
 
 
General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright 
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 

 Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 

 You may not further distribute the material or use it for any profit-making activity or commercial gain 

 You may freely distribute the URL identifying the publication in the public portal 
 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 
  
 

   

 

 

Downloaded from orbit.dtu.dk on: Apr 10, 2024

Ultracoherent Nanomechanical Resonators Based on Density Phononic Crystal
Engineering

Høj, Dennis; Hoff, Ulrich Busk; Andersen, Ulrik Lund

Published in:
Physical Review X

Link to article, DOI:
10.1103/PhysRevX.14.011039

Publication date:
2024

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):
Høj, D., Hoff, U. B., & Andersen, U. L. (2024). Ultracoherent Nanomechanical Resonators Based on Density
Phononic Crystal Engineering. Physical Review X, 14(1), Article 011039.
https://doi.org/10.1103/PhysRevX.14.011039

https://doi.org/10.1103/PhysRevX.14.011039
https://orbit.dtu.dk/en/publications/bafdcd3c-72cd-4c80-a24c-d3a6e7d38046
https://doi.org/10.1103/PhysRevX.14.011039


Ultracoherent Nanomechanical Resonators Based on Density Phononic Crystal Engineering

Dennis Høj ,* Ulrich Busk Hoff , and Ulrik Lund Andersen†

Center for Macroscopic Quantum States (bigQ), Department of Physics, Technical University of Denmark,
Fysikvej, 2800 Kongens Lyngby, Denmark

(Received 9 January 2023; revised 9 December 2023; accepted 22 December 2023; published 6 March 2024)

Micromechanical and nanomechanical systems with exceptionally low dissipation rates are enabling the
next-generation technologies of ultrasensitive detectors and quantum information systems. New techniques
and methods for lowering the dissipation rate have in recent years been discovered and allowed for the
engineering of mechanical oscillators with phononic modes that are extremely well isolated from the
environment and thus possess quality factors close to and beyond 1 × 109. A powerful strategy for isolating
and controlling a single phononic mode is based on phononic crystal engineering. Here we propose a new
method for phononic crystal engineering of nanomechanical oscillators that is based on a periodic variation
of the material density. To circumvent the introduction of additional bending losses resulting from the
variation of material density, the added mass constitutes an array of nanopillars in which the losses will be
diluted. Using this novel technique for phononic crystal engineering, we design and fabricate corrugated
mechanical oscillators with quality factors approaching 1 × 109 in a room temperature environment. The
flexibility space of these new phononic crystals is large and further advancement can be attained through
optimized phononic crystal patterning and strain engineering via topology optimization. This will allow for
the engineering of mechanical membranes with quality factors beyond 1 × 109 at room temperature. Such
extremely low mechanical dissipation rates will enable the development of radically new technologies such
as quantum-limited atomic force microscopy at room temperature, ultrasensitive detectors of dark matter,
spontaneous waveform collapses, gravity, and high-efficiency quantum information transducers.

DOI: 10.1103/PhysRevX.14.011039 Subject Areas: Condensed Matter Physics,
Mechanics, Nanophysics

I. INTRODUCTION

Micro- and nanomechanical systems exhibiting remark-
ably low dissipation rates have emerged as pivotal enablers
for cutting-edge technologies, particularly in the realms of
ultrasensitive detectors and quantum information systems
[1]. This unprecedentedly low mechanical dissipation holds
the promise of revolutionizing various technological fron-
tiers, including the realization of quantum-limited atomic
force microscopy at room temperature, ultrasensitive detec-
tors for dark matter investigations [2], studies of sponta-
neous waveform collapses [3], investigations into gravity
[4], and the development of high-efficiency quantum
information transducers [5].
Over the past decade, significant strides have been made

in the field, particularly through the utilization of

stoichiometric silicon nitride. This material, owing to its
inherent extremely high tensile stress, has paved the way
for the construction of mechanical resonators in diverse
forms such as strings, membranes, and trampolines, all
demonstrating ultralow dissipation [6–17]. Recent break-
throughs in dissipation rate reduction techniques and
methodologies have facilitated the engineering of mechani-
cal oscillators with phononic modes that exhibit excep-
tional isolation from their environment, resulting in quality
factors approaching and surpassing 1 billion. A particularly
potent strategy for isolating and controlling a single
phononic mode involves the emerging field of phononic
crystal engineering [18–23].
Phononic crystal engineering is an extremely powerful

method for controlling the phononic properties of material
systems in much the same way as photonic crystals are able
to control light [24,25]. The method is being used to
engineer material systems for controlling heat and sound at
both the macroscale and the microscale, for example, with
applications in the design of loudspeakers and microphones
to control the direction of sound [26], in buildings and
vehicles to isolate sound, and in communication technol-
ogies to enable signal processing at 5 G frequencies. In
particular, in recent years, phononic crystals have been used
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to control and isolate specific phononic modes of nano-
mechanical and micromechanical resonators, protecting
them from the surrounding thermal heat bath [18,19].
This has given rise to a completely new generation of
ultracoherent mechanical oscillators with quality factors
reaching 1 × 109 at room temperature.
The effect of enhancing the quality factor of mechanical

resonators using phononic crystals is twofold. First, as a
result of the periodic phononic structure, an acoustic band
gap is formed in which phononic modes are trapped and
thus unable to radiate into the surrounding environment that
otherwise would cause dissipation [20,21,27]. Second, the
phononic crystal structure can also be engineered to reduce
the phononic mode curvature of the resonator at the
clamping points to the substrate [7,10], which will lead
to a decrease in the intrinsic dissipation rate for highly
stressed systems—a technique that is known as soft
clamping [18,19]. Phononic crystal membranes and strings
exploiting these effects in harmony have been fabricated,
and the membranes have been used in a series of opto-
mechanical experiments [28–30].
A phononic crystal in a mechanical membrane is tradi-

tionally engineered by mapping a periodic pattern of holes
into a prestressed silicon membrane. This produces a
periodic variation in the stress of the material across the
membrane, which in turn creates a phononic band gap with
isolated modes that are associated with the vibrations at a
central “defect” of the pattern. As mentioned above, this
leads to acoustic isolation as well as soft clamping of a
particular mode, and thus very large quality factors.
However, the stress of the material at the location of the
high-quality mode is low, which means that the quality-
enhancing effect of dissipation dilution [6,31,32] is not

