Downloaded from orbit.dtu.dk on: May 19, 2024

DTU DTU Library

i

On deterministic and statistical consistency for nonlinear inverse problems

Rasmussen, Aksel Kaastrup

Publication date:
2023

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):
Rasmussen, A. K. (2023). On deterministic and statistical consistency for nonlinear inverse problems. Technical
University of Denmark.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

e Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
e You may not further distribute the material or use it for any profit-making activity or commercial gain
e You may freely distribute the URL identifying the publication in the public portal

If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.


https://orbit.dtu.dk/en/publications/13a49a6f-8303-4c01-8b4b-c3fa6ef6b135

On deterministic and statistical
consistency for nonlinear inverse
problems

Aksel Kaastrup Rasmussen

DJE

o
o

Kongens Lyngby 2023



Technical University of Denmark

Department of Applied Mathematics and Computer Science
Richard Petersens Plads, building 324,

2800 Kongens Lyngby, Denmark

Phone +45 4525 3031

compute@compute.dtu.dk

www.compute.dtu.dk



Summary

This thesis studies consistent reconstruction for nonlinear inverse problems from
the perspective of regularization theory and the Bayesian approach.

It focuses on three nonlinear inverse problems: the Calderén problem, an in-
verse problem in photoacoustic tomography, and an inverse Robin problem.
These problems have applications across the fields of medical imaging, indus-
trial testing, and, in the case of the latter, even in large-scale ice sheet modeling
for sea level predictions.

The regularization perspective considers consistency as a property attributed to
methods whose reconstructions improve toward the ground truth as the deter-
ministic noise decreases. For a large class of penalized least-squares methods,
consistency is guaranteed, while computability is harder to guarantee. In con-
trast, we offer, in this thesis, a direct, consistent, and computable regularization
strategy for the three-dimensional Calderén problem. It is based on truncated
frequency information under a prior assumption of a smooth ground truth. Fur-
ther, we demonstrate the convergence property numerically on synthetic data.

The Bayesian perspective has become the preferred perspective when it comes
to handling random noise, incorporating prior knowledge, and quantifying un-
certainty. Here, consistency enters as a property of a posterior distribution that
increasingly concentrates around the ground truth as the random data improves.
Guaranteeing consistency is often a first step in reliable estimation and uncer-
tainty quantification for high-dimensional nonlinear inverse problems. We will
review the Bayesian perspective, recent consistency results, and offer parallels
to the perspective of regularization theory.



Among new contributions, we address consistent Bayesian reconstruction of
piecewise constant parameters: We provide consistent methods for inclusion
detection and apply them to a problem in the photoacoustic tomography set-
ting, demonstrating the consistency in a numerical example. Furthermore, we
address how to consistently and efficiently reconstruct real analytic parameters
with the use of a strong smoothness prior in a Bayesian approach. Here, the
inverse Robin problem serves as motivation and a theoretical case study.



Resumé (summary in Danish)

Denne afhandling undersgger konsistent rekonstruktion for ikkelinesere inverse
problemer fra perspektivet af regulariseringssteori og Bayesiansk inferens.

Den fokuserer pa tre ikkelinesere inverse problemer: Calderén problemet, et
inverst problem inden for fotoakustisk tomografi, og et sakaldt inverst Robin
problem. Disse problemer har anvendelser inden for medicinsk billeddannelse,
industrielle tests og i tilfeeldet af det sidstnsevnte endda i storskala ismodellering
til nytte i langsigtede fremskrivninger af det globale havniveau.

Fra perspektivet af regulariseringsteori er konsistens en egenskab tillagt metoder,
hvis rekonstruktioner forbedres mod den sande parameter, nar den determini-
stiske st@j aftager. For en stor klasse af metoder baseret pa mindste kvadraters
metode er konsistens garanteret, mens beregnelighed er sveerere at garantere. I
modsatning hertil preesenterer vi i denne afhandling en direkte, konsistent og
beregnelig regulariseringsstrategi for Calderén problemet i tre dimensioner. Den
er baseret pa trunkeret frekvensinformation under en a priori antagelse om en
vis glathed af den sande parameter. Endvidere demonstrerer vi konsistensegen-
skaben af metoden i numeriske eksempler.

Det Bayesianske perspektiv er blevet det foretrukne perspektiv, nar det kom-
mer til handtering af stokastisk stgj, indkorporering af a prior: antagelser og
kvantificering af usikkerhed. Her optrzeder konsistens som en egenskab tillagt en
sakaldt a posteriori-sandsynlighedsfordeling, hvis den i stigende grad koncen-
trerer sig omkring den sande parameter, nar kvaliteten af den stokastiske data
forbedres. At garantere konsistens er ofte et fgrste skridt i palidelig estimering
og kvantificering af usikkerhed i hgjdimensionale ikkelinezere inverse problemer.



Vi vil gennemga relevante dele af det Bayesianske perspektiv, diskutere nylige
konsistensresultater og fremfgre paralleller til regulariseringsteoriens perspektiv.

Blandt nye bidrag adresserer vi konsistent Bayesiansk rekonstruktion af stykvis
konstante parametre: Vi betragter konsistente metoder til inklusionsdetektion
og anvender dem pa et inverst problem i fotoakustisk tomografi, hvor vi demon-
strerer konsistensegenskaben i et numerisk eksempel. Ydermere beskeeftiger vi os
med, hvordan man konsistent og effektivt rekonstruerer en klasse af analytiske
parametre ved brug af en a priori-sandsynlighedsfordeling, der modellerer steerk
glathed. Her fungerer det inverse Robin problem som den konkrete motivation
og teoretiske ramme.



Preface

This thesis presents the results of my work as a PhD student at the Depart-
ment of Applied Mathematics and Computer Science, Technical University of
Denmark (DTU), in the period September 1 2020 - August 31 2023. The work
was carried out under the supervision of Professor Kim Knudsen, DTU, and
Professor Tanja Tarvainen, University of Eastern Finland.

The obtained results concern reconstruction and consistency for some nonlinear
inverse problems and are detailed in the papers:

PAPER A Kim Knudsen and Aksel Kaastrup Rasmussen. Direct regularized
reconstruction for the three-dimensional Calderén problem. Inverse
Probl. Imaging, 16(4):871-894, 2022. See [KR22b)].

PAPER B Babak Maboudi Afkham, Kim Knudsen, Aksel Kaastrup Rasmussen,
and Tanja Tarvainen. A Bayesian approach for consistent recon-
struction of inclusions. arXiv preprint, arXiv:2308.13673, 2023. In
submission. See [AKRT23].

PAPER C leva Kazlauskaite, Aksel Kaastrup Rasmussen, and Fanny Seizilles.
The Bayesian approach to inverse Robin problems. In preparation,
2023. See [KRS23].

The papers are summarized in Chapter [2] and [4 in a proper given context,
where in the first summary, I include results from the unpublished technical
report [KR22a]. I remark that PAPER C is subject to an ongoing numerical
study and is therefore still in preparation. Some preliminary numerical results
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figure in its summary in Section [1.3] The papers and the report can be found in
Appendix In Appendix [E] a summary of the notation is given. Note there
are discrepancies in notation between the summaries and the corresponding
papers, since the thesis attempts to unify the notation.

I am grateful to my main supervisor Professor Kim Knudsen for his advice, en-
couragement and curiosity, and to my co-supervisor Professor Tanja Tarvainen
for her everlasting support. I had the pleasure of visiting Tanja and the Uni-
versity of Eastern Finland in the Fall of 2021 and extend sincere thanks to
everybody at the Department of Technical Physics who made it a special and
memorable experience.

I would like to give my best thanks to Professor Per Christian Hansen and the
CUQI group for a stimulating and cooperative research environment. I would
also like to thank Babak Maboudi Afkham and Amal Alghamdi, postdoctoral
researchers in the CUQI project, whom I had the pleasure of collaborating with.
T am grateful to the Villum Foundation (grant no. 25893) for funding the CUQI
project and my PhD.

Special thanks to the thesis assessment committee consisting of Professor Jos-
selin Garnier, Assistant Professor Hanne Kekkonen and Associate Professor
Mirza Karamehmedovic for the evaluation of the thesis.

Part of the work was undertaken at an external stay at Cambridge University
in the winter of 2022-2023 under the supervision of Professor Richard Nickl.
I would like to give my sincere thanks to Richard for making this wonderful
experience possible. I am grateful for his expertise, guidance and engaging
discussions. I would like to thank Kweku Abraham for a good office climate,
great mathematics discussions and a memorable introduction to lacrosse. I also
thank Teva Kazlauskaite and Fanny Seizilles for great collaboration.

The Scientific Computing Section at DTU has provided great work relationships.
In particular, I would like to thank Frederik for his friendship and courage in

trying to learn golf and Silja for being a great office mate.

Finally, I would like to thank Astrid for always being there for me and providing
distractions when I needed them the most.

Kgs. Lyngby, Denmark, August 2023

Aksel Kaastrup Rasmussen
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CHAPTER 1

Introduction

Nonlinear inverse problems play a crucial role across many scientific fields. In
the field of medical imaging, for example, we find novel technologies that allow
doctors to look inside the human body - technologies that are based on mathe-
matical methods for solving nonlinear inverse problems. At a much larger scale,
some of the same underlying mathematical methods may be used to learn the
structure of massive glaciers.

In this thesis, we look at nonlinear inverse problems that share the goal of recov-
ering a parameter +y (a cause) indirectly through an observation (the effect) that
depends on the parameter in a nonlinear way. Such problems arise for example
in inverse problems in which the link between cause and effect is modelled by a
partial differential equation (PDE). In many such cases, one seeks to recover a
spatially variant coefficient v in a PDE from observations of its solution on the
whole or parts of the domain in question. This is the setting of many nonlinear
imaging technologies and, for example, inverse problems in ice sheet modelling
for glaciers.

To formalize this link, we denote by G the forward map that takes 7 to the
observation G(y). For now we define this map on a subset I" of the normed space
X (parameter space) and consider the normed space ) (observation space) as
the codomain:

G: T =Y.
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One can for example think of X as the space of all bounded functions on some
domain, and I" as the subset of positive such functions.

The nonlinearity of G often adds to the difficulty of inverting it, since the anal-
ysis has to be tailored to the problem at hand. Indeed, most interesting in-
verse problems are already difficult to solve; they are ill-posed in the sense of
Hadamard [Had53]. That is, mathematically speaking, given a set of admissible
observations Z C ) one of the following properties does not hold:

1. Existence: for all y € Z, there exists 7 € I" such that y = G(7)
2. Uniqueness: G(71) = G(72) implies 71 = 72, when G(71),G(12) € Z.

3. Stability: G~! is continuous on Z.

To make the list concrete, we have to specify Z and in which sense we mean
continuous. The list inspires the following antithesis of questions one usually
poses to an inverse problem when studying it:

1’. Can we characterize the range of G7
2’. For which sets A C T is G| 4 injective?

3’. For which sets Z C G(A) is G|z continuous?

Occasionally in this thesis, we will redefine G to its restriction to a set A C I
such that G is both injective and continuous. If such sets exists we call the
corresponding inverse problem conditionally well-posed. Not the least since
Calder6on’s emphasis on reconstructing - from observations in his influential
paper [Cal80], it has been common to add a fourth question:

4’. How do we compute v from the observations in a stable way?

Here the word ‘stable’ is a call-back to Hadamard’s third property of well-
posedness. Indeed, a violation of this often leaves approximations of G~! numer-
ically unstable. To make matters worse, measurements are always contaminated
with noise, and so the observation is possibly perturbed outside the range of G.

The classical remedy involves regularization strategies, the use of which ad-
dresses question 4’ head on. This class of methods is well-studied for linear
inverse problems, but less so for nonlinear inverse problems. Often regulariza-
tion strategies are thought of as methods based on minimizing penalized least



squares functionals. However, in general, a regularization strategy is a map
Ro Y — T dependent on a regularization parameter o > 0, and a success-
ful one should carry three abilities: R, should be a continuous map, so that
reconstructions arising from it are stable with respect to the observations. R,
should converge to G~! pointwise in the range of G as @ — 0, so that it acts like
G~! for a small enough. Finally, as observed noisy data Y improves in quality,
R« (Y) should, for a clever choice of a, approach the ground truth. This last
property is sometimes known as ‘consistency’ in the regularization literature
[KV87, [IM12, DDDMO04| and often in the statistics literature [Nic23l, [Pol02].

The strength of a consistent method is that it accepts observations that are
noisy and outside the range of G. It is the mathematical property of a method
that works, and it is the property we are concerned with in this thesis. At the
heart of regularization strategies is also the idea that prior information helps
recovering . This often guides the design of R,.

A more recently introduced approach, the Bayesian approach, models this idea
of prior knowledge in a direct way by probability distributions. Unlike the
approach of regularization, the Bayesian approach does not produce a single
estimate of . Instead, it produces a probability distribution, which in principle
can be used to extract all sorts of information on ~. For this reason it is the go-
to approach of the inverse problems community for uncertainty quantification
of 7. One can also extract a single estimate from this probability distribution.
As we shall see the mean can often be thought of as a consistent method.

The Bayesian approach for linear inverse problems is well-studied and shares
certain properties with regularization strategies. However, for nonlinear inverse
problems the connection is more diffuse and consistency for Bayesian methods
are appearing only recently. Such a recent convergence result posed in [MNP2]]
makes use of a conditional stability estimate of G, i.e. at least a partial answer
of question 3”: for a subspace A C X endowed with a norm ||-|| 4 and v1,72 € T,

vallas [rella <M= iy =llx < FUIG01) = G(2)lly), (1.1)

for some increasing function f : R — R, which is continuous at zero with
f(0) = 0. Conditional stability estimates require an in-depth analysis of the
particular inverse problem and serves as a goal for many research projects, here
we mention [Ale88, [ARRV09, [KRS21]. However, such estimates are not directly
useful in relation to reconstruction; they only concern perfect observations in the
range of G. Their introduction in relation to consistency for Bayesian methods
is therefore of great interest and parallels developments in regularization theory,
see [dHQS12].

Concisely stated, this thesis investigates the following question:
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5. What prior information and assumptions render a given nonlinear inverse
problem solvable by a consistent method?

We shall study this question both from the (statistical) Bayesian and (determin-
istic) regularization strategy point of view, and come by three different nonlinear
inverse problems in the process.

Chapter 2 contains a brief introduction to classical regularization theory for
inverse problems in which we motivate the definition of a regularization strategy.
We then continue to summarize original research in PAPER A that provides a
consistent method for the three-dimensional Calderén problem. In Chapter 3
we give an introduction to the Bayesian approach, when X = R* and )) = R™.
Our emphasis is on consistency and the theory that leads up this property.
The finite-dimensional case is significantly easier than the infinite-dimensional
case but contains many of the same properties to serve well as motivation. In
addition, we highlight some parallels to regularization theory. In Chapter 4, we
introduce the Bayesian approach in the infinite-dimensional setting. We focus
on posterior consistency and give some general conditions to obtain this. On
this base we shall summarize PAPER B concerning consistent Bayesian inclusion
detection. Here, we shall consider a photoacoustic tomography inverse problem
as a suitable test case, although the approach is not limited to this specific
problem. Finally, in the summary of PAPER C we provide a consistent method
for the Bayesian approach applied to an inverse Robin problem. Here, we will
focus on two different prior assumptions and will see a significance in how these
assumptions are addressed.

We conclude this introductory chapter by introducing the inverse problems un-
der consideration in this thesis, along with relevant literature.

1.1 Examples of nonlinear inverse problems

1.1.1 The Calderén problem

Calderon’s paper of 1980 [Cal80] sparked an interest in not only the problem
that would be named after him, but PDE-based inverse problems in general. It is
the problem of recovering the electrical conductivity distribution of a conductor
from surface measurements of currents and voltages. Knowing the conductiv-
ity distribution of an object provides insight into what the object is made of.
This is utilized in the imaging technique known as electrical impedance tomog-
raphy (EIT). Applications range from breast cancer detection |[CKK™01| and
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stroke detection |[ACL™20), IMJAT14] in medical imaging to subsurface geophys-
ical imaging [BHV03| and industrial testing [HSPG14].

In our case the problem takes its starting point at a smooth and bounded domain
O c R?, d = 2,3 filled with a conductor with conductivity distribution v €
L>(0O) with v > 0. That is, we let

X=L*0) and T'={yeL*O):v>0ae.}

If there are no sinks or sources of current in the domain, applying an electrical
surface potential g € H'/2(90) induces an electrical potential u € H'(©), which
uniquely solves
V- (yVu) =0 in O,
u=g on 00.

In theory we can repeat this experiment for any g € H'/?(90) and measure
the corresponding current normal vd,ulso € H~1/2(90). This leads to the
definition of the Dirichlet-to-Neumann map A,

A, HY?(00) — HY2(00),  A,g = ~d,ulaq,

which constitutes the observation for the inverse problem. Then we seek to
invert the nonlinear map
G:y— A,

In fact, in [Cal80] Calderén asks question 2’ and 4’ of injectivity and recon-
struction for this problem. For d = 2 these questions have been answered in
the affirmative: [Nac96| answers the injectivity question for twice differentiable
conductivities and provides the D-bar reconstruction method. Based on this
method [KLMS09] suggests a modified method that is a regularization strat-
egy. This gives an answer to 4’. Finally, [AP06] upgrades the answer to 2’ for
v € L*(0),vy>c¢>0.

However, the problem is fundamentally different when d > 3, and theoretical
results are further from a definitive conclusion. [SUS88| shows injectivity for
twice differentiable conductivities. This is relaxed to Lipschitz conductivities in
[CR16] and for 3 < d < 6 to W14(O)-conductivities in [Hab15], see also the ref-
erences therein for a more complete review. A reconstruction method was posed
in [Nac8§]|, but any naive numerical realization of this suffers from ‘exponential
instability’. This is the starting point of the research we lay out in Section
Here we shall return to the point of exponential instability and discuss
a remedy parallel to that of the regularized D-bar method of [KLMS09|. For
now, we remark that exponential instability is folklore for this problem. Indeed,
answers to question 3’ exist in the following form: if |[v1//c2 @), [71llc2@) < M
and y; = 2 = 1 near the boundary, then

I = 2ll=(0) < FIAy — Avslly) (1.2)
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for a logarithmic type continuous function f : R — R dependent on M and with
f(0) =0, and where || - ||y is the operator norm in the space of bounded linear
operators mapping H'/2(00) to H=/2(0), see [Ale88]. This is the property
of with A = C%(O) N {y : ¥ = 1 near O}. This logarithmic stability is
shown to be optimal in [Man0I]. Note in two dimensions an estimate in L2-
norm is available for A € H*(O) a > 0, see [FR13|, also of logarithmic kind.
This even allows discontinuous parameters.

The Calderén problem has been posed in a Bayesian framework in [KKSV00]
and [DS16] in finite and infinite dimensions, respectively. The conditional sta-
bility estimate and the framework [MNP21] is used in [AN19] to provide
a consistent Bayesian method for conductivities that are at least twice differen-
tiable.

1.1.2 Inverse Robin problems and Hadamard

The inverse Robin problem is a problem for an elliptic PDE of determining a
Robin coefficient on a hidden part of the boundary from Cauchy data on the
observable part.

Let O Cc R?, d = 2,3, be a bounded and smooth domain with a partition of its
boundary 00 = MU Mg U M,,. Then consider the following Laplace equation
for a function u : O — R, h € H~'/2(M) and Robin coefficient 3() € L>(M.,)

Au=0 in O,
O,u=nh on M,
(1.3)
on Mg,
du+B(Y)u=0 on M,

Here, we let the coefficient () be of the form 8(v) := mg + ¢” with mg > 0,
which is sufficient to ensure existence and uniqueness of solutions to using
Lax-Milgram theory. This is a convenient form of ensuring positivity of 3,
especially in a statistical framework. The Robin inverse problem is then to
recover 7y given ulaq, that is, to invert the nonlinear forward map

Gy ulm. (1.4)

When v € H¥=1(0), then u|aq is a continuous function up to the boundary, as
we will show in PAPER C. For this reason we let

X =L*0) and T =H"Y0).
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In the context of corrosion detection, O models an electrically conducting body
with a constant conductivity coefficient, where the part M, is insulated. In-
jecting a current flux h at M leads to an electrical potential inside O. The
question is then whether we gain any knowledge of the surface impedance on
M., from measuring the corresponding voltages at M. Knowing vy is equivalent
to knowing (), and this gives information on something we cannot measure
directly, the corrosion at M.,. The problem finds similar applications in thermal
imaging: with a prescribed heat flux on M, can we determine the heat-exchange
function v on M, from measuring the temperature at M?

The problem was first formulated in [Ing97] [CJ99] with the goal of recovering .
More recently, the problem has gained renewed interest by glaciology communi-
ties for its relation with a problem for a Stokes PDE system of inferring a basal
drag coefficient S of ice sheets from only surface observations of ice velocities
and stresses [AGI0].

The inverse Robin problem has its humble beginnings in the Cauchy problem.
Let O be the square (0,7) x (0,1), and let M be the bottom line segment, M
be the sides and M., be the top segment. Say we prescribe and observe the
sine-series

h = Z hjsin(jz), and ujpm = Zuj sin(jz),

at the bottom. Using separation of variables we can determine the unique
solution u : O — R that gave rise to the measurement u|rq as

Z [u] cosh(jy) — hjsmh(jy)} sin(jz).

In fact, under certain decay condition of h;, this solution is a classical solution
u € 02( ) [LN17]. So w satisfies the Robin condition on (0,7) x {1}, and if
dividing by u(z, 1) is sensible,

ul (x 221 [juj sinh(j) — hj cosh(j)] sin(jz
B(y)(z) = — y( 711) :72305 [j (J) e (])} . (J ) (1.5)
u(z,1) >o5ey |ujcosh(y) — J—?smh(j)} sin(jx)

Small perturbations in the observations u; are perturbed by an exponential fac-
tor sinh(j) and cosh(j). This ill-posedness in determining () comes from the
lack of continuity in determining u(x, 1) and u; (x, 1) from h and u|r¢. This was
known by Hadamard in 1923, see [Had53, [ARRV09] and the following example.

EXAMPLE 1.1 Consider h = hy sin(nz) and u|p = 0 such that

u(z,y) = % sinh(ny) sin(nx).
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For example setting h,, = %, we note h — 0 uniformly at M as n — co, while

1 1

u(x,1) = — sinh(n) sin(nz)  and  wy(x,1) = — cosh(n) sin(nz)
n n

diverges as n — 00, hence there is no continuous dependence of u(x,1) and

uy(z,1) on h.

For this example, it is noted in [ARRV09| that an a priori bound such as
[Vull 20y < M leads to a different outcome. Indeed, then

lull 20,7 % (0,1)) = O

at a logarithmic rate as n — oo. Essentially, the condition restricts h, to
sequences of fast decay. For y < 1, we even have that

1wl L2 (0,m)x (0,1)) < |Pnl®

for some 0 < ¢ < 1. This kind of global logarithmic continuity and interior
Holder continuity under a priori conditions on w turns out to hold in the general
case as well [ARRV(9]. This observation leads to a conditional stability estimate
of the form for A = C'(M,) and f of logarithmic type, see [ADPRO3].
See also [HY15, [LN17] for stability results under the a priori condition that ~
is real analytic. We remark that the inverse problem has a unique solution, for
example when + is positive and continuous, see [CJ99].

Reconstruction for the inverse Robin problem has been studied using classical
regularization methods based on penalized least squares, see [CJ99, [LN17 [Jin07]
and the references therein. [FI99] provides a direct accurate method provided
the domain is sufficiently thin. The problem has been posed in a Bayesian
framework in [NN22|, which determines v and M., simultaneously. The related
inverse Robin problem for the Stokes PDE has been considered in the Bayesian
framework in [Art15, NPK18, BNVP2I], where in the two latter the framework
is similar to the general approach in [Stul0].

1.1.3 Inclusion detection and quantitative photoacoustic
tomography

An objective in many inverse problems is to recover inhomogeneities or inclu-
sions in a medium; applications range from cancer detection and stroke detection
in medical imaging to defect detection in material science. We consider an in-
clusion detection problem as an inverse problem of recovering parameters of the
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form v = k11 4 + Ko for some a priori known constants k1, ke > 0, and a mea-
surable set A C R?, d = 2,3. In PAPER B, we shall generalize this to a sum of
multiple indicator functions each with a set A; and constant x;, i = 1,...N.

This can be a hard problem as we do not have any regularity of the parameter
of interest. One the other hand, it is also strong prior information that the
parameter has this form, and this can be utilized. Inclusion detection has been
analyzed extensively in the context of the Calderén problem, see for example
[Gari6] for an overview. Uniqueness, i.e. an answer to question 2’ is proven
in [Isa88], stability is analyzed in [ADCO05], which gives conditional stability of
logarithmic type, the condition being that A is sufficiently regular in a uniform
sense. In [DCRO3| logarithmic stability was shown to optimal. Monotonocity
methods is considered in [HUL3|, see also the references therein. When the
inclusions are also known to be small a priori, strong results are available; we
have a characterization of the range of the forward map and stability results
[CEMV98, BHV03]. Inclusion detection problem are often known as inverse
obstacle problems in the context of acoustic or electromagnetic scattering, see
[CK19] for an overview of the reconstruction methods involved.

The level set method is a general method tackling this problem across different
inverse problems, see [San96] and the references therein. This method is applied
in a Bayesian framework in [ILS16l [DIS17]. A Bayesian approach for detection of
star-shaped inclusions is considered in [BTG14} [DS16]. These are the methods
we will consider in PAPER B.

One class of inverse problems shows promise in addressing inclusion detection
with guaranteed success. These are the inverse problems arising in ‘hybrid imag-
ing” methods that combine advantages of different imaging techniques coming
from the underlying physics, see [Kucl2].

One such example is the inverse problem of quantitative photoacoustic tomogra-
phy (QPAT). The problem of QPAT is the second part of a two-part technique
in photoacoustic tomography. This second part seeks to recover the optical pa-
rameters of a biological object from information on the absorbed energy density
from a given light source. This absorbed energy density is estimated in the first
part of the photoacoustic tomography problem. In the ‘diffusion approximation’
[BRUZ11] light transport is modelled according to the elliptic equation

-V -uVu+~yu =0 in O,

1.6
u=g¢g ondO, (16)

where O is the bounded domain that models the biological object and pu,~y €
L>°(0) with g > 0 and v > 0, are the optical parameters. In this thesis, we
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find the following choice of normed space and subset useful:
X=L%0) and T =L3(0):={ycL?0O):A"'<~y<Aae}

for some constant A > 0. Note that I is a closed subset of L?(0), since L>(0)-
closed balls are closed in L?(O) as a consequence of the Riesz-Fischer theorem
[RF10, Section 7.3].

We call u the light intensity, and the prescribed Dirichlet boundary condition
u = g defines the source of incoming light. In this setting, the absorbed energy
density H € L>(0O) takes the form

where the Griineisen parameter G models the photoacoustic effect. We will
assume this to be known and set for simplicity G = 1. Note the map

(1,y) = H

is well-defined, since has a unique solution. Likewise, we could consider sev-
eral illuminations ¢i, g2, - .. and corresponding data H;y, Hs,.... The questions
of injectivity and continuity have been considered in a number of papers for two
illuminations. We mention here [BUIL0, BRUZI11l [ADCFEV17, BCT22| [Cho21],
which answer such questions under conditions on g; and g, and . The latter
concludes Hélder continuity of H ~ (u,7) given that [|ullc1.1 @y, [Vl con @) <
M.

Our main interest in QPAT stems from the fact that for a fixed and known p
the forward map
G:yv—H (1.7)

has favorable properties even for non-regular «y. In this case injectivity and
stability can be reduced to choosing g such that w is bounded from above and
away from zero. Indeed, then + is found by solving

—V-uVu+H=0 inO,
u=g¢g on 00,
and computing v = H/u. As well-posed as this seems, the inverse problem can

become harder, when w is close to zero. For example, we do not have uniform
continuity of G=! defined on all of L>°(0), as is demonstrated in the following.

ExXAMPLE 1.2 Consider p =1, O = (0,1) and the boundary condition u(0) =
u(1) =1. Then (1.6) takes the form:

/.

u' =~yu in (0,1),
u(0) = u(l) =1,
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Take forn=1,2,...,

mn(z) 0<a<1/4, 32-2/n 0<xz<1/4,
up, =< 1/n 1/4<z<3/4, with u, =40 1/4<x<3/4,.
pen(r) 3/4<x<1, 32—-2/n 3/4<x<l1,

Here py pn, p2,n are the second-order polynomials satisfying p1 »(0) = p2 (1) =1,
P1.n(1/4) = p2.n(3/4) = 1/n and py ,,(1/4) = p ,,(3/4) = 0. Consider now the
function
Din(z) 0<a<1/4,
Up = fo(z) 1/4<2<3/4,,
Pon(z) 3/4<z<1,

where fn(r) = c1ne” "™ + con€™® with ¢y, 2y such that f,(0) = fp(1) =1,
and Pi1 n, P2,n are the second-order polynomials that connects smoothly with fy,(x)
such that p1.,(0) = P2, (1) = 1. Straightforward computations show that

32 — 32f,(1/4) + 8f,(1/4) 0<xz <1/4,
apy = n?f(z) 1/4<xz<3/4,.
32 — 32f,(3/4) —8f1(3/4) 3/4 <z <1,

Note both u,, and @, are positive, while H, — H,, = Ty, —u,, converges uniformly
to zero. However, v, = H,, /u, =0 on [1/4,3/4], whereas 7, = H, /i, = n* on

[1/4,3/4].

In PAPER B we show that G satisfies a conditional stability estimate of the form
for f(z) = Cx and v; € L3(0), i = 1,2. This makes the QPAT inverse
problem a suitable test case for consistent inclusion detection methods in the
Bayesian framework. We will return to this topic in the summary of PAPER B
in Section 4.2

1.1.4 A spherical gravity anomaly

To introduce concepts in infinite-dimensional spaces we occasionally find it con-
venient to give a finite-dimensional example. With this purpose in mind we
pose the following simple inverse problem in geology, see [TGS90, Section 2.7]
for problems of that kind. It is the problem of determining the radius » > 0
and depth z > 0 of a buried sphere of a known material, given measurements
of the gravitational acceleration over it. One can think of it as a simple inclu-
sion detection problem. The gravitational acceleration measured at the surface
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at horizontal distance x away from the center of the sphere is, according to
Newton’s ‘Shell” theorem,

T’32’

RO
where p is the density contrast and G is the gravitational constant. Let us
say we measure right above the sphere at x = 0 and at some distance away at
x = 100. We argue that we can always measure right above the sphere, since
this is where the signal is the strongest. Then we set v = (r, z) and define the
forward map

g(x) =4Gmp (1.8)

G(7) := (9(0), 9(100)) € R?.
Here we let,
X=R> and T['=R%={y=(y1,92) ER*: 91 > 0,52 > 0}.
We claim that v is uniquely determined by G(). Indeed, assume G(v1) = G(7y2)-
Setting v1 = (r1,21) and v2 = (72, 22), two equations follow:
A i =0,

321 (22 4 100%)%/2 — 1325 (22 +100%)%/2 = 0,

Isolating r$ /73 from both equations gives us

i %

(22 +1002)3/2 (23 4 1002)3/2’

but z ~ 23/(2% + 100%)3/2 is a strictly increasing function and hence z; = zo.
Then, it follows from the first equation above that r; = rs.

The Jacobian determinant |JG| : R? — R of G can be computed (using for
example a computer algebra system) as

o

5 s
22(22 + 1002)5/2

for all 7,z > 0. Then G is an open mapping, see [Apo74, Theorem 13.5], and
hence G~1 is continuous on its image G(I'). Using the same approach one may
check that the singular values of (JG)(y) are uniformly bounded when m <
r,z < M. Hence, for such v the mean value inequality gives the local Lipschitz
continuity

[JG(N| =C 0

1G(m) - Gw)| < / 176 (12 + (1 — )l — 2]l dt,
< C(m, M)l — |- (1.9)

denoting both the Euclidean norm and induced operator norm by || - || and the
fact that this operator norm corresponds to the largest singular value. This
estimate implies that G is continuous in every point v € I'.



CHAPTER 2

Regularization of inverse problems

Regularization strategies are the classical remedy for noisy data in inverse prob-
lems. Its theoretical foundation is solid and has been studied in the last decades,
see the monograph [EHN96] for a Hilbert space setting and [KNS08] for the Ba-
nach space setting. In this chapter, we consider observing Y = Y (¢) that is a
perturbation of G(vp), i.e.

Y = g(’}/o) + gfa

where £ € Y with ||€]] < 1 (in the norm || - || of V). We call € > 0 the noise
level. The prospect of a successful regularization strategy is to stably recover
information on vy even if Y ¢ R(G). In fact, the strategy should improve
recovery when e decreases. This is the property of consistency. One classical
view on such regularization strategies is the following: solve a penalized least-
squares problem such as

minJ(),  J(7):= 1600 = YI* +alylk, (2.1)

where (X, ||-||x) and (Y, ||-||) are suitable function spaces and « > 0 is called the
regularization parameter. In the Hilbert space setting, a solution exists given
that G is continuous and weakly sequentially closed, see [EHN96l Section 10].
When G is also linear and compact, solving becomes an instructive exercise.
Then, a singular system (o, Un, upn )52, of G exists, see [EHN96], Section 2.2],
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and the unique minimizer of (2.1)) has the form

e L

forany Y € Y, see [EHN96, Chapter 5]. Here we denote (-, -) the inner product in
Y. This minimizer is known as the Tikhonov regularizer, see [EHN96, Chapter 5]
for a proper treatment. We introduce it to remark upon three classical properties
of the map R, : Y — & defined by RoY := 74, where we for simplicity assume
g is injective:

Y Up ) Uy, (2.2)

1. R, is continuous: for any Y € ), by Parseval’s identity

oo
IRaY 1% = (Y, un)? < sup c}||Y[?,
ne—1 neN
and ¢, (@) = Ug"a < 2f’ since 2/ao, < a+ o2 for all a, 0, > 0.

2. R4 converges to G~ pointwise on G(I'): see [Kirll, Theorem 2.6].

3. RoY — v in X, when ¢ — 0 for a well-chosen a = «a(¢) going to zero: by
the triangle inequality

RaY —yollx < HR Y —RaGvllx + 1RG0 — Y0l 2
2f

as € — 0, where we have used 1. and 2. above.

I /\

+ |[RaGv0 — Yllx — 0,

These are the three properties we seek in regularization strategies: continuity
as in point 1, convergence as in point 2, and consistency as in point 3. The
regularizing nature of is intuitive: we should minimize a misfit, while at
the same time keep ||v||x small. However, it is a little misguided to think that
all regularization strategy has the form of penalized least squares. Instead, we
define it to be a map R, : J — X that possesses these three properties. This
is the definition an admissible regularization strategy in [Kirlll [EHN96|] also
presented in [KLMSQ9] in the nonlinear setting, which we now give here.

DEFINITION 2.1 A family of continuous mappings R, : Y — X, parametrized
by regularization parameter 0 < a < oo, is called a regularization strategy for
G:T'=-YinAcCTlif
lim [RaG(7) —7llx =0, (2.3)
a—0
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Figure 2.1: Graphical representation of the consistency property (2.4) of ad-
missible regularization strategies.

for each fixed v € A. Furthermore, a regularization strategy R, is called ad-
missible if

ale) >0 as e€—0,

and for any fixed vy € A we have

sup Ra)Y —vllx =0 as &—0. (2.4)
YEY:IY —G(vo)lI<e

The consistency property of is visualized in Figure For nonlinear
problems Tikhonov regularization remains relevant. However, in this case J is
not necessarily convex, and so does not necessarily have a unique solution.
This makes it difficult to define a map R, as in the linear case. A related
problem in estimation theory has lead statisticians to ask for the measurability
properties of ¥ — 44, where 4, is a clever choice among the minimizers
of , see [GN16, Exercise 7.2.3]. This is not a focus in the regularization
literature: stability and convergence properties is often proven for any minimizer
of in [EHN96], [KNS08|. The spherical anomaly problem in R? is particularly
simple in the presence of inverse continuity:

EXAMPLE 2.1 (TIKHONOV FOR SPHERICAL ANOMALY) G :R2 — R? is
continuous by . Let A be the closed set of elements v = (r,z) such that
0 <m < r,z < oo. Then there exists a solution Y. to , see [Ricl0,
Theorem 4.1]. Any such solution satisfies (for the Buclidean norm || - | on R?)

1G(Yae) = YII? + allyacl® < e + allll*. (2.5)
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The triangle inequality implies

1G(Yae) = G(0)II* < 21G(Yae) = YIIP +2]Y = G (),
< 4e + 20|70 *.

So for a suitable choice a = a(e) — 0 as € — 0, we have

sup ‘|g(7a,5> - g(70)|| -0
YER2:(|Y —G(yo)lI<e

as € — 0. By continuity of G=! in G(T'), we conclude Ya(e),e — Yo- The
same arqument works for Y replaced with G(), and o — 0 independent of e.
Continuity of va,. with respect to'Y is analyzed in for example [EHN96, 10.2].

In general, it is too much to ask for continuity of G=! in G(I'). What is becoming
a more standard approach is to understand instead the conditional properties
of the inverse problem, as in the questions 2’ and 3’, and in typical answers of
the form (L.1). Here, || - |4 is typically a stronger norm than | - ||x. Penalizing
with this norm instead of || - ||x in and following (2.5), we conclude that

alVael < &+ alolls

Then |[[Va(e),cll.4 is bounded when £?/a(e) is bounded as ¢ — 0, which permits
the use of , when 79 € A. Hence, 74(), — 7 as € — 0 and we can
even get a rate. To conclude similar statements on consistency without the use
of conditional stability estimates, we often require the stronger condition that
e2/a(e) — 0 as ¢ — 0. This interrelation between e and the noise dependent
regularization parameter a(e) is related to our findings in Chapter

2.1 A regularization strategy for the Calder6on
problem

In the rest of this chapter, we consider a regularization analysis of the three-
dimensional Calderén problem as introduced in Section [[.I.1] Despite the wide-
spread practical use of Tikhonov-based methods in the context of the Calderén
problem, see for example [Lio04], less is known about their theoretical properties.
Examples include [Dob92, Ron08| Ronl6l LMPO3] [JM12], see also references
therein. In [JMI2]| continuity and consistency is provided under assumptions
akin to the classical source condition in [EHN96, Theorem 10.4]. Under gen-
eral conditions of injectivity of G, [Ron08| proves consistency of a generalized
Tikhonov method. This includes for example L!-convergence of a total variation
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regularizer to certain discontinuous yg. This is provided without a convergence
rate. Consistency conditions for iterative regularization methods in the context
of the Calderén problem appear in [Kin22, [LRO8| and seem hard to verify in
general.

Interestingly, the existence of stability estimates of the form with f(z) =
Cxz”, v > 0, is enough to conclude convergence to 79 € A of the Landweber iter-
ation starting in A. This is exemplified in [dHQS12] Section 5] for the Calderon
problem powered by the stability estimate provided in [ADC05|. Furthermore,
[dHQS12, Remark 4.4] and |[SGGT09] show that if v > 1, then the classical
source condition is satisfied.

For these methods, computing 74, involves iteration. In contrast, direct
reconstruction methods for the Calderén problem have been analyzed in [Nac88|,
Nac96], since Calderén’s own contribution [Cal80]. Based on the D-bar method
in two dimensions in [Nac96|, [KLMS09| suggests a modified method that is an
admissible regularization strategy. Not until recently, a regularization analysis
of the three-dimensional method of [Nac88| was undertaken. This is the content
of PAPER A in [KR22D|, which we discuss in the following sections.

2.1.1 Nachman’s reconstruction algorithm in three dimen-
sions

Intuitively, the first step of the Nachman’s reconstruction algorithm is to de-
termine the electrical surface potentials that extract useful information from
A,,. Examples of such surface potentials are those who belong in a family of
functions v € H'/?(00) called complex geometrical optics (CGO). These were
considered in the context of the Calderon problem first by [SU8S§|. They are
indexed by a complex frequency ¢ € C? satisfying ¢ - ¢ := >>_ ¢? = 0 and ap-
proximates in a certain sense the harmonic functions e**¢ for € R3. We refer
to [Knu02] for a first introduction to the use of these in the Calder6n problem.

The crucial use of ¢¢ in determining 7o € C%(O) with 79 = 1 near 9O becomes

clear when defining the function gy := v, 1 2A(’yé/ 2) and the set V, for some
z € R? characterized by

2
~Z (s %)1/%“ +ikk",

=73

where x > |z|/2, {z,k+,k*+} is an orthonormal real set of vectors in R?, and
|¢(2)| = V2k. Indeed, for each z € R? and ¢ = ((z) € V. C C3, [Nac8§] shows
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that for || large enough (see also (11)-(12) [KR22b])

|00, = aucle) o) o) < €l (26)

where o denotes the surface measure on 90, ¢y is the Fourier transform of gg
and C' > 0 is constant depending on ¢gy. This implies that we can approximate
do(z) well by an integral, if we pick |((z)| large enough. That is, if we know the
trace of the CGO solutions. Note if |z| is large, then

_ 2
C(2) = V2K > 3

should be large. This integral is also known as the scattering transform t(z, {(2))

t@&@D:AOEWWOMWfMWM@dM)

After performing an inverse Fourier transform to obtain ¢y, a boundary value
problem is usually solved to obtain 7. To recap, it is a method of three steps:

1 2 3
Ay Bt B g By,

However, recovering ¢ on 0O for || large is unstable. These are usually com-
puted by solving a boundary integral equation involving a kernel that is expo-
nentially growing in |¢|, and hence we expect that any error in the data A, is
multiplied by an exponential factor in its contribution to ¥¢|so. Even if ¢¢|so
were recovered perfectly, any error in A, is multiplied by e~ in . It
stands to reason that this method needs to be modified, ideally, to a regulariza-
tion strategy.

