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Maximum Sum-Rank Distance Codes over
Finite Chain Rings

Umberto Martinez-Peiias, and Sven Puchinger,

Abstract—In this work, maximum sum-rank distance (MSRD)
codes and linearized Reed-Solomon codes are extended to finite
chain rings. It is proven that linearized Reed-Solomon codes are
MSRD over finite chain rings, extending the known result for
finite fields. For the proof, several results on the roots of skew
polynomials are extended to finite chain rings. These include
the existence and uniqueness of minimum-degree annihilator
skew polynomials and Lagrange interpolator skew polynomials.
A general cubic-complexity sum-rank Welch-Berlekamp decoder
and a quadratic-complexity sum-rank syndrome decoder (under
some assumptions) are then provided over finite chain rings.
The latter also constitutes the first known syndrome decoder
for linearized Reed-Solomon codes over finite fields. Finally,
applications in Space-Time Coding with multiple fading blocks
and physical-layer multishot Network Coding are discussed.

Index Terms—Finite chain rings, linearized Reed-Solomon
codes, maximum sum-rank distance codes, sum-rank metric,
syndrome decoding, Welch-Berlekamp decoding.

I. INTRODUCTION

HE sum-rank metric, introduced in [31]], is a natural
generalization of both the Hamming metric and the
rank metric. Codes considered with respect to the sum-rank
metric over finite fields have applications in multishot Network
Coding [25], [31], Space-Time Coding with multiple fading
blocks [20], [38] and local repair in Distributed Storage [26].
However, codes over rings may be more suitable for physical-
layer Network Coding [6], where alphabets are subsets or
lattices of the complex field instead of finite fields. Similarly,
finite rings derived from the complex field allows for more
flexible choices of constellations to construct Space-Time
codes [9]], [10].
Maximum sum-rank distance (MSRD) codes are those
codes whose minimum sum-rank distance attains the Single-
ton bound. Among known MSRD codes over finite fields,
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linearized Reed-Solomon codes [22] are those with smallest
finite-field sizes (thus more computationally efficient) for the
main parameter regimes, see [24, Table 1] and [24, Sec.
2.4]. Furthermore, they cover a wide range of parameter
values and are the only known MSRD codes compatible with
square matrices. Linearized Reed-Solomon codes include both
generalized Reed-Solomon codes [36] and Gabidulin codes
[7], whenever the sum-rank metric includes the Hamming
metric and the rank metric, respectively. Reed-Solomon codes
over rings were systematically studied for the first time in
[35]. Gabidulin codes over Galois rings were introduced in
[1O], and later extended to finite principal ideal rings in [9].
Such families of Gabidulin codes over rings were proposed
for Space-Time Coding in the case of a single fading block in
[9l, [[1Q], and they were proposed for physical-layer singleshot
Network Coding in [9].

In this work, we introduce and study MSRD codes and
linearized Reed-Solomon codes over finite chain rings, to-
gether with their applications in Space-Time Coding with
multiple fading blocks and physical-layer multishot Network
Coding. Finite chain rings are those finite rings whose family
of ideals form a chain with respect to set inclusion. They are
an important subfamily of finite principal ideal rings. In fact,
finite principal ideal rings are all Cartesian products of finite
chain rings [28| Th. VI.2]. Moreover, finite chain rings include
Galois rings (although not all finite chain rings are Galois rings
(28l Th. XVILS5]), which are of the form Z,-[z]/(F'), where
p is a prime number, r is a positive integer, and F' € Z,- [z] is
a polynomial whose reduction modulo p is irreducible. Galois
rings hence include finite fields (when r = 1) and finite
rings of the form Z,- (when F' = z). Finite chain rings also
include quotients of subrings of the complex field of the form
Zor[i] = Z[i]/(27), where i is the imaginary unit, see [28] Th.
XVILS].

The contributions and organization of this manuscript are
as follows. In Section [l we collect some preliminaries on
finite chain rings. In Section we define the sum-rank
metric over finite chain rings, together with the corresponding
Singleton bound and the definition of MSRD codes. Section
contains the theoretical building blocks for constructing
linearized Reed-Solomon codes and their decoding. We extend
Lam and Leroy’s results [[12]], [13] relating roots and degrees
of skew polynomials to the case of finite chain rings. As a
result, we prove the existence and uniqueness of minimum-
degree annihilator skew polynomials and Lagrange interpo-
lator skew polynomials, and we describe when the corre-
sponding extended Moore matrices are invertible. In Section
[Vl we introduce linearized Reed-Solomon codes over finite
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chain rings and use the previous results to prove that they are
MSRD. In Section we provide a cubic-complexity Welch-
Berlekamp decoder with respect to the sum-rank metric for
linearized Reed—Solomon codes over finite chain rings that
works in general. Then, in Section[VII] we provide a quadratic-
complexity syndrome decoder with respect to the sum-rank
metric for linearized Reed—Solomon codes over finite chain
rings that work under some (not very strict) assumptions. This
decoder also constitutes the first known syndrome decoder for
linearized Reed—Solomon codes over finite fields, to the best
of our knowledge. Finally, in Section we discuss appli-
cations in Space-Time Coding with multiple fading blocks and
physical-layer multishot Network Coding.

We conclude by mentioning that there are other construc-
tions of MSRD codes in the case of finite fields, in particular
using different geometric points of view [3]], [24)], [29], [30].
However, we leave as an open problem generalizing them to
finite chain rings.

NOTATION

Let m and n be positive integers. We denote [n] =
{1,2,...,n}. For a set A, we denote by A™*™ the set of
m x n matrices with entries in .4, and we denote A" = A X",
All rings are considered with identity, and ring morphisms
map identities to identities. Unless otherwise stated, rings are
assumed to be commutative. For a ring R, we denote by R*
the set of units of R. For a € R, we denote by (a) the ideal
generated by a.

II. PRELIMINARIES ON FINITE CHAIN RINGS

In this preliminary section, we introduce and revisit some
important properties of finite chain rings. We refer the reader
to [28] for more details.

A local ring is a ring with only one maximal ideal, and a
chain ring is a ring whose ideals form a chain with respect
to set inclusion, thus being a local ring. Throughout this
manuscript, we fix a finite chain ring R, meaning a chain
ring of finite size. We will denote by m the maximal ideal of
R. Since R is finite and R/m is a field, then it must be a finite
field. We will fix the prime power ¢ = |R/m|, and we denote
F, = R/m, the finite field with ¢ elements.

Let H € R[x] be a monic polynomial of degree m whose
image in F,[z] is irreducible. Throughout this manuscript, we
will fix S = R[z]/(H). The ring S is a free local Galois
extension of R (hence a free R-module) of rank m with
maximal ideal 9 = mS. Furthermore, the Galois group
of R C S is cyclic of order m, and generated by a ring
automorphismo : S — Ssuchthat R ={a € S| o(a) = a}
and o(c) = ¢, for some primitive element ¢ € S. Moreover, it
holds that S/t = F,m, and we have a commutative diagram

s = S
pd p M
Fon = Fgm,

where p : S — S/9 = Fym is the natural projection map,
and 7(a) = a9, for all @ € Fym. In other words, p(o(a)) =

a(p(a)), for all a € S. We will usually denote @ = p(a), and
therefore, we have that o(a) = (a), for a € S.

Example 1. Let R = Zg, that is, the ring of integers modulo
9. It is clearly a finite chain ring with maximal ideal m = (3).
Its residue field is the finite field R/m = F3 = Z3 and ¢ = 3.
We may choose H = 22+ 1 (i.e., m = 2) and construct the
finite residue ring S = R[z]/(H) = Zg[z]/(x® + 1). Denote
by o € S the image of x in S, which satisfies o + 1 = 0.
The set .S is then

S={aa+0bla,beZy}.

We may define the morphism o : S — S given by o(a) = «
and being the identity on Zg. It is well defined since (a®)? +
1 = 0 and it is an automorphism that generates the Galois
group of S over R since 02 = Id is the identity map. Notice
that m = 2 in this case and we have the residue field S/9 =
Fy.