optimally used, and therefore eventually bounds the quality
factor of the system. The technique of strain engineering
can in some geometries be applied to colocate a high-stress
region with the mechanical motion [19], but in this
particular phononic membrane, it seems not possible.
In this paper, we propose a new type of phononic crystal

engineering of a nanomechanical and micromechanical
resonator that offers a larger flexibility in the design of
periodic patterns and in which the stress can be engineered.
Our strategy for phononic crystal nanoengineering is based
on the creation of a periodic variation in the mass density
across the membrane. More specifically, we propose and
demonstrate the mapping of a periodic hexagonal pattern
with a central defect onto a membrane that consists of an
array of nanopillars, resulting in a membrane with periodic
pattern of cell domains each containing an array of nano-
pillars, as illustrated in Figs. 1(a)–1(c) (note that the central
defect is not shown in the figure). Such a density phononic
membrane enables the formation of a frequency band gap
with modes that are highly shielded from the substrate
(acoustic filtering) and it reduces the curvature of the mode
amplitude toward the clamping points, thereby lowering the
intrinsic dissipation losses (soft clamping). Moreover, the
use of a fine mesh of nanopillars for controlling the mass
density ensures low intrinsic bending dissipation at the
pillars. We therefore expect the density phononic mem-
branes to exhibit ultralow dissipation rates.
Intuitively, the simplest strategy for phononic crystal

engineering via material density variation is to periodically
add mass by depositing large pillars representing the cells
of the phononic crystal pattern. Such a structure will in
principle create a band gap (similar to a holey structure),
but the structure will be too stiff and it will be strongly

FIG. 1. Concept illustration. (a) The desired phononic crystal pattern of high and low material density regions. To approximate this
behavior the distribution is used as a mask on top an even distribution of nanopillars shown in (b). The end result is an engineered
distribution of nanopillars based on any desired material distribution as illustrated in (c). The enlarged inset of (b) highlights the relevant
pillar parameters. (d) The increased losses relative to a hypothetical membrane (without pillars) of increased material density while
keeping the total mass constant. It assumes a 20-nm-thick stoichiometric silicon nitride membrane vibrating at 1.1 MHz. The results are
practically identical to the other studied frequencies. (e) Illustration of evanescent bending losses at the pillar base, estimated using 3D
simulations.
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affected by boundary bending losses at each of the domain
walls. However, this stiffness and dissipation effect can be
largely reduced by patterning a fine mesh of nanopillars
within each of the cells. With such a strategy, the density
contrast required for phononic engineering is kept while the
bending loss is significantly reduced. This reduction is
caused by the dilution of the loss into many nanopillars,
each of which produces almost negligible loss due to their
small diameter in comparison to the wavelength of the
phononic mode. We simulate the potential loss enhance-
ment (see Sec. II) by considering a hexagonal pattern of
pillars on a membrane with the effective density,

ρeff ¼ ρ

�
1þ π

ffiffiffi
3

p
hpild2pil

6ta2pil

�
; ð1Þ

where ρ is the density of the material (assuming the same
material for membrane and pillars), while apil and hpil are
the diameter and height of the pillars, dpil is the distance
between them [see Fig. 1(b)], and t is the thickness of the
membrane. The results of the simulations are presented in
Fig. 1(d) where we plot the loss enhancement αγ of a
membrane patterned with a hexagonal array of pillars
against the periodicity apil or pillar size dpil (assuming
apil ¼ 2dpil). It is clear that the intrinsic loss of the
membrane is dramatically reduced by the introduction of

a nanopillar array, and for very small pillars, the loss
contribution is effectively negligible.
Since the phononic crystal pattern is created by material

density variation, there exists a large flexibility in defining
its form and shape. Two examples are a binary and a sinelike
pattern where thematerial density is changed either abruptly
or smoothly across the membrane following a certain
periodicity. Analytical expressions for these two patterns
can be found in Appendix A. Furthermore, the flexibility of
this design approach also allows the creation of nonuniform
phononic crystals to further enhance the quality factor as
well as mode confinement. See Appendixes B and C for a
deeper analytical study of all designs. In the following, we
interrogate the binary pattern.We assume the cell periodicity
to be given by aph, the diameter of each cell to be dph, and the
ratio αw ¼ dph=aph. Furthermore we define the density
contrast parameter, g ¼ ρeff=ρ.
The optimization of the density phononic crystal is a

trade-off between the size of the band gap, which should be
as large as possible to encapsulate the mode of interest, and
the dissipation of an isolated mode, which should be as low
as possible. In Figs. 2(a) and 2(b) we present the results of
simulating the relative band gap width and the quality
factor of the isolated mode assuming that intrinsic losses
are dominating. It is clear that the band gap becomes wider
as the density contrast g increases as expected, and that an
optimum is obtained for a specific relative distribution
width αw of around 0.4 (corresponding to aph ¼ 2.5dph).

FIG. 2. Phononic analysis. Panels (a) and (b) show the relative band gapΔf=fc and quality factorQ, respectively, versus the phononic
crystal contrast g and the relative domain size αw (fixing the periodicity to aph ¼ 253 μmmembrane. (c) Predicted quality factors versus
number of isolating phononic crystal cell layers. The inset illustrates a membrane with N ¼ 4. In panels (b) and (c), the Q factor was
numerically estimated without accounting for the additional pillar loss (assuming very small pillars) and without accounting for acoustic
radiation loss. Panels (d) and (e) illustrate the density distribution and the mode shape of the phononic membrane, respectively. (f) The
band structure of the phononic crystal, where the shaded area highlights the band gap.
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However, contrarily, the quality factor for the isolated mode
is decreasing as the density contrast is increased. This is
caused by the fact that a larger material density will lead to
a smaller phase velocity and therefore a shorter wavelength
of the propagating phononic mode. A shorter wavelength
relative to the fixed size of the nanopillars will naturally
lead to larger bending losses at the nanopillars, and thus a
reduced quality factor. In the following, we choose a
contrast of g ¼ 5 which is a good compromise between
having band gap of reasonable size and a large quality
factor. In addition, based on these simulations, in the
following we choose αw ¼ 0.4.
To trap an isolated mode in the membrane, a defect is

