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The Composite Insertion Electrode 
Theoretical Part. Equilibrium in the Insertion Compound and Linear Potential Dependence 

S. A t l u n g , *  B. Z a c h a u - C h r i s t i a n s e n ,  K. W e s t ,  and T.  Jacobsen*  

Fysisk-Kemisk Institut, The Technical University of Denmark, DK 2800 Lyngby, Denmark 

ABSTRACT 

The specific energy obtainable by discharge of porous insertion electrodes is limited by electrolyte depletion in the 
pores. This can be overcome using a solid ion conductor as electrolyte. The term "composite" is used to distinguish 
these electrodes from porous electrodes with liquid electrolyte. The theoretical basis for such electrodes is discussed 
and, using a simplified model, equations are derived to describe the distribution of potential and current during 
discharge/charge operation. Under the assumption that the insertion compound particles are small enough to ensure 
equilibrium, and that the local electrode potential depends linearly on the degree of insertion, these equations are solved 
to obtain analytical expressions for the discharge curve. It is shown that the parameters which determine the discharge 
behavior for a given discharge current are simply related to the effective ionic and electronic conductivities, the thick- 
ness of the electrode, the volume fractions, and the slope of the potential curve. 

From a specific energy point of view, batteries with in- 
sertion electrodes have the advantage that the overall cell 
process 

n M +  H ---> HMn [1] 

only includes a minimum of components,  and no changes 
in overall electrolytic composition. 

The reaction at the positive electrode 

~M + + ~e- + HM~ ~ HM~+~ [2] 

is a topochemical  reaction where the monovalent  cation 
M + is inserted in the "host compound," H. 8 is an 
infinitesimal increment in the degree of insertion x and 
the compound HMx, for x ~< n, forms a single phase. 

Hence Eq. [2] can take place in both directions with a 
min imum of structural changes. This should make it pos- 
sible to design secondary batteries with long cycle life. Li 
is the metal most used for this type of batteries, but Eq. 
[2] is known to occur with Na + (1), K~ (2), and Ag + (3) as 
well. 

Many insertion compounds are known primarily from 
the groups of dichalcogenides (4), but lately also oxides, 
in particular, vanadium oxides, have been studied (5). 

Based on the Li/TiS~ couple, practical battery investiga- 
tions have shown (6-8) that a specific energy in the range 
of 100-150 Wh/kg is a realistic goal for moderate tempera- 
ture batteries. This can be compared with the 50-60 Wh/kg 
goal for advanced lead acid systems. 

The limitations met with in the design of insertion com- 
pound batteries originate primarily from the low mobility 
of the M § cation in the electrolytes used (9). Alkali metal 
anodes dictate the use of nonaqueous electrolytes, either 
organic solvents with a M salt (10), or solid ionic conduc- 
tors (7). 

The dynamics of insertion cathodes.--Equatipn [2] is 
basically a solid-state reaction, whose rate is controlled by 
diffusion of M + into the insertion compound particle. This 
type of electrode kinetics has been discussed in relation 
to battery performance in earlier papers (11, 12). It was 
concluded that insertion cathodes should be made with 
small particles arranged in a porous structure in order to 
obtain acceptable specific energies at heavy loads. In a 
porous electrode, the utilization of the active materials de- 
pends on the transport in the active particles, electrode 
porosity and thickness, and electrolyte properties. By 
choosing small enough cathode particles, the influence 
of transport in these can be eliminated without impairing 
the packing density (11). For example, in the case of the 
Li/TiSe system, a particle size smaller than 1-2/~m ensures 
that even for 2-4h loads, the Li concentration in the 
particles is practically uniform. 

The impedance for the interracial charge transfer reac- 
tion can be assumed negligible for insertion reactions (13) 
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and, accordingly, reaction [2], under these circumstances, 
proceeds close to equilibrium. Hence, the obtainable ma- 
terial utilization in the porous cathode is limited by trans- 
port phenomena in the electrolyte in the pores. 

These problems were discussed in a previous publica- 
tion (14), where it was concluded that the utilization of a 
porous cathode, designed for maximum energy density, 
was limited by local depletion of electrolyte salt in the 
cathode. This depletion occurs when the local transfer 
current consumes more M + ions than the amount  sup- 
plied by diffusion and migration. In Ref. (12) it was indi- 
cated that the electrolyte depletion was a consequence of 
the transport of the anion and could be delayed or sup- 
pressed if the anion mobility was low enough. Thus, a low 
anion and a high cation mobility should be beneficial for 
material utilization. However, one might fear that the cor- 
responding decrease in conductivity and the appearance 
of "diffusion potentials" would offset the gain. 

A quantitative study was undertaken in Ref. (14) from 
which Fig. 1 is reproduced. It is obvious from this figure 
that the electrode performance is dramatically improved 
by decreasing anion mobility to a low value, regardless of 
the increase in electrolyte resistance. This points to the 
use of solid ion conductors with only one ionic species 
mobile as electrolytes in "porous" electrodes. To indicate 
the difference between electrodes with liquid electrolytes 
and solid electrolytes, the term "composite electrodes" is 
coined to describe these "all solid-state" electrodes. 

Composi te  Electrodes 
In experiments with solid ionic conductors it has been 

the practice to mix the electrode substance with electro- 
lyte powder (15). So far no discussion of this procedure 
and the expected advantages is found in the literature. 
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Fig. 1. Calculated discharge curves for porous electrode with liquid 

electrolyte. Cationic mobility kept constant, different values of t 
(a, b, c). a = 0.8, b = O. 1, and c = 0.01. For further details see Ref. (14). 
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For  revers ib le  batteries,  a compos i t e  e lec t rode  can 
hardly  be  imag ined  with  o ther  e lec t rode  sys tems than  in- 
ser t ion c o m p o u n d s  because  par t ic ipat ion of  e lec t ro ly te  
c o m p o u n d s  in the cell  reac t ion  would  des t roy  the  struc- 
ture. E v e n  with  inser t ion  c o m p o u n d s  the  v o l u m e  changes  
associa ted  with  charge  and discharge  migh t  cause  dif- 
ficulties. The  compos i te  e lec t rode  mus t  be  m a d e  by 
mix ing  powders  of  the  inser t ion  c o m p o u n d  and the  solid 
e lec t ro ly te  and consol ida t ing  this mix tu re  on a meta l  grid 
se rv ing  as current  collector.  

The  s t ructure  of a compos i te  e lec t rode  is shown in Fig. 
2. It  is essent ia l  that  the  inser t ion mater ia l  and the  electro- 
lyte  form two in t e rwoven  cont iguous  ne tworks  wi th  max- 
i m u m  contac t  area, and that  the  n u m b e r  of  voids  or isola- 
ted  par t ic les  is at a m i n i m u m .  The real izat ion of  such a 
s t ru tcure  is difficult; it can, however ,  be faci l i ta ted us ing  
a " sof t "  e lec t ro ly te  l ike LiI-AI~O~ (16) or  a small  a m o u n t  of  
po lymer ic  e lec t ro lyte  (17) to improve  the  contac t  be tween  
e lec t ro ly te  and e lec t rode  part icles  (18). 

The  compos i t e  e lec t rode  concep t  is an impera t ive  pre- 
requis i te  for the  cons t ruc t ion  of an all solid-state bat tery  
sys tem explo i t ing  the advantages  associa ted wi th  electro- 
lytes conduc t ing  only the  inser ted  ion. 

