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Abstract
A multi-material active structure is a mechanical system made of passive and active materials with the ability to alter its con-
figuration, form, or properties in response to changes in the environment. Active structures have been investigated to design 
lightweight structures and structures with the ability to “smartly” alter their shapes and/or internal forces. Recently, the potential 
of active structures to reduce environmental impact, i.e., reduce energy consumption and greenhouse gas (GHG) emissions, has 
been investigated. It has been verified that, compared to passive structures, active structures can not only use less material but also 
consume less energy and cause less GHG emissions during their service life, and thus have a significant potential to be applied as 
environment-friendly mechanical structures. This study aims to develop a general topology optimization (TO) approach to design 
novel multi-material active structural systems to reduce environmental impact. The approach is based on the density-based TO 
scheme. Passive and active materials are considered in the TO process and are required to be optimally distributed according to 
the optimization objective and constraints. The energy consumption or GHG emissions caused by the structure during its service 
life are treated as the objective function to be minimized under multiple displacement requirements. Typical examples are carried 
out to verify the developed approach. Results show that the topology optimized active structures may not only achieve significant 
weight savings but also less energy consumption and GHG emissions compared to equivalent topology optimized passive struc-
tures, which indicates that the developed approach has the potential to be applied to design novel structural systems with lighter 
weight, larger span, and with less environmental impact compared to conventional passive structural systems.

Keywords Multi-material · Topology optimization · Active structure · Energy consumption · Carbon footprint · Greenhouse 
gas emission

1 Introduction

Substantial progress has been made in structural topol-
ogy optimization (TO) in the last decades and more and 
more research and industry fields have employed this ver-
satile technique to realize novel designs with better perfor-
mance than conventional experience-based designs. Several 
approaches, such as homogenization (Bendsøe and Kikuchi 
1988), solid isotropic material with penalization (SIMP) 
(Bendsoe and Sigmund 2003), evolutionary structural 

optimization (ESO) (Huang and Xie 2010), level set method 
(Allaire et al. 2004), and geometry projection method (Wein 
et al. 2020) have been proposed to efficiently carry out the 
TO on a range of problems.

Since the invention of the structural TO technique, tremen-
dous work and studies have been focused on single-material 
TO, i.e., the resulting structure is made of only one solid 
material. In practical engineering applications, it is common 
to design structures made of multiple materials to achieve 
lighter-weight or better performances that cannot be realized 
through a single-material design. For this reason, Thomsen 
(1992) first proposed a TO approach based on the homogeni-
zation technique to maximize the stiffness of a structure con-
sisting of one or two materials. Since then, extensive research 
on multi-material TO has been carried out by using different 
methods. Based on the SIMP method, Sigmund and Torquato 
(1997) and Gibiansky and Sigmund (2000) conducted TO 
of multi-phase materials with negative thermal expansion 
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and extremal bulk modulus. Sigmund (2001a) carried out 
the TO of multi-physics actuators based on a multi-material 
scheme. Sun and Zhang (2006) studied the microstructure 
optimization of multiphase materials. Stegmann and Lund 
(2005) developed a discrete material optimization scheme 
for composite shell structures. Gao and Zhang (2011) pro-
posed the so-called recursive multiphase materials interpo-
lation (RMMI) and uniform multiphase materials interpola-
tion (UMMI) schemes and compared the effects of mass and 
volume constraints on the results of multi-material topology. 
Xu et al. (2021) studied stress-constrained multi-material TO 
problems by using an ordered SIMP interpolation. Based on 
an ESO method, Huang et al. (2012) solved multiphase topo-
logical optimization problems at multiple scales. Long et al. 
(2018) introduced a novel concurrent optimization formula-
tion to simultaneously meet the requirements of lightweight 
design and various constraints. Based on the level set method, 
Wang and Wang (2004) proposed a ‘color’ level set approach 
to realize multi-material TO. Liu et al. (2016, 2020) achieved 
multi-material TO considering the material interface behav-
ior and stress constraint based on the velocity field level set 
method. Various other methods have also been employed to 
study specific aspects of multi-material structural TO (Gangl 
2020; Chandrasekhar and Suresh 2021; Wang et al. 2022).

In existing studies on stiffness-based multi-material TO, 
the formulation was often established to minimize the struc-
tural compliance subject to a volume or weight constraint 
for each material phase. However, from a practical point of 
view, compliance sometimes lacks physical meaning and 
volume constraints do not make too much sense when the 
materials have different mass densities. Therefore, minimiz-
ing structural weight subject to displacement constraints 
instead of compliance constraints has significant technical 
advances in practical engineering design. Compared to com-
pliance minimization studies, the research on multi-material 
weight minimization is limited. Mirzendehdel and Suresh 
(2015) treated compliance and weight as the two conflicting 
objectives to find the best design. Li and Kim (2018) thor-
oughly investigated multi-material TO weight minimization 
with a comparison to compliance minimization. Ye et al. 
(2019) used the independent continuous mapping method 
to minimize the weight of multi-material structures with a 
prescribed nodal displacement constraint.

For single-material structures, minimizing structural vol-
ume or weight can also be interpreted as minimizing the envi-
ronmental impact of the structure since less weight usually 
corresponds to less energy consumption and greenhouse gas 
(GHG) emissions to produce the material (Xu et al. 2023; 
You et al. 2023). GHG refers to the gases that contribute to 
global warming and GHG emissions are often measured in 
carbon dioxide equivalent  (kgCO2e). For multi-material struc-
tures, however, minimizing structural volume or weight does 
not directly relate to minimizing the environmental impact 

because different materials may have different densities, 
energy intensities, and GHG emission coefficients (Ching 
and Carstensen 2022). Therefore, to minimize the environ-
mental impact of a multi-material structure through TO, a 
new objective function encompassing energy consumption or 
GHG emissions of different materials (i.e., embodied energy 
or GHG emissions) should be formulated and adopted.

The above-mentioned studies and analyses on multi-mate-
rial structural TO mostly refer to passive structures (i.e., 
structures made by multiple passive materials). In recent 
years, active structures (also known as smart or adaptive 
structures) have been applied in a wide variety of engi-
neering fields. For example, in the aerospace engineering 
field, morphing wings have been proposed to actively con-
trol their shapes according to practical requirements (Sofla 
et al. 2010); in the robotics field, active structures have been 
adopted to design soft robots (Gossweiler et al. 2015); in the 
civil engineering field, active structures have been employed 
to control structural vibration (Preumont 2018). Besides, it 
has been verified that, compared to passive structures, active 
structures can not only provide configuration-controllability 
and lightweight features but also have the potential to reduce 
energy consumption and GHG emissions during their ser-
vice life (Senatore et al. 2019; Wang and Senatore 2020, 
2021; Wang et al. 2021).

Muti-material active structure TO has been investigated 
by some. For example, Sigmund (2001a, b) proposed a TO 
method to design multiphysics actuators and electro-thermo-
mechanical systems based on material thermal expansion 
effects through one- and two-material schemes. Wang et al. 
(2014) conducted a topological design of compliant smart 
structures embedded with piezoelectric actuators. Jensen 
et al. (2021) proposed a systematic TO approach for simulta-
neously designing the morphing functionality and actuation 
in three-dimensional wing structures in which the actuation 
was modeled by a thermal-like linear-strain-based expan-
sion in the actuation material. Wang and Sigmund (2023) 
proposed a decoupled linearized buckling TO framework to 
maximize the buckling load of multi-material active struc-
tures. Existing studies on multi-material active structure TO 
mainly focus on realizing specific functionality or increas-
ing specific mechanical properties such as shape-morphing 
capacity or structural stability. However, to our best knowl-
edge, no previous work investigated the environmental 
impact aspect of multi-material active structures.