introduced simply by removing one of the cell domains.
Such a disturbance in the phononic crystal allows some
modes to occur in the band gap which will be spatially well
confined at the defect. However, the resonance frequency of
the high-quality mode is not centered in the band gap but at
the lower end of it, which might lead to somemode leakage.
To avoid this effect, we increase the frequency of the mode
by lowering the material density of the phononic cells
located just next to the defect. By choosing the contrast
of these inner cells to g ¼ 3.9 or the relative size to
αw ¼ 0.32, the frequency will be centered in the band
gap. In Fig. 2, we show the contour of the density contrast
[Fig. 2(d)], the displacement amplitude of the high-quality
mode [Fig. 2(e)], and the dispersion relation that clearly
exhibits the band gap [Fig. 2(f)]. Interestingly, we note that it
generates a full band gap in contrast to stress-induced
phononic membranes which produces a pseudo-band gap
with in-planemodes [18]. Finally, in Fig. 2(c),we present the
results of the simulated quality factor (based on intrinsic
losses) for different number of layers of the phononic crystal
cells aswell as three different values for the periodicity of the

phononic pattern (aph ¼ 199; 221; 253 μm). In these simu-
lations we assume no added losses from the pillars (αγ ¼ 1).
The effect of soft clamping is clear. As more layers are
added, the mode field curvature at the boundary is gradually
reduced, which in turn leads to lower intrinsic dissipation
rates, thereby increasing the quality factor. We see that at
least 7 layers of phononic cells are required for saturating the
quality factor to a value above 109.
Our next step is to experimentally validate the expected

quality of our proposed density phononic crystal. Toward
this end, we fabricate membrane structures for different
pillar periodicity and for different numbers of phononic cell
layers. We fabricate the membranes from two thin layers of
high-stress (about 1 GPa) silicon nitride films grown on a
silicon wafer using low-pressure chemical vapor deposition
(CVD) and plasma-enhanced CVD, respectively. Using UV
lithography and reactive ion etching, the nanopillar pattern
was transferred to the front sidewhile awindow for releasing
the resonator was transferred to the back side. More details
on the fabrication process can be found in Sec II.
We characterize the fabricatedmembranes by determining

their frequency power spectrum as well as their quality
factors using an interferometric ringdown measurement
setup operating in ultrahigh vacuum to avoid air damping
(see Sec. II). For the ringdown measurements, we excite the
membrane by the exertion of radiation pressure force from a
light beam modulated at the frequency of the mode under
investigation, turn off the modulation, and subsequently
record the decay of the membrane’s motion using the same
laser mode. An example of the measured power spectrum is
illustrated in Fig. 3(c) and shows the clear existence of a band
gap around the confined mode at 1.4 MHz. The result of the
ringdown measurement of this particular mode is presented
in Fig. 3(d) and yields a quality factor of 5.65 × 108.

FIG. 3. Experimental results. (a) Microscope image of the fabricated density phononic membrane. (b) SEM image of the nanopillars of
a specific membrane. (c) Spectrum of a density phononic membrane where the band gap region is highlighted by shaded gray. (d) An
example of a ringdown measurement of a specific membrane exhibiting a Q factor of 5.65 × 108. (e) Measured quality factors versus
number of phononic cells N for apil ¼ 2 μm. (f) Measured quality factor versus pillar periodicity apil for N ¼ 8. The solid lines
correspond to fitted simulation results based on the best samples.
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In Fig. 3(e), we present the results for the measured
quality factors of the band gap mode with different number
of layers of phononic cells. As the number of cell layers
increases, the quality factor improves since the increasing
number of layers will gradually strengthen the effects of
soft clamping and acoustic shielding against acoustic
radiation losses. When the acoustic shielding is weak (that
is, when only a few cell layers are present), the coupling to
the surrounding substrate mode becomes stochastic, result-
ing in a large spread of the quality factors. For a large
number of cell layers (Nph ≥ 9), the acoustic shielding
effect becomes more effective and the spread is low. In
Fig. 3(e), we compare the measured data with theory that
accounts for intrinsic losses but neglecting acoustic radi-
ation losses, and we clearly observe reasonable agreements
to the best measured values.
Results for the quality factor of the band gap mode for

different nanopillar periodicity apil are presented in Fig. 3(f).
As we keep the phononic crystal pattern constant, a change
in the periodicity effectively leads to a change in the
nanopillar diameter (dpil ¼ apil=2) and density. As expected,
the quality factor increases as we lower the periodicity (and
thus the size of the nanopillars), as this will dilute the effect
of bending losses at the pillars.We expect the quality factors
to be limited by the intrinsic bending losses since we have
chosen a large number of cell layers, Nph ¼ 8, diminishing
the acoustic radiation losses. Indeed, by using a model that
accounts only for intrinsic losses we obtain good agreement
with the measured data, as shown in Fig. 3(f).
The smallest pillars that we were able to fabricate with

the present fabrication method was around 1 μm, which
yields the maximum quality factor of 9.1 × 108, and a Qf
product of 1.3 × 1015 (corresponding to about 216 quantum
coherent oscillations), which we believe is the largest
reported Qf product at room temperature for membranes
and similar to the best measured perimeter mode of a
polygon-shaped resonator [17]. Moreover, according to our
model, the quality factor will increase to beyond 1 × 109 by
further decreasing the periodicity. Furthermore, due to the
structural functionality of our system, it is possible to
enhance the strain of the membrane and thereby further
decrease the intrinsic losses through dissipation dilution.
One particular strategy for increasing the stress is to use the
design depicted in Fig. 4, where the stress of the central pad
(on which the density phononic crystal could be located)
is reaching approximately 2.1 GPa, thereby predicting a
quality factor of 3.5 × 109 at 2 MHz (Qf product of
7 × 1015 Hz). In addition to improving the quality factor
further by strain engineering, it is also possible to improve
it by choosing optimized variations of the material density.
For example, in the Supplemental Material we have
considered a sinelike variation of the material density by
which the quality factor is slightly improved. We have
also investigated the possibility of varying the size and
density of each phononic crystal cell, thereby creating a

nonuniform phononic crystal, which leads to further quality
factor improvements while also shrinking the size of the
device. An example of this is shown in Fig. 11 in
Appendix C. Further improvement is expected by optimiz-
ing the density variation using, for example, the math-
ematical framework of topology optimization.
The deployment of pillars for phononic engineering

mirrors previous techniques in photonic crystal engineering,
which enabled the creation of high-reflectivity surfaces, as
evidenced in trampolines and membranes [9,33]. Our
fabrication method is particularly amenable to seamlessly
integrating these features into the central defect region.
Significantly, computational simulations using the
Stanford stratified structure solver [34] reveal that a hex-
agonal configuration of pillars, characterized by a height of
300 nm, a periodicity of 1500 nm, and a radius of 400 nm,
achieves a predicted transmittance near 10−9. The actual
transmittance is expected to be orders of magnitude lower
due to solver limitations, fabrication-related imperfections,