S u c h  a sys tem can be opera ted  at a modera te ly  in- 
c reased  tempera ture ,  100~176 In  the  first place, this 
improves  the  ra ther  low conduc t iv i ty  of solid e lec t ro ly tes  
at r o o m  tempera ture .  A s s u m i n g  an act ivat ion ene rgy  for 
ionic t ranspor t  of 0.3 eV, rais ing the  t empera tu re  f rom 25 ~ 
to 150~ will  improve  the bat tery  rate capabi l i ty  by a fac- 
tor  of  five. Also, the  rate of  the  inser t ion process  will  be  
i m p r o v e d  pe rmi t t ing  use  of  less "ac t ive"  inser t ion  com- 
pounds  or larger  particles.  

Opera t ion  of  organic  e lec t ro lyte  bat ter ies  at increased  
t empe ra tu r e  has unti l  now not  been  successful ly  demon-  
strated,  par t ly  f rom safety considerat ions ,  and part ly due  
to the  t endency  for solvent  in tercala t ion in layered  mate-  
rials. It is obvious  that  the  compos i t e  e lec t rode  should  be 
c o m b i n e d  wi th  a layer of  solid e lect rolyte  as a separator.  
The  mos t  p romis ing  e lec t ro lyte  materials ,  Li3N and LiI- 
A1203, are t he rmodynamica l l y  stable against  Li, and this, 
poss ib ly  in connec t ion  with  the  increased  tempera ture ,  
improves  the  cyclabi l i ty  of  the  Li e lec t rode  cons iderab ly  
(18). 

F r o m  a cons t ruc t ion  poin t  of view, the possibi l i ty  of  
s tack ing  a n u m b e r  of  cells to a high vol tage uni t  w i thou t  
serious c o n t a i n m e n t  p rob lems  should improve  overall  
specific energy.  Hence,  the  expec ted  advantages  associa- 
ted  wi th  the  compos i te  e lec t rode  concep t  warrants  a 
closer  s tudy  of  its theoret ical  and pract ical  aspects.  

Theoretical Treatment 
M o d e l  d e s c r i p t i o n . - - I t  is a s sumed  that  the  e lec t rode  is a 

flat pel le t  of  thickness ,  l, (Fig. 3). The  length  coord ina te  is 
z, wi th  z = 0 at the  current  collector.  The  e lec t rode  poten-  
tial, ec is measu red  at the  current  col lector  wi th  re ference  
to an e lec t rode  revers ib le  to M + placed at z = l. ~r is the  
Fe rmi  potent ia l  in the  e lec t ronical ly  conduc t ing  inser t ion  
c o m p o u n d  and ~b the  Galvani  potent ia l  in the  electrolyte.  
Hence  

~c = 7to -~,  [3] 

where  7to = 7r(z = 0) and 6~ = ~(z = l). 
Due  to the  equ iva lence  be tween  the  e lec t ro ly te  and in- 

ser t ion compound ,  it is natural  to use  the  m a c r o h o m o g e n -  
eous  m o d e l  as in t roduced  by N e w m a n  and Tobias  (19). 
Acco rd ing  to this model ,  each point  is associa ted wi th  lo- 
cal va lues  of  ~r, ~b, ionic cur ren t  density,  i~, and e lect ronic  
cur ren t  density,  i,.. The  e lec t rochemica l  react ion causes  a 
t ransfer  current ,  i t ,  measu red  per  uni t  v o l u m e  electrode.  
These  var iables  are all funct ions  of  posit ion,  z,  and t ime, t. 

We fur ther  ascr ibe an effect ive  e lect ronic  conduct iv i ty ,  
K~, and a co r respond ing  ionic conduct ivi ty ,  ~,, to the  elec- 
t rode  s t ruc ture  as such. These  quant i t ies  t h e n  inc lude  the  
effect  o f  to r tuos i ty  and v o l u m e  fract ion of  the  inser t ion  
and the  e lect rolyte  componen t s ,  respect ively.  Neg lec t ing  
v o l u m e  changes  due  to charge/discharge,  ~, can be con- 
s idered  cons tan t  in t ime  and space, w h e n  a t rue  solid 

Li  § 

• E l e c t r o l y t e  

N 
- - - - - " ' - ~  ~ - ' - - ' - - * ~ - - ~  Compound  

Fig. 2. Cemposite electrode concept (two dimensional) 

ionic conduc to r  is used. This  makes  all the  di f ference be- 
tween  the  t r ea tment  of  the  compos i t e  and .  the porous  
e lec t rode  with  l iquid  electrolyte,  where  compos i t ion  and 
conduc t ance  of the e lect rolyte  changes  wi th  t ime  and po- 
sition. 

For  s o m e  inser t ion compounds ,  the  e lect ronic  conduc-  
t ivi ty of  the  pure  substance,  Ke ~ can change cons iderab ly  
wi th  the  a m o u n t  of inser ted  ion. However ,  the  effect ive  
va lue  of  Ke in the e lec t rode  can be control led  by con- 
duc t ing  addi t ives  like graphite,  etc. 

In  the  following, K~ is cons idered  constant,  the  interfa- 
cial charge  t ransfer  is a s sumed  to be in equi l ibr ium,  and 
the local  concent ra t ion  of  inser ted  ion in each  inser t ion  
c o m p o u n d  part ic le  is uniform.  Also, electr ical  gradients  
pe rpend icu la r  to the Z-axis are a s sumed  negligible.  Un-  
der  these  assumpt ions ,  the t ranspor t  equa t ions  are 

d~ dlr 
ii = - K , ~ z  and  ~e = -Ke d--z [4] 

and the  conserva t ion  of  mass  and charge  requi res  

i t  = m and il + ie = i* [5] 
Oz 

i* is the  d ischarge/charge  current  dens i ty  (counted nega- 
t ive for cathodic,  i .e . ,  discharge  currents).  The  local  s ingle 
e lec t rode  potent ia l  is g iven as 

E = ~ - / )  [6] 

and Eq. [4]-[6] give the porous  e lec t rode  re la t ion (20) 

( 1  1) 02E S t + [7]  
0Z 2 K e 

with  the  boundary  condi t ions  for cons tan t  cur ren t  dis- 
charge  

z = O, i~ = i*; z = l, il = i*  [8] 

!"/',,~. Co mpos ire//"~/J.Y~, Sepa ra to r 
El ,t E e,t ol t  

12"~ /J ,  X t X e / / J ~ ,  ~/, ~ e fer e n c e 

. , / , ' , ' / / , ' ( , , / / /r  

,,/,'///y//A 
Fig. 3. Specification of composite electrode model 
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w h i c h  on  t he  s t r e n g t h  of  Eq. [4] and  [5] c an  b e  w r i t t e n  as 

z = O, ae/Oz = - i* /Ke  

[9] 

z = l,  ~ e l ~ z  = i*lKt 

T h e  i n s e r t i o n  e l e c t r o d e  p o t e n t i a l . - - I n  porous  a n d  com- 
pos i t e  i n s e r t i o n  e lec t rodes ,  t he  r eac t ion  is d i s t r i b u t e d  
t h r o u g h  the  e lect rode,  m a i n l y  as a r e su l t  of t h e  c h a n g e  in  
po t en t i a l  a s soc ia t ed  w i t h  t he  c h a n g e  in  t he  local  deg ree  of 
i n s e r t i o n  c a u s e d  by  the  d i s c h a r g e / c h a r g e  process .  A char-  
ac te r i s t ic  for i n s e r t i o n  c o m p o u n d s  is t h a t  t he i r  equi l ib -  
r i u m  po t en t i a l  d e p e n d s  s t rong ly  on  t he  deg ree  of  inser-  
t ion.  One  e x a m p l e  of  th i s  d e p e n d e n c e  is t h e  r e l a t ion  
p r o p o s e d  b y  A r m a n d  (21) for T i S J L i  

�9 = 7r - r = �9 + R T I F ( l n [ ( 1  - X ) / X ]  - ~ X  - 0.5]) [10] 

w h e r e  X = x / n  is the  degree  of  inser t ion ,  f a n  " i n t e r a c t i o n  
p a r a m e t e r , "  a n d  e0 a s t a n d a r d  p o t e n t i a l  for t he  i n s e r t i o n  
c o m p o u n d / e l e c t r o l y t e  in  ques t ion .  