As analyzed above, without considering manufacturing 
procedures, the environmental impact caused by a passive 
structure mainly depends on the embodied part (i.e., mate-
rial mass) that corresponds to the production process of 
the structural material (Cabeza et al. 2021). However, the 
environmental impact caused by an active structure consists 
of two parts: the one embodied in the structural material 
and the operational part related to the actuation control 
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process (e.g., the energy and GHG emissions caused by the 
actuation process) (Reksowardojo et al. 2022). Therefore, 
a new objective function described by the environmental 
impact consisting of both the two parts (i.e., embodied part 
and operational part) should be formulated and adopted for 
the assessment and optimization of multi-material active 
structures. Note that the manufacturing procedure of multi-
material structures, especially considering the interfaces 
between different materials and joints composed of dif-
ferent materials, may also lead to additional energy con-
sumption. Here we assume that one-time process during 
the structure’s service life does not contribute significantly 
to the total energy consumption. If this additional energy 
consumption needs to be considered, the interfaces between 
different materials may be identified (Chu et al. 2019; Luo 
et al. 2019) to assess the energy consumption correspond-
ing to the manufacturing procedure.

This study develops a general TO framework for multi-
material active structural systems to minimize the environ-
mental impact. The approach is based on the density-based 
TO scheme. Passive and active materials are considered 
in the TO process and are required to be optimally dis-
tributed according to the optimization objective and 
requirements. The environmental impact indicator caused 
by the structure during its service life is treated as the 
objective function to be minimized under multiple dis-
placement requirements. By tuning the parameters in the 
developed mathematical model, the TO framework can be 
easily modified to realize weight/energy/GHG emissions 
minimization of a multi-material active structure. Typical 
examples are carried out to verify the developed approach. 
Results show that topology-optimized active structures 
may not only achieve significant weight savings but also 
less energy consumption and GHG emissions compared to 
equivalent topology-optimized passive structures.

The outline of the paper is as follows: Sect. 2 introduces 
a basic introduction and environmental impact assessment 
of multi-material active structures; Sect. 3 models multi-
active material structures in a continuum TO framework 
and develops the TO model; Sect.  4 presents numeri-
cal examples to verify the effectiveness of the proposed 
approach; finally, Sect. 5 discusses and concludes the paper.

2  Environmental impact assessment 
of multi‑material active structures

2.1  Illustration of a multi‑material active structure

Figure 1 illustrates a simple cantilever multi-material active 
structure composed of a passive and an active material. 
It is assumed that the deformation of the passive material 
can only be influenced by external loads while the active 

material can also change its configuration through active 
actuation driven by e.g., temperature, pressure, or elec-
tromagnetic effects (Qader et al. 2019). The configuration 
change of the active material will affect the shape and defor-
mation of the entire structure, and thus the structural shape 
can be actively controlled by strategically enforcing actua-
tion effects.

2.2  Environmental impact assessment

The environmental impact of an active structure is here 
defined as the energy consumption or GHG emissions 
caused by the structure during its service life. As analyzed 
in the Introduction, the environmental impact of an active 
structure consists of two parts: the part embodied in the 
structural material and the part related to the actuation con-
trol process.

2.2.1  Embodied environmental impact

Assume that an active structure is made of m pas-
sive materials and n active materials. The masses are 
M

pas

1
,M

pas

2
,… ,M

pas
m  for the passive materials respectively 

and Mact
1
,Mact

2
,… ,Mact

n
 for the active materials respectively, 

in which the superscript “pas” and “act” refer to passive 
and active respectively. The environmental impact coeffi-
cients are �pas

1
, �

pas

2
,… , �

pas
m  for the passive materials and 

�act
1
, �act

2
,… , �act

n
 for the active materials, respectively. Then, 

the simplified embodied environmental impact Iemb of the 
active structure without considering manufacturing cost is 
given by

In practical design, if the energy consumption is to be 
minimized, the environmental impact coefficients can be 
chosen as material energy intensity (unit: energy per unit 
mass) while if the carbon footprint is to be minimized, the 
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Fig. 1  Illustration for multi-material active structure
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environmental impact coefficients can be chosen as mate-
rial GHG emission intensity (unit: GHG emissions per unit 
mass).

2.2.2  Operational environmental impact

A mechanical structure will usually undergo external load-
ings multiple times during its service life. For an active 
structure, actuation may or may not be needed each time an 
external load is applied. If actuation is needed to control the 
configuration of a loaded structure, operational energy is 
required. Without loss of generality, assume that the active 
structure will undergo k external loadings during its service 
life and the operational energy cost for the actuation of each 
material is Ej

i
(i = 1, 2,… , n and j = 1, 2,… , k) . The envi-

ronmental impact coefficients are �act
1
, �act

2
,… , �act

n
 for the 

energy consumption of active materials. Then the opera-
tional environmental impact Iopt of the active structure is 
given by

In practical design, if energy consumption is considered 
to be minimized, the environmental impact coefficient is 
set to 1.0, while if the GHG emission is considered to be 
minimized, the environmental impact coefficient is set as the 
GHG emission intensity for the source energy consumption 
(unit: GHG emissions per unit energy).

2.2.3  Total environmental impact

Based on Eqs. (1) and (2), the total environmental impact of 
the multi-material active structure is computed by

3  Multi‑material active structure modeling 
and topology optimization

3.1  Active structure modeling

In this study, two-material active structures under one or 
two load cases are considered but the concept is general 
and may be applied to more than two materials and more 
than two load cases. Following the method proposed in 
Sigmund (2001a), it is assumed that the passive mate-
rial has a zero while the active material has a non-zero 
thermal expansion coefficient and thus the active material 
can be driven actively by temperature variation. Thermal 
expansion is used as a strategy here to simulate various 

(2)Iopt =

n∑
i=1

k∑
j=1

E
j

i
�act
i

(3)I = Iemb + Iopt

linear-strain-based actuation effects such as shape memory 
alloys (SMA) and piezoelectric (PZT) materials.

In existing studies on TO of multi-material active struc-
tures (Sigmund 2001a; Jensen et al. 2021), two design var-
iables per element, i.e., a material density design variable 
and a material phase design variable, are introduced for a 
regular finite element mesh to parameterize the material 
distribution. This strategy is only applicable for single-
load cases because active material can only have one actu-
ation effect (expansion or contraction) for the considered 
load case. For two load cases, the active material may need 
to have different actuation effects.

To account for two load cases, the material modeling 
method is extended to define three design variables, �e , 
�e , and �e(∈ [0, 1]) , per element to parameterize not only 
the material distribution but also the actuation effects of 
the element. �e is used to determine the material relative 
density (solid or void) field, �e is used to determine the 
material phase (passive or active), and �e is used to deter-
mine the actuation effect (expansion or contraction) of the 
element. Based on the material model, �e = 0 indicates that 
the element is occupied by void; �e = 1 and �e = 0 indicate 
that the element is occupied by passive material; �e = 1 , 
�e = 1 , and �e = 0 indicate that the element is occupied by 
active material with contraction effect while �e = 1 , �e = 1 , 
and �e = 1 indicate that the element is occupied by active 
material with expansion effect. The material model follow-
ing the above-mentioned strategy is illustrated in Fig. 2.