FIG. 4. 2D strain engineering. Schematic representation of a
stoichiometric silicon nitride membrane optimized with strain
engineering. The central membrane, suspended via thicker
tethers, experiences enhanced, uniform tensile stress. To mitigate
undesired dissipative vibrations, the tethers are patterned using a
stress-modulated density phononic crystal design. This configu-
ration anticipates a quality factor of 3.5 × 109 at 2 MHz room
temperature, resulting in a (Qf) product of 7 × 1015 Hz).
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and the choice of material for the pillars. For instance,
nonstoichiometric silicon nitride, including the PECVD
variant used in this work, is known for exhibiting absorption.
Notably, this design does not compromise the device’s
intrinsic parameters like effective mass, quality factor, or
resonant frequency. Such a configuration offers a promising
pathway, enhancing optomechanical coupling and paving
the way for novel optomechanical experiments and
applications.
In conclusion, we proposed and demonstrated a new

method for phononic crystal engineering of micromechan-
ical and nanomechanical membranes that realizes acoustic
shielding and soft clamping, and that leaves a lot of
flexibility for parameter optimization and strain engineer-
ing. The fabricated devices exhibit quality factors as high a
9.1 × 108 at room temperature, and with further optimiza-
tion of pillar size [see Fig. 2(c)], pattern design [see Fig. 8(b)
in Supplemental Material], and strain engineering (see
Fig. 4), we anticipate quality factors approaching 1×1010

at room temperature. With such quality factors, it is possible
to bring the membrane into the quantum ground state at
room temperature via feedback cooling (possibly without
the use of a cavity) and to eventually prepare nonclassical
mechanical states such as squeezed and entangled states
with applications in quantum repeaters [35] and sensors.
Even more intriguingly, the high quality of our membranes
might eventually facilitate the preparation of quantum non-
Gaussian mechanical states through the interaction with
two-level systems such as defect centers in diamond [36] or
superconducting qubits [37], and the realization of quantum
transduction to coherently connect two disparate systems
with close to unity efficiency [38]. Finally, in the current
work, we have focused on the improvement of the quality
factor, and the Qf product, which is of high relevance for
many of the applications mentioned above. However, in a
future work, it would be interesting to optimize the Q=f
fraction for applications in atomic force microscopy or
optimize theQ ×m product (wherem is the effective mass)
as required for testing alternative models of quantum
mechanics.

II. METHODS

A. Simulations

The simulations of the membranes and nanopillars were
performed in COMSOL MULTIPHYSICS. The nanopillars were
simulated in full 3D for a single pillar using Floquet
periodic boundary conditions. The wave number was
defined as k ¼ 2πf

ffiffiffiffiffiffiffiffiffiffi
gρ=σ

p
(where σ is the tensile stress

and f is the frequency) and the damping was extracted in
postprocessing by integrating the strains over the entire
volume. The loss factor and other material parameters were
assumed constant and isotropic. Based on these results, the
membranes were modeled in 2D assuming a uniform
tensile stress distribution and by adjusting the material

density using ρ → ρðx; yÞ ¼ gðx; yÞρ. The losses in the
density-increased domains are scaled based on the chosen
pillar periodicity apil and pillar simulation results. The
quality factor Q ¼ 2πW=ΔW is then estimated in post-
processing using the kinetic energy,

W ¼ 2π2f2t
ZZ

ρðx; yÞu2ðx; yÞdxdy; ð2Þ

and dissipation via bending,

ΔW ¼ πEt3

12ð1 − ν2Þ
ZZ

ϕðx; yÞ

×

�
∂
2uðx; yÞ
∂x2

þ ∂
2uðx; yÞ
∂y2

�
2

dxdy; ð3Þ

where t, E, and ν are the thickness, Young’s modulus,
and Poisson’s ratio of the resonator material. uðx; yÞ is the
mode shape and ϕðx; yÞ is the effective loss angle of the
membrane, which is affected by the choice of material, its
thickness, and the presence of pillars.

B. Fabrication

Three different process flows have been developed to
fabricate the density phononic membranes. The simplest
and most used process flow is presented here, while more
in-depth details of all three different methods can be found
in Appendix E. Double-sided polished silicon wafers (of
500 μm thickness) were initially deposited with 20 nm
stoichiometric silicon nitride via low-pressure chemical
vapor deposition, followed by a layer of about 1000 nm
silicon nitride using plasma-enhanced chemical vapor
deposited. The pillar pattern was transferred onto a spin-
coated layer of photoresist via UV lithography followed by
reactive ion etching almost through the PECVD layer.
A script was developed to convert any desired nanopillar
pattern to a UV-lithography mask file (see Appendix D).
Another round of lithography and reactive ion etch was
performed on the back side to define the membrane
window. Finally, a short etch in buffered hydrofluoric acid
followed by an etch in potassium hydroxide ensured the
removal of the residual PECVD layer and release of the
membrane. The membranes were then cleaned in hydro-
chloric acid followed by sulfuric acid mixed with ammo-
nium persulfate and later dried in ethanol fumes.