2.2 PAPER A: Regularized Calderén problem in
three dimensions

In PAPER A, we address the instability of Nachman’s reconstruction algorithm
by proposing an admissible regularization strategy. This regularization strategy
finds its inspiration in numerical realizations of the ideal method. Such examples
count [BKMI1] [KMI1T] HIK™ 21, BKIS09|, which approximate t by replacing ¢
with e®¢ and [DHKI2, DK14], which solve approximate boundary integral
equations to obtain approximations of 9¢|spo. Common for all is that they seek
to recover t in a bounded domain |z| < M using |{(z)| small. When it comes to
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picking |¢(z)|, two popular choices are

[C(z)] = MP,p>0 (fixed),

[<(2)| = \lji (minimal).
While both choices allows admissible ((z) € V., the fixed choice is natural, since
it ensures convergence of t(z, ((2)) to §o(z) when M — oo by letting |((z)| — .
However, the minimal choice might provide additional stability. For |z| > M,
t(z,((2)) is set to zero, and so its inverse Fourier transform is smooth. Note the
choice of M should depend on the noise level of the observation Y = A, + €£.
We summarize the method as follows.

METHOD 1 Truncated CGO reconstruction in three dimensions

Step 1° Let M = M(g) > 0 be determined by a sufficiently small €. For each
fized z with |z| < M, take {(z) € V, with an appropriate size determined by
M and solve the boundary integral equation (see (15) [KR220|]) to recover
1/12\30. Compute the truncated scattering transform by

—ixz-(24+((2)) Y — A € d M
(o (2:C(2)) 1= § 100 (V= A)yi(e)dota), |zl < M)
0, 2| = M(e),
Step 2° Set =(z) := t5,(2,((2)) and compute the inverse Fourier transform
to obtain q..

Step 3° Solve the boundary value problem

(A +q¢.)()? =0 in O,

2.7
(ve)? =1 on 00. 21)

and extract ..

The boundary integral equation for unperturbed an unperturbed observation is
of the form
B (y¢) = €Jao,

for a bounded operator By : H'/2(00) — H'Y2(00) in which G(yp) = A,
enters. When ¢ > 0 this becomes B;. A number of results in PAPER A center
around the existence and uniqueness of solutions to equations with B. Using
these we show that Method [1| gives rise to an admissible regularization strategy
in the sense of Definition where the regularization parameter is M ~!. To
satisfy the definition, technical modifications are made to Method [I] so that it
defines a map R,, on Y and not just an e-neighborhood of G(A) for sufficiently
small € > 0.
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2.2.1 Main result

The main theorem of PAPER A is the following.

THEOREM 2.2 (THEOREM 1.1 IN [KR22B]) Suppose A is the set of v in
C?(0) such that 2@y < M, v = M=t and v(z) = 1 for dist(x,00) < m
for some M,m > 0. Then there exists eg > 0, dependent only on M and m
such that the family Ro defined by (30) in [KR22b] (Rae)Y = Va,e as defined
by Methodfor 0<e<eoand M(g) = a(e)™t) is an admissible regularization
strategy with the following choice of reqularization parameter:

() = (—1/11log(e))~1/P for 0 < e < g,
ae) = i(—l/lllog(ao))’l/p for e > &g,

with p > 3/2.

This theoretical result is derived from a number of steps, which we give an
overview of here:

1. The unperturbed boundary integral equation B¢ (1¢) = "¢ is uniquely
solvable for |(] large enough depending on 7y, i.e. for |{| > D-,.

2. In this regime, we conclude that B ~1 is bounded: an upper bound on its
operator norm grows exponentially in |].

3. A Neumann series argument concludes that also B¢ has a bounded inverse
for € small enough.

4. If |¢| = — 7 log(e), eventually |¢| > D, for & small enough. In this case,
the distance between the solutions 1/)2|@o are bounded by a term of order

ek for some k > 0.

5. The triangle inequality implies
65100 (2:€(2)) = Qo (2)] < [t5(c) (2, C(2)) = (2, C(2)) [ +[t(2, ((2)) — o (2)],

where the first term is shown to be of order ¢* for some k > 0 using the
previous step and the second term is bounded by |[¢|~! by (2.6)).

6. Then also [|t5,) — dol[z2(r2) goes to zero, when & — 0, if |¢] = M? for
p>3/2.

7. Continuity of the inverse Fourier transform on L?(R?) and stability of the
elliptic boundary value problem (2.7)) implies that v, — Yo in L>(O).
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Figure 2.2: Figure 1 in [KR22b]. The piecewise constant heart-lungs phantom
in a three-dimensional view (left image), and in the planar cross
section 23 = 0 (right image). The conductive ball has conductvity
2, while the resistive ellipsoids have conductivity 0.5

2.2.2 Numerical results

The numerical implementation of Method [1] is largely due to [DHKI2l [DKT4]
and can be found on GITHUB [DKRH22]. We reconstruct the conductivity from
noisy simulated data arising from two different piecewise constant phantoms.
One is the heart-lungs phantom considered in [KR22D], see Figure[2.2] the other
is a hemorrhagic stroke phantom considered in [KR22a], see Figure The
method performs well on data from piecewise constant phantoms, despite the
missing theoretical foundation.

In Figure [2.4] we see regularized reconstructions for noisy simulated data from
the heart-lungs phantom corresponding to approximately 0.1% relative noise
(e = 1073), 0.01% relative noise (¢ = 10~%), 0.001% relative noise (¢ = 107°)
and 0.0001% relative noise (¢ = 107%) each for a handpicked choice of M. We
clearly see the convergence of the regularized reconstructions to the ground truth
as the noise level decreases and the truncation radius increases.

In Figure 2.5 on the other hand, we see regularized reconstructions for noisy
simulated data from the hemorrhagic stroke phantom corresponding to 0.1%
relative noise. The only parameter that changes between the plots is the trun-
cation radius, which we vary from 7 to 9.25 in steps of 0.25. Also here we see
the regularizing effect of the choice of truncation radius.



22 Regularization of inverse problems

Figure 2.3: The piecewise constant hemorraghic stroke phantom in a three-
dimensional view (left image), and in the planar cross section 2% =
0 (right image). The conductive ball has conductvity 3, while the
resistive ellipsoidal shell has conductivity 0.2

M =97¢=1073 v, M =116,6 =10"*

: . 05
-1 05 0 0.5 1 -1 05 0 0.5 1

v, M =12.6,e =107° v, M =14, =107°

0.5

e 05 0 05 1 R 05 0 05 1

Figure 2.4: Figure 3 in [KR22b]. Cross sections (23 = 0) of reconstructions
using the regularized reconstruction algorithm on noisy Dirichlet-
to-Neumann maps. || = %@M:”/Q
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M=7 M = 8.25
M =725 M =385
M=175 M = 8.75
M =775 M=9
M=38 M = 9.25

Figure 2.5: Regularized reconstructions of noisy data for the hemorrhagic
stroke phantom corresponding to 0.1% relative noise. The trun-
cation radius M varies from 7 to 9.25 in steps of 0.25 and |((2)] is
chosen minimally.
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2.2.3 Discussion and outlook

Regularization by truncating high-frequency information is common and related
to the truncated singular value decomposition in which one truncates the sum
(2.2) and sets & = 0. The idea of truncating the scattering transform appears in
[KLMS09| in the context of the related two-dimensional D-bar method. Here,
boundedness of B¢ follows in much the same way as in [KLMS09]. However,
there are fundamental differences to the two-dimensional reconstruction method:
there the admissible set V, C C? for z € R?, reduces to a set of two points:
{—=1/2(z+izt), —1/2(2—iz1)}, where 21 € R? satisfies 22z = 0 and |2| = |2|.
So one does not have the degrees of freedom to approximate ¢(z) for small |z|
by taking |((z)| large. Instead, t enters in the D-bar equation, where also the
small frequency information is utilized, see [KLMS09]. This is viable in two
dimensions, since the boundary integral equation have shown to be solvable for
all ¢ € C%\ {0} with ¢-¢ = 0, [Nac96]. In dimensions higher than two, this
has only been shown for || large enough, or when ~ is small and close to a
constant [CKS06]. So a goal of PAPER A is really to ensure |[¢| can be taken
large enough.

Important new steps involves investigating the reconstruction method for real
data. This is related to [IMNS04] for the two-dimensional D-bar method and
[HIK™*21, [HMIT22] for the three-dimensional so-called t®*P approximation. An
interesting new direction includes extending the truncation of the scattering
transform using prior information, see [AMI16| for an approach for the two-
dimensional D-bar method. In the case of the case of stroke detection, the in-
troduction of a highly resistive skull hampers the ability of the method [KR22a].
We expect this method could benefit from adding a resistive skull as prior in-
formation.



CHAPTER 3

A Bayesian story in finite
dimensions

In this chapter, we motivate many of the key findings in the Bayesian approach
to inverse problems in infinite-dimensional spaces by considering the finite di-
mensional case. That is, we let X = R¥ and ) = R™. We consider observing Y
that is a perturbation of G(vo) by random noise, i.e.

Y =G(y) + £, (3.1)

where v = 79 € I' € R¥, & ~ N(0,I) and I : R™ — R™ is the identity
covariance. We still call € > 0 the noise level, but to study its effect when it
decreases in a countable way, we let e = ¢, := o //n for n € N and some o > 0.

The Bayesian approach to inverse problem as advocated for in [KKSV00] cen-
ters around a posterior distribution in R*. This is a conditional probability
distribution that involves the likelihood function and a prior distribution in the
famous Bayes’ rule

posterior « likelihood x prior.

Whereas the likelihood function is specified through the measurement process,
that is, through our knowledge of the forward map and the noise, the prior
distribution models our information on ~y prior to performing measurements.
In this chapter and the next, we will see that the prior often plays the role of
regularization in the Bayesian framework.



26 A Bayesian story in finite dimensions

In the following sections we will underpin the usefulness of the posterior dis-
tribution in different settings. We shall see how, much akin to Definition [2.]
of an admissible regularization strategy, the posterior distribution gives rise to
a method (the mean of the posterior) that is both continuous and consistent.
We do this under the frequentist assumption that there is a true parameter
o € T that gives rise to observed data. We refer to [GvdV17, Chapter 6] for a
discussion on the justification of such studies for dogmatic Bayesians.

3.1 The posterior distribution

The posterior distribution is often regarded as the solution to an inverse problem
in the Bayesian approach. To obtain this probability distribution, we consider
the likelihood function arising from with g replaced by some v € T', where
I' is a Borel subset of R¥ endowed with its Borel o-algebra B(I'). Indeed, then
Y ~ N(G(v),e%I) is a Gaussian random vector in R™ with density

1
70 = Cleep (-5 196) ~ ol ) (32)
where C'(e,) = 1/4/2me2 is a constant we will not keep track of, and || - || is

used to denote the Euclidean norm of both R¥ and R™. We refer to v ~ p).(y)
as the likelihood function and denote the corresponding measure P,;. Given a
prior distribution IT in I" with density m we can construct the joint probability
density of v and Y by
(v, y) = pr(y)7(7),

which indeed is a probability density if (v,y) — pY(y) is jointly measurable,
see [Pol02, Theorem 20, Chapter 4]. This is the case, since G is continuous, see
J[ABO6, Lemma 4.5.1]. The marginal density of Y is

pu(y) = /FW(% y) dv, (3.3)

which satisfies p,(y) < C(g,) by (3.2). Then, Bayes’ rule gives the posterior
density as a conditional density of v given Y = y, by dividing the marginal
density into the joint density:

_ Py

Pn(y) (3.4

my ()

The corresponding conditional distribution, the posterior, then takes the form

II(Bly) = /Bﬂ'y(’)/) dv, VB e B(). (3.5)
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When we write Y = y we mean that we have observed a realization Y (w) = y
for some w € €, and we denote by II(B]Y) the map w — II(B|Y(w)), which
we also call a posterior. The denominator in ensures that m,(7) is indeed
a probability density that integrates to 1. Practitioners are often not careful
when dividing by this quantity, in fact, it is often not needed: For all v € R¥
and y € R™, note that 0 < p}(y) < C(ey), and so 0 < p,(y) < C(ey). Since
2+ 1/z is continuous for z > 0, in fact y — p,(y)~! is measurable and hence
(7,y) = my(7y) is jointly measurable. It follows that y — II(Bly) is measurable.

In the more general case, where p) (y) takes a different form, we can still ensure
a well-defined posterior by the following argument, which we record for future
use. Note that the marginal probability of {y : p,(y) = 0} =: C is zero, i.e.,

/Cpn(y) dy = 0.

This also means that 7, () is a well-defined conditional density for almost all
y, see [Pol02, Theorem 12, Chapter 5]. We can avoid definitional problems by
setting 7, () = 0, when y is such that p,(y) = 0. This is a general trick by
‘arbitrary extension’ that makes (vy,y) — m,(y) well-defined everywhere and
jointly measurable, see Section Then also y — II(B|y) is measurable for
all B € B(R¥), see again [Pol02, Theorem 20, Chapter 4]. [GvdV17, Section 1.3]
states that there exists a regular version II(-|Y) of the distribution (B.5), ie.,

1. w s T(B|Y (w)) is measurable for all B € B(T),
2. B II(B|Y (w)) is a probability measure for all w € Q, and
3. Pr((B|Y) = II(B|Y)) = 1 for all B € B(I).

Then one often talk of the posterior II(-|Y") and denote it by II(-]Y)). We go to
this level of detail, since we want to make precise statements about the posterior:
by the second point in the above list, every realization of data gives rise to a
probability measure in I'.  Where this measure gives mass is essential to the
success of algorithms targeting it. On the other hand, the data we observe is
random and our statements on II(-|Y) should take this into account. In fact,
w = I(B|Y (w)) is a [0, 1]-valued random variable by the first point of the list.
The statement of posterior consistency is exactly such a statement.

3.2 Posterior consistency

Posterior consistency is a statement about the mass the posterior distribution
assigns neighborhoods of the ground true parameter 7, as the data improves.
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Natural neighborhoods of 7, are the sets
Up:={y€el:|lyv—l <Cdn} (3.6)

for some decreasing sequence J,, > 0 going to zero and some constant C' >
0. Indeed, posterior consistency is a statement about the convergence of the
posterior mass on these sets when n — oo, i.e. as the noise level goes to zero.
This is called posterior consistency in the small noise limit. Alternatively, one
can consider posterior consistency in a large data limit. We will return to this
in Section In any case, if the posterior is consistent at rate d,,, the mass
of the posterior is increasingly concentrated in U,. Since II(U,|Y) is a random
variable, the sense of convergence must be specified. The sense which seems
the most relevant in terms of results, see [GvdV17, Chapter 6] is convergence in
probability, which we recall now.

For a decreasing sequence t, > 0 going to zero and a sequence of measurable
functions f,, : R™ — R we say that the sequence of random variables { f,,(Y)}22;
converges to v € R in PJ°-probability with rate t,, as n — oo if

Pr(|fo(Y) —v| > t,) — 0, (3.7)
as n — 0o, or to be precise,
P (y € R™ 1 | fuly) —v| > tn) — 0,

as n — oo. If is only satisfied for any arbitrary constant ¢ > 0 instead
of a specific sequence t,, we say that {f,(Y)}52; converges to v € R in P)°-
probability. Then we use the following definition of posterior consistency, see
also [GvdV17, Chapter 6-9] for a general review of posterior consistency and
contraction.

DEFINITION 3.1 (POSTERIOR CONSISTENCY) We say that the posterior
distribution contracts around or is consistent in 7y at rate &, if

I(U,|Y) =1 in P)°-probability, (3.8)

If (3.8) is only satisfied for all arbitrary constants ¢ > 0 instead of a specific
sequence 0,, in (3.6)), we simply say that the posterior distribution is consistent
in 7o.

In the case of a well-posed inverse problem, when G~! is continuous in G(v) €
R™, then for all § > 0, there exists 75, > 0 such that

1G(v) = G(vo)ll <75, implies [y =70l <4, ie.
{vel:I6(v) =Gl £ 75~ C{YET Iy =%l <6}, and, (3.9)
(v : 1G(7) = Gr)ll < 76.q01Y) <T(y 2 |y = 0l < 9]Y).
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Then it is sufficient for (3.8)) to show that
(v : |G(y) = G(y)|| £r]Y) = 1 in P]°-probability, (3.10)

for all » > 0. This is a central idea in the nonlinear posterior consistency theory,
considered in function spaces in for example [Vol13, MNP21], since it reduces
the analysis from sets of the form (3.6]) to sets of the form

Vi={y:11G(v) =Gl <7} (3.11)

As we shall see, the strength of this approach is that it generalizes posterior
consistency with explicit rates for many conditionally well-posed problems, i.e.
when conditional stability estimates of the form are available. When G
is linear, the posterior is Gaussian, and this makes other approaches available,
see [Stul0, Theorem 2.3-2.5]. In the finite-dimensional case, we mention also
that posterior contraction often can be concluded by asymptotic Gaussianity of
the posterior as is provided by the Bernstein-von-Mises theorem, see [GvdV17,
Remark after Example 8.4] and [vdV98, Theorem 10.1].

We take a different approach and show :3.10 for any r > 0 with simple tech-
niques. One way is to realize that Pr(||¢]] > R,) — 0 as n — oo for any
arbitrarily slowly growing sequence R, — oo, see for example the standard

inequality [GN16, Theorem 3.1.9]. Then

sup II(Vey) -0 asn— o0 (3.12)
yilly=G(vo) | <enRn

implies for any ¢ > 0 that

Pr(|IL(V|Y) — 1| > t) = Pr(II(VE|Y) > t),
< Pr(I(VEY) > t,|Y — G(v0)|| < enRn)
+PrIL(Ve|Y) > t,[|[Y — G(v0)|| > enRn),

< 1{ sup II(Vely) >t}
y:lly=G(v0)|<en Rn

+ Pr(l¢ll > Ry) — 0,

as n — oo, and hence (3.10) is satisfied. The property (3.12) can be handled
by upper bounding the numerator and lower bounding the denominator of the
ratio (3.5)), as we do in the following.

PROPOSITION 3.2 If§ is continuous and fvr\lv—vol\ﬂ 7w(y)dy > 0 foralll > 0,

then (3.12)) is satisfied and hence (3.10)) is satisfied. In particular, if G~1 satisfies
(13.9), then the posterior distribution is consistent in vg.
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PROOF. As preparation note y € R™ that satisfy ||y — G(v)|| < enR, can be
written as y = G() + ene for some e € R™ with ||e]| < R,,. Inserting this into
the likelihood (3.2)) yields

1) = Cenexp (- 5£196) - ol?).

— Clenemp (-5 160) = G0n)I? + (60 = G).e) = gl )

n

— Clewe)exp (=52 1600) ~ G + 2-(06) = Glaa).e} )

n

Note by the Cauchy-Schwartz inequality

G(v) — G(0),€)] < 1G(7) — G(70)|| R

The rest of the proof is based on upper bounding the numerator and lower
bounding the denominator of the posterior ratio integrated on the set V¢. To
upper bound the numerator, note for y = G(o) + e,e and v € V¢ that

A0 < Cenne) sup exp (= 51106) ~ Gl + - 166) ~ Grw)lRn ).

YEVE

where since V¢ = {vy : |G(7) — G(v0)|| > r} and = — —1/(2e2)2? + 1/, Ry
is decreasing for x € (¢, R,,00) it is convenient to set R, such that r > &, R,.
Indeed, then ||G(v) — G(70)|| = r upper bounds the supremum, and

v 2 r
pn(y) < C(é‘n,e) exp _E + an )
Then we have
7”2 r
/ pl(y)m(vy)dy < C(en, e) exp (282 + 5Rn> ) (3.13)

since 7 is a probability density integrating to 1. For the lower bound of the
denominator, note first that

/ w(y)dy >0
711G (M) =G (v0)[I<1

for all I > 0 by assumption and continuity of G. Then we take a sufficiently
slowly decreasing sequence [,, > 0 such that

2

1
/ m(y) dy > exp (—Q) . (3.14)
G =G (v0) |1 <ln dep
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This implies

/ PLy)m(y) dy > P (y)m(y) dv,
r YNNGV =G (vo) I<ln

172 1 5, Iy
> C(En, 6) exp —1? exp _@ln — ;Rn . (315)

Collecting the upper bound (3.13)) and the lower bound (3.15)), we conclude

7‘2—21,2L+r—|—ln

sup I(Ve|y) < exp (— 122 .

Rn) — 0, (3.16)
y:lly—=G(0)|<en Rn

as n — 00, since exp(—r?/(4¢2)) is the dominant factor, when n — oo, if we for
example set R, o< 1/,/2,. O

The prior condition of Proposition[3.2)is a way of saying that 7o is in the support
of the prior distribution, see Appendix[E.I] This is also a necessary condition: if
() = 0 in some neighborhood of g, then the posterior distribution gives mass
0 to this neighborhood, which renders impossible. Note that the argument
in the proof above is similar to that of [Voll3] Theorem 3.3]. Here, the proof
is made so that it is straightforward to extend to an explicit contraction rate.
In this case one would replace r with a decreasing sequence r,, > 0 satisfying
r2 /€2 — 0. In this case, a stronger condition on the prior is needed: instead of

(3.14]), it should satisfy

2
() dy > exp (—C’Z;) , (3.17)

n

/Y3|g("/)_g(70)|§7'n

for some constant C' > 0. This causes exp(—Cr2/e2) to be the dominant rate
of the denominator for some new constant C' > 0, and not something that
decays faster. This is often called a ‘small ball’ condition, and showing this
often involves requiring Holder continuity of G. Going to an infinite-dimensional
Hilbert space ), one can use similar arguments to those above by finding sets
Sy such that Pr(§ € S,) — 1 as n — oo. In this case & ~ N(0,I) needs an
interpretation. This approach is used in [Vol13, Theorem 3.3] for ‘smooth’ noise
&, and where the contraction rate is dependent on the level of smoothness.

EXAMPLE 3.1 (SPHERICAL ANOMALY) Let~g = (19, 20) = (100,1000) and
m be the prior density arising as the probability density of the random variable

= (1,1) + exp(6), 9@\7(@ : F) ZD —. 1,

Clearly, there exists 6 € R? such that ®(0) := (1,1) + exp(bp) = 0. Now
denote B(fy,7) == {0 € R? : ||0 — 00| < j}. Since the probability density me
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Figure 3.1: Plot of samples from II(-|y) arising for the spherical anomaly in-
verse problem for four realizations y corresponding to e = 5-107%,
e=10"8 e =5-10"Y and € = 107°. These realizations corre-
sponds to approximately 6.93%, 0.87%, 0.72% and 0.06% relative
noise. The red dot marks -y, whereas the yellow dot marks the
sample mean.

corresponding to Ily satisfies mg(6g) > 0, we have that fB(@g i mg(0)do > 0 for
all j > 0. By continuity of ®, we have for alll >0

{0:112(0) — (0o)l| <1} D B(bo, jr0),
for some 516, > 0, and hence
Pr(y € B(vo,1)) = Pr(0 € @ *[B(v0,1)]) > Pr(0 € B(0o,j16,)) > 0,

which is to say that the prior condition of Proposition[3.2is satisfied. Then the
corresponding posterior distribution is consistent in yg. In Figure this
property is demonstrated numerically using the PYTHON package CUQIPY, see
[RAUT23]. Samples from the posterior are computed using an out-of-the-box
Metropolis-Hastings sampler implemented in CUQIPY as MH. Note more and
more of the samples are contained in a neighborhood of vo. Not surprisingly
radius and depth are correlated variables.

In Example 3.1 we used the exponential function to construct a prior whose mass
is contained in [1,00) X [1,00). Such transformations of priors can be useful in
guiding the mass to where the user want it to be. Note that the continuity
of this transform is essential in satisfying the prior condition, which is key to
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controlling the posterior denominator. For an explicit contraction rate, Holder
continuity is sufficient to satisfy . This is an important point in PAPER
B in Section In Figure we also note that the sample mean seems to
converge to 7y as n — oo.

3.3 Computations and convergence of the mean

Results like Proposition [3:2] indicate the usefulness of the posterior distribution
in inferring o in an abstract way. One way to construct concrete methods from
the posterior distribution is to consider point estimators, see [KS05]. We will
focus on estimators of 79. Here, an estimator of vy is any Borel measurable
map 4 : Y — I'. One such popular estimator of vy is the mazimum a posteriori
(MAP) estimator defined by

AP (Yy) := arg max my (7).
vel
As remarked after Definition definitional problems can arise when G is not
linear as in this case the maximization problem does not have a unique solution
in general. However, note (y,y) — m,(7) is continuous in its first argument for
all y € Y when 7(y) is continuous, and measurable in its second argument for
all v € I'. Then, if I is a compact metric space, there exists a Borel measurable
function yyap : Y — X such that

my(map (y)) = maxm, (v),
~el
see [GNT6, Exercise 7.2.3]. For a Gaussian prior 7(7y) o exp(—1/(202)||v[|?), we
have

ymap(y) = argmax p) (y)m(7),
~el’

_ 1 2 1 2
— argmax exp = 525100) < 91 - 51511,

. g2
— argmin (ngm P mn?) , (3.18)
~yel g

which is exactly the Tikhonov regularizer of with regularization parame-
ter « = £2/0%. This relation has been noted in many works including [KS05].
We also note that the choice of prior decides the penalization term in ,
and hence we can see the MAP estimator is a systematic approach to gener-
alized Tikhonov regularization. But this is just one popular estimator, which
incidentally faces the issue of non-convex optimization. Consistency can still



34 A Bayesian story in finite dimensions

be guaranteed theoretically under certain assumptions of G, see [NvdGW20].
Note there are several contributions in consistency of Tikhonov regularizers for
random noise both for linear [KLS14] and nonlinear [BHMO04| forward maps, see
also the references therein.

Another popular estimator is the posterior or conditional mean

Elv]y] :/Fwy(v)dvz/rvﬂ(dﬂy),

which is well-defined and measurable in y, when ~ is integrable, see Section
[E:2:2] The posterior mean is integration based and generally computable via
Markov chain Monte Carlo (MCMC) methods. For independent samples ~; of
the posterior distribution, the averages

| X
’VNZN;%‘

converges almost surely to E[y|y] as N — oo by the strong law of large numbers
[RCO4]. If v is also square integrable, the root mean square error of 7y decays
to zero as N~1/2. As slow as this rate seems, it does not depend on the dimen-
sion k and hence even for high-dimensional problems the mean is computable.
The trick is then to form a Markov chain whose invariant distribution is the
posterior distribution. We refer to the well-known Metropolis-Hastings meth-
ods [MRR53, [Has70], among which preconditioned Crank-Nicolson [CRSW13]
is a well-performing example, as well as to more general MCMC methods in
[RC04, RR04]. Common for these methods is the fact that evaluating m,(7y)
and/or its gradient up to a constant in + is sufficient, and hence the denomina-
tor in is of little importance. Of course these methods are not limited to
the posterior mean; any integration based statistic of the form [, f(v) IL(dv|y)
can be approximated in this way.

A second benefit of the posterior mean is that it inherits the convergence proper-
ties of the posterior distribution under mild conditions on the prior distribution,
see [GvdV1T, Theorem 6.8 or [Nic23| Theorem 2.3.2].

PROPOSITION 3.3 If the assumptions of Proposition[3.4 are satisfied and fur-
ther if

/F Iy = ollm(y) dy < oo, (3.19)

then | E[v|Y] — ol = 0 in PJo-probability as n — oo.

PrROOF. We wish to show that for all ¢ > 0

Pr(|E[[Y] =0l > t) =0, (3.20)
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as n — oo. By Jensen’s inequality for all y € ) we have that

IEY]l =l < Ellly = 0lly] =/F||7—70H7ry(7)dv-

Decomposing this integral into U = {~ : |7 — vol| < 0} and U® for § = ¢/2, we
find

IEbl] — 0l < /U Iy = ollmy () dy + /U I = ollmy () .
<t/2+ /U Iy = ollmy () . (3.21)

By (3.9), the property that Jve v = vllmy(v) dy — 0 in P°-probability as
n — oo for any r > 0 implies that the last integral of converges to zero in
PJo-probability as n — oo, which is enough to conclude . Following the
logic after , it is sufficient to show that

sup / v = 0llmy(v) dy — 0,
y:lly=G(vo)ll[<enRpn JVe

as n — oo. Copying the argument in the proof of Proposition we find that
(3.16)) is changed to

sup / Iy — vollmy () dy
y:ly=G (o)l <enRn c

< C(n) exp(—r2/(42)) / Iy —ollr(n) dv.  (3.22)

for some large enough constant C'(n). This goes to zero as n — oo by (3.19). O

Note that (3.19) is generally not a strong condition. It is trivially satisfied for
any prior densities that are supported on a bounded subset of I', but also for
example for Gaussian densities.

EXAMPLE 3.2 (SPHERICAL ANOMALY) For the prior given in Example
note that

/ Il Ti(dy) = / 12(0)] T1y(dB),
I R2

<CHC [ (™ +e)my(6) b,
R2

2
<C+CY E[e),

i=1
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using a change of variables and denoting ey = (1,0) and ea = (0,1). Since 0 is
a Gaussian vector, e;0 is a Gaussian random variable and hence the term above
is a sum of the moment generating functions of Gaussian random variables,
which is finite. It follows from Proposition that |E[¥]Y] — vl — 0 in
PYo-probability as n — oo. This behavior can be seen numerically in Figure

3.4 Well-posedness

For a successful algorithm we should not only be concerned with consistency,
but also continuity as in the definition of an admissible regularization strategy,
Definition Results of this kind have been considered in [DS17, [Stul(] under
the term well-posedness. This is of course a reference to Hadamard: the posterior
exists, is unique (up to null sets of the marginal distribution of Y'), and turns
out to be continuous in a suitable sense. This continuity quantifies the effect of
changes in y on the posterior distribution. To measure the effect most commonly
the Hellinger distance is used. This is defined as

Ayt (my,my) = (;/F[\/ﬁ\/ﬁﬂm.

One can also define this distance between measures, in which case the Lebesgue
densities are replaced by densities with respect to a common reference measure,
see [DS17]. Then well-posedness of the posterior is a result like the following.

PROPOSITION 3.4 Assume [, ||G(7)||?n(y)dy < oo. Then there exists a con-
stant C' = C(R) > 0 such that for all y,y' € Y with ||y, |ly]| < R

dH(Wy»Wy/) <Clly— y/”

PRrROOF. This is due to [DS17, Theorem 16], which is straightforward to apply.
Indeed, let ¢ = ¢, and note (v,y) — £(v,y) = 1/(2%)||G(y) — y||? is contin-
uous, since v — G(7v) is continuous. Furthermore, using the Cauchy-Schwarz
inequality
€0y, y) = €,y =1/(2e*) (26 (v) =y = /',y = ),
<G+ Ry — v/l

Then the assumption of the proposition implies

/F 14 216 + R)Pr(y) dy < o0,



3.4 Well-posedness 37

which shows that the conditions of Theorem 16 in [DS17] are satisfied. O

Other metrics have been considered as well, see for example [Lat20]. Convenient
for the Hellinger distance is the following result. Lemma 21 in [DS17] states that

1/2
1Ebl] — Bl <2 ( [l + [ IIWIQH(dWIy’)> At (my 7).

When ||y|| < R we can upper bound [, [|[v[|* TI(dv|y) if [i [|[7]|* TI(dvy) < co. This
is a consequence of a lower bound of p,(y) in Proposition which we have
already seen in some variant of in the proof of Proposition [3.2] As mentioned
earlier, this condition is satisfied for many reasonable priors including Gaussian
priors. If also the assumption of Proposition is satisfied, then the posterior
mean is locally Lipschitz with respect to y.

EXAMPLE 3.3 (SPHERICAL ANOMALY) For v = (r,2) satisfying r,z > m

it is clear from (L.8)) that
IGII* < 9(0)% + g(100)* < C(m)r® < C(m)|l|°

Since 7(y) =0 for all v = (r, z) satisfying r,z < 1, we have

/F IG()|r(7) dy < C / Inle(y) dv,

which is finite using the same argument as in Example [3.2 Then Proposition
applies to the effect that y — E[y|y] is locally Lipschitz continuous.

Forward maps that arise in inverse problems for PDEs naturally satisfy a con-
dition like ||G(7)|| < C(1 + ||v||) typically for a subset of I' in which the prior
should concentrate. Well-posedness is considered in infinite-dimensional Hilbert
spaces in [DS17), [Stul0] and here enters an additional benefit: well-posedness
guarentees robustness of the posterior distribution to finite-dimensional approx-
imations of the likelihood function.

To make a connection with the usual definition of admissible regularization
strategies, Definition we consider the map y — FE,[v|y] = E[y]y] indexed
by «a = g, appearing in the likelihood function. For y that are not realizations
of (3.1), we may still use this map. Of admissible regularization strategies we
required three things: continuity, approximation of G~! and consistency.

As we noted in the previous setting y — FE[v|y] is often continuous. Moreover,
under the conditions of Proposition [3.2] and [3.9] and for a fixed -y, in the support
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of the prior which gives rise to Y, E[v|Y] is a consistent estimator. We can
see this as a modification of to allow random perturbations. Finally, the
condition that y — E[y|y] approximates G~! in the sense of follows in
much the same way as the consistency condition, in fact, it is easier. Under
the conditions of Proposition [3.2] and equation and continuity of G~!
implies for all § > 0

(v = [l =0l > 61G(70)) = 0,

as o — 0. Equation (3.22) implies [1. |7 —Y0l|7g(1o)(7) dy — 0, as a — 0, and
hence by (3.21))
1Ea[71G(70)] = 7oll = 0,

as o — 0.

We conclude that with sufficient alteration of Definition 2.1l and under favorable
conditions of the inverse problem and prior, the Bayesian approach provides an
admissible regularization strategy in the form of the posterior mean. Further-
more, recent theoretical results state that the posterior mean is computable in
polynomial time using gradient-based MCMC [NW22|. We have also seen that
the Bayesian approach provides a MAP estimator, which can be seen as a gen-
eralized Tikhonov regularizer. These results strengthen the foundation of the
Bayesian approach. Adding the versatility of different point estimates in rela-
tion to uncertainty quantification, the attractiveness of the Bayesian approach
becomes clear.



CHAPTER 4

The Bayesian approach to inverse
problems in function spaces

This chapter details some of the key elements in the Bayesian approach to
inverse problems in infinite-dimensional function spaces, as is motivated in
[Stull, DS17, Nic23]. This is the case where X or Y are infinite-dimensional
function spaces. The message is to discretize at the latest possible time for at
least three reasons: avoid a prior that is dependent on discretization, see also
[LSS09], gain mathematical insight and gain computational advantages of al-
gorithms that are well-defined in infinite dimensions. An example of valuable
mathematical insight is understanding the contribution of algorithmic param-
eters to the convergence of a method. It is also a first step in understanding
the computational influence of the dimension in discretizations, see [NW22].
Following [Stul0] several MCMC methods have been proposed in the infinite-
dimensional setting and show promise in high-dimensional discretizations, see for
example [CRSW13| [CLM16|. In this sense, the infinite-dimensional framework is
also a step towards high-dimensional computational estimation and uncertainty
quantification.

The analysis and development of methods in the infinite-dimensional Bayesian
approach to inverse problems is still in its early stages, but it is a natural and
necessary progression that has seen its parallel in, for example, regularization
theory for inverse problems. One of the key points in this chapter is that the
choice of prior is a choice of regularization. As we shall see, it is great tool for
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giving weight at the subset of I', where ill-posed inverse problem are well-posed.
The hope is that this allows reliable recovery if vy is in fact in this subset. In
addition, a prior distribution if often chosen for its computational performance.
We shall return to this point in PAPER B in Section

The results and logic of the previous section generalize for the most part to
Banach spaces X and ), see [Stul0l [DS17, Nic23|. However, the analysis is
more technically demanding for a number of reasons. For example, there is no
Lebesgue measure. Instead, densities (Radon-Nikodym derivatives, see also Ap-
pendix with respect to a reference measure appear. These can be harder to
intuit with. Furthermore, properties of the prior distributions are harder to ver-
ify. Mostly Gaussian priors have been considered as these are well-understood,
but also ‘uniform’ priors [Vol13| and ‘Besov-type’ priors have been considered,
see [AW21, [ADH21], [DS17].

In this chapter, we consider a setting in which G~ is not continuous on all of ),
but instead satisfy an estimate of the form . As promised, the framework
we present permits consistency in this setting in a natural way with Gaussian
priors; this is largely due to [Vol13| MNP21]|. We then continue by discussing the
application and extension of this framework to the setting of inclusion detection
for the QPAT problem initially discussed in Section [[.1.3] and the recovery of a
Robin coefficient initially discussed in Section [I.1.2

4.1 Models and posterior consistency

Two convenient observation models for which the aforementioned framework is
well-developed are the white noise model in a small noise limit and the random
design regression model in a large data limit. The former is the most direct
generalization of the setting considered in Chapter [3] Indeed, it provides an
interpretation for £ ~ N(0, I) in a separable Hilbert space and consider also the
posterior as €, — 0. However, the latter is perhaps easier to understand, since
it contains elements of the finite-dimensional case. This is where we begin.

Model 1: Random design regression

Let I' C X be a closed subset of a separable Banach space X'. It inherits its
metric from X and is hence endowed with a Borel o-algebra B(I'). We let
Y = L?(V) for some bounded subset V of R™, m € N, endowed with a Borel
o-algebra B(V). The random design regression model considers observations of
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the form

where &; Y (0,1) independently of X; that are uniformly distributed on V.
That is, X; "~ p, where p(B) = vol(B)/vol(V) and vol(B) = [ dx for all
B € B(V). This means we observe G(v) in random locations at V and with
added Gaussian noise. Unlike the observation setting of Chapter [3] the noise
level € > 0 is fixed. However, the number of observations n is not. The random
vectors (Y;, X;) are identically and independently distributed, and we denote
their distribution P, with corresponding density

y
P0) = U 1) = COp (55 100) @)~ o) yeRwEV,
v 2e
with respect to dv = dA x du, where A is the Lebesgue measure in R, see [Nic23)].
Then the joint distribution of D, = D := (Y;, X;)"; is the product measure
P7x...x PYon D" := (R x V)". We denote this product measure P, and
note it has a density p; with respect to v,

1 n
pa(d) == Cexp <—252 > 16 (@) - yi2> y o d= (Vi Ti)ies-
=1

We denote the data generating measure P, in this way, since we wish to study
the posterior when Y;, ¢ = 1,..., N, are generated by v = v9 and n — oo.
Now assume that G : I' — C(V) is continuous. Then (v,z) — G(v)(z) is
jointly B(I') ® B(V) — B(R) measurable by [AB06, Lemma 4.5.1]. Then, also

(v,d) — p(d) is jointly B(T') ® B(D™) — B(R) measurable.
Given a prior distribution IT on I', we form then the product measure in I' x D™
uxs) = [ P = [ [ v, @2
B

By Tonelli’s theorem is to say that @ has a density with respect to the
product measure v x II. We can think of @ as the joint distribution of (v, D).
Consider the coordinate projection T : (v,d) — d. The push-forward measure
TQ is then the marginal distribution, the distribution of D = T(v, D), and
Theorem 12 in [Pol02, Chapter 5] states that it has a density with respect to v
as

dTQ
pald) = L2 (@) = [ @ 11(an).
v r
This matches the finite-dimensional case (3.3)) of the ‘marginal’. The theorem
also states that the joint density divided by the marginal,

_pa(d)
ma(y) = pn(d)’
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defines a probability measure II(:|d) on T" by

HW@?AMMWM%AGWU

that is the conditional probability distribution of y given D = d. As in Chapter|[3]
we will also use the notation II(-|D) for w + II(-|D(w)). The essential condition
of this version of Bayes’ rule is that (v,d) — pY(d) is jointly measurable. Note
that 0 < |y — G(v)(x)|? < oo for all (y,) € R x V and v € I’ by assumption,
and hence the normalization constant satisfies

0< [ d TR In-se 1) < ol
T

for all (y;,x;)?, € D". It follows that A — II(A|d) is a measure for each
d € (R x V)" and that w — II(A|D(w)) is measurable for every A € B(T'), as
in the finite-dimensional case. In particular, w — II(A|D(w)) is a [0, 1]-valued
random variable.

Convenience motivates this observation model. Indeed, a main feature is the
following equivalence result in [Nic23 Proposition 1.3.1]: suppose

sup [|[G(V)[lcwy U
yer

for some constant U > 0 and subset IV C T'. Then for all 71,7, € TV

CllG(v1) = GM2)llz2 vy < du (@™, ™) < ClIG(71) — G(v2)llL2(v), (4.3)

where C' = C(U,¢) and C = C(e). This relates p” to analytical aspects of G,
even though only point evaluations of G(v) appear in . This fact replaces
the need for ideas in approximation theory and conditions on the empirical
distribution of x; in a model where X; = x; are deterministic and fixed. One
could also consider a different distribution than uniform, which has a density 7x
with respect to the Lebesgue measure. Then would hold for a 7 x-weighted
L?(V)-norm instead, which could be more or less convenient than . We refer
to [Nic23| for further discussion on this model.

Model 2: White noise

Let Y be a separable Hilbert space with norm || - || and inner product (-, -).
Again we let I' C X denote a closed subset of a separable Banach space X. We
consider a white noise model with observations of the form

Y =G(y) +enk, (4.4)
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where g, > 0 is the usual n-dependent noise level and ¢ is a Gaussian random
element of distribution N (0, ). This notion requires an interpretation, which
we give in the following. We refer also to [Nic20, Section 7.4] for more details.
Let {e;}32, be an orthonormal basis of J and define

£:=Y &ee, & KVN(D,1).
(=1

Define also the weighted Hilbert space )_,

= {f = feer: | FI2 =) N7 < oo} ,
=1 =1

for Ay > 0 and {A\,}32, € ¢*(N). Note ¢ is a Y_-valued Gaussian random ele-
ment, in the usual sense of [GGvdV00], since it is the Karhunen-Loeve expansion
corresponding to a covariance operator K : ) — )_ defined by Ke, = )\%64, see
Proposition below. Note also that & converges in )_ almost surely. Indeed,
the deterministic series Y, | feeg convergesin Y_ if and only if Y ,° | A7 f7 < oo,
and since Tonelli’s theorem provides us with

E ZA%&?] ZAZ €7 =D A} < o0, (4.5)
/=1 = k=1

we conclude Pr(}";7 A2¢2 < 00) = 1. Also Y is a Y_-valued Gaussian random
element, since it is a translation of £,£ by an element in ). We denote the
distributions of €, and Y in Y_ by P, and P, respectively. The likelihood
function arises as the density of P, with respect to P,. This is a consequence
of the Cameron-Martin theorem in the Hilbert space ). The theorem gives the
likelihood function as

P = G0 = exp (5 (1000 - 5z 1)1

n

here evaluated in Y, see [GNI16|[Proposition 6.1.5] and also [Nic20 Section 7.4].
For y € Y, (Y,y) is the Gaussian random variable defined by

(Yyy) :==(G(7),v) +eW(y),

where W is Gaussian process on Y satisfying E[W (y)] = 0 and E[W (y)W ()] =
(y,y"). This is process is also known as ‘white noise’ from where this observation
model derives its name, see [GN16][Example 2.1.11]. Since (y, G (7)) is not well-
defined for all y € Y_ it is convenient instead to consider (v,w) — pY (Y (w))
as a function on ' x Q. Indeed, as argued in [Nic20, Section 7.4], it is jointly
Borel measurable, when G : I' — ) is continuous. Naturally, we then form the
product measure @@ on I' x Q defined by

Q(A x B) //pn ) Pr(des) TI(d).
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In this setting, Bayes’ rule, see [Pol02, Theorem 12] gives a posterior distribution

of 7 given Y (w)

 Jama(Y () T(d)
Joon (Y (w)) T (dy)’

Similar to the trick in Section we can set pY (Y (w)) = 0, when the denomi-

nator is zero, so that II(:|Y (w)) is well-defined everywhere. Since I" is a closed

subset of a separable Banach space, in particular a Polish space, there exists a

regular version of the posterior distribution, which we denote the same way, see
[Gvd V17, Section 1.3].