3.2  Topology optimization model

3.2.1  Design variables, filtering, and projections

Following the proposed material model, the design vari-
able vector can be expressed as

where � =
{
�e
}
 , � =

{
�e
}
 , and � =

{
�e

}
 . To avoid mesh 

dependency and checkerboard patterns (Bendsoe and Sig-
mund 2003) and enhance the discreteness of the designs, a 
three-field approach (Wang et al. 2011) is employed. Take 
design variable �e as an example, the elementwise density 
field are first filtered by using the density filter

where �e is the filtered design variables, Ne is the set of ele-
ments i for which the center-to-center distance Δ(e, i) to ele-
ment e is smaller than the filter radius rmin, and is the typical 
linear distance function

(4)� = {�,�,�}T

(5)�e =
1∑

i∈Ne
Hei

�
i∈Ne

Hei�i
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Physical density fields are then obtained by a modified 
smooth Heaviside function

where � controls the steepness/sharpness of the function and 
� sets the threshold value. Filtered and physical fields for 
design variables �e and �e can be calculated similarly.

The design-dependent stiffness matrix K is assembled from 
the element ones, i.e., �e(𝜉e, �̃�e) , which is parameterized by 
interpolation functions as

where local finite element matrix �0 corresponds to unit 
elastic modulus and is independent of 𝜉e and �̃�e . Note that 
the global stiffness matrix K is independent of variable 𝜒e 
because it only controls the thermal loading effect through 
temperature variation ΔTe , i.e., only affects the right-hand 
side of the FE equilibrium equation.

The three-phase material model proposed by Sigmund 
(2001a) to interpolate the elemental material properties (shear 
modulus G, bulk module K, and thermal expansion coefficient 
� ) is employed, given as

where K1 and K2 are respectively the bulk moduli of materi-
als 1 and 2, �1 and �2 are respectively the thermal expansion 
coefficients of materials 1 and 2, and the phase interpolation 
ΦG

(
�̃e
)
 and ΦK

(
�̃e
)
 are defined as

In the above formulations, GHSW
L

 and GHSW
U

 are the lower 
and upper Hashin–Shtrikman–Walpole (HSW) bounds on 

(6)Hei = max
(
0, rmin − Δ(e, i)

)

(7)�̃e =
tanh (��) + tanh

(
�
(
�e − �

))

tanh (��) + tanh (�(1 − �))

(8)�e(𝜉e, �̃�e) = h(𝜉e, �̃�e)�0

(9)

G(𝜉e, �̃�e) = 𝜉p
e
ΦG(�̃�e)

K(𝜉e, �̃�e) = 𝜉p
e
ΦK(�̃�e)

𝛼(�̃�e) =
(K1𝛼1 − K2𝛼2)K(�̃�e) − K1K2(𝛼1 − 𝛼2)

K(�̃�e)(K1 − K2)

(10)
ΦG(�̃�e) = (1 − Ψ)GHSW

L
(�̃�e) + ΨGHSW

U
(�̃�e)

ΦK(�̃�e) = (1 − Ψ)KHS
L
(�̃�e) + ΨKHS

U
(�̃�e)

the shear modulus, and KHS
L

 and KHS
U

 are the lower and upper 
Hashin–Shtrikman (HS) bounds on the bulk modulus. Their 
exact formulas depend on the property values (shear and bulk 
modulus) of the two materials (for more details about the exact 
formulas the reader is referred to Sigmund (2001a). Ψ ∈ [0, 1] 
interpolates linearly between the lower and upper bounds and 
works as a penalization mechanism for intermediate densities, 
and Ψ = 1 is adopted in this study. K(�̃�e) is found from Eq. (9) 
by setting 𝜉e = 1 . Note that by using the three-phase mate-
rial interpolation functions, all the physical parameters can be 
ensured to be within the physically realizable bounds for any 
densities (Sigmund 2001a).

For two-dimensional plane stress problems, the interpola-
tion for Young’s modulus is expressed as

3.2.2  Governing equations

The FE equilibrium equation of a structure under thermo-
mechanical loading can be described as

where P is the load vector consisting of mechanical load �m 
and thermal load �t , i.e., � = �m + �t , and � is the nodal 
displacement vector. Based on a linear analysis assumption, 
Eq. (12) can be decoupled as

where �m and �t are the nodal displacement vectors caused 
by mechanical load and thermal load respectively. Note that, 
�m , �t , and U satisfy �m + �t = �.

For a regular discrete finite element model, the thermal load 
vector �t is given by

(11)h(𝜉e, �̃�e) =
4K(𝜉e, �̃�e)G(𝜉e, �̃�e)

K(𝜉e, �̃�e) + G(𝜉e, �̃�e)

(12)�� = �

(13)

{
��m = �m

��t = �t

(14)�t =
∑
e
∫Ve

�T
e
�e�t,edV

Fig. 2  Material model for two-
material active structure under 
two load cases

field field field material phase
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where �e , �e , �t,e , and Ve are respectively the strain–displace-
ment matrix, constitutive matrix, thermal strain, and volume 
of element e. Thermal strain �t,e is given by

where �e and ΔTe are respectively the thermal expansion 
coefficient and temperature variation of element e, and 
� =

[
1 1 0

]T is a constant vector for two-dimensional 
problems. ΔTe is determined by the design variable �e by

where ΔT0 is a user-defined constant reference temperature 
variation.

3.2.3  Displacement constraints

From a practical point of view, displacement constraints, 
instead of compliance constraints, have more significant tech-
nical implications for structural design. Requiring that the dis-
placement ui for the ith ( i ∈ Θ ) degree of freedom (DOF) is 
within the upper bound ui and lower bound u

i
 , i.e., ui ∈

[
u
i
, ui

]
 , 

where Θ denotes the index set of the DOFs with displacement 
limits, then the displacement constraints can be expressed as

Without  loss  of  genera l i ty,  assume tha t 
u
i
< 0 and ui > 0 (∀i ∈ Θ) , then Eq. (17) can be transformed 

into two inequalities as

If a large number of DOFs need to be displacement-limited, 
a lot of local constraints as expressed in Eq. (18) have to be 
considered in the optimization, which may affect the compu-
tational efficiency. To alleviate this issue, the local constraints 
Eq. (18) can be transformed into two global constraints as

Based on the Kreisselmeier–Steinhauser (K–S) aggre-
gation function (Kreisselmeier and Steinhauser 1980), the 
maximum values in Eq. (19) can be approximated as

where JKS(ui∕ui) and JKS(ui∕ui) are given by

(15)�t,e = �e�
TΔTe

(16)ΔTe = (2�e − 1)ΔT0

(17)u
i
≤ ui ≤ ui, i ∈ Θ

(18)

{
ui∕ui − 1 ≤ 0

ui∕ui − 1 ≤ 0
, i ∈ Θ

(19)

{
max(ui∕ui) − 1 ≤ 0

max(ui∕ui) − 1 ≤ 0
, i ∈ Θ

(20)

{
max(ui∕ui) ≈ JKS(ui∕ui)

max(ui∕ui) ≈ JKS(ui∕ui)

where q is the aggregation parameter.
The K–S aggregation function is only an approximation 

of the maximum value which may deviate from the exact 
value during the optimization process. For a better approxi-
mation, a normalization strategy similar to that proposed for 
maximum stress approximations (Le et al. 2010; De Leon 
et al. 2015) is adopted in this study. Take the approximation 
JKS(ui∕ui) as an example, it is normalized by a parameter c 
in the optimization, i.e.,

The normalization parameter c is updated as follows dur-
ing the optimization

where n is the optimization iteration number and � is a 
parameter that controls the update of c between iterations. 
In this work, �n = 0.5 for all n and c0 = 1 are adopted. Simi-
larly, normalization J̃KS(ui∕ui) can be defined for JKS(ui∕ui) . 
Then the global displacement Eq. (19) is re-expressed as

Note that cn is not considered in the sensitivity analysis. 
In general, cn converges quickly and we experience no con-
vergence problems despite changing the coefficient every 
iteration.

