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Energy Spectrum of a constrained
Quantum Particle and the Willmore Energy
of the constraining Surface

VICENT GIMENO I GARCIA AND STEEN MARKVORSEN

In this paper, we establish geometric and topological upper bounds
on the first energy level gap of a particle confined to move on a
compact surface in 3-space. Our main contribution is proving that
the first gap in the energy spectrum of a confined particle (a phys-
ical property) is bounded above by the Willmore energy of the
confining surface (a geometric property). Furthermore, we demon-
strate that the only surfaces that permit a confined particle with
a stationary and uniformly distributed wave function are surfaces
with constant skew curvature.

1. Introduction

During the first and second decades of this century the study of surface
physics has attracted attention from both theoretical and experimental per-
spectives. Nanostructures, such as fullerenes, carbon-based low-dimensional
shapes, and nanotubes have been researched due to their potential techno-
logical applications (see references [1H9]).

From a theoretical perspective, as developed e.g. in [10], the dynamics
and energy levels of a quantum particle on a surface can be described as a
particle in the curved space defined by the surface, and can thus be viewed
from a purely intrinsic perspective. However, when considering a particle
that is confined to an immersed surface in a locally Euclidean 3-space, an
extrinsic perspective can also be adopted.

In fact, according to [1I] and [I2], an extrinsically motivated effective
potential is present in the Schrédinger equation for a surface in 3-space. That
potential involves both the Gaussian curvature (i.e. an intrinsic property of
the surface) and the mean curvature (an extrinsic property of the surface).
This idea of inducing a combination of extrinsic and intrinsic contributions
into the governing equations for the quantum phenomena on a surface can
be further extended, for example by adding electromagnetic fields or in the
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setting of Quantum Field Theory (as discussed in the following references
[13H19] for instance).

Da Costa in [12], and first Jensen-Koppe in [11], considered the classical
Schrédinger equation for a quantum scalar particle confined to a surface 3
in R3 and obtained an equation for the particle which contains an effective
potential expressed in terms of the mean curvature and the Gaussian cur-
vature of the surface. More precisely, the classical Schrodinger equation was
first considered in a tubular neighbourhood of the the surface in R3:

Yo = {z € R3 : dist(z, %) < €}.

Assuming that the surface ¥ is compact, regular and embedded without
boundary the Schrodinger equation is — for sufficiently small € — well defined
in the tubular 3-dimensional domain Y., when this domain is equipped with
Dirichlet boundary conditions. After shrinking ¢ — 0, da Costa then obtained
the following Schroédinger equation for the particle confined in the surface X,
.0 h? 1 2

(1.1) zha\ll =5 —A— 1 (k1 — ko)”| 0,

where k1 and ks denote the principal curvatures of X. An effective potential
Vet appears in this way with the following alternative geometric expression

h? h?
V;eff = _% (H2 — K) = _87771827

where H = (k1 + k2)/2 is the mean curvature, K = kiko is the Gaussian cur-
vature and S = k1 — ko is the skew curvature. The skew curvature measures
how far the surface is from being umbilical. See the introduction in [20] for a
well motivated description of the skew curvature and [2I] for the extension
of the skew curvature for surfaces in the Lorentz-Minkowski space and the
interpretation of the skew curvature in terms of the standard deviation of
the normal curvature seen as a random variable.

Although equation is commonly seen in the context of embedded,
compact regular surfaces, where it has direct and significant physical impli-
cations, it is also an interesting and mathematically well-defined problem to
examine the development of wave functions in terms of equation for
compact regular surfaces that are merely immersed — not necessarily embed-
ded. Thus, in this paper, we will consider general immersed surfaces with
the Schrodinger equation ((1.1)).

