, ).
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Lemma 5.3 Consider any & > 0 and let 731321 . denote the x121-component of the
transition map of (83) from

H?m D opp=8 >0, xi21 <O,

to
ﬁ4 . _ 3 0 0
121 - OR2=c¢ >0, X121 > U.

Then, 731321 . isonly well defined for x121 € (—1, 0) and here it is given by the reflection
around x121 = 0:

Py (X121) = —x121, X121 € (—1,0). (85)

Proof Direct calculation. Notice in particular that if 7171 denotes the time in (83), then
this system is reversible with respect to (x121, 012, t121) > (—X121, 012, —t121). From
this (85) follows. O

Dynamics ofV1z|§=o in the invariant subspace 61, = 0

Inthe (y = 1,21 = 1, € = 1)122-chart, we obtain the following local form of ‘712
within £12 = o1 = 0:

X122 = kx122 [B + 2x122] + 1122,

. (86)
F122 = (2k + Drioal B + 2x122].
Within r1p = 0, we find two equilibria, one given by x122 = 0 and another given by
X120 = —%. The first point is hyperbolic and repelling for (86), whereas the second
one is partially hyperbolic, the linearization having a single nonzero and negative
eigenvalue. A simple calculation reveals the following:

Lemma 5.4 There exists a unique, attracting center manifold G 12 for (86) of the point
(x122, r122) = (—g, 0). G122 is its (nonhyperbolic) unstable manifold, along which
r122 is increasing.

Upon using that [- - - ] occurs in both equations of (86), it is a direct calculation to
show that the transformation:

_% T2k
u=/|pBr X122,

(x122, r122) = 2 87

_% T 2k+1
v= (A ’
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Fig.22 Dynamics in the r

(=18 =1¢= - 3122A

chart. In this chart, we find a 11 4
unique center manifold G127 \ 122 // / H122

within o1 = 0. The mapping
from n(l)22 - H}22 is desyr?bed
by the Chini equation and it is

contractive and concave as a G 1292 /

function of x on 1'1122, see N

Lemma 5.5. This property is

essential in the proof of >

Theorem 5.2 (2) T121
AN

/0'21

for r122 > 0, brings (86) into the Chini equation (Kristiansen 2020; Olver et al. 2011):

=1,
b =2u+ vk (88)

This equation also appeared in the blowup analysis of the grazing bifurcation for
regularization by smoothing in Kristiansen (2020). In particular, from this reference
we obtain the following result (see Fig. 22 for an illustration).

Lemma 5.5 Consider any 3 > 0andlet x12 +— 771322x (x122) denote the x-component
of the transition map of (86) from

3. 3 1
My : rn=c, x12 < —5/3,

to
4 3 1
My : rn=c’, x> _Eﬂ'
Then,
(Piny) (x122) € (=1,0), (Pip,)"(x122) <0, (89)
and
lim (Pl (xiz2) = =1, lim _(Piy,) (x122) = 0.
X122—>—75 B~ *1227> 700

Proof See Kristiansen (2020, Lemma 3.12) (and Uldall Kristiansen 2023) describing a
similar transition map for the Chini equation. By inverting (87), we obtain the desired
result. =
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Fig. 23 The reduced flow on Cj in the (¢ = 1){-chart upon two consecutive blowup transformations
of the degenerate set «; > 0, r; = x = € = 0. The dynamics on the cylinder obtained by the blowup
transformation (74) (its boundary € = 0 being indicated in pink) breaks up into different regimes, depending
on the ratio of € and «. For example, whenever (¢, o) € W, then the dynamics near € = 0 (pink) becomes
relevant, whereas within (e, «) € Wy the green region where € > 0, described by the Chini equation (88),
becomes relevant. In this region, which is more visible in Fig. 24, the attracting center manifold G produces
a contraction—which is absent for (¢, @) € W5, see Lemma 5.3—of the return map Py, see Lemma 5.5.
It is the balance of this contraction and the expansion along y that gives rise to the saddle-node bifurcation
in Theorem 5.2 (1)

Remark 5.6 Within &5 = r12p = 0, we have the following

X122 = kx122 (B + 2x122) ,
o12 = —o12 (B + 2x122) ,

and hence 012 > 0, x12 = &122 = r122 = 0 is contained within the stable manifold
of (x122, r122, 012, §122) = 0. Moreover, x122 = —§, 012> 0,812 =ri2=0isa
normally hyperbolic critical manifold Hjz;. Through desingularization (by division
by r122), it is possible to show that 17 is monotonically decreasing on Hj2;.