3

An important feature of local rings is that the group of units
is formed by the elements outside of the maximal ideal. That
is, R* = R\ m and S* = S\ M. As stated above, S is a
free R-module of rank m, and any basis of S over R has m
elements. Finally, the following technical lemma will be useful
for our purposes.

Lemma 1. Let 51, fs, ..
(thus v < m).
1) There exist 3y41,...,Bm € S such that B1, B, ...
form a basis of S over R.
2) The projections By, By, . ..
independent.

3) ﬂlaﬂQv'-'vﬁres*-

Proof. Ttem 1 is a particular case of [28, p. 92, ex. V.14].
Now, since 1, (2, ..., Bmn are generators of S over R, then
B1,Bas- -+ B, are generators of F,n over F,, thus they are
a basis since there are m of them. Thus f;,f,,..., [, are
IF,-linearly independent. Finally, Item 3 is [9, Lemma 2.4] but
is also trivial from Item 2 since S* = S\ M. O

., Br € S be R-linearly independent

+ Bm

, B, € Fym are F,-linearly

III. MSRD CoODES ON FINITE CHAIN RINGS

The sum-rank metric over fields was first defined in [31]
under the name extended distance, although it was previously
used in the Space-Time Coding literature [20, Sec. III]. Later,
the rank metric was extended to finite principal ideal rings in
[9]. In this section, we will introduce the sum-rank metric for
finite chain rings.

Since R is a finite chain ring, then it is a principal ideal ring.
Therefore, given a matrix A € R™*", there exist two invert-
ible matrices P € R™*™ and Q € R™*", and a (possibly rect-
angular) diagonal matrix D = Diag(dy, da, . ..,d,) € R™*",
with 7 = min{m,n}, such that A = PDQ. The elements
di,ds,...,d, € R are unique up to multiplication by units
and permutation [40] and the diagonal matrix D is called the
Smith normal form of A. Hence we may define ranks and free
ranks as in [9, Def. 3.3].

Definition 1. Given A € R™*" with Smith normal form
D = Diag(dy,ds,...,d,) € R™ ™, r = min{m,n}, we
define:



1) The rank of A as rk(A) = |{i € [r] | d; # 0}/
2) The free rank of A as frk(A) = |{i € [r] | d; € R*}|.

In this manuscript, we will mainly work with linear codes
in S™. To that end, we will translate the rank metric from
R™*™ to S™ as in [9} Sec. II-B]. For a positive integer ¢ and
an ordered basis a = (a1, qa,...,Q;,) € S™ of S over R,
we define the matrix representation map My, : St — R™X?
by

C1,1 C1,2 Cl,t
C2,1 C2.2 Cat ot
My (c) = eER , )
Cm,1 Cm,2 Cm,t
where ¢ = (c1,co,...,¢;) € S* and, for each j € [t],
€1,j:€2,5s---,Cm,; € IT are the coordinates of ¢; in the ordered

basis o, that is, they are the unique scalars in R such that ¢; =
Z;il Q;Cj 5. Notice that also ¢ = Z;il ai(ci,l, Ci 2y - ,Ciﬂg).
Using this matrix representation map, we define rk(c) =
rk (Mg, (c)) and frk(c) = frk (M (c)), which do not depend
on the ordered basis a, see also [9].

We may now define the sum-rank metric for the ring
extension R C S.

Definition 2 (Sum-rank metric). Consider positive integers
ni,No,...,ng and n = ny + na + --- + ng. We define the
sum-rank weight of ¢ € S™ over R for the length partition
n=mny+ne+---+ngas

J4
- (@)
WtSR(C) ;I‘k (C ) ,

where ¢ = (¢, c¢®@,...,c®) and ¢V € S", for i € [{].
We define the sum-rank metric dgg : S — S™ over R for
the length partition n = n; +ng + - -+ + 1y by

dSR(C, d) = WtSR(C — d),
for c,d € S".

This definition coincides with the classical one [20], [31]
when R and S are fields. Over finite chain rings, this definition
coincides with the Hamming metric when n; = ne = ... =
ney = 1 and with the rank metric as above [9] when ¢ = 1.

Once again, the definitions of the sum-rank weight and met-
ric in S™ do not depend on the ordered basis . Furthermore,
the sum-rank metric satisfies the properties of a metric since
rank weights are norms by [9} Th. 3.9]. As noted in [9, Remark
3.10], free ranks do not generally give rise to a metric nor
include the Hamming metric over rings. The subring R and
the length partition n = nj+nas+- - -+n, will not be specified
unless necessary.

The following result will be crucial for our purposes. It can
be proven as in [26, Th. 1], but using the Smith normal form.

Lemma 2. Given c € S, and considering the subring R C S
and the length partition n = n1 +ns + - - - + ny, it holds that
wtgpr(c) = min{ wty (c Diag(A1, Aa, ..., Ay))|

A, € R™*™ invertible,i € [{]}.

In particular, given an arbitrary code C C S™ (linear or
not),we have that

dSR(C) = min{ dH(C Diag(Al,Ag, ce ,Ag))|
A, € R™*" invertible,i € [(]}.

One immediate consequence of Lemma [2] above is the
following classical version of the Singleton bound, but for
the sum-rank metric for the ring extension R C S. This
bound recovers [22| Prop. 34] when R and S are fields, and
it recovers [9, Prop. 3.20] when ¢ = 1.

Proposition 1 (Singleton bound). Given an arbitrary code
C C S™ (linear or not), and setting k = 1og‘5‘ |C|, it holds
that

dSR(C) S n—k—i—l.

We note that there exist more general Singleton bounds for
the sum-rank metric over finite fields, see [S, Th. III.2]. We
leave as an open problem generalizing such bounds to finite
chain rings.

Thus we may define MSRD codes as follows. This definition
recovers that of MSRD codes [22, Th. 4] when R and S are
fields, MDS codes over finite chain rings when n; = ny =
...=ny = 1, and MRD codes over finite chain rings [9, Def.
3.21] when ¢ = 1.

Definition 3 (MSRD codes). We say that a code C C S™ is
a maximum sum-rank distance (MSRD) code over R for the
length partition n = ny + n2 + -+ + ng if k = logg/[C| is
a positive integer and dgr(C) = n — k + 1, where dgg is
considered for such a subring and length partition.

From Lemma 2] we deduce the following auxiliary lemma,
which we will use in Section [V] to prove that linearized Reed—
Solomon codes are MSRD.

Lemma 3. Given an arbitrary code C C S™ (linear or
not) such that k = logs||C| is a positive integer, and for
the subring R C S and length partition n = ni + ng +
-+« 4 ny, it holds that C is MSRD if, and only if, the code
CDiag(A1,As,...,Ay) is MDS, for all invertible matrices
A; € R"*" for i€ [{].

IV. SKEW POLYNOMIALS ON FINITE CHAIN RINGS

We will extensively use skew polynomials [32]], but defined
over finite chain rings instead of fields or division rings. The
ring of skew polynomials over S with morphism o is the set
S[z; 0] formed by elements of the form F' = Fy + Fiz +
Fox? 4 .-+ Fyx?, for Fy, F1,Fs,...,F;€ Sand d €N, as
in the conventional polynomial ring. Furthermore, if F; # 0,
then we define the degree of F as deg(F) = d, and we say
that F' is monic if Fy = 1. If F = 0, then we define deg(F') =
—00. Moreover, sums of skew polynomials and products with
scalars on the left are defined as in the case of conventional
polynomials. The only difference is that the product of skew
polynomials is given by the rule

za = o(a)z,

for a € S, together with the rule z’z? = 2**7, for i, € N.



In order to define linearized Reed—Solomon codes for the
extension R C S, we will need the following definitions. We
start with the following operators, considered in [[14, Def. 3.1]
and [15) Eq. (2.7)] for division rings. The definition can be
trivially adapted to finite chain rings.

Definition 4 ([14], [15]). Fix a € S and define its 7th norm as
Ni(a) = 0'"!(a)---o(a)a fori € N. Now define the R-linear
operator D : § — S by

D.(8) = o*(B)Ni(a), 3)

forall 3 € S, and all i € N. Define also D, = D! and observe
that Dit! = D, o D¢, for i € N. If & is not understood from
the context, we will write N7 (a) and D% (), for i € N,
a,Bes.