To find the energy spectrum of the particle, the eigenvalue problem for
the corresponding Hamiltonian has to be solved, i.e. we have to analyze
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the family of stationary wave functions {¥j}ren and the energy spectrum
{Ek }ren such that
h2

1

1.1. Main Results

This paper focuses on obtaining upper bounds for the gap in the energy
spectrum. Our new results, inequalities and , demonstrate that
the gap in the energy spectrum is related to the topological and conformal
invariants of the surfaces under consideration. In , we prove that the gap
between the first energy level Fy and the ground energy level Ej is bounded

as follows
2 2W(Z) 1 9 =5
Fi — FEn < — “(m — 52

! 0_2m<A(Z)+4<EaXS S))’

where A(X) is the surface area of ¥, W(X) is the Willmore energy of ¥ (see
section [2| for a precise definition), and S is the skew curvature of ¥. In (4.4)),
we show that

Ey_1 — E <P L >
T am \AEely) T4 T |

where ¢(g) is a theoretical constant that depends only on the genus g of
Y. Although the technicalities of this paper are only applicable to compact
surfaces, if a non-compact surface has enough symmetries, our bounds can
be applied to a specific part of the energy spectrum. In section [6] we provide
an important example related to surfaces of revolution of constant skew cur-
vature. Surfaces of constant skew curvature play a central role here because,
as shown in section [5], the only surfaces that permit a confined particle with
a stationary and uniformly distributed wave function are surfaces with con-
stant skew curvature. Here, by a stationary and uniformly distributed wave
function, we mean a complex function i on the surface which has constant
module and is also an eigenfunction of the operator % [—A — %S 2] , namely,

h? 1 o 2
— |-A— =87 ¢ =Evy, || = constant,
2m 4

where 9 is the wave function and F is the energy.
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1.2. Outline of the paper

The paper is organized as follows: in Sect. II, the Willmore energy and the
Euler characteristic will be explained. These fundamental concepts will be
the conformal and topological invariants that we will use to obtain the upper
bounds for the gap in the spectrum of the energy of a particle confined in a
given surface. In Sect. III, we prove inequality , which gives an upper
bound for the difference of the two first bounded energy levels Fy and FEj.
Sect. IV is devoted for the study of Ey — Eg for k£ > 1 and we obtain the
qualitative inequality . In Sect. V, we give a simple construction and
description of the family of surfaces of revolution with constant skew curva-
ture. In Sect. VI, we show how our techniques and results can be extended to
non-compact surfaces when they satisfy certain symmetry conditions. Sect.
VII is devoted to concluding remarks.

2. Willmore energy and Euler Characteristic

The Willmore energy of an immersed surface is a conformal invariant (see
[22]) and is defined as the integral of the square of the mean curvature over
the surface,

W(E) = /EH2dA.

It is known to be always greater than or equal to 47, with equality only for
the round spheres. Moreover, the Gauss-Bonnet Theorem relates the integral
of the Gaussian curvature over the surface to the Euler characteristic, which
is a topological invariant in the following way:

/ K dA =2mx ().
%

The Euler characteristic x(X) of an oriented and compact surface without
boundary is either equal to 2 (for the sphere and for any surface homeomor-
phic to the sphere) or equal to 2 — 2g, where g is the genus of the surface.

3. First Gap in the spectrum of energy and Willmore energy

In this section we provide an upper bound for the difference of the first and
second energies of a quantum particle in a two-dimensional surface with mean
curvature H, Gauss curvature K, and skew curvature S. The Hamiltonian
% (=A —V), with V = H? — K, describes the system and its spectrum of
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energies will be denoted by {E; = %)\i}iel\b Equation 1) can be expressed
as

omE
A - V] ¥ = ;;; v, V=H-K.

Ly

2m M-

Let {\; }ien be the spectrum of the operator —A — V', and hence, F; =
By Theorem 2.1 of [23],

1

A1 SA(Z)/E(2H2—H2+K)dA
_VE) g
AR 47

where A; is the second eigenvalue of the operator —A — V| A(X) is the area
of &, and S2 := fZAS;dA is the mean of the squared skew curvature of X.
The first eigenvalue \g of the operator —A — V' can also be estimated from
below. Let u be an eigenfunction associated with Ag. Then using the Rayleigh

quotient we get

- fz uAudA — fz Vu2dA
fE u2dA
:fz [ Vul[2dA B Je Vu*dA
fz u2dA fz: u2dA
1

> —maxV = —= max S°.
by 4 %

Ao

Finally, since E; = %)\i, we can state the following upper bound for the
energy difference:

(3.1) Ei — Ey S;i (21\2(;)) +% <m§x52—$>>.

