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Abstract

Any attracting, hyperbolic and proper node of a two-dimensional analytic
vector-field has a unique strong-stable manifold. This manifold is analytic. The
corresponding weak-stable manifolds are, on the other hand, not unique, but in
the nonresonant case there is a unique weak-stable manifold that is analytic. As
the system approaches a saddle-node (under parameter variation), a sequence
of resonances (of increasing order) occur. In this paper, we give a detailed
description of the analytic weak-stable manifolds during this process. In par-
ticular, we relate a ‘flapping-mechanism’, corresponding to a dramatic change
of the position of the analytic weak-stable manifold as the parameter passes
through the infinitely many resonances, to the lack of analyticity of the centre
manifold at the saddle-node. Our work is motivated and inspired by the work
of Merle, Raphaél, Rodnianski, and Szeftel, where this flapping mechanism is
the crucial ingredient in the construction of C°°-smooth self-similar solutions
of the compressible Euler equations.
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1. Introduction

In this paper, we consider the following analytic normal form (based upon [19, theorem 2.2])
for the unfolding of a planar saddle-node bifurcation:

x=(x—¢€)x,

§= 3 (1 a0 + 2 (1) W
with g¢(x,y) = O(x?,x%y,xy*), see theorem 3.1 below. Here it is important to emphasise that
this formulation of the unfolding of the saddle-node is only valid on the singularity side of
the saddle-node; this means that the unfolding parameter € > O is treated nonnegative only. In
particular, the functions a¢ and g¢ depend analytically on the unfolding parameter € € [0, ),
€0 > 0. For € € (0,¢), there is a saddle at (e, O(e?)) and a node at the origin, see figure 1. It
is well-known that the saddle’s stable and unstable manifolds, W* and W*, are analytic. The
linearisation of the node has eigenvalues —e and — 1. It is therefore resonant for e ~! € N. When
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Figure 1. Phaseportrait of (1) for 0 < e < 1, ¢! ¢ N, with a hyperbolic saddle at
(€,0(¢*)) with stable and unstable manifolds (W* and W* in blue and red, respectively)
and a hyperbolic proper node at the origin. The node always has a unique strong-stable
manifold (W* in green) and in the nonresonant case (! ¢ N) a unique analytic weak-
stable manifold (W"* in magenta).

the node is nonresonant (e ~! ¢ N) it is known [7, theorem 2.15] that the node can be linearised
locally by an analytic change of coordinates to the form

X = —e€x

y=-y

7

2

Here x=0 is the strong-stable manifold W*, which is analytic. The invariant curves y =
c|x|571, ¢ # 0, tangent to the weak eigendirection at x =0, are all weak-stable invariant man-
ifolds with finite smoothness at x = 0. The set {y = 0} is therefore the unique analytic weak-
stable manifold W"* of (2). At a resonance e ! = N € N, the node can be brought into the
analytic normal form

x=-N"'x,

3

see [7, theorem 2.15]. All weak-stable manifolds of (3) take the graph form
y=x"c—bN:"log|x|, c€R,

and therefore have finite smoothness at the origin in the generic case b # 0. Specifically, there
is no analytic weak-stable manifold in this case. Note that this classification in the context of
the normal form (1) is (clearly) nonuniform with respect to € > 0.

For further background on normal forms, including formal and analytic linearisations,
centre manifolds and stable and unstable manifolds, we refer to the excellent book [7].

In the present paper, we provide a detailed description of the analytic weak-stable manifold
W»s of (1) for all 0 < e < 1 (see our hypotheses 1 and 2 below). Our overall strategy follows
[16]. Here the authors constructed C°°-smooth invariant manifolds (for a specific rational sys-
tem) by matching a global unstable manifold with an analytic weak-stable manifold close to a
saddle-node € — 0. These invariant manifolds correspond to C*°-smooth self-similar solutions
of the isentropic ideal compressible Euler equations that were used in [17] to determine finite
time energy blowup solutions of Navier—Stokes equations (isentropic ideal compressible), see
also [15] for applications to the defocusing nonlinear Schrodinger equation.

3
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In order to control the analytic weak-stable manifolds, the authors of [16] first apply a new
approach for the centre manifold W* at e = 0. In particular, they define a number S%_, which
depends on the nonlinearity (in our case, it will depend on the full jet of g°), and show that
if this quantity is nonzero S%_ # 0, then a ‘leading order term’ of the analytic weak-stable
manifold can be determined. The proof of the main result of [16] is not based upon dynamical
systems theory but rather on careful estimation and boot-strapping arguments in order to bound
the growth of the coefficients of certain series expansions.

In the context of (1), the centre manifold W* is defined for ¢ = 0:

xX=x",

“

y= —y(l +a0x) +g° (x,5),

as an invariant manifold of the graph form y = m®(x) tangent to y = 0. This means that y =
mP(x) solves

2y =—y(1+a’%) +g°(x,y),

obtained from (4) by eliminating time. It is well-known that although m° has a well-defined
formal series expansion, which we denote by

m (x) = m, ©)
k=2

it is in general only C°°-smooth, see e.g. [7, theorem 2.19]. As an example of a nonanalytic
centre manifold, consider @ = 0, g°(x,y) = x*:

dy
2 2
b y+x

This y-linear case corresponds to Euler’s famous example. Here one can easily show that y =
> po, mx* (by term-wise differentiation of the series) leads to

m= (=) (k—=1)! Vik>2.