Finally, given a skew polynomial F' = E?:o Faxt €
S[z; 0], where d € N, we define its operator evaluation on
the pair (a, 3) € S? as

d
=Y FED,(B) €S
=0

Observe that F, can be seen as an R-linear map F, : S — S,
taking 8 € S to F,(8) € S.

Example 2. Let the setting be as in Example [Il Choose a =
a+4 and 8 = «. Then

D2(B) = o*(B)o(a)a = a” - (a® +4) - (a +4) = 8a.
We will also need the concept of conjugacy, introduced in

[12], [13] for division rings. We adapt the definition to finite
chain rings as follows.

Definition 5 (Conjugacy [12], [13]]). Given a,b € S, we say
that they are conjugate in S with respect to o if there exists
B € S* such that b = a?, where

a’ = o(B)as™".

We now extend some results by Lam and Leroy [12]], [13]
to finite chain rings. These results will be crucial for defining
and studying linearized Reed—Solomon codes.

The following result follows by combining [12, Th. 23] and
[13} Th. 4.5], and was presented in the following form in [[16}
Th. 2.1]. We only consider finite fields.

Lemma 4 ([12], [13)). If @1,az, ..., @ € F. are pair-wise
non-conjugate (with respect to &) and F € Fyn[z;T] is not
zero, then

Z dimp, (ker(F;

We now extend this result to the finite chain rings R C S
(we will give a different extension in Lemma[1Q). To this end,
we define the free rank of an R-module M as the maximum
size of an R-linearly independent subset of /. We will denote
it by frkg(M).

a;)) < deg(F).

Theorem 1. Let ay,as,...,ay € S* be such that ai—af € 5%,
forall B € S*, and for 1 <1i < j < (. For any non-zero monic
F € S[z; 0], we have

l
Z frkg(F,
=1

Proof. If F' = Fy+ Fiz+-- -+ Fyz¢, where Fo, Fy,....Fg €
S, denote F = Fo+ F1x+ -+ Faz? € Fym[r;5]. We have
the following two facts:

1) We have that

fI’kR(

L)) < deg(F).

F; 1 () < dimp, (ker(Fy)).

We now prove this claim. From Definition 4 and the fact that
o(a) =a(a) (see ),
Fa(B) = Fu(B),

for all a,8 € S. This means that, if F,(8) € 90, then
Fz(B) = F.(B) = 0. Therefore, Fa_l(i)ﬁ) C ker(Fg). B
Item 2 in Lemma [l frkg(F, (M) < dimg, (Fa ' (9 (Dﬁ))
Thus we conclude that frk (F; 1 (9)) < dimg, (F; ' (9N)) <
dimp, (ker(Fg)).

2)For1 <i<j SEandBEFZm,WehavethatEi#E?
since § € S* and a; — af ¢ M.

By 2), Lemma [] applies and, using 1), we conclude that

¢ ¢
Z frkp(F,; (M Z imp, (ker(Fg,))
i=1 i=1
< deg(F)
= deg(F),
where deg(F) = deg(F), since F is non-zero and monic. [J

Using Theorem [l we may prove the existence of monic
annihilator skew polynomials and Lagrange interpolating skew
polynomials of the smallest possible degree. To this end,
we need more auxiliary tools. First, we need the following
alternative notion of evaluation, introduced in [12[], [[13] for
division rings and based on right Euclidean division [32]]. The
adaptation to finite chain rings is trivial.

Definition 6 ([12], [13]). Given a skew polynomial F' &
Slx;o] and a € S, we define the remainder evaluation of
F' at a, denoted by F'(a), as the only scalar F'(a) € S such
that there exists @ € S[z; 0] with F = Q - (v — a) + F(a).

We will also need the product rule, given in [13, Th. 2.7]
for division rings, but which holds for finite chain rings as
stated below.

Lemma 5 ([13]). Ler F,G € S[z;0] and a € S. If G(a) =
then (FG)(a) = 0. If 8 = G(a) € S*, then (FG)(a)
F(a?)G(a).

0,

Another tool that we will need is the following connection
between the remainder evaluation as above and the evaluation
from Definition[d] It was proven in [12, Lemma 1] for division
rings, but it holds for finite chain rings as stated below.



Lemma 6 ([12]). Given F € S[x;0], a € S and 8 € S*, it
holds that

Fu(B) = F(a”)B.

We will show that annihilator skew polynomials and La-
grange interpolating skew polynomials exist for sequences of
evaluation points as follows.

Definition 7. Consider vectors a = (ay,as,...,as) € (S*)*
and /Bz = (ﬂi,l;ﬂi,% ceey ﬂlnl) € S™, for i € [é] Set
B=(81,84,...,8,). We say that (a, 3) satisfies the MSRD
property if the following conditions hold:
1) a; —a € 8* forall € S* and for 1 <i<j <L
2) Bia,Biz2, ..., Bin, are linearly independent over R, for
i€l
Note that, by Item 3 in Lemmal[ll §; ; € S*, for j € [n;] and
ie .

Example 3. Let the setting be as in Example[Il Let a; = 1,
as = a + 1. Their images 1, @ + 1 in [Fy satisfy

Npgpy(@+1) = @ +1)(@+1) =2 #1 = Ng,yp, (1),

where N, /p, is the norm of the field extension F3 C Fo.
Thus by Hilbert’s Theorem 90 it holds that a; — ag € S*, for
all g € S*.

Finally choose 51 = 1 and 82 = «, which are clearly R-
linearly independent, and set a = (a1,a2) and B = (01, B2).
Therefore (a,8) = ((1,a + 1),(1,«)) satisfies the MSRD
property.

The next step is the existence of minimal annihilator skew
polynomials of the “right” degree. The following proposition
recovers [9, Prop. 2.5] when £ =1 and a; = 1.

Theorem 2. Let (a,3) be as in Definition [ and satisfying
the MSRD property. Then there exist units vy; ; € S*, with
Y1,1 = P11, and skew polynomials of the form

Gy = (= a]") o = al™).

(!T — a;yiill’nifl) . (x — a:i]l’l) .

(x—a/"") - (z—a™") € Slx; 0],

of degree deg(G; ;) = Zf::ll Ny, + J, and such that

Gij(aP)y=0if1 <u<i—1,
orifu=iand 1 <v <j,

Gijlagmr) € S ifi+1<u</,
orifu=iand j+1<v <ny,

and G; j is unique among monic skew polynomials in S|z; 0]
satisfying such properties, for j € [n;] and i € [{].

Proof. We prove the proposition by induction in the pair (2, j).
For the basis step, we only need to define G11 = = —aj"".
We have G114, (81,1) = 0 by Lemmal6l On the other hand,
since deg(G1,1) = 1 and it is non-zero and monic, then
G1.1.a,(Buw) € S*, if (u,v) # (1,1), by Theorem [I] and
Lemma

Now, we have two cases for the inductive step. Either we
go from G ; to G; j41, if 7 < ny, or from G, to Gigp11

if ¢ < ¢. The process stops when ¢ = ¢ and j = n,. We will
only develop the first case of induction step, since the second
case is analogous.

Assume that G ; satisfies the properties in the proposition
and j < ;. In particular, G; ;(a""*') € S*. Thus, we may
define v; j41 = Giyj(afiddrl)ﬁidq»l € 5* and

Gi7j+1 = (:Z? — azi’jJrl) Gi,j.

By Lemmas [3] and [6] and the assumptions on G; ;, we have
that Gy j41(ab*”) = 0,if 1 < u <i—1, orif u =i and
1 <wv < j+1. Since G; 41 has such a set of zeros, it is non-
zero, monic and of degree Z;_:ll ny + 7+ 1, then we deduce
from Theorem [l and Lemma [@] that Gi,j+1(a5“’”) e 5%, if
i+1<u<florifu=iand j+2<v<n,;.

Finally, the uniqueness of G; ; follows by combining The-
orem [I] and Lemma O

We immediately deduce the following two consequences.
The first of these corollaries is the existence of annihilator
skew polynomials of minimum possible degree.