3.2.4  Objective function

Following the analysis in Sect. 2, the total environmental 
impact (energy consumption or GHG emissions) is adopted 
as the objective function to be minimized.

3.2.4.1 Embodied energy calculation Based on the pro-
posed material model and the design variables defined 
above, the masses of the two materials can be computed by

(21)

⎧
⎪⎪⎨⎪⎪⎩

JKS(ui∕ui) = u1∕u1 +
1

q
ln

��
i∈Θ

eq(ui∕ u
i
−u1∕ u

1)

�

JKS(ui∕ui) = u1∕ui +
1

q
ln

��
i∈Θ

eq(u1∕ u1−u1∕ u1)

�

(22)J̃KS(ui∕ui) = cJKS(ui∕ui)

(23)cn = �n

[
max(ui∕ui)

]n−1
[
J̃KS(ui∕ui)

]n−1 + (1 − �n)cn−1

(24)

{
J̃KS(ui∕ui) − 1 ≤ 0

J̃KS(ui∕ui) − 1 ≤ 0

(25)Mact = �act
∑
e

Ve�̃e�̃e, Mpas = �pas
∑
e

Ve�̃e
(
1 − �̃e

)
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where �act and �pas are the mass densities of the active and 
passive materials respectively. Then, the embodied environ-
mental impact of the active structure is given by

where �act and �pas are the environmental impact coefficients 
of active and passive materials respectively.

3.2.4.2 Operational energy calculation For the operational 
part, it is necessary to first compute the energy consumption 
for the actuation. Two different assumptions can be adopted 
to compute the operational energy for an active structure:

(1) assuming that the external loading is first applied and 
then followed by the actuation; and

(2) assuming that the external and actuation loadings are 
applied simultaneously.

Assuming linear analysis and linear elastic materials, the 
structural end states (e.g., internal stress and strain) obtained 
by the two ways are identical, but the value of the opera-
tional energy consumed for actuation may be different.

A simple example shown in Fig. 3 is used to illustrate the 
difference between the two assumptions on the computation 
of operational energy. The horizontal bar with a constant 
cross-sectional area A is composed of two elements of the 
same size: the left one is made of active material and the 
right one is made of passive material. Assume that the two 
materials have the same Young’s modules E and zero Pois-
son's ratios.

(26)Iemb = �actMact + �pasMpas

(1) Operational energy consumption based on assump-
tion #1.

Figure 4a is used to illustrate the operational energy 
computation based on the first assumption. Assume that a 
horizontal external load P is firstly applied at the end of the 
bar, which causes a total elongation of U, and both the two 
elements have a deformation of U∕2 at their ends (middle in 
Fig. 4a). Solving the equilibrium equation results in U =

2PL

EA
 . 

Then, an actuation elongation of Δ = −
1

4
U is enforced on 

element ① such that the total displacement of the bar reduces 
to 3

4
U (bottom in Fig. 4a).

Since the loading process is assumed to be a quasi-static 
process, the force equilibrium condition is always satisfied, 
which means that the horizontal internal force of the two ele-
ments is equal to P during the actuation process. Therefore, 
the operational energy consumed by element ① during the 
actuation under actuation elongation of Δ can be calculated 
by

Element ② is passive hence E 2
operational

= 0. Therefore, the 
total operational energy is

(2) Operational energy consumption based on assump-
tion #2.

Figure 4b is used to illustrate the operational energy com-
putation based on the second assumption. Since the actua-
tion is applied simultaneously with the external loading, the 
operational energy consumed by element ① during the actua-
tion under actuation elongation of Δ is given by

E
2
operational

= 0 still holds. Therefore, the total operational 
energy is

(27)E
1
operational

= P ⋅

1

4
U =

P2L

2EA

(28)Eoperational = E
1
operational

+ E
2
operational

=
P2L

2EA

(29)E
1
operational

=
1

2
⋅ P ⋅

1

4
U =

1

8
PU =

P2L

4EA

Fig. 3  Illustrative example for computation of operational energy

Fig. 4  Illustrations for different 
operational energy computation 
methods: a assumption #1 and b 
assumption #2
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Comparing the results obtained by following the two 
assumptions it can be seen that Eoperational computed by 
assumption #1 is larger than that obtained by assumption 
#2. In this study, assumption #1 is adopted to consider an 
upper bound of Eoperational in the design, which is conserva-
tive to account for the contribution of operational energy.

Notably, the operational energy cost by the actuation is 
not guaranteed to be always positive. When an actuation 
length extension is enforced for an active element under ten-
sion or vice versa for the element under compression, the 
resulting operational energy will be negative. Again, take 
the bar as an example, Fig. 5 shows a situation that ele-
ment ① has an actuation elongation of Δ =

1

4
U , then fol-

lowing the same analysis procedure as above, the resulting 
operational energy is Eoperational = −

P2L

2EA
 . In such cases, no 

work is needed because there is an actual gain of energy that 
may be harvested. During TO, if energy harvesting is not 
intended to be considered, which is the focus of this study, 
the energy gain value of certain elements can be set to zero. 
This treatment will make the operational energy functions of 
the corresponding elements non-differentiable at zero value, 
but numerical tests show that this does not affect the con-
vergence stability of the optimization. If energy harvesting 
needs to be considered, the formulation has the potential 
to be applied for optimizing active material distribution for 
better energy harvesting capacity.

For a general active continuum structure, following 
assumption #1, Eoperational can be calculated by

where �m and �t are the stresses caused by mechanical load-
ing and thermal loading respectively that are given by

Substituting Eq. (32) into Eq. (31) gives

Considering that �t = ∫
V
��T�tdV , Eq. (33) can be simpli-

fied as

(30)Eoperational = E
1
operational

+ E
2
operational

=
P2L

4EA

(31)Eoperational = −

(
∫V

(
�m

)T
�tdV +

1

2 ∫V

(
�t

)T
�ΔTdV

)

(32)�m = ���m, �t = �
(
��t − �t

)

(33)
Eoperational = −

(

∫V

(

�m
)T��T�tdV

+1
2 ∫V

(

�t
)T��T�tdV − 1

2 ∫V

(

�ΔT
)T��tdV

)

(34)Eoperational = −
(
�m +

1

2
�t

)T

�t +
1

2 ∫V

(
�t
)T
��tdV

Note that instead of the method above, the operational 
energy can also be computed from a global energy conversion 
point of view, which is explained in Appendix 1.

With the operational energy for each load case obtained, 
the operational environmental impact of the active structure 
can be computed as

where � is the environmental impact coefficient for the 
source energy, � is energy transformation efficiency, 
E
j

operational
 is the operational energy cost under the jth load 

case, and gj is the number of times that the jth load case is 
applied during the service life of the structure.

3.2.4.3 Final weighted objective function Based on Iemb and 
Iopt , the final weighted objective function is defined as

where w is a parameter to control the optimization target. 
By tuning the values of w in the objective function, dif-
ferent optimization targets can be realized. For example, 
when w = 1/2, the resulting objective function can be used 
to minimize the total environmental impact; when w = 1 , the 
resulting objective function can be used to only minimize the 
embodied environmental impact. Together with tuning the 
values of �act and �pas , i.e., �act = �pas = w = 1 , the resulting 
objective function can be used to minimize only the weight 
of the structure.