(B]Y () B e B().

4.1.1 Prior modelling

The posterior gives no mass to sets that are given no mass by the prior. For
this reason we can at least give an upper bound of the support of the posterior.
Making use of conditional stability estimates of the form it then becomes
instrumental to control the regularity properties of samples from the prior. To
construct prior distributions on I with such control, we consider Gaussian pri-
ors and push-forwards here of. One of the simplest constructions of Gaussian
elements of function spaces is to consider random expansions, such as Karhunen-
Loeve expansions. These are considered in the separable Hilbert space setting
in [DS17, Section 2.4], which also considers uniform- and Besov-type priors.

For now we will consider priors on X = L?(U) of real-valued function defined on
U. We will take either a bounded Lipschitz domain &/ C R* or a k-dimensional
torus U = T* := R¥/Z* and take an orthonormal basis {¢¢}sczx. Then one
typically maps the prior through a smooth regularity-preserving map ® : X — T,
see for example [NvdGW20]. Consider the joint distribution of the infinite
sequence of independent random variables {A¢&s},czx for a positive sequence
e € 2(ZF) and &, S N(0,1). This distribution exists on (¢2(Z*), B(¢2(Z*)))
as the product measure X czx N (0, A\?), as shown in [DP06, Section 1.5] for the
indexing set N. The isomorphism from ¢2(Z¥) to L?(U) defined by,

F:{Aebeezs = Y Aede
Lezk
provides a random element u of L?(U) by
¥ = F({\ebeteezs) = Y Mot (4.6)
LeTk

and the corresponding push-forward distribution is a Borel measure, since F :
¢%(Z*) — L*(U) is measurable. The following result states that this is indeed a
Gaussian random element of L?(U).
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PROPOSITION 4.1 Let K : L?>(U) — L?(U) be the positive, symmetric and
trace-class operator such that K¢, = A%gf)g, Then v in is a Gaussian
random element of L*(U) with distribution N(0, K). Moreover, 5 converges in
L2(U) almost surely.

PROOF. The first assertion follows as in [DPZ14, Proposition 2.18|, and the
second assertion follows as in (4.5)). d

Note this result holds for any separable Hilbert space as is considered in [DPZ14],
Proposition 2.18]. We have the following example of a Gaussian random element
for a popular choice of K.

EXAMPLE 4.1 One could for example consider on T* an orthonormal basis
{de}eezr of trigonometric functions and K the covariance operator defined by
Koy = X2¢y for e = (1+|€>)7%/2 with § > k/2. By an integral test and change
of variables,

A< C/ (1+ |z|>) 0 dx = C/ 1+ )7 dr < oo,
RF 0

LeZk

and hence Ny € (?(ZF). We can think of K : L?>(T*) — L%(T*) as the spectrally
defined operator (1 — A)~°. This covariance operator is often called a Matérn
covariance, see for example [RHL1J|. It has the benefit that it provides samples
that are Sobolev reqular. Indeed, by the characterization of Sobolev spaces defined
on T* in [Tay11] and Tonelli’s theorem

ElAleam) = ELY U+ 102236 = Y (1+10°)P° < o0
LeZk LeTF

for B < —k/2. Hence, 7 converges in H?(T*) a.s., i.e. Pr(7 € HP(T*)) = 1.

To avoid confusion of regularity 8 with the Robin coefficient we use « as regu-
larity index in the summary of PAPER C. We end this part with some remarks.

1. Associated with any Gaussian distribution is a Hilbert space called the re-
producing kernel Hilbert space (RKHS). It is determined by the covariance
operator and is essential in many properties of Gaussian distributions. In
the separable Hilbert space setting that L?(U/) provides, the RKHS associ-
ated with a N (0, K') random element is nothing but K'/2(L?(i4)), i.e. the
elements of the form »_, ., Aeyege for 7, € (%(ZF), see [Hai09, Exercise
3.34]. In the case of Example [4.1|above, the RKHS is H°(T*). We will not
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pursue this topic further here, but refer instead to [Gvd V17, (GN16, [Hai09]
for a relevant treatment in Gaussian measure theory.

. A particularly useful result in Gaussian measure theory is the following. If

X' C X is a continuously embedded Banach space and X is endowed with
a Gaussian measure II such that TI(X’) = 1, then the restriction of II to
X’ is again a Gaussian measure, see [Hai09, Exercise 3.39]. For example,
the continuous Sobolev embedding HA(U) C C(U) for B > k/2 renders
distribution of 4 in Example a Gaussian measure in C(U). Since this
embedding is also injective, the associated RKHS remains the same, see
[GvdV17, Lemma I.16-1.17].

. The following argument in the proof of [Nic23, Theorem 2.2.2] makes the

regularity of ¥ more quantitative in the general case: Fernique’s theorem
[GN16, 2.1.20] states that E[||¥| gs )] < U for some U > 0, and gives

Pr(|3ll e @y > M) = Pr(|3ll e @y — EllTmo @] > M = Ell|3] s @)

< Pr(|7 = E[l3llaeanll > M/2),
e=OM* (4.7)

IN

for M > 2E[||Y||gs @] Here C is a constant only dependent on the
distribution of 4.

. A different and perhaps more general viewpoint than that of random series

is the viewpoint of Gaussian processes. Here, the task is to pick a covari-
ance kernel that brings the right properties to the process. For Gaussian
processes with a continuous covariance kernel, there is also an associ-
ated Hilbert space called the (process-)RKHS. See for example [Gvd V17,
Lemma 11.14] for a correspondence between the two notions. One can con-
struct an orthonormal basis of this Hilbert space by solving an eigenvalue
problem involving the covariance kernel, and then decompose the process
in this basis, see [AT07, Chapter 3]. One arrives at something of the form
of the right-hand side of . There are several ways to characterize the
almost sure regularity properties of the Gaussian process directly. Here
we refer to [AT07, Chapter 1] and [DS17, Section 2.5].

4.1.2 Posterior consistency

Definition [3.1] of posterior consistency remains the same, only with Y replaced
by D in the case of the random design regression model. Now, however, the
posterior is defined on I', a closed subset of a separable Banach space.
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In this infinite-dimensional setting, posterior consistency for inverse problems
was initially considered in the linear forward map case. Here we mention
[ALS13| [FS12] KvdVvZ11l [KLS16, [Ray13], where all but the last benefits from
Gaussianity of the posterior arising from a Gaussian prior. For nonlinear for-
ward maps we mention [GN20, Kek22| MNP21] in the random design regression
model and [ANT9, Nic20, [AW21], [ASK22] in the white noise model, see also
[Vol13] for posterior consistency for nonlinear inverse problems in a fixed design
regression model.

Early contributions in posterior consistency outside the context of inverse prob-
lems concern identifying the data-generating distribution P} from noisy samples.
This is comparable to an inverse problem setting for the identity forward map,
and is in fact the first step in nonlinear inverse problems. For a general treat-
ment of posterior consistency and also examples of inconsistency, see [GvdV17,
Chapter 6-9]. In the following, we are concerned with consistency at an explicit
rate, i.e. posterior contraction, but discuss not the optimality of the rate. This
is the subject of, for example, [AN19].

In Section we saw how, for V,, =V as in (3.11)),
I(V,Y) =1 in P)°-probability, (4.8)

as n — 0o, implies posterior consistency by virtue of the continuity of G~!. In
contrast, in this section we consider conditional stability estimates. To this end
define the semimetric dg(v1,72) := ||G(71) — G(12)|| on ' and take V), of the
form

Vi i={y €T :dg(v,7) < Corn} N{y €T |7]la < M}, (4.9)

for some constant Cy > 0, some linear subspace A C X endowed with a norm
stronger than the norm in X', and a sequence

rp=n"% with 0<a<1/2

The case a = 1/2 is, in a certain sense, optimal and more than we can hope for,
see [GvdV17, Chapter 8]. The sets in (4.9) have this form for two reasons:

1. Tt is the contribution of [GGvdV00] to give general conditions for a poste-
rior contraction in distance dg. Then [MNP21] succeeded in applying this
to conditionally stable nonlinear inverse problems for Gaussian priors in
the manner we repeat here. Among these conditions, which we shall make
concrete below, is the condition that the prior gives most of its mass to
a totally bounded set with respect to dg. Convenient candidates for such
sets are of the form {y € T' : ||y]|a < M} for Sobolev or Hélder spaces
A, see [GN16] Section 4.3.7]. When the prior distribution puts most of its
mass on such sets, so does the posterior. It is therefore natural to intersect
with these sets in (4.9).
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2. This combines well with the second reason, which is that the conditional
stability estimate of the form (1.1]) implies

Vo C{y €T [y —wllx < f(Corn)} =: Un. (4.10)

This implies posterior consistency in vy at rate f(Cory,), if (4.8]) holds.

The conditions for a result like (4.8) can be formulated as follows, where we
recall the notion of covering numbers N in Appendix [E.I}

CONDITION A Let G:T' = Y be a forward map producing noisy observations
as in Model 1 or Model 2, and denote 11, the prior distribution. Suppose the
following:

A.1 The prior gives enough mass to contracting neighborhoods Bg(Yo,Tn) of

Yo
H(Bg(’)/o,’l"n)) Z 6—01717“317 Cl > Oa

where for Model i we let

{vidg(v,70) < a0y I llew) UL, i=1,

Bg(v0,70) = .
{'7 : dQ(’Ya'VO) < Tn}v =2,

for some U > 0. In the case of Model 1, we suppose [|G(vo0)llcw) < U in
addition.

A.2 There exist sets A, that are almost the support of Il in the sense that
T\ A,) < e @, Cy> Oy +4,

A.3 and that there exists a constant mg > 0 such that
log N(A,,dg, mor,) < CsnrZ,  Cz > 0.

In the case of Model 1, we suppose sup,ca, [|G(7)| o) < U in addition.
The conditions should hold for all n large enough.

Note Condition [A] enter in [Nic23, Theorem 1.3.2] in the setting of Model 1. A
slight modification of this appear for Model 2 in for example [Nic20, [Abr20].
There, additional motivation can be found for the conditions. The extra condi-
tions in the case of Model 2 originates from , since it allows exchanging dg
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The aforementioned modification pertains to the third condition, the metric
entropy condition. This condition implies the existence of certain measurable
functions that takes data (either in D™ or ) depending on the model) and
outputs either 0 or 1. These functions, also known as statistical tests, can
distinguish to a high degree between data arising from v = ~g, in which case
the test outputs 0, and v that are in A,, and sufficiently dg-distant from ~p, in
which case it maps to 1. These tests play a critical role in upper bounding the
numerator of the posterior ratio, which, as we saw in the proof of Proposition
is a key step. While Condition implies the existence of such tests, it is
not always necessary. There are some examples of that in [GGvdV00]. However,
it is sufficient for the cases we consider here.

The difficulty in finding sets A, that satisfy Condition is only that they
should satisfy at the same time, which is clearly an opposing condition;
the better cover A,, provides of the support of the prior, the larger its covering
number is.

The small ball condition we have already seen in . Similar to its
role in the proof of Proposition [3.2] it provides a lower bound of the posterior
denominator. The proof of this relies on tools in Gaussian measure theory,
although we mention it has been generalized to Laplace-type priors in [AW21],
ADH2I] corresponding to when &, are distributed according to a Laplace-type

distribution in (4.6]).
Under these conditions an analog of Proposition [3.2]is as follows:

THEOREM 4.2 Let I1(:|Z) be a sequence of posterior distributions, where we
write Z =D and Z =Y for Model 1 and Model 2, respectively. Let vy € ', G
and the prior distributions II = I1,, satisfy Condition[4] for some rate r,,. Then,
there exists Co = Co(Cs, Cs, mg, ) such that

IO{v: 1G(v) = G()|| < Corn} NALZ) =1 in PJ°-probability,

with rate e=b"n for all0 < b < Cy —Cy —4 asn — oo. In particular, if

An C{y: |vlla < M}, and (4.10) holds, then II(-|Z) is consistent in yo at rate
f(COTn)'

PROOF. The case of Model 1 is considered in Theorem 1.3.2 in [Nic23|. For
Model 2, the covering argument that leads to tests of favorable properties is
standard and included in [AKRT23|, Appendix B], see also [GvdV17, Appendix
D]. Then Theorem 28 in [Nic20] and the modification in [Nic23| Theorem 1.3.2]
of intersection with A,, give the claim. The final claim follows from and
Definition [3.1] Here, we mean that Cj depends on ¢ only in the case that we
consider Model 1. O
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4.1.3 Rescaling the prior

One apparent choice for A, is A, = {v : ||7]la < M} as we have already
mentioned. In this case either TI(A,) = 1 or the prior cannot be fixed with
respect to n to satisfy Condition In fact, in the Gaussian case it must
depend on n for this choice of A,. Let for example I' = L?(U) and A = H® (U
for some 8 > 0 and II be some prior such that TI(H?U)) = 1. Example
provides an example of such a prior. Then by for 4 ~ TI,

Pr(||7]la > M) < =M,

which is clearly not enough for Condition Instead, we define a prior that
does depend on the observation setting through n. Indeed, take II as the distri-
bution of

a—1/2z

y=n""1?5, §~1IL

Then

I\ An) = Pr(|[n®" 23] 4 > M),
= Pr(|[flla > Mn'/27),
_ 670M2n172“ _ efc(M)m“i’

which is sufficient for Condition There is nothing strange in this rescal-
ing. In fact, we have seen this type of condition in the discussion after Ex-
ample For X = R¥ and the probability density of II of the form (%) x
exp (—§7yTC_1ﬁ) for a covariance matrix C' : R¥ — R¥, we can write the re-
sulting posterior probability density function under the rescaling as

. 1 . I
Ty (7) o< exp (262”9(7) ~ Y|~ op2a—1 7C 17) ’

e

cewp (106) - V1P - 25307

hence for MAP estimation a(e,) = €2 /n?*~! & n=2% is the regularization pa-

rameter. Clearly a(e,) — 0 as n — oo and €2 /o = n?*~!, which converges to
zero as n — oo. In this sense the rescaling enforces the prior to go slower to
Zero as n — oo.

4.1.4 Remarks on the infinite-dimensional setting

We conclude this part of the chapter with remarks on the infinite-dimensional
setting before entering in a summary and discussion of PAPER B and C. These
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remarks concern the generalization of the concepts in posterior computation and
well-posedness considered in Chapter [3}

1. To recap, we have already seen one natural choice of II, A, A, and G that
gives rise to posterior consistency. This is the choice of a rescaled Gaussian
prior as IT with support in A = H? () for some t > 0, A,, = {7 : ||7]|4 <
M} and a Holder continuous and conditionally stable G defined on A. In
PAPER B we shall see a different choice arising for push-forward priors.

2. Upon concluding posterior consistency, a common corollary is convergence
in probability of the posterior mean, see [Nic23, Theorem 2.3.2]. Here, the
posterior mean is defined in the sense of a Bochner integral

Ep|Z) = / 2 TI(d|2)

given that v — ~ is Bochner integrable. Also in this setting a sum of
samples ; of the posterior distribution yy = % Zfil ~; converges in the
mean square sense to E[y|Z] if v — v is also square-integrable in the
Bochner sense, see [KS23]. We refer to Appendix for a definition
and a measurability argument of w — E[v|Z(w)].

3. The MCMC method pCN is well-defined for a posterior distribution in a
separable Hilbert space, see [DS17, Section 5]. However, it is vulnerable to
correlated samples and yields slow exploration of the posterior, when the
discretization is high-dimensional [CLM16]. Remedies, see [CLM16], take
as starting point the Langevin-type algorithms that are also considered in
INW22] and for which posterior mean estimation is guaranteed in a time
polynomially depending on the discretization size.

4. Well-posedness of the posterior as in Section is considered in [DSI7].
However, in the case of the white noise model, note [DS17, Theorem 16]
only provides well-posedness of the posterior with respect to y € V.

We will now consider the application of Theorem [£.2]in the inclusion detection
and inverse Robin problem settings.

4.2 PAPER B: Consistent Bayesian reconstruction
of inclusions

In PAPER B, we consider a Bayesian approach to the inverse problem of inclu-
sion detection for conditionally well-posed inverse problems with observations
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in the white noise model, i.e. Model 2. We give a Bayesian reconstruction
algorithm (the posterior mean), which is provably consistent. The approach
takes advantage of the fact that indicator functions of regular sets form a subset
of I' = L3(O) that has lower ‘complexity’ than arbitrary bounded subsets of
L3 (O). Here, we mean complexity in the sense of covering numbers as in Condi-
tion Using Gaussian or Laplace-type priors this parameter set is typically
a closed Sobolev or Holder norm ball, see [Nic23|, Theorem 2.2.2|, [MNP21] or
[AW21], but such priors do not give sufficient mass to discontinuous parameters
to conclude consistency.

We address this by parametrizing the set of discontinuous parameters from sets
of functions that are sufficiently smooth. More precisely, we aim to recover a
parameter vy in sets of the form ®(0©) for some linear space © and a continuous
map ® : © — L3(D) that we call the parametrization, see Figure If this
map is Holder continuous, then we can transfer the metric entropy condition,
Condition from subsets of L3 (D) to subsets of © and see a convergence
rate that reflects this reduction. To obtain posterior consistency with an explicit
rate, we aim to construct a setting that satisfies Condition [A] since Theorem
provides consistency when estimates like (1.1)) exist.

4.2.1 Main results

Initially, we consider the general case © = HP(U), where U is either the k-
dimensional torus or a bounded Lipschitz domain &/ C R*, k > 1 and 8 >
k/2. We include here the torus in our considerations, since it is a numerically
convenient setting. The following three conditions, which are given in PAPER
B, characterizes a setting in which posterior consistency is guaranteed.

CONDITION 1 For any 0; satisfying ||0;| g6y < M for some M >0,i=1,2,
let
1©(61) = ®(02) 22(0) < CallOr = 0§ )

for some constant Ce(M) >0 and 0 < ¢ < 0.

CONDITION 2 For any ; of the form ~; = ®(0;) with [|0;||gs@y < M for
some M >0,1=1,2, let

1G(71) = G()ll < Cglln = 2ll72 (0
for some constants Cg(M) >0 and 0 < n < co. In addition, let

71 =2llz20) < FUIG(1) = G(2) D), (4.11)

for some modulus of continuity f : R — R, which is continuous at zero with

£(0) = 0.
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Figure 4.1: Figure 1 in [AKRT23|. The setup of the parametrization ® : © —
L3(0) and forward map G : L3 (O) — Y

CONDITION 3 Let IIj be a centred Gaussian probability measure on HPU),
B > dim(U)/2, with I,(H?(U)) = 1. Let the RKHS (H,| - ls) of I}, be con-
tinuously embedded into HO(U) for some § > 3. Then let Ty be the distribution
of .

0=n""20" @ ~1TI, (4.12)

for a as in Condition[4] and let 11 = ®11,.

Here, plays the role of the conditional stability estimate of , and we
already note that , i.e. the QPAT problem, satisfies this condition for any
® mapping into L3 (O). Note we have considered a prior like ITj in Example
and argued why the rescaling is natural in Section In this setting,
we have the following general result, which makes use of key ideas found in the
proof of Theorem 2.2.2. of [Nic23] to prove that Condition |A|is satisfied. See
Section [£.2.3] for a discussion on how the theorem below differs.

THEOREM 4.3 (THEOREM 3.1 IN [AKRT23||) Suppose that the Condi-
tion[1], [4 and [3 are satisfied for B > k/2, and vy € ®(H). Let II(:|Y) be the
corresponding sequence of posterior distributions arising for the model .
Then there exists Cy > 0 such that

(v = vollz20) < f(Corn)|Y) = 1 in P°-probability,

where r, = n~% with

_nGo
ootk (4.13)

The corresponding posterior mean E[y|Y] in L?(D) satisfies for some constant
C > 0 large enough

IEYIY] =0llz2(0) = 0 in P]°-probability

with rate f(Cry) as n — oo.

In PAPER B we apply this to two parametrizations used in inclusion detection.
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Case 1: The star-shaped set parametrization

First we consider star-shaped inclusions in the plane. More precisely, we consider
© = HA(T), i.e. U =T and k = 1, where T is the one-dimensional torus and
B > 3/2. We then define the parametrization

(I)star(e) = KlnA(a) + Ka. (414)

with A= < k1, k2 < A/2 and where A(f) is the star-shaped set characterized
by

0A(0) = x4+ {exp(8(9)v(¥), 0 <V <27}, wv(d) := (cos¥,sind).

for some fixed point x € O, which we assume to be given. We can think of
A(f) as a deformed disk centered in z. Since ® should map into L3 (0), we
implicitly always consider ® = ®g;,, as the restriction to O of the right-hand

side in (4.14).

For certain inverse problems, which allows the unique identification of elements
in the range of ®g,, with stability as in Condition [2] we then have the following
result.

THEOREM 4.4 (THEOREM 4.1 IN [AKRT23]) Suppose that Condition[
is satisfied for B > 3/2 and ® = Pgpar. Let yo = Pstar(bo) for g € H. Let
II(-|Y") be the corresponding sequence of posterior distributions arising for the
model and prior Il = O, Iy satisfying Condition @ Then there exists a
constant C' > 0 such that

IEVY] —0llz2(0) = 0 in P.°-probability
with rate f(Cn~%) as n — oo, where

a= no .
2nd + 2

(4.15)

The proof is a straight-forward application of Theorem [4.3] once one has shown

D ar satisfies Conditionfor ¢ =1/2. Note by that corresponds to
the rate of detecting o in H directly using the identity map I : H?(U) — HP(O)
for U = O. The difference is of course that we detect something that is piecewise
constant with the star-shaped set parametrization.

Case 2: The level set parametrization

Next, we consider inclusions arising from level sets of continuous functions 6 :
U — R defined on U = O, i.e. k = dim(O). One possibility is the following
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parametrization:
q)level,e(a) = /431H5(9) + Ko,

where H, : R — R is a continuous approximation of the usual Heaviside function

0 if z < —e¢,
H(z)= £z+1 if —e<z<e
1 ife <z,

for some € > 0. With somewhat loose notation we mean by H.(6) the function
that satisfies H.(0)(z) = H(6(z)). For e = 0, H. coincides with the usual
Heaviside function and in this case we denote ®jeve1,0 = Pievel. To maintain nice
properties of ®jeye; We restrict it to functions in the subset

HP(0):= H(O)NT,

where 3 > 2+ k/2 and T := {§ € C*(O) : Iz € O,0(z) = 0,|(VO)(z)| = 0}°.
Note that H?(QO) embeds continuously into C2(O) by a Sobolev embedding,
see for example [Gri85, Theorem 1.4.4.1]. T is the set of functions that do not
attain critical values on their zero level set. This restriction will be essential in
studying the approximation of @ieyere t0 Plever-

However, the level set parametrization ®jeye; does not satisfy Condition |1} see
Example 3 in PAPER B. The intuition is that if 6 flattens out near the set
{z : (z) = 0}, then the level set can change rapidly. This is why we make use
of a continuous modification H. of H. Then the approximation properties of
Dievel,c 10 Plevel allows a consistent reconstruction of vg = Plever(fo) in a small
noise limit, if € is chosen to dependent on n in the right way.

THEOREM 4.5 (THEOREM 4.6 IN [AKRT23]) Suppose that Condition[
is satisfied for 0; € HS(O) for f(z) = Cz¥, v > 0, and for ® = Plevel,n-1 for a
well-chosen | > 0, and where C and Cg are independent of n. Let o = Pleve1(6o)
for 6y € HN Hg(@) Let TI(-|Y") be the corresponding sequence of posterior
distributions arising for the model and prior Il = ®eye) ,-1lp as above.
Then,

|EH|Y] - ’YOHLQ(O) — 0 in P)°-probability

—av

with rate n as n — oo for

a——mS
C 2kvn+2n0 + k'

See [AKRT23|, Section 5] for a result that permits the use of the QPAT problem
in these results. This is also the problem we consider as a test case of the
Bayesian approach for inclusion detection. In PAPER B, we have generalized
Theorem and Theorem to include the case of multiple inclusions, which

is the numerical case we consider.
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Figure 4.2: Figure 2 in [AKRT23| Simulated absorption 7y (left image) and
diffusion p (right image) distributions.

4.2.2 Numerical results

In PAPER B, we test the Bayesian approach for the two priors arising from
Dgtar and Pievel,c generalized to two inclusions. The following is implemented
in MATLAB and available at GITHUB |Ras23|. As an approximation to the
continuous observation model , for the numerical experiments we consider
observing

Yk = <g(’}/),ek>L2(@) + Efk, k= 1, .. .,Nd (416)

for Ny = 351. This observation model approximates (4.4) as Ny — oo in a
suitable sense, see [AN19]. As the ground truth we consider two inclusions
depicted in Figure [£.2) of the form

Yo = K1 + Kolla, + K3l a,,

where (K1, k2, k3) = (0.1,0.4,0.2). The corresponding observation, the projec-
tion of H = G(v) onto {ex }5%,, next to a noise realization can be seen in Figure
[£33] To approximate a prior satisfying Condition [3] for ® = ®g,,, we consider
IT as the distribution of

v = Pstar (01, 02) == k1 + Kol gz, ,0,) + K31 A(2,,0,)5
for 1 = (0.37,—0.43), x5 = (—0.44,0.36), and

7l ii.d.
0; =0+ Z Ge,iWePe, 9e,1,9¢,2 "R N(0,1),
lej<12

for i = 1,2. Here {¢¢}eez is the usual real orthonormal basis of trigonometric
functions on L*(T), § = —2 and w, = q(72 + |¢|>)7%/? with § = 5/2, 7 =
4. We handpick ¢ > 0 for each noise level instead of the rescaling .
This is comparable to handpicking the regularization parameter in regularization
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Figure 4.3: Figure 2 in [AKRT23| Projection of absorbed optical energy den-
sity H corresponding to (u,7o) (left image) and of the white noise
expansion (right image) projected onto the span of {ek}szdl and
scaled to 4% relative noise compared to H in L*(O)-norm.

strategies, see (3.18). In the case of the level set parametrization, we choose II
as the distribution of

Y= @6(9) = Z ni[He(G — Ci—l) — He(e — Cz)]

i=1

restricted to O, with (co, c1, ca,¢3) = (=00, —1, 1, 00) and

iid.
0= > gwige, g "~ N(,1).
[£1]<4,|62]<4

Here {¢¢}¢cz2 is the usual real orthonormal basis of trigonometric functions on
L2([-1.1,1.1)%) and w, = q(72 + |¢|?>) 7%/ with § = 1.2 and 7 = 10. We choose
q > 0 and € > 0 for each noise level. Note also that we set H.(f — co) = 0 and
H (0 +o00) =1.

We use MCMC methods to approximate the posterior mean for the two choices
of prior distributions and refer to [AKRT23| for more details. In Figure we
see the posterior mean estimates arising for the star-shaped set parametrization
and data realizations of different noise levels. Note the posterior mean converges
to the ground truth as the noise level goes to zero. Since the posterior means are
based on averages of piecewise constant functions, the lack of smooth features
in the mean indicates a small posterior variance. This is what we see in Figure
[£-4] We interpret this as a consequence of the fast contraction rate provided by
conditional stability estimate of the QPAT problem, see [AKRT23| Lemma 5.2|,
and the star-shaped set parametrization. In Figure .5 we see the posterior
mean arising for the smoothened level set parametrization and different noise
levels. Also here, we see some convergence towards the ground truth. Note,
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Figure 4.4: Figure 5 in [AKRT?23|. Posterior mean estimates of the absorption
parameter using the star-shaped set parametrization in different
noise regimes. The dotted red line indicates the location of 7.

in this case, the smoothness of the mean is also provided by the smoothened
level set parametrization. In PAPER B, we note that the convergence is not
exact, and it does not match the theoretical rate either. This is also too much
to expect from the projected observation , since it does not match the
idealized white noise model (4.4).

4.2.3 Discussion and outlook

Theorem [4.4) and [£.5 give theoretical foundation to two Bayesian inclusion de-
tection methods used in literature, see the references in [AKRT23]. Moreover,
the results quantifies the convergence in form of a convergence rate that depends
on the dimension k of U, the Holder exponent of G o @ and the (conditional)
modulus of continuity f of G~1.

Theorem 2.2.2 in [Nic23| differs from Theorem in that it considers a single
(conditional) Lipschitz map G. In our case, G o ® is Holder continuous. Further-
more, we can drop an assumption on the uniform boundedness of G o ®, which
plays a role in [Nic23] in the equivalence for the random design regression



4.2 Paper B: Consistent Bayesian reconstruction of inclusions 59

16% relative noise 8% relative noise

-

1 0 1
4% relative noise 2% relative noise

-

-1 -1
-1 0 1 -1 0 1

Figure 4.5: Figure 6 in [AKRT23|. Posterior mean estimates of the absorption
parameter using the level set parametrization in different noise
regimes. The dotted red line indicates the location of ~y.

model. Finally, compared to Theorem 2.2.3 of we consider conditional
continuity only of G~1 and not of (Go®)~!. The novelty of PAPER B is to show
that this extension has relevance in the form of ®jeyel,c and Pgya,.

There are several new directions that this research could continue in. Theorem
[4.4 and 4.5 and their generalizations to multiple inclusions hold for any forward
map satisfying Condition [2| Examples of compatible inverse problems include
the Calderon problem in two dimensions, where [CERI(| provides a stability
estimate that is permitted for the star-shaped set parametrization, see also
[AKRT23, Section 7|. In three dimensions and higher, conditional stability for
inclusion detection in the context of the Calderén problem has been considered
and shown to be logarithmic at best [ADCO05]. The generalization to three
dimensions and more complex phantoms is left for future work.

In PAPER B, we report that the level set parametrization yields sampling diag-
nostics that are under performing compared to the star shaped set parametriza-
tion. An important direction in the numerical optimization of this approach is
to consider gradient based sampling methods. It is also possible that the star-
shaped set method could benefit from a layer potential approach to solving the
governing PDE for precise computations. This is left for future work.
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4.3 PAPER C: A Bayesian approach to inverse
Robin problems

In PAPER C, we consider the Bayesian approach for two nonlinear inverse Robin
problems in the random design regression model, i.e. Model 1. We are already
familiar with one of them; this is the problem of inverting (1.4)). The other is
a similar problem arising in a Stokes PDE system. Solving the latter problem
plays an important role in initializing large-scale ice sheet models used for sea
level predictions, see [AGI0]. Further, addressing this problem in a Bayesian
framework that allows uncertainty quantification should be of great interest, as
it would ultimately lead to sea level predictions with ‘error bars’.

In this paper, we aim to show convergence of the posterior mean as the number
of observations increase. We will achieve this through posterior consistency in
a way that will justify and motivate the choice of prior. Our approach will
be to make use of Theorem [£.2] We will restrict ourselves to the prototypical
example of the scalar Laplace equation and the forward map (|1.4)), since
it is the simpler case. Although it is not straightforward to generalize this to
other inverse Robin problems, as we will discuss in Section we will use
these results to motivate the Bayesian approach for inverse Robin problems in
general. Indeed, it is not uncommon that results and approaches for the inverse
Robin problem for the scalar Laplace equation has been used to motivate an
approach for the inverse Robin problem for the Stokes model, see [AG10]. In
PAPER C, we show that the posterior distribution is well-defined for the Stokes
model and thereby show that the Bayesian methodology is at least admissible.

We begin with some assumptions that specifies the setting. These are mostly
needed to obtain conditional stability estimates of the form , as is needed for
the effective application of Theorem Let O C R? and consider in addition
the following assumptions.

AssUMPTION 1 (DoMAIN) We assume M, = (0,1) x {0} and define the
set M ¢ == (e,1—€) x {0} for some 0 < € < 1. Furthermore, we assume 0O is
a simple closed curve decomposed into four subarcs oriented as M., M, M,
MZ, and where Mo = M§ U M3.

We assume M, = (0,1) x {0}, since we want to avoid defining Gaussian pro-
cesses on manifolds. Occasionally, we identify M, with (0,1) C R. The fol-
lowing positivity condition of A might be avoided as in [ADPRO3|] and is only
needed for the second part of Theorem [£.7] below.
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ASSUMPTION 2 We assume that h is not identical to a constant and that
he Hy:={he H/>(M):h>0, Bl 12 any < My} for some My > 0.

Conditional stability

Under these assumptions the story of PAPER C is that different a priori insights
lead to different convergence properties if we use the right prior distribution.
We consider two different a priori insights: first, we consider a S(7) that has
Sobolev regularity. This the case if v € I' = H*(M,). Second, we consider
B = B() that are real analytic on M.,. We make this concrete by defining the
following subsets of I' defined for some M > 0:

A1 (M) = {y € H' (M) : |[9llz ) < M,

A2 (M) = {y € C*(My) : [IWllo,) < M, sup (0"B) ()] < M(KH)M"}.

Note that 3 is real analytic on M., if and only if 3 € C*°(M,) with

sup |(9"8)(x)| < Mp(k!)M§
rEM,

for some Mg > 0, see [KP02, Chapter 1]. We can think of As(M) as functions
that are ‘uniformly’ analytic with the added condition [y 77, < M to en-
sure v — S(v) is (locally) Lipschitz continuous in both directions. Under the
condition that v € A;(M), j = 1,2, we have the following stability estimates.

LEMMA 4.6 (CONDITIONAL STABILITY, LEMMA 2.4 IN [KRS23])
Let O satisfy Assumption[]] and h satisfy Assumption[d

(i) Ifv; € A1(M), i = 1,2, then there exists constants K1 > 0 and 0 < o1 <1
such that

M1 =2l (m,..) < Killog([[G(7v1) — G(v2)llL2amy)| 7"
where K1 and o1 depend only on O, h, mg, M and e.

(i1) Ifv; € Ao(M), i = 1,2, then there exists constants Ko > 0 and 0 < o5 < 1
such that

7 =2l < KallG(n1) = GO)lITE s

where Ko and oo depend O, My, M and e.
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The first estimate is of the form for A = H'(M,) and is due to [ADPRO3].
We can also think of the second estimate is being of the form for A =
‘real analytic functions on M.,’. This estimate is a modified version of an esti-
mate in [HY15l Theorem 3.1].

Prior distributions

Our next goal is to design prior distributions in I" that target these two stability
regimes. To this end, we consider the [—m, 7)-torus T and a real orthonormal
basis {¢¢}rez of L?(T) consisting of ¢y(z) = 1/y/mcos(fx) for £ > 0, ¢y(x) =
1/y/msin(fx) for £ < 0 and ¢y = 1/v/27. Then the random series

~ _ i.3.d.

1= 9(1+)""¢, g "~ N(0,1), (4.17)
tez

~ _ 02 i.1.d.

2 ZZQze 2y, ge ~ N(0,1), (4.18)
ez

define Gaussian priors in L?(T) for the right choice of § > 0. We have already
seen this form of 41 before in Example[d.I]and know it as a Gaussian prior for the
Matérn covariance. Then J1[a, € HY(M,) almost surely for all & < ¢ —1/2.
Similarly, 42|, is almost surely an element of the space

AaMy) ={f =gIm, : 9 € Aa(T)},

with
Aa(T) = {f € LX)« | fI20 = Y 1fePe < oo},

LET

for a < 0, where we denote f; := (f, ¢¢)2(1). In PAPER C, we establish a rela-
tionship between norm balls in A5(M.,) and the set Az (M). This relationship,
as part of the lore in Fourier analysis, is well-known as a Paley-Wiener theorem.
This allows the use of Lemma (#i) in consistency proofs.

We then let II; and II; be the rescaled Gaussian distributions defined by
I, =L (nil/(‘w”)%) ;
I, = L (log(n) " '42) ,

which in the first case is simply the rescaling considered in Section for
a=46/(20+1).
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4.3.1 Main results

In PAPER C, we prove the following theorem as the main result.

THEOREM 4.7 (THEOREM 3.1 IN [KRS23]) Consider the posterior dis-
tribution IL;( - |D,,) arising from observations (4.1)) in the model (1.4]) and prior
distributions 11, j = 1,2, which are dependent on § > 0.

(i) If o € HY(M.,), § > 3/2, then
I E1[Y|Dn] = 0llLoe(Mm,,..) — 0 in PJ -probability

with rate |log(Cn=9%/23+1))|=7 for some 0 < o < 1 and constant C' > 0
as n — oo.

(i) If vo € As(M,), & > 0, then
| E2[v|Dn] =0l 2, ..) = 0 in P} -probability

with rate n="/%log(n)? for some 0 < o < 1 asn — oo.

Note the logarithmic convergence rate of (i) above matches the logarithmic
stability of Lemma (1), whereas the algebraic rate of (ii) corresponds to
the Holder estimate of Lemma (7i). Both parts of Theorem are based
on Theorem and therefore on satisfying Condition [A] The first result is
an application of a more general result in [MNP21] and [Nic23, Theorem 2.3.2].
They give conditions for the forward map and choice of prior similar to Condition
[2]and [Blof PAPER B so that Condition [A]is satisfied. The second result requires
new results, which we provide, see [KRS23, Lemma C.4|. These are based on
[Nic23, Theorem 2.2.2], but for the rate n~'/2 up to a log-factor.

4.3.2 Numerical results

To test the Bayesian approach, we have the following preliminary numerical
results. Note these are not included in the current version of PAPER C. We
consider O = (0,1) x (0,0.2) with My = {0} x (0,0.2) U {1} x (0,0.2) and
M = (0,1) x {0.2}. Here, we consider a prescribed Neumann condition h =
10(sin(127z) + 1). Given v € L>(M,), we approximate u|r¢ using FENICS
[ILL16]. We consider two triangular finite element meshes: a fine mesh consisting
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x

Figure 4.6: Ground truth B(q9) together with the posterior mean and 103
posterior samples from a posterior based on the truncated Matérn
prior.

of 3.2-10° elements, and a coarse mesh consisting 4.5 - 10® elements. We aim at
recovering (o) = mg + e for

Yo = Z ’YO,NSZ,

lej<2

for mg =0, b = V2 cos(2ntx) for £ > 0, b = V2sin(27lx) for £ < 0, by =1,
and

(0.0, 70.1: Y0,—1, Y0.2: Yo.—2) = (—0.57496, 0.68064, 2.01914, 0.11381, —0.07831),

which we picked at random.

We deviate from the theoretical setting by considering truncated priors ﬁj,
j = 1,2, on the [0, 1)-torus, i.e. and , but with ¢, replaced by QNSZ
which is set to zero for || > 2. We note that this is a favorable setting to
consider this inverse problem in.

We consider observations of the form with n = 1000 observations in uni-
formly random locations at M and € = 5-1072. We consider a multilevel MCMC
method, Algorithm 2 in m, based on the pCN proposal distribution with
the step size chosen as b = /2 - 1073, see [CRSW13|. After a burn-in of 5 - 10%
samples we consider 2.4 -10° samples in total. Then we base the posterior mean
Monte Carlo approximation on 10% equidistant samples from this pool.

The resulting posterior mean approximation and samples can be seen in Figure
and [£7] Both choices seem to capture the ground truth well. One can
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Figure 4.7: Ground truth 3(v9) together with the posterior mean and 103
posterior samples from a posterior based on the truncated squared
exponential prior.

even argue that the posterior samples corresponding to the squared exponential
prior are slightly more concentrated than for the Matérn prior. We also note
the increased uncertainty near the end points of the interval, which is due to
Dirichlet condition at M. We believe this numerical example suggests the
feasibility of the Bayesian approach to inverse Robin problems.

4.3.3 Discussion and outlook

Theorem [L.7] justifies and quantifies, in the form of a convergence rate, the use
of Matérn and squared exponential Gaussian prior distributions in the context
of inverse Robin problems. This is a first step in addressing the inverse Robin
problems in a Bayesian framework with theoretical guarantees.

Yet, the main theorem does not generalize straightforwardly to the Stokes sys-
tem of PDEs, see [AGI(|, which is often used to model ice dynamics. This
would require new conditional stability estimates of the form (1.1)). The current
closest candidate of [BEG13] lacks two things: the right-hand side of the esti-
mate depends on the velocity u|aq, but also on the pressure p and its normal
derivative at M. This only entails conditional stability if we observe both the
velocity and the pressure. The second problem enters in the idea , where
one writes 8 = —u~'d,u on M., to recover 3. Maximum principles for the
scalar Laplace equation can be used to conclude u > 0 on this set. However,
the problem of finding boundary conditions for which this is true for the Stokes
system remains, to our knowledge, open, see also [BEGI3|. This is why the
stability of 3 in is concluded only on a set K CC M., on which u does
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not vanish. This set is not a priori known. Whether this estimate can be made
independent of the pressure p and its normal derivative 9,p|rq at M, we leave
as a future challenge.