To achieve this upper bound, it is essential that each inequality employed in
its derivation is transformed into an equality. Specifically, a necessary con-
dition for achieving this upper bound is that the surface must be a surface
with constant skew curvature. Additionally, the upper bound given by equa-
tion is sharp (the equality is achieved for at least one surface). This
is because for a sphere with a radius of R in R3, it is known that W = 4,
A(SR) =47 R?, and S = 0. Therefore, our upper bound given in inequality
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(3.1) can be expressed as follows:

22
0<E1—Ep< o T2
However, it should be noted that in this particular case, since H?> — K = 0,
the spectrum is equivalent to the Laplacian spectrum. Hence, according to
[24], we know that: Fy — FEy = %% As far as we know it is still unknown if
inequality becomes an equality for other surfaces aside from the round
sphere. Nevertheless, as we mentioned before, a prerequisite for achieving
equality is that the surface must have constant skew curvature.

We must notice that maxy, S2 — 52 > 0 with equality only for surfaces of
constant skew curvature and moreover by using the Gauss-Bonnet Theorem
we have
Js H? - K _W(E) - 2nx(X)

A A(%)

Therefore, for orientable surfaces:

1—
252 -
4

W(E) —4n(l —g)
A(X)

1—
262 —
45

4. Further gaps in the spectrum

To provide an upper bound for the difference between consecutive eigenvalues
Ei_1 and Ej we will analyze the number of non-positive eigenvalues N (V)
of the Schrédinger operator —A — V,,, with V,, = H?2 — K + «, with a being
a real constant.

The number of non-positive eigenvalues of the Schrédinger type operator
—A — V,, have been bounded from below by

N(Vy) > c(g)/EVadA

in [25], where ¢(g) depends only on the genus of 3. By choosing « such that
the lower bound is k, i.e.,

(4.1) c(g)/EVadA =k,

the first k-th eigenvalues {\;(V,)}'Z associated with —A —V,, are non-
positive

)\O(Va) S Al(va) S e S )\k—l(Va) S 0.



“output” — 2023/11/18 — 11:40 — page 707 — #T7

Energy Spectrum and Willmore Energy 707

Therefore an upper bound of Ax_1 — Ao can now be derived and expressed
in terms of o and S? because

(4.2) 0 < Ao1(Va) — Ao(Va) < —Ao(Va) = —Ao + a.

But applying equation (4.1)
k= c(g)/ VadA =c(g) </ VdA + aA(E))
% %

=c(g) (i /E S2dA + aA(E)) .

Therefore, the parameter oo can be obtained as
(4.3) v=——"—-52

By using this expression for the value of «, the upper bound of inequality

(4.2) can be written as

k _
g < — _ ‘s
M1 — N < — Ao+ AY)elg) 45

But we can estimate Ay from below as before and get
Mo > —2 S?
—— max S°.
0="4"%

Then,

(4.4) Ep_1 — Fy < QH; (A(E]’)Cc(g) + i <m§x S? — S2>> .

Although the theoretical constant ¢(g) has not yet been determined, and its

exact value is unknown, it is not possible to determine the equality case.

However, we do know that when equality is achieved, as in the case of in-

equality , the surface must be a surface of constant skew curvature.
Inequality leads to the Weyl’s type asymptotic formula

lim inf E,. — Ey < K2 1
iminf ——— < — ———-
k— o0 k ~ 2mc(g)A(Y)

We have to remark here that the energy levels are continuous (non-discrete
energy levels) in the classical limit of A — 0 or in the high mass limit of
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m — oo, and for any given compact surface ¥ C R3 if we consider the re-
scaled family of surfaces {AX} <0, then

lim E,(\D) — Ey(AE) = 0.
A—00

In short, the classical limit is obtained at large mass or large scale — as
expected.