We summarize the findings in the two charts in Fig. 23.

5.2 Proof of Theorem 5.2 (1)

For the proof Theorem 5.2 (1), we work on the slow manifold S, that has been
extended, through the blowup approach in Sect. 3, to the first blowup cylinder. On this
manifold, using the (x, y)-coordinates and the system (67) locally near (x, y) = 0,
we then consider the return map P on a section IT;, = {(x,y) : y = ¢in, X € Iin},
for some appropriate closed interval l;;, C (—o0, 0) so that ITj, is transverse to yp.
We then decompose P into a local transition map Pjye : Iin = Hou, With gy =
{(x,y,p) 1y = cout, X € Lout}, see Fig. 3, and a global map Pgjo : [Tjy — Iour. The
latter is regular on the attracting slow manifold, and we therefore turn our attention to
Ploc~

In order to describe Pj,., we use the chart (y = 1) and the blowup transformations
(69) and (74), that resolve the degeneracy of x = r; = 0, ¢ > 0 for ¢ = 0, and chop
the mapping into separate transition maps, see Fig. 24: P* : TI — TIT! near ¢, a
regular map P! : TI! — T1? being a regular perturbation of (73), P> : I1*> — I13
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Fig. 24 Illustration of the
sections TT~7 relevant in the
proof of Theorem 5.2 (1). In
comparison with Fig. 23, we
leave out the dynamics on the
cylinder € = 0, since this regime
is not relevant for the proof of
Theorem 5.2 (1)

0¥

near z_, a regular map P> : TI> — TII* being a regular perturbation of the map in
Lemma 5.5, P* : I1* — I1° near z*, a regular map P> : IT° — I1° being a regular
perturbation of (73), and finally P : T1® — I17 near ¢ ™.

Although the eigenvalues near the points g*, z* are resonant, it is possible, follow-
ing Kristiansen (2020), to achieve a (suitable) linearization near each of this points.
We will only present the details near ¢~ and z~.

Local transition map near g~

Consider (70) and divide the right hand side —%[- - -], which is & —xq; and therefore
positive near ¢, . This gives

2(1 +of; fi1(xin, o)

X =x11 — T =+ faf A (L oL a6,
2x11 + o181 (x11, 07)

; ! (90)
611 = ——011,

1 Al

2k +1

a1 = o1,

i} Lo

for A1; smooth.

Lemma 5.7 There exists a smooth diffeomorphism of the form
x11 = X (F, 65, @, €),

(%11, 611, @11) = { 011 = 611811 (F11, 65, @i, €,

~ =~k = —2k—1
ary = a11S11(X11, 077, Q11,5 €) ,

as well as a regular transformation of time, such that (90) becomes

2 ~ k~k ¥ o~ o~ ~
X1 = 2xn + e ayAnn(x, o1, @11, €),

B 1.
o1 = =701, on
2k +1
o = d11-
11 P
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Here X;1, Si| and Ay, are all smooth and satisfy X11(0,0,0,0) = -1,
511(0,0,0,0) = 1 and

Y k
A11(x11, 011, @11, €) = O(o11011, 077),

respectively.

Proof The proof can be found in Kristiansen (2020), see Lemma 3.5 and Lemma 3.6
in this reference, but essentially we use that the oj; = O subsystem is equivalent to
7/ = Z,(z) which is regular. This enables a linearization within a1; = 0 through the
flow box theorem. Subsequently, we linearize the non-resonant system within oy = 0.
O

Consider (91) and notice that o« = &121]‘ +1&, is still conserved in the tilde variables.