Corollary 1. Ler (a,3) be as in Definition[A and satisfying
the MSRD property. Then there exists a unique monic skew
polynomial F' € S|x; 0| such that deg(F) = ni+ng+---+nyg
and F,,(Bi,;) =0, for j € [n;] and i € [{].

Proof. Take F' = Gy p, in Theorem O

The second corollary states the existence of a basis for
Lagrange interpolation.

Corollary 2. Ler (a,3) be as in Definition[A and satisfying
the MSRD property. For each j € [n;] and i € [{], there
exists a unique skew polynomial F;; € S[z;o] such that
deg(Fl-_’j) =N =+ no =+ -+ Ny — 1, Fi,j,ai(ﬁi,j) = 1, and
F; j.an(Buw) =0, for all v € [n;] and u € [{] with w # i or
N

Proof. Up to reordering, we may assume that ¢ = ¢ and j =
ng. With notation as in Theorem[2] let G = Gy ,,—1 if ny > 1,
or G =Gy_1p,_, if n,=1. By Lemmall since G(afl‘"e) €
S* and By, € S*, then Gy, (Be.n,) € S*. Hence, we are done
by defining Fy ., = Ga,(Be.n,) ' G. The uniqueness follows
again from Theorem [I1 O

We may also obtain the following strengthening of Corollary
[[lon monic annihilator skew polynomials. It is a generalization
of 9, Prop. 3.15].

Corollary 3. Let a1, as,...,ag € S be such that ai—af € 5%
forall p € S* and for 1 <i < j < L. Let u; € S™ and let
t; = rk(w;), for i € [£]. Set t = t1 +ta+ -+ + to. Then
there exists a monic skew polynomial F € S[z; 0] such that
deg(F) =t and F,,(u; j) =0, for j € [n;] and for i € [{].

Proof. Using the Smith normal form (see Section [[II), we see
that there are o; € S% and B; € R'%*™ such that u; =
a;B;, frk(ay;) = t; and rk(B;) = t;, for i € [¢]. In particular,
(a, ) satisfies the MSRD property (Definition [7)), where a =
(a1,a2,...,a¢) and o = (a1, @2, ...,ap). By Corollary
there exists a monic skew polynomial F' € S[z; o] such that



deg(F) =t and Fy, () = 0, for j € [t;] and for i € [{].
Since the map F,, is R-linear and u; = o;B;, we deduce
that F,, (u; ;) = 0, for j € [n;] and for ¢ € [¢], and we are
done. O

Next we define extended Moore matrices for the ring
extension R C S. Such matrices are a trivial adaptation of
the matrices from [22, p. 604] from division rings to finite
chain rings. These matrices will be used to define linearized
Reed-Solomon codes and to explore further forms of Lagrange
interpolation.

Definition 8. Consider vectors a = (ay,as,...,a;) € S*
and ﬁi = (Bi,laﬁi,%'-wﬁi,nq;) € S™, fori € [[] Set ﬁ =

(81,B84,...,8,) and n =n3 +na+---+ny. For k € [n], we
define the extended Moore matrix My (a, 3) =
61,1 ﬁl,nl ﬂl,l 62,11[
Dfll (ﬁl,l) Dal (617711) Da[ (Bé,l) szg(ﬁé,n@)
DZ (B11) DZ (B1,n) D2,(Be,1) D2,(Ben,)
D,kifl.(ﬂl‘l) fol(.ﬁl,m) Df{[{(ﬁz‘,l) . Df{[l(.ﬁe,w)

When there is confusion about o, we will write M (a, 3)
instead of My(a, 3).

Example 4. Let the setting be as in Example [Il Let a =
(a1,a2) = (1,a+ 1) and B8 = (f1,02) = (1, ). In Example
Bl we saw that (a, 8) = ((1,a+1), (1, ) satisfies the MSRD
property. Notice that { = m = n; = ny = 2. If we set k = 3,
then the corresponding extended Moore matrix is

1 « 1 leY
Ms(a,8)=| 1 —ala+1l 8a+1
1 « 2 2¢

The following result gives a sufficient condition for ex-
tended Moore matrices over finite chain rings to be invertible,
and it may be of interest on its own.

Theorem 3. Let (a,3) be as in Definition [ and satisfying
the MSRD property. Let n = ny + ng + - -+ + ng. Then the
square extended Moore matrix My (a, 3) is invertible.

Proof. Let F; ; € S[z;o0] be as in Corollary 2] for j € [n;]
and ¢ € [£]. Then, for the appropriate ordering, the coefficients
of such skew polynomials (they are of degree n — 1) form the
rows of the inverse of M, (a, 3). O

From Theorem 3Bl we may obtain the following Lagrange
interpolation theorem, which we will use later for decoding
and may be of interest on its own.

Theorem 4. Let (a,3) be as in Definition [l and satisfying
the MSRD property. Let ¢; j € S, for j € [n;] and i € [{].
Then there exists a unique skew polynomial F' € S[x; o] such
that deg(F) <ny+no+---+ng—1, and F,, (B ;) = ¢ij,
for j € [n;] and i € [4).

V. LINEARIZED REED-SOLOMON CODES

In this section, we extend the definition of linearized Reed—
Solomon codes [22] to finite chain rings, thus providing a first
explicit construction of MSRD codes over finite chain rings
(that are not fields).

Definition 9. Let (a, 3) be as in Definition [7, and satisfying
the MSRD property. For k € [n], we define the k-dimensional
linearized Reed-Solomon code as the linear code Cx(a, 3) C
S™ with generator matrix My (a, 3) as in Definition [§] When
there is confusion about o, we will write C7 (a, 3) instead of

Cr(a, B).

This definition coincides with [22, Def. 31] when R and
S are fields. It coincides with Gabidulin codes over finite
chain rings [9 Def. 3.22] when ¢ = 1 and generalized Reed—
Solomon codes over finite chain rings [35, Def. 22] when
m=ny{=ng=...=ny = 1.

The main result of this section is the following.

Theorem 5. Let (a,3) be as in Definition [4 and satisfying
the MSRD property. For k € [n], the linearized Reed—Solomon
code Ci(a,3) C S™ is a free S-module of rank k and an
MSRD code over R for the length partition n = ny + na +
s .

Proof. Let A; € R™*™ be invertible, for i € [{]. By the
R-linearity of o, we have that

Ck(a, B) Diag(A1, As, ..
= Cr(a, 8 Diag(A1, Ay, ..

S AY)
.,Az)),

which is also a linearized Reed-Solomon code, since
(a, 3 Diag(A1,Aq, ..., Ay)) also satisfies the MSRD prop-
erty since Aj,As,..., A, are invertible. Therefore, from
Lemma 3] we see that we only need to prove that C(a,3) is
MDS and a free S-module of rank k. Both properties follow
from the fact that any k& x k square submatrix of My(a, 3) is
invertible by Theorem 3 O

This result coincides with [22| Th. 4] when R and S are
fields, with [9, Th. 3.24] over finite chain rings when ¢ = 1,
and with [35] Prop. 23 & Cor. 24] over finite chain rings when
m=ny=ng=...=ny = 1.

Next, we show how to explicitly construct sequences (a, 3)
satisfying the MSRD property. In this way, we have explicitly
constructed linearized Reed-Solomon codes for the finite
chain ring extension R C S.

The R-linearly independent elements 3; 1, 8i2, ..., Bin, €
S* can be chosen as subsets of any basis of S over R, for
i € [f]. The more delicate part is choosing the elements
ai,az,...,ap € S. We now show two ways to do this. The
proof of the following proposition is straightforward.

Proposition 2. Let € [q— 1] and let 7y € F}... be a primitive
element, that is, Fy.. = {70, 4Y, .., y7" =2}, Such an element
always exists [I8 Th. 2.8]. Take elements a1, as,...,ap; € S*
such that a; = v~ 1, for i € [{]. Then ay,az,...,a; € S* are
such that ai—af € S* forall € S*andall1 <i<j<H/.

Another possibility is to choose elements from R* when
q — 1 and m are coprime.

Proposition 3. Assume that ¢ — 1 and m are coprime and let
¢ € [q—1]. Given a1,as,...,a; € R*, it holds that a; —a; €
R* for all 1 <i < j < /{if and only if, @1,as,...,a; € F}
are all distinct. Moreover, if that is the case, then ai—af € 5%
forall e S*andall1 <i<j</.