The use of rescaled Gaussian priors targeting analytic functions in the context
of posterior consistency for nonlinear inverse problems is new. The theoreti-
cal backbone, [KRS23, Lemma C.4|, extends straightforwardly to domains M.,
that are subsets [0,1)? x {0}. Therefore, this result may be of interest in poste-
rior consistency analyses for other inverse problems involving analytic functions.
Another direction left for future work is to generalize this to a larger class of
analytic functions on M, using Gaussian processes and a continuous version of
the Paley-Wiener theorem. For ideas in this direction we refer to [vdVvZ09].
Also, in [vdVvZ09] the time-scale parameter of the prior process is adjusted by a
‘hyperprior’ providing a consistent method, which achieves the optimal rate for
a given smoothness of 9. Whether this hierarchical approach is compatible with
consistency in a nonlinear inverse problem setting remains an interesting ques-
tion. There are some results in this direction, see [GN20], where the truncation
of the prior series (for example (4.17)) is chosen as a random variable.

Finally, completing a numerical example in a less favorable setting and for dif-
ferent choices of n for both the problem in the scalar Laplace model and the
Stokes model is left for future work. We expect to see a difference in the conver-
gence properties of the posterior distributions corresponding to the two different
priors, if we try to infer a larger number of coefficients and consider a prior trun-
cated at a higher level.



CHAPTER 5

Concluding remarks

This thesis begins with the presentation of nonlinear ill-posed inverse problems.
We have posed question 5 on what prior information would give rise to consis-
tent reconstruction methods for a given nonlinear inverse problem. This question
has been addressed in three different settings and from two perspectives: the
perspective of regularization theory and the Bayesian perspective.

1. In the context of the three-dimensional Calderén problem, the prior in-
formation of knowing that -y is lower bounded away from zero, has a
bounded C?-norm and is 1 near the boundary, is enough to reconstruct
it with a consistent method. In fact, the direct method based on the
truncated CGO reconstruction (Method [1)) is an admissible regularization
strategy. Future work includes incorporating additional prior information
in this method.

2. For a given nonlinear inverse problem, the problem of detecting inclu-
sions can be addressed in a Bayesian framework. The prior information
that the inclusions are regular is often enough to reconstruct them with a
consistent and stable method arising as the posterior mean. For success,
we require that the given inverse problem is conditionally well-posed for
inclusions that are sufficiently smooth. This is the case for a number of
inverse problems including a quantitative photoacoustic tomography prob-
lem and Calder6n’s problem, where the former was considered in PAPER
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B. Future work includes generalizing the setting of PAPER B to other
parametrizations and inverse problems.

3. In the Bayesian approach to inverse Robin problems that we consider in
this thesis, we distinguish between two pieces of prior information. For
real analytic Robin coefficients, the posterior mean is consistent with a fast
convergence rate given that a prior distribution that targets analyticity is
used. This rate is better than the logarithmic rate, which is obtained
for Sobolev smooth coefficients. Also, the approach for recovering real
analytic parameters generalize to other inverse problems.

In this thesis, we have noted parallels between the regularization theory perspec-
tive and the Bayesian perspective. There is the classical relationship of MAP
estimation and generalized Tikhonov regularization. Also, we can often consider
the posterior mean as an admissible regularization strategy. Conditional stabil-
ity estimates become relevant in consistency with explicit rates in both worlds
as we have noted in Section Studying further the relationship between the-
oretical conditions for posterior consistency and computation, see [NW22|, and
classical conditions for convergence of regularization strategies, such as [EHN96|
Theorem 10.4], pose a great challenge for future work.

Constructing consistent methods that ‘adapts’, see [vdVvZ09], to the smooth-
ness of g in convergence rate is a formidable new challenge in consistency anal-
ysis for nonlinear inverse problems. It is possible that a hierarchical Bayesian
approach in the direction of [vdVvZ09| and [GN20] can achieve this. This would
bridge a gap between theory and the popular use of hierarchical Bayesian meth-
ods in practice.

The development of consistency analysis in nonlinear Bayesian inverse problems
is still in its early stages. Yet, great strides have been made towards general and
‘easily’ verifiable conditions for consistency. Continuing this progress towards
prior distributions and models used by the inverse problems community continue
to be a worthy and important objective.
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ABSTRACT. Electrical Impedance Tomography gives rise to the severely ill-
posed Calderén problem of determining the electrical conductivity distribution
in a bounded domain from knowledge of the associated Dirichlet-to-Neumann
map for the governing equation. The uniqueness and stability questions for
the three-dimensional problem were largely answered in the affirmative in the
1980’s using complex geometrical optics solutions, and this led further to a
direct reconstruction method relying on a non-physical scattering transform.
In this paper, the reconstruction problem is taken one step further towards
practical applications by considering data contaminated by noise. Indeed, a
regularization strategy for the three-dimensional Calderén problem is presented
based on a suitable and explicit truncation of the scattering transform. This
gives a certified, stable and direct reconstruction method that is robust to
small perturbations of the data. Numerical tests on simulated noisy data il-
lustrate the feasibility and regularizing effect of the method, and suggest that
the numerical implementation performs better than predicted by theory.

1. Introduction. Electrical Impedance Tomography (EIT) provides a noninva-
sive method of obtaining information on the electrical conductivity distribution of
electric conductive media from exterior electrostatic measurements of currents and
voltages. There are many applications in medical imaging including early detection
of breast cancer [13, 58], hemorrhagic stroke detection [40, 24], pulmonary function
monitoring [2, 22, 38] and targeting control in transcranial brain stimulation [52].
Applications also include industrial testing, for example, crack damage detection
in cementitious structures [28, 25], and subsurface geophysical imaging [57]. The
mathematical problem of EIT is called the Calderén problem and was first for-
mulated by A.P. Calderén in 1980 [10] as follows: Consider a bounded Lipschitz
domain Q C R3 filled with a conductor with a distribution v € L>(Q), v > ¢ > 0.
Under the assumption of no sinks or sources of current in the domain, applying an
electrical surface potential f € H'/2(99) induces an electrical potential u € H'(Q),
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Key words and phrases. Calderén problem, ill-posed problem, electrical impedance tomogra-
phy, regularization, direct reconstruction algorithm.
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which uniquely solves the conductivity equation
V-(7Vu)=0 inQ,
u=f on JN.
The Dirichlet-to-Neumann map A, : HY/2(9Q) — H~1/2(99Q) is defined as
Awf = 781/”‘8(27

and associates a voltage potential on the boundary with a corresponding normal
current flux. All pairs (f,70,ulaq), or equivalently the Dirichlet-to-Neumann map,
constitute the available data.

The forward problem is the problem of determining the Dirichlet-to-Neumann
map given the conductivity, and it amounts to solving the boundary value problem
(1) for all possible f. The Calderén problem now asks whether 7 is uniquely de-
termined by A, and how to stably reconstruct v from A, if possible. Uniqueness
and reconstruction were considered and solved for sufficiently regular conductivity
distributions in dimension n > 3 in a series of papers [46, 44, 47, 56, 12]. The
results are based on complex geometrical optics (CGO) solutions to a Schrodinger
equation derived from (1). The first step of the reconstruction method is to recover
the CGO solutions on 0f2 by solving a weakly singular boundary integral equation
with an exponentially growing kernel. The second step is obtaining the so-called
non-physical scattering transform, which approximates in a large complex frequency
limit the Fourier transform of y~1/2A~1/2. Applying the inverse Fourier transform
and solving a boundary value problem yields v in the third step. Numerical algo-
rithms following the scattering transform approach in dimension n > 3 have been
developed by approximating the scattering transform [7, 36, 26, 8], by approximat-
ing the boundary integral equations [16], and for the full theoretical reconstruction
algorithm [17]. A reconstruction algorithm for conductivity distributions close to a
constant has been suggested, but not implemented [15].

A similar scattering transform approach combined with tools from complex anal-
ysis enables uniqueness and reconstruction [45] for the two-dimensional Calderén
problem. More recently, a final affirmative answer was given to the question of
uniqueness for a general bounded conductivity distribution in two dimensions [6].
Numerical algorithms and implementation for the two-dimensional problem have
been considered [33, 34, 42, 43, 53, 54] and a regularization analysis and full im-
plementation was given in [35]. We stress that in any practical case the Calderén
problem is three-dimensional, since applying potentials on the boundary of a planar
cross section of €2 leads to current flow leaving the plane.

The Calderén problem is known to be severely ill posed. Conditional stability
estimates exist 3, 4] of the form

7 = v2llze@) < FUIAY = Asllz),

for an appropriate function space Z and continuous function f with f(0) = 0 of
logarithmic type. Furthermore, logarithmic stability is optimal [41]. While this is
relevant for the theoretical reconstruction, there is no guarantee that a practically
measured AZ of a perturbed Dirichlet-to-Neumann map is the Dirichlet-to-Neumann
map of any conductivity. We emphasize that in any practical case we can not have
infinite-precision data, but rather a noisy finite approximation. Consequently, any
computational algorithm for the problem needs regularization.

Classical regularization theory for inverse problems is given in [20, 32| with a
focus on least squares formulations. A common approach to regularization for the
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Calderén problem is based on iterative regularized least-squares, and convergence of
such methods is analyzed in [18, 49, 50, 37, 30] in the context of EIT. A quantitative
comparison of CGO-based methods and iterative regularized methods is given in
[26]. Reconstruction by statistical inversion is developed in [31, 19], where in the
latter, the problem is posed in an infinite-dimensional Bayesian framework. A
different statistical approach to the Calderén problem shows stable reconstruction
of the surface conductivity on a domain given noisy data [11]. Convergence estimates
in probability of a statistical estimator (posterior mean) to the true conductivity
given noisy data with a sufficiently small noise level are considered in [1].

In this paper we provide a direct CGO-based regularization strategy with an ad-
missible parameter choice rule for reconstruction in the three-dimensional Calderén
problem under the following assumptions:

Assumption 1. For simplicity of exposition, we assume the domain of interest )
is embedded in the unit ball in R3. Furthermore, we assume 0S) is smooth.

Assumption 2 (Parameter and data space). We consider the forward map F :
D(F) C L*(Q) —» Y, v — A, with the following definition of D(F'). Let IT > 0
and 0 < p <1, then v € D(F) C L*(Q) satisfies
H’Ych(ﬁ) <1,
y(z) > T Y forall z € Q,
y(z)=1 for dist(z, 00) < p,
where we assume knowledge of II and p. We continuously extend v = 1 outside Q.

The data space Y C L(HY?(0), H/2(00)) consists of bounded linear operators
A HY2(9Q) — H-Y2(09) that are Dirichlet-to-Neumann alike in the sense

A1) =0,

| n@)dota) =0 for cvery 1 € 1200,
o0

We equip D(F) and Y with the inherited norms || - | pry = || -
I e/ (o0)— r-1/2(00)-

L= (Q) cmd H . Hy =

There is no reason to believe that the regularity assumptions of 7 is optimal,
in fact, we expect that the strategy generalizes to the less regular setting of [12].
We recall the adaptation of the definitions in [20, 32] presented in [35] of a reg-
ularization strategy in the nonlinear setting. A family of continuous mappings
Ra : Y — L®(Q), parametrized by regularization parameter 0 < a < oo, is called
a reqularization strategy for F' if

ii_% HRaAW - 'Y”Lx(ﬂ) =0, (2)
for each fixed v € D(F). We define the perturbed Dirichlet-to-Neumann map as
A=A, +E,

with € € Y and [|€]ly < € for some ¢ > 0. We call € the noise level, since we
eventually simulate perturbations £ as random noise. Furthermore, a regularization
strategy Rq : Y — L2(Q), 0 < a < o0, is called admissible if

ale) =0 as -0, (3)
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and for any fixed v € D(F') we have
ASUPY{HRa(s)Ai =M= | IAS —Aylly <} =0 as e—0. (4)
se

The topology in which we require convergence is essential; we require convergence
in strong operator topology, but not in norm topology. The main result of this paper
is then as follows.

Theorem 1.1. Suppose I1 > 0 and 0 < p < 1 are given and let D(F) be as in
Assumption 2. Then there exists g > 0, dependent only on II and p such that the
family R, defined by (30) is an admissible reqularization strategy for F with the
following choice of regularization parameter:

ae) = {(Uluog(s))l/p for0< e < &,

=(=1/11 log(eo))~'/?  for e > e, ()

with p > 3/2.

This gives theoretical justification for practical reconstruction of the Calderén
problem in three dimensions. This is the first deterministic regularization analysis
for the three-dimensional Calderén problem known to the authors. Similar results
have been shown for the related two-dimensional D-bar reconstruction [35], and we
will in fact adopt the spectral truncation from there to our setting. This extension is
non-trivial in part because there are no existence and uniqueness guarantees for the
CGO solutions that are independent of the magnitude of the complex frequency in
the three-dimensional case. In addition, while the two-dimensional D-bar method
enjoys the continuous dependence of the solution to the D-bar equation on the
scattering transform, it is not obvious when the frequency information of = is stably
recovered from the scattering transform corresponding to a perturbed Dirichlet-to-
Neumann map in the three-dimensional case.

We denote the set of bounded linear operators between Banach spaces X and Y
by £(X,Y) and use £(X) := L£(X,X). We denote the Euclidean matrix operator
norm by ||| x := || lcv+12  cv+1)2- The operator norm of A : H5(9Q) — H'(99Q)
is denoted by || Al|s,¢. We reserve C for generic constants and Cy, C, . . . for constants
of specific value. Finally, exponential functions of the form ¢, z € R3, ¢ € C3, is
denoted e¢ ().

In Section 2, the full non-linear reconstruction algorithm for the three-dimensional
Calderén problem is given. Section 3 gives technical estimates regarding the bound-
ary integral equation and the scattering transform and provides a regularizing
method for perturbed data with ¢ sufficiently small. Then Section 4 extends con-
tinuously the method to a regularization strategy R, defined on Y and proves
Theorem 1.1. In Section 5, the necessary numerical details concerning the repre-
sentation of the Dirichlet-to-Neumann map and computation of the relevant norm
are given. In addition, a noise model is given. Section 6 presents and discusses
numerical results of noise tests with a piecewise constant conductivity distribution
using an implementation given in [17], which is available from the corresponding
author by request.

2. The full non-linear reconstruction method. Let v = ~'/2y, then v is a
solution to the Schrédinger equation

(FA+q@u=0 inQ,

v=g on 0%, ©)
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with ¢ = v~ 1/2A~'/2 if and only if u is a solution to (1) with f = v~'/2g. Note in
our setting ¢ = 0 near d2 and ¢ = 0 is extended continuously outside © and further
Aqg = 0,v = Ay f. The reconstruction method considered here is based on CGO
solutions ¢ to (6), which take the form

(~A+qe=0 R’ (7)

satisfying ¥¢(z) = €®¢(1 + r¢(z)). Here the complex frequency ¢ € C3 satisfies
¢-¢ = 0 making €**¢ harmonic, and the remainder r¢ belongs to certain weighted ?
spaces. In the three-dimensional case, existence and uniqueness of CGO solutions
have been shown for large complex frequencies,

I¢| > Collgll =0y =: Dy (8)
for some constant Cy > 0, or alternatively for |(| small [56, 15]. The analysis
involves the Faddeev Green’s function

Ge(2) = Tgew)  gela) = (21 ,/Rs |§\2€+ 26-¢ “

where g is defined in the sense of the inverse Fourier transform of a tempered distri-
bution and interpretable as a fundamental solution of (—A —2i¢ - V). Boundedness
of convolution by g¢ on € is well known [56, 9, 51]:

llge * fllz2(o) < C\C|s_1”f||L2(sz)7 5€4{0,1,2}, 9)

where || is bounded away from zero, and C' is independent of ¢ and f.
The non-physical scattering transform is defined for all those ¢ that give rise to
a unique CGO solution ¢ as

8(€,0) = /R LT (@)g(w) de, € R (10)

It is useful to see the scattering transform as a non-linear Fourier transform of the
potential g. Indeed, for |¢| > D, we have

6(£,¢) = (&) < Cllall7 =@ l¢I 7Y, (11)

for all £ € R3, where C is independent of ¢ and g. Whenever (¢ + &) - (¢ + &) =0,
integration by parts in (10) yields

t(&,¢) = /6 . em B EFO (A, — Ay ) () do(x), (12)

where do denotes the surface measure on 9. For fixed ¢ € R this gives rise to the
set Ve={¢e€C3\{0}|¢-¢=0, ((+&) - ((+&) = 0} parametrized by

1/2
) = (—g + (nQ — %) kli> +irkt, (13)

with k > %l and k*, kL € R3 are unit vectors and {¢, k*, k*+1} is an orthogonal
set [17]. Note that for ¢(§) € Ve and k > % we have |¢(¢)| = v/2x; consequently

limy; 00 |{(§)]| = o0.
For each fixed ¢ the trace of the CGO solution v¢|sq is recoverable from the
boundary integral equation

Yeloa + Se (Ay — A1) (Uc¢lon) = eclon, (14)
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where S; : H='/2(9Q) — HY/2(09Q) is the boundary single layer operator defined
by

(Sep) (z) = /d Gela = p)ply)doty). a <09,

With Sy we denote the boundary single layer operator corresponding to the usual
Green’s function Gy for the Laplacian. Occasionally we use the same notation when
z € R3\ Q and note it is well known that Sy and hence S¢¢ is continuous in R3
[14]. We let
B := [T+ S¢ (Ay — A1)],

denote the boundary integral operator and we note the boundary integral equation
(14) is a uniquely solvable Fredholm equation of the second kind for |{| > D, [45].
This gives a method of recovering the Fourier transform of ¢ in every frequency
through the scattering transform (12) as |(| — oo. This method of reconstruction
for the Calderén problem in three dimensions was first explicitly given in [44, 47].
We summarize the method in three steps.

Method 1. CGO reconstruction in three dimensions
Step 1: Fix £ € R3 and solve the boundary integral equation (14) for all {(£) € V.

Compute t(£, ¢(§)) by (12).
Step 2: Compute §(§) by

i =q 3
\c(gﬂwt(ﬁf(f)) =G§(§), €eR

and ¢(z) by the inverse Fourier transform.
Step 3: Solve the boundary value problem

(—A+gn?*=0 inQ,
71/2 =1 on 09,
and extract 7.

We remark that it is sufficient to solve the boundary integral equation in step 1
for a sequence {(x(£)}52, of complex frequencies in Ve that tends to infinity.

3. Regularized reconstruction by truncation. We continue by mimicking
Method 1 with A, replaced by A, with e small. We note that, in any case, us-
ing ¢ with || large is impractical. Indeed, when using perturbed measurements
naively in (12), the propagated perturbation of t is £ multiplied with a factor expo-
nentially growing in |¢|. This factor originates from the solution of the perturbed
boundary integral equation

Bi (¥ lon) := ¥ilaa + Sc (A5 — A1) (VEloa) = ecloe, (15)

and in multiplication with e~* (€+¢(€) see Lemma 3.3. We will show below that
(15) is solvable for sufficiently small . To mitigate this exponential behavior we
propose a reconstruction method that makes use of two coupled truncations: one of
the complex frequency ¢ and one of the real frequency of the signal ¢°, the perturbed
analog of g. As we shall see, an upper bound of the magnitude |¢(£)| determines an
upper bound of the proximity of t to ¢, when using perturbed data. From (13) we
have
13
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and hence fixing |¢(£)| gives a bounded region in R3, |¢] < M for some M > 0, in
which t can be computed. This gives the following method.

Method 2. Truncated CGO reconstruction in three dimensions

Step 1°: Let M = M (e) > 0 be determined by a sufficiently small . For each fixed
& with [¢] < M, take ((§) € Ve with an appropriate size determined by M and
solve (15) to recover ¢¢|po. Compute the truncated scattering transform by

-
0, €l = M(e),

b 0= O, <

Step 2°: Set ¢5(¢) := ti{(@(fv ¢(¢)) and compute the inverse Fourier transform to
obtain ¢°.
Step 3°: Solve the boundary value problem

(—A+)()?=0 g,
(V2 =1 on 0f.
and extract v°.

We call M the truncation radius and note it should depend on . Truncation
of the scattering transform with truncation radius M is well known in regulariza-
tion theory for the two-dimensional D-bar reconstruction method [35]. We can see
the real truncation as a low-pass filtering in the frequency domain; this leads to
additional smoothing in the spatial domain. Note that M determines the level of
regularization and poses as a regularization parameter a = M ! in the sense of (4).

In the following section we derive the required properties of S¢, BC_ L and (BE)*l.
The invertibility of BE depends on the invertibility of the unperturbed boundary
integral operator B¢, which is well known due to the mapping properties of S;.
Although boundedness of S¢ and B ! in the three-dimensional case follows by
similar arguments to that of the two-dimensional [35], it is not immediately clear
when (BE)_1 exists in the absence of existence and uniqueness guarantees of ¢
for small |(|. Neither is it clear under which circumstances ¢° approximates ¢ as
the noise level goes to zero. This is dealt with in Lemma 3.4 below by choosing a
suitable rate, at which |¢| and M goes to infinity as e goes to zero.

3.1. The perturbed boundary integral equation. When |(| is bounded away
from zero we can bound S¢ using the mapping properties (9) of convolution with
g¢ between Sobolev spaces defined on 2. We note that one can give better bounds
for arbitrarily small || < 1 than the following result by considering the integral
operator S¢ — Sy with a smooth kernel, see [15, 35].

Lemma 3.1. Let ¢ € H~Y/2(9Q) such that Joq ©(x) do(x) = 0 and let ¢ € C* with
¢-¢=0and|(| > B >0. Then for the boundary single layer operator, S¢, we have
that

[Scll 17200y < Cr(1 + \C|)e2mH‘PHH*I/‘Z(@&W

where the constant Cy is independent of .

Proof. We follow [35]. Letting z € R®\ Q and introducing u € H*(Q) with Au =0
and J,u = ¢ we write
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(Seo)@) = | Gelo—)e(w) dotu)

= [ 9iGele ~ ) Tulway,
==V (G * (V) (2),
==V [ (g¢ * (e Vu))] (),
using integration by parts, the chain rule and the fact that G¢(x — -) is smooth in

Q. By the continuity of S¢ the above holds for x € 90 as well. Note from (9) and
Leibniz’ rule that

IV - [ (g * (e V)] |20y < C*¢|[Vul 120y,
and
102,V - [ (g¢ % (7 V)] | p2(0) < CIELe[[Vul 2oy,
for i = 1,2,3. This yields
IScll 20y < IV - [ (g¢ * (e V)] |1,
< C(L+ ¢Vl p2 @),
<+ KDe el g-1/2(a0)
using the trace theorem and stability of the Neumann problem for u. Here C is

dependent on j since |¢| > 5. |

We have the following estimate of BC_ 1. The main idea of the proof is to consider

a solution f € HY2(0Q) to Bef = h for some h € HY?(9Q) and then control
the exponential component of f by creating a link to the CGO solutions of the
Schrodinger equation.

Lemma 3.2. For ¢ € C3\{0} with (- { =0 and |{| > Dy as in (8), the operator
B is invertible with

B g2 < Ca(1+[¢])e?<!, (16)

where Cs is a constant depending only on the a priori knowledge 11 and p.

Proof. We follow [35]. Using integration by parts note that B¢ f = f + G¢ * (quy)
on 89, where vy € H'(£) is the unique solution to
(—A+qug=0 in Q,
vy =f on Q.
To bound f we bound vy by writing vy = v — u®® with
Av=0 in Q,
v=DBcf on 092,
and u®™P := G¢ * (quy). From the stability property of the Dirichlet problem it

is sufficient to bound u®™P in terms of v. Note (—A + q)u™P = gqv and hence
conjugating with exponentials yields the equation in R?,

(=A = 2i¢ -V + q)u = que™ ™, (17)
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where we set u = e~ Cu®*P_ It is well known that v is the unique solution among
functions in certain weighted L?(R?)-spaces satisfying

Il <l S Il
whenever [¢| > Dy, see [56]. Indeed, convolution with g on both sides of (17) gives
u = ge* (—qu+que™ ),
which upgrades the estimate to

lull @) < Cllallz=eMlo]l L2,

using (9). Now the estimate (16) follows straightforwardly from the trace theorem.
|

We note that a main difference between the boundary integral equation in two
dimensions and three dimensions is the possible existence of a certain ¢ for which
there exists no unique CGO solutions to (7). The next result shows that Lemma
3.1 and Lemma 3.2 implies solvability of the perturbed boundary integral equation
using a Neumann series argument on the form

BE = I+ Sc(A5 — Ay) + Sc(Ay — Ay) = [T + AZ B,

where A7 := SgSBgl is a bounded operator in H/2(9Q). Tt is clear from Lemma
3.2 that ¢ fixes a lower bound for |¢|, for which B¢ is certain to be invertible. When
the noise level is sufficiently small such that D, < |(| < R(¢), for some R, we may
invert B. We have the following result.

Lemma 3.3. Let R = R(e) := 7é loge, and suppose Dy < |(| < R(e1) for some
0 < €1 < 1. Then there exists 0 < g9 < €1 for which BZ is invertible whenever
0 < & < g3. Furthermore we have the estimate

4§ — Yl oa) < Cse(1+ R)*e™,
where Cs is a constant depending only on the a priori knowledge of Il and p.

Proof. Since £ € Y, it maps onto trace functions that have zero mean on the
boundary. Then from Lemma 3.1 and Lemma 3.2 we find
1AZl /2 = HSc“:BEIHUZ < C1Ce(1 + R)%e*R,
< CeedR, (18)
where we have absorbed the polynomial in R into the exponential and thereby
obtained a new constant. By the definition of R, we note the right-hand side of

(18) goes to zero as € goes to zero, and hence there exists a 0 < g2 < &1 such
that [[A]l1/2 < 1. Then by a Neumann series argument, I + A is invertible with

(14 AZ) " 12 < 2, and (BE)~' = B '[I + AZ]~". From the boundary integral
equations we have 1 = B; ' (ec|an) and 9§ = (BE)~*(ec|an). Then with the use of
Lemma 3.2 we have for 0 < € < g9
[9Ell 17200y < 1(BE) ™ (ecloa) L1z (a0
<2|B hy2lle™ Nl iz on), (19)
< C(1+[¢])%elel. (20)
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With the use of Lemma 3.2 we have for 0 < € < g2
1B ™ = B e = 1B + A9~ = e,
< IB 2l + A9 — (1 + AD]yje,
< IBZ 2l (T + A8 a2l A
< 20,C2¢(1 + R)3e5E.
Finally we obtain
4¢ = el = IBE ™ = B eclmirz o
< NBH™! = B layalle’™ Il 12 a0
< 20,C2(1+ R)e™R, (21)
for 0 < e < esg. O

3.2. Truncation of the scattering transform. We now show that fixing the
magnitude of the complex frequency |((§)| = (M (e))? with p > 3/2, enables control
over the proximity of the truncated scattering transform t5,(-, ¢) to § for small noise
levels. This choice is justified from the following result.

Lemma 3.4. Let M(g) = (—1/111log(¢))*/? be a truncation radius depending on &
and some exponent p > 3/2. Fiz £ € R3 with |£| < M(e), suppose ((£) € V¢ with

[€(6)] = (M(2))? = 1 Tog(e)

and let €5 be defined as in the proof of Lemma 5.5. Further fiz ¢ € L () corre-
sponding to a v € D(F'). Then t§; is well defined by (29) for 0 < e < ey and

lim {[€3¢e) = Gl 22(es) = 0.
Proof. For (i) fix first |{| < M(e) and note first by the triangle inequality that
[t3() (€, C(8)) = G(E)] < [t3¢) (&, C(8)) — £(&, C(E) + [6(£, €(E)) —a(&)l- (22)

By Lemma 3.3 there exists a unique solution ¢ to the perturbed boundary integral
equation and hence t5; is well defined. Using (20) and (21), we find the following,
in which we set R = R(e), M = M(¢g) and ¢ = ¢(§) for simplicity of exposition,

)

[65:(£,C) = 8(&, Q)| = /8 . e EROIAS — A )YE () — (A = Ar)ihe(2)]do ()
< e = O g saany 1Ay — Axllv 145 — el e ony
+ Hefml(ﬁoHHl/?(aQ)HAf, = My el e o0, (23)
< C+ICNel! [=(1+ ¢ ™ + (1 +[¢])2e<]]

where we use the fact that |[Ay, — Aq|ly < C, where C' depends only on II by the
continuity of the forward map v +— A,. Then,

|t§\l(£1 C) - t(£7 C)‘ < C€€9|C‘ .
Using (22) and the property (11) we conclude for |¢| < M (e) that

65,(£,0) — 4(&)| < Cee®ll + ¢ 7. (24)
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Then for (%), using the triangle inequality and (24) we find

[t5; — dllz2@®s) < 165 — dllzzqej<an) + Nl L2 ei= ),
1/2

oM
< Cleel + M77) (/ r dT‘) + lldll 2= a0y
0

< C(Eemlcl + ]\/[3/2—17) + HQHLQ(\QEI\I%
< CeVM 4 O(=1/1110g(e)** 7P + 1dll 2 g2 n).
for 0 < € < e5. Since ¢ € L>®(f) is compactly supported in , we have ¢ € L?(R?),

and hence the energy of the tail of § converges to zero as M () goes to infinity. The
result follows as p > 3/2. O

One may obtain an explicit decay of ¢ by assuming a certain regularity of g.
Notice the proof above works fine with the choice |(| = K1 MP + K3 for some
0<K; <1, Ko >0and p > 3/2. A user may choose among such [(| freely, with
p = 3/2 being the critical choice. We now prove that 7¢ exists and is unique and
that the propagated reconstruction error tends to zero if € — 0, given |l¢° — q||2(q)
is sufficiently small. This is possible in H?(Q) by a Neumann series argument and
elliptic regularity. For the boundary value problem

(FA+¢)u=f inQ,
u=20 on 0f,

with f € L2(9), we introduce the notation L€ : H} (Q) N H?(Q) — L3(Q), LF : u —
f, defined for any ¢¢ € L?(Q2) and then note

7 =1L =a) + 1%,
whenever (L)~ exists.

Lemma 3.5. Let ¢ = AyY/?~y~Y2 be a potential with v € D(F). Then there exists
a0 < ez <1 such that for 0 < e < min(eq,e3) =: g9 the boundary value problem

(A +)()P=0 i,
()2 =1 on 09,
has a unique solution in H%(Q). Furthermore the following inequality holds
7% = ()2l 2@y < Calla — ¢ N2 @) (26)
where Cy is dependent only on II and p.
Proof. Note (—A +¢)~! exists and is bounded for L?(£2) into H}(2) N H2(2) with
llull a2 2) < Cllfllz2(e), (27)
by elliptic regularity [21]. Here C is dependent only on II. We construct
Lu=(-A+q)[[+(-A+q) ¢ — g,
and seek boundedness of (—A+q) ™1 (¢°—¢) in H2(2) as our goal. For any u € H?(Q2)

(25)

(=2 +9) 7 (¢° — ullz) < Clla° = dll 2 lull a2
using (27) and Sobolev embedding theory. By Lemma 3.4, there exists a 0 < 3 < 1
such that for all 0 < & < min(ez, e3)

— e £ !
I(=A+a)7(¢" = Dl =@ r22) < Clla” = dllzze) < 5-
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Hence (L)~ exists and is uniformly bounded with respect to 0 < & < go. Finally,
since y € L>®(Q) we have (¢° — ¢)y/? € L*(Q2), and by solving
LEYY2 = ()Y = (¢F =g/ inQ
7= ()2 =0 on 99,
we obtain the estimate (26). O

We conclude that ¢ of Method 2 exists uniquely and approximates = in the
H?()-norm, whenever ¢ < &o.

4. Extending the method to a regularization strategy. From the definition
of an admissible regularization strategy it is clear R, must be defined on Y and not
only an ¢p-neighborhood of F/(D(F)). However, (B’Z)’1 and (Lf)~! exists only for
small enough e. We confront this by extending these operators to (BE)L and (L)},
coinciding with (B§ )=t and (L)~ for € < &g, such that R, is continuous and well
defined on Y. There are several ways to obtain such extensions, however we will
follow [35] and construct explicit pseudoinverses by means of functional calculus.
Define the normal operator

Sg = (BE)"(Bf) € L(HY?(09)),
where (Bg)* is the adjoint operator of (Bf) € L(H'/?(99)). Similarly we define
T¢ = (L) (LF) € L(L*(Q)).
Let k% and h2 be two real functions defined for 0 < a < o as
; t! for t > k;(a),
hu(t) = —1
ki) for t < k;(a),
for i = 1,2 with r;(a) = 1r;(@)?, where we will see below the estimates (26) and
(31) motivates the definition
1 for i =
ri(a) := { C2(ltarrjee? ori=1,
= for i =2
Ca J

with p > 3/2. We define the a-pseudoinverses (Bg )L of Bf and (LE)L of L¢ for any
0<a<ooas

(BOL = ha(S)(BY)",

(L)L, = ha(T9)(L9)",
where the operators hé(SE) in L(HY?(09)) and h2(T¢) in L(L*(Q)) are defined in

the sense of continuous functional calculus (see for example [48, 55]) and depend
continuously on S§ and T, respectively (see for example [35, Lemma 3.1]). This

h,
h

implies AZ, — (BE)T and ¢° +— (L°)I are continuous mappings. Explicitly, for a

@

self-adjoint operator S : H — H for a Hilbert space H we set
ns)= [ moap, (25)
a(S)

where ¢(S) C C denotes the spectrum of S, and P is a spectral measure on o(S5).

Method 3. Regularized CGO reconstruction in three dimensions
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Step 1,: Given a > 0, set M = a~'. For each [¢| < M take ((€) € Ve with
[€(&)| = MP for p > 3/2 and define

o = (BE)l(ec|on)
and compute the truncated scattering transform tq (&, {(§)) for {(§) in V¢ by

faﬂ e*im(f*{(f))(Ai _ Al)qjja(x)dg(x) €] < M,

0 gm0

ta(6,€(9) = {
Step 2,: Define g5 (¢) := to(&, ¢(€)) and compute the inverse Fourier transform to
obtain ¢, .
Step 3,: Solve the boundary value problem (25) by computing (L),(—¢,) and
set
RaAS = [(L9)(~ga) +1)2 (30)

Proof of Theorem 1.1. Given AZ in Y we have

[Ea(€,¢(9))] < ‘/m e T EHONAS = Ay (@) + (Ay — A1)a(2)]do()]

< Hefiz'(&C)HH’/?(an)HAf, - AwHYWaHHI/Z(an)

lle™ T 112 00) 1Ay — Mlly [ Dall 12 a0)
< o0,

for all £ € R3, since (BE)L is bounded in H'/?(9Q). Then by compact support
to € L?(R3). Tt follows the inverse Fourier transform of this object is well defined
and hence the family of operators R, is well defined. Using the continuity of the
maps AZ — (BE)L and g, + (LF)], a parallel estimation to (23) and the linearity
and boundedness of the inverse Fourier transform in L2(R3), it is clear that R, is
a family of continuous mappings. Now recall from Lemma 3.2 and (19) that for
0 < € < gp we have that

B < 1B a2 < 2C2(1 + [¢)e*l. (31)

Set |(| = a™? and note
1
S¢ > 1T1(a)21'

By definition of the a-pseudoinverse and (28) we have that (BE)L = (Bz)’1 for
0 < £ < &9, and hence ¥ = ¢ is unique. It follows by Lemma 3.4 that t(-,¢()) is
well defined and ¢, = ¢° converges to ¢ as € goes to zero. Conversely, for 0 < & < &g
we have (Lf)! = (L°)~', and hence by Lemma 3.5 and the Sobolev embedding
H2(Q) C C°9Q), (4) is satisfied. Note also the weaker requirement (2) follows
analogously. The property (3) is satisfied by (5). O

A direct consequence of the truncation of the scattering transform is the following
property of the reconstruction R, (¢)AS for sufficiently small €. The regularized
reconstructions are as regular as ).

Proposition 1. Suppose A5, = A, + & with [|E|ly < & < eo. Then Ra(e)A5 €
C>(Q).

Proof. Since to(-,¢(-)) € L'(R3) has compact support, it follows g, is smooth.

Since 9 is smooth, it follows R,AS € C°(Q) by elliptic regularity [21]. O
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5. Computational methods. In this section we outline methods of representing
and computing the Dirichlet-to-Neumann map numerically and consider the dis-
cretization of the boundary integral equations. We assume Q = B(0,1) in order to
utilize spherical harmonics in representation of functions on 0.

5.1. Representation and computation of the Dirichlet-to-Neumann map.
We consider the Hilbert space H*(9f), s > 0, defined as the space of all functions
f in L%(09) that satisfy

Hf”%?(ag) + H(*AS)S/QJCH%Z@Q) < 00, (32)

where (—A 5)°/? is the fractional order spherical Laplace operator on the unit sphere.
Since spherical harmonics, say {Y;" }ren,[m|<n, constitute an orthonormal basis of
L2(09) (see for example [14]), we may expand f € L2(92) as

=3 S ymym, () = [ 1@V dote).
n=0m=-—n

The spherical harmonics are eigenvectors of (—Ag), in particular,
(=25)"2Y = (n(n +1))*2Y,

for any spherical harmonic Y of degree n. Then the requirement (32) gives rise to
a characterization of H*(02) suitable for s € R as those functions f € L?(92) that
satisfy

Z Z (14 n2)*|(f, Y™ |2 < oo.

n=0m=-—n

See [39, Chapter 1.7] for a more general treatment and the case s < 0. Thus we
define the H*(9€) inner products as

(f.9)s = {f, 9 m=00) = Z Z ws(n){f, Y )ws(n)(g, Y),

n=0m=—n
where the multiplier functions are defined as
wy(n) == (1+n?2)*/? for n € Ny, s € R,
and hence || f||g=(a0) = (f, f >1/2 We build an orthonormal basis {¢}, ,,, }neNo,|m|<n
of H*(0€) with
nm = Wos ()Y,

and hence any g € H*(0f2) has the expansion

g = Z Z g7 n, ’"L ﬂ. m*

n=0m=—n

Consider the L2(99) orthogonal projection Py to the space spanned by spherical
harmonics of degree less than or equal to N, as

N n
Pag=3" Y (g vy

n=0m=-n
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Note (g,Y,”) as an integral over the unit sphere may be approximated by coeffi-

cients ¢ m(g) using Gauss-Legendre quadrature in 2(N + 1)? appropriately cho-
2

sen quadrature points {xk}igﬂ) on the unit sphere as in [17]. Here we denote

g=(9(x1),...,9(z2(n+1)2)). Define

N n
Lyg = Z Z Cn,'m(g)yn?/n'

n=0m=-n
We may approximate any operator A : H*(9Q)) — H~*(9Q) using @, a matrix in
C2V+D)*x2(N+1)? qefined by

N n
(Ag)(xr) = [Qalr =D D cam(@AY;")(@r), k=1,....2(N+1)>% (33)

n=0m=—n

From here it is clear we can write @ as
Q=QA, (34)

where A : g — (co,0(9),---,cn,n(g)), and [Qre = AYi(zy), where Y7 is the ¢'th
spherical harmonic in the natural order. We can think of A as the matrix that takes
a point-cloud representation of a function on 92 and gives the spherical harmonic
representation.

Similarly to [35], an approximation of the operator norm then takes the form

HQf||c(N+1)2
[[Alls,—s ~ sup T—r=——
o f ||fHC(N+1)2

where [Qlij = (A@S, 1, G ) s With i =02 40/ +m/ +1Tand j =n® +n+m+1.
‘We may approximate

(AGS s D) —s = W s (m)w_y (' )(AY, Y1),
=~ w_s(n)w—s(n)en m (AY,"). (36)

With B we denote the map that takes the matrix @ and gives the approximation
of Q defined by (36). For A = A, we denote the approximation (33), Q.

From (33) it is clear that to represent A, we need only to compute (A,Y;")(zr)
in the quadrature points xj. In this paper we compute (A,Y;*)(x) efficiently by
the boundary integral approach for piecewise constant conductivities given in [17],
an approach which despite the lack of reconstruction theory has shown to perform
well.

= [1Qll~ (35)

5.2. Noise model. We simulate a perturbation of the Dirichlet-to-Neumann map
by adding Gaussian noise to Q. We let

Q5 = Q, +9E, (37)

where § > 0 and the elements of the 2(N + 1)2 x 2(N + 1)2 matrix E are indepen-
dent Gaussian random variables with zero mean and unit variance. We modify E
such that BE has a first row and column as zeros, such that we may consider BE
as an approximation of a linear and bounded operator £ € Y. Furthermore, we
approximate ||€]|y using (35) and (36) and note we can specify an absolute level of
noise ||€||y & € by choosing ¢ appropriately. The relative noise level is then

I€lly 5 IBEly
[ESTeA
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Note the noise model in [17] scales each element of E with the corresponding element
of Q. Noise models for electrode data simulation typically takes the form
Vi =Vj+4;E),

as in [26], where Vj is the voltage vector corresponding to the j’th current pattern,
d; > 0 is a scaling pdrdmeter dependent on V; and Ej is a Gaussian vector indepen-
dent of E; for j # j'. For our case such a noise model corresponds best to adding
to Qﬂ, in (34) a matrix E whose columns are 0;E;. One may check by vectorizing
ATET that the corresponding E of (37) consists of independent and identically
distributed Gaussian vectors as rows. However, the elements of each row are now

correlated with covariance matrix A7 diag(5)A.
Finally, we define the signal—to—noise ratio as

QY | cacvrn2
SNR = _—
N+1 (N +1)2 Z Z 5HEYTI, [lg2cven2

5.3. Solving the boundary integral equations. Following [17] we discretize the
perturbed boundary integral equations (15) by

[T+ (SoLy +HY)(AS = ALy () loa) = ecloa, (38)

where ’Hév is the approximation of the integral operator S¢ — &y using the Gauss-
Legendre quadrature rule of order N + 1 on the unit sphere in the aforementioned
quadrature points {xk}z(NH) We find the following result regarding the conver-
gence of the perturbed solutions (;ZJéV)E of (38) analogously to [16, 17].

Theorem 5.1. Suppose D < |((£)| < —4logea and € is a linear bounded operator
from H*(0Q) to H'(0RQ) for all s > 1/2 and t > s. Then for all s > 3/2, there
exists No € N such that for all N > Ny the operator I + (SoLn +’Hév)(Af{ —Ay)Ly
is invertible in H®(0KY). Furthermore we have,

. - C
H(i/fév) = Yellms00) < s llecl s on)-
Ns—=3/

Proof. The result follows from a Neumann series argument as in Lemma 3.1 and
Theorem 3.2 of [17] as for D < |((£)| < —% logez, there exists a bounded inverse
(BE)_1 by Lemma 3.3. |

This result ensures that the solutions of the discretized perturbed boundary
integral equations are unique and converge to the solutions of (15).