We therefore drop the tildes and describe the transition map P?l from 1'1(1) | 011 = Cin
to IT }1 T o] = coue by integrating these equations. This produces the following result.

out out

2k _ 2k
Lemma 5.8 73?1 is well defined for x11 € [—c (oznc*l) e ,C (allcfl) 2k+li| with

1
¢ > 0fixed small enough and given by (x11, Cin, @11) H> (P?]x, cin (011 cgult) ZFT | cout)
with

_ 2k 1
0 —1 2k+1 k  2k+1
Pllx(xn,om,é)=(Omcout) x11+0<6 o] )

The order of the remainder terms does not change upon differentiation with respect to
X11-

Proof Simple calculation. O

The analysis near g is almost identical. In particular, although the local mapping
near ¢~ is expanding, the local mapping near ¢ contracts by the same order.

Local transition map near z~

We work in the (y = 1,1 = 1,712 = 1)121-chart. Here, we have the following
equations

. 1
%121 = (14 0585, fiar(aan, oheH (1 + OE, ey aky)) — Sl

1o = 2k2: 15121 [---1,
o2 =—onl--1,

. 2k +1

€121 = — T et [---1,

@ Springer



6 Page54of64 Journal of Nonlinear Science (2024) 34:6

where

k(2k—1
[ ]=2x121 + 0'1162512(1 )8121()51217 U1k2§{621)(1 - ,35{{21611(21(7{{2)

+ Beky oty + 0(51216'1(;11 o12)
Moreover,
01](25{(21 S121(x21, 01](25{(21) = f(alkzslemlv 01255125{1)7
which is well defined since f(0,0) = 0, and
g121 (X121, 0156 ) 1= g(01r61 X121, O Efap).

Working near z,; where x121 = —1, we divide the right hand side by —% [---]1~ 1.
This gives the following equivalent system

k sk k sk
. 2(1 +0'12§121f121(x1217012";‘_121))
X121 = X121 — k(

+ Ap1(x121, §121, 012, €121),

k £k(2k—1) k gk
2x121 + 015815] g121(x121, 0156 151)
. 2k + 1
E121 = — €121,
k
o012 = 2012,
. 2k + 1
€21 = €121,
k
(92)
ith A =0 k k k+1
with A1 (X121, §121, 012, €121) = O(€]5,015, §121€]5] O12)-
Lemma 5.9 There exists a smooth diffeomorphism of the form
X121 = X121(X121, €121, 612, €121)s
R &121 = E121S121 (X121, €121, G012, €121),
(X121, &121, 012, €121) > . L= L L
o12 = 012S121(X121, €121, G12, €121) T,
- Sz . ]
€121 = €1218121(X121, €121, G125 €121)
as well as a regular transformation of time, such that (92) becomes
X121 = 2X121 + A21(X121, 121, 612, €121)5
L 2k +1 -
&1 = — T 121,
L - 93)
012 = 2012,
° 2k +1_
€121 = €121-
k
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Here, X121, Si21 and A1ay are all smooth and satisfy X121(0,0,0,0) = —1,
5121(0,0,0,0) = 1 and

A21(Fra1, £121, 612, €121) = O(E121€55,610),
respectively.
Proof The proof follows the proof of Lemma 5.7, with only minor modifications. O

Consider (93) and notice that @ = 02k+1§ 71 and € = 51216121 are still conserved

in the tilde variables. We therefore drop the tildes and describe the transition map 731221
from 1'[121 &121 = ¢jp tO 1'[121 . €121 = Cout DY integrating these equations.

Lemma 5.10 The transition map 791221 is well defined for

1
0<opp < efﬁ" ag (94)

2k 2k
_1\ 4T 1\ T .
and x1p1 € |:—c (612100u1t> c (elzlcoult) :| with ¢ > 0 and ag small enough
. 2 -1 2 :
and given by (X121, Cin, 012, €121) = (P> (€121Cou)Cins Pl Cout) With

2k
2 —1\ 2+
Pias (X121, 012, €121) = (élzlcout> o12

2 —1\ 2+ 2
Pirix (X121, 012, €121) = (Emcout) x121 + O(e121Piag (X121, 012, €121)).