C. Optical characterization

The phononic spectra as well as the Q factors are
measured using optical interferometry at 1550 nm. The
membrane under study is placed inside a vacuum chamber
with pressure <10−7 mbar and excited with a modulated
laser beam reflecting off its central part. Once excited, the
laser modulation is turned off, and the phase shift of the
reflected beam is measured as a function of time with a
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phase-locked homodyne detector. The signal is used to
record the phononic mode spectrum as well as the ampli-
tude decay of the phase modulation with specific examples
shown in Figs. 3(c) and 3(d).
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APPENDIX A: MASS ENGINEERING
OF A MEMBRANE

As discussed in the main text, the dissipation associated
with adding mass for enabling phononic crystal engineer-
ing can be mitigated by adding the mass in the form of an
array of nanopillars. In this appendix, we consider this
“dissipation-dilution” effect first for a 1D structure and then
for a 2D structure.
The 1D case works well for illustrating the core idea of

using mass engineering to define phononic crystals. The
speed of propagation in a string is defined by c ¼ ffiffiffiffiffiffiffiffi

σ=ρ
p

,
where σ and ρ are the string’s tensile stress and material
density, respectively. The latter must not be confused with
mass in general, since a thicker stringwill not lead to a slower
speed of propagation. The material density can be enhanced
by adding pillars [Fig. 5(a)] to the string. The pillars add the
mass needed but still preserve the low-stress-dominated
stiffness since the string can freely bend between the pillars.
The effective material ρeff density is then defined by

ρeff ¼ ρþ ρpil
hpil
t

dpil
apil

; ðA1Þ

where ρpil is thematerial density of the pillars themselves and
the other paramters are shown in Fig. 5(a).
In Fig. 5(b) we plot the frequency and the quality factor

of the string as a function of the number of pillars (for a
fixed length of the string). We clearly see that as more
pillars are added in an ever finer mesh, the frequency of the
density enhanced string quickly approaches the same
frequency of a hypothetical string with enhanced material
density but without pillars (represented by the dashed line).
It is also clear that the introduction of pillars adds additional
bending losses at the base [as illustrated in Fig. 5(c)]
leading to a lower quality factor of the string. However,
fortunately, this loss contribution can be diluted out by
defining an even finer mesh of pillars, and thus for a large
number of very small pillars the pillar-patterned string will
be almost indistinguishable from a hypothetical string
without pillars but with enhanced material density.
We now move on to the more interesting case of two-

dimensional membranes. For optimal performance of a
membrane under high tensile stress using phononic crystals
based on mass engineering, the pillars should be patterned
as tightly as possible. Naturally, a hexagonal pattern
consisting of circular pillars is a good candidate for this,
as this allows the pillars to be placed with a high density
and the circular shape is among the easiest geometries to
fabricate. From Fig. 1(b) the effective material density is
then given by

ρeff ¼ ρþ ρpil
π

ffiffiffi
3

p

6

hpil
t

d2pil
a2pil

; ðA2Þ

where t is the thickness of the membrane itself and ρpil is
the material density of the pillars. The above is derived
considering the mass contribution from a single pillar and
then comparing to the mass contribution from the mem-
brane in a single hexagonal cell. Assuming the same
material is used leads to the solution shown in Eq. (1).
As a next step we will consider the distribution of the

material density, that is, the phononic crystal pattern. If one
assumes a membrane with no holes or features etched into
it, the stress will be completely uniform. Far away from any
boundaries the physics will then be completely described
by a simple isotropic wave equation of the form [39]

T 0∇2uðx; yÞ þm00ðx; yÞ ∂
2uðx; yÞ
∂t2

¼ peðx; yÞ; ðA3Þ

where uðx; yÞ is the out-of-plane displacement of the
membrane at point ðx; yÞ, T 0 ¼ tσ is the tensile force per
unit length with σ being the tensile stress of the membrane,
m00ðx; yÞ ¼ tρeffðx; yÞ is the mass per unit area of the
membrane, and peðx; y; Þ is some external pressure distri-
bution. Fromamathematical point of view it is very similar to

von Mises [arb. units]

FIG. 5. Illustration of the core design concept for density
phononic. (a) A subsection of a string embedded with pillars.
(b) Eigenfrequency and quality factor of a simply supported
silicon nitride string versus number of pillars uniformly spread
along the string. The dashed lines are the solution for a normal
string where ρ → ρeff . Plotted for L ¼ 700 μm, t ¼ 50 nm,
σ ¼ 1.2 GPa, dpil ¼ apil=2 and ρeff ¼ 5ρ. (c) Highlight of the
added bending losses introduced by pillars.
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FIG. 6. Examined effective density distributions for two uni-
form phononic crystals investigated in this study.

optical waves, and thus our system’s design is a mechanical
analog to the commonphotonic crystal designs.A commonly
seen pattern design with good band gap properties is a binary
distribution of circular shaped air domains placed on a
hexagonal pattern in a dielectric material [40]. The circles
represent high phase-velocity domains whereas the sur-
rounding domains are slow phase-velocity. To limit the
amount of mass getting added to the membrane, an inverted
adaptation of this distribution was studied as well as a softer
sinelike distribution to demonstrate the flexibility of this
scheme and compare the effects. Both of these are shown in
Fig. 6. The binary distribution is defined as

gbin;0ðx; yÞ ¼
�
gmax − 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
≤ αw

2
aph

0 otherwise;

gbinðx; yÞ ¼ 1þ gbin;0ðx; yÞ þ gbin;0

�
x −

aph
2

; y −
ffiffiffi
3

p
aph
2

�
þ gbin;0

�
xþ aph

2
; y −

ffiffiffi
3

p
aph
2

�

þ gbin;0

�
x −

aph
2

; yþ
ffiffiffi
3

p
aph
2

�
þ gbin;0

�
xþ aph

2
; yþ

ffiffiffi
3

p
aph
2

�
;

for −
aph
2

≤ x ≤
aph
2

and −
ffiffiffi
3

p
aph
2

≤ y ≤
ffiffiffi
3

p
aph
2

gbinðx; yÞ ¼ gbinðx − naph; y −m
ffiffiffi
3

p
aphÞ;

fn;mg ¼ 0;�1;�2;…; ðA4Þ

and similarly for the sinelike distribution,

gsin;0ðx; yÞ ¼
gmax − 1

2

�
1þ cos

�
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
αwaph

��

for
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

q
≤
αw
2
aph; ðA5Þ

with gsinðx; yÞ defined in the same manner as gbinðx; yÞ. The
effective density is then given by ρeffðx; yÞ ¼ ρ × giðx; yÞ,
where i ¼ fbin; sing.
Both of these distributions have a few degrees of

freedom. When ignoring the pillars these are the maximum
relative effective density gmax, the relative distribution
width αw, and the phononic crystal periodicity aph. These
will be explored in Appendix B.

APPENDIX B: OPTIMIZING THE MASS
ENGINEERED PHONONIC CRYSTAL

How one eventually chooses to design the mass engi-
neered phononic crystal has a huge effect on how well any
modes confined to a defect will end up performing. Awide
band gap ensures an efficient isolation of the mode.