Proof. The first part is trivial, since R* = R\ m and m =
ker(p). Now, since ¢ — 1 and m are coprime, it follows from
[23] Lemma 26] that a1, as,...,ay € IF:; are pair-wise non-
conjugate. Therefore, a; — af € S*, for all B € S* and all
1<i<j<Ui. O

Observe that in the previous two propositions, the maximum
length of the vector (ai,as,...,ap) is £ = ¢ — 1. In the
next proposition, we show that this is indeed the maximum
possible.

Proposition 4. Let (a1, as, ..., as) € (S*)¢ be such that a; —
af € S* forallp € S*andalll <i < j </l Thent < q—1.

Proof. By the hypothesis on aj,as,...,as, we deduce that
a1,09,...,0y € Fzm are pair-wise non-conjugate. Now, as
shown in [19] (see also [22l Prop. 45]), there are at most
g — 1 non-zero conjugacy classes in Fy» with respect to @,
that is, £ < g — 1. O

In particular, we have shown the existence of linear MSRD
codes of any rank for the extension R C .S as detailed in the
following corollary.

Corollary 4. Let ¢ € [q — 1], n; € [m] for i € [{], and let
k € [n], where n = ny +ng + - -+ + ny. Then there exists a
linear code C C S™ that is a free S-module of rank k and is
MSRD over R for the length partition n = ny +na+---+ng.

For linearized Reed—-Solomon codes, notice that these are
the same parameter restrictions as in the finite-field case [22}
Sec. 4.2].

We observer that, in the case of finite fields and square
matrices (m = ny = ng = ... = ny), we have the upper
bound ¢ < ¢+ |4=2| [5 Th. VL.12]. This bound might hold
also for finite chain rings, but we leave it as an open problem.
Furthermore, in the Hamming-metric case (m =ny = ... =
ng = 1) it is conjectured that £ < g + 1 in general. Hence
being able to attain the number of blocks ¢ = ¢ — 1 is close
to the known upper bounds on ¢ for the case of finite fields.
In the non-square case (m > n;), one may construct MSRD
codes with an unrestricted number of blocks, see [24, Subsec.
4.5].

Finally, we show that duals of linearized Reed—Solomon
codes are again linearized Reed—Solomon codes. For a linear
code C C S™, we define its dual as C* = {d € S" | c-d = 0},
where - denotes the usual Euclidean inner product in S™. The
following lemma follows from [8, Th. 3.1].

Lemma 7 ([8]). Given a linear code C C S™, we have that

Ct is a free module if and only if, so is C. In such a case, if C
is of rank k, then C* is of rank n— k. Furthermore, C++ = C.

Using this lemma, we may prove that the dual of a linearized
Reed-Solomon code is again a linearized Reed—Solomon code
in the same way as in [25, Th. 4].

Theorem 6. Let (a,3) be as in Definition [ and sat-
ig‘ying the MSRD property. There exists a vector § =
6

(1),5(2),...,5(2)) € S", where 8% = (5§i),5§i),...,

57(1?) € S™ and 5@,69, e 61(1? are R-linearly indepen-

dent, for i € [{], and such that

Cl(a,B)t =Ci_; (07 (a),d), )

for k € [n — 1], where o 1(a) =
(07 (a1),0" az),...,0 1 (ap)). Notice that (o0~ 1(a),d)
also satisfies the MSRD property.

Furthermore, if ¢ — 1 and m are coprime, and
ai,az,...,ap € R* are such that a; — a; € R* for all
1 < i < j </ (see Proposition[3), then

C(a,B)t =CI ) (a,0). 5)

We will use the form of the dual of a linearized Reed—
Solomon code shown in () to describe a quadratic-time
decoding algorithm in Section

VI. A WELCH-BERLEKAMP DECODER

In this section, we present a Welch-Berlekamp sum-rank
error-correcting algorithm for the linearized Reed—Solomon
codes from Definition [0l The decoder is based on the original
one by Welch and Berlekamp [2]. Welch-Berlekamp decoders
for the sum-rank metric in the case of fields were given
in [, [3], [25], listed in decreasing order of computational
complexity. Our decoder has cubic complexity over the ring S
and is analogous to the works listed above. In Section we
will present a decoder with quadratic complexity, but which
only works if ¢ — 1 and m are coprime. The decoder in this
section works for all cases.

Throughout this section, we fix (a,3) as in Definition [7]
and satisfying the MSRD property. Let

bi7 j = afi’j,
for j € [n;] and for ¢ € [¢]. Next fix a dimension k € [n — 1],
and consider the linearized Reed—Solomon code Cy(a,3) C
S™ (Definition [0). The number of sum-rank errors that it can
correct is

R

2 2

Let ¢ € Ci(a,B) be any codeword, let e € S™ be an error
vector such that wtsg(e) < ¢, and define the received word
as

r=c+ecS". @)

Since wtgr(e) < ¢ and 2¢t + 1 < dggr (Cx(a, 3)), there is a
unique solution ¢ € C(a,3) to the decoding problem.
We start by defining the auxiliary vectors
¢ = c- Diag(8) ",
e’ = e-Diag(8)"', and
r’ =r - Diag(B8)".

®)

By Lagrange interpolation (Theorem ) and Lemma [6] there
exist unique skew polynomials F, G, R € S[z; o], all of degree
less than n, such that

F(b)=c, Gb)=¢€, and R(b)=r, )



which denote component-wise remainder evaluation (Defini-
tion [6). Following the original idea of the Welch-Berlekamp
decoding algorithm, we want to find a non-zero monic skew

polynomial L € S[z; 0] with deg(L) < ¢ and such that
(LR)(b) = (LF)(b). (10)

However, since we do not know F', we look instead for non-
zero L,Q € S[z;o] such that L is monic, deg(L) < ¢,
deg(@) <t+k—1 and

(LR)(b) = Q(b). (11)

In the following two lemmas, we show that (I0) and
can be solved, and once L and () are obtained, F' may be
obtained in quadratic time (by Euclidean division).

Lemma 8. There exists a non-zero monic skew polynomial
L € S[z;0] with deg(L) < t satisfying (I0). In particular,
there exist non-zero L,Q € S|x;o] such that L is monic,
deg(L) <t, deg(Q) < t+k —1 and (L) holds.

Proof. By Corollary Bl there exists a non-zero monic skew
polynomial L € S[z; o] such that deg(L) < t and Lg, (e; ;) =
0, for j € [n;] and for ¢ € [¢]. From the definitions and Lemma
[@ it follows that

(LG)(bi ;) = Lo, ;(G(bij)) = Lu, ; (€} ;) = La,(eij) =0,

for j € [n;] and for ¢ € [¢]. Since R(b) = F'(b) + G(b), we
conclude that

(L(R = F))(b) = (LG)(b) = 0

by Lemma [3l In other words, L satisfies (I0) and we are
done. O

Lemma 9. If L,Q € Sx;0] are such that L is monic,
deg(L) <t, deg(Q) <t+k — 1 and (L) holds, then

Q=LF
Proof. First, by and the product rule (Lemma [3),
if (F—R)(bi;)=0, (LF —Q)(bi;) =0,

for j € [n;] and for ¢ € [¢]. From this fact, and using Lemmas
and [6] the reader may deduce that

wtsr ((LF — Q)(b) - Diag(3))
< wtsr ((F — R)(b) - Diag(8)) < t.

then

Therefore, we may apply Lemma [§] to LF and (), instead of
F and R. Thus there exists a non-zero monic Ly € S[z; 0]
such that deg(Lg) < t and

(Lo(LF - @Q))(b) = 0.
Now observe that
deg (Lo(LF - Q)) <2t+k—1<n.
By Lemma [6] and Theorem [l we conclude that
Lo(LF — Q) = 0.

Since Ly is non-zero and monic, we conclude that LF = @
and we are done. O

Finally, once we find non-zero skew polynomials L,Q €
S[z; o] such that L is monic, deg(L) < t, deg(Q) <t+k—1
and holds, then we may find F' by left Euclidean division,
since Q = LF by Lemma[9 above. Observe that left Euclidean
division is possible in S[z; o] since o is invertible. Finding L
and ) using R and b (which are known) amounts to solving a
system of linear equations derived from (11 using the Smith
normal form, as in the Gabidulin case, see [9, Sec. III-D].
Using this method, the decoding algorithm has an overall
complexity of O(n?) operations over the ring S.