The  i n t e r a c t i o n  pa rame te r ,  f, e x p r e s s e s  a p p r o x i m a t e l y  
t he  effect  of t he  e lec t ros ta t i c  i n t e r ac t i ons  a s soc ia t ed  w i th  
the  i n s e r t i o n  p rocess  (23) a n d  d o m i n a t e s  the  d e p e n d e n c e  
of  t he  p o t e n t i a l  on  X. T he  typ ica l  r a n g e  for t he  l inea r  t e r ra  
is 10 < f < 20, e.g. ,  16 for TiS~. 

A r e l a t i on  of  the  fo rm Eq. [10] p r e s u m e s  t h a t  t he  inser-  
t i on  t akes  p lace  in  a m o n o p h a s i c  region.  If, for example ,  
n e w  p h a s e s  are f o r m e d  d u r i n g  inser t ion ,  t he  E MF c o m p o -  
s i t ion  r e l a t i on  will  e x h i b i t  p l a t eaus ,  a n d  re l a t ions  l ike Eq. 
[i0] are only valid within limited regions. 

In Fig. 4, we have depicted the TiS:/Li potential as mea- 
sured (29) and calculated from Eq. [i0]. In this case, it is 
obvious that a simple linear dependence 

�9 = e * - k X  [11] 

is a good  a p p r o x i m a t i o n .  A l t h o u g h  o the r  i n s e r t i o n  com-  
p o u n d s  m a y  show th i s  b e h a v i o r  on ly  in a l imi t ed  range ,  i t  
is be l i eved  t h a t  Eq. [11] b r i n g s  ou t  the  cha rac t e r i s t i c  fea- 
t u r e s  of i n s e r t i o n  e l ec t rodes  c o m p a r e d  w i t h  o the r  b a t t e r y  
e l ec t rodes  l ike HgO, AgC1, a n d  PbO2. 

T h e  w o r k i n g  p o t e n t i a l . - - T h e  w o r k i n g  p o t e n t i a l  is g iven  
b y  Eq. [3]. In  case of  a s ign i f ican t  c o n t r i b u t i o n  f rom the  
e l ec t ron ic  r e s i s t a n c e  in t he  i n s e r t i o n  c o m p o u n d  ne twork ,  
�9 c c a n n o t  b e  iden t i f i ed  w i th  t h e  local  e l ec t rode  p o t e n t i a l  

�9 1 a t  z = 1. M a n y  i n s e r t i o n  c o m p o u n d s  h a v e  a h i g h  elec- 
t ron ic  c o n d u c t a n c e  as, e.g. ,  TiS2, wh i l e  o the r  c o m p o u n d s  
i n t e r e s t i n g  f rom a ba t t e ry  po in t  of v iew s h o w  a r a t h e r  low 
e lec t ron ic  conduc t iv i ty ,  e .g . ,  some  of t he  v a n a d i u m  
oxides.  

Un t i l  n o w  t h e r e  still  r e m a i n s  some  u n c e r t a i n t y  as to t he  
in f luence  of e l ec t ron ic  res i s t iv i ty  on  b a t t e r y  pe r fo rm-  
ance,  a l t h o u g h  it was  a m a i n  topic  in  some  of the  first 
w o r k s  on  p o r o u s  e l ec t rodes  (24). 

The  fo l lowing  t r e a t m e n t  is qu i t e  genera l  a n d  b a s e d  on  
t h e  local  po ten t ia l s :  �9  = �9 = l) = ~rl - ~bl a n d  �9 = �9  = O) 
= 7to - q~o. F r o m  Eq. [3], we h a v e  

EC = qTo - -  (~1 : ~T1 - -  (~1 - -  (77"1 - -  T/'O) [12] 

a n d  f r o m  O h m s  law (Ke cons t an t )  

7q - zro = - i edz  [13] 

a n d  u s i n g  Eq. [4] a n d  [7] 

f l  ~K l  f z  0~�9 ie = i t d z  - [14] K~ + K] ~ d z  

P e r f o r m i n g  t he  i n t e g r a t i o n  a n d  u s i n g  t he  b o u n d a r y  con-  
d i t ions  in  Eq. [9] we ob ta in  

1 
�9 c = - -  (Keel + Kieo + li*) [15] 

KeKI 

At  th i s  s tage,  i t  is c o n v e n i e n t  to i n t r o d u c e  t he  pa r ame-  
ters  �9 t o a n d  ee ~ to exp re s s  t he  po t en t i a l  d i f f e rence  w h i c h  
w o u l d  deve lop  across  t he  e lec t rode ,  if  all t h e  c u r r e n t  
p a s s e d  t h r o u g h  the  tonica l ly  c o n d u c t i n g  n e t w o r k  or t he  
e lec t ron ica l ly  c o n d u c t i n g  ne twork ,  r e spec t ive ly  

�9 t ~ = - i * l / K t ;  �9 ~ = - i * l / K ~  [16] 

As it  wil l  a p p e a r  later,  t h e s e  two p a r a m e t e r s  a n d  k deter -  
m i n e  t he  b e h a v i o r  of t he  e l ec t rode  over  the  en t i r e  dis- 
c h a r g e  range.  Wi th  t h e s e  �9 can  be  w r i t t e n  as 

Et 0 " � 9  � 9  0 ' 60 � 9  O ' ~e  0 
~c - - -  + [17] 

�9 t ~ J r  Ee ~ El  ~ J r  � 9  ~ El ~ -F Ee ~ 

T h e  ra t io  fl = �9176 o = K1/K~ e x p r e s s e s  t he  i n f l uence  of  in- 
c r ea s ing  t h e  e lec t ron ic  r e s i s t a n c e  for  a f ixed v a l u e  of  t he  
ionic  res i s tance .  Us ing  fl, we  get  

105 

100 i 

s 

90 
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7 0  - 
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Fig. 4. Insertion electrode potential. (1) measured Ref. (29), (2) ap- 
proximation according to Eq. [10], and (3) linear approximation ( �9  = 
2.49V,  k = 0.67V).  
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M a t h e m a t i c a l  t r e a t m e n t . - - I t  is cha rac t e r i s t i c  for po- 
rous  a n d  c o m p o s i t e  e l ec t rodes  t h a t  t he  t r a n s p o r t  in  t he  
two p h a s e s  is c o u p l e d  t h r o u g h  the  local  e l ec t rode  po ten-  
t ial  �9 = 7r - 6. As �9 is g iven  b y  t he  local  va lue  of X, w h i c h  
d e p e n d s  on  the  local  degree  of d i scharge ,  the  t i m e  de- 
p e n d e n c e  of the  e l ec t rode  b e h a v i o r  is i n t r o d u c e d .  If, as 
a s s u m e d ,  t he  i n s e r t i o n  c o m p o u n d  par t ic les  are in  equi l ib-  
r ium,  t h e n  

0X it 
- [19] 

at F v c  ~ 

w h e r e  c o is t h e  s a t u r a t i o n  c o n c e n t r a t i o n  (x = n) a n d  v is 
t he  v o l u m e  f rac t ion  of  i n s e r t i o n  c o m p o u n d ,  C o m b i n i n g  
th i s  w i t h  Eq. [7] a n d  [16], we get  

~ X  i* l  a2�9 

at - Fvc~ ~ + et ~ 0z ~ [20] 