However, the distribution must also be designed to min-
imize additional design-induced losses. Finally, while a
large effective density contrast will generate a correspond-
ingly wide band gap, it is also increasingly difficult to
fabricate; thus the lowest possible contrast should be used.
All these factors were studied for the two proposed
distributions presented in Appendix A.
In Fig. 7, a range of parametric sweeps were conducted

for the binary effective density distribution. The phononic
periodicity aph was kept constant, as this simply scales the
band gap frequency. The remaining parameters are the
relative distribution width αw and the relative effective
density maximum gmax, which were swept across a mean-
ingful range. For the band gap width it is clear that as the
density contrast is increased, the band gap becomes wider
as one would expect. There is also clearly an optimum
distribution width defined at αw ≈ 0.4. However, at the
same time the quality factor of a mode passing through a
region of increasingly higher densities is reduced. This is a
direct consequence of the phase-velocity definition. Higher
densities lead to slower velocities and therefore shorter
wavelength. This in turn leads to sharper bending of the
mode shape and therefore higher losses. This compromise
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between band gap and losses is also seen for stress-based
phononic devices [41]. Moreover, the center frequency of
the band gap is redshifted as the mass of the phononic cell
increases, which is to be expected.
How does one then pick the optimal set of parameters

for a given density phononic distribution? For ultracoherent
resonators, the important figure of merit is the Q × fc
product, where fc is the center frequency. Since a
wide bandwidth is desirable, a proposed figure of
merit for choosing the optimum band gap design is
Q × fc × ðΔf=fcÞ ¼ Q × Δf. This is also shown in
Fig. 7, where a line of optimum solutions can be seen.
In fact, based on this definition no improvement of the
device can be seen for gmax ≥ 5. Above this range, the
added mass will reduce the quality factor and frequency at
the same rate as the band gap is enhanced. Going above
gmax ¼ 5 then introduces a compromise between strong
mode isolation versus high quality factor.
The same study was performed for the sinelike dis-

tribution and presented in Fig. 8. Overall, the same
conclusions can be drawn. The only significant difference
can be seen when comparing the Q × Δf products of the
two distributions. They converge to about the same
maximum value, but the sinelike distribution reaches this
plateau for a broader range of parameters, and it is
obtained for a slightly higher gmax just below 6. In general,
the sinelike distribution obtains slightly lower losses at
the cost of slightly worse band gap widths. The higher g
requirement also makes it slightly more difficult to
fabricate.

APPENDIX C: MEMBRANE DESIGNS
AND ANALYSIS

The subsequent phase of the design process involves
leveraging insights from the phononic crystal analysis to
formulate full-scale membrane designs. This appendix
introduces the developed membrane designs and delves
into the engineering of defects to properly confine a mode
of interest. A summary of the design types is provided in
Table I. The primary designs are the binary and sinusoidal
configurations, as elaborated in the main text. Yet, to
underscore the versatility of membrane design, we also
examine a nonuniform binary distribution.
All of the designs were engineered to have a defect-

confined mode at exactly 1.4 MHz at the center of the band
gap. The designs and characteristics are shown in Figs. 9
and 10 for the binary and sinelike design, respectively.
The density distribution for the binary design in Fig. 9(a)

illustrates how the defect can be implemented. The
enhanced density is removed at one of the cells. This
disturbance in the lattice is sufficient to confine an
eigenmode to the defect. However, the resonance frequency
of such a mode is not well centered within the band gap, but
instead it is near the lower end of the gap. In order to
guarantee maximum mode confinement, the resonance
frequency must be shifted to the center of the band gap.
This is easily achieved by manipulating the phononic cells
right next to the defect. By lowering their effective density
slightly, the effective mass of the defect-confined mode is
reduced, which results in a higher resonance frequency.
Alternatively, one can reduce the size of the high density
region of these cells.

FIG. 7. Study of the binary effective density distribution based
phononic crystal. White areas have no band gap defined. Quality
factor estimated by taking the mean of the estimated quality
factors of the mode just above and just below the band gap.
Simulated for h ¼ 20 nm, σ ¼ 1.1 GPa, an intrinsic quality
factor of 5860, and aph ¼ 253 μm.

FIG. 8. Study of the sinelike effective density distribution based
phononic crystal. White areas have no band gap defined. Quality
factor estimated by taking the mean of the estimated quality
factors of the mode just above and just below the band gap.
Simulated for h ¼ 20 nm, σ ¼ 1.1 GPa, an intrinsic quality
factor of 5860, and aph ¼ 260 μm.
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Simulations of the defect-confined mode are shown
Fig. 9(b) confirming the mode-confining behavior. The
band gap for this specific configuration was estimated and
shown in Fig. 9(c). An interesting difference between this
and what is typically seen for stress phononic band gaps is

the absence of fast-traveling in-plane modes within the band
gap. Stress-based phononic crystals only exhibit pseudo-
band gaps [18], whereas the mass engineered phononic
crystals exhibit a full band gap. It is known that in-plane
modes are unaffected by tensile stress, and therefore stress
modulating a membrane or string cannot ever create a band
gap for all types of vibrations simultaneously [32].
Conversely, a mass contrast works equally well on all types
of vibrations and is likely the reason for the full band gap.
The density distribution for the sinelike design in

Fig. 10(a) was designed and manipulated in the exact
same manner as for the binary design. The dispersion
diagram in Fig. 10(c) shows a somewhat narrower width of
the band gap. By comparing the defect-confined mode
shape in Fig. 10(b) with the binary design one can (with a
sharp eye) see the mode is slightly less confined for the
sinelike design.
In contrast to traditional designs, the nonuniform crystal

lacks a distinct dispersion relation, given its nonstandard
crystal configuration. The guiding principles behind this
design are to maximize mode confinement while keeping
the bending loss at a minimum. Since most of the
mechanical energy is confined around the central defect,
it is imperative to minimize damping in this vicinity. Hence
the first 1–2 cells should have cells containing only a
minimum amount of added mass, as shown in Table I. As
we move outward, where bending energy has substantially
diminished, there is leeway to amplify the relative density,
bolstering mode confinement without accruing significant
additional damping. This design paradigm enables the
creation of resonators with enhanced quality factors, yet
retaining a compact form. To achieve these parameters, the
relative density (g) and distribution (α_w) are optimized
separately for each hexagonal ring, targeting an optimal
(Qf) product. The boundary bending losses are multiplied
by 10 to promote mode-shape confinement far away from
the outer boundary. An example of one of the generated
designs is shown in Fig. 11(a).