The order of the remainder terms does not change upon differentiation with respect to
Xx121. Moreover, by (94)

2k 1
2 2k 2k
Pire (X121, 012, €121) € (0, cout g ™). 95)

Proof Simple calculation. O

The analysis near z* is almost identical. In particular, although the local mapping
near 7~ is expanding, the local mapping near z* contracts by the same order.

The local map Pjo,

Let xj, denote the value of x on [1° = IT;, of the grazing orbit of Z_ . Similarly, let
Xout be the corresponding value on IT7 = Moy. (¢, @) € W (€0, ag) implies that

2k 1
2k+1 , 2k+1
0<opp < €1 o4y,
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in the (y = 1,1 = 1,712 = 1)121-chart and it is therefore consistent with (94).
Consequently, by Lemmas 5.8 and 5.10, we consider any (e, o) € Wi(ep, op) with
oo > 0 small enough and x in a small neighborhood of xi,:

2k 2k 2k 2k
X — Xjn € I:_ce 2k+T g 2k+1 , CE 2k+T g 2k+1 :I R

for some ¢ > 0. This leads to the following.

Lemma5.11 Letx — Pioc x(x) denote the x-component of the map Py, from no —
7. For any x» € [—c, c], we then have

2 2% 2k 2k ~
€T I (Proen (in + €17 @ T 12) = Xout) = Pl (12) +0(1), (96)

with 73?22x =Yy 0771322x o Yr_ for some diffeomorphisms Y, for (€, ®) € Wi (ep, o)
with ag, €9 > 0 sufficiently small.
The following can be said about ¥y: For any § > 0 and any n € N, there are
constants cin, Cout, ¢ > 0 such that |y, — 1| <, |I//(k)| <Séforallk=2,...,n
Moreover, the remainder term o(1) is bounded by a constant ¢, (cg) — 0 for
ag —> 0in C™, m € N fixed.

Proof The proof is similar to Kristiansen (2020, Lemma 4.3). In particular, we write
Pioc as the composition of the maps P96 and the result then follows from Lemmas 5.5,
5.8 and 5.10, near g~ and z~, along with similar results (these maps are basically the
inverses (to leading order) of those in Lemmas 5.8 and 5.10) near ¢ and z . The fact
that the remainder term can be bounded by a constant ¢, («g) follows from (95). O

From this lemma, it follows that 7/5]322)6 also satisfies the estimates (89) on xp €
[—c, c]. In fact, one can show (see Kristiansen 2020, Theorem 1.3) and (Uldall
Kristiansen 2023) that for any / € (0, 1), there exists constants, including ¢ > 0,
such that (P122x)(x2) can be extended in such a way that (96) holds and such
that (PIZZX) (x) attains all values in [—1 + [, —[] while (’P12 )/ (x2) < 0. To do
this one just extends P, through a redefinition of IT3 and IT*. Specifically, in the
(y = 1,1 = 1,712 = 1)121-chart, we would consider 1'[121 c X121 = —1 £ cout-

We now write the regular map Py, in a similar way. In fact, we focus on P 1 .Let

(x, n) be the x-component of Pl

glo- Since it is regular it depends smoothly on x

glox
and on the unfolding parameter . By Assumption 5, we have that Pg_l;x (Xin, 0) = xout-
Consequently, we obtain the following expansion: There exists vp € (—1,0) and
v1 > 0 such that

2k 2k 2k
€ Flg AT (Pg_léx(x, n) — xout) = vox2 +vipz + O (6 2T a2k+1) o7

for

2k 2k 2k 2k
X = Xin + €FFT 2%+ x5, W = €K+ 2K+ Yy, (98)
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Fig. 25 Illustration of the maps P}, and 73 re%trlcted to the slow manifold in the case (¢, o) € Wy, see

Theorem 5.2 (1). Here x;,, is the x-value of the orbit of Z that grazes ¥ on 9. In the parameter regime