5.4. Choice of |((£)| and truncation radius. It is clear from Method 3 that we
should set |((§)| = MP for some exponent p > 3/2. Due to the high sensitivity
of the CGO solutions with respect to |((£)|, we may choose |((£)| differently in
practice, although we will not necessarily have a regularization strategy in theory.
One idea of [16] is to set |((¢)| minimal in the admissible set (13), that is

M
1<)l = 7
A different idea is to choose [¢(£)| independently for each ¢ such that |((€)] is
minimal with |((§)] = % We take the critical choice |¢(€)| = Ky M3/? for some
constant 0 < K; < 1 to maintain the smallest |¢| within the boundaries of the
theory.
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In practice we compute ty;(o)(§,¢(€)) in a &-grid of points [{| < M as in [17].
The Shannon sampling theorem ensures we can recover uniquely the inverse Fourier
transform if we sample densely enough. We use the discrete Fourier transform in
equidistant &- and z-grids in three dimensions.

i 2M . 2T max
& =-M+ kﬁ and 2, = —Zpax + nﬁ,
forn,k=0,...,K—1,7=1,2,3 and some Zy.x determined by K and M. Indeed
the discrete Fourier transform requires

)2
M= TE D
2I<flzmax
to recover ¢°(z4) for allm =0,..., K — 1, j = 1,2,3. In practical applications, we

do not know the noise level, in which case we choose M and K and consequently
determine .. Then we recover ¢° in an appropriate finite element mesh of the
unit ball using trilinear interpolation. The discrete Fourier transform is computed
efficiently with the use of FFT [23] with complexity O(K?log K3).

The problem of finding the optimal truncation radius given noisy data AS is
largely open and is related to the problem of systematically choosing a regularization
parameter of regularized reconstruction for an inverse problem. In this paper, we
choose the truncation radius by inspection for the simulated data. For further
details on the implementation of the reconstruction algorithm we refer to [16, 17].

6. Numerical results. We test Method 2 as a regularization strategy. We are
interested in whether the reconstruction converges to the true conductivity distri-
bution as the noise level goes to zero, and likewise as the regularization parameter
« goes to zero for a non-noisy Dirichlet-to-Neumann map. To this end, we simulate
a Dirichlet-to-Neumann map for a well-known phantom.

6.1. Test phantom. The piecewise constant heart-lungs phantom consists of two
spheroidal inclusions and a ball inclusion embedded in the unit sphere with a back-
ground conductivity of 1. The phantom is summarized in Table 1. We compute
and represent the Dirichlet-to-Neumann map and noisy counterparts as described in
Section 5.1. In particular, the forward map is computed using 2(N + 1)2 boundary
points on the unit sphere and using maximal degree N of spherical harmonics with
N = 25.

Inclusion Center Radii Axes Conductivity
Ball (—0.09, —0.55,0) r=0.273 2
r1=0.468, (cos(5%),sin(5%),0)
Left spheroid  0.55(—sin(3%),cos(32),0) ry =0.234, (—sin(3%),cos3%),0), 0.5
r3=0234 (0,0,1
r1=0.546, (cos(5%), —sin(33),0),
Right spheroid  0.45(sin(5%), cos(3%),0) rp =0.273, (sin(33),cos(3%),0), 0.5
rs=0273  (0,0,1)

TABLE 1. Summary of piecewise constant heart-lungs phantom
consisting of three inclusions
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(A) ()

FI1GURE 1. The piecewise constant heart-lungs phantom in a three-
dimensional view (A), and in the planar cross section 23 = 0 (B).

6.2. Regularization in practice. We now consider the regularization strategy,
Method 2, in practice. Alluding to (2), we test the reconstruction algorithm by
keeping the test data fixed and varying the regularization parameter. In Figure
2, we see cross-sectional plots of reconstructed conductivities for different trun-
cation radii M = a~!. We use |((£)] = $M3/? as the critical choice such that
¢(&) € V¢ for M > 8, and use the accurate Dirichlet-to-Neumann map with no
added noise. The figure shows increasing accuracy and contrast for increasing trun-
cation radii. Similar to the findings of [17], we experience failing reconstructions for
large enough truncation radii as the frequency data is dominated by exponentially
amplified noise inherent to the finite-precision representation of A,. This happens
since there is noise present in the representation of the Dirichlet-to-Neumann map,
no matter how accurately it represents the true infinite-precision data. We see the
effect of truncation in practice: low resolution, smaller dynamical range and more
smoothness caused by the missing high frequency data. Though not immediately
clear from this figure, the reconstructions slightly overshoot the conductivity of the
resistive spheroidal inclusions with conductivities as small as 0.38. In addition,
the reconstruction algorithm seems to work well in practice on piecewise constant
conductivity distributions.

In Figure 3, we see cross-sectional plots of reconstructed conductivities using
Dirichlet-to-Neumann maps with added noise and for fixed |((£)| = ﬁ]&f 3/2, Here,
K is chosen such that {(§) is small and admissible for A > 9. The truncation radii
are chosen optimally by visual inspection. The figure shows reconstructions in the
presence of noise of levels ranging from ¢ = 107 to ¢ = 1072 in the Dirichlet-
to-Neumann map. We see improving quality of reconstruction as the noise level
decreases in accordance with Definition 1. Beyond noise levels of 10~3, reconstruc-
tion is still feasible without the corruption of unstable noise, although, they need
heavy regularization and start to lack visible features of the phantom. In Figure 4,
we see the conductivity reconstruction using noisy data with ¢ = 10~2 correspond-
ing to approximately 1% relative noise. The resistive spheroidal inclusions start
to connect and the conductive spherical inclusion is not as accurately placed. The
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FIGURE 2. Cross sections (z® = 0) of reconstructions using the
regularized reconstruction algorithm with different choices of trun-
cation radius M, K = 12 and |((¢)| = 1M*/2. There is no added
noise.

remaining intensity in the signal compared to the case M = 9.7 in Figure 4 could
suggest that additional regularization is needed.

The truncation radii of reconstructions in Figure 3 and 4 chosen by visual in-
spection are plotted and compared to the theoretically predicted truncation radius
in Figure 5. This comparison suggests the prediction is somewhat pessimistic and
that the practical algorithm allows for lighter regularization in comparison to what
the theoretical estimates portend. However, the prediction and practical recon-
structions are not directly comparable, since we should pick |((£)| = K1 MP with p
strictly larger than 3/2 according to theory. Finally, we note the noise model uti-
lized by [17] and [26] give somewhat different results compared to our unnormalized
perturbation. The results also raise the question of how practical the reconstruction
method is for more realistic data. Had we decreased the resolution of the basis of
spherical harmonics to which voltages and currents are projected, the approximation
error of highly oscillatory functions would increase. In this case we can expect to
pick the truncation radius smaller to get a stable reconstruction. Investigating the
reconstruction method for electrode data is subject to further study and is related
to [29] for the two-dimensional D-bar method and [26] for the three-dimensional
so-called t**P approximation. Possible improvements to the truncation strategy
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M =9.7,¢=10"° v, M =11.6,e =107*

15

B R 05
Bl 0.5 0 0.5 1 -1 05 0 0.5 1

N M =12.6,e =107° v, M =14, =106

15

- - 05
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

FIGURE 3. Cross sections (2% = 0) of reconstructions using the reg-
ularized reconstruction algorithm on noisy Dirichlet-to-Neumann
maps. The noise levels correspond to relative noise levels € ~ 0.1%
with SNR = 12-10% (top left), ¢ ~ 0.01% with SNR = 123 - 10°
(top right), e =~ 0.001% with SNR = 1172 - 10® (bottom left) and
€ ~ 0.0001% with SNR = 11299 - 10® (bottom right). The param-
eters used are K = 11 and [((¢)| = ﬁMS/Q.

include extending the support of t with prior information using the forward map as
in [5]. In addition, one could experiment with a truncation by thresholding as in
[27].

7. Conclusions. In this paper we provide and investigate a regularization strat-
egy for the Calderén problem in three dimensions. The main result of the paper
is Theorem 1.1, which shows that the algorithm defined by Method 3 yields recon-
structions approximating the true conductivity, when using data corrupted by a
sufficiently small perturbation. The proof relies on a gap of the magnitude of the
complex frequency in which the existence of unique CGO solutions is guaranteed
and the noise level allows a stable and unique solution to the boundary integral
equation. The reconstructions from this strategy are regular as a result of the spec-
tral filtering. Numerical results show the regularizing behavior of the reconstruction
algorithm in practice and suggests one can utilize higher frequency information in
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2

(B)

FIGURE 4. Regularized reconstruction using noisy Dirichlet-to-

Neumann maps with ¢ = 1072, which corresponds to approxi-
mately 1% relative noise and SNR = 1.17 - 103. Plot () shows
the cross sections 3 = 0, 2 = —0.6, 22 = —0.05 and 2% = 0.6,

whereas plot (B) shows the plane corresponding to 3 = 0. The
parameters used are M =9, K = 11 and |((£)| = %ﬁMW?

Observed and predicted truncation radii

1l : : : :
6 m— Pred.
O O Observ.
12+ -
¢
%“107 o . -
._g
s 8r 7
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S
= 6r ]
Q
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= 1
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0 ‘ ‘ ‘ ‘ .
106 10° 104 10° 102

£

FIGURE 5. The truncation radii as predicted by theory M =
(—1/11log(e))~*/? for p = 3/2, and the chosen truncation radii
for the noisy reconstructions of Figure 3 and 4.

the data than suggested by the theory. The reconstructions of piecewise constant
conductivity data show promise even in the case of 1% relative noise.
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Abstract. This paper considers a Bayesian approach for inclusion detection
in nonlinear inverse problems using two known and popular push-forward prior
distributions: the star-shaped and level set prior distributions. We analyze the
convergence of the corresponding posterior distributions in a small measurement
noise limit. The methodology is general; it works for priors arising from any
Holder continuous transformation of Gaussian random fields and is applicable to
a range of inverse problems. The level set and star-shaped prior distributions
are examples of push-forward priors under Hélder continuous transformations
that take advantage of the structure of inclusion detection problems. We show
that the corresponding posterior mean converges to the ground truth in a
proper probabilistic sense. Numerical tests on a two-dimensional quantitative
photoacoustic tomography problem showcase the approach. The results highlight
the convergence properties of the posterior distributions and the ability of the
methodology to detect inclusions with sufficiently regular boundaries.

Keywords: inverse problems, Bayesian inference, inclusion detection, Gaussian prior,
posterior consistency

1. Introduction

The Bayesian approach to inverse problems has in recent decades generated consider-
able interest due to its ability to incorporate prior knowledge and quantify uncertainty
in solutions to inverse problems, see [1, 2]. A commonly recurring objective in inverse
problems for imaging science is to recover inhomogeneities or inclusions, i.e. piecewise
constant features, in a medium; applications range from cancer detection in medical
imaging [3, 4] to defect detection in material science [5, 6]. In a Bayesian framework,
this can be tackled by designing a prior distribution that favors images with these
features.

An optimization-based approach can address this by parametrizing the relevant
subset of the image space and minimizing a functional over the preimage of this
parametrization, see for example [7]. This is visualized in Figure 1, where we consider

1 Corresponding author
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the parametrization ® defined on a linear space © and giving rise to the subset ®(©)
of the image space

Li(D)={ye L*(D): A7' <y <Aael,

where D is a bounded and smooth domain in R% d = 2,3 and A > 0 is a constant.
Such approaches benefit computationally from the fact that the set of images with
inclusions, i.e. ®(0), form a low-dimensional subset of the image space L3 (D). In
the Bayesian framework, a related approach makes use of a push-forward distribution
as the prior distribution, i.e. the distribution of a transformed random element of ©.
This often leads to strong a priori assumptions, as the prior only gives mass to the
range of the parametrization. More classical prior distributions including Laplace-
type priors, see for example [8], and other heavy-tailed distributions often fail to take
advantage of the low dimension of such images.

In this paper, we consider a Bayesian approach that captures this idea for two
parametrizations used in detection of inclusions for nonlinear inverse problems: the
star-shaped set and level set parametrizations. These parametrizations are studied
rigorously in [9, 10, 11] and remain popular to Bayesian practitioners: we mention
[1,12, 13, 14, 15, 16] in the case of the star-shaped inclusions and [17, 18, 19, 20, 12, 21]
for the level set inclusions, see also references therein.

The solution to the inverse problem in the Bayesian setting is the conditional
distribution of the unknown given data, referred to as the posterior distribution.
The posterior distribution has proved to be well-posed in the sense of [2] for such
parametrizations. This means that the posterior distribution continuously depends
on the data in some metric for distributions. This property implies, for example, that
the posterior mean and variance are continuous with respect to the data, see [8]. How-
ever, such results give no guarantee as to where the posterior distribution puts its mass.

A more recent framework provided in [22] using ideas from [23], see also [24],
gives tools to analyze the convergence of the posterior distribution for nonlinear in-
verse problems. Such results, known as ‘posterior consistency’, address whether the
sequence of posterior distributions arising from improving data (in a small noise or
large sample size limit) gives mass approximating 1 to balls centered in the ground true
parameter 7, generating the data. Nonlinearity in the forward map and parametriza-
tion makes consistency results for Gaussian posterior distributions, as in [25], inappli-
cable. Currently, the setting of [22] and similar approaches require smoothness of the
parameter of interest. A crucial condition is that the parameter set that is given most
of the mass by the prior, has small ‘complexity’ in the sense of covering numbers, see
[23, Theorem 2.1] or [24, Theorem 1.3.2]. Using Gaussian priors, this parameter set is
typically a closed Sobolev or Holder norm ball, see [24, Theorem 2.2.2] or [22]. How-
ever, such priors do not give sufficient mass to discontinuous parameters to conclude
consistency. In this paper, we aim to address this, at least partially, by parametrizing
the set of discontinuous parameters from a linear space © of sufficiently smooth func-
tions.

We aim to recover an element ~y, which we call the image or the physical parame-
ter, in a subset ®(0) of L3 (D) for some continuous map ® : © — L3 (D). We consider
a nonlinear forward map G : L% (D) — Y mapping into a real separable Hilbert space
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2
© —— L3 .. y
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/ 0] v g T
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Figure 1: A visiualization of the parametrization ® : © — L% (D) and forward map
G:L3(D) = V.

Y with inner product (-,-) and norm ||-||. We refer again to Figure 1 for an overview of
this setup. This setting allows us to make use of the framework provided in [22], but
transfer the complexity condition from subsets of L% (D) to subsets of ©, see Section
3.2. In the context of inclusion detection, this means we can detect inclusions with
sufficiently smooth boundaries.

Our contributions can be summarized as follows:

e We present a posterior consistency result for the general setting mentioned above,
when the parametrization ® satisfies mild conditions in regularity. We use the
framework provided by [22] extending to Holder continuous G and push-forward
priors. In particular, this gives an estimator, the posterior mean, which converges
in probability to the true physical parameter in the small noise limit. Formally,
this means there is an algorithm 4 defined for noisy measurements Y depending
on the noise level € > 0 such that

I7(Y) =0ll2py — 0

in probability as € — 0. This statement will be made precise in Section 2.
Furthermore, the rate of convergence is determined in part by the smoothness of
elements in © and the regularity of the parametrization.

e We show that two parametrizations for inclusion detection, a star-shaped
set parametrization and a smoothened level set parametrization, satisfy the
conditions for this setup.  This verifies and quantifies the use of such
parametrizations.

o We numerically verify the approach based on the two parametrizations in a
small noise limit for a nonlinear PDE-based inverse problem using Markov chain
Monte Carlo (MCMC) methods. We consider a two-dimensional quantitative
photoacoustic (QPAT) problem of detecting an absorption coefficient. We derive
a new stability estimate following [26, 27].

We note that the framework of [22] in e.g. [28] and [29] shows consistency for ‘reg-
ular link functions’ ® (defined in [30]), which are smooth and bijective. The archetypal
example is ® = exp or a smoothened version to ensure positivity of the physical pa-
rameter . As we shall see, injectivity and inverse continuity are not necessary for the
proofs when we want to show consistency in L3 (D). One novelty of our work is to
show that this observation has relevance: we seek to recover the physical parameter ~
instead of a non-physical parameter in © that generated it. As we shall see, a natural
parametrization for star-shaped inclusions is Holder continuous from a suitable space
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O to L3 (D). The same holds true for a smoothened level set parametrization, which
we will encounter in Section 4.2.

The structure of the paper can be summarized as follows. In Section 2, we recall
a few key elements of the Bayesian framework in a ‘white noise’ model as outlined
in [2] and [31, Section 7.4], including the notion of posterior consistency with a rate.
In Section 3, we show that Holder continuity of ®, some smoothness of elements in
®(O) and conditional continuity of G~1, suffice to show that the posterior mean con-
verges to the ground truth o in L2(D) as the noise goes to zero. Section 4 considers
these conditions for the level set and star-shaped set parametrizations, which are well-
known in the literature. In Section 5, we consider the two-dimensional quantitative
photoacoustic tomography problem suited for piecewise constant parameter inference.
Then, Section 6 gives background to our numerical tests and results that emulate the
theoretical setting of Section 3. We present conclusive remarks in Section 7.

In the following, we let random variables be defined on a probability space
(Q,F,Pr). For a metric space Z; the Borel o-algebra is denoted by B(Z;). If
F: Z, — 25 is a measurable map between the measure space (21, B(Z1),m) and the
measurable space (22, B(25)), then F'm denotes the push-forward measure defined by
Fm(B) = m(F~Y(B)) for all B € B(Z;). We denote by L%(£2, Pr) the space of real-
valued square integrable measurable functions from (2, 7, Pr) to (R, B(R)). When Pr
is the Lesbegue measure on R, we simply write L2(£2). We call probability measures
defined on B(Z;) Borel distributions.

2. The Bayesian approach to inverse problems

Bayesian inference in inverse problems centers around a posterior distribution. This
is formulated by Bayes’ rule once a prior distribution in L3 (D) has been specified
and the likelihood function has been determined by the measurement process. In this
paper, we consider a ‘continuous’ model of indirect observations

Y =G(7) + en, (1)

for a continuous forward map G : L% (D) — Y, where the separable Hilbert space Y
has an orthonormal basis {e,}32,. Here ¢ is ‘white noise’ in Y defined below in (4).
We denote the noise level by ¢, = ﬁ for some ¢ > 0 and n € N, which has this
convenient form to study a countable sequence of posterior distributions in decreasing
noise, i.e. for growing n. When we write Y, it is understood that this depends on n
and 7. The rate n=1/2 ig natural: if Y is a subspace of Holder continuous functions on
a bounded domain, this observation model is equivalent to observing n discrete point
evaluations of G(y) with added standard normal noise as n — oo, see [31] and [32,
Section 1.2.3].

Given a Borel prior distribution I on L3 (D), the posterior distribution II(:|Y")
is proportional to the product of the likelihood and prior. Indeed, according to
Bayes’ rule, if ) is finite-dimensional, the posterior distribution has a density (Radon-
Nikodym derivative) of the form

dIl(- 1 1
o) = g (<5100 ~ulP) ey
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where Z > 0 is a constant, see for example [8, 33]. This is well-defined for almost all
y under the marginal distribution of Y. The relevance of this object emerges, when
evaluating it in a realization Y (w) = y. Using inner product rules we can rewrite this
as

V) = 5 [ o (5 V.600) - g5 160)F) M), BeBUAD). ()

where the contribution of Y is absorbed in the constant Z > 0. The purpose of the
following paragraphs is to argue that this formula remains valid, when Y is infinite-
dimensional with the interpretation that (Y,G(v)) is a Gaussian random variable
defined by

Yoy) =(G(v),9) + W (y), ®3)
where W is a white noise process on Y satisfying E[W (y)] = 0 and E[W (y)W (y')] =
(y,vy'), see [32][Example 2.1.11]. To this end, let

€= Ger, & =VN(0,), (4)

k=1
which is convergent in V_ in the mean square sense, see [8, Section 2.4], where Y_ is
the Hilbert space Y_, see also [31, Section 7.4], defined by

Vo= {f = frent IfI2 =DM < 00}
s p

for Ay > 0 and {M\,}32, € ¢2. Note ¢ is a Gaussian random element of Y_, since
it is the Karhunen-Loeve expansion of a mean zero Gaussian random element with
covariance operator K : Y_ — )_ defined by Key = )\iek, see [8]. Then Y is also
a Y_-valued Gaussian random element, since it is a translation of €, by an element
in Y. We denote the distributions of €,£ and Y in Y_ by P, and P}, respectively.
We can think of P as the data-generating distribution indexed by -, the physical
parameter generating the data, and n, which controls the noise regime.

The likelihood function arises as the density (Radon-Nikodym derivative) of P
with respect to P,. This is a consequence of the Cameron-Martin theorem in the
Hilbert space }. The theorem gives the likelihood function as

dpP) 1 1
YY) = n(Y) = —_ Y. - 2
R = G ) = e (V.60 - 55 1601 )
here evaluated in Y, see [32][Proposition 6.1.5]. See also a derivation in [31, Section

7.4], for which it suffices that v — G () is continuous from (the standard Borel space)
L3 (D) with the L?(D)-topology into Y.

Then Bayes’ rule [33, p. 7] formulates a posterior distribution as a measure
in L3 (D) as in the right-hand side of (2), well-defined for almost all Y. According
to [33], this equals almost surely a Markov kernel, which we will call the posterior
distribution and also denote it by II(:|Y"). That is to say that B — II(B|Y (w)) is a
measure for every w € Q and w +— II(B]Y (w)) is measurable for every B € B(L%(D)).
In particular, w — II(B|Y (w)) is a [0, 1]-valued random variable.
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Convergence in probability In preparation for the subsequent section, we recall the
notion of convergence in probability. Let ¢, > 0 be a decreasing sequence going to
zero. For a fixed o € L3 (D) and a sequence of measurable functions f, : Y- — R
we say that the sequence of random variables {f,(Y)}>2, converges to v € R in
PJo-probability with rate ¢, as n — oo if there exists a constant C' > 0 such that

Pryed-:|fuly) —vl < Ctp) = 1, ()
asn — oo. We consider the following two cases, where we recall that both the posterior
distribution and Y depend tacitly on n.

(i) For a sequence of sets {B,}52, in B(L3 (D)), we could claim that
II(B,|Y) =1 in P)°-probability,
with rate ¢,, as n — oo. That is, f,,(Y) = II(B,|Y) and v = 1. If this is the case
for By, := {7 : |7 — vllz2(p) < Corn} for some decreasing sequence r, > 0 going

to zero and constant Cy > 0, we say that the posterior distribution contracts
around or is consistent in o at rate r.

(ii) Denote by E[y|Y] the mean (‘posterior mean’) with respect to II(-|Y). This is
defined in the sense of a Bochner integral,

Bl [ i)

A

which is well-defined by [34, Theorem 2], since for all w € Q

L o I35 11 () < AID) < o
L3 (D

A

Then w — E[y|Y (w)] is an L?(D)-valued random element by the definition of
the Bochner integral and by the measurability of pointwise limits of measurable
functions, see [35, Theorem 4.2.2]. We could claim that

IEY] = 90llz2(py = 0  in P°-probability,
with rate t, as n — oo. That is, f,(Y) = |E[v|Y] —70llz2(p) and v = 0.

2.1. Posterior consistency

In this section we recall sufficient conditions posed in [22], see also [24], such that the
posterior distribution in our specific setup is consistent. More specifically, we recall
for which ground truths o € L3 (D), forward models G and prior distributions I

r2(py < C7lY) — 1 in P}°-probability, (6)

(= [l =
as n — oo for some positive decreasing sequence 7, going to zero. A consequence
of this result, under additional assumptions on the prior, is that the posterior mean
converges to o in PJ°-probability, see [24, Theorem 2.3.2] or [33, Theorem 8.8],

IEHY] - %HLz(D) — 0 in P)°-probability, (7)

with rate r,, as n — oco. This is the case of (ii) above. In the nonlinear inverse problem
setting, posterior consistency in the sense of (6) follows from a two-step procedure with
the use of conditional stability estimates.
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Step 1 The first step reduces convergence of {II(B,|Y)}52, from sets of the form
By ={y € LA(D) : |7 =0l 2(p) < C7n}
to sets of the form
By ={y € LA(D) : [|G(7) = G()ll < Crn,y € An}.

Indeed, for specially chosen subsets A, C L% (D) which may depend on n,
assume we have the estimate

v = 2llz2 oy < N1G(M) = G2 3)
for all 41,72 € A, and some v > 0. Then B,, C B, and hence
(B, |Y) < T(B,|Y), 9)

where 7, = ry,.
Step 2 The second step involves showing that II(B,|Y) converges to 1 in PJo-
probability as n — co. This is posterior consistency on the ‘forward level’.

Combining Step 1 and Step 2, we find that TI(B,|Y) converges to 1 in PJo-
probability as n — oo. The ‘conditional’ stability estimate of the first step is of
independent interest for many inverse problems in literature and usually requires an
in-depth analysis of the inverse problem at hand. In this paper we treat first (8)
as an assumption, see Condition 2. Although any modulus of continuity will do for
the first step in this two-step procedure, for our concrete example in photoacoustic
tomography we will show a Lipschitz stability estimate that holds for all v € L3 (D),
see Section 5. Our main motivation for including A,, in the analysis is to keep the
exposition generally applicable.

One of the contributions of [22, 24] is to address Step 2 for a random design
regression observation model using Theorem 2.1 in [23] and the equivalence between
the distance (semi-metric)

dg(y1,72) = [1G(n) — G(2)l

and the Hellinger distance, see [24], of the data-generating distributions (corresponding
to our p}). Theorem 28 in [31], see also [32, Theorem 7.3.5], adapts the proof to the
observation model (1), which is what we will use. One can see this second step as
showing posterior consistency in G(v) at rate r,, for the push-forward GII(:|Y) as in
[36]. Below, we use the covering number N(A,d, p) for a semimetric d, which denotes
the minimum number of closed d-balls of radius p > 0 needed to cover A, see Appendix
A for a precise definition. Then the condition to complete Step 2 is as follows.

Condition A. Let II =11,, be a sequence of prior distributions in LIZ\(D). Let G be
the forward model G : LA (D) — Y and o € L%(D) the ground truth. Let v, satisfy
rp =n"% for some 0 < a < 1/2. Suppose that,

A.1 the prior gives enough mass to contracting balls Bg(vo,mn) := {7 : dg(7,7%) <

Tn}

(Bg(y0,7a)) Z €O, Cy >0, (10)
A.2 there exist sets A, that are almost the support of I1 in the sense that
(ZA(D)\ An) S ™ @, Cy > Cr +4, (11)

A.3 and that there exists a constant mg > 0 such that
log N(A,,dg, mgry) < Cynr2,  C3 >0, (12)
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all for n large enough.

Condition A.1 is a sufficient condition such that the denominator of the posterior
distribution cannot decay too fast as n — oco. This is helpful when showing
II(BS|Y) — 0 in PJo-probability as n — oo. On the other hand Condition A.2
and A.3 are conditions that give control over the numerator in a sense that is made
precise in the proof of Theorem 2.1 in [23] (or for example Theorem 28 in [31]). It
is also a trade-off; the sets A, should be large enough such that they are almost
the support of the prior, but small enough such that the covering number increases
sufficiently slowly when n — oo. In the general case, Step 2 is completed by the
following result proved in Appendix B.

Theorem 2.1. Let II(-|Y) be the sequence of posterior distributions arising for the
model (1) with vo € L3(D), G and prior distributions I1 = II,, satisfying Condition A
for some rate ry,. Then, there exists Cy = Co(Ca,Cs,mg,0) such that

II(Bg (0, Corn) N Ap|Y) — 1 in P)°-probability, (13)
with rate e="x forall0<b< Cyo—Cy—4 asn — 0.

Given the preceding result, we can conclude posterior consistency in vy at rate
7, as in Step 1, if we have a conditional stability estimate as (8).

2.2. Markov chain Monte Carlo

While Section 2.1 concludes in an abstract way the usefulness of the posterior
distribution, in this section we briefly recall methods to approximate it. We consider
MCMC methods that approximate E[y|Y] (or other statistics) from averages of
samples from a Markov chain that has the posterior distribution as its stationary
distribution. Since the composition G o ® maps © into ) continuously by assumption,
given a prior distribution IIy in ©, there exists a posterior distribution IIp(-]Y") in ©
of the form

W(BY) = [ e (§<Y7G<¢(e»> - éug@(e))\ﬁ) M,(d), B e B(O). (14)

Naturally, if IT = ®IIy, then by a change of variables
I(|Y) = T, (-[Y),

see for example [36, Theorem B.1], i.e. 8 ~ IIp(-|Y") implies ®(0) ~ II(:|Y). This gives
rise to the following ‘high-level’ algorithm: given a realization y € Y_ of Y,

1. choose 8 € © and K > 0,

2. generate {O(k)}szl in © using 0 as initial condition with an MCMC method

targeting Ily(-|y), and

3. return {@(OFN I .
For our numerical examples, we use the preconditioned Crank-Nicolson (pCN) MCMC
method, see [37]. This method uses only single evaluation of the log-likelihood function
every iteration and is hence attractive for expensive PDE-based forward maps. It is
well-defined when © is a Hilbert space and possesses favorable theoretical properties,
see [37, 38]. The idea to generate samples from II(-|y) by pushing forward samples

also appears in certain reparametrizations of posterior distributions for the use of
hyperparameters, see [39].
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3. Posterior consistency using parametrizations

In this section, we follow [22, 24] in their approach to satisfy Condition A. In the
case where II = ®IIy for Iy Gaussian and G o ® Lipschitz continuous, the approach
is the same. We give a brief recap for the case where G o ® is Holder continuous for
the convenience of the reader. We tackle this by introducing three new conditions
convenient for an inverse problem setting. We oppose this to Condition A, which is
general and applicable in many statistical inference problems. As our base case, we
assume © = HA(X), where X is either the d’-dimensional torus or a bounded Lipschitz
domain X C ]Rd/, d" > 1and 8 > d’'/2. We include here the torus in our considerations,
since it is a numerically convenient setting. For more general parametrizations for
inclusion detection, we shall need small deviations from this setting. However, these
cases will take the same starting point of H?(X) in Section 4. We begin by stating
conditions on ®, G and II so that Condition A is satisfied. To do this, we introduce
the following subset of ©.

Sp(M) ={0€O:|0lgsxy < M}.
We then require the following conditions of .

Condition 1 (On the parametrization ®). For any 01,605 € Sg(M) for some M > 0,
let

1@ (61) = @(62) [ 2(p) < Collr — 02§ (15)
for some constant Co(M) >0 and 0 < ¢ < 0.

That is, we require at least conditional Holder continuity of the parametrization
map ®. The L (X) topology is not necessary for what follows and can be generalized
to any LP, p > 1 or H®-norm, s < (. Similarly, we require conditional forward and
inverse Holder continuity of the forward map G.

Condition 2 (On the forward map G). For any y1,v2 € ®(Sg(M)), let
1G(71) = G()ll < Callm — ll72(p)
for some constants Cg(M) > 0 and 0 < n < co. In addition, let
I =2lle2) < FUIG(1) = G2,
for some increasing function f : R — R, which is continuous at zero with f(0) = 0.

We have the following condition on the prior distributions IT we consider. They
should be push-forward distributions of a scaled Gaussian prior distribution in ©.

Condition 3 (Prior IT). Let I} be a centred Gaussian probability measure on HP(X),
B> d' /2, with ,(HP(X)) = 1. Let the reproducing kernel Hilbert space (RKHS), see
[33], (H, || - ||2) of Iy be continuously embedded into H?(X) for some & > 3. Then
Iy is the distribution of

0=n""2¢, 0 ~TI, (16)
for a as in Condition A. Then let II = ®IIy.
This gives the following structure
HC HY(X)c HP(X) = 0. (17)

If one chooses for example a Matérn covariance, see [40], such that IIj,(H?(X)) = 1,
then H = H®(X) with § = 8 4 d’/2, see Example 11.8 and Lemma 11.35 in [33] or
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[24, Theorem 6.2.3]. The scaling in (16) essentially updates the weight of the prior
term to go slower to zero. Indeed, dividing through by the factor €2 appearing in the
data-misfit term, the prior term scales as e2n!=2¢ ~ r2. This term play the role of the
‘regularization parameter’ in [41]. Note that lim, oo 7, = 0 and lim,,_, 5%/7’% =0,
as is needed for the convergence of Tikhonov regularizers for example, see [41, Theorem
5.2]. The scaling (16) is also common in the consistency literature, see for example
[22]. In our setting, it ensures that samples are with high probability in a totally
bounded set A, as was called for in Condition A.2 and A.3. We note for 8 > d’/2
that IIj, is also a Gaussian measure on the separable Banach space C(X) endowed
with the usual supremum norm ||f||e := sup, % |f(x)[. This is a consequence of a
continuous Sobolev embedding and [42, Exercise 3.39].

Under Condition 1, 2 and 3, the lemmas in the subsequent sections ensure that
Condition A is satisfied. Then we have the following theorem for posterior consistency
at vo € ®(H) using the push-forward prior IT = ®II, for Iy a Gaussian distribution
satisfying Condition 3.

Theorem 3.1. Suppose Condition 1, 2 and 3 are satisfied for B > d'/2, and
Y0 € D(H). Let II(-]Y) be the corresponding sequence of posterior distributions arising
for the model (1). Then there exists Co > 0 such that

TI(||y — ’Y(JHL‘Z(D) < f(Cory)|Y) — 1 in P)°-probability,

where r, = n~% with

PR
¢ +d”

The rate of convergence in probability is e~ for any b > 0 choosing Cy > 0 large
enough.

(18)

Proof. Note first that Lemma 3.4 shows that Condition A.1l is satisfied for some
C1 = C1(Cs,Cq,¢,n,d',0,00,11). Given b > 0, Lemma 3.2 states that we can
choose M > C(C»,1Ij,6,d") such that Condition A.2 is satisfied and 0 < b <
Cy — Cy — 4. For this choice of M, Lemma 3.3 gives mg = mo(Cs,Cg,(,n, M)
and C5 = C3(6, M, d’, X) such that Condition A.3 is satisfied. Then, by Theorem 2.1,
there exists Cy(Cq, Cs,mg)

II(Bg(y0, Corn) N A,|Y) — 1 in P)°-probability,

nr,

with rate e~ as n — co. Then the wanted result is a consequence of (9). O

Posterior consistency with a rate as in the preceding theorem often leads to
the convergence of related estimators with the same rate, see [33]. Here, we repeat
an argument found in [24] to conclude that the posterior mean converges in P)°-
probability to v as n — oo.

Corollary 1. Under the assumptions of Theorem 3.1, the posterior mean E[y|Y] in
L2(D) satisfies for some constant C > 0 large enough

IEMY] = llL2(py = 0 in P°-probability

with rate f(Cry) asn — oo.
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Proof. The proof of Theorem 2.3.2 in [24] applies here, since ® maps into L3 (D) by
assumption and hence

S 17 0l 1) = [ 1906) — 0060) o Hotah) < 487101

Al

3.1. Ezxcess mass condition A.2

To motivate more precisely the scaling of the prior and the form of A,,, we recall [22,
Lemma 5.17]:
_om?

(10|16 2y > M) < e M,
for all M large enough and some fixed C' > 0 depending on IIj,. Then
H@(H€||H5(X) > A{) _ H/G(HQIHHB(X) > Mn1/27a) < 6701\42711*% _ efCAM‘ZnTZL‘ (19)
Hence, IIy charges Sg(M) with sufficient mass in relation to Condition A.2. However,
we can consider a smaller set with the same property. Define
Ay = 9(0,), O :={0=01 40 [|01]cc < My, ||02]ln < M}NSg(M), (20)

1

for 7, = 1.
Lemma 3.2. If Condition 3 is satisfied and r,, = n~% for
. n¢od 7
2nCo +d’'
then condition A.2 is satisfied for A, defined by (20).

(21)

Proof. [24, Theorem 2.2.2 and exercise 2.4.4] shows that for M > C(Cs, 11y, d,d’)
(0 ©,) < e,
for any given Cy > 0, since (7,n/2~%) =% = nr2 for b= 2d’ /(25 — d'). Then,
(LR (D) \ An) = (@~ (L3(D) \ An)).
=11p(0\ ©,) < =, (22)
as follows from (19). O

3.2. Metric entropy condition A.3

Now we show that the sets on the form A, defined by (20) satisfy Condition A.3.
This is straight-forward, when ® is Holder continuous by Lemma A.1. We also recall
that an upper bound on the covering number of Sobolev norm balls is well-known, see
Lemma A.2.

Lemma 3.3. Suppose Condition 1 and 2 are satisfied. Then Condition A.3 is satisfied
for Ay, as in (20) and a as in (21).
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Proof. Define for ¢ € C(X) and p > 0 the norm ball Bo(¢,p) := {# € C(X) :
|0 — €|l < p} and denote by Boo(p) the ball centered in 6’ = 0. Recall (20), for
which we note ©,, C (Boo(M7y,) + Ss(CM)) N Sz(M) for some constant C > 0 by
Condition 3. Then applying Lemma A.3 for p =7,

N(On, | - locs 2MT,) < N(Ss(CM), || - |loo, MT),
Now using Lemma A.1 (i) and the Holder continuity of G o ® on Ss(M), there exists
a constant mo = mo(n, ¢, Ce, Cg, M) such that for any n > 0 large enough,

log N(A,,dg, m(ﬂ"n) <log N(®n> H ' ”00»2]‘/[?")7

< log N(S5(CM), || - [loo, M),

’

S Cg’f‘;T = Cgﬂ?“i, (23)
where C5 = C5(8, M,d',C, X) and where we used Lemma A.2 and (21). O

3.3. Small ball condition A.1

In this section, we consider the strong assumption that vy € ®(H). We refer the
reader to [43] for a more general case where 6 is only in the closure of H in ©.
However, this extension is not immediately compatible with the scaling (16). What
follows in this section is based on the work [24]. We extend this to the case of Holder
continuous maps G o @ in a straight-forward manner. Below we need the scaled RKHS
Hy i=n"Y2H = {n®1/2h : h € H}, see Condition 3, with norm

IRll3e, = nt2 =

This is the RKHS associated with Iy, see [42] or [32, Exercise 2.6.5].
Lemma 3.4. Let 1T satisfy Condition 3 and let v = ®(0y) for some 6y € H. If
Condition 1 and 2 are satisfied, then Condition A.1 is satisfied for a as in (21).
Proof. For R > 0 large enough depending on 6y and I}, we have by Condition 1 and
2a
{9 €O: dg(q)(‘g)v @(00)) < Tn}

5 {0€ 0 dg(®(0), B(00) < ra} N Ss(R),

2 {0€0:[2(0) - (0)ll2p) < Cry/"[10]] s (x) < R}

2{0€0:0 -0l < CTp, |0 — Ol s xy < R}, (24)
where C = C(n,(,Cg,Cy,R) and R = R— 160l 5 (), and where we used the triangle
inequality. Note also Iy(-) = Tp(-+6p) is a Gaussian measure in the separable Hilbert
space H?(X). In addition, a closed norm ball in H?(X) is a closed subset of H?(X)
and so is {# € H?(X) : ||0]loc < C7,} by a Sobolev embedding. Then we can apply
the Gaussian correlation inequality [24, Theorem 6.2.2] to (24) so that

Ty (dg(®(6), ®(00)) < ) > Ty(]|0 = bolloc < CTn, (160 — B0l 115 (1) < R),
=T1p(]|6]|0c < CTn, 100l 75 (x) < R),
> T([|0]lcc < CTo)([10] 55 () < R). (25)
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To each of the factors in the right-hand side of (25) we apply [32, Corrollary 2.6.18]
to the effect that for large n
y(dg(2(6), 2(60)) < ra)

> e 10l o (|6]] oo < OF )Mo (6] 5x) < R),

> e—C"rLI’z“H/g(”el”oo < Cf"nl/z_“),
for " = (0o, 11j) using also that Tle(|0]] sy < R) < 1/2 for R large enough as
follows from (19). The rest of the argument follows [28, Lemma 11] and uses [44,

Theorem 1.2], see also Lemma A.2, and the continuous embedding H C H?(X) to
conclude

H/B(”e/Hoc < Cfnn1/27a) > e—c”(nnl/"’*“)*‘77

"2
= e_c n/’"ll

with C” = C"(C,C") and b = Qi/d,, which fits the choice (21) of a. O

25
4. Parametrizations for inclusions

In this section, we make use of Theorem 3.1 for two specific parametrizations suited for
inclusion detection: a star-shaped set parametrization and a level set parametrization.
These are parametrizations on the form

N
(0) = > Killa, o) (26)
i=1

for some Lebesgue measurable subsets A;(0) of R? and constants x; > 0 for
i = 1,...,N, which we denote collectively as # = {;}¥,. Since we consider
parametrizations that map into L3 (D), we will implicitly consider ®(0) as the
restriction of the right-hand side of (26) to D. Note that recovering parameters on
this form requires that we know a priori the parameter values ;. However, this could
further be modelled into the prior. In the following, we construct A;(6) as star-shaped
sets and level sets.

4.1. Star-shaped set parametrization

We start by considering the parametrization for a single inclusion, i.e. N = 1.
For simplicity of exposition, we consider the star-shaped sets in the plane, although
it is straight-forward to generalize to higher dimensions. Let ¢ be a continuously
differentiable 27-periodic function. We can think of  : T — R as a function defined
on the 1-dimensional torus T := R/27Z. The boundary of the star-shaped set is a
deformed unit circle: for a point  in D it takes for v(d) := (cos ), sind)) the form

0A(0) = z + {exp(0(V))v(¥), 0 <V < 2r},

Then we write

A0) =z + {sexp(6(9))v(9),0 < s <1,0 <9 <27}, (27)
Let k1, k2 > 0 and define
@(9) = KlﬂA(g) + Ka. (28)

We have the following conditional continuity result, where we for simplicity fix z € D.
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Lemma 4.1. Let 61,65 € H*(T) and ||0;]| go(ry < M with 8 > 3/2 fori=1,2. Then
1/2
19(61) — @(8:) | 2oy < C162 = OslI3/2 ),
where C' only depends on M and k1.

Proof. By the translation invariance of the Lebesgue measure, it is sufficient to bound

the area of the symmetric difference A(01)AA(0;) := (A(61)\ A(02)) U (A(02)\ A(61))

for z = 0. We parameterize this planar set using K : [0,1] x [0,27] — R?, defined by
K(s,9) = [sexp(01(9)) + (1 — s) exp(62(0))]v(D).