3.3  Sensitivity analysis

The adjoint method (Bendsoe and Sigmund 2003) is 
employed to calculate the sensitivities of the objective and 
constraint functions with respect to the physical-field vari-
ables (see details in Appendix 2), then the sensitivities with 

(35)Iopt = ��
∑
j

gjE
j

operational

(36)f = wIemb + (1 − w)Iopt, w ∈ [0, 1]

Fig. 5  Illustration for the case of negative operational energy
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respect to the design variables are calculated by using the 
chain rule.

4  Numerical examples

In this Section, three numerical examples are studied to 
verify the proposed approach. In the finite element analy-
sis, four-node bilinear elements are used, and plain stress 
assumption is adopted. In the optimization, the parameter in 
the K–S function is set to q = 100 and the projection param-
eter is set to � = 0.5 . A continuation approach is employed 
for the projection parameter � which starts with � = 2 and 
then is raised by Δ� = 2 each 25 optimization steps from the 
200th iteration, up to the value � = 32 . The method of mov-
ing asymptotes (MMA) (Svanberg 1987) with an external 
move limit of 0.1 is adopted to solve all the optimization 
problems. The stop criterion for the optimizations is that the 
relative change of the maximum absolute value of design 
variables of two consecutive iterations is smaller than the 
tolerance of 0.001% or the iteration number reaches a limit 
of 600.

In the following examples, the materials given in 
Table  1 are employed. The GHG intensity of electric-
ity used for actuation is taken as � = 0.16 (unit:  kgCO2e/
MJ) and the electricity utilization efficiency is � = 0.5 . The 

reference temperature variation for the actuation is set to 
||ΔT0|| = 50 ◦C . Note that, the actuation effects of active 
material can either be expansion or contraction depending 
on the design variable �.

Notably, considering the uneven industrial development 
levels in different countries and regions, the same material 
produced in different places or countries may have different 
GHG intensity and embodied energy intensity coefficients, 
which will affect the weights to be chosen for different mate-
rials in the optimization. The proposed approach is a general 
framework for active structures made of multiple materi-
als, and specific parameters of materials can be determined 
according to the production regions and design requirements 
in a practical design.

4.1  Simply‑supported bridge structure

In this example, a simply-supported bridge structure as 
shown in Fig. 6a is considered to demonstrate the effective-
ness of the proposed approach for single-load case situa-
tions. The sizes are Lx = 10 m and Ly = 1 m . An evenly 
distributed loading of p = 0.5 kN/m is applied at the top of 
the structure. The service life of the structure is assumed to 
be 30 years and the average frequency of application of load-
ing is 5 times per hour. Displacement limits are applied to 
all the vertical DOFs of the top nodes. To ensure a smooth 
deformation of the top surface, different displacement limits 

Table 1  Properties of passive and active material

Type Material no. Density (g/cm3) Young’s modulus 
(GPa)

Embodied energy 
intensity (MJ/kg)

GHG intensity 
 (kgCO2e/kg)

Thermal 
expansion 
(/°C)

Passive material 1 2.70 70 120 13 0
Active material 2 7.10 80 95 8 2 ×  10−5

Fig. 6  Design domain and 
displacement limits of simply-
supported bridge structure: a 
design domain and loading, 
b deformation shape under 
evenly distributed loading, and 
c displacement limits set for the 
upper surface

(a)

)c()b(

Lx

Ly

p

Disp. limitA B

C
C

A B
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are defined for different DOFs. Under an evenly-distributed 
loading, the approximately deformed shape of the structure 
is shown in Fig. 6b. The deformed shape of the top line is 
close to a quadratic curve, therefore, the values defined by a 
quadratic curve as shown in Fig. 6c are taken as the displace-
ment limits for the corresponding DOFs of the nodes on the 
top. Note that the displacement limit for the vertical DOF at 
the midpoint C is set to 

[
−U,U

]
 where U =

1

500
Lx.

The design domain is discretized into 600 × 60 square 
elements and a filter radius of rmin = 7.5 is adopted in the 
optimization. Two square domains with a size of 6 × 6 ele-
ments at the two supports are set as passive domains that 
are occupied by passive material and a small rectangular 
area with a width of three elements on the top of the design 
domain is set as the passive domain that should be occupied 
by solid material. The distributed loading is applied to all 
the top nodes of the structure.

4.1.1  Weight minimization

Firstly, weight minimization is carried out for the two-mate-
rial active bridge structure. Since the weight of the structure 
only depends on the masses of the two materials, the envi-
ronmental impact coefficient and the operational part are 
not considered in the objective function. For comparison, 
weight minimization is also carried out for the correspond-
ing passive structure without considering the actuation effect 
of active material.

Figure 7a and b shows the optimized designs of the 
weight-minimized active and passive structures, respec-
tively. As can be seen, the active structure is made of two 
materials while the passive structure is made of only pas-
sive material. This is because actuation is not considered 
in passive structure hence the optimizer chooses the more 
stiffness-efficient material to passively resist the loading. 
In contrast, actuation is considered for the active struc-
ture, which makes it more advantageous to use some active 
material for actively reducing the deformation. On the 
other hand, the active material has a larger density than the 
passive material, hence it may not be the best choice to use 
all active material for the structure. In the optimization, 
the optimizer chooses the two materials and their layouts 
automatically and resulting in a design made of 3.20 kg 
active material and 4.44 kg passive material. Compared 

to the passive design, the active design has much smaller 
structural component sizes, which results in a 28.20% 
reduction of the structural weight.

The passive and active designs have different topologies 
and the main difference is that two more members are gener-
ated on the sides in the active structure. The main function 
of the two members is to support the two horizontal thin 
members on the sides to reduce their deformation because 
the top surface on the two sides of the structure has relatively 
smaller displacement limits according to that defined in 
Fig. 6c. Because the passive structure has larger member 
sizes, which can ensure the satisfaction of all the displace-
ment limits, the two members are not necessary. Figure 8a 
and b shows the final deformations of the two structures. 
Both structures exhibit smooth deformations on their top 
surfaces as defined in Fig. 6c. For comparison, Fig. 8c and 
d shows the designs with all the top nodes enforced with the 
same displacement limit of 

[
−U,U

]
 . The two optimized 

designs achieve slightly smaller weights, however, the defor-
mation of the top surface is not smooth, especially at the two 
ends, even though all the displacement limits are respected. 
From a practical point of view, enforcing different displace-
ment limits for different nodes could be helpful and prefer-
able to ensure a smooth structural deformation.

The actuation of active material also contributes to the 
reduction of deformation. Figure 9 shows the actuation 
effects of the active material in the active structure. As can 
be seen, active materials in different positions have differ-
ent effects: the active material distributed at the top chord 
expands while the active material distributed at the bottom 
chord contracts. The two actuation effects lead to upward 
deformation of the structure, which is used to counteract the 
deformation caused by the external downward load. In addi-
tion, both the active material in the top and bottom chords 
are mainly distributed in the middle, which can maximize 
the actuation effects. Figure 10 shows the structural defor-
mations caused by the external loading and actuation, the 
union of which are the final deformation of the structure.

This example shows that the optimized active struc-
ture can achieve a significant weight saving compared to 
the corresponding optimized passive structure. However, 
weight reduction is at the cost of the energy used for actu-
ation; whether active designs could outperform passive 

Material #1 Material #2

(a) (b)

Fig. 7  Optimized designs for weight minimization: a optimized active structure and b optimized passive structure
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designs regarding energy consumption is investigated in 
the following examples.