(e, @) € Wy, the mapping P}, is then dominated by the attraction toward the attracting center manifold

G122 on one side (green) x < x;,, and the dynamics of Z4 (which itself is as close to x — —x as desired

upon adjusting the domalm) on the other side x 2 xj,. The transition in-between (in purple), which extends
2k

overa O(e k+1 o 2k+1 )-neighborhood of xjy, is described by the Chini equation, see (88), and it is concave
cf. Lemma 5.5. On the other hand, since yq is repelling, it follows that Pgj, is expanding. In particular, Pgjqo
moves with nonzero speed for ©u~0 by Assumption 6 and this therefore gives the saddle-node bifurcation
of limit cycles as solutions of Pg_l(l = Pjoc When the two graphs are tangent at a point (Color figure online)

The fact that vy € (—1, 0) follows from the fact that yy is repelling, see Kristiansen
(2020, Lemma 1.6). Moreover, v; > 0 follows by Assumption 6.

To solve the fixed-point equation Py (x, u) = x, we therefore solve Pjycr = Pg_léx.
By (96) and (97) this gives

v0x2 + vipa = Piy, (x2) + o(1),

setting x and p equal to the expressions in (98). Seeing that (7/5?22)6)/ (x2) attains all
valuesin [—1 4/, —=I] with 0 </ < 1 4 v < 1, we obtain a (locally unique) saddle-
node of the fixed point by applying the implicit function theorem, see Kristiansen
(2020, Lemma 4.5). The proof in the present case is identical (Fig. 25). In this way,
we have completed the proof of Theorem 5.2 (1).

5.3 Dynamics on the Blowup of Q

To prove Theorem 5.2 (2), we consider the regime (€, ) € Wa(ep, €1, ®p) where
0O<a a g<e<a e €1. In this case, the dynamics within € = 0 becomes relevant,
recall (81). We therefore decompose Py, in a different way, replacing 13 and I1* with
I13 and 14, respectively, see Lemma 5.3. In this way, since the mapping from I3 and
T4 within e 121 = 0 is completely “neutral” with no contraction, see (85), it follows
that for all x € [j; and «g small enough, so that the dynamics is uniformly bounded
in the (y = 1)1-chart, then Py, is as close as desired (upon adjusting the domains) to
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areflection x — —x. Consequently, there can be no saddle-node bifurcations of limit
cycles in this chart within this parameter regime.

In order to prove Theorem 5.2 (2) and describe the chaotic dynamics, we have to
follow the set L™ . Recall that this setis unboundedinthe (y = 1, &1 = 1,712 = 1)121-
chart, see (84), so we follow it across the first blowup cylinder and toward the blowup
of the point Q.

In the following, we focus on the (&« = 1, € = 1, v1€; = 1)213-chart of the blowup
of O and Eq. (60), repeated here for with Z4 as given in (67):

%= ph e 1+ 0G, @],
V213 = 1213 (0213Y213(X, V213, P213, P213, A1) — ¢+(P213V2_1§)V2_1’§ - P213) . (99)

P213 = —1213 (¢+(0213V2_113)v2_1]§ + P213) .

1
and pr13 = €%+, where

Y213(x, v213, p213, P213, &) = 2x + yg(x, y)p + 1 — p, (100)

using Assumption 4, for

y = —a(l + p513p213) + Otpglf;lms,

p=1+ p§13p213,

on the right hand side of (100). Therefore for p213 = 0, we find the critical manifold
R>13 as a graph pr13 = —,31)2_1]‘3 over v213 > 0. Rp13 divides into an attracting part
R213,4 for v213 > v213, ¢ and a repelling part Rz13 » for v213 < v213, 7.