Note that [|0;]|gsry < M implies [|0]|ci(ry < CM by a continuous Sobolev
embedding. We have

687.15(8,19) = [exp(61(9)) — exp(B2(0))]v(9),
‘%(s,ﬂ)‘ <o),

and the well-known change of variables formula,

Vol(A(B1)AA(62)) = /1 /277 | JK (s, 0)| do ds,
0 0
< C((0s K (5, 91100 K (5, 9))2| + [(0s K (5,9))2]| (B K (s,9))1]),
< C(M)[e ) — ),
< C(M)||61 = 02|l Lo (1),

where | JK (s,9)] is the determinant of the Jacobian of the map K. In the last line, we
used that z — exp(z) is locally Lipschitz as follows from the mean value theorem. [

Using the triangle inequality for the symmetric difference and the main result of
[45], we would also have an estimate on the continuity of ® as defined on D x H?(T),
i.e. on elements (z,6). We could then endow D x H?(T) with a product prior which
straight-forwardly satisfies Condition A.1. For simplicity we skip this extension.
Instead, we gather the following conclusion that follows directly from Theorem 3.1
and Corollary 1.

Theorem 4.2. Suppose Condition 2 is satisfied for 8 > 3/2. Let vo = ®(6p) for
0o € H. Let II(:|Y") be the corresponding sequence of posterior distributions arising
for the model (1) and prior I1 = ®Ily satisfying Condition 3. Then there exists C > 0
such that
IE[Y] = YllL2(py = 0 in P°-probability (29)
with rate f(Cn~%) as n — oo, where
nd
a= .
206 + 2
Note that this is the rate of (18) with ¢ = 1/2 and d’ = 1. Clearly this
convergence rate takes into account that a smooth star-shaped inclusion belongs to
a low-dimensional subset of L3(D). One can think of this fast convergence rate
(compared to Gaussian priors directly in L?(D)) as an expression of uncertainty

reduction. Parameters v € L3 (D) on the form (28) carry some regularity. Indeed,
using results in [46, 47] showing a-Sobolev regularity for 0 < o < 1/2 reduces to giving
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an upper bound of the area of the e-tubular neighborhood of 9A(f) with respect to
€. This is provided by Steiner’s inequality, see [48], for d = 2, or more generally
by Weyl’s tube formula, see [49], when d > 2. Then ||®(0)||ge(py < C(M, D, a) for
101l 75 (ry < M.

Multiple inclusions The case of multiple star-shaped inclusions is a straight-forward
generalization using the triangle inequality. We consider for N” > 1, the map

o : (H(T))V — LA(D)

as in (26) with A;(0) = A(0;) + x; from A in (27) with z = 0, z; € D, and where we
set 0 = (61,...,0n). We denote || - ||o the direct product norm associated with the
norm on L*>(T), i.e.

10]ln = max ([01]l < (r), - - -, 1Onl] <)) -
We have the following continuity result.

Lemma 4.3. Let 0;,0; € HP(T) with ||0; ”Hﬁ(T) < M, ”éi”Hﬁ(T) < M fori =

1,...,N. For 0= (0y,...,05) and 6 = (0y,...,05) we have
19(6) = @(0)[|2(p) < 10— Il
where C' only depends on M, k and N.

Proof. Using the triangle inequality and Lemma 4.1,

2
[®(6) — ®(0) |72y = i(Las0) — La,5)) ,
L2(D)
I 2
<C <Z 1Ta,0) — ]]-Az(é)le(D)> ;
i=1
N 2
<c (Z 116 — 6; Loomr)) ,
i=1
<0 bl
by the equivalence of the p-norms p > 0 on RV, O

Parallel to the remark before Lemma 4.1, we mention that a statement similar to
Lemma 4.3 holds true for a map ® defined on (D x H?(T)), if we in addition wish
to infer z1,...,za. In preparation for the main result of this section let us change
notation to suit the current setting. Let
0=H/(TYN and Ss(M)={0€O:|0]lgsm) < M,i=1,...,N}. (30)
We then endow © with a (product) prior distribution of Iy satisfying Condition 3:

Iy = @ Il satisfying TIg(B) = Ip(By)...Ie(By), (31)

for B= B; x ... x By € B(H?(T)YY = B(H?(T)"). The last equality is found in
for example [50, Lemma 1.2]. For this prior, we have the following result, which is
accounted for in Appendix C.
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Theorem 4.4. Suppose Condition 2 is satisfied for Sg(M) as in (30) for B > 3/2.
Let v0 = ®(6p) = ®(00.1,-..,00n) for 6o € H, i = 1,...,.N. Let II(-|Y) be the
corresponding sequence of posterior distributions arising for the model (1) and prior
I1 = ®Ily for (31). Then there exists C > 0 such that

IE[vY] = llz2(py — 0  in P°-probability (32)
with rate f(Cn~%) as n — oo, where

__m
T opte
Note that this is the rate as of Theorem 4.2, i.e. the rate does not depend on the

number of inclusions; this dependence appears in the constant C.

4.2. Level set parametrization

In this section, we consider the level set parametrization of piecewise constant
functions. The simplest case is to compose a given continuous function 6 : X — R,
for ¥ D D, i.e. d =d = 2,3, with the Heaviside function H(z) = 1.>¢(2) as
v(x) = ®(0)(x) = k1 H (0(x)) + ko,
for k1,k2 > 0. However, ® : H?(X) — L% (D) is not uniformly Hélder continuous
on Sg(M) for any 3, M > 0 and hence does not satisfy Condition 1. Indeed, if |V8|
is small near the set {z : 8(z) = 0}, small changes in 6 can lead to big changes in
~. A lower bound on |V6| near this set suffices, as can be seen from the implicit
function theorem, see Lemma C.1. This type of condition also appears in level set
estimation of probability densities, see [51]. We illustrate this phenomenon by the
following two-dimensional example.
Example 1. Let X = D = B(0,1/2) the two-dimensional disc of radius 1/2. Take
as O(ny the radially symmetric functions 0, (r, 9) = %+ 2" and é(n) = —0) for
0<r<1and0<9 <27 It is clear that Oy, é(n) € 8§1(M) for alln € N, and that
18n) = Oty ll =2y < 20107 | oo () + 2117 | 2w ((0,1/2))
<only2l7 0
as n — 0o. However ®(0(,)) = k1 and ®(0(,)) = k2 50 [|[®(0(n)) — (Ol z2(p) =
|I{2 - Hl‘.

The example is easy to extend to the more general case where the L°°-norm is
replaced with the C*-norm. Note also that for fixed 0(n) = 0, we have continuity of ®
in this particular example. This fact generalizes to continuity of ® in functions 6 that
do not have critical points on {z : 6(x) = 0}. However, for the stronger Condition
1, it is not obvious how much mass Gaussian distributions give to functions whose
gradient is lower bounded away from zero near {z : §(z) = 0}. For this reason, we
take a different approach. We define an approximation ®. of ® for which Condition
1 is satisfied. This gives an approximate posterior distribution that contracts around
76 = ®c(0p). We shall see that if we take ¢ = n™F for some k € (0,1), then the
approximation properties of ®. to ® and a triangle inequality argument ensure we
have consistency at 7o = ®(6p). To this end, consider the continuous approximation
H, of the Heaviside function

0 if z < —e,
1 1
H. (z) = %7 + 3 if —e<z<e, (33)

1 ife <z
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We want to note two straight-forward properties of H.:

\H.(2) — H.(3)| < 2%\,272\, for all 2,7 € R, (34)
and

\H,(2) — H(2)| < %n(,m(z), for all z € R. (35)
We could even consider a smooth approximation for He, as in [21], but this is not

necessary for our case. To construct the continuous level set parametrization, take
constants ¢ = {¢;}¥, satisfying

—0=cp<cp<...<Cny =00
for some N € N. Given a continuous function 6 : D — R define
Ai(0):={z€D:ci.1 <O(z)<¢}, i=1,...,N,

and let ® be of the form (26). The corresponding approximate level set
parametrization is then

@6(9) = m[He(chi_l) 7H€(97()i)], (36)

-

i=1

where we define H.(z — ¢p) = 1 and He(z — cy) = 0 for any z € R. One can check
that @, coincides with ®, when € = 0. Motivated by Example 1 and the property that
stationary Gaussian random fields have almost surely no critical points on their level
sets, we define the admissible level set functions as

N-1 d
HY(X):=H(X)n (| T.,, B>2+ 5
i=1
where
T,:={0 € C*(X): Iw € X,0(z) = ¢, |(VO)(x)| = 0}C.
Indeed, according to [52, Proposition 6.12], for each fixed ¢ € R we have
I,(T.) =1 and hence TIH(HZ(X)) =1 (37)

if T, (C?(X)) = 1 and the covariance function associated with (6(z) : z € X) for
6 ~ IIj is stationary. This is permitted since ((0(z),10(x),...,000(x)) : € X) is
a Gaussian process, see for example [53, Section 9.4]. Note also that it is known that
T. € B(C?(D)) since {6 € C*(D) : |0(x) — c| + |(VO)(z)| > 1/n,Yz € D} is a Borel
set.

Lemma 4.5. We have the following:
(i) If 0o € HZ(X), then for B> 1+d'/2 and € > 0 sufficiently small
[[@(60) — @(60) || 22(py < C(B0, X, D, c)e'/2.
(ii) For any 6,0 € H2(X),
[@c(0) = @(0)12(p) < C(r, N, D)e |6 = 0] 1< (-
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Proof. (i) Note first

N
D (0p) — ©(6o) = _Z #il(He(Bo — ci1) — H(00 — ¢i—1)) —

(He(0g — ¢;) — H(Og — ¢;))]-
By the triangle inequality and (35)
N
[@c(00) = (00)ll 220y <> KillL(—ere) (B0 = €i-1) | 2Dy + [ (—ee) (B0 — i)l 22(D))

Tt is clear that 1(_. o (fo(z) — ci—1) = 1y, (2) with

Vei={z e X :|0p(z) — ci—1| < €}. (38)
By Lemma C.1 |V,| < C(fy, ¢;—1, X)e, and hence the wanted result follows by repeated
application.
(#4) Again by the triangle inequality and now (34) we have

[®c(0) — c(0)]|2(py = Z&HH (0 —cim1) = He(0 — ci—1)l2(p)
+Zm||H —¢i) = He(0 = ¢)l|z2(pys

<et ZM\W = 0llz2(p),

C(r N, D)e M0 = 0] o ().

For the following consistency result we let
0 = H}(x), Sp(M) :={0 € H(X) : 0]l gs ) < M} (39)
We endow © with a prior distribution ITy that satisfies Condition 3 for 8 > 2 + d’/2
such that the covariance kernel associated with the random field is stationary. For

simplicity we assume f(z) = 2" for some 0 < v < 1 in Condition 2. Then we have the
following result proved in Appendix C.

Theorem 4.6. Suppose Condition 2 is satisfied for Sg(M) as in (39) for f(x) = Ca”,
P replaced by ®,,—« for a well-chosen k, and where C' and Cg are independent of n.
Let vy = ®(00) for 6y € HNO. Let II(:]Y) be the corresponding sequence of posterior
distributions arising for the model (1) and prior Il = ®,-xIly as above. Then,

IE[vY] = llz2(py — 0  in P]°-probability (40)
with rate n=* as n — oo for
nd

= Sdun 4 9mS + d° 41

2dvm + 210 + d (41)

Note that for weak inverse stability estimates, i.e. v small, the obtained
contraction rate approaches the usual rate (18).
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5. Quantitative photoacoustic tomography problem

To test the convergence of the inclusion detection methods, we consider the following
test problem in quantitative photoacoustic tomography, see [54, 27, 55]. The diffusion
approximation in QPAT models light transport in a scattering medium according to
an elliptic equation
V- -uVu+~vu=0, in D, (42)
u=g, on 0D,

where p € Lf\“ (D), A, >0, and v € L3 (D) are the optical diffusion and absorption
parameters, respectively. The prescribed Dirichlet boundary condition u = g defines
the source of incoming radiation. It is well-known that (42) has a unique solution
u € HY(D) for each g € H'/?(9D) and for any nonzero source function h € H~1(D)
of (42). Furthermore, we have the estimate

[ull sz 0y < C(Ap, D)9l 172 opy + 1Al z1-1(1)) (43)
see for example [56, Chapter 6]. QPAT aims to reconstruct the optical parameters
given the absorbed optical energy density map H, which equals the product yu up to
some proportionality constant that models the photoacoustic effect. In our simplified
approach, we aim to invert the forward map

G:v— H:=~u, G:L3(D)— L*D),
for a fixed p € L3 (D). For smoothness and physical accuracy we assume

ge H?(30) and 0 < gmin < 9 < Gmax- (44)
This setting allows a simple inverse stability estimate. First we have the following
continuity result of G.

Lemma 5.1. Let Hy := yiu1 and Hs := ~yaus for solutions uy and us of (42)
corresponding to v = v1, ¥ =2 in LX(D) and g satisfying ({44). Then there exists a
constant C' such that

|Hi — Hallz2(p) < Cllm — 72llz2(p),
where C' depends on A, D and gmax-

Proof. We note that u; — us solves

=V - uV(ur —ug) +y1(w1 — u2) = ug(y2 — ) in D,
u1 —ug = 0 on OD.

Then by (43) and the maximum principle [57, Theorem 8.1]

[ur — uzll 1oy < lluz(v2 = Y)llE-1(D) < gmaxl1 — Y2l L2(D)-
Since Hy — Hy = y1(u1 — u2) + (71 — 72)ue we have
|Hi — Hallz2(py < 71 (u1r —u2)llz2(py + (71 = Y2)uzllp2 (),
< Imax(1+ M)|71 — vallz2(p)-
O

Lemma 5.2. Under the same assumptions of Lemma 5.1, there exists a constant
C > 0 such that

1 = v2lle(py < CllHL = Ha|lL2(p)- (45)
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Proof. See also [27, Theorem 3.1] and [26, Theorem 1.2]. Note u1 —uy € HE (D) solves
—V - uV(uy —uz) =Hy—Hyin D,
u; —ugs = 0 on 9D,

hence by elliptic regularity
llur = uallr2(py < C(Ay, D)||Hy — Ha|l12(p)- (46)

Note by the trace theorem, see [58], for g as in (44) there exists v € H2(f2) such that
up —v € H}(Q). By a Sobolev embedding v € C%% (D) for some ag > 0 depending
on d = 2,3. Theorem 8.29 and the remark hereafter in [57] states that up € C®(D)
for some o = a(d, Ay, A, D, op) > 0 and that

uzllce @) < Ul(sug lu(z)| + Us) =: U,
zE

where Uy = My(d,A,,A,D,a0) > 0 and U, = Ux(D,g). By the maximum
principle [57, Theorem 8.1] we can collect the right-hand side to one constant
U = U(U1,Uz, gmax) > 0. Now using the argument in [26, Lemma 12], which in
return uses the Harnack inequality [57, Corollary 8.21] we conclude

Uy > M, (47)

where m = m(d, Ay, A, D,U, &, gmin) is a constant. Note

u 1
Mn=—r=n(- *1) + —(nur — ru2),
U2 U2

1 1
U2( 2 1) UQ( ! 2)

Combining this with (46) and (47) we have
71 = 2llz2(py) < C(m, A, Ay, D) Hy — Hallr2(py.-
O
We note that G satisfies Condition 2 for n = 1 and f(z) = z. We also note
that J) = L?(D) is a separable Hilbert space with an orthonormal basis consisting of
the eigenfunctions of the Dirichlet Laplacian on D. We conclude that this problem

is suitable as a test problem, and that Theorem 4.4 and 4.6 apply. In Section 7 we
discuss other suitable inverse problems.

6. Numerical results

We discuss our numerical tests in detecting inclusions for the QPAT tomography
problem using the pCN algorithm of Section 2.2 and the parametrizations of Section
4. For simplicity we assume D = B(0,1), the two-dimensional unit disk.
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6.1. Observation model

As an approximation to the continuous observation model (1) for the numerical
experiments we consider observing

Yi = (G (), ex)2(p) + €€k kE=1,...,Ng (48)

where {e;}72, is an orthonormal basis of L?(D) consisting of the eigenfunctions of
the Dirichlet Laplacian on D and N4 € N is a suitable number. This observation
Y = {Yk}gil is the sequence of coefficients of the projection of Y from (1) to the span
of {E’k}kN “,. As Ny — oo observing Y is equivalent to observing Y, see for example
[28, Theorem 26]. Besides being a convenient approximation, this model has numerical
relevance: there exists closed-form reconstruction formulas for (G(v), ex)z2(py in the
first part of the photoacoustic problem, see [59, 60]. The likelihood function then
takes the form

p?(Y) == exp (—512 Z(Yk - (g(7)76k>L2(D))2> :

k=1

6.2. Approximation of the forward map

We approximate the forward map using the Galerkin finite element method (FEM)
with piecewise linear basis functions {wk};jzl over a triangular mesh of N, vertices
and N, elements, see [54, 61]. When « € L3 (D) is discontinuous and continuous, we
approximate it by

N. N
AN, =Y Aklg, and AN, =Y Tk,
k=1 k=1

respectively. Here Ej denotes the k’th element of the triangular mesh. That gives us
two approximations of the forward map:

Gn.(7) ==An.@ and Gy, (V) =N, T,
where @ is the FEM solution corresponding to 7, and @y, is the FEM solution
corresponding to 7. For the smooth level set parametrization we use Gy, with
N,,, = 12708 nodes, while for the star-shaped set parametrization we use QNE with
N, = 25054 elements.

We compute {ek}k]\;d1 by solving the generalized eigenvalue problem arising from
the FEM formulation of the Dirichlet eigenvalue problem with the MATLAB function
sptarn. Then (G(7), ex)£2(p) is approximated using the mass matrix for k = 1,..., Ng
with Ny = Nfreq(Nfreq + 1) and Nfreq =13.

6.3. Phantom, noise and data
The phantom we seek to recover consists of two inclusions:

Yo = k1 + rolla, + K3la,,

where (K1, K2,k3) = (0.1,0.4,0.2) and Ay, A2 are two star-shaped sets described by
their boundaries:

0A; = (—0.4,0.4) + {0.18(cos(¥) 4 0.65 cos(29), 1.5sin(¥)),0 < ¥ < 27},

0As = (0.4,-0.4) + {©(9)(cos(¥),sin(v))},
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Figure 2: Simulated absorption < (left image) and diffusion u (right image)
distributions.

15

Figure 3: Projection of absorbed optical energy density H corresponding to phantom
of Section 6.3 (left image) and of the white noise expansion (right image) projected
onto the span of {ej} N4, .

where ¢(9) = 0.12,/0.8 + 0. 8(Cos(419) - 1)2, see Figure 2. We compute and fix the
optical diffusion parameter to p = 2m following [61]. Here the scattering
parameter us equals 100y, smoothed with a Gaussian smoothing kernel of standard
deviation 15 using the MATLAB function imgaussfilt. We choose an illumination g
that is smooth and positive on D defined by

g(m) = Wmy,s, (m) + Winy,ss (.T) + Wing,ss (CL‘),
where

Wi, s(x) = sexp (72H;r - mHQ)
and m; = 0.5(v/2,v2), my = 0.5(—v2,v2), mg = —my, 51 = 10, s, = 2 and
s3 = 5. This is a superposition of three Gaussians, which illuminates the target well.
We simulate data Y as in (48) by computing Gy, (70) on a fine mesh of N,, = 75624

elements and N,,,, = 38127 nodes. The corresponding projection can be seen in Figure
3. We choose € > 0 such that the relative error

\/Z G(0), €k>L2<D)

is in the range (1,2,4,8,16) - 1072. See Figure 3 for a realization of the white noise
expansion (3) projected to the Ny first orthonormal vectors {ek}i\]:dl and scaled so

relative error =




Consistent reconstruction of inclusions 23

that it accounts for 4% relative noise.

To estimate the approximation error, we compute the vector

Vi = [(Gno (75)s ex)z2(p)y — (G, (7)) 2 (o) ey

for y;, j = 1,...,200, samples of the prior for the level set parametrization introduced
in Section 6.4 below. We then compute €joye] = %, where tr(C) is the trace of the

sample covariance matrix C of the vectors V;. For this choice N(0,e2 /) minimizes
the Kullback-Leibler distance to N(0,C), see [37]. We compute gtar in the same way
using G Nong » Gn,, and samples of the prior for the star-shaped set parametrization in
Section 6.4.

6.4. Choice of prior

Star-shaped sets To mirror the theoretical results of Theorem 4.4 for the phantom
above, we consider a product distribution in HA(T) x H?(T). To this end, consider
the usual L2([0,2n]) real orthonormal basis of trigonometric functions {¢¢}sez, i.e.
¢1(x) = cos(2mz) and ¢_1(x) = sin(27z). Consider the Karhunen-Loeve expansion

0 =0+ goiwede,  gra.ge2 "~ N(0,1), (49)
ez

for i = 1,2 with we = q(72 + |¢|?)=%/2 for § > 1/2, 7 € R, ¢ > 0 and some constant
6 € R. Note 6; has a Laplace-type covariance operator, and (49) can be interpreted
as the solution of a stochastic PDE [62]. Then 6,0, € H?(T) almost surely, see [8].
According to Theorem 1.23 in [33] and the definition of Sobolev spaces [63, Section
4.3], H = H5(T) with equivalent norms, i.e. the prior distribution of (49) satisfies
Condition 3. We take as II the distribution of

¥ =®(01,02) = w1 + k2l ae,,0,) + K31 A(0.02) (50)

for (K1, K2, k3) = (0.1,0.2,0.4), 21 = (0.37,—0.43) and o = (—0.44,0.36). In practice,
we compute (49) truncated at [/ < N = 12. We do not rescale as the theoretical
estimates demand. Instead, we handpick a suitable ¢ for each noise level. We use
inpoly [64] to efficiently project v to {ﬂEk}kNil. We refer to Figure 4 for an example
of a sample from this prior.

Level sets For the level set parametrization, we consider a prior distribution in
HP(T?). Here T? is the torus corresponding to the square [—m,m]2, where we choose
m = 1.1, since it is recommended in for example [65] to embed D in a larger domain
to avoid boundary effects. Here, we consider the usual L2([—m,m]?) real orthonormal
basis of trigonometric functions {¢s}sezz. We let

0= Z Gewede, ge "R N(0,1), (51)
LezZ?

with wy = ¢(12 + [£]?)~%/2 for § > 1, 7 € R and ¢ > 0. Similar to above, the series
exists almost surely as an element in H?(T?), see [8]. The corresponding RKHS is
H = H’(T?), see [33]. We choose X = D and consider the linear, bounded and
surjective restriction 7 : HP(T?) — HP(D), sce [63, Section 4.4]. Then r() is a
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Figure 4: Samples from the star-shaped and level set priors. From left to right: Sample
of §; and 6 in (49) for |¢| < 12,6 = 2.5, 7 = 4, ¢ = 10%/2/5 and § = —2 (first image).
Sample of II corresponding to ®(61,6) in (50) (second image). Sample of 6 in (51) for
max (61|, [l2]) < 4,6 =1.2, 7 =10, ¢ = 5 (third image). Sample of II corresponding
to ®(f) in (52) for € = 0.1 (fourth image).

Gaussian random element in H?(D), and its RKHS is r(H) = H®(D), see [32, Exercise
2.6.5]. We take as II the distribution of

3

vY=0(0) =Y Ki[H(0 = ci1) — He(0 — ¢;)] (52)

i=1
for (k1,k2,k3) = (0.3,0.1,0.5) and (c1,¢c2) = (—1,1). In practice, we truncate (51)
at max(|¢1], |¢2]) < 4. Also, we hand-pick ¢ > 0 and ¢ > 0 for each noise level. See
Figure 4 for a sample of this prior.

6.5. Results

In this section we present the numerical results using the star-shaped and level set
parametrizations in different noise regimes. We use the algorithm described in Sec-
tion 2.2 with the pCN method implemented with an adaptive stepsize targeting a
30% acceptance rate. The initial stepsize is denoted by b. For an example of an
implementation of this sampling method, we refer to the PYTHON package CUQIPY,
see [66]. For the star-shaped set parametrization, we choose the following prior and
algorithm parameters in the order (16,8,4,2,1) - 1072 of the relative noise levels:
b = (0.1,0.045,0.035,0.025,0.015), ¢ = 10%/2 - (7/20,6/20, 5/20,4/20,3/20), 6 = 2.5,
6 =—2,7=4and 0 = (1,1) corresponding to inclusions of constant radius. In
the same order, we choose for the level set parametrization the following prior and
sampling parameters: b = (0.05,0.01,0.006,0.003,0.002), ¢ = 5-(5/2,2,3/2,1,3/4),
§=12,7=10and 00 =2¢ 1)  sin(2m/2.2y).

For the star-shaped set parametrization, we obtain K = 10° samples after a burn-
in of 5-10°, whereas for the level set parametrization, we take K = 10° after 1.2 - 10°
samples as burn-in. We find this choice suitable, since the truncation in Section 6.4
leaves us with a higher dimensional sampling problem in the level set case. We base
our posterior mean approximations on Monte Carlo estimates using 10? equally spaced
samples of the chain.

In Figure 5, we see the posterior mean of arising from the star-shaped set
parametrization and observations with different noise levels. The posterior mean



Consistent reconstruction of inclusions 25

16% relative noise 8% relative noise

X

1 ) 1 0 1
4% relative noise 2% relative noise

nd -1
1 0 1 0 1

Figure 5: Posterior mean estimates of the absorption parameter using the star-shaped
set parametrization in different noise regimes. The dotted red line indicates the
location of ~p.

approximates the ground truth well for all noise levels. Note that the posterior mean
varies only slightly for each noise level and is approximately piecewise constant. This
indicates little posterior variance. This is due to a small noise level and the fast
contraction rate that this inverse problem provides by virtue of (45). The estimates
are not exact, but note that the exact data is not available due to projection and
discretization. Taking N, large improves the data but also causes the likelihood
function to attain larger values. This, in return, requires a smaller step size b. This
means there is a computational trade-off between N, and b. Even for 16% relative
noise, the reconstruction is fairly good, and the variance of the posterior samples is
visibly larger. It is a strength of this method that it is robust for large noise levels. The
mixing of the sample chains in the trace plots in Figure 7 indicates that the sampling
algorithm is performing well. The convergence of the posterior mean is also evident
in L2-distance as computed numerically, see Figure 8. This rate does not match the
theoretical; but this is too much to expect for the observation (48), as this does not
match the continuous observation (1) for which the rate is proved. Note we do not
numerically scale the priors as the theoretical results require.

Figure 6 suggests that the posterior mean converges as the noise level goes to
zero, as is also evident from its L2-loss in Figure 8. Note that the reconstructions are
continuous, not only because we take an average, but also because we use a continuous
level set parametrization. Here, the sampling is initialized at #(0) = 2¢(0,-1), since
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this guess captures some of the low frequency information of possible 6, that can give
rise to 79. We report that chains with small step-size and the natural starting guess
0© = 0 often get stuck in local minima due to the number of levels in (52) and due to
the fact that the pCN method does not require the gradient of either the parametriza-
tion or the forward map.

The sample diagnostics of Figure 7 indicate that sampling is harder for the level
set parametrization compared to the star-shaped set parameterization. This is hard
for at least two likely reasons: the first is due to the large number of coefficients
¢, max(|¢1],[¢2]) < 4. This was also noted in [10]. The second likely reason is
that 0 — ®.(6) is not injective for any € > 0. Therefore, the prior could be multi-
modal, and this can lead to correlated samples in the Markov chain. Other work
suggests that the pCN method shows an underwhelming performance when applied to
a correlated and multi-modal posterior, see [67] which also provides a gradient-based
remedy. The level set method has found success in optimization-based approaches,
in for example [68], where a descent step is taken in each iteration of an iterative
algorithm. A Bayesian mazimum a posteriori approach [21] has also been shown to
find success for a smoothened level set. We expect that using gradient information
in gradient-based MCMC methods would improve the performance significantly. A
benefit of the level set parametrization is that we do not need to know a priori the
number of inclusions as in the case of the star-shaped set parametrization. One
could also combine the two methods as in [12]. Note in Figure 8 that, for both
parametrizations, the posterior mean is stable to different noise realizations. This
mirrors the convergence in probability we expect from Theorem 4.4 and 4.6.

7. Conclusions

In this paper, we provide and investigate a Bayesian approach to consistent inclusion
detection in nonlinear inverse problems. The posterior consistency analysis is
performed under general conditions of Holder continuity of the parametrization
and conditional well-posedness of the inverse problem. Furthermore, it gives an
explicit rate. We showcase the convergence of the posterior mean in a small
noise limit for a photoacoustic problem, where we note that the star-shaped set
parametrization outperforms the level set parametrization. We highlight that Theorem
4.2 and 4.6 hold for any forward map satisfying Condition 2 and can be applied to
other parametrizations. A different parametrization could for example arise in the
related problem of crack detection. Interesting future work includes applying the
inclusion detection method to other inverse problems. Similar stability estimates
to that of Lemma 5.2 exist for the mathematically closely related problems of
determining the absorption coefficient in acousto-optic imaging and the permittivity
in microwave imaging, see [26]. This is also the case for conductivity imaging in
quantitative thermoacoustic tomography, where [69] employed complex geometrical
optics solutions. For the Calderén problem in two dimensions, [70] provides a
stability estimate that is permitted for the star-shaped set parametrization, see
also the comments after Theorem 4.2 on the regularity of 7. There is a natural
Hilbert space observation setting for the Calderén problem, see [28]. Also in three
dimensions and higher, conditional stability for inclusion detection in the context of
the Calderén problem has been considered and shown to be logarithmic at best [71].
The generalization to three dimensions and more complex phantoms is left for future
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Figure 6: Posterior mean estimates of the absorption parameter using the level set
parametrization in different noise regimes. The dotted red line indicates the location
of Yo-

work. An important direction in the numerical optimization of this approach is to
consider gradient-based sampling methods.
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A. Covering numbers

Consider a compact subset A of a space X endowed with a semimetric d. The covering
number N (A, d, p) denotes the minimum number of closed d-balls {z € X : d(zg,z) <
p} with center zp € A and radius p > 0 needed to cover A, see for example [33,
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Figure 7: Plot (A) shows trace plots of the first 6 Fourier coefficients of samples 6,
(left) and 65 (right) from the posterior for the star-shaped set parametrization with
observations subject to 4% relative noise. Plot (B) shows trace plots of the first 12
Fourier coefficients of samples 6 from the posterior for the level set parametrization
with observations subject to 4% relative noise.
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Figure 8: L%-error of 5 realized posterior means for each noise level e,p, and both
parametrizations. The solid markers represent the mean of the 5 error estimates.
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Appendix C] or [32, Section 4.3.7]. Then the metric entropy is log N(A4,d, p). When
d is replaced by a norm, we mean the metric induced by the norm.

Lemma A.1l. Let (X,dx) and (Y,dy) be two linear spaces endowed with semimetric
dX and dy.

(i) If f: X =Y satisfies
dy (f(z), f(2") < Cdx(x,2')", Vx,2' € A
for some A CC X and some n > 0, then for any p > 0 we have
N(f(A),dy,Cp") < N(A,dx,p). (53)
(i) For ACC X and BCCY,
N(A x B,doo,p) < N(A,dx,p)N(B,dy,p),
where doo ((z,y), (2',y")) = max(dx (z,2'),dy (y,y’)) is the product metric.

Proof. (i) We denote by Bx (z/, p) and By (v, p) the ball in X with center 2’ € X and
radius p > 0 and the ball in Y with center 3’ € Y and radius p > 0, respectively. For
any p > 0,

F(Bx(a',p)) € By (f(z'), C".
Then it follows that
N(f(A),dy,Cp") < N(A,dx, p). (54)
(73) Let C'4 be a finite set in A and Cg be a finite set in B such that
AcC U Bx(z,p) and BC U By (z,p).
zeCa yeCp

Take z = (z,y) € A x B, then there exists g € C4 such that € Bx(xo,p) and
yo € Cp such that y € By (yo,p). Hence z € Bxxy((zo,y0),p) := {z € X xY :
doo (2, (x0,y0)) < p}. It follows that

AXxBC U Bxxvy(z,p),
2€CaxCp

and hence the wanted property follows. O

Lemma A.2. Let X be a bounded Lipschitz domain in RY or the d'-dimensional torus
and B > d'/2, then

1og N(85(M), || - e, p) < Cp~ /7,
where C = C(B, M,d', X) and || f| oo := sup, % | f(x)].

Proof. Corollary 4.3.38 and the remark hereafter in [32] states that the norm ball
Bg(M) of the Sobolev space H”([0,1]%) of radius M satisfies for 8 > d’/2,

log N(Bg (M), || - l| Lo o,11¢7y5 2) < C(8, M, d)p~ "%, (55)

If X is the d’-dimensional torus, we identify H?(X) with the corresponding periodic
Sobolev space, which is a subset of H?([0,1]%), hence the wanted result follows. Now,
if X is a bounded Lipschitz domain in Rdl, we assume without loss of generality that
X c [0,1)%. Indeed, if X is not a subset of [0,1]%, we identify f € H®(X) with
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f € H%(X) for some X C [0,1] by a scaling and update M accordingly. Since X
is Lipschitz, we let E : H?(X) — H?([0,1]¢) be a continuous extension operator
satisfying

IEFN s o010y < C('s B, ) Fll 1o .

see for example [72]. We denote the restriction R : H?([0,1]%)) — HP(X), which
is a contraction in supremum norm and the left-inverse of E. Then Sg(M) =
R(E(S3(M))) and E(Sg(M)) C Bg(CM), and hence

N(Sa(M), |- loo» ) = N(R(E(Ss(M))), [| - lloo; p)

< N(E(Sg(M)), | - HLOC([O,l]d')vp)v

S N(Bs(CM), |- ”Lw([o,l]d’y p);

<C(BM,d, X)p~ "7, (56)
using also Lemma A.1 (i) and (55). O

Lemma A.3. With the notation defined in Section 3, we have for all p >0
N(Buoo(Mp) + S5(CM), || - a0 2Mp) < N(S5(CM), ||+ oo, Mop).

Proof. By Lemma A.2 there exists N > 0 for which there is a sequence {01}71\;1 in
Ss(CM) such that

S5(CM) C UN, B (6;, Mp).
By the triangle inequality,
Boo(Mp) + 85(CM) C UL, Boo (6, 2Mp), (57)

since if § = 6 4+ 6@ for 61 € B, (Mp) and 6 € S5(CM), then there exists a 6;
such that ||0®) — 6;||oc < Mp, and hence

16 = illoo < 116D oo + 64 = il < 2Mp.
Then the property follows from (57). O

B. On maximum likelihood composite testing

We denote by E,, and E; the expectation with respect to P, and P,/ respectively.

Lemma B.1. Suppose for a non-increasing function N(p), some py > 0 and all
p > po, we have

N({v € 4y : p < dg(v,7) < 2p},dg, p/4) < N(p).
Then for every p > po, there ezist measurable functions U, : Y_ — {0,1} such that

1 2
e 802 np

% e
Bt () = Nlp)—
sup EI(1-9,)< e~ TT

YEAR:dg (v, 70)>p
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Proof. To construct the measurable functions ¥,, we use the maximum likelihood test,
see [33, Lemma D.16] and the covering argument of [23, Theorem 7.1], see also [32,
Theorem 7.1.4]. Choose a finite set S; of points in each shell

Sj=A{v€An:pj<dg(v,v)<pl+35)}, JjeN,

so that every v € S; is within distance %p of a point in S;. For p > po, there
are at most N(jp) such points. For each v; € SJ’v, define the measurable function,
U, 500 Y- — {0,1}, known as the maximum likelihood test,

\Ij7l~j-l(y) = ]lAn,j,L(y)’

where

p’YJI
Anji={yey_: =5 (y) >1}.
P

By [33, Lemma D.16] we have
B3 (W 50) < e~ sozned)?
and
1 N2
P EY(1— W) <e w2l
{v€Andg (vvin) S5}

Now, set ¥,,(y) := 1,4, ,,(y). This is also a measurable function, since a countable
union of measurable sets is measurable. Then by the union bound
N(jp) ; Y eiﬁﬂpz
EX(U,) <Y Y EP(Vagi) <Y N(jple 2" < N(p)
jEN I=1 jeN

On the other hand, for any j > 1,

1— e 2"

sup E°(1—T,) = sup sup P,"{”(ﬂj/,pAij,’l,),
YEVi>;5i 12550 yidg (v,vi,0) < G
< sup sup EY(1 = W),
12550 yidg (v,vi,) < G
< supe~mz(P)’
i>j
For j = 1 we get the wanted result. O

There are other ways to prove the existence of suitable measurable functions ¥,
used in the proof of Theorem 2.1. We mention here the approximation argument of
[28, Lemma 8] that requires smoothness properties of G.

Proof of 2.1. For the convenience of the reader, we provide what is a standard testing
argument for our setting in Lemma B.1, see also [23, Theorem 7.1], implied by
Condition A.3. Indeed, since the covering number decreases, when increasing the
‘radius’, we have for all p > pg := dmory,,

N(An,dg, 2) < N(p) = Ot
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Given any Cy > Cq + 4, we set p := dmr, for m > mg large enough (depending also
on Cy, C3 and ¢? by the following) and apply Lemma B.1: there exists measurable
functions ¥,, : Y_ — {0,1} such that

—2072m'm“: 5
—Canry,

e
<e

—20-2 2 =
1—e 20 2mnr?

E;ZO(\I!n) S eC:ﬂ”‘:

In addition, choosing m such that (4m)2/(3202) > Cy we note

_ 2
sup EN(1—-1,) <e .
YEAn:dg (v,70)>4mr?

Then Theorem 28 in [31] and modifications as in the proof of Theorem 1.3.2 in [24]
give the claim. O

C. Proofs of section 4

Proof of Theorem 4.4. The proof relies on satisfying Condition A.1, A.2 and A.3 for
the choice 4,, = ¢(©,,) for
On = {0 =1+ 62 : [|61]loc < M, [|gallze < MIM N Sp(M), (58)

where Sg(M) is defined in (30). To satisfy Condition A.1 we follow Lemma 3.4 and
note for § = (61,...,0x) and 6y = (60,1, ..., 00,n) that

(0€ 0 dg(®(6),2(00)) < ra)
D {9 €0: H9 90”/\/ < Cry, H9 — 6 lHHﬁ(T) R,i= ,N},
D{GEO He _907«|‘/\/’<Crn He _GOlHH‘E(T Sé 7 "7N}7

oY, ({t% 10; — bo.i i+ 10; — B0, ey < R}> .

for some R > 0 chosen sufficiently large. Then (31) together with the argument
in Lemma 3.4 implies that Condition A.1 is satisfied. Note ©,, in (58) is the N-
product set of (20). Then repeated use of the standard set relation A2\ B? =
[Ax (A\ B)JU[(A\ B) x A] and the argument of Lemma 3.2 implies there exists
M > C(Cs,1Ij, 5, N) such that

y(0\ ©,) < e i,

for any given Cy > 0, hence Condition A.2 is satisfied. Condition A.3 is satisfied
as in Lemma 3.3 using Lemma A.1 (#4). Then the result follows as in the proof of
Theorem 3.1 and Corollary 1. O

Lemma C.1. Let V; be defined as in (38) for 6y € HE(X), B> 1+d'/2 and some
c=ci—1 € R. Then for e > 0 sufficiently small

[Ve| < C(6o, ¢, X)e.
Proof. Note for ¢ = ¢g = —o0 and ¢ = ¢y = oo this is trivially satisfied. Next, the

inverse function theorem implies that any point 2o € §71(c) has a neighborhood N,
that is a diffeomorphic image ¢, (Q.,, ) of a box

Qey = 1(5:1) 18] < €ags [t S €ap}y 0 <y < 1,
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such that
O0(pao (s,1)) = s|(Vbo)(2o)| + c;

Oo(z1,2)—c

[VOo(zo)|
Note we have a C! parametrization of an intersection of V, with a small neighborhood
of xq,

(one should find the inverse of g(x1,z2) = ( z2) in a neighborhood of zy).

€

VeN N, = t): < —— |t L e
N Nay = {aa(508) 18] € g < e
for all € < |V (zo)|ex,- By the classical area formula, we have
[Ve N Ny, | :/ / [T, (s, )| ds dt < C(zo, 00)e,
[s|<C(z0,00)€ /[t| e

since the continuous function Jg,, (it is a polynomial of zero’th and first order
derivatives of ¢, ), is integrated on a compact domain. Note U, ez Ny, is an open
cover of 05" (c) for some finite set Z C Oy '(c) depending on X and 6. Take € such
that Ve C UgyezNa,. This € exists since 6y as defined on X is a closed function, and
hence there exists in R a neighborhood U of ¢ such that ;' (U) C Ugyez Nay, see [73,
Theorem 1.4.13]. Then,

Vel < Ve Na| < C(60, ¢, X)e.
xo€EL

This is true for any i = 1,..., N — 1 for which the estimate is only updated by a new
constant. O

Proof of Theorem 4.6. Let 1§ = ®,-x(0p) and 4™ = ®,,-(0) for some 0 < k < 1,
which we will choose later. For any 7, > 0, the triangle inequality gives

{717 = ll2py < Cofn}
. 1., . 1.
> {’Y vy =l < ECOTm 7o —0llz2(p) < icorn}y
hence

" 1.
Iy = 1y = lle2py < CoralY) 2 (7 : Iy = 15 ll2(0) < 5C07alY)

X Ly (59)

7’YUHLQ(D)S%CD7:W,.
We shall consider the two factors of the right-hand side in separate parts below:
1) We check that Condition A.2, A.3, and A.1 are satisfied for the choice 4,, = ®(0,,)
with
1

On:={0=01 +05: |01]lcc < MrIn" ||0a]l < M}NSs(M), (60)
and k to be chosen below. For A.2 it is clear from (37) that for each n,

I(©) = 1.
As in the proof of Lemma 3.2 there exists M > C(Cs,1Ij, §) such that Condition A.2
is satisfied, if a = a(k) is such that

1
(ran Fnl/2m0)=b = py2. (61)
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for b = % This is satisfied when
n(6 — dk) 0
=a(k)= H— 2 d k< = 2
a = a(k) 2w td’ and 0< <7 (62)
so that 0 < @ < 1/2. Condition A.3 follows as in the proof of Lemma A.1 with 7,
1

replaced with 77 n~%. Again it reduces to the covering number of the norm-ball in

H?(X) for which we need a such that

1
(ran~F)y=4/% = 2

as in (23). This is indeed satisfied by (62). For Condition A.1 we proceed as in the
proof of Lemma 3.4 and use Lemma 4.5 to obtain

{0€0:dg(y", ) <t} D{0€0: 0 —0bo]loe <Cn*ri}NSs(R),

where C' = C(n, Cg, Cs, R). Continuing the argument and using (37), Condition A.1
is satisfied for some Cy > 0 if again a satisfies (61). By Theorem 2.1

II(Bg(vy,Crp) NA,Y) — 1 in P°-probability,
as n — oo for some constant C' > 0. It follows that
(v : Iy = llz2py < Cryp|Y) =1 in P°-probability,

with rate e‘b""i, 0<b< (Cy—Cy—4asn— oo as in Theorem 3.1.