4.1.2  Energy minimization

The total energy consumption of an active structure consists 
of two parts: embodied and operational. Embodied energy 
minimization and total energy minimization are respectively 

carried out in the following to design active structures. For 
comparison, energy minimization is also carried out for the 
corresponding passive structure that does not consider the 
actuation effect of the active material. Note that the energy 
consumption of a passive structure only comes from the 
embodied part.

Figure 11a and b show the optimized designs for the 
embodied energy minimization of active and passive 
structures, respectively. Similar to the weight-minimized 
designs, the active structure is made of the two materials 
defined in Table 1 while the passive structure is made of 
only passive material. The distribution of the two materi-
als in the active structure is similar to that obtained by 
weight minimization but the material amounts are slightly 
different. The embodied energies corresponding to the two 
materials are 427.02 MJ and 369.29 MJ, respectively. The 

(a) (b)

Undeformed Deformed

(c) (d)

Fig. 8  Deformations under smooth and non-smooth displacement 
limits: a and c are respectively deformations of active structure under 
smooth and non-smooth displacement limits; b and d are respectively 

deformations of passive structure under smooth and non-smooth dis-
placement limits

Contraction Expansion

Fig. 9  Actuation effects of active material

(a) (b)

Undeformed Deformed

Fig. 10  Deformations caused by a external loading and b actuation

Material #1 Material #2

(a) (b)

(c)

Fig. 11  Optimized designs for energy minimization: a embodied energy-minimized active structure, b energy-minimized passive structure, and c 
total energy-minimized active structure
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comparison indicates that the active design has 39.43% 
less embodied energy consumption than the passive 
design, which implies that the active solution outperforms 
the passive solution regarding embodied energy consump-
tion. In fact, embodied energy minimization is similar to 
weight minimization for an active structure because they 
both do not consider the operational part caused by the 
actuation. The operational energy cost by the actuation of 
the active structure is 167.46 MJ, which leads to a total 
energy consumption of 963.77 MJ. However, since the 
operational energy was not considered in the objective 
function, the active structure may not be a better solution 
in terms of total energy consumption.

Figure 11c shows the optimized design of the active 
structure through total energy minimization, i.e., both the 
embodied and operational energies are considered in the 
objective function. The obtained structure also consists 
of two materials, but the amount of active material is less 
than that in the active structure obtained through embodied 
energy minimization. This is because too much active mate-
rial will lead to a higher operational energy consumption 
that will significantly increase the total energy consump-
tion. Also, two short inclined components supporting the 
top chord disappear because the increased component size of 
the top chord can provide sufficient stiffness. The embodied 
and operational energy consumptions of the total energy-
minimized active structure are 837.36 MJ and 115.22 MJ 
respectively, which leads to a lower total energy consump-
tion of 952.58 MJ compared to the active and passive struc-
tures obtained through embodied energy minimization. This 
result indicates that total energy minimization is a more 
appropriate strategy for active structures to reduce energy 
consumption.

Figure 12a and b show the actuation effects of the active 
materials in the two optimized active structures. As can be 
seen, the actuation effects are similar to that in the weight-
minimized design. The active material distributed at the 
top chord expands while the active material distributed at 

the bottom chord contracts. The two actuation effects lead 
to upward deformation of the structure, which is used to 
counteract the deformation caused by the external downward 
load. Fig. 12c and d show the final deformation of the two 
structures with all the nodal displacements within the limits.

This example shows that optimized active designs can 
achieve energy saving compared to the corresponding pas-
sive design. Carbon footprint is another measure of a struc-
ture on the environmental impact; the GHG emission mini-
mization of active structures is investigated in the following 
example.

4.1.3  GHG emission minimization

By replacing the energy intensity coefficients with GHG 
emission intensity coefficients in the objective function, 
GHG emission minimization can be carried out. Similar to 
energy minimization, embodied GHG emission minimiza-
tion and total GHG emission minimization are respectively 
conducted for active structures and benchmarked with the 
corresponding optimized passive designs.

Figure 13a and b show the optimized designs for active 
structures obtained through embodied GHG emission min-
imization and total GHG emission minimization, respec-
tively. Similar to energy minimization, the active structure 
obtained through total GHG emission minimization has 
less active material than that obtained through embodied 
GHG emission minimization. Though the active structure 
obtained through total GHG emission minimization has 
a larger embodied GHG emission of 82.37  kgCO2e than 
74.51  kgCO2e obtained by embodied GHG minimiza-
tion, it achieves a smaller total GHG emission of 101.55 
 kgCO2e. Also, the passive design (Fig. 13c) has a GHG 
emission of 140.01  kgCO2e, which is larger than the two 
optimized active structures. This result indicates that the 
active design obtained through GHG emission minimiza-
tion could achieve less GHG emissions compared to the 
corresponding passive design.

(a) (b)

Undeformed Deformed

(c) (d)

Contraction Expansion

Fig. 12  Actuation effects of active material in optimized active structures and the corresponding deformations: a and b are respectively opti-
mized designs for embodied and total energy minimization; c and d are respectively final deformations of the two structures
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The active material distributions and actuation effects 
(Fig.  14) are similar to the designs obtained through 
weight and energy minimization but with slightly more 
active material since the GHG coefficient ratio is smaller 
than the energy coefficient ratio. With the help of actua-
tion, all the displacement limits are respected in the final 
deformation of the structure.

4.2  Cantilever structure

In this example, a cantilever structure as shown in Fig. 15 is 
considered to demonstrate the effectiveness of the proposed 
approach for multiple-load case situations. The sizes are 
Lx = 8 m and Ly = 1 m . Two vertical load cases are applied 
at the end of the structure. The magnitudes of the two load 

cases are assumed to be identical as F1 = F2 = 1.8 kN but 
the directions are opposite. The displacements of the DOFs 
applied by loads are subject to a displacement limit of [
−U,U

]
 where U =

1

100
Lx . The service life of the structure 

is assumed to be 20 years and the average frequency of 
application of loading is 5 times per hour for both load cases.

The rectangular domain of Lx × Ly is discretized into 
480 × 60 square elements and a filter radius of rmin = 7.2 is 
adopted in the optimization. A small domain with a width 
of 48 elements at the tip of the structure is set as a passive 
domain that is occupied by passive material and small bar 
areas with a width of two elements at the top and bottom 
surface of the design domain are set as passive domains 
that should be occupied by solid material. The loadings 

(a) (b)

(c)

Material #1 Material #2

Fig. 13  Optimized designs for carbon minimization of bridge structure: a embodied GHG-minimized active structure, b total GHG-minimized 
active structure, and c GHG-minimized passive structure

(a) (b)

Contraction Expansion

Fig. 14  Actuation effects of active material in optimized active structures: a embodied GHG minimization and b total GHG minimization

Fig. 15  Design domain of 
cantilever structure: a sizes and 
b geometry decription

(a)

(b)

F1

F2

Ly

Lx

Ly

Ly2
3

1
3
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are evenly applied to the passive domain at the tip of the 
structure.

4.2.1  Weight minimization

Figure 16 shows the optimized designs of the active struc-
ture and corresponding passive structure. As can be seen, 
both the active and passive structures consist of two materi-
als, but the active structure has much smaller component 
sizes than the passive structure due to the contribution of the 
active actuation against the external loading. The weight of 
the active structure is 7.62 kg composed of 3.73 kg passive 
material and 3.89 kg active material, while the weight of 
the passive structure is 12.73 kg, 40.19% heavier than the 
active structure.