For  c o n v e n i e n c e ,  d i m e n s i o n l e s s  va r i ab le s  a n d  g r o u p s  
are  i n t roduced .  Fo r  a b a t t e r y  d i s cha rge  at  c o n s t a n t  cur- 
rent ,  t h e  obv ious  t ime  un i t  is the  t i m e  n e e d e d  to dis- 
cha rge  the  b a t t e r y  comple te ly .  At  e q u i l i b r i u m  c o n d i t i o n s  
th i s  is 

r ,  = - F l v c ~  * [21] 

k e e p i n g  in  m i n d  t h a t  ca thod ic  c u r r e n t s  are nega t ive ,  rD is 
t he  " s t o i c h i o m e t r i c "  d i s cha rge  t i m e  a n d  can  b e  cons id-  
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e red  a m e a s u r e  of t he  i n t e n s i t y  of  t he  d i scharge .  Equ iva -  
l en t  t e r m i n o l o g y  is u sed  in t he  ba t t e r y  i ndus t ry ,  e.g.,  a "5h  
load ."  T h e  d i m e n s i o n l e s s  t i m e  

T = t i t  D = - t i * / F l v c "  [22] 

is t h e n  i den t i ca l  to  t h e  deg ree  of  d i scharge .  
I n t r o d u c i n g  d i m e n s i o n l e s s  l eng th ,  Z, a n d  potent ia l ,  E 

Z = z/1; Ej m = Fe~m/RT; a n d  K = F k / R T  [23] 

t r a n s f o r m s  Eq. [20] and  [9] in to  

aX 1 a2E 
[24] 

~T E : '  + E~" ~Z 2 

Z = O, ~E/OZ = EJ'; Z = 1, OE/oZ = - E : '  

w h e r e  

F212vc,, 
Ej . . . .  (j = e,l) [25] 

RTZDrj 

a n d  t he  p o t e n t i a l  r e la t ion  in Eq. [10] in to  

E = E ~ + ln[(1 - X ) / X  - f ( X  - 0.5)] [26] 

a n d  Eq. [11] 

E = E* - K X  [27] 

Equations [24] and [26] or a corresponding potential re- 
lation form two simple nonlinear simultaneous second- 
order differential equations from which E or X can be 
found as functions of T and Z by well-known numerical 
methods. Here we will use the linear relation in Eq. [27] to 
obtain an analytical solution. Equations [24] and [27] give 

0X K 0X 2 
[28] 

aT - E~ ~ + Ee ~ OZ ~ 

T o g e t h e r  w i t h  t he  b o u n d a r y  c o n d i t i o n s  in  Eq. [24], th i s  
r e l a t i on  s h o w s  t h a t  t he  d i s cha rge  in  a c o m p o s i t e  e l ec t rode  
p r o c e e d s  in  t he  s a m e  way  as d i f fus ion  ( acco rd ing  to F i cks  
s e c o n d  law) in a b o u n d e d  d o m a i n  0 =< Z <_- 1 w i t h  c o n s t a n t  
f lux a t  t he  two bounda r i e s .  

In  t h e  d i m e n s i o n l e s s  u n i t s  u s e d  above ,  t he  q u a n t i t y  
K/(E~ ~ + Ee'9 is e q u i v a l e n t  to a d i f fus ion  coeff ic ient  w h i c h  
in d i m e n s i o n e d  un i t s  is 

k 
Dc = [29] 

To d e s c r i b e  t he  d i s cha rge  cha rac t e r i s t i c s  of  the  e l ec t rode  
at  t he  g iven  load  a " load  factor ,"  Lc, is i n t r o d u e e d  

rc El ~ + Ee ~ 
Lc - - -  - (1 + f l )EI~ 

v D K 

- + [30] 
k 

w h e r e  Zc is t he  t i m e  c o n s t a n t  for t he  e lec t rode :  12/Dc2 
T h e  so lu t i on  of  Eq.  [28] c an  b e  o b t a i n e d  b y  c o m b i n i n g  so- 
l u t i ons  for  t he  e q u i v a l e n t  hea t  c o n d u c t i o n  p h e n o m e n a  
(25) as d i s c u s s e d  in  t he  A p p e n d i x .  

The  two so lu t ions  b e l o w  are w r i t t e n  u s i n g  Lc a n d  E~ ~ = 
/3 - E~ ~ to d e m o n s t r a t e  t he  i n f l uence  of  a d d i t i o n a l  elec- 
t ron ic  r e s i s t a n c e  

X = T + E I ~  f l Z + f i  1 
- -  - -  - - - -  - -  4 -  

K 3 6 

s 

[fl cos nTrZ - cos n~r(1 - Z)] l [31] 

a n d  ~ 

Kn Ref. (11), the reciprocal of Lc was used, called Q. 
2ierfc is the first integral of the erfc function. See Ref. (25). 

El" X/T .~ [ 2 n + l + Z  2 n + l - Z  
X = 2 - -  ~_~([ierf + ierfc 

K Lc 2 \ / T / L c  2 ~ / T / L c  

2n  + Z 2n  + 2 -  Z]  
+ fl(ierfc - -  + ierfc | [32] 

2 ~ / T / L c  2x /T- /Lc  j 

T h e s e  r e l a t ions  are  m o s t  c o n v e n i e n t l y  t r e a t ed  b y  cons id-  
e r ing  " l o n g  t i m e "  a n d  " s h o r t  t i m e "  b e h a v i o r  separa te ly .  
To o b t a i n  a n  a c c e p t a b l e  b a t t e r y  capaci ty ,  Lc s h o u l d  be  
less t h a n  one. For  T > Lc/3, t h e  s u m  of  e x p o n e n t i a l s  in  Eq. 
[31] van i shes ,  g iv ing  t he  long  t i m e  a p p r o x i m a t i o n  

E,~ ( l + fl Z2 + f lZ  + fl 1 )  
X = W + ~ -  2 ~ - -  -~- [33] 

This  c o n c e n t r a t i o n  profi le  is a p a r a b o l a  w i t h  m i n i m u m  
v a l u e  at  Z = ill(1 + [3). The  va lues  of X at  t h e  b a c k  a n d  
f ron t  are 

Z = 0, X,, = T + (2fl - 1)EI~ 

[34] 

Z = 1, X~ = T + (2 - fl)EI~ 

U s i n g  Eq. [18] a n d  [11], t he  d i m e n s i o n l e s s  w o r k i n g  po ten-  
t ial  is f o u n d  as 

E~. = E *  - K T  - ( E j  ~ + E~~ 
[35] 

= E* - K T  - (1 + fl)El~ 

For  " s h o r t  t ime,"  a n  a p p r o x i m a t i o n  can  be  o b t a i n e d  
f rom Eq.  [32] o b s e r v i n g  tha t ,  for  sma l l  va lues  of  T / L c ,  all 
t e r m s  e x c e p t  t h o s e  w i th  n = 0 in the  s u m m a t i o n s  van i sh ,  
(ierfc 1.5 < 0.01). Also, for Z nea r  zero, on ly  t he  t e r m  w i t h  
ierfc (Z /2~ /T /Lc) ,  and  for Z nea r  one, on ly  ierfc 
((1 - Z ) / 2 V T / L c )  r emains .  Hence ,  t h e  s h o r t  t i m e  approx i -  
m a t i o n  is 

Elo_ / - -T  [ i e r f e  1 - Z  Z X = 2 \ / - - ~  + fl ierfc - - j [ 3 6 ]  
K u 

Lc 2 ~ / T / L c  2 ~ / T / L c  / 

showing that the profile is composed of two semi- 
infinite diffusion profiles starting from Z = l and Z = 0, 
respectively. They both travel inward and at Z = fi/(l + fi) 
they meet, building up the parabola given by Eq. [33]. 
The values of X at the back and front of the electrode are 
[ierfc(0) = i/~/~] 

4 flE~ ~ T 
Z =  0, X o = 2 ~ - -  1rLc 

E1 ~ [ T [37] 
z:l,x,:z -v 

T h e n  u s i n g  Eq. [11] and  [18], t he  d i m e n s i o n l e s s  w o r k i n g  
p o t e n t i a l  is 

2 1 +fi~ fl 
Ec = E* ~/KEI  ~  T -  El ~ [38] 

(I +/~)~:~ 1 + 3 

This relation demonstrates the ~ dependence, typically 
for semi-infinite diffusion, but it also contains a constant 
term for t = 0 which is largest for El ~ = E~ ~ (fl = i). 