FIG. 9. A study of density phononic membrane using the binary
design. (a) Relative effective density distribution near the defect
of an infinite membrane. (b) Mode shape of the defect-confined
mode at 1.4 MHz. (c) Dispersion relation of the chosen phononic
crystal design. The band gap is marked by a shaded region and
has a width of Δf ¼ 383 kHz.

FIG. 10. A study of density phononic membrane using the
sinelike design. (a) Relative effective density distribution near the
defect of an infinite membrane. (b) Mode shape of the defect-
confined mode at 1.4 MHz. (c) Dispersion relation of the chosen
phononic crystal design. The band gap is marked by a shaded
region and has a width of Δf ¼ 286 kHz.

TABLE I. Summary of the phononic crystal designs explored in
this study. For multiple listed values as v1;…; vn⊺, each value
corresponds to a hexagonal ring of cells radiating outward from the
central defect: v1 corresponds to the first ring, v2 to the second, and
so on, with vn denoting the remaining cells on the membrane.

Design type αw aph g

Binary 0.4 198.8 μm f3.9
5.0g

Sinelike 0.7 204.3 μm f3.6
5.0g

Nonuniform, Nph ¼ 2 f0.23
0.33g 178.5 μm f34.9

58.5g
Nonuniform, Nph ¼ 3

8<
:

0.46
0.23
0.44

9=
;

178.5 μm (
2.9
25.5
24.0

)

Nonuniform, Nph ¼ 4
8>><
>>:

0.62
0.28
0.46
0.47

9>>=
>>;

178.5 μm (
2.6
16.5
22.2

)

Nonuniform, Nph ¼ 5
8>><
>>:

0.57
0.36
0.53
0.55

9>>=
>>;

178.5 μm (
2.6
8.6
15.9

)

Nonuniform, Nph ¼ 6
8>><
>>:

0.57
0.36
0.37
0.38

9>>=
>>;

178.5 μm (
2.9
10.6
18.1

)

Nonuniform, Nph ¼ 7
8>><
>>:

0.59
0.53
0.39
0.39

9>>=
>>;

178.5 μm (
2.8
3.9
7.7

)
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A critical parameter yet to be addressed is the number of
phononic crystal cells required for effective mode confine-
ment, denoted as Nph. This count largely depends on the
damping mechanism. For intrinsic losses, adding more
crystal cells is essential until bending losses at the clamping
points are negligible. Losses due to coupling with the
surrounding substrate were not considered. A numerical
investigation was conducted to estimate the optimal cell
count. The study assumed a hexagonal window, aligning
naturally with the lattice, as depicted in Fig. 11(a). The
outcomes for both resonator types are presented in
Fig. 11(b).

Simulations reveal that the subtle band gap width
variation between the binary and sinelike designs
influences the requisite number of phononic crystal cells.
The binary design necessitates a minimum of Nph ¼ 7
cells, while the sinelike design requires approximately
Nph ¼ 9. This seemingly minor disparity can significantly
impact fabrication yield, as larger membranes correlate
with increased fabrication challenges. Nonetheless, beyond
these cell counts, the sinelike design is projected to exhibit
a marginally superior quality factor, a conclusion consistent
with earlier phononic crystal analyses. The showcased
results epitomize the upper predicted threshold achievable
with pillars crafted at a finely detailed mesh resolution.
Observing the nonuniform crystal designs underscores
the feasibility of crafting more compact structures with
enhanced quality factors. Exploring other noncrystal
designs, potentially employing topology optimization,
offers a promising prospect for further advancements in
performance or size reduction.

APPENDIX D: DENSITY DISTRIBUTION
TO PILLAR LAYOUT CONVERSIONS

A convenient feature of using pillars to alter the effective
density of the material is that any density distribution can
be used and approximated by a sufficiently fine mesh of
pillars. A script was written in MATLAB and used on the
layout editor CleWin to convert any effective density
distribution. The approximated converted layouts for both
designs will be presented and discussed.

FIG. 11. Evaluating the influence of the number of phononic
crystal cells Nph on the intrinsic quality factor. (a) Representative
model of a nonuniform crystal design with Nph ¼ 4. (b) Projected
quality factors, based on parameters h ¼ 20 nm, σ ¼ 1.1 GPa, and
an intrinsic quality factor of 5860. All designs function around
1.4MHz.Pillar-induced lossesarenot considered in this assessment.

FIG. 12. Effective density distribution (blue background) to pillar layout (red circles) conversions for the binary design for different
pillar periodicities apil. The bottom row are phononic cell layouts with reduced effective density which are placed next to the defect.
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To simplify fabrication and the mask layout, all pillars
were fabricated with the same diameter, height, and
resolution on a hexagonal grid. The pillar diameter is set
to half the periodicity, dpil=2apil. With these parameters
fixed the only way to modulate the effective density is by
omitting pillars at certain hexagonal coordinates depending
on the density defined. This discretization method is
naturally an approximation that depends on the resolution
of pillars: A finer pillar mesh resolutions will result in a
better approximation of the effective density distribution
being converted. In all cases, the total added mass matches
the original distribution gðx; yÞ as closely as possible.
The simplest distribution to convert is the binary distri-

bution shown in Fig. 12 for pillar periodicities used in
fabrication. Finer resolutions are of course possible, but for
normal UV lithography 1 μm features are about the smallest
structures which can be fabricated reliably. The top row
represents the regular pillar distributions of the cells for
different pillars size, while the bottom row illustrates the
results of the cells with reduced effective density, by means
of missing pillars. The corresponding layout for the more
complicated sinelike distribution is shown in Fig. 13. The
continuous density distribution is approximated by a high
density of pillars in the center which gradually become less
dense away from the center. Here it is clear that a finer mesh
resolution does a significantly better job at replicating the
sinelike distribution.
In the current work, we have fabricated and experimen-

tally characterized the binary distribution design. The
fabrication procedure is discussed in Appendix E, and

the experimental characterization procedure and results are
presented in the main text.

APPENDIX E: FABRICATION

Three distinctive fabrication processes for these devices
have evolved over time, all employing 500 μm double-
sided polished Si wafers. These processes are comprehen-
sively detailed below and visualized in Fig. 14.