From Table 1, the passive material has a higher modulus-
to-density ratio, but it can be seen from Fig. 16b that the 
passive structure is composed of both passive and active 
materials. This is because a solution composed of only pas-
sive material can not satisfy the displacement constraints, 
which is verified by the optimization procedure; therefore, a 
small amount of active material with higher Young’s modu-
lus is present in the optimized topology.

The topologies of the active and passive structures are 
slightly different on the inner components. Note that the 
geometry and material distributions of the optimized struc-
tures are not symmetrical because the design domain is not 
symmetrical up and down. The active structure has some 
small crossing components while the passive structure has 
some small thick vertical components distributed inside. 
This is because, for the passive structure the stiffness to 

external loading is mostly from the two thick top and bot-
tom chords and thus the inner components are not necessary 
to contribute too much. Figure 17 shows the deformations of 
the two structures under the two load cases. For the active 
structure, under both load cases, the displacements caused 
by the external loading exceed the limits, but the final dis-
placements offset by the actuation are all within the limits. 
For the passive structure, all the displacements caused by the 
external loadings are within the displacement limits because 
the structure can provide sufficient stiffness by itself.

Figure 18 shows the actuation effects of active material 
in the active design under the two load cases. Unlike the 
one-load case where the active material has only one actua-
tion effect, the active materials may have different actuation 
effects under different load cases for multi-load cases. In this 
example, since the two load cases have opposite effects on 
the structure, the active materials also have opposite actua-
tion effects under the two load cases.

4.2.2  Energy minimization

Figure 19 shows the optimized active structures obtained 
through embodied and total energy minimization and the 
corresponding energy-minimized passive structure. As can 
be seen, the active structure obtained through embodied 
energy minimization has smaller component sizes due to 
a larger amount of active material. Table 2 summarizes 
the results of embodied, operational, and total energy of 
the optimized structures. For the two active structures, 
although the active design obtained through embodied 
energy minimization has a smaller embodied energy but 

(a) (b)

Material #1 Material #2

Fig. 16  Optimized designs of active and passive structures of cantilever structure

Undeformed Actuated deformation Loaded deformation Final deformation

(a) (b)

(c) (d)

Fig. 17  Deformations of weight-minimized active and structures: a, b are respectively active structures under first and second load case; c and d 
are respectively passive structures under first and second load case
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results in a larger total energy due to the large share of 
operational energy cost for the actuation. This further 
indicates that the operational energy cannot be ignored in 
the optimal design of active structures in order to reduce 
energy consumption. On the other hand, Table 2 shows 
that the two active structures have smaller total energy 
consumption compared to the optimized passive design, 
which further reveals that active structures have the poten-
tial to save energy compared to passive structures.

Different amounts of materials also result in slightly dif-
ferent topologies of the two active structures, but the actu-
ation effects of the active materials are similar. As an illus-
tration, Fig. 20 shows the actuation effects of the active 
materials in the total energy-minimized design under 
different load cases. Similar to the weight-minimized 

solutions, the active materials have opposite actuation 
effects under the two load cases, which ensures the defor-
mations within limits under both load cases.

4.2.3  GHG emission minimization

Figure 21 shows the optimized designs obtained through 
GHG emission minimization. Table 3 summarizes the results 
of the solutions. Similar to energy minimization, the active 
structure obtained through total GHG emission minimiza-
tion has less active material but larger component sizes than 
that obtained through embodied GHG emission minimiza-
tion. Though the active structure obtained through total 
GHG emission minimization has a larger embodied GHG 
emission, it achieves a smaller total GHG emission. Again, 

(a) (b)

Contraction Expansion

Fig. 18  Actuation effects of active material in weight-minimized active cantilever structure under a first and b second load case

Material #1 Material #2

(a) (b)

(c)

Fig. 19  Optimized designs for energy minimization of cantilever structure: a embodied energy-minimized active structure, b total energy-mini-
mized active structure, and c energy-minimized passive structure

Table 2  Summary information 
of energy-minimized cantilever 
structures

Embodied 
energy (MJ)

Operational 
energy (MJ)

Total energy (MJ)

Embodied energy-minimized active design 787.52 303.80 1091.32
Total energy-minimized active design 874.70 135.88 1010.60
Energy-minimized passive design 1480.40 – 1480.40

(a) (b)

Contraction Expansion

Fig. 20  Actuation effects of active material in total energy-minimized active cantilever structure under a first and b second load case
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the optimized passive design has larger GHG emissions than 
both of the two active structures.

The active material distributions and actuation effects are 
similar to the designs obtained through weight and energy 
minimization, which are shown in Fig. 22. With the help of 
actuation, all the displacement limits are respected in the 
final deformation of the structure.

4.3  Shelter structure

In this example, a shelter structure as shown in Fig. 23 is 
considered to demonstrate the potential applicability of the 
proposed approach to the optimal design of multi-material 
energy-harvesting mechanical structures or devices. The 
sizes are Lx = 6 m and Ly = 1.8 m. The middle white part 
is a void domain that will not be considered in the design. 
Two evenly-distributed load cases are applied at the top of 
the structure. The magnitudes of the two distributed load 
cases are p1 = 1.0 kN/m and p2 = 0.3 kN/m , and their 
directions are opposite. The displacements of the DOFs 
applied by loads are subject to a displacement limit of [
−U,U

]
 where U =

1

500
Lx . The service life of the structure 

is assumed to be 20 years and the average frequency of 
application of loading is 5 times per hour for both load 
cases.

The whole domain of Lx × Ly is discretized into 300 × 90 
square elements and a filter radius of rmin = 5 is adopted in 
the optimization. A small domain with a width of three ele-
ments at the outer surface of the design domain is set as the 
passive domain that should be occupied by solid material. 
The distributed loadings are applied to all the nodes at the 
top of the structure.

Material #1 Material #2

(a) (b)

(c)

Fig. 21  Optimized designs for carbon minimization of cantilever structure: a embodied GHG-minimized active structure, b total GHG-mini-
mized active structure, and c GHG-minimized passive structure

Table 3  Summary information 
of carbon-minimized cantilever 
structures

Embodied carbon 
 (kgCO2e)

Operational carbon 
 (kgCO2e)

Total 
carbon 
 (kgCO2e)

Embodied GHG-minimized active design 70.79 65.20 135.99
Total GHG-minimized active design 89.17 20.62 109.79
GHG-minimized passive design 150.55 – 150.55

(a) (b)

Contraction Expansion

Fig. 22  Actuation effects of active material in total GHG-minimized active cantilever structure under a first and b second load case

p
1

p
2

Lx

Ly1
4

Ly3
4

Ly4
1Ly1

4

Fig. 23  Design domain and loading of shelter structure
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Figure 24 shows the optimized designs of active and pas-
sive structures obtained through total energy minimization. 
The active design is made of two materials while the passive 
design is made of only passive material. The two structures 
have similar topologies, but the passive structure has larger 
component sizes. It shows that the active design has a total 
energy of 508.13 MJ, which is 8% smaller than the passive 
design.

Figure 25 shows the actuation effects of the active materi-
als under different load cases. As can be seen, the actuation 
only happens under the first load case. The reason is that the 
magnitude of the second load case is smaller than the first 
load case and the deformation caused by the second load is 
already within the displacement limits (Fig. 26), therefore, 
to reduce energy consumption, the active material does not 
need to exert actuation on the structure for the second load 
case.