2) For the second factor, note that 8y € HS (X) and Lemma 4.5 (i) implies
H’Yg)l - 70||L2(D) < 01(007 X, D, C)n_k/z'

Since r% = n~*")¥ is a strictly increasing function of k (the rate becomes worse

for larger k) and n~k/2 is strictly decreasing in k, the optimal choice of k satisfies

¥ =n~%/2 which is solved by

20my

_ 63
2dnv + 20m +d’ (63)

which also satisfies the condition on k in (62), since 0 > d. Inserting this back into
(62) yields (41). Finally, take Cyp = 2max(C, C”) and #,, = r” and note by (59) that

1
Oy = M1y = 0lle2y < CornlY) 2 (v : Iy = 5 llz2(py < 5Cory[Y) = 1,
in PJo-probability as n — oco. Then the wanted result follows as in Corollary 1. [
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ABSTRACT. In this paper, we investigate the Bayesian approach to inverse
Robin problems. These are problems for certain elliptic boundary value prob-
lems of determining a Robin coefficient on a hidden part of the boundary from
Cauchy data on the observable part. Such a nonlinear inverse problem arises
naturally in the initialisation of large-scale ice sheet models that are crucial
in climate and sea-level predictions. We motivate the Bayesian approach for a
prototypical Robin inverse problem by showing that the posterior mean con-
verges in probability to the data-generating ground truth as the number of
observations increase. Related to the stability theory for inverse Robin prob-
lems, we establish a logarithmic convergence rate for Sobolev-regular Robin
coefficients, whereas for analytic coefficients we can attain an algebraic rate.
The use of rescaled analytic Gaussian priors in posterior consistency for non-
linear inverse problems is new and may be of separate interest in other inverse
problems.

1. INTRODUCTION

The Bayesian approach has in recent years gained traction as a powerful and
flexible framework for solving inverse problems by allowing the user to model prior
knowledge, regularize reconstructions and quantify uncertainty, see [48]. In this pa-
per, we investigate the Bayesian approach to an emerging class of nonlinear inverse
problems known as inverse Robin problems.

Inverse Robin problems appear in boundary value problems for partial differen-
tial equations (PDEs), where the boundary is partitioned into at least two parts: a
hidden and an observable part. The hidden part carries information of a boundary
effect modelled by a Robin boundary condition. Then the Robin inverse problem is
the inverse problem of recovering the Robin coefficient from Dirichlet and Neumann
data on the observable part of the boundary. Our focus will be on the inverse Robin

2020 Mathematics Subject Classification. 35R30, 62G20, 62F15.
Key words and phrases. nonlinear inverse problems, Bayesian inference, Gaussian processes,
posterior consistency.
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problem for a scalar Laplace equation and a Stokes’ system of equations. The for-
mer is an inverse problem also known as corrosion detection and was considered in
the early contribution [29]. The latter appears when initialising ice sheet models for
climate and sea-level predictions. This inverse problem asks for the unknown basal
drag coefficient of the ice sediment from observations of ice velocity at the surface,
see [5]. Addressing this inverse problem in a statistical framework is a crucial step
in improving the robustness and accuracy of ice sheet models for future sea-level
projections.

Reconstruction for the inverse Robin problem for the Laplace equation has been
studied using classical regularization methods based on penalized least squares, see
(14, 37, 30] and the references therein. In [29, 21] accurate direct methods are pro-
vided given that the domain is sufficiently thin. The problem has been posed in a
Bayesian framework in [39], which determines the Robin coefficient and the hidden
boundary simultaneously. The related inverse Robin problem for the Stokes PDE
has been considered in the Bayesian framework in [4, 40, 6], whereas in the two
latter works the framework is similar to the general approach in [48].

Despite the success of the Bayesian approach to inverse problems, different paths
of theoretical guarantees have been explored only recently. Statistical convergence
analysis for the posterior distribution in nonlinear inverse problems has seen a re-
cent interest with the framework devised in [38] based on the work in [22], see also
[41]. In this approach, the main conditions of the forward map are that of forward
regularity: the data should be uniformly bounded and depend continuously on the
parameter given that it is sufficiently smooth, and conditional (inverse) stability:
the inverse of the forward map is continuous when restricted to a sufficiently small
subset of the range. For forward regularity, we require a certain smoothness of
solutions of the governing equation near the observable part of the boundary. This
can be achieved by classical techniques in PDEs. Inverse stability results, however,
rarely come cheap and require in-depth knowledge of the inverse problem at hand.
For the Stokes model we consider, some conditional stability results have been
developed, see Theorem 1.5 and Remark 3.7 in [10], which quantifies the unique
continuation result of [20]. Common for the inverse Robin problems is the fact that
the spatially varying Robin coefficient /5 enters in a Robin condition of the form
Oyu + fu = 0 at the hidden boundary, where v is the outgoing unit normal and u
is the solution of the governing equation. So if u is known and nonzero here, the
reconstruction is a matter of algebra: 3 = —u~19,u. However, determining con-
ditions for which u in a Stokes’ model is nonzero on the hidden boundary remains
a largely unsolved problem, see [10]. For this reason we motivate our approach
for general Robin-type inverse problems by the prototypical model for the scalar
Laplace equation, see [14]. It is not uncommon that methods used in solving the
Robin inverse problem for the Laplace equation have stimulated the development
of approaches for solving the corresponding problem for the Stokes model, see [5]
which makes use of the Kohn-Vogelius functional [31].

Inverse Robin problems are related to the Cauchy problem of determining a so-
lution to a Laplace equation in a domain from Cauchy data on parts or the whole of
the boundary. This is because the ‘known’ in our inverse Robin problems consists of
Cauchy data on a part of the boundary. The global Cauchy problem of determining
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the solution in the entire domain is known to be severely ill-posed since [26]. Con-
ditional stability estimates of logarithmic kind exist for this global problem [2, 13,
Theorem 1.9], while for stability in the interior, Holder estimates can be obtained,
see Theorem 1.7 and Remark 1.8 of [2]. Combining the latter with analytic contin-
uation for ‘uniformly’ analytic (in the sense of Ry (M) defined below) solutions near
the hidden boundary, one obtains conditional Holder stability for the inverse Robin
problem. This is essentially the content of [28], which we modify to our setting
below in Lemma 2.4. We note that in [47] a Holder stability estimate is obtained
for the scalar Laplace equation, when the Robin coefficient is piecewise constant
on a priori known sets. Using properties of the derivative of the forward map, a
Lipschitz stability for the inverse problem in Stokes’ model has been established
in [18] given that the Robin coefficient belongs to compact and convex subset of a
finite dimensional vector space. Unlike [10] it provides an estimate independent of
observations of the pressure.

For inverse problems with regular forward maps and conditional stability esti-
mates, guaranteeing the statistical convergence of the posterior distribution reduce
to the choice of prior [38]. In this paper, we consider two classes of numerically
tractable and popular choices of Gaussian process priors that fit the stability regimes
of the inverse problem. Our theoretical results are two-fold: For a Matérn type
Gaussian prior we show that as the number of observations increases, the posterior
mean converges in probability to the true Robin coefficient given this has some
Sobolev smoothness. Not surprisingly the convergence rate is logarithmic. On the
other hand, if the Robin coefficient is analytic, the squared exponential Gaussian
prior provides an algebraic rate of convergence. This is the content of Theorem
3.1 below. Our approach for the set of analytic parameters follows the approach
in [38, 22, 41] using results in [50]. Unlike [50], which considers analytic Gauss-
ian processes with a change at time scale, we consider ‘rescaled’ (in the sense of
(9)) Gaussian processes. In Lemma C.4 we show that such priors satisfy the usual
conditions for posterior consistency. This result is new and may be of independent
interest in other inverse problems when modelling analytic functions. This seems
to be a useful a priori class of functions to consider for some stability estimates,
see for example [33].

In Section 2 we give the setting of two inverse Robin problems in the context of a
Stokes system of PDEs and a Laplace equation in two dimensions. We state results
on the regularity properties of the forward maps as well as conditional stability es-
timates. When not relying on existing results, these are proved in Appendix A and
B. In Section 3 we recap the Bayesian approach to inverse problems, describe the
observation model, and present the Matérn-type and squared exponential Gaussian
priors. Here we also give the main result, Theorem 3.1, which is proved in Appendix
C.

In the following, we let random variables be defined on a probability space
(Q2, F,Pr). For a metric space X’ the Borel o-algebra is denoted by B(X). Given
a random element X : Q — X, i.e. F — B(X) measurable, we denote its law or
distribution by the probability measure £(X) defined by £(X)(B) = Pr(X~(B))
for all B € B(X).
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2. INVERSE ROBIN PROBLEMS

2.1. Stokes’ model. We consider the constant viscosity Stokes ice sheet model for
a velocity field u : @ — R? and pressure p : @ — R in a bounded and smooth
domain O C R?, d = 2,3,

—Au+ Vp = pg in O,

V-u=0 in O,
1) ou—prv=n~h on Iy,
oyu—prv+ pu=0 on I'g,

where v is the outward unit normal, p is a constant density of the ice, g is the
gravitational field and h is the prescribed boundary stress. Here I'y and I'g are
disjoint and connected open subsets of the boundary such that 80 =T, UT 5. We
denote by I' an open subset of I'y, where we make our measurements. The Robin
inverse problem is then to recover § given u|p, that is, to invert the nonlinear
forward map

G: B ulr.

For physical accuracy, we assume 3 is a positive function, § > mg > 0. We
reparametrize the forward map to

G(0) == G(ms +¢’) = ulr
defined on our parameter space
0 := H'(Tp).

The choice of the parameter space © makes § — G(#) continuous into (C(T))2,
which, as we shall see in Section 3, leaves us with a well-defined posterior distri-
bution. It follows from Lax-Milgram theory in the Hilbert space of divergence-free
(H'(0))%functions that there exists a unique solution u € (H*(0))? to (1) for any
positive and bounded 3, hence the forward map is well-defined. Further, when 8
is continuous, unique continuation results [10, Corollary 1.2] imply injectivity of G,
see for example [9, Proposition 3.3]. These facts are proven in the following lemma
for the case d = 2. For d = 3 this follows in the same way, but for example for the
choice © = H?(T').

Lemma 2.1. Let h € (L*(Ty))?, pg € (L*(0))? and 0,61,0, € L>=(T'3). We have
the following:

(i) Set B = B(0) := mg + €. Then there is a unique solution u € H'(0)? to
1

(i) If 101l 1 (r), 102l gy < M and T CC Ty, then there exists & > 0 such
that

1G(61) — 9(92)H(C(F))2 < C(O,mg, h, p, g)|161 — 92”3111(1“ﬁ>~
(iii) © 2 0+ G(0) € (C(T))? is injective.

2.2. Scalar Laplace equation. Consider the following Laplace equation for a po-
tential u : O — R, surface normal current h € H~/2(') and Robin coefficient
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8 e L=(Ty),
Au=0 in O,
dyu=nh on I,
) u=0 on I'y,
ou+ pPu=0 onI'g,

where 90 = T'UT, UT'5. Here a homogeneous Dirichlet condition is introduced for
the stability estimate in [1], which we use in Lemma 2.4 below. As before our goal
is to invert the reparametrized forward map

3) G(0) := G(mg + %) = ulr,

where we with a slight misuse of notation keep the notation G and G for this model.
Assumption 1 (Domain). We assume I's = (0,1) x {0} and define T'gc := (¢,1—
€) X {0} for some 0 < e < 1. Furthermore, we assume O is a simple closed curve

decomposed into four subarcs oriented as I'g, Iy, T, T2, and where Ty =T UT3.

We assume I'g = (0,1) x {0} since we want to avoid defining Gaussian processes
on manifolds. We will often tacitly identify I's with (0,1) C R. For the two
stability estimates in Lemma 2.4 we could generalize the setting to a C2 or analytic
I's, respectively. To analyze the stability of the forward map we find it useful to
restrict it to two well-chosen bounded and closed subsets of ©.

Assumption 2. Assume first 8 = 5(0) := mg + € for 6 € © with
("') = L[1 (Fﬁ).
Depending on the setting we accept either of the two following assumptions for some
M > 0:
(i) Assume 6 € Ri(M) with
Ri(M) = {6 € H'(T) : [0l sy < M}
(i) Assume 0 € Ro(M) with
Ra(M) = {0 € C¥(Tp) : |0llo(r,) < M, sup [(9"8)(x)| < M(k1)M*}
zel's
It is well-known that J is analytic on I's if and only if 8 € C*°(T's) with
sup |(0%8)(x)| < Mg(k)MJ
z€lp
for some Mg > 0, see [32, Chapter 1]. We can think of Ro(M) as functions that
are ‘uniformly’ analytic with the added condition H@Hc(m )y < M to ensure 6 — f is

(locally) Lipschitz continuous in both directions. The sets R1(M) and Ro(M) are
exactly the ‘regularization sets’ for which stability results for the inverse problem
are available, see Lemma 2.4. To this end, we make the following assumption.

Assumption 3. We assume that h is not identical to a constant and that h €
Hy:={hc HY*): h >0, 2l g2rzry < My} for some My, > 0.

The positivity assumption is only needed for the stability estimate stated in
Lemma 2.4 (ii), and it might be avoided as in [1]. In the following we prove a
number of auxiliary results, where we specify sufficient conditions on 6 and /. First,
we note that the forward map is well-defined.
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Lemma 2.2. For 8 = B(0) with 6 € L®(Ts) and h € H~Y*(T), there exists a
unique solution u € H(O) of (2) with

(4) llullz1 0y < Cllallg-1r2(r),

for some constant C = C(O,mg) > 0.

Secondly, the forward map is Lipschitz continuous on certain bounded sets of ©
and the observations are uniformly bounded.

Lemma 2.3. Let h € Hy and 01,05 € L>(T'g). Then,
(i) if B=B(61) and ||B(01)]| 1 (rs) < M we have
16OVl < U(O,mg, M, Mp),
(it) if Bi = B(6:) for i =1,2 with ||01]|L=(ry), |02l L= (ry) < M then
1G(61) = G(02)llL2(r) < K(O,mp, M)||6h — 02| Loo(ry)-
(iti) if 01,05 € R1(M) then there exists & > 0 such that
1G(61) = G(62)ll o) < C(O,mp, M)||01 — ba| T -

The following result is that of conditional (inverse) stability, where the condition
is either § € R1(M) or 6 € Ro(M).

Lemma 2.4 (Conditional stability). Let O satisfy Assumption 1 and h satisfy
Assumption 3.
(i) If ; € Ri(M), i = 1,2, then there exists constants K1 >0 and 0 < o1 < 1
such that

101 — 02| Lo (ry..) < Ki|log(|G(01) — G(02)|lL2)| ™7,
where K1 and o1 depend only on O, h, mg, M and €.

() If 0; € Ro(M), i = 1,2, then there exists constants Ko >0 and 0 < 02 < 1
such that

61 = O2ll2(r, ) < K2llG(01) — G(O2)I173 1y,
where Ko and o9 depend only on O, My, M and €.

The stability result (i7) generalizes to three dimensions. In this case, one technical
obstacle is to analyze the smoothness of the solutions near the corner singularities.

3. THE BAYESIAN APPROACH

Central in the Bayesian framework is the posterior distribution, which is the
normalized product of the prior distribution and the likelihood-function modelling
the measurement process. In this paper we take the natural viewpoint of [41]
that the measurements are discrete, taken at uniformly random locations on the
observable part of the boundary, and are contaminated with Gaussian noise. In
the context of Stokes’ model, we let V = R? and d = 2, whereas for the Laplace
equation we set V =R and d = 1. In both cases we let | - |y denote the Euclidean
norm. Our observations arise as the sequence of random vectors Dy := (Y;, X;)¥,
in (V x T)¥ of the form
(5) Y =G(0)(X;) +ei, & KUN(0,1), i=1,...N,
where X; iid. A, the uniform distribution on I' independent of the noise ¢;. More
precisely, we endow I" with a Borel o-algebra B(I') generated by the open sets in I’
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with respect to arc length metric. We have u(B) = |T|~! [ dS, where dS is the
usual length measure and |I'| = [ dS.

The random vectors (Y;, X;) are i.i.d., and we denote their law Py with corre-
sponding probability density (Radon-Nikodym derivative)

dP, 1 1
plo2) = G000 = e (~5ly - 0O ). wevier,

with respect to du = dy x d\, where dy is the Lebesgue measure on V, see [41].
We call 6 — py(y,x) the likelihood function, and denote by P}’ the joint law of
the random variables (V;, X;)Y;. The likelihood function is suitable to enter in
the Bayesian approach: Lemma 2.1 and 2.3 imply that  — G(0)(z) is continuous
and that © 3 0 — G(0) € C(T)?, where d = 2 for Stokes’ model and d = 1 for
the Laplace equation. This implies (6,2) — G(0)(x) is jointly B(0) @ B(T') — B(V)
measurable by Lemma 4.5.1 in [3], which is enough for a well-defined posterior
distribution, see [41].

Given a prior distribution IT supported in ©, Bayes’ formula, see [23, p. 7] or [41],
updates II by the likelihood function to obtain the posterior distribution II(-|Dy)
of 0 given Dy,

[y ¢~ ) T1(d6)

(6) H(B|DN) = W7

B € B(©),
where
1 X
In(0) = =5 > ¥i = GO) (X0}
i=1

Note that 0 < |y — G(8)(x)|? < oo for all (y,x) € V x T and 6 € O, and hence the
normalization constant satisfies

0< / e~ X =90 @)Y 11(46) < 1
(€)

for all (y;, ;)N € (V x T)N. Tt follows that B + II(B|Dy) is a measure for each
Dy € (V xT)N and that w ~ TI(B|Dx(w)) is measurable for every B € B(©). In
particular, w — II(B]Y (w)) is a [0, 1]-valued random variable. Before we state our
main theorem on the convergence features of the posterior distribution, we specify
our choice of prior distributions.

3.1. Choice of prior. In this section we recall well-known prior distributions that
are supported in R;(M), j = 1,2, allowing us to make use of the stability estimates
in Lemma 2.4. Our focus will be on the Matérn-type and squared exponential
Gaussian priors. For simplicity we define the Gaussian priors on the [—m, m)-torus
T and restrict to I's when necessary. Note any torus in which I'g is embedded is
relevant and can be used. In the case of the Matérn priors, as we shall see, this
allows us to recover any sufficiently regular Sobolev function defined on I'g. On the
other hand, the squared exponential Gaussian processes allows us to recover analytic
functions defined on I'g whose extension is 27-periodic. This setting benefits from
the fact that properties of Sobolev regularity and analyticity of periodic functions
are straightforwardly characterized by a decay of the Fourier coefficients. We can
think of this setting as an implicit choice of approximation of the ground truth by
the periodic trigonometric functions. One could instead define a prior distribution
on R with exponentially decaying spectral measure, and show that it is supported
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in Ro(M), see [50]. This can be more technical due to the non-compactness of R
and is unnecessary for our case.

Consider the L?(T) real orthonormal basis of the usual trigonometric functions
{®k}rez and for j = 1,2 the random series

] id.d.
) 0; :ngwk,j¢k7 gk~ N(0,1)
keZ

with
wiy = (L+E)72 a>1/2,

_rg2
wrpe=e¢e 2", 1 >0,

where a > 0 and r > 0 are parameters to be chosen. We consider for example
br(z) = 1/y/m cos(ka) for k > 0, ¢x(z) = 1/y/msin(kz) for k < 0 and ¢o = 1/v/27.
Since wy,; € (2(Z) for j = 1,2, the series (7) converges for each z € T in the
mean-square sense. In fact it is a Gaussian random variable, see [23, p. 13], and
the limit u;(z) exists almost surely. The choice of wy ; is here motivated by the
span of {wy, ;o }kez. Indeed, {wy,10k}rez is an orthonormal basis of

H*(T) := {f € L*(T) : | fllfre p := D 1fulP(1+ #%)* < oo}
keZ
Here fi, := (f, ¢r)r2(1) denotes the coefficients in the orthonormal basis. Note we
can write f = " fi¢x in a standard complex Fourier expansion Y fke““ with the
usual Fourier coefficients fj, expressed in terms of f;. Conversely, any real function
in the standard complex Fourier expansion can be written as > fr¢r. Then H*(T)
is the usual periodic Sobolev space of regularity «, see [49]. Similarly, {wg 2¢k trez
is an orthonormal basis of
k2
T, T - Z ‘fk|2 " }

A (T) := {f € L*(T)
keZ

A closed ball in any space of functions with exponentially decaying Fourier coeffi-
cients is in Ro (M) for some M > 0, see Lemma C.1, and so the choice of the ‘square’
here is only in honor of the squared exponential prior. Note both spaces are Hilbert
spaces as closed subspaces of L?(T) with their respective obvious inner products.
Note also that A,(T) embeds continuously into H*(T) for any r,« > 0, which in
return embeds continuously into C(T) for @ > 1/2 by a Sobolev embedding, see
[49].

3.1.1. RKHS and support. The random series (7) converges almost surely in H*(T)

with ¢ < o — % and A, with ¢ < r for j = 1 and j = 2, respectively. Indeed, by

Fubini’s theorem

El01 )7 2] = B grwia(L+F)1] =D (1+F)* <oc,
kez kez

and similarly for . Then also 65 € H !(I's) almost surely. Likewise we define
Ar(Cg) = {f =glr, : g € A(T)},
endowed with the quotient norm

(8) £l = inf

9E€A-(T):g=f in T'g
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where the last equality holds because f has a unique analytic continuation to T.
Then 0, € Ay(T'g), ¢ < r almost surely.

The series (7) is the Karhunen-Loeve expansion of a Gaussian random element
of HY(T) and Ay(T) for j = 1 and j = 2, respectively, see [15]. We set a > 3/2
and r > 0 such that the laws of §; and f, define Gaussian probability measures in
O. By a Sobolev embedding 0, and 6 are almost surely in C(T'3), the separable
Banach space of continuous functions on Fg endowed with the usual supremum
norm, which we denote by || - ||co. Then the laws of §j7 j = 1,2, define Gaussian
probability measures on C(T's), see [27, Exercise 3.39]. We denote

M= L(0;), j=1,2

The reproducing kernel Hilbert space (RKHS) of the Gaussian random element éj
is H*(T) for j = 1 and A, (T) for j = 2, see Theorem 1.23 [23]. Since the restriction
H*(T) — H*(T') is onto, see [49, Section 4.4], the RKHS of the restricted Gaussian
random element is Hy := H*(I'g) in the case j = 1 and Hy := A, (T'g), see [24,
Exercise 2.6.5]. See also an argument in the process setting [41, Theorem 6.2.3].

3.1.2. Covariance function. Since éj(x) is a Gaussian random variable for each z €
T and j = 1,2, it is in fact a Gaussian process. The covariance function Kj :
T x T — R of the process takes the form, for j = 1,2,

Kj(x,a") = Elf;(« = > wi jon(@)dn(a’),

see for example [23, p. 586]. Choosing for example ¢(z) = 1//7cos(kx) for
k>0, ¢p(z) = 1/y/msin(kz) for k < 0 and ¢9 = 1/v/2m, and using the identity
cos(a) cos(b) + sin(a) sin(b) = cos(a — b) we find

wd 1 &
0.5
Kj(z,z') = 2—; + 7 E w,zcjjqﬁk(,rf.r’),
775 wk,] z (z—a' 7

ke
= Zm]-(x — a2’ + 2rk),
keZ

using the Poisson summation formula with

mi(s) = FH (1 +472¢%)™(s) = 08”71/2’%75(8)7
ma(s) = F Ve 47r€)(s) = Ce

where K., v > 0 is a modified Bessel function, see [44, Section 4.2.1]. Thus Kj is
the 27-periodization of the usual Matérn covariance function on R when j = 1 and
the squared exponential covariance function on R when j = 2, which justifies our
naming convention.

3.1.3. Rescaling. Take a > 1 and r > 0 such that I1;(@) = 1 for j = 1,2. We then
let II; be the ‘rescaled’ Gaussian distribution for j = 1,2,

9) I =L (KN,J-G}-) L0~
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for some decreasing sequence in N, sy ; defined as

kg = N1/ at2)

KN = log(N)™L
Letting the covariance of the prior depend on the observation regime is natural: it
updates the weight of the prior term in the posterior (6) formally as

1/(2a+1)
11, (df) o exp (7%”9‘&» o

in the case of j = 1. In this way we penalize large values of ||0|3, more. This is
common in the consistency literature, see [38], and in fact sufficient for convergence
of regularized least-square procedures, see [19, Section 5. In our setting this rescal-
ing is needed so that the prior distributions concentrate sufficiently on the totally
bounded regularization sets Ry (M) and Ra(M).

3.2. Convergence of the posterior mean. Before we state the main result, the
convergence of the posterior mean to the ground truth as N — oo, we recall some
preparatory definitions. In the following we let IT;(:|Dy) denote the posterior dis-
tribution (6) in © arising from the prior distribution II; defined in (9) for j = 1, 2.
The posterior mean F;[0|Dy] is defined in the sense of a Bochner integral, see for
example [16, p. 44]. Indeed, for all Dy € (V x )V

/0 16]le T1;(d6] D) ox /@ 6]l @ 11 (d6) < /O 16]l6 T, (d6) < oo,

by Fernique’s theorem [27, Theorem 3.11], since II; is supported in © for j =
1,2. Then Dy + E;[0|Dy] is a ©-valued random element by the definition of the
Bochner integral and since the pointwise limit of a sequence of measurable functions
is measurable, see [17, Theorem 4.2.2]. Let ey > 0 be some decreasing sequence
in N converging to zero. We say that a sequence of real-valued random variables
{fN(Dn)}F—; converges to zero in Pég -probability with rate ey as N — oo if there
exists a constant C' > 0 such that

lim P, (Dn : |fn(Dn)| > Cen) =0
N—o0

Then we have the following convergence results for the reconstruction error of the
posterior mean, where we take fy(Dy) = ||E;[0|Dn] — 60| for j = 1,2, and a
suitable norm.

Theorem 3.1. Consider the posterior distribution I1;( - |Dy) arising from obser-
vations (5) in the model (3) and prior distributions I1;, j =1,2.
(i) If 6o € H*(T'g), a > 3/2, then

|21 [0]DN] — bollzoe(rs.) — 0 in Py -probability

with rate |log(Cdn)|~7 as N — oo for some 0 < o < 1 and constant C > 0
and where §y = N—/(2a+1)
(i1) If 0o € Ap(T'g), 7 > 0, then

| E2[0]DN] — OollL2(rs.) — O in Py -probability

with rate 5% for some 0 < o < 1 as N — oo, and where Sy = N~1/2log(N).
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Proof. (i) This is the result of Theorem 2.3.2 [41] and [41, Exercise 2.4.4] whose
conditions are satisfied by Lemma 2.3, 2.4 (i) and by the choice of prior (9) for

a>3/2.
(#4) This fact is proven in Appendix C, since we deviate slightly from the setting of
Theorem 1.3.2 in [41]. O

Remark 1. By the local Lipschitz continuity of z — €*, the case of (i) generalizes
to convergence at the level of 8, i.e. B(E1[0|Dn]) converges to 5(0y) in probabil-
ity with rate |log(Coxn)|=7 as N — oo. This is not as easy in the case of L?-
convergence in (ii). One straightforward remedy is to upgrade the L*-convergence
to L*°-convergence using Sobolev interpolation. A different strategy is to replace
0~ B(0) = mg + €’ with a smoothened ‘reqular link function’ in the sense of [42].

This theorem justifies and quantifies the use of the Bayesian methodology for
the two inverse problems. Note the theorem does not generalize immediately to
the problem for Stokes’ model with for example an L2-norm on a set K CC I's in
which u # 0 as in [10, Remark 3.7]. Indeed, the estimate includes the pressure p
and its normal derivative d,p|r at I'. Improving this estimate to be independent of
observations of the pressure remains largely open to the authors knowledge.

4. CONCLUDING REMARKS

In this paper we have considered a Bayesian approach to two inverse Robin
problems with theoretical convergence guarantees as the number of observations
increases. We have motivated to popular and numerically tractable Gaussian priors
and show under appropriate rescaling that each lead to a convergent posterior mean.
If the ground true Robin coefficient is a priori known to be analytic, then the
logarithmic convergence rate can be upgraded to a rate on the form N~7 for some
7 > 0. Interesting future work includes generalizing Theorem 3.1 to the inverse
problem for Stokes’ model. In its current form, Theorem 3.1 allows recovering
analytic functions in the space A,(I's). Another interesting future direction is to
generalize this to a larger class of analytic functions on I'g using Gaussian processes
and a continuous version of Lemma C.1. For ideas in this direction we refer to [50].

A. FORWARD REGULARITY

Proof of Lemma 2.1. (i) Consider the general Stokes’ equation for f € (L2(0))2,
he (HY%T))? and h € (H~/2(T'5))?,

—Au+Vp=f in O,

V-u=0 in O,

(10) Oyu—prv=~h on Iy,
du—pv+Bu=h on I'g.

The corresponding variational form is

(11) / Vu: Vv+/ Bu-v :/ frv+{hv) 11, + (hyv)_11 s
o s o

227

where Vu : Vv denotes the double dot product of the two matrices, (-, 'L%,é,rs
denotes the (H~'/2(Ty))?, (H~Y/2(I'y))? dual pairing, and where v € V; := {v €
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(H'(0))? : V-v = 0}. By the generalized Poincaré inequality, see for example [12,
Proposition 5.3.4],

[1vu + [ a = cOluliso,
o I's

for each i = 1,2, where u; is the i’th component of the vector field u. It follows that

2
/ Vu:Vu+ ﬁu~uzC(mﬁ,O)ZHuiH%{l(o),
o s k=1

and hence the bilinear form is coercive. It is straightforward to check that it is also
bounded, and likewise that the right-hand side is a bounded linear functional on
Vs. By standard Lax-Milgram theory, there is a unique weak solution u € V; to
(10) satistying

(12)  Nlullzroyz < CO,me) (I fll 2oz + 1l (-1 + ”}EH(H*‘/?(FL;))‘Z)'

Note (10) is in the form that Theorem IV.7.1 in [11] considers with the compatibility
condition being satisfied by (11) for v = 1. The theorem then states that there is
also a unique solution p € L%(O) to (10). In the following we take some care in
bounding this function. Initially de Rhams’ theorem [11, Theorem IV2.4] gives
a pressure term p € L2(0) = L2*(O)/R unique up to a constant and satisfying
—Au+ Vp = f. Take then the mean-zero solution satisfying

12l 20y < CO)VDI H-1(0),
= CO)Aullg-1 o) + I fllz-1(0),

(13) < CO,me)([Iflr20)2 + Bl z-1720y)2 + Wl g-172(0,))2)

using [11, Lemma IV.1.9] and (12). The proof of Theorem IV.7.1 in [11] shows that
p = p + Cp is the unique solution to (10) matching the boundary conditions. If
h € (L*(Ts))? and h € (L?(I'5))?, this constant can be bounded as

1Col < COYIhll L2y + 1Bl L2y + 1Bl o) lull L2 (0)
+ 10vull gr-17200) + 1Bl 22(0))s

hence if |||/ Lo (ry) < M, then

(14) Il 220y < C(O,ma, M)([Ifllcz20p2 + 1Bl z2r.yz + 1]l p2cr)2)

using both (12) and (13).
(49) The difference (v, ) for v = u1 —ug and ¢ = p; —p2 of solutions (u1,p1), (uz, p2)
of (1) corresponding to 81 = B(01), f2 = f(62) is the unique solution of

—Av+Vg=0 in O,
V-v=0 in O,
ov—qu=0 on I'y,

Ov — qu+ f1v =uz(B2 — B1) onTg.
Note that [9, Lemma 2.3] implies

lua (B2 = Bi)llz2(rp))z < Nuallzz(rsy)zllBe — Billm(ry),
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and hence by (i) above,
vl o))z < C(O,mg)llua(Ba — B)ll(r-1/2(04))25
(15) SC(O777L,B7}L7P7.(])”[31 _BZHHI(FB)'

To upgrade this we prove additional smoothness of v near I' as follows. Define an
open set V' C O that meets I', i.e. I' C V. Define then the larger set U C O with
V C U and UNOO C T's. We then define the smooth cutoff function n € C*°(U)
withn=11in V and suppn C U (hence 7 is zero near I'g). Then (nv, nq) solves the
system

—A(n) +V(ng) = f inU,

V-(q)=Vn-v inU,
9y (nv) — (ng)v = n(dyv — qv) +vd,n on AU,
for f = vAn + 2V - Vi + ¢V € L2(0). Note n(d,v — qv) + vd,n = vd,n €
(HY?(3U))?. Then Theorem IV.7.1 of [11] states that
ol a2y < CO)fllce@ye + 11V vl @) + 00l e ouy)?2)-
Since n =1 in V, using (15) and (14) gives us
vl vy)z < C(O,mg, M, h,p,g)

By Sobolev interpolation, there exists a,& > 0 such that (denoting v; the #'th
component of v)

2 2
(16) Z lvill (grrravyyz < Z 0l Crrs vz 02 Gz vry2s
i=1 i=1
2 -
< C(0,mg, M, b, p,g) Y IIoill i (vy)es
=1

< 0(07771'[37 A47h7p7Q)H[jl - ﬁZHLiHl(F/g)'
Now we argue that 6 — e is locally Lipschitz continuous in Hl(l“[;)7 ie.
17 181 = Ballmri(rysy < C(Lgs M)|161 — 02| r1(ry).-
Note first by the mean value theorem that
l[e? — €% || oo ry) < €MI61 = Ball o (ry)-
If 'y C R it is clear that
181 = Ball i rgy S M€ — €%l L2y + IV(€?) = V()| 2y,
<€ — e ||, + €7 VO — €2 V0s | 12(r,),
< e — e” |2y + VO llz2 o le™ — €[y
+ 1% | oo (0 ) V0L — V2| p2(r ),
< CM))01 = a2l (r )

using also the continuous Sobolev embedding H'(I's) € C(T'3). By the definition
of Sobolev spaces on boundaries, see [25, (1,3,3,2)], the case where I'g is a smooth
curve follows in the same way. Indeed, this amounts to showing

1Bio¢— B2o ¢l < Cll010¢ — 0200l g1(n
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for any smooth parametrization ¢ : I — R? of a section of I'g with I an open subset
of R. In this case we just repeat the argument above. Finally, combining (16) with
(17) and a Sobolev embedding it follows that

2
lur = w2l S D Ivillom < C(O mg, by p, g, M)||6r = 62| 3 -
i=1

(49¢) This is proved in Proposition 3.3 of [9] for a stationary Neumann condition
g(z,t) = h(z) in (HY2(L))2.
O

Proof of Lemma 2.2. Consider more generally the equation (2) for an inhomoge-
neous Robin condition d,u + fu = h € H'/?(I's). The corresponding variational
form is

(18) /V11,-Vv+/ 5uv:/hv+/ hv,
o Ty r Iy

for v € V := {u € HY(O) : u|r, = 0}. By the generalized Poincaré inequality, see
for example [12, Proposition 5.3.4],

/o IVl + / > C(0)ul2 0y,

I's
hence the left-hand side of (18) is a coercive bilinear form on V. Since h and
h are HY/ 2_functions, the right-hand side is a bounded linear functional on V.
By standard Lax-Milgram theory, there is a unique weak solution u € V to (18)
satisfying

(19) lull 10y < COmg) (-l 1720y + bl r-172(r,))-
In particular, (4) is satisfied. O

Lemma A.1. For 8 € H'(I'g) with ||8llgi(r,) < M, h as in Assumption 3, and
any 0 < s < % there exists a constant C = C(O,mg, M, My, s) such that

[l grvs 0y < C
where u solves (2).
Proof. Far away from the ‘corners’ (where different boundary conditions meet) the
estimate is straightforward using standard techniques. Near the corners the estimate
is essentially due to [25], although we are aided by [7] in particular. Since fu €

H'Y?(I'5) by Lemma 2.3 in [9] (u € HY/?(I'5) by Lemma 2.2 and 8 € H'(T'3) by
assumption), the trace theorem in [7, Theorem 2.1] provides a function v € H2(O)

such that ,v =hon T, v=0o0n Iy and 0,v = —fu on I'g, i.e. w = u — v solves
Aw = —Av in O,
d,w =10 onT,

(20) w =0 on [y,
d,w =0 on I'g.

Indeed this trace operator T : H?(O) — H'Y?(T') x H3/2(Ty) x H/?(I'), defined
by u — (dyulr,ulr,,dyulr,), is bounded [35] and surjective [7, Theorem 2.1], so



BAYESIAN INVERSE ROBIN PROBLEMS 15

there exists a continuous right-inverse, see the general remark after Theorem 8.3 in
[35]. Then by [9, Lemma 2.3]

(21) [vlle20) < CUIRI g2y + 1Bl g2,
< Clhllgre@y + 18llar @ay lull 21200,

The regularity decomposition of [7, Theorem 3.1.1] decomposes the unique solution
w € HY(O) for some J € N as

J
w = w, + ZC]'S]'7
=1

where w, € D? :={w € H?(O) : ,w=00on T Ulg,w=0o0nTy}, ¢; = c;(f) are
functionals of f = —Awv in L?(0), see [7, Remark 3.1.2] and S are certain ‘singular’
functions supported near the corners. They depend only on the geometry of O, see
(3.2.26) and Proposition 3.2.3 in [7], and satisfy AS; € L2(0) and S; € H**(0) if
and only if s < 1/2. Since A : D? — L2(0) is injective by uniqueness of solutions
to (20), it is bijective onto its image. The open mapping theorem then states that
there exists a constant C' > 0 such that ||w,| g20) < C||Awr||2(0), and hence

will 20y < CllAw:|| L2 (0,
J

< C(|Av]|20) + Y IelIIAS; [220)),
j=1
(22) < CO)vlla20)-
Combining (22) with (21) and using the standard estimate of ||u|| ;71 (o) we have
J
l|ull fr+s 0y < C(O) V]| 20y + |l ZCijHH“rS(O)v
j=1
< C(O,9)lvlla2 (o) < C-
with €' = C(O, My, M, mp). O

Proof of Lemma 2.3. (i) is an immediate consequence of a Sobolev embedding and
Lemma A.1.

(#4) The difference v = uy — ug of solutions wuy, us corresponding to 51 = 3(01), B2 =
B(62) is the unique solution to the equation

Av=0 in O,
ov=0 on I
v=0 on I'y,

Oy + B1v = ug(f2 — f1) onTg.

Since ug(Ba — 1) € H 1/2(Dp), we use the estimate (19) with h = 0 and h =
u2(B2 — B1) to the effect that

(23) vl o) < C(O,mg)|luz(Bz — Bi)ll a-172(r4)

(O, mp)||B1 = Bl Lo (ry)s

<C
< C(Ovmﬁvz\/[)”el - 92HL°°(1"@)7
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using a simple mean value theorem argument. Boundedness of the trace operator
implies (i1).
(#9i) By Sobolev interpolation, there exists @, & > 0 such that
ol rsirs o) < llur = uallg o) llur = u2llfain/s o)
< 0(07 mpg, AL ]\/[h)Hel - 92”%“(1“5)7

where we used (23) and Lemma A.1. Then boundedness of the trace operator and
a Sobolev embedding give the wanted result. O

B. CONDITIONAL STABILITY ESTIMATES

Proof of Lemma 2.4. Notice first that the mean value theorem for a function (z) €
[61(z), 02(x)] implies

Br—Br=e" —e” = 65(91 —02),
and hence
101 — O2l|Lary) < C(M)||B1 — B2llza(ry)s

for any 1 < g < oo, since Hé“Loo(Fa) < M in either case of our assumptions. It is
then sufficient to consider stability estimate on the level of 5.
(7) Theorem 2.2 of [1] states that

(24) 181 = Ball o (r,,.) < K[10g([IG(61) = G(62)][ 2= r))| 7

for some K > 0 and 0 < ¢ < 1 dependent on O, h, M; and €. Sobolev embedding
and interpolation results gives for some 0 < § < %

16(61) = G(62)ll o= r) < 1G(01) = GOl ;345 1)
<16(01) = G(O2) 172 19(01) — 9(92)\\;}125(”,
< M(O,mg, Mg, M, 0)[|G(61) — G(62) |72 1)

where p = %, and where we used Lemma A.1. Inserting this into (24) for some
fixed § gives (i) for K = K(K, M).
(#¢) We follow the argument of [28, Section 3|, which relies on two auxiliary results:
(1) min, 5, wu(z) =n, wheren > 0is a constant dependent on €, but indepen-
dent of the imposed boundary condition on T
(2) the solution u to (2) can be analytically extended in a fixed neighborhood
U of T'g with ||ul g2y < C(M), where it is also harmonic.
In the presence of these two results, the estimate follows exactly as in [28, Theorem
3.1] with K > 0 and 0 < ¢ < 1 depending only on M, €, O, M}, M, and we will
not repeat it here.

(1) Note first that u(z) > 5 for any x € T's., where > 0 is some constant
depending on €, but independent of h. This follows from continuity of v on O and
maximum principles for harmonic functions as in [28, Lemma 3.2]. Indeed, one can
conclude that v > 0 everywhere on O by a standard contradiction argument as in
(43, Theorem 9, Chap. 2]. Then [14, Lemma 2] concludes positivity on I'g using
Hopf’s lemma. The compactness argument of [28, Lemma 3.2] is then adapted to
our case to show u(z) > for any z € T'g..