Equations [35] and [38] are asymptotic solutions for T --> 
and T --> 0, but they are both very good approximations 

over a large range. Equating dEc/dT from these two ex- 
pressions, a transition point is found for 

Tt = [ 1 +f12 ]2 Lc (1 + fl2)2 ElO [39] 
k(1 +fi )2J  lr (1 +fi)~ ~rK 

and,  at  t h i s  point ,  t he  t rue  va lue  for Ec dev ia te s  less  t h a n  
0.01(Ee ~ + E1 ~ f rom the  va lues  ca l cu la t ed  f rom Eq. [35] a n d  
[38]. Thus ,  t h e s e  two  re la t ions  cover  t he  r a n g e  0 < T < 1 - 
Lc/3 w i t h  a suff ic ient  p r ec i s i on  for  all p rac t i ca l  p u r p o s e s .  

The  l ow  p o t e n t i a l  r e g i o n . - - P h y s i c a l l y ,  X c a n  n e v e r  ex- 
ceed  1, and,  thus ,  Eq. [35] or [38] are on ly  va l id  for T < T~t, 
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w h e r e  %~t is found  by  equa t ing  X to 1 in Eq. [34] or [37]. 
For  pract ica l  bat ter ies ,  a ut i l izat ion of more  t h a n  50% is 
usual ly  r equ i r ed  and  hence ,  only  the  use  of Eq. [34] is rel- 
evant .  F r o m  this,  T~a is 

E1 ~ 
/3 ~ 1 ,  r s a t  = i - -  ( 2  - -  /3) ~ - K  = i 

E] ~ 
/3 => i, T~., = i - (2/3 - i) ~-K = i 

2 +fl)l~ Lc 
6(1 [40] 

2/3 - 1 
Lc 

6(1 + fl) 

For /3  = 0 and/3  -+ 0% T s a t  is 1 - Lc/3, and  for/3 = 1, Tsat is 
1 - Lc/12. At  T~t the  inse r t ion  c o m p o u n d  b e c o m e s  satura-  
t ed  e i ther  at the  surface (for/3 < 1) or at the  cu r r en t  col- 
lec tor  (/3 > 1). For  /3 = 1, the  sa tura t ion  occurs  s imulta-  
neous ly  at the  surface and  at the  cur ren t  collector.  

However ,  the  d i scharge  of  the  inner  par ts  of the  elec- 
t rode  can con t inue  for T > Tsa t. For/3 < 1, due  to t he  t rans-  
por t  of  M + in t he  ionic c o n d u c t i n g  n e t w o r k  to the  non-  
sa tu ra t ed  inne r  par ts ,  and  for /3 > 1, c o r r e s p o n d i n g l y  
t h r o u g h  t r a n s p o r t  of  e lec t rons  in the  e lec t ronic  con- 
duc t ing  n e t w o r k  of  (saturated) inse r t ion  c o m p o u n d .  In  
th is  way  the  e lec t rode  can, in priflciple, be  d i s cha rged  to 
100% util ization. 

This  par t  of the  d i scharge  is charac te r ized  by  a b o u n d -  
ary b e t w e e n  the  sa tura ted  and  still act ive par t  of the  elec- 
t rode;  the  b o u n d a r y  m o v i n g  i nwards  for/3 < 1. F r o m  this  
b o u n d a r y  on, the  e lec t rode  reac t ion  p roceeds  as usual  
and  Eq. [24] will apply.  However ,  the  b o u n d a r y  cond i t i on  
d E / d Z  = - E l  ~ shou ld  n o w  be appl ied  to the  m o v i n g  
b o u n d a r y  b e t w e e n  the  sa tura ted  and  the  act ive par t  of  the  
e lec t rode.  For /3  > 1, sa tura t ion  starts  at the  cu r ren t  col- 
lector.  The total  cu r ren t  is n o w  carr ied by the  e lec t ronic  
c o n d u c t i n g  n e t w o r k  to the  boundary ,  w h i c h  is n o w  mov-  
ing fo rward  bu t  still sub jec t ed  to the  b o u n d a r y  cond i t ion  
d E / d Z  = E~ ~ For  /3 = 1, two  bounda r i e s  s tar t ing at each  
e n d  m o v e  agains t  each  other.  In Fig. 5, we  have  d ep i c t ed  
the  d e v e l o p m e n t  of  concen t r a t ion  profiles in the  elec- 
t rode  wi th  T for d i f fe rent  charac ter i s t ic  va lues  of  ft. 

A s imple  analyt ical  so lu t ion  of Eq. [24] wi th  mo v i n g  
b o u n d a r y  cond i t ions  has not  b e e n  found.  However ,  an ap- 
p r o x i m a t e  solut ion for the  pos i t ion  of  t he  b o u n d a r y  can 
be  found  if one  a s sumes  tha t  the  shape  of the  concen t ra -  
t ion profile r ema ins  parabol ic  as for T < T~ a. This  ap- 
pears  r ea sonab le  w h e n  1 - Tsat i s  small. 

The analyt ical  solut ions  are only  s imple  for E~ ~ or E~ ~ = 
0 or in the  symmet r i ca l  case E~ ~ = El ~ Fo r /3  = 0 let the  
b o u n d a r y  b e t w e e n  the  outer  sa tura ted  and the  inner  a c -  

X p = O  

0 , , , I Z  o 
o . 2  . 4  .6 .8 1 

X 
1 

. 5  

F~ = o,5 

J J i 

. 2  . 4  . 6  . 8  

,4=1 
i X 

N i i i l 

. 2  . 4  . 6  . 8  

X /3 =1.5 

[ 
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. 2  . 4  . 6  . 8  1 

Fig. 5. Calculated concentration profiles in composite electrode. Dif- 
ferent values of/3 = KI/K~ as indicated. E~~ kept constant. Counted 
from lowest value ofX, T = 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.95, and 
0.98. 

t ive reg ion  be at Z = Z*. Then,  us ing  the  b o u n d a r y  condi-  
t ions  at Z = 0 and  Z = Z* and  the  a s s u m p t i o n  abou t  a par- 
abolic shape ,  the  concen t r a t ion  profile (0 <= Z =< Z*) is 
found  to be  

X Et~ Z2 El~ ~ 
- 2 K Z *  2-K z~ + 1 [41] 

As the  total  in se r t ed  a m o u n t  is T, Z* can be found  f rom 

F T = X d Z  + 1 - Z* [42] 

resu l t ing  in 

Z* = ~/3K(1 - T)/E] ~ [43] 

For /3  = 1 (E, ~ = ElO), we have  two boundar ies ,  Zj* and  
Zz*, symmet r i ca l  abou t  Z = 1/2. With the  same p r o c e d u r e  
as above,  we  get 

Z~* = 1/2 + ~/3K(1 - T)/2E~ ~ 
[44] 

Z~* = V2 - X/3K(1 - T)/2E] ~ 

At the  boundar ies ,  the  local e lec t rode  po ten t ia l  accord-  
ing to Eq. [11] is E* - K. If  Ee ~ = 0, we get  the  work ing  po- 
tent ia l  d i rec t ly  as 

Ec = E* - K - E,~ - Z*) [45] 

A n d  for Ee ~ = E, ~ (/3 = 1) 

E~ = E* - K - E~ - Z*) - ,z2 rrdZ [46] 
JZi," 

In se r t i ng  Eq. [43] in [45] and  Eq. [44] in [46] and  
eva lua t ing  the  integral  as for Eq. [18], we  get  as a c o m m o n  
resul t  

E~. = E* - K - Et~ - X/3K(1 - T)I(/3 + 1)E~ ~ [47] 

val id  for/3 = 0 and  1. 
The final work ing  potent ia l  at T = 1 is t hus  e s t ima ted  as 

E~.(T = 1) = E* - K - E ~ [48] 

w h e r e  E ~ is El ~ for/3 _< 1 or E~ ~ for/3 -> 1. 