Notably, the results above are obtained by only consider-
ing energy consumption in the optimization, i.e., the energy 
harvesting effect is ignored (see Sect. 3.2.4). If the energy 
harvesting effect is taken into account, different solutions 
may be obtained. Still, take the case of energy minimiza-
tion as an example, Fig. 27 shows the configuration of the 
active structure obtained by considering the energy harvest-
ing effect. As can be seen, the structural topology is similar 
to that obtained without considering the energy harvesting 
effect. However, the active material exerts actuation on the 
structure under the second load case and results in an opera-
tional energy of − 4.13 MJ instead of zero. This indicates 
that the actuation in the second load case results in energy 
harvesting, which can be confirmed by the actuation effects 
of the active materials (Fig. 27b). The actuation under the 
second load case has the same effect as the external load-
ing, i.e., they both cause upward deformations of the struc-
ture (Fig. 28), which means that the actuation under the 

(a) (b)

Material #1 Material #2

Fig. 24  Optimized designs of shelter structure obtained through total energy minimization: a active design and b passive design

(a) (b)

Contraction Expansion

Fig. 25  Actuation effects of active material in total energy-minimized active shelter structure under a first and b second load case

(a) (b)

Undeformed Loaded Deformation Allowed displacement rangeFinal Deformation

Fig. 26  Deformations of total energy-minimized active shelter structure under a first and b second load case
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second load case could “gain” energy from the deforming 
process and thus, in turn, resulting in a lower total energy 
consumption of 503.66 MJ. This example indicates that the 
proposed approach has the potential to be applied to the 
optimal design of multi-material energy-harvesting mechani-
cal structures or devices, which could further reduce the 
environmental impact.

5  Discussion and conclusions

This study proposes a methodology for the TO of multi-
material active structures to reduce the environmental 
impact. The environmental impact, e.g., energy consump-
tion or GHG emissions, of a multi-material active struc-
ture is assessed and treated as the objective function to be 
minimized. Structural displacement limits are enforced as 
constraints in the optimization. Numerical examples demon-
strate that the optimized active designs could achieve consid-
erable weight and energy savings and cause less GHG emis-
sions compared to the corresponding topology optimized 
passive designs.

By using the proposed material interpolation model, the 
developed TO framework can be used for the optimal design 
of multi-material active structures under multiple load 
cases in which different actuation effects may be needed for 

different load cases. By using the K–S aggregation function, 
multiple local displacement limit constraints can be trans-
formed into a single global constraint, which alleviates the 
computational burden during the optimization. In addition, 
the proposed framework has been used to apply to the opti-
mal design of multi-material energy-harvesting mechanical 
structures or devices.

Many factors affect the environmental impact caused 
by an active structure, such as material type, structure ser-
vice life, loading condition and action frequency during the 
service life, as well as material production process. For an 
arbitrary design scenario, it is hard to predict whether the 
optimized active design can outperform the corresponding 
passive design. By using the proposed approach, the opti-
mizer can automatically choose the better solution with less 
environmental impact.

Only displacement limits, i.e., structural stiffness con-
straints, are considered in the current study. Although pre-
vious studies have demonstrated that active structures are 
preferred for stiffness-governed cases regarding weight and 
energy savings, other important requirements like strength 
and stability (Wang and Sigmund 2023), should also be con-
sidered in practical design. This will be the extension of the 
study in future work. Finally, we remark that although only 
2D plane stress is considered in the examples, the proposed 
formulations also apply to 3D and plane strain problems.

(a) (b)

Contraction Expansion

Fig. 27  Actuation effects of active material in total energy-minimized active shelter structure considering energy harvesting: a first load case and 
b second load case

Undeformed Loaded Deformation Allowed displacement rangeFinal Deformation

(a) (b)

Fig. 28  Deformations of total energy-minimized active shelter structure considering energy harvesting: a first load case and b second load case
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Appendix 1

For an active structure under external loading and actua-
tion, the conversion between different energies follows the 
following relation

where Eload and Eoperational are the work done by the external 
loading and active actuation respectively and Estrain is the 
strain energy stored in the materials. Then the work done 
(i.e., the operational energy consumption) by the actuation 
can be obtained as

Following assumption #1, the work done by the external 
loading is given by

The material strain energy of a structure under thermo-
mechanical loading is given by

where � and �t are the total and thermal strains respectively. 
Then, from Eq. (38) the work done (i.e., the operational 
energy consumption) by the actuation can be obtained as

Equation (41) coincides with Eq. (34), which further 
verifies the formulations for the computation of operational 
energy.

Appendix 2

Sensitivity of Material Mass

The sensitivity of masses of different materials with respect 
to variables 𝜉e and �̃�e can be calculated through Eq. (15) as

(37)Eload + Eoperational = Estrain

(38)Eoperational = Estrain − Eload

(39)Eload =
1

2
�T
m
�m + �T

m
�t

(40)
Estrain =

1
2 ∫V

(

� − �t
)T�

(

� − �t
)

dV

= 1
2
�T(�m − �t

)

+ 1
2 ∫V

(

�t
)T��tdV

(41)

Eoperational =
1
2
�T(�m − �t

)

+ 1
2 ∫V

(

�t
)T��tdV −

( 1
2
�T
m�m + �T

m�t

)

= −
(

�m + 1
2
�t

)T
�t +

1
2 ∫V

(

�t
)T��tdV

(42)

𝜕Ma

𝜕�𝜉e
= 𝜌aVe�̃�e,

𝜕Ma

𝜕�𝜂e
= 𝜌aVe𝜉e,

𝜕Mp

𝜕�𝜉e
= 𝜌pVe(1 − �̃�e),

𝜕Mp

𝜕�𝜂e
= −𝜌pVe𝜉e

Note that the material masses are independent of vari-
able �e , hence the sensitivities with respect to �e are zero.

Sensitivity of Displacement Constraint

Take the first K–S function in Eq. (21) as an example and 
use x̃e to denote the physical-field variables in the follow-
ing to illustrate the sensitivity analysis of displacement 
constraints. The sensitivity of the K–S function is given by

Define vector �i to convert global displacement vector 
U to local displacement ui , i.e., ui = �i� for each nodal 
displacement with an enforced limit, then

Differentiate both sides of Eq. (12) with respect to x̃e 
gives

Considering that � = �m + �t and ��m

�x̃e
= � , ��

�x̃e
 is given 

by

Substituting Eqs. (46) and (44) into Eq. (43) yields

L e t  �T =

∑
i∈Θ

eq(ui∕ ui−u1∕ u1)�i∕ u
i

∑
i∈Θ

eq(ui∕ ui−u1∕ u1)
�−1  ,  i . e . , 
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i

∑
i∈Θ

eq(ui∕ ui−u1∕ u1)
 , then the sensitivity is given by

where ��
�x̃e

 and ��t

�x̃e
 are given by

(43)
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where �he
�x̃e

 , ��e
�x̃e

 , and �ΔTe
�x̃e

 can be calculated through Eqs. (11), 
(9), and (16), respectively.

Sensitivity of Operational Energy

From Eq. (34), the sensitivity of operational energy with 
respect to x̃e is given by

The first term on the right side of Eq. (50) can be rewrit-
ten as

Let �T
1
= −�T

t
�−1 and �T

2
= −

1

2
�T
t
�−1 , i.e., �1 = −�t and 

�2 = −
1

2
�t , then Eq. (51) can be simplified as

The second term on the right side of Eq. (50) can be cal-
culated by using Eq. (49). ��ΔT ,e

�x̃e
 in the third term is given by

Based on the analysis and formulations derived above, the 
sensitivities of the objective function and constraints can be 
calculated accordingly.
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