5. Surfaces of constant skew curvature

The induced Schrédinger equation leads to the study of surfaces of
constant skew curvature. From a physical point of view, a constant wave
function, ¥ = ¢, is a stationary solution of the Schrédinger equation if there
is a value of E such that —%Szc = 2’%§E ¢, which means that the surface has
constant skew curvature. For a compact surface, if the particle is initially in
a uniformly distributed wave function, ||¥||? = A(12)7 it will remain so if it is

an eigenfunction of the Hamiltonian:

2mE
B2

1
VO +iA6 = 152 +

The necessary condition for this to occur is that the surface has constant
skew curvature. Because in a uniformly distributed wave function, we have
a real function © : ¥ — R such that

- 62’@
A(X)
Then
1 2mE
2, - _ 2
VOl —l—zA@—ZS + R

which implies that © is a harmonic function (A© = 0). But the only har-
monic functions in a compact surface is the constant function, and thus
the surface must have constant skew curvature. On the other hand, if the
compact surface has constant skew curvature, the geometrically induced po-
tential in this case is constant, leading to the spectrum of energies coinciding
with the pure Laplace spectrum, with the ground state being the uniformly
distributed wave function itself. To obtain a non-uniformly distributed wave
function, a certain amount of energy must be supplied, the size of which is
determined by our results. Indeed, from and assuming constant skew
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curvature S = ¢ on % and X to be an oriented compact surface of genus g,
and by using the Gauss-Bonnet theorem we have

oy EWD (g

A(%)

mAX) m

The bounds in the gap spectrum of energy are improved when the surface
has constant skew curvature. The gap in the spectrum of energy is given
by the difference between the first two energy levels and can be bounded
by the ratio of the Willmore functional to the area of the surface. In this
specific case, with constant geometrically induced potential, since the energy
spectrum can be deduced from the Laplace spectrum, by using Theorem 1
of [26], we can provide the following improvement of inequality :

>2E1—E0.

2

K
(5.2) Bi =By < s

In our main results for upper bounds in the gaps in the spectrum of energy,

inequalities (3.1) and (4.4), we always have the term

1 (maxS2 —S2> ,
4 >

which vanishes exactly when the surface has constant skew curvature. What
we have stated then shows that surfaces of constant skew curvature play
an important role in understanding the behavior of a particle confined to a
surface. They are the only surfaces where stationary solutions with uniformly
distributed wave function are allowed and moreover, they are the unique
surfaces where equality could be attained for our upper bounds for the first
gap in the energy spectrum.

Surfaces of constant skew curvature have attracted much attention, see
[27], [28] and [20] for instance. In fact, R. Lopez and A. Pampano have
recently classified the surfaces of revolution with constant skew curvature, see
[20]. One important result from this classification is that there are no other
regular and compact surfaces of revolution with constant skew curvature
than the round spheres.

This motivates the following pertinent open problem:

-min {47(1+ g), W(X)}.

Are the round spheres the only compact regular surfaces without
boundary and with constant skew curvature that are immersed
in Euclidean 3-space?
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This geometric problem is similar to the classical geometric problems
of constant curvature. For example, in 1853, J.H. Jellet demonstrated that
if a compact, star-shaped surface in 3-dimensional space, R?, has a con-
stant mean curvature, it is isometric to a standard round sphere. Alexan-
drov later confirmed that any compact, embedded surface in the Euclidean
3-dimensional space with a non-zero constant mean curvature must also be a
sphere. The assumption on the embeddedness cannot be removed. Indeed, in
1984, Henry C. Wente created the Wente torus, which is an immersion of a
torus with constant mean curvature in R3. In the same vein it is well known
that a compact simply connected surface with constant Gaussian curvature
must also be a round sphere.

Surfaces of revolution that have a constant, non-zero skew curvature
constitute a family of surfaces parametrized by a single parameter. As already
alluded to above, there are no compact regular surfaces of revolution with
constant non-zero skew curvature. However, in the non compact case regular
surfaces of revolution do appear, see [20].