Discussion 

The  bas ic  Eq. [28] d e m o n s t r a t e s  tha t  in t he  reg ion  
w h e r e  X < 1 the  compos i t e  e lec t rode  b eh av es  l ike a non-  
p o ro u s  inser t ion  electrode.  The ap p a ren t  d i f fus ion  coeffi- 
c ient  d ep en d s ,  accord ing  to Eq. [29], on the  s lope  of  the  
EMF curve,  on the  conduct iv i t ies ,  and  on the  specific ca- 
pac i ty  (c ~ �9 v) of  the  e lect rode.  

Us ing  available data for the  TiSJLi3N combina t ion ,  3 a 
va lue  of  D~. ~ 10 -5 cm z s -1 is ob t a ined  at 170~ This  rela- 
t ively h igh  value allows cons t ruc t i on  of  ba t te r ies  wi th  a 
h igh  mater ia ls  ut i l izat ion and  a good pack ing  dens i ty  
even  at heavy  loads. 4 

To i l lustrate  this  further ,  the  d i scharge  curve,  i.e., the  
w o rk i n g  voltage,  ec, as a func t ion  of degree  of d i scharge ,  
T, can be ca lcula ted  for an e lec t rode  wi th  k n o w n  values  
of  k, e, ~ ee", and  e*. This can be d o n e  us ing  Eq. [38], [35], 
and  [47], success ively ,  obse rv ing  tha t  the  d i scha rge  curve  
can be d iv ided  in th ree  regions:  the  X/T region,  t he  l inear  
part,  and  the  low potent ia l  reg ion  charac te r ized  by  a 
"/1 - T d e p e n d e n c e .  The t rans i t ion  po in t s  b e t w e e n  these  
reg ions  as given by Eq. [39] and  [40] are d e t e r m i n e d  by 
the  load factor  Lc def ined  in Eq. [30]. The case e, ~ > >  e~ ~ 
(/3 = 0) is of cons ide rab le  pract ical  in te res t  and  m a y  serve  
as an i l lustrat ion of  the  charac ter i s t ic  course  of  t he  dis- 
charge  curve.  Us ing  d i m e n s i o n e d  uni t s  (k = R T K / F ,  Lc = 
e~~ the  th ree  reg ions  can be  desc r ibed  thus  

3Co = 0.026 mol cm -3, K = 22, K~ >> K, ~ 2.5 �9 10 -~ tl-' cm-'  at 
170~ v = 0.5. 

4 It has been experimentally shown that although the TiSdLi.~N 
combination is thermodynamically unstable, it is kinetically sta- 
ble. Batteries with TiSJLi3N composite electrodes have been cy- 
cled more than 500 times (30). 
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T < Lc/~'; 100  

2 
Ec = ~* - -  X/EI ~ k " T 

L c h r  < T < 1 - L c / 3 ;  [49] 

ec = e* - e~~ - k"  T 9 0  

1 - L c / 3  < T <  1; 

ec = e* - k - el ~ (1 - ~/3k(1 - T)/el ~ It 

In  Fig. 6, d i s cha rge  c u r v e s  for Lc = 1 a n d  d i f f e ren t  I---- 
c o m b i n a t i o n s  of  k a n d  e~ ~ are  dep ic ted .  The  effect  of  a n  f '~  
a d d i t i o n a l  e lec t ron ic  r e s i s t a n c e  (fl > 0) is i l l u s t r a t ed  in  ~ 8 0 
Fig. 7. C o n t r a r y  to the  case  for fl = 0, t h e r e  is a c c o r d i n g  to IAJ 
Eq.  [38] a n  in i t ia l  o h m i c  vo l t age  drop:  e~~ + f l) .  In  a com-  
p le te  ba t t e ry ,  t h i s  will  b e  o b s e r v e d  in a d d i t i o n  to  t h e  vol- 
t age  d rop  across  t he  s epa ra to r  e lectrolyte .  T he  ~/T pa r t  of  
t he  c u r v e  is f l a t tened  due  to t h e  fac tor  (1 + f12)/(1 + fl)3/~ in 
Eq. [38] (= 0.7 for  fl = 1). T he  l inea r  pa r t  is f u r t h e r  de- 
p r e s s e d  b y  Ce~ b u t  t he  h n e a r  r a n g e  is e x t e n d e d  at t h e  ex- 7(] 
p e n s e  of  t h e  x/T a n d  t h e  ~/1 - T regions ,  de l ay ing  t h e  ap- 
p e a r a n c e  of  t h e  m o r e  s lop ing  las t  pa r t  of  t h e  d i scha rge .  
The  e n d - p o i n t  vo l t age  (T = 1) is, howeve r ,  t he  s a m e  as for 
f l  = 0 c f .  in  EQ. [48]. 

I n  genera l ,  t he  cou r se  a n d  pos i t i on  of  t he  d i s c h a r g e  
c u r v e  are d e t e r m i n e d  by  k a n d  e*, cha rac t e r i s t i c  for  t h e  in- 
s e r t i on  c o m p o u n d ,  a n d  b y  t h e  q u a n t i t i e s  e, ~ a n d  ee ~ w h i c h  
b e s i d e s  t h e  e l ec t ron ic  a n d  ionic  conduc t i v i t i e s  K~ a n d  K,, 
c o m b i n e  t he  in f luence  of  t he  d i s c h a r g e  cu r r en t ,  t h e  
t h i c k n e s s  o f  t he  e lec t rode ,  a n d  t h e  v o l u m e  f r ac t ion  a n d  
s a t u r a t i o n  c o n c e n t r a t i o n  of  the  i n s e r t i o n  c o m p o u n d .  

e* a n d  k are t h e r m o d y n a m i c  q u a n t i t i e s  g iven  b y  t he  
aff in i ty  of  t he  c a t h o d e  r eac t i on  in  Eq. [2]. k in  p a r t i c u l a r  
d e p e n d s  on  t h e  i n t e r a c t i o n s  a s soc ia t ed  w i t h  t he  i n s e r t i o n  
reac t ion .  T h e  e0's as g iven  b y  Eq.  [16] c o n t a i n  t h e  ef fec t ive  
c o n d u c t i v i t i e s  K~ a n d  K,. T he  m a g n i t u d e s  of  t h e s e  are criti-  
cal  for  t he  b a t t e r y  p e r f o r m a n c e .  I t  s h o u l d  be  rea l ized  t h a t  
t h e s e  c o n d u c t i v i t i e s  are e f fec t ive  va lues ,  i n c l u d i n g  t he  ef- 
fects  of  v o l u m e  fract ion,  to r tuos i ty ,  c o n t a c t  r e s i s t a n c e  be- 
t w e e n  par t ic les ,  a n d  vo ids  in  t he  e lec t rode .  All  t h i s  adds  
u p  to a c o n s i d e r a b l e  r e d u c t i o n  in  t he  e f fec t ive  
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Fig. 7. Calculated discharge curves demonstrating the effect of elec- 
tronic resistance. Parameters as indicated. 

c o n d u c t i v i t i e s  c o m p a r e d  w i t h  t h o s e  of  t he  p u r e  sub-  
s tances .  