For x = O sothat Y, = Oon y = 0, see (67), the fold curve J13 given by
Ro13 N {v213 = 1213, 7} no longer consist purely of jump points. In particular, we
will now show that it also includes folded singularities/canard points (Szmolyan and
Wechselberger 2001):

The system (99) is slow—fast (in nonstandard form) with respect to p213 = 0 (which
corresponds to € = 0, recall (54)). The reduced problem on R»;3 is given in (62) for
213, @ — 0, repeated here for convenience:

2

v 101
VélS — ZX%. (101
V213 — k,BV213

Consequently, for p213 = o = 0 the set x = 0 is completely degenerate. We therefore
proceed to blowup x = o = py13 = 0. We will only need one chart: Let o213, x213 be
defined by

k

o= 213,

Pin 213 (102)
X = Pp13X213.
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Seeing that € = plz‘fgl, the scaling of « can be written as o = eﬁomg which is
therefore consistent with the regime W»(eg, €1, otp). In particular, €; > 0 sufficiently
small in W5 (eg, €1, ag) implies that ap13 > 0 is large enough. Upon using (102), we
then obtain the following equations for the reduced problem:

X213 = V21300213,
2
V3,5 (103)

Vi3 = |2x213 — & + v_k] _
213 [ 213 — 21380 + BVy13 vors — KBk
after having desingularized through division of the right hand side by p§1 3. Here, we
have introduced go := g(0), see (67). Recall that R>13 4 corresponds to v213 > V213, ¢
whereas Rj13, corresponds to v213 < 1213, f. V3 = V213, r, Where the denominator
of the right hand side of (103) vanishes, is the degenerate set J>13. To analyze this
situation, we proceed as usual (Szmolyan and Wechselberger 2001) by considering the
desingularized system, obtained by multiplying the right hand side by 1 — k8 vz_l];_lz

X213 = 0213 (v213 - kﬂvz_lkg) ,
. (104)
013 = [236213 — 21380 + /31)2_13] 213.

On R334, this multiplication corresponds to a time reparametrization, whereas on
R>13,» the direction of orbits of (104) has to be reversed to agree with (103). The
dynamics of (104) is easy to study: For each a213 > 0, there exists a unique equilibrium
at

1 1 _
(X213, £, V213, 1),  X213,f := 5921380 — Eﬂvzl’;f- (105)

It is a saddle; the linearization having the following eigenvalues eigenvalues:

1 1
V213 + 5\/8(k + Dvaiz pe213 + v35.
These eigenvalues are clearly real and of opposite sign for any o213 > 0. See Fig. 26.
In terms of the slow—fast system obtained from (99), with x and « scaled according
to (102) and p313 > 0 being the small timescale separation parameter:

X013 = Pty o [1 + O(pé‘)] ,

. k I3 1y —k
213 = 1213 (9213Y213('0213X213, V213, P213, P2135 £3130213) — @+ (0213V513)V513 — P2|3> )

P213 = —V213 (¢+(0213V2_113)V2_1]§ + P213> ,

(106)
the point (x213, V213, p213) = (X213, 1, V213, /> —ﬁv;llgﬁf) is therefore a folded saddle
(Szmolyan and Wechselberger 2001). In particular, by Szmolyan and Wechselberger
(2001, Theorem 4.1) we have the following:

@ Springer



6 Page 60 of 64 Journal of Nonlinear Science (2024) 34:6

folded saddle Z213°

Fig.26 Reduced dynamics on the critical manifold R;13 within the scaling regime defined by (102). Ry13
is attracting for v313 > v213, r and repelling for v213 < vp13, f. For any a3 > 0, there exists a (singular)
canard (for pp13 = 0, in cyan) of the folded saddle (105), which perturbs for all 0 < pp13 <« 1 within
(e, ) € Wy by slow—fast theory, see Proposition 5.12. The (singular) canard is a stable manifold of the
(folded) saddle of the desingularized reduced problem on R>13

Consider the slow—fast system (106), having R»213 4 and Rz13 , as attracting and
repelling (but noncompact) normally hyperbolic critical manifolds. Fix appropriate
compact submanifolds of R»13 , and R2;3 ,; basically these sets have to contain an open
subset of the singular canard in their enterior. Then by extending the resulting Fenichel
slow manifolds (obtained as perturbations of these compacts sets) by the forward and
backward flow, respectively, we obtain the extended attracting and repelling slow
manifolds.