VII. A QUADRATIC SYNDROME DECODER

In this section, we extend the syndrome decoder from
[33]] to linearized Reed—Solomon codes when ¢ — 1 and m
are coprime. This decoder also constitutes the first known
syndrome decoder for linearized Reed—Solomon codes over
finite fields, to the best of our knowledge. Note that the
algorithm [33, Alg. 2], and the skew polynomial version ([33,
Alg. 1]) of the Byrne-Fitzpatrick algorithm [4] it is based upon,
are given in those works for Galois rings, a particular case of
finite chain rings (and not all finite chain rings are Galois
rings, see [28, Th. XVIL.5]). However, we notice that such
algorithms work for finite chain rings in general. For such
a generalization, we need the following observation. For the
finite chain ring S, there exists an element 7w € S such that
the maximal ideal of S is 9t = (7), and all ideals of S are
of the form 9M* = (x*), for i € [r], where r is the smallest
positive integer such that 7" = 0, and thus 9" = 0, see [9}
Sec. II-B]. With this representation of the ideal chain of S,
one can extend mutatis mutandis [33, Alg. 1] and the proof
of its correctness and complexity to general finite chain rings.
For the convenience of the reader, we include [33, Alg. 1] for
a finite chain ring S in Algorithm [l Here, we also denote
1t(F) = 29°8(F) | for F € S[x; 0], and < is any total order in
the set {(z",0) | n € N}U{(0,2") | n € N} compatible with
multiplication by x*, for all k € N. For left Grébner bases,
see [33, Sec. III]. Finally, mod denotes modulo on the right,
that is, we say that F' = G mod H if, and only if, H divides
F — G on the right.

Throughout this section, we fix a pair (a, 3) as in Definition
We will assume that a1, aq,...,a¢ € R* satisfy a; —a; €
R* forall 1 < i < j < /{ (e, a1,az,...,a € F} are
all distinct) and that 3;1,8;2,...,8in, € S are R-linearly
independent, for ¢ € [¢]. Hence (a,3) satisfies the MSRD
property by Proposition [3] since we are assuming that ¢ — 1
and m are coprime. In particular, fixing a dimension k € [n—1]
and a linearized Reed—Solomon code C{ (a, 3) C S™, we have
that C¢ (a, 3)* = C7_, (a, §) by Theorem[6l where (a, &) also
satisfies the MSRD property.

We consider the same error-correcting scenario as in Section
Thatis, t = [(n — k)/2] asin (@) and r = c+e € S™ as
in (@), for a fixed codeword c € C{(a,3) and an error vector
e € S™, where we may assume that t = wtgg(e).

We start by extending [33, Def. 2]. Notice that a; b
(aj_l)ﬁ € S*, for all B € S*, with respect to 0!, since
the same property holds for a; and a; with respect to o by
assumption, for all 1 <i < j </.



Algorithm 1: SkewByrneFitzpatrick [33] Alg. 1]

Input : U € S[z;0] and m € Zx.
Output: Left Grobner basis of the left S[x; o]-module

M= {(F,G) € S[z;0)’ | FU = G mod 2™} .

1 let By := {(x%,0) | i € {0,1,...,r —1}} U
{(0,7%) i€ {0,1,....,r —1}}
2 for k € {0,1,...,m — 1} do
3 for each (F;,G;) € By, do
4 compute the discrepancy (; := (F;U — G;)k
| (where (-); denotes the kth coefficient)
5 for each (F;,G;) € By do
6 if ¢; = 0 then
7 put (F“Gl) S Bk-l—l
8 continue
9 if there is (F;,G;) € By, with
1t(Fj’ GJ) < 1‘5(F1,G1) and <j divides Q‘ then
10 put (F;, G;) — Q(F;,G;) in Byy1, where
Q € S with Cz = QCJ
11 else
12 L put (xF;, xG;) in By

13 return 53,

Definition 10. We say that F' = Z;i:o Fz' € Slx;o71,
d € N, is primitive if it is not a zero divisor, i.e., F; € S*
for some i € [d], ie, F € Fym[z;7 ']\ {0}. We say
that A € S[z;0~!] is an annihilator of e € S™ if it is
primitive, A -1(e; ;) = 0 for j € [n;] and 7 € [/] and it has
minimum possible degree among primitive skew polynomials
in S[x; 0~ !] satisfying such a property.

Notice that, here, A -1(e;;) is the operator evaluation
(Definition 4) with respelct to o~1. We will not specify this
in the notation A_-1(e; ;) since we wrote that A € S[z;0~!],
hence emphasiziné the use of o~ for A instead of o.

We need some preliminary auxiliary properties on the zeros
of skew polynomials over finite chain rings. This result extends
Lemma [ in a different direction than Theorem [I1

Lemma 10. If F € S[x; o] is primitive and ¢1, ¢, . .. ,cp € S*
are such that c; — cf € S*forall € S*and all 1 <i <
7 < ¥, then
¢
> rkp(ker(Fy,)) < deg(F).
i=1
Proof. Let r; = ker(F,,), for i € [¢]. Using the Smith
normal form, we see that there are R-linearly independent
elements b; 1,...,b;,, € S and non-zero \; 1,..., A, € R
such that ker(FCi) = <Ai71bi71, .. -a/\i,ribi,ri>R, for i € [é]
Since R is a chain ring, we may assume that there exists
k € [€] such that \; j|A\g,r, for all j € [r;] and all ¢ € [€].
Therefore, since F, (A jbi ;) = AijFe;(bi,;) = 0, we see that
(Mo F)e; (bij) =0, for all j € [r;] and all ¢ € [¢].
Assume that deg(F) < 1 +7r2+ -+ 1. Then we deduce
that A, ., F° = 0 by Theorem [l However, since Ay ,, # 0,

K=}

then F is not primitive, a contradiction. Therefore, deg(F') >
r1+re+ -+ rp and we are done. O

We next extend [33, Lemma 4].

Lemma 11. Any annihilator of e € S™ has degree t =
wtgr(e). In addition, if tk(e;) = frk(e;), for i € [{], then
there is a unique monic annihilator of e.

Proof. Let A € S[x;07!] be an annihilator of e. First,
deg(A) < t by Corollary Bl Second, if deg(A) < ¢, then
A would not be primitive by Lemma [0l Hence deg(A) =t.

Now assume that rk(e;) = frk(e;), for ¢ € [¢]. First, there
exists a monic annihilator A € S[z;0~!] of e by Corollary
Bl Let A’ € S[x;07!] be another annihilator of e. Note that
t = deg(A) = deg(A’). Since A is monic, we may perform
right Euclidean division, i.e., there are Q, R € S[x; 0~ !] with
deg(R) < t and A’ = QA + R. By Lemmas [3] and [6] we
have that R, -1(e; ;) = 0, for j € [n;] and ¢ € [¢]. Since
deg(R) < Zle frkr(e;), we deduce that R = 0 by Theorem
[ In other words, A’ = QA, where Q € S*, and thus A is
the unique monic annihilator of e. O

We will define syndromes as usual.

Definition 11. Let » = n — k and define the syndrome
-1

vector s = eM? (a,8)T € S". We define the syndrome

skew polynomial s = Zf;ol sizt € S[z;o7 ], where s =

(So, Slyeeny Shfl).

In order to prove the key equation between annihilators of e
and the syndrome skew polynomial s, we need the following
two lemmas. The first one follows directly from the Smith
normal form.

Lemma 12. For i € [{], there exist o; € S* and B €
RY>™ such that e; = a;BW, t; = frk(a;) = rk(B®W) and
(@i, it )R = (€i1,...,€in,;) R In particular, we have
that A -1(a; ;) = 0, for all j € [t;] and i € [{], for any
annihilator A € S[x; 0] of e.

The second lemma can be found in [[12, Lemma 1].