As t h e  e lec t ro ly te  a n d  i n s e r t i o n  c o m p o u n d  pa r t i c l e s  ac t  
as n o n c o n d u c t i n g  d i l uen t s  for  e ach  other ,  s o m e  g u i d a n c e  
as to t he  m a g n i t u d e s  of  t he  e f fec t ive  va lues  c a n  be  ob- 
t a i n e d  f rom the  s t u d y  of  c o n d u c t i v i t i e s  of  h e t e r o g e n e o u s  
s y s t e m s  as ca r r i ed  ou t  b y  M e r e d i t h  a n d  Tob ia s  (26) a n d  
l a t e r  d i s c u s s e d  b y  N e w m a n  a n d  T i e d e m a n n  (27). Accord-  
ing  to t h e s e  au thors ,  K, a n d  Ke can  b e  e s t i m a t e d  f rom t h e  
v o l u m e  f rac t ions  a n d  t h e  c o n d u c t i v i t i e s  of  t he  p u r e  sub-  
s t ances  K, ~ a n d  Ke ~ by  t he  re la t ions  

Kj/~ ~ = (i  - v)% K~/K~ ~ = V ~ [50] 

w h e r e  t he  e x p o n e n t  ~ ha s  a va lue  in t he  r a n g e  1.5 < ~ < 
2.5. U s i n g  Eq. [50], ee ~ a n d  e, ~ c an  be  w r i t t e n  as 

12CoV l 
- - - -  - - -  �9 i *  

Et ~ = F 7,K1o( 1 _ v) ~ K,o( 1 _ v) ~ 

a n d  [51] 
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Fig. 6. Calculated discharge curves. Ke > >  Kl ' (1)El ~ = 16, K = 16: 
(2) El ~  6; (3) El ~  16, K = 24; and (4) E] ~  = 2 4 .  
Transition points indicated by arrows. 
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F r o m  these  re la t ions ,  it c an  be  e s t i m a t e d  h o w  the  dif- 
f e r en t  d e s i g n  p a r a m e t e r s  a n d  the  d i s c h a r g e  r e g i m e  
in f luence  t h e  cou r se  of  t he  d i s c h a r g e  cu rve  a n d  thus ,  t he  
o b t a i n a b l e  ma te r i a l s  ut i l izat ion.  For  example ,  for differ- 
en t  loads  i t  is obv ious  t h a t  t he  ra t io  12/rD s h o u l d  r e m a i n  
c o n s t a n t  for a g iven  e l ec t rode  c o m p o s i t i o n  in  o rde r  no t  to 
c h a n g e  t he  d i s c h a r g e  behav ior .  

Due  to t h e  u n c e r t a i n t y  p r e s e n t  in  e s t i m a t e s  of  t he  effec- 
t ive  conduc t iv i t i e s ,  i t  is ce r t a in ly  a safer  a p p r o a c h  to con-  
s ider  t he  ef fec t ive  K's as p h e n o m e n o l o g i c a l  p a r a m e t e r s  
cha rac t e r i s t i c  for a g iven  e l ec t rode  c o m p o s i t i o n ,  g ra in  
size, a n d  f ab r i c a t i on  t e c h n i q u e ,  a n d  to m e a s u r e  t h e m  di- 
rec t ly  on  a s a m p l e  e lec t rode .  

Th i s  c an  be  d o n e  u s i n g  b l o c k i n g  e l ec t rodes  for M § ions  
a n d  e lec t rons ,  respec t ive ly ,  c o n s i d e r i n g  t he  c o m p o s i t e  as 
a m i x e d  c o n d u c t o r ,  a n d  u s i n g  t he  m e t h o d s  d i scussed ,  
e . g , ,  b y  R icke r t  (28). I t  is i m p o r t a n t  in  t h e s e  m e a s u r e -  
m e n t s  to obse rve  t he  r e q u i r e m e n t  of  e l e c t r o c h e m i c a l  
e q u i l i b r i u m  b e t w e e n  t he  i n s e r t i o n  c o m p o u n d  a n d  t he  
e lect rolyte .  
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Alternat ively,  es t imates  of  e~ ~ + e," and k can be found 
f rom the  d ischarge  curves  w h e n  the current  is chosen  low 
enough  to al low d e v e l o p m e n t  of  the l inear region. In  
these  cases, k is the  slope of the  l inear part, whi le  the  po- 
si t ion of  the  discharge curve  (corrected for the  potent ia l  
d i f ference across the  separator) according to Eq. [35] or 
[49] al lows de te rmina t ion  of  e~ ~ + e~ ~ for a g iven current .  In 
cases Kr > >  K~ (fl = 0), the potent ia l  d i f ference across the  
separator  can be found from the  ins tan taneous  vol tage 
t rans ient  w h e n  swi tching  the  cur ren t  on or off. 

As m e n t i o n e d  above, a c o n s e q u e n c e  of  the  immobi l i ty  
of the  compensa t ing  charges in the  e lect rolyte  is the  pos- 
sibility to d ischarge  the compos i t e  e lec t rode  unti l  T = 1, 
as d iscussed  in the der ivat ion  of  Eq. [47]. However ,  the 
predic t ions  which  can be m a d e  for this part  of the dis- 
charge  are less precise than  the  predic t ions  for the square  
root  and l inear regions. First  it mus t  be  real ized that  the 
a s sumpt ion  about  a l inear po ten t ia l /compos i t ion  relat ion 
has l imi ted  validity. For  X > 0.95, a relat ion l ike Eq. [10] is 
a be t ter  app rox ima t ion  to the  potent ia l  dependence ,  thus  
caus ing  a s teeper  s lope of  the  d ischarge  curve  and a lower  
end-poin t  voltage.  Also for that  part  of the  discharge,  
where  only a small  part  of  the  e lec t rode  is active, the  as- 
sumpt ions  about  equ i l ib r ium in the  inser t ion c o m p o u n d  
part icles  and on the  surface of  these  cannot  be main- 
ta ined because  of  the high final local current  transfer�9 
For  T > 0.95 the  inf luence of  these  l imita t ions  m u s t  be 
s tud ied  us ing  a numer ica l  t e c h n i q u e  as d i scussed  in our  
prev ious  paper  (14). 

Conclusion 
The discharge  behavior  of  a compos i te  e lec t rode  con- 

ta ining a finely d iv ided  inser t ion e lec t rode  mater ia l  can 
be adequa te ly  descr ibed  by the  ionic and e lect ronic  con- 
duct iv i t ies  of the  compos i te  and the slope of the 
EMF/compos i t i on  curve  for the  inser t ion compound .  

Using  reasonable  approximat ions ,  the course  of the  dis- 
charge curve  for a given e lect rode can be calcula ted ana- 
lyt ical ly for a specif ied cons tan t  current  load. D u e  to the  
immobi l i ty  of  the  compensa t ing  charges  in the  solid elec- 
trolyte, theory  predicts  that  a materials  ut i l izat ion near  
100% can be obta ined to an acceptable  d ischarge  end 
point. 