Proposition 5.12 Fix a compact interval K C (0, 00). Then, there exists a p2130 > 0
sufficiently small, such that for any o213 € K, 0 < p213 < p2130 there exists a canard
trajectory as a transverse intersection of the extended attracting and repelling slow
manifolds. The canard trajectory is an O(,/p213)-perturbation of the stable manifold
of the (folded) saddle (cyan in Fig. 26).

In fact, by working in separate charts, we can fix the Fenichel slow manifolds as
extended versions of the slow manifolds S¢ o and N¢ 4, by applying the forward and
backward flow to these manifolds. In this way, we can therefore extend the canard in
Proposition 5.12 near M on the second cylinder, see Fig. 27. The canard has an unstable
foliation along N, . By following this foliation back toward C on the y-positive side
of M, see Fig. 27 (black orbits), we obtain a foliation of points on S¢ 4, specifically on
C fore = ,0]2“{"31, o= ,012‘1305213 — 0, with @13 > 0 fixed. In fact, these points form
a curve which is a graph over y» = y/a € (0, 1) in chart (¢ = 1), or equivalent a
graph over o) = yz_1 € (1, 0o) in chart (y = 1)1, recall (30). We focus on a compact
subset F¢ o of this curve given by o; € [cy, c2] in the chart (y = 1); with

1l <cp <o, (107)

fixed. For simplicity, we will frequently suppress € and « and write F o as F.
We have the following regarding F': By applying the scaling (102) with € = plz‘fgl
to the system (47), and upon using Assumption 4, we obtain a desingularized flow on
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YA

oy

Fig.27 Blowup dynamics for (¢, ) € W5. On the left, we show the reduced, desingularized dynamics on
C1 in the (y = 1){-chart upon application of the two consecutive blowup transformations, see (69) and
(74). In red we have indicated the repelling limit cycle yg. It extends onto the cylinder € = 0, due to the
blowup (74), in the singular limit €, « — 0, with the limit understood within the parameter regime W>. In
comparison with Fig. 23, we leave out the dynamics along € > 0 since this is not relevant for the regime
(e, ) € W;. At the same time, we also indicate the canard in cyan, see also Fig. 26, and the set F (black)
which is the set of base points on Cy, obtained by following the unstable foliation of the canard along M.
On the right, we illustrate the dynamics in the projection also used in Fig. 15, where the fast dynamics are
also visible. Here, we specifically indicate how the canard (cyan) extends across the two cylinders following
C on top and M below. The section II, transverse to M and the canard, is used in the proof of Theorem 5.2
(2) (Color figure online)

the manifold My, in the (& = 1, € = 1)pp-chart:

X213 = 22139 (¥22),
1 —=9(m) (108)
@' (y22)

V2 =

for p13 — 0. Consequently, along the canard orbit following M»>, x213 changes by
an O(1)-amount. Seeing that x = aa2_113x213, we can therefore write the curve F in
the (y = 1, @1 = 1, r12 = 1)121-chart using the coordinates (x121, £121, €121, 012) on
C1, see (75), with x = /ax21, as follows

Fip1: 012 € [c1, 2], x121 =0, ri21 = €121 =0,

recall (82), for pp13 — 0. In particular, we use that xj2; ~ /axz13 — 0 fora — 0.
See Fig. 27.

Remark 5.13 (108) is the only place in the proof of Theorem 5.2, where we use
Assumption 4. This assumption could easily be relaxed; we only need that the slow
flow of x713, ¥27 is well defined on M5, with y;; decreasing.

5.4 Completing the Proof of Theorem 5.2 (2)

Our strategy for completing the proof of Theorem 5.2 is as follows: Let u~0 and
consider €7 > 0 small enough, so that the system has a repelling limit cycle, that when
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written in the (y = 1, &) = 1, 712 = 1)121-chart intersects o1 = 1 transversally for
each (e, o) € W(0, €1, g) provided that ¢p > 0 is small enough. The fact that this
is possible follows from the analysis above in the (y = 1, @1 = 1, 12 = 1)121-chart,
see the start of Sect.5.3. Next, by decreasing g > O if necessary there exists an
0 < €9 < €] such that there is a canard trajectory for each (e, ) € Ws. In fact, the
canard has an unstable foliation on the repelling side, which—when carried across
Ne.o near M—gives a twist-like return to the slow manifold S¢ o. This induces the
foliation of point on S¢ o given by the curve F.