Lemma 13 ([12]). For all a € S and all integers 0 < j < 3,
it holds that

NY(a) =o' (N7 (a)) NY_(a).

We may now provide the key equation.

Theorem 7 (Key Equation). Let A € S[x;07 '] be an
annihilator of e. There exists Q) € S[z; 01| with deg(Q) < ¢
and

Q=As mod z". (12)

Proof. If we set d;,, = Z;il BS)E(SM € S, for u € [t;] and



i € [{], then we have that

L n;
=3 e Doy, (6ij)

i=1 j=1

Sy Y By

1=1 j=1u=1

¢ t;  ny
Y Sy (80)

i=1 u=1j—1
l ti
— E E v
- a@’U«DU*l,ai (d%u) )
i=1 u=1

forv=20,1,...,h — 1.
Note that deg(A) = ¢ and deg(s) = h — 1, and therefore,
As = ZHh Y(As)y. Forv =t,t+1,...,h—1, we have that

v
_ Z Av—lU_U-H(Sl)
=0

Do-1,4, (9,5
13)

(As)y

@ i tz Z Ao+ (ang,l (dm))
i=1 u=11=0
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=1 u=11=0
OSSN () N2 0 (0
i=1 u=11=0
—Ziﬁl\mhfwmw;m@u
lu =0
=éiD§’l.a l’ll (ZAIDIL ail O‘zu))
i=1 u=1
(C)Zzpﬂfla 7“ (ZA’DZ 1a71 a1 u))
(d); 1 u=1

where we have used the formula (I3) for s; in (a) since [ <
v < h—1, Lemma[I3]in (b), the fact that A; = 0if t <l <w
in (c), and Lemma[[2in (d). O

The next ingredient is the following extension of [[1, Th. 7].
From now on, we will also define

Ez’,j =" (B )ak

for j € [n;] and i € [¢]. Note that Ez‘.,l, . ,an € S* are also
R-linearly independent, since a; € R*, o is an automorphism
and 3;1,...,Bin, €S* are R-linearly independent.

Theorem 8. Recall that r = ¢ + e, where c € C{(a, 3) and
e € S is such that t = wtggr(e). Assume that we have non-
zero U,V € S[x;071] such that

1) U is primitive,

2) Us—V =0 mod z",

3) deg(U) <,

4) deg(V) < deg(U).

Then U is an annihilator of e and in particular, deg(U) = t.
Moreover,

UR=UF mod G,
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where R, F,G € S[z; 0] are the unique skew polynomials

with
Rafl(gi)j) =71 and deg(R) < n,
Fos(Bij) =ci; and  deg(F) <k,
Ga;l(@,j) =0 and deg(G) = n,

and G is the unique monic annihilator Of,B e s

Proof. Since deg(V) < t, 2t —1 < h and Us — V = 0 mod
2", then (Us); =0, fori =t,t +1,...,2t — 1. This may be
rewritten as

a%(s¢) o (sp-1) o~ (s0) uo 0
O'O(St+1) Jfl(st) .. o7 (s1) uy 0
0(sa—1) o (s2t—2) o (s84-1) uy 0

where U = ZE:O u;z*. If we denote by S € S*X(H1) the
matrix above, then by (I3) we have a decomposition

S = DA,
where
A,
D = (Dy|...|Dy) € S*t, A= : € §tx(t+1)
Ay
and
Dz—l’al(dl,l) Dz.—lyaq (dz 2) Dt o=1.a; (di,t;)
D, (din) DL, (dio) Dtﬂ o (di)
Di = ' . . . € StXti?
Dfrtf_lill (d ) Drzftflla,'(diy?) th*lla. (diwtf)
Dy i(@in) Doy (i) LAY
Do—l a—l(ul 2) D, 71(0‘7’,2) Dt—1 71<0"7712)
A = T a, c St,x(t+l))
DO, () DLy i) o D i)

fori € [¢]. Since d; 1, . ..d;,, € S are R-linearly independent,
we deduce from Theorem [3] that D € S**? is invertible. Thus
we have that

Su=DAu=0 <= Au=0

which means that U -1(c; ;) = 0, for all j € [t;] and
S [Z] Since <ai71, .l. . ami)R = <€i)1, .. ,ei,m)R, then
U,-1(eij) =0, for j € [n;] and i € [¢]. Since deg(U) < t
and it is primitive, then U is an annihilator of e. Finally, we
have

0= Uagl(eiyj) = Ci,j) =

R, (Big) = F, -1 (Big) = (U(R = F)),1(Biy),

for j € [n;] and i € [¢], using Lemmas [3 and [@] in the last
equality. Since G' is a monic annihilator of 3, then we deduce
that G divides U(R — F)) on the right, and we are done. [

Uy (rij —

Ua.il(

Finally, we show that we may recover the skew polynomial
associated to c for the pair (a, 3) and o from that for the pair
(a=1,8) and o1,



Proposmon 5. Let F' = ZZ éF 2" € Slz;o] and F =
Z F % € S[z;o71] be related by Fy—u1 = F, for
u—O,l,...,k—l Then

Fo(Big) = Fyr (Big),
where Ei,j = Uk_l(ﬁi,j)af_l, for j €[n;] and i € [{].

Proof. Since a; € R* and ﬁafl is R-linear, then for j € [n;]
and i € [é] we have '

*1(61,7) 1( k_lok_l(ﬁi,j))

A LF fl(ffk*l(ﬂi,j))

klZFU
k—1

= Fpuao® " (Bij)al !

= Fai (Bi,j)'

" (Big)a;

O

The algorithm in [, alg. 2] can be extended to our case as
shown in Algorithm [2l In the following theorem, we prove its
correctness and give its complexity.

Algorithm 2: SyndromeDecoder
Input : r € S”
Output: If there is a
c= (Fal (61,1)7 ERE Fae(ﬁf,m)) € Clg(av ﬁ)
with F' € S[z; 0], deg(F) < k and
dSR(I‘,C) < n;k
Otherwise “decoding failure”.

1 s:=HrT

2 5= 30 st € S oY

3 B := SkewByrneFitzpatrick(s,n — k)

4 (A, Q) := element of B of minimal degree among all
(U, V) € B with deg(U) > deg(V') and U primitive.

W

R unique R € Sx;0” 17 such that
(Bm) =r; , for all 4, j, with deg(R) < n.
6 G = unlque G € S[z;071] such that G, 1 (i ;) = 0,
for all i, j, with deg(G) < n. '
7 ¥:=AR mod G

8 (F,T) := quotient and remainder of left division of ¥

by A.

9 F' := skew polynomial obtained by Fj_,_; = F,, for
u=0,1,...,k— 1.

10 if T =0 and
dsr (I‘ ( ay (ﬁl 1) ag(ﬁf,mz))) < n% and

deg(F) < k then
11 L return F

12 else
13 | return “decoding failure”

Theorem 9. Algorithm [2] is correct and has a complexity
of O(rn?) operations in S, where r is the smallest positive
integer such that 7" =0 or IM" = 0.
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Proof. Using Algorithm [l we obtain a pair U,V € S[x; 0 !]
with U primitive, deg(U) > deg(V), Us = V mod 2"
and deg(U) minimal among pairs with these properties. By
Theorem [} there is a pair (A, ) satisfying such properties
and with deg(A) = t. Thus we have deg(U) < t.

Since ¢t < h/2, then U is an jmnihilator of e by Theorem
Moreover, we have UR = UF mod G, with notation as in
Theorem B B

Since deg(UF) = deg(U) +deg(F) <t+k—-1<n =
deg(G), then we may obtain U F by right division of UR by
G. Note that R and G may be computed from the received
word r and the pair (a,3), and that G is monic, hence right
division by G is wgll defined. Next, since U is primitive, thg:vn
we may divide UF # 0 by U on the left and we obtain F'.
Finally, we compute F' from F' as in Proposition[3] where F is
the skew polynomial whose coefficients contain the message
encoded by the sent codeword c, and we are done.