The possibi l i ty  of  real izing these  advantages  depends  
on the  availabil i ty of  a good solid ion conduc to r  for the  in- 
ser ted ion�9 The fulf i l lment  of  this r e q u i r e m e n t  is facili- 
ta ted by the  possibi l i ty  of opera t ing  this type  of  e lec t rode  
at a modera te ly  increased tempera ture .  

Technological ly ,  the real izat ion of the  compos i t e  elec- 
t rode  concep t  requires  the d e v e l o p m e n t  of  a fabr icat ion 
t echn ique  which  results  in a s t ructure  consis t ing of  two 
con t iguous  ne tworks  of  e lect rolyte  and inser t ion  com- 
pounds  in in t imate  contact.  

Manuscr ip t  submi t t ed  Feb. 24, 1983; revised  manusc r ip t  
r ece ived  Aug. 26, 1983. 

A P P E N D I X  

The heat  conduc t ion  p rob lem (25) 

0 - < x - < l , V = 0 f o r t  = 0  

a V d V  F o 
- -  = 0 for X O; 
d x  d x  K 

a V  a2V K 

at K dx2,  K pc  

has (loc.cit.) the  solutions 

V = A T  �9 t /1  + A ( x 2 / 2 l  - I/6 

and 

=- A f o r  x = I 

2 
- ~ - ~ - ~  (-1)---~ ~nz e x p [ - n 2 v P T t / I z ]  

[A-l] 

cos nTrx/l) 

V = 2 A ~ / T t  ierfc (2n + 1)_l + x 
o 2~/Tt 

+ ierfc (2n + 1)l__- x )  [A-2] 
2X/Tt 

Equa t ions  [24] and [28] can be wri t ten  

U =  U(Z,T) 0 - < Z - <  1 ;U(Z ,0 )=  0 

O U / d Z  = ~,,  Z = 0; OU/OZ = ~2, Z = 1 

OU 02U 
- T [ A - 3 ]  

a T  OZ 2 

Let  R = R(r ,  T) and S = S ( s ,T )  be def ined by 

a R  O2R aS  asS 

a - - T = T  Or ~, aT ~ as 2 

S = R = 0 ,  T = 0 ;  s = l  - r  

a R / a r  = 0 ,  r =  0; o R ~ O r =  - a ~ , r =  1 [A-4] 

a S / a s  = O, s = O; a S / a s  = a2, s = 1 

Then,  U = R + S is a solut ion to [A-3]. F r o m  Eq. [A-l], for l 
= l, x=-  r =  l - Z ,  a n d A = - a ,  

R = -a ,TT 

Z ~ 2 
- ~ , ( 1 / 3  - Z -~ . . . .  

2 r 2 

And  f o r x - = s = Z , A  = a s  

[ n 2 

exp [ -n2~TT]  cos n~r(1 - Z)I)  

( 2 [ ( -1)  n 
S = a ~ T T + a s  Z ~ / 2 -  1 / 6 - ~ - ~  L n ~ 

exp[-n27r2TT] cos nTrZ])  

l ead ing  to 

U = (a~ - a~)TT + ( ~  - a , )Z2/2 

+ ~ , Z  - ~1 /3  - o~2/6 [ A - 5 ]  

2 ( - 1 ) n  , 2 2 
- ~ ~ T t e x p [ - n  7r TT][a2cos nrrZ  - alcos ~r(1 - Z)]) 

or us ing  Eq. [A-2] 

_[ 2n+1 ) 
U = 2X/TT a2 | i e r fc  __  + ierfc - - 

\ 2~/TT 2VTT . 

~ ( 2 n  + Z 2 n + 2 - Z ) ]  
__  + ierfc [A-6] - a ,  o ierfc 2~/TT 2~/#-'~ J 

Inser t ing  T = K / ( E e  ~ + El ~ = 1/Lr  and ~, = - E e ~  = 
- f iE~~  as = EI~  in Eq. [A-5] and [A-6] gives Eq. [31] and 
[32]. 
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L I S T  OF S Y M B O L S  
saturat ion concen t ra t ion  of  inser ted  ion in inser- 
t ion c o m p o u n d  
in terac t ion  paramete r  in Eq. [10] 
overal l  d ischarge/charge  current  dens i ty  
local e lectronic  current  dens i ty  
local ionic current  dens i ty  
t ransfer  current  per  uni t  e lec t rode  v o l u m e  
s lope of  l inearized Eq. [11] 
th ickness  of  compos i t e  e lec t rode  
a m o u n t  of M + in HMx at saturat ion and also varia- 
ble in Eq. [31] and [32] 
d ischarge/charge  t ime, t ime  coordina te  
a m o u n t  of  M in HMx 
v o l u m e  fract ion of  inser t ion c o m p o u n d  
leng th  coordinate  0 <- z -< l 
apparen t  chemica l  diffusion coeff ic ient  for M + in 
compos i te  
inser t ion  c o m p o u n d  
inser ted  ion 
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T in RT/F, Kelvin temperature 

Dimensionless Variables and  Groups 
E dimensionless potential, Ej m = ej m F/RT (for signi- 

ficance of superscripts and subscripts see e.) 
K k .  F /RT 
Lc load factor, ~c/rD 
X degree of insertion, X = x / n  
T degree of discharge, T = t/7D 
Z length coordinate, Z = z/l  
Z* boundary between saturated and active part of 

electrode 

Greek Letters 

a exponent  in Eq. [50] 
/3 ratio of ionic to electronic conductance and also fi 

= EeO]E1 o 

�9 insertion compound electrode potential, �9 = 1r - cb 
eo standard potential in Eq. [10]. 
Co, el  �9 a t  back and front of electrode, respectively 
�9 c working potential of electrode 
e* electrode potential before discharge 
�9 e o - i * .  like 
el 0 --i*" 1/~: 1 
(b Galvani potential in electrolyte 
Ke, KI effective electronic, ionic conductivities in com- 

posite (bulk values) 
Ke ~ K~ ~ electronic, ionic conductivities of insertion com- 

pound and solid electrolyte 
Fermi potential in insertion compound (Tr = - ~ J F )  

rc time constant for composite electrode = 12/Dc 
rD stoichiometric discharge time = - F  �9 v �9 c o �9 I/i* 
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Technical 
i 

Notes 

Rare Earth-Activated Niobates 

W. A. McAIlister 
North A m e r i c a n  Phi l ips  L ight ing  Corporation,  Bloomfield, N e w  Jersey 07003 

Alkaline earth niobate phosphors were described some 
t ime ago (1, 2), the best materials being calcium and cad- 
mium niobates (Ca(Cd)Nb2Os) emitting in the blue and 
having the columbite structure. Other niobates with in- 
trinsic blue emission are based on the fergusonite struc- 
ture (3), e.g., yttrium niobate (YNbO4), and have been 
shown to be good hosts for activation by other rare 
earths. Energy is transferred from host to activator giving, 
in the case of Eu +3, emission largely that of the latter spe- 
cies. Since there were no reports of a similar role for the 
calcium or cadmium niobates, we have investigated the 
luminescence characteristics of these materials, their 

*Electrochemical Society Active Member. 

solid solutions, and rare earth activated materials derived 
therefrom. 

Experimental 
Phosphors were prepared by reacting SL grade calcium 

carbonate (GTE) and cadmium oxide (99.99% American 
Metals and Chemicals) with optical grade Kawecki- 
Berylco niobium pentoxide; rare earths, when present, 
were 99.99% Molycorp oxides. Firing was in air or nitro- 
gen (Tb-activated materials only) for 2h at 1100~176 
the higher temperature being required for high calcium 
[>50 m/o (mol percent)] members  of the series. A slight 
excess of Nb205 was also required in these latter formula- 
tions to suppress formation of the Ca2Nb207 structure (4). 
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