For a brief illustration of this point, consider a surface of revolution with
the following parametrization for ¢ > 0 and generator function g(t):

(5.3) r(t,u) = (t - cos(u),t - sin(u), g(t))

The absolute value of the difference between the two principal curvatures,
i.e. the skew curvature of the surface, is then:

_ —h3(t) +t-h'(t) — h(t)

(54) St) 2(1+ h2(t)*?

il

where h(t) = ¢'(t). The solution h(t) = 0 to S(t) = 0 gives horizontal planes.
The non-zero solutions to —h3(t) + ¢ - h/(t) — h(t) = 0 are the spheres:

t
5.5 h(t) =t— |,
9 W=re
where « is an integration constant.
For constant non-zero skew curvature we only need to consider S(t) =1
since all other cases appear by scaling. Such surfaces (choosing h(t) > 0,
which corresponds to the red curves in the Figures below) satisfy

(5.6) () + —20 g

t-/1+h2(t)
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where k is a constant of integration. We solve for h(t):

- 2k — In(t)) - ¢
1+ (8k —4In(t)) - 2 - In(t) — 4k2 - £2

(5.7) h(t)

And thence, for each allowed k we obtain g(¢) by (numerical) integration of
h(t). For each value of k there are positive t-intervals for which the square
root in the denominator is well defined in . There are at most 3 roots
of the denominator, i.e. there are at most two t-intervals to consider. There
is one such interval (i.e one constant skew curvature surface) for k < ko and
two intervals (i.e. two constant skew curvature surfaces) for k > ko where ko
is the bifurcation value corresponding to the vertical cylinder of radius 1/2:

(5.8) ko =1—1n(2) ~ 0.307

We integrate (numerically) the functions h(t) for each value of k& and ob-
tain the corresponding generator functions ¢(t) and thus the corresponding
surfaces of revolution. See figures where the results are shown for
three values of k > kg. The corresponding ’outer’ solutions — which do not
intersect the axis of revolution — are the most interesting here, since they can
be stacked periodically to give smooth non-compact surfaces with constant
skew curvature.

Figure 1: Profile curves for surfaces of revolution with constant skew curvature 1 and
k = 0.33 > ko. The curves are obtained by periodically stacking the (red) base curve so-
lutions (with h(¢) > 0) and their symmetric (blue) companions (with h(t) < 0). Only the
outer-most stacking is smooth. The corresponding outer-most surface is also shown with
two periods only. That surface is compact in R® /Z as discussed below.
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Figure 3: Similar to figure [1} except here with k = 0.7 > ko .

6. Upper bounds for the spectral gap via geometric
compactification

The techniques of this paper aim to derive upper bounds for the first gap in
the spectrum for compact surfaces immersed in the Euclidean space. How-
ever, for non-compact surfaces with certain symmetries, some — or all — of
our results can still be adapted.

One specific scenario where our technique can be applied is for non-
compact surfaces of revolution with a profile curve that has both a transla-
tional symmetry and a reflection symmetry. This is precisely the case for the
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profile curves shown in figures and [3|and thence the associated surfaces
of revolution.

These surfaces are actually immersed surfaces in R3, obtained as the
image of an immersion ¢ : M = R x S' — R3. The surface is said to have a
translation symmetry if there exists a vertical vector A € R3 such that the
surface is invariant under translation by A. Additionally, it is said to have
a reflection symmetry around the z axis if the surface is invariant under
reflection about this axis.

We say that ¥ = ¢(M) admits a translation symmetry because there is
a vertical vector A € R? such that the surface sigma is invariant under the
translation of A = (0,0,A),

Ty2):={zr+A:ze3}=1%.
Moreover, we say that 3 admits a reflection R, around the z axis because,
RZ(E) = {(xl,xg, —xg) : (331,1’2,1’3) S E} =3.

When the profile curve is arc-length parametrized, M can be equipped
with global coordinates s and 6, where s is the arc-length parameter and 6
is the corresponding rotation angle. The Hamiltonian operator

~ K2 1 9
H=—|-A——-(kh—k
2m 4( ! 2)
is symmetric with respect to a translation 74(s,6) = (s + a,6) and a reflec-
tion parity change P(s,0) = (—s, ). Therefore, there exists unitary opera-
tors 7, and P such that

[H,7,) =0, [H,P]=0.

However, it is not possible to obtain a basis of simultaneous eigenstates for
H, 7,, and P, because 7, and P do not commute.

We are interested in the composition T, = 7, o P, which has the property
that T,, o T, = I. This allows us to obtain a simultaneous basis of eigenstates
for H and T, with eigenvalues of Tj, being +1. Therefore, any eigenfunction
of H can be decomposed into eigenfunctions of 7, with eigenvalues +1.