Finally, the complexity of the skew polynomial Byrne-
Fitzpatrick Algorithm [ has a complexity of O(rn?) opera-
tions in S by [I, Th. 3] (the extension from Galois rings to
general finite chain rings is straightforward as mentioned at the
beginning of the section). The other operations that appear in
Algorithm 2] can be implemented with a complexity of O(n?)
operations in S by [1, Lemma 8]. O

VIII. APPLICATIONS

In this section, we briefly discuss applications of MSRD
codes over finite chain rings, and in particular, the linearized
Reed-Solomon codes from Definition Ol We will only focus
on applications in Space-Time Coding and Multishot Network
Coding, and we will only briefly discuss how to adapt ideas
from the literature to the case of MSRD codes over finite chain
rings.

A. Space-Time Coding with Multiple Fading Blocks

Space-time codes [41l] are used in wireless communica-
tion, in scenarios of multiple input/multiple output antenna
transmission. Such codes utilize space diversity (via multiple
antennas) and time diversity (via interleaving up to some delay
constraint) in order to reduce the fading of the channel.

In the case of one fading block, codewords are seen as
matrices in A™*7 where A C C is the signal constellation
(a subset of the complex field), n; is the number of transmit
antennas and 7' is the time delay. In particular, the code is a
subset C C A™*T 1In this scenario, the code achieves transmit
diversity gain d (or simply code diversity) if the rank of the
difference of any two matrices in the code is at least d, see
[20], [41]. Large code diversity is desirable, but it competes
with the symbol rate of the code, defined as

1

The symbol rate is an important parameter when the con-
stellation A is constrained or we wish it to be as small as
possible. See the discussion in [37]. The diversity-rate tradeoff
is expressed in a Singleton-type bound, and codes attaining
equality in such a bound may be obtained by mapping a



maximum rank distance (MRD) code over a finite field, such
as a Gabidulin code, into the constellation A4 C C. This may
be done via Gaussian integers [21] or Eisenstein integers [34].

The case of multiple fading blocks, say L, was first in-
vestigated in [20]]. In this case, the codewords are matrices
in A™*ET which can be thought of as L matrices of size
ny x T, that is tuples in (A™*T)L, In this case, a code
diversity d is attained if the minimum sum-rank distance of
the code is at least d. For this reason, space-time codes with
optimal rate-diversity tradeoff in the multiblock case may be
obtained by mapping MSRD codes over finite fields to the
constellation A C C. This was observed in [20], and linearized
Reed-Solomon codes were first used for this purpose in [38].
As shown there, the use of linearized Reed—Solomon codes
allows one to attain optimal rate-diversity while minimizing
the time delay 7', and while the constellation size |.A| grows
linearly in L, in contrast with previous space-time codes,
whose constellation sizes grow exponentially in L. See also
[37].

In [9, Sec. VI-A], it was shown how to translate any
MRD code over a finite principal ideal ring into a space-time
code over a complex constellation with optimal rate-diversity
tradeoff. This result can be immediately generalized to the
multiblock case by using MSRD codes over finite principal
ideal rings, as follows. We omit the proof.

Theorem 10. Let Q) be a principal ideal ring such that there
exists a surjective ring morphism ¢ : Q — R (recall that
R is a finite chain ring). Let ©* : R — Q be such that
p o @* = 1Id. Extend both maps component-wise to tuples of
matrices in (Q"*T)L and (Rm>*T)L. [f ¢ C (Rm*T)E s
an MSRD code, then so is ©*(C) C (Q™*T)L, of the same
dimension and minimum sum-rank distance. In particular, if
Q C C, then ¢*(C) is a space-time code with optimal rate-
diversity tradeoff for L fading blocks.

Examples may be constructed easily. For instance, we may
choose Q = Z[i] and R = Zy-[i] = Z][i]/(2"), where r is a
positive integer (see also the introduction). In this case, we
have that ¢ = 2", and we may construct linearized Reed—
Solomon codes corresponding to L = 2" — 1 fading blocks.

B. Physical-Layer Multishot Network Coding

Linear network coding [17] permits maximum information
flow from a source to several sinks (multicast) in one use of
the network (a single shot). In such a communication scenario,
MRD codes can correct a given number of link errors and
packet erasures with the maximum possible information rate,
without knowledge and independently of the transfer matrix
or topology of the network (universal error correction), see
[L1], [39]. In the case of a number ¢ of uses of the network
(multishot Network Coding), the minimum sum-rank distance
of the code determines how many link errors and packet
erasures the code can correct in total throughout the ¢ shots
of the network, without knowledge and independently of the
transfer matrices and network topology [31]. MSRD codes, in
particular linearized Reed—Solomon codes, over finite fields
were used in this scenario in [25].
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In [6]], a similar model was developed for physical-layer
Network Coding, where the network code lies in some con-
stellation (a subset of the complex numbers), which may be
identified with finite principal ideal rings of the form Z[i]/(q),
for a positive integer g. Such rings are finite chain rings if
g = 2" and r is a positive integer, see the introduction.

Just as in the case of finite fields, we may consider ¢ shots
in physical-layer Network Coding, with network-code alphabet
R =ZJi]/(q), which is a finite chain ring if ¢ = 2" as above.
In this case, codes are subsets C C R™*™, where m is the
packet length and n is the number of outgoing links from
the source. Using the matrix representation map (2), we may
consider C C S™, and we may then choose C to be S-linear,
such as a linearized Reed—Solomon code (Definition[9), which
may attain the value { = g—1 = 2"—1. If ¢ € C is transmitted,
then the output of an /-shot linearly coded network over R
with at most ¢ link errors and p packet erasures is

y=cA+ec SV,

where e € SV is such that wtsr(e) < t, and A =
Diag(A1, Ag,...,Ay) is such that frk(A) > n — p, where
A; € R™*Ni is the transfer matrix of the ith shot, for i € [4],
where N = Ny + No+---Npand n =nq +n9 + -+ + ny.
For simplicity, we will only consider the coherent scenario,
meaning that we assume that the transfer matrix A is known
to the receiver.

We may now prove that the minimum sum-rank distance of
the code C gives a sufficient condition for error and erasure
correction in the scenario described above. We omit necessary
conditions for brevity.

Theorem 11. In the scenario described above, fix p = n —
frk(A). If
2t +p+1<dsr(C),

then there exists a decoder Dp : S™ — C sending D (cA+
e) =c forall c € C and all e € S™ with wtgr(e) < t.
In particular, if C is an MSRD code over R for the length
partition n = nj + no + - -+ + ny, then it may correct t link
errors, p packet erasures and achieves an information rate of
n—2t—p
- .
Proof. Let C € R™*", B € R™*¥ and r = frk(B). We may
assume that the first » columns of B, which form a matrix
B’ € R"*", are R-linearly independent. By [28| p. 92, ex.
V.14], there exists a matrix B” € R™*("~7) such that B, =
(B/,B”) € R™*™ is invertible. Therefore,

rk(CB) > rk(CB’) > rk(CB3) — (n—r) = 1k(C) — (n—7r).

In the second inequality we have used that rk(CB2) <
rk(CB’) +rk(CB”) < rk(CB’) + (n —r). Hence, we deduce
that

dSR(CA) > dSR(C) —p>2t+1.

Therefore, there exists a decoder Dy : SV — CA sending
Di(cA +e) = cA, forall c € C and all e € S™ with
thR(e) <t.

Now, let again C € R™*", B € R"*" and r = frk(B),
with notation as above. Assume that CB = 0. Then CB’ = 0,



which implies that CBy =
fore,

C(B’,B") = (0,CB"). There-

rk(C) = 1k(CB3) = rk(CB") < n —r.

Using this fact and p < dgg(C), it is easy to see that the map
C — CA consisting in multiplying by A is injective. Hence
we deduce that there exists a decoder D : CA — C sending
Ds(cA) = ¢, for all ¢ € C. Thus, we conclude by defining
Da = Ds o Dy. O

To conclude, we briefly describe how to decode when using
a linearized Reed—Solomon code as in Definition [9l Similarly
to the proof above, we let A’ € R™*" be of full free rank r,
formed by some r columns of A, where r = frk(A) = n—p.
In the same way as in [25] Sec. V-F], if C is a linearized
Reed-Solomon code, then so is CA’, since A’ has full free
rank. Therefore, we may apply the decoders from Sections [VI]
and [VTIl to CA’ and recover the sent codeword ¢ € C.
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