At the same time, since the limit cycle is repelling, we can track the canard back-
wards on S¢ o, and conclude that the limit cycle is the «-limit set of the canard. Upon
increasing the interval [cy, c2] C (1, 00), recall (107), we can therefore ensure that
the canard transversally intersects the curve F, o, on S¢, in at least n € N points
for all po13 > 0 small enough. The proof of the theorem then follows Kristiansen
(2021, Theorem 4.1), which is inspired by Haiduc (2009, Theorem 1) in a similar
setting. In particular, we define a return map in the (¢ = 1,€ = 1)yp-chart using
the scaling (102), with € = ,012‘?'31, defined on a section Iy, transverse to My, and
the canard. Since the expansion along M is greater than the contraction along C,
recall Remark 3.6, we will study this mapping in backward time (so that M becomes
attracting and C repelling). By flowing N , N IToy backwards near the canard, we
obtain—due to the transverse intersection of S¢ o and N¢ o along the canard — a stable
foliation of the canard on the S¢  side. For each transverse intersectioni = 1,...,n
of the canard with F¢ o on S o, we then further obtain a small subset of this foliation
which, upon extension by the backward flow, eventually returns to I1»; in a “horizon-
tal” curve H; that extends an O(1) distance in the direction tangent to N¢ o N ITp; at
the canard. At the same time, H; is exponentially close to N¢ o N IT22. This gives n
disjoint horizontal curves Hi, ..., H,, whose preimages are n disjoint exponentially
small intervals I, ..., I, on N¢ o N I12,. By the unstable foliation of N o, we obtain
n “vertical strips” Vi, ..., V, over Iy, ..., I,. These strips get mapped to horizon-
tal strips that contain the curves Hi, ..., H,, respectively. We call these thickened
(although exponentially small) versions by the same symbols.

This gives the basics of the horseshoe, with n disjoint horizontal strips Hy, ..., Hy
and n disjoint vertical strips V7, ..., V,, that intersect in n X n exponentially small
squares. Theorem 5.2 (2) therefore follows from the Conley—Moser theorem, see, e.g.,
Wiggins (2003, Theorem 25.2.1). In particular, the verification of the cone-properties
of this theorem can be done in the exact same way as in the proof of Kristiansen
(2021, Theorem 4.1), see Kristiansen (2021, p. 2387), using the foliations of the slow
manifolds and the transverse intersection of S¢ , and N¢ , along the canard. A similar
verification (in the context of the forced van der Pol) can be found in Kuehn (2015,
Chapter 14.5), and we therefore leave out further details.

6 Discussion
In this paper, we have described the dynamics of a new model (6) of hysteresis based

upon singular perturbations. We focused upon o > 0, as this case corresponds to
hysteresis, and studied two scenarios where the associated PWS system (1) has stable
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sliding, see Theorem 3.1, and (2) has a repelling limit cycle grazing ¥ in the plane,
see Theorem 5.2. In particular, in Theorem 5.2 we identified two parameter regimes
in the (€, o)-plane, where the dynamics of (6) resembles regularization by smoothing
and regularization by hysteresis, respectively.

In future work, it would be interesting to perform the same analysis for ¢ < 0, but
also, in the case of the grazing bifurcation, to explore the transition between the two
regimes of Theorem 5.2. Presumably there is an actual curve in the (€, )-plane along
which saddle-node limit cycles “touch” or “grazes” the foliation of points, described
by F in the singular limit and bounded by «; = 1 from above, due to the twist and
return to S¢ , away from the canard. An analysis of such a bifurcation scenario is
interesting in its own right and in future work we aim to describe this in a simpler
setting.
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