Up(s,0) = AVL(s,0) + BUL(s,0), A,BeC,

where
T2Wh(s,0) = Uh(s,0), T2U5(s,0) = —U4(s,0).
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Then, when we look for the wave functions

(5,0|Tu| Eiy i) = €V, .. (s,6),
But since Ty|s,0) = | — s + a,0) we can conclude that
(6.1) Vg, e, (—s+a,0) =¢VEg, . (s,0).
Taking s = 0 we obtain

Vg, e (a,0)=¢€¥YE, (0,0).

Hence, in the case ¢, = 1,
(6.2) Vg 1(a,0) =Yg, 1(0,0).

In summary, the spectrum o(X) of ¥ can be divided into two parts:
one, denoted as ot (%), is related to wave functions of positive parity with
respect to Ty, and the other, denoted as o~ (%), is related to wave functions of
negative parity with respect to T,. If ¥ has positive parity, the wave function
must satisfy the boundary value problem ([6.2)).

From a geometric perspective, the spaces R? and M can be divided into
equivalence classes using the relation of equivalence (z,y,2) ~ (2/,y/,2') in
R3 if and only if there exist k € Z such that

(z,y,2) — (2,y, 2') = kA,
and (s,0) ~ (s/,0") in M if and only if, there exist k € Z such that
Tk (s,0) = (5,0).

The quotient spaces will be denoted as R3/Z and M/Z, respectively. Since
the translations act by isometries we can use the following immersion [ :
M7 — R3/Z by using the following commutative diagram:

M —% s R3

7{ |7

M/z L R3Z

where 7 denotes the canonical map to the classes of equivalence, x — 7(x) :=
[z]. Because the spaces M and M/Z and the spaces R? and R3/Z are locally
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isometric, since ¢ is an isometric immersion, £ is an isometric immersion as
well with the same values of H and K.

The immersion 3 : M/Z — R3/7Z can be used to obtain the first gap in
the spectrum of ¥ with positive parity. If M/Z is smooth enough, this gap
is bounded by the following;:

g B (e0m) 1 o
Eq E052m<A(ﬁ(M/Z)) Jr4(@(1\4/2)5 SQ))

for B4 and Ej in o+ (3). If the surface X is constructed as the translation of
a fundamental domain L and has a reflection symmetry, the first gap in the
spectrum of positive parity is bounded by:

h2 2W(L) 1 s =5
_ < - _ Q2 .
FEi—FEy < o ( A(L) + 1 (IIIBXS S >>

In the case of constant skew curvature, this becomes:

h% 2W(L)
Ey—Ey< — .
LT = om A(D)

Observe that this upper bounds proportional to the square mean curvature
are similar to the bounds obtained in [7], where truncated surfaces of rev-
olution are used with general boundary conditions (Dirichlet, Neumann, or
Robin).

In the case shown by figures[1] [2Jand 3] since M /Z is a torus with constant
skew curvature S = 1, by using the Gauss-Bonnet theorem,

A(M/)7) = S%dA = H?*dA =W(M/Z),
M/z M/z

and therefore
2

R
E,—Fy < —.
m
7. Conclusions

The main objective of this study was to investigate which geometric or topo-
logical properties play a significant role in describing a particle confined to a
compact surface. With a compact surface possessing a bounded effective and
geometrically induced potential, the energy levels are discrete. Determining
the energy spectrum of a particle confined to a surface can be a challenging
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task, even numerically. However, this study demonstrates that the difference
between the energy of the first excited state and the ground level can be
upper-bounded by two terms. One of these terms is related to the total area
and the Willmore energy, or some topological constant that depends only
on the genus of the surface. The other term measures how far the surface
deviates from being a surface of constant skew curvature.

This leads naturally to a study of the properties of surfaces with con-
stant skew curvature, specifically the surfaces of revolution of constant skew
curvature. They constitute a one-parameter family with a bifurcation point
between the compact and non-compact cases. Although the results in this
report are stated for the compact case, if a non-compact surface possesses
enough symmetries, the results can still be used via the shown compacti-
fication of the surface to obtain bounds for a specific part of the original
surface’s spectrum.
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