BAYESIAN INVERSE ROBIN PROBLEMS 17

(2) Corollary 1.1 in [36, Chapter 8] shows that the solution u to (2) is analytic
near and up to I'z. For & small and U := ON((0,1) x (=6, 4)) it further states that
for k = (k1, k2) € N2

sup [0%u(z)| < C(M)(k)C (M),

2€U0
for |k| = k1 + k2 € Ny and where k! = kq!ks!. Then the Taylor series of u in («, 0)
for any a € (0, 1) has a convergence radius of at least = C(M)~!. Indeed, for any
(z,y) with distance at most r to (a,0) we have

o) =utr) = 32 3 ey

n1=0n,=0

<con 3 3 conPle -y,

n1=0n2=0

(25) <> > (@

n1=0n2=0

where we denoted n = (ni,n2). Since a power series is analytic in the interior
of its region of convergence, u is analytic in sufficiently small balls centered in
(ar,0). A covering argument then gives a unique analytic extension in for example
(0,1)x(=4,4)) with § = min(d, (2C(M))~"). Repeating (25) for d*u(z) for k = 1,2,
we note that

HUch((o,l)x(—S?S)) < C(M).

We also conclude Au = 01in O U ((0,1) x (=6,6)). Indeed, Au is analytic in O U
((0,1) x (—9,9)) and coincides with 0 on O and hence is zero in OU((0,1) x (—6,9))
by uniqueness of analytic functions. O

Using the general property of uniform analyticity up to the boundary we avoid
the argument in [28, Theorem 3.1], which uses a reflection formula provided by [8].
Inspection of this reflection formula reveals that we do need a condition like 8; €
Ra2(M), i = 1,2, to reflect the solution to a possible small but fixed neighborhood.
We can generalize our proof to stability estimates for any analytic I's for d = 2 and
d=3.

C. CONSISTENCY FOR ANALYTIC FUNCTIONS

The result of Theorem 3.1 is derived from the property of posterior consistency,
see [23, Chapter 8] for a general treatment. In the following we address posterior
consistency for analytic functions. We start by establishing a relationship between
the space A,(I's) and the set of functions Ro(M). We prove a result, which is
well-known and particularly simple in the setting of the m-dimensional [—7,7)-
torus T™. Analogously, it generalizes to function spaces defined by the decay of
the Fourier transform by the Paley-Wiener theorem, see [45, Theorem IX.13]. We
consider m > 1, since it follows in much the same way as m = 1. To this end, let I'g
be an open compactly embedded subset of [—, 7)™ for m € N. Let {¢y }rezm be
a real orthonormal Fourier basis and define for f = (f, ¢x) r2(rm) the more general
space

Arm(Dg) :={f = glr, : g € A.(T™)}
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with
Ar(T™) = {f € LX(T™) < £ == D |fulPe ™ < 00}
kezm
and the corresponding quotient norm of (8), denoted || - ||..,. Note we write |k| :=

|k1] + ...+ |km| and not for example ||k||? to make a sharper result. We keep the
definition of Ro(M) as in Assumption 2, and note that the condition

sup |(9"8)(x)| < M (k)M

zEFﬂ

should be understood in multi-index notation (ie. 0F = 9% ...9% and k! =
kil...kp!) for each k € N2. Again this is closely related to the usual character-
ization of analytic functions on I'g, see [32, Proposition 2.2.10]. We also denote
doo(2,S) :=infyecg ||z — Y|, the sup-norm distance of the point « to the set S.
Lemma C.1. Suppose f € Ay, (Tg), 7> 0 with || f||» < My. Then,
(i) there exists an analytic extension of f to G, := {z € C : do(2,T5) < 5}
with

sup [f(z)] < My
2€G,

for some My = My (r, My, m).
(i) SUp,cT, [(0% f)(z)] < Afz(k!)]\@‘k‘ for some My = Mo (M, r) and k € N'.
(ii1) f € Ro(M) for some M = M(My).

Proof. We complete the proof for m = 2 and note that the case for other m € N
follows in the same way.

(i) By assumption f is the restriction of a function in A, (T?) with || f[|,,2 < Mo,
which implies for the usual Fourier coefficients fj := %( [.€F) pa(p2)

|l < Moe=51¥,
Define the ‘polycylinder’
P,={weC?: |w| < e”’?, Jws| < e’/?}.

Take a compact set K C P, then for any w € K, the family of functions {f rwk} keN2
(where w* = w’f‘wéi) is bounded. Then by the argument of [46, Corollary 1.5.9.2],
the function w Zk,eNg fkw’“ is complex analytic in P,. In fact, by the same
argument the four power series

(26) w = Z Fiky aryw®
keNZ

are complex analytic in P,.. Further, for all w € P, /2

(27) S Frbrara ™| <Y [ fary trs [Jw]F < C(Mo,7)

keNZ keNZ
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Now decompose the following Laurent series into four similar power series as

oo o0
¢ k 7 —k k.
> it =" foky mwy Fwh?,

kez? k1=1k>=0

n —k —k:
+ f 1,—ka Wy 111)2 %

M2
M8

x>
Z
Il
—
E
S
H

¢ ko
fx 1,kz“’1 fwy?,

i
M2
Ms

k1=0 k2=0
oo oo
; —ka
+ Z Z i —rywitwy
k1=0 ka=1
Consider first the first term. This has the form w + g(w; ', ws) for a function g

on the form (26) complex analytic in P,. The function w +— (w;*,ws) is complex
analytic in for example {w € C? : wy > e~"/2, wy < €’/?}, since w +— w; is complex
analytic everywhere and w — w; L is complex analytic for w; away from zero,
i = 1,2, see [46, Proposition 1.2.2]. Then also w +— g1 (wfl,wg) is complex analytic
in {weC?:w > e 2wy < e"/z}, since compositions of analytic functions are
analytic, see again [46, Proposition 1.2.2]. Continuing this argument for each term
above, we find that
)= Z frw®

kez2
is complex analytic in the ‘polyannulus’ {w € C2 : e < w; < €20 = 1,2}.
Using that z +— e is entire on C and again the composition rule, we find that
Z'_>g(61'21 Lzz Z fkptkz
kez?

is complex analytic in {z € C2 : |[Im(z;)| < r/2,i = 1,2}. Moreover, since (27) is a
bound for each of the four power series which make up f and G, is a subset of the
strip of where it is defined, we conclude

(28) sup |f(2)] < My(r, My).
z€G,

(74) The Cauchy integral inequality in [46, Theorem 1.3.3] gives the estimate
sup (0" )(2) < (/O™ sup [f(2)].

|zi|<r/4,i=1,2 |zi|=r/4,i=1,2
Since T' is compact, we can cover it by real translations of {z € C? : || < r/4,i =
1,2} and conclude by (28) that there exists a constant My = Mo (M, r) such that
sup (9% £)(z)| < My (k) M.
zEfﬁ
(43i) Since z > €* is entire, also z — e/(*) is complex analytic in G, with a bound

SUpP.cq, lef(#)| < eMi. Repeating the same arguments as of (ii) we conclude that
f € Ra(M) for some M = M(My). O

We now return to the question of consistency, which involves precise statements
on the prior we use. Since II, is a Gaussian measure in C (fg), a covering number
bound of the unit norm-ball in the RKHS H, = A, (T'g), yields a bound on the
measure of small norm balls, see [34]. To make use of this, we define the notion
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of covering numbers as follows. Let the covering number N(A4,d, p) for A C X of
some space X endowed with a semimetric d, denote the minimum number of closed
d-balls {z € X : d(zg,z) < p} with center 2o € A and radius p > 0 needed to cover
A, see for example [23, Appendix C] or [24, Section 4.3.7]. When d is replaced by a
norm, we mean the metric induced by the norm. The following consequence of [23,
Proposition C.9] allows us to bound the unit norm ball of A, (T').

Lemma C.2. The class A(M1) of all functions f : [0,1]™ — R that can be extended
to a complex analytic function on G, with sup,cq |f(2)] < My for some My > 0
and r > 0, satisfies for all p > 0 sufficiently small

(29) log N(A(M:), || - [l p) < C(r,m, My)log(p~")"*™.
Proof. Proposition C.9 in [23] states that
log N(A(1), || - oo, ) < C(m)r™™ log(p~")"*™
for all 0 < p < 1/2. Since || - oo < || - lo(o,1m), [24, eq. (4.172)] gives
log N(A(1), || * llos, p) < log N(AQL), || lle(po,)m), )-
Then, combining the two last displays with [24, eq. (4.171)] we have
log N(A(M1), || - llos, p) = log N(AL), || - [loc, M),
<log N(A), || - lleo,ym), pMi),
< C(r,m)log(Myp~t)t+m.
1+m

, m > 1, we have the inequality (z + y)™*! <

By the convexity of x — =z
2m(xmF1 4 ymHL) for x,y € R. Then for p small enough,

log(Myp~ )™ < C(My,m)log(p)t™™,
and hence (29) is satisfied. O

Since we constructed Iy for m = 1, we consider from now only this case, although
everything generalizes to higher dimensions. See also Remark 2 below. To this end,
denote the unit norm ball of H, = A, (I'g) by

B'Hz = {f EHa: Hf”Hz < 1}
Note that By, C A(M;) for some My = M;(r) by Lemma C.1 (i).

Lemma C.3. Let ¢(p) := —logIy(8 € C(T5) : [|0]loo < p) where Ty is dependent
onr > 0. For all p > 0 sufficiently small,

(30) (p) < C(r)log(p™")*.
Proof. We follow [50, Lemma 4.6]. Theorem 1.2 of [34] initially gives the rough
estimate
(31) #p) < C(r, Mr)p™?,
for all p > 0 sufficiently small, since
1og N(Byy. || lloo: p) < C(r)p™",

for all p > 0 sufficiently small by Lemma C.2 for m = 1. The first display of the
proof of Lemma 4.6 in [50] provides the inequality

6(2p) <1og N(Bas, | - lloo, 20[26(0)] /%),
Inserting (31) into this and using Lemma C.2 again, then gives (30). O
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The following result corresponds to Theorem 2.2.2 of [41] for rescaled Gaussian
priors for analytic functions. We define dg(61,62) := [|G(61) — G(62)||r>(ry for all
01,05 € O.

Lemma C.4. Let 6y € Ho = A, (L), r > 0, and Iy be as defined in (9). Set,
(32) oy = N™V2log(N).

Let U > 0 be large enough depending on Mo, r and such that HQ(GO)HC(f) <U.
Then, there exists Borel measurable sets O such that

(i) T : dg(6,60) < x5, 1G(0) |l < U) = e N for some Cy >0,

(i) Tx(0%) < e~ 2NN for Cy > Cy + 2.
iii) log N(On,dg, mody) < C(Ca,7)NS3 for mg > 0 large enough
N
for all N sufficiently large.

Proof. First we give the form of ©y. Define By, (d) and B (d) to be the closed
norm balls of radius § > 0 in Hs and C(T'g), respectively. That is,

B, (0) :=A{f € Ha : || fll3, < 6},
Boo(8) :={f € C(Tp) : | flloe < 0},

Recall, also that By, (My) C A(M;) for some My = M;(r, Mp) by Lemma C.1 (i).
Then we take

(33) On 1= (Bry (M) + Boo(Méy)) N Ro(M).
for M > 0 sufficiently large determined by (ii) below.

We also recall the following triangle inequality fact needed for (i7) below: a Cdy-
covering of By, (M) is a (M + C)dn-covering of By, (M) + B (M) so that

N (B, (M) + Boo (MON), || - [loos (M + C)on) < N(By, (M), || - [|oc, CON).-

This implies for C' large enough that

(34) NON, || - lloos Cn) < N(Bay (M), || - [|oo; (C = M)én).
In addition, we will use repeatedly below that
1
KN2 = m

Finally, we need the scaled RKHS Ho n = kno2Ho = {kn2h : h € Ho} with
norm |||z, y = H]_V712H]LHH2. This is the RKHS associated with IIa, see [27] or [24,
Exercise 2.6.5].

(i) We proceed as in [41, Theorem 2.2.2]. Recall that TIs(A,(Ts)) = 1 for any
0 < ¢ < r. Hence also II5(A¢(T'3)) = 1. Fernique’s theorem [24, Theorem 2.1.20]
initially gives that E[|82]|,] < D for some constant D depending only on the prior
flg., and next

(35) o (0 : [|6]ly > Mo) = T2(0 : ||6]|, > MoV Néy),
S~ ~ 1
< (0 [1llq — El10ll4] > §Mox/N6N),

2 2
e~ CMGN&%,
k)

IA
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for some sufficiently large constant My = My(D) and some constant C' = C(ﬁz).
By Lemma C.1, this implies
1
5
for My large enough depending on C and M; = M;(My, ). Note we have
10 = Gollzrrryy <My = N0llmiry) < My+ 0ol ry) = M,

which by Lemma 2.3 implies |G(0)|lcF < U = U(M), since

(36) o (0 : 0]l s,y > My) < e CMINGY <

€11z (0py S € oo (L + 101271 0a)-

Using again Lemma 2.3 and Corollary 2.6.18 [24] permitted since 6y € Hy and
II,(©) = 1, we get

M3(dg(0,00) < on. G0l c) < U)
> T2(dg (0, 00) < On, [|0 — Ooll 2 (rys) < M1),
> 5(]16 — bolloo < K165, 110 — boll2ry) < M),

— 10,112 _
> ¢ 21 v I (6]|0c < K05, 101 (ry) < M),

—2
> e 0N (0] < K108 ([|0]| 111 r,) < M),

where we used the Gaussian correlation inequality, see [41, Theorem 6.2.2], and the
relation ||0o|u, v = 5;,,12\\00\\7{2 for the last line. We also note that K depends on
M. Lemma C.3 implies

—logTTa(6 : [|0]le < K~ '0n) = —logMy(0 : [|0]|oc < iy, K "0n)
Krna\’
<Clr)log | ===

N

= C(r)log (I(\/Nlog;(N)”)2 ,

IN

1 2
C(r) |1o8() +  108(V) ~ 21og(og(V)]
C(K,7)log(N)?,
(37) < C(K,r)Né&%,

IN

for a sufficiently large constant C' = C(K,r). Equation (36) shows

1 1
TI2(0 : ||9”H1<Fﬁ) <M;)>1- B = 3

The three last displays shows (¢) for (32) and a constant C; = C1 (6o, K, My, 7).
(#4) Lemma C.1 implies there exists M = M (g, My) such that

{f € AyTs) : I fllq < Mo} C R (M),
and hence by (35) we can pick M large enough dependent on C such that
1
Iy (Ro (M)°) < 56*02”%.
We simply pick ¢ = /2 to fix constants. Then it suffices to prove

1 ;
(B, (M) + Boo (Mdy)) > 1 — ie—C’zN&f\,.
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We prove the stronger bound
(B, (M) + Boo(Méy)) > 1 — e 202Nk
By similar computations as with (37) for M > 1, we find
—logTIx(0 : |0]|ee < Mdy) < C(r)log(dyt),
< C(r)(1/210g(N) — loglog(N)),
< 20 log(N)?,
< 20,N6%,
for any given Cy > 0 and N sufficiently large. As in [41, Theorem 2.2.2] we denote
By = —2& (e 202N ),

where @ is the standard normal cumulative distribution function. Then by [23,
Lemma K.6] we have

By < 24/21log(e292N0%) < 44/CyVNoy.

Then for M > 4,/Cy such that By < M+v/N&y we use the isoperimetric inequality
(24, Theorem 2.6.12] to conclude that

5By, (M) + Boo (M) = 2By, (MVNGN) + Boo(MVNGR)),
2(By, (BN) + Boo(MVNGY))),

(® [y (Boo (MVN&%))] + B,
(@—1[6—26‘21\7612\,} + By),
(

_q)—l[e—ZCzN&?\,D,

=

=1 (@ [e 2NN,
—1_ efchNai,
using also &(—z) =1 — ®(z).

(4ii) We recall that By, (M) C A(M;) for some M; = M;(M,r) by Lemma C.1 so
that Lemma C.2 gives

lOgN(Bﬂz(]w)’ H . HOO%(SN) < C(Tz ]W) IOg((;XII)Qv
< C(r, M) (1/2log(N) — loglog(N))?,
< C(r, M)NGY,
for N large enough. Then using Lemma 2.3 with my = mo (K, M) sufficiently large
and (34) we get
log N(©n,dg, modn) <log N(On, || - [leo, K~ modn),
< 1og N(Byy (M), || - lloc, (K~ mo — M)dn),
< O(r, M)N&%,

Note M depends only on r and Cy through M. |
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Remark 2. Eztending Lemma C.3 and C.4 to m > 1 and other exponential decay is
straightforward. Indeed, define a Gaussian prior by the restriction toT'g C [—m, 7)™
of the random series

=3 gee Mgy, gy K N(O,).
kezm

This is an element of Agm (T'g) a.s for ¢ < r and its RKHS is Ho = A, m(Tg). Then
Lemma C.3 follows in the same way by noting By, C A(My) for some My = My (r)
by Lemma C.1 (i). Given a Lipschitz continuous forward map G, Lemma C.4 follows
for 6y = N~1/2 log(N)¢ for some exponent ¢ dependent on m.

Proof of 3.1 (i). By Lemma C.4, conditions (1.32) and (1.33) of Theorem 1.3.2
[41] are satisfied for the choice (33) of ©. Lemma C.4 (i) and the bound on the
Hellinger distance h(pg, ps) < 2dg(6,9), see [41, Proposition 1.3.1], implies

~ 1
(38) N(©n,h, 5m06N) < N(On,dg,modn) < OGN
hence for all € > 2mgdn
N((:)N,hé) < eC(CQ,r)NJ?V7
with

ON = {po:0 € On}.
Note the right-hand side of (38) is independent of such €. Setting ¢ = mdy for
m > 2mg, Theorem 7.1.4 of [24] gives the existence of statistical tests Uy : (R x
MY — {0,1} satisfying
PN (WUy =1) >0,
as N — oo, and for the expectation E}Y with respect to P}

2
sup EN(1—Wy) <e "Ny
€O N:h(po,poy)>mdn

for m large enough also depending on C(Cs,r) and k. Then the proof of The-
orem 1.3.2 [41] implies that for all 0 < b < C — C7 — 2 we can choose Cy =
Co(Cy,Co,r,mp,b,U) large enough such that

Py (nN(e € On : dg(6,60) < Codn|Dy) <1 — e*bNéZN) 0.
Lemma 2.4 (ii) implies
{0 € ©n :dg(0,00) < Codn} C {0 € On : [0 = Ooll 2y < KCTX}
so that we also have
Py (Tn (0 € O : 10 = 0ol 12, < KCFORIDN) < 1= V) 0,

Then the argument of Theorem 2.3.2 [41] applies in the same way here to the effect
that
| E2[0| D] = Oollr2r,.) — 0 in Py -probability

with rate 6% as N — oo. O
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DIRECT METHOD FOR STROKE DETECTION WITH
ELECTRICAL IMPEDANCE TOMOGRAPHY IN THREE
DIMENSIONS

KiM KNUDSEN AND AKSEL KAASTRUP RASMUSSEN*

Technical University of Denmark
Department of Applied Mathematics and Computer Science
DK-2800 Kgs. Lyngby, Denmark

ABSTRACT. In this paper we revisit the regularized, direct reconstruc-
tion method for three dimensional Electrical Impedance Tomography
(EIT) based on complex geometrical optics solutions and a non-physical
scattering transform. The method solves the full non-linear problem di-
rectly without relying on iterations or linearization. We demonstrate via
computational experiments that the method applies to the challenging
situation of stroke detection, where the weakly conducting skull is a bar-
rier. Our results suggest that detecting a hemorrhagic stroke is possible
and robust to noise perturbations, while detecting an ischemic stroke is
highly challenging. Further, our results suggest that the direct method
is a promising candidate for a portable and nearly real-time stroke-EIT
system.

1. INTRODUCTION

Electrical Impedance Tomography (EIT) is a non-invasive medical imag-
ing modality that aims to recover a body’s electrical conductivity based on
surface measurements of currents and voltages through electrodes attached
to the skin. Applications are diverse: lung EIT has shown great promise (see
[1] and references therein), but also for the monitoring of fast electrical brain
activity [2] and stroke detection, EIT seems feasible [3, 4]. A great challenge
in brain EIT is the weakly conducting skull: It is difficult to get the electric
energy to pass beyond the skull and propagate information about the brain’s
inner structures to the surface measurements.

The mathematical problem behind EIT was formulated by Calderén in
1980 [5] as follows: consider a bounded and smooth domain £ C R? repre-
senting the electrically conducting body. We assume the conductivity distri-
bution is isotropic and hence described by a bounded and strictly positive
function v. The experiment consists of applying an electrical potential to
the boundary of 2 and measuring the corresponding current flux through

Key words and phrases. electrical impedance tomography, stroke detection, ill-posed
problem, regularization, direct method.
* Corresponding author.
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the boundary. Indeed, under conservation of charge, the boundary poten-
tial, as modelled by a continuous function f on the boundary 92, induces an
electrical potential u inside ) that solves uniquely the conductivity equation

V-(yVu)=0 1in Q,
(1) u=f on O
The corresponding current field is yVu, and on the boundary the nor-
mal component g = v - (yVu)|pq can be measured. Here v denotes the
outward unit normal to 9. The Dirichlet-to-Neumann map (Voltage-to-
Current map) A, takes any voltage f to the corresponding current g = A f;
it models and encodes all possible boundary experiments.

The inverse problem in EIT is two-fold: it asks whether the boundary
measurements represented by A, determines uniquely the conductivity dis-
tribution , and assuming this is the case, it asks for a stable reconstruction
of the conductivity 7 given the boundary measurements A,. This is the
so-called Calderén problem.

The Calderén problem is non-linear and known to be severely ill-posed.
The uniqueness question for the full 3D problem was answered in the affir-
mative in [6] using complex geometrical optics (CGO) solutions, and a the-
oretical reconstruction method was developed by Nachman [7] and Novikov
[8] using a non-physical scattering transform. The method was implemented
as a computational algorithm in [9, 10, 11], and finally stabilized via rigorous
regularization analysis in [12]. See also [13] for a closely related study using
a simplified CGO-based method with the complete electrode model.

The aim of this paper is to investigate computationally whether the al-
gorithm applies to the situation of stroke-EIT. Theoretically this is already
guaranteed with mild smoothness assumptions on 7, but since the inverse
problem is severely ill-posed and stroke-EIT needs to deal with the weakly
conducting skull, difficulties are expected to occur. To this end we develop
two numerical phantoms modelling a hemorrhagic and an ischemic stroke.
We simulate the electrode measurements by numerically solving (1), and use
this data for solving the inverse problem in different noise regimes.

The outline of the paper is as follows: In section 2 we outline the the-
oretical method and a regularized adaptation for the case of noisy data.
In section 3 we detail the numerical scheme for the reconstruction method.
Then in section 4 we describe the method for solving the forward problem,
and finally in section 5 we give the numerical results.

2. FULL NONLINEAR RECONSTRUCTION

The full nonlinear reconstruction of 7 is a method of three steps. It builds
on a certain family of functions ¢ (CGO) for which y~/2¢ solves (1) with
v = 1 near 99 [6]. These solutions are indexed by a complex frequency
¢ € C? which satisfy ¢ - ¢ = 0. Construction of such solutions involves the
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Fadeev Green’s function
i¢-x 1 et
Gela) = gea)  acle) = s [ eraeete

which share the same singularity as the usual Green’s function Gy for the
negative Laplacian. That is, H; := G¢ — G is a harmonic function.

The first step involves recovering the trace of CGO solutions ¢ for a
sequence of large frequencies (. This is possible by solving the boundary
integral equations

(2) Peloa + Sc(Ay — A1) (Uclan) = €|aq,

where S; : H1/2(0Q) — H'Y?(09) is the boundary single-layer operator
corresponding to the kernel G¢. That is,

(Scp) () == /m Ge(r —y)p(y) do(y), =€ Q.

There is a unique solution to (2) if the complex frequency is of large magni-
tude, namely

(3) I<I> Collle2 @)

for some positive constant Cy depending on a lower bound on v € C2(f2),
see for example [7]. Intuitively, one can think of this step as identifying
the surface potentials that extract the right current information from the
relative measurements A, — Aj.

The second step involves a non-physical scattering transform, which we
can compute if we restrict ¢ to the subset Vg of C3 on the form

Ve={CeC (- C=(C+& (C+& =0}

Then the scattering transform takes the form

(4) 6(6,C(6)) = / e O (A Ay )i () do(x).

[2}9]

Integration by parts in (4) reveals a relationship with ¢ := 4~ /2A(y1/?)
under the assumption that v € C2(Q2). In fact, the scattering transform
resembles the Fourier transform of ¢ in the sense that
lim (£, ¢(8)) = G(€

clm (£, ¢(8) = a(¢)
for all £ in R3. We note Ve is sufficiently large to contain a sequence tending
to infinity [14]. We can then recover ¢ from the inverse Fourier transform
and in the last step v by solving a boundary value problem.

The method is summarized as follows:

N R R

Step 1: For each fixed ¢ in R?, solve the boundary integral equation (2) for

all ((§) € Ve. Compute t(£,¢(€)) by (4).
Step 2: Compute §(§) and then g(x) by the inverse Fourier transform.
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Step 3: Solve the boundary value problem
(~A+gn?=0 mQ,
'yl/ 2=1 on Q.
and extract .
We consider now the case of inexact data. Say we measure a perturbed
Dirichlet-to-Neumann map
A=Ay + €,

where £ is a bounded linear operator from H'/2(9) to H~Y/2(9Q) with
some operator norm bounded by € > 0 of small size. In this case, [11, 12]
proposes an adaptation of the direct method as follows.

Step 1°: Let M = M (e) > 0 be determined by a sufficiently small . For
each fixed § with [¢] < M, take ((£) € V¢ and recover ¢¢|oq from

PElaa + Sc(AS — A1) (¥ lan) = €%loq.
Compute the truncated scattering transform by
¢ (€)= LIoa @ ™IS — M)wi(a)do(a) fe] < M,
0 €l > M,

Step 2°: Set ¢ (¢) = t5,(§) and compute the inverse Fourier transform to

obtain ¢°.
Step 3°: Solve the boundary value problem

(A +¢)() =0
(V2 =1 on 0.

and extract ¥°.
We shall refer to this as the regularized method.
Remark 1. There are several several strategies for picking ¢(¢). One sug-
gestion is to pick ¢(§) such that |¢(£)| = MP for p > 3/2. This is a sufficient
condition to show that the method is a convergent regularization scheme
given M is sufficiently slowly growing in € [12]. In practice, one may choose
¢ in a pragmatic fashion and take for example |((£)| = M or {(&) = % such
that |¢] is minimal in the admissible set.

3. IMPLEMENTATION OF THE METHOD

For simplicity we let Q = B(0,1). The unit ball setting allows a simple
orthonormal basis of L?(99) consisting of spherical harmonics

Y™(6,¢) = Pu(cos(9))e™, n € Ny, |m| <n,

where P, is the associated Legendre polynomial of degree n. This particular
basis is useful for a Nystrom type discretization of the boundary integral
equation [10, 11].
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We aim to recover <¢ everywhere in ) from frequency information in
a ball of radius M. By Shannon sampling it is sufficient to sample ¢ in
an equidistant grid = sufficiently dense in [-M, M]?. Each ¢ € = defines
together with a strategy for picking |((£)| an admissible ((§) € V¢ on the
form

C(6) = G +igy,

where (1 = —5 +§J- |G1] = |¢2| = & for some K i, and {£, &1, (o} is an
orthogonal set

For each ¢(§), £ € = we solve a discretized boundary integral equation
following [11] for which we briefly recall the setup. We let Ly denote an
approximated projection onto the space Hy spanned by the spherical har-
monics of degree less than or equal to N. Indeed, for any f € C°(9Q)

N n
Lvf=Y_ " cam®)Y,,

n=0m=-n

for a suitable quadrature rule on 02 approximating the inner products as

Cn,'m Zakf xk (‘rk)

for weights oy and quadrature points z; on 9. A natural choice is a com-
bination of a Gauss-Legendre quadrature rule of order N + 1 and a trapez
rule of order 2N + 2 resulting in K = 2(N +1)2, see for example [11]. Here,
we denote f the vector of elements f, = f(xy).

We can then approximate the action of A, —A; on any continuous function
f by (Ay — A1)Ly f and evaluate as

(A —M)f(z ) [Qﬂ/ k *Z Z Cnm —Al)}/;:n(a:k),

n=0m=-n

Based on Ly and a matching quadrature approximation of the boundary
integral operator corresponding to the regular kernel H, [11] proposes the
discretization

(T+8:Qy)th; = e,
where the k’th element of the right-hand side is e*'** and

[Sclen = ap He(xp — 211) + = Z Po(zy - 2p).

We use a one-dimensional integral formula for the Fadeev Green’s function
based on [15, Chapter 6] to compute He(z) = G¢(z) — Go(x) as

et /1 G VT
Arlz| A Je = V1—u? Amlz|’

[z
where J; is the first order Bessel function of the first kind.

He(z) =
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From ¢ we compute t5,(£) using the quadrature rule on 0€2 and compute
the inverse FFT to obtain ¢° sampled in an equidistant grid. In the final
step we solve the boundary value problem using the finite element method.
See [11] for more details and [16] for an implementation.

4. DATA SIMULATION

To simulate data we compute (A, — A1)Y,""(z) using the finite element
method [17] in a unit ball mesh. We rewrite the conductivity equation (1)
with Dirichlet condition f =Y to

V. (yVw) ==V (V) in Q,
w=20 on 052,
where u = w + v, with
vy (1,0, 0) = Y (0, ¢).-

A stable way of recovering the Hy basis coefficients of (A, — A1)Y," is to
consider the weak formulation

(8 = AV oy = [ (= DV o) - Vol

We approximate this integral using a Gauss-Legendre-Jacobi quadrature rule
on 2, see [10]. Note it is possible to compute the gradients Vv)* accurately
by computing the derivatives of the associated Legendre polynomials [18].
Then

’
(A — A1 Z Z — A1 Y Y >L2(QQ)YTT (wk)7
n'=0m/=
which gives the matrix representation Q.. We simulate noisy measurements
by adding to each element in the matrix representation Q. a Gaussian ran-
dom variable. This means we simulate

Qi/ = Q'y + 6E7
where [E]y ¢ are independent Gaussian random variables of zero mean and

unit variance, and 6 > 0 is chosen such that 6HE|“‘ is the specified relative

.
noise level for a suitable matrix norm || - ||. See [12] for the choice of norm
and a small discussion on noise models.

5. NUMERICAL EXPERIMENTS

We model a simple head phantom in B(0,1) by considering a weakly
conducting ellipsoidal shell representing the skull. In the interior we place a
either a highly or a weakly conductive ball inclusion representing the stroke.
We let a constant background v = 1 represent the scalp and the interior of
the brain. Our experiments consists of two specific phantoms summarized in
table 1 and visualized in figure 1. The parameters are chosen in agreement
with existing stroke-EIT simulations [3]. We simulate Q. for each phantom



3D EIT STROKE DETECTION 7

setting N = 25 and test further the regularized method on the hemorrhagic
stroke phantom in the presence of noise.

Width Outer radius Center vy
Skull 0.04  (0.9,0.95,0.95) (0,0,0) 0.2
Hemorrhagic
stroke 0.15 (0.3,0.3,0) 3
Ischemic
stroke 0.15 (0.3,0.3,0) 0.7

TABLE 1. Summary of piecewise constant stroke phantoms

FIGURE 1. Piecewise constant stroke phantoms in a 3D view
and the planar cross section z3 = 0.

Figure 2 and 3 show reconstructed conductivities from Q. for the hem-
orrhagic and ischemic stroke phantoms. For both phantoms, the truncation
radius M and complex frequency magnitude |[((£)] was chosen optimally
in terms of visual similarity with the true conductivity distribution. The
hemorrhagic stroke is accurately recovered. Here, M = 13.8 is chosen with
¢(€) minimal in the admissible set to increase stability of the reconstruction
as indicated in [11]. In contrast, a more conservative M = 10 and fixed
<] = 1.2% is chosen for the ischemic stroke phantom to promote the is-

chemic stroke inclusion. Looking hard at figure 3 there is some indication of
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a weaker conductivity signal at the location of the ischemic stroke, but it is
insignificant in the presence of the weakly conductive skull for this method.
Note also, there are some visible ’"donut’-type artefacts in the interior of the
ellipsoidal shell in both cases. We believe this is a Gibbs-type behavior from
the truncation of the high frequency signal.

e 05 0 05 1

(B)

FIGURE 2. Reconstruction of the hemorrhagic stroke from
the simulated A, without added noise using the regularized
method. (A) shows the cross sections z3 = 0, z2 = 0.35
and z2 = 0.35, whereas (B) shows the plane corresponding
to z3 = 0. The parameters used are M = 13.8, L. = 11 and
(&) = % as was determined by visual inspection.

Recovering a high-frequency signal demands the choice of a large |(&)]
by (3), which in return amplifies the noise, see [12]. In figure 4 we see
cross-sectional plots of reconstructed conductivities from Qf, corresponding

to 0.1% and 0.5% relative noise. For both data sets we choose ((§) = % and

M small. In the 0.1% case a truncation radius of 8.2 allowed a reasonable
reconstruction, where a hemorrhagic stroke is recovered. For the 0.5% case, a
smaller truncation radius is chosen for a stable reconstruction. In both cases
this yields low resolution and a low frequency reconstruction, but allows an
identification of the stroke and its location.

Computationally, the steps 2° and 3¢ of the regularized method consisting
of an inverse FFT and solving a linear system are almost negligible. This
makes approximations to this method fast and popular alternatives [13].
See also [11] for a comparison of different approximations suggesting the full
reconstruction method is the most accurate. In its current implementation,
which is not optimized, the main computational challenge is assembling and
solving the boundary integral equations. As an example, the reconstruction
in figure 4 (left) was completed on an Intel Xeon Processor 2660v3 (2.60GHz)
in 3915 seconds CPU time. Parallelization on 20 cores gave a speed-up to
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1.8

16

1.4

12

] 05 0 05 1

(B)

FIGURE 3. Reconstruction of the ischemic stroke from the
simulated A, without added noise using the regularized
method. (A) shows the cross sections z3 = 0, 22 = 0.35
and 2 = 0.35, whereas (B) shows the plane corresponding
to #3 = 0. The parameters used are M = 10, L = 9 and

C©)l =124,

M = 8.2, rel. noise: 0.1% M = 6.5, rel. noise: 0.5% 1.

12

0.8

FIGURE 4. Cross sections (z3 = 0) of reconstructions of the
hemorrhagic stroke using the regularized method on noisy
Dirichlet-to-Neumann maps. The relative noise levels are
0.1% (left) and 0.5% (right) for which M = 8.2 and M = 6.5
(resp.) was chosen. To increase stability ((£) was chosen
minimally as %

583 seconds in wall time. We believe this can be optimized considerably
giving near real-time reconstructions.
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6. CONCLUSIONS

In this paper we have investigated a direct regularized EIT reconstruction

method for the challenging problem of stroke detection. Our computational
experiments suggest that detecting a hemorrhagic stroke is possible and ro-

bu:

st to noise. Separating an ischemic stroke from the background in the

presence of a weakly conductive skull remains a challenge for future work.
The method serves as a promising candidate for a near real-time hemorrhagic
stroke detection.
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APPENDIX E

Notation and notes

E.1 Notation

In this section, we comment on the notation used in this thesis. The notation is
standard and consistent with [GN16l [GvdV17], but included here for reference.

For definitions related to Sobolev spaces, we refer to [Gri85] and [Tayll]. For
basic notation and definitions related to probability theory, some of which we
repeat below, we refer to [Kah85, Chapter 1] or [Dud02].

For a metric space (Z1,d) the Borel o-algebra is denoted by B(Z;). If f :
Z1 — Z5 is a measurable map between the measure space (Z1,B8(Z1), m) and
the measurable space (23, B(Z5)), then fm denotes the push-forward measure
defined by fm(B) = m(f~1(B)) for all B € B(Z;). This is slightly unusual
notation, but for example found in [Pol02].

Unless stated otherwise, we let random variables and elements be defined on
a probability space (Q,F,Pr). A random element Z; is a Borel measurable
function Z : Q2 — Z;. In the special case where Z; = R, we call Z a random
variable. We call ZPr the law or distribution of Z. Writing Pr(Z € B) for some
B € B(2,), we simply mean

Pr(Z € B) = Pr(w € Q: Z(w) € B) = (ZPr)(B).
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When Z € B is defined by a relation R(Z), we write Pr(R(Z)) instead of
Pr(Z € B). We sometimes call probability measures defined on B(Z;) Borel
distributions.

For a Borel measurable function f : Z; — R, we denote by E[f(Z)] the expec-
tation of the random variable f(Z) : w — R defined by

E[f(Z)]Z/Qf(Z(w))Pr(dW)= f(2) (ZPr)(dz).

Z

For remarks on the expectation of more general random elements, we refer to
Appendix For two measurable spaces (21, X1) and (23, 32), the o-algebra
for the product space Z; x Z5 is called the product o-algebra and defined by

YR Yy = 0'({31 X By : By € El,BQ S 22}),

i.e. the intersection of all o-algebras containing {B; x By : By € X1, By € ¥a}.
The support of the measure m on (Z1,B(Z;)) we define as the set of all points
in z € Z; for which every open neighborhood of z has positive measure under
m. Given two o-finite measures mi, mo on (21,B8(21)), if there is a Borel
measurable function f: Z; — [0, 00) such that for any B € B(Z;)

ms(B) = /B F(2) ma(d),

then we write f = ng and call f the Radon-Nikodym derivative. We will often,

somewhat loosely, say that msy has a density f with respect to m;.

Consider a compact subset A of a space Z; endowed with a semimetric d. The
covering number N (A, d, p) denotes the minimum number of closed d-balls {z €
Z J(zo, z) < p} with center zy € A and radius p > 0 needed to cover A, see for
example [GvdV17, Appendix C| or [GNI6, Section 4.3.7]. We call log N (A, d, p)
the metric entropy of A. When d is replaced by a norm, we mean the metric

induced by the norm.

Generic constants are denoted C. We denote dependence of a constant on certain
parameters a,b,c,... by C = C(a,b,c,...).
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E.2 Notes

E.2.1 Measurability of posterior ratios

Note first the following general property. If f: (Q,F) — (R, B(R)) is a measur-

able function, then
sy 7 @ 20,
~ o if f(w)=0,

is also a measurable function. Indeed, take A € B(R) and consider the following
cases. If {0} € A, then

g7 (A) ={w:1/f(w) € A} = fTH(h1(A)),
where h(z) = 1/z. Note h is continuous on the open set {z : z # 0}, and hence

h~=1(A) is measurable. Then f~1(h~1(A)) € F by measurability of f. If {0} €
A, then g=1(A) = g~1({0}) U g=1(A\ {0}), where g~1({0}) = {w : f(w) = O}.
Then g~!(A) € F by repetition of the previous argument and since countable
unions and intersections of measurable sets are measurable. This concludes that
g : 2 — R is measurable.

In the setting of Section[3.1] this property implies that g : (¥, B(Y)) = (R, B(R))

defined by
1 .
gly) == @ if pu(y) # 0,
0 if Dn (y) =0,

is Borel measurable. In fact, (v,y) — 1/p,(y) jointly B(T') ® B(Y) — B(R)
measurable. Since products of measurable functions are measurable, also

pam(y)
- (’7) — Pr(y) lf Pn (y) # 0,
0 if pp (y) =0,
is jointly Borel measurable. Then also y — II(Bly) is measurable for all B €
B(T), see [Pol02, Theorem 20, Chapter 4]. This also holds for (), B())) replaced

with (Q,F) and y — II(B|y) replaced with w +— II(B|Y (w)) in the white noise
setting of Section

E.2.2 Measurability of posterior means

We initially consider a Borel subset I' of X = R¥. For any non-negative measur-
able function f : ' — R, there exists an increasing sequence of simple functions
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such that s, — f pointwise [RF10]. Simple means that each s, has the form
Sy = 2221 agnla, , for measurable sets Ay, € B(I') that are disjoint for each
fixed n and constants oy, ,. By definition of the Lebesgue integral,

Kn

/f (dyly) = lim /sn (dyly) = lgg;ak,nH(Ak,nly),

and hence the integral is measurable in y, since y — II(Ay ,|y) is measurable and
pointwise limits of measurable functions are measurable. Then each component
of the vector E[y|y] € R¥ is Borel measurable in y by decomposing each function
~ — ; into a positive and negative part. Then also E[v|y] is Borel measurable.
We can also see this fact directly from Theorem 20 [Pol02, Chapter 4.

When I is as general as a Borel subset of a Banach space X endowed with a o-
algebra B(T"), we define the posterior mean as a Bochner integral, the notion of
which we obtain from [DUT7, p. 44]. A Borel measurable function f : I' — X is
called Bochner integrable (with respect to II(-|Z(w))) if there exists a sequence
of simple functions s, : ' = X such that

Jm [ ls) = F@)lL T Z(w) = 0.
Here, we mean simple by functions on the form s,(vy) = Z,[f:"l Yenla,, for
measurable sets Ay, € B(I') that are disjoint for each fixed n and elements
Yk,n € X. For Bochner integrable functions f, the Bochner integral is defined
as

n—oo

/ PO Z@) = Jim [ 5, | 20),
K,

= lim Y yall(Aral Z(w)),
k=1

where the limit is in X. Note that w +— II(Ag,|Z(w)) is measurable and that
pointwise limits of measurable functions are measurable, even when they take
values in Banach spaces, see [Dud02, Theorem 4.2.2]. Then also w — E[y|Z(w)]
is measurable.

E.2.3 Lower bound of the posterior denominator

ProPOSITION E.1 Lety € B™(r) := {y € R™,||y|| < r}, and m(B) > 0 for
some bounded set B C T'. Then

O(T’ B, gvgn) < pn<y) < C(En)
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PROOF. Note

m

pa) = [ @) dr<C) [ wb)dy = Clen).

On the other hand,

. 1
P = O e (5 100) ~l?).

in
(v,y)EBXB™(r) (v,y)€EBxB™

1 1
> Cley, inf - 2yl
>0t e (<5 10017 - Sl
>C(r,B,G,en),

by continuity of G on B. This implies

pn(y) > C(€7L7T7B7g)/ 77(7) dy > C(E,L,T,B,g).
B
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