1. Process flow 1: Initial successful approach

This method marked our first successful batches, and the
majority of subsequent results draw from this foundational
work. The fabrication begins with the coating of wafers
with a 20 nm layer of stoichiometric silicon nitride
using low-pressure chemical vapor deposition (LPCVD).
Following this, an additional 1000 nm layer of silicon
nitride is applied using plasma-enhanced chemical vapor
deposition. To form the pillar pattern, a spin-coated photo-
resist layer undergoes UV lithography and is then almost
completely etched through the PECVD layer with reactive
ion etching (RIE). The back side of the wafer is then
detailed with another round of lithography and RIE to
define the membrane window. A brief exposure to buffered
hydrofluoric acid (BHF) is applied next. The process
concludes with a potassium hydroxide (KOH) treatment,
effectively removing any lingering PECVD layer and
releasing the membrane. Following this, the membranes
are cleaned using hydrochloric acid, treated with a

FIG. 13. Effective density distribution (blue background) to pillar layout (red circles) conversions for the sinelike design for different
pillar periodicities apil. The bottom row are phononic cell layouts with reduced effective density which are placed next to the defect.
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combination of sulfuric acid and ammonium persulfate, and
finally dried in ethanol fumes.

2. Process flow 2: Refined approach

To enhance the etching precision of the pillars, we revised
the previous method and implemented it in subsequent
samples. The initial phase involves depositing a 20 nm layer
of stoichiometric silicon nitride, amorphous silicon, and
tetraethoxysilane-based silicon oxide onto the wafers using
the LPCVD technique. Here, the amorphous silicon layer
serves a dual purpose: acting as a lift-off mask to eliminate
unwanted pillars, and the oxide layer is specially designed as
a KOH-resistant mask for this amorphous silicon layer.
In the subsequent stage, the design for the back side

membrane window’s KOH etch mask is mapped onto a
spin-coated photoresist layer. This is achieved through UV
lithography, followed by an RIE that penetrates the silicon

nitride layer. Afterward, the resist is dissolved using an
oxygen plasma. To further refine the design, another round
of lithography is executed on the wafer’s top side to
establish the lift-off pattern. This is succeeded by RIE
targeting the oxide layer. Once this is done, the resist is
removed with oxygen plasma, and a brief KOH etching is
employed to clear away any exposed segments of the
amorphous silicon layer. A rapid BHF etch subsequently
ensures the removal of the oxide layer.
Next is a series of PECVDsteps.A thin base layer of high-

frequency deposited silicon nitride followed by low-fre-
quency deposited silicon nitride. The high-frequency layer
etches much faster than the low-frequency layer in BHF and
KOH. This contrast makes it possible to easily remove the
residual layer on the membrane while still preserving most
of the mass of the pillars. The depositions continue with
silicon oxide, amorphous silicon, and silicon nitride. The
silicon layer here acts as a hard mask in the following RIE
step. The silicon oxide layer should not be needed, but it
seems to improve the amorphous Si deposition result. The
silicon nitride layer thickness is engineered to minimize UV
reflection in the following lithography step.
A final round of top side lithography for the pillar pattern

is performed. When transferring the pillar pattern to the
photoresist layer, each phononic cell is defined larger than
desired, so the pillar mesh pattern extends into the
amorphous silicon layer. Since the exposure dose (and
therefore pillar diameter) is lower for the outermost pillars,
these are unwanted. By extending the pattern this way,
these bad pillars can easily be removed during the back side
KOH etch step later in a lift-off fashion.
To wrap up the process, the pillar design is replicated

onto the silicon nitride layers via RIE, after which the
photoresist is eradicated using oxygen plasma. In the final
phase, the wafers are treated with KOH, thoroughly
cleaned, and then dried, mirroring the procedures of our
initial method.

3. Process flow 3: Pillars as nails

The inherent limitation of the earlier two methodologies
arises from the pitch of the pillar mesh. This pitch is
restricted due to the isotropic KOH etching of the pillars
during the final stages. Achieving offsets for submicron
diameters becomes increasingly challenging. A novel
method to address this is by etching holes through the
membrane layer, subsequently filling them with Si-rich
silicon nitride using an LPCVD technique. Owing to its
almost infinite selectivity to KOH and the standard RIE
processes’ capability to etch minuscule holes, this tech-
nique offers superior control over the pillars’ dimensions.
This means fabricating a more refined mesh of pillars well
within the submicron range becomes feasible.
Initially, wafers are treated with a 20 nm layer of

stoichiometric silicon nitride, succeeded by 250 nm amor-
phous silicon through LPCVD processes. Following this,

FIG. 14. Illustrations of the three different process flows
developed over time for fabricating the devices. The MF SiN,
HF SiN, and LF SiN refer to PECVD processes of silicon nitride
using mixed-frequency, high-frequency, and low-frequency
deposition plasma, respectively. See main text for more details
on each step. Note that none of the illustrations reflect real
dimensions or patterns.
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the pillar design is projected onto a spin-coated photoresist
layer using UV lithography, which is then developed and
subjected to RIE. It is crucial that the etching permeates at
least the silicon nitride layer since the depth directly affects
each pillar’s added mass. Once the resist is removed with
oxygen plasma, the wafers undergo a brief BHF etch, and
subsequently, a short KOH etch at ambient temperature.
This results in a slight expansion of the holes’ diameter
both beneath and above the silicon nitride layer, a factor
that becomes evident later on. The wafers are then cleaned
with an RCA clean procedure and treated with a substantial
700 nm layer of Si-rich silicon nitride via LPCVD.
Subsequently, any superfluous Si-rich silicon nitride is
eliminated from both wafer sides through an unmasked RIE
procedure, utilizing the amorphous silicon layer as an etch
stop. A subsequent round of lithography and reactive ion
etching is conducted on the back side to delineate the
membrane window. To conclude, the wafers are treated
with KOH, purified, and dried in a manner akin to the
original process flow.
The culmination of these processes is membranes

adorned with nail-like pillars piercing through them. The
unique feature of these “nails” is their secure placement
owing to the slightly wider diameters above and below the
membrane, in contrast to the hole diameter defined by the
preliminary RIE step. This methodology boasts a yield of
approximately 37% (181 out of 488) for membranes with a
side length of 4 mm andNph ¼ 8 cells insulating the central
defect. The pillars produced are consistently well defined,
as illustrated in Fig. 15. Furthermore, integrating this
approach with the nonuniform crystal design is straight-
forward. By selectively exposing and etching the holes of
specific phononic crystal cells sequentially, regions with
varied relative densities g can be crafted.
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