Consequently, we have m,?xk #» 0 as k — oo for any x # 0 and the centre manifold is there-
fore nonanalytic. The nonanalyticity of centre manifolds is also intrinsically related to their
nonuniqueness (see e.g. figure 2 below for x < 0).

In general, itis also known, see e.g. [4], that the formal series expansion 71 (x) = Y2, mix*
is Gevrey-1:

Im)| < CD™*k! Vk>2, (6)

for some C,D > 0. (In fact, this formal series is 1-summable along any sector that is not centred
along the negative real axis, see [2, chapter 3] and [4] for further details.) The Gevrey-1 prop-
erty of the formal series in (6) also holds true for one-dimensional centre manifolds of higher
dimensional saddle-nodes (with one single zero eigenvalue of the linearisation). We refer to
[4] for further details. In contrast, higher dimensional centre manifolds may only have finite
C*-smoothness, see [22].
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Figure 2. The saddle node for ¢ = 0. The centre manifold (W* in magenta) is only unique
on the positive side of x =0.

1.1. Informal statement of the main results

In this paper, we consider the general case (1) (as opposed to a specific g¢ as in [16]), while
adding the following technical hypotheses:

d>=2, g(xy)—gx0)=0(u), )
with 0 < p < po small enough, see further details below. Here 1 is independent of € > 0. We
conjecture that our results are true without these assumptions (i.e. for any analytic and generic
unfolding of a saddle-node), but leave this to future work (see section 6). We feel that (7) gives
a suitable forum to present the phenomenon in an accessible way. We then summarise our
results as follows:

Theorem 1.1. Suppose (7) and let y ="~ , mgxk denote the formal series expansion of the
centre manifold W* for e = 0. Then

(=
S = im0y ®

where T is the gamma function (see appendix A below), is well-defined for all 11 € [0, 119), with
po > 0 small enough. Moreover; if S°_ # O then the following holds true:

1. The centre manifold W** for € = 0 is nonanalytic (see theorem 3.2).

2. WSNWE =0 forall0<e< 1, e ! ¢ N (see theorem 3.5).

3. The sign of S, # 0 determines on what side of W* the analytic weak-stable manifold W
lands (within the strip defined by x € (0,¢), see theorem 3.5 and figure 1.)

4. On the far side of the saddle (i.e. for x < 0), the weak-stable analytic manifold W"* trans-
itions from intersecting y = c¢ > 0 to intersecting y = —c < 0 (¢ > 0 small but O(1)) as ¢!
transverses (sufficiently large) integers (the resonances) (see corollary 3.6 and figure 6).
The position of W** close to each resonance e ' € N, ¢! > 1, is determined by the sign
of S and on whether ¢! is even or odd.

The results of theorem 1.1 are (as indicated) stated precisely in our main result section,
see section 3. The (dramatic) movement of W"* as ¢! transverses (sufficiently large) integers

5
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(described informally in item 4 of theorem 1.1) was central in [16] for the construction of their
special C* self-similar solutions. We will refer to this phenomenon as ‘flapping’, see also
section 2.

While the discovery of the phenomenon in a specific problem is due to [16], our treatment of
the underlying general mechanism is novel and more in the spirit of dynamical systems theory.
We also feel that our proof streamlines the approach of [16], used for their specific nonlinearity
(rational with numerator cubic, denominator quadratic, see [16, equations (1.9) and (1.10)]).
Moreover, we will perform the important estimates not by brute force calculations but by using
appropriate arguments (including fixed-point theorems) in suitable normed spaces.

Analyticity will throughout refer to real analyticity and we will work with x € R. This is in
contrast to related studies of exponentially small phenomena, see e.g. [1, 10], where extensions
into the complex plane x € C play a crucial role.

12. Further background

We emphasise that item 2 of theorem 1.1 is in line with the statement in [20, example 3.1,
p 13], which says that

W= W"NW=0 Vo<e<le'¢N.

This is of course the generic situation. (Keep in mind that, as the branches (away from the
equilibria) of W"* and W* are orbits of the planar problem (1), W"* and W* either coincide or
do not intersect). However, a novel aspect of our results is that we show that the sign of S%_ # 0
determines (along with the parity of [¢~!'| > 1) on what side of W* the analytic weak-stable
manifold W"* lands.

In [14], Martinet and Ramis presented their analytic characterisation of saddle-nodes
through analytic invariants. The quantity a” is here known as the formal analytic invariant.
The name is motivated by the fact that there exists a formal transformation (a formal series
with respect to x and y) that brings the saddle-node for ¢ =0 into

X =x°,

y=—y(1+a).

In general (also for Poincaré ranks r € N\ {1} where x = x"*!), the formal transformation
can be summed (in the sense of Borel-Laplace) along complex sectors (whose union cover
the origin) and in essence the analytic invariants encode the relationship between these on
overlapping domains. Here there is a deep connection to the Ecalle-Voronin classification of
tangent-to-the-identity maps, see [8, 13, 24].

The quantity S (somehow) relates to the so-called translational part of the analytic invari-
ants of Martinet and Ramis. Indeed, the centre manifold is analytic if and only if this trans-
lational part is trivial, see also [13, section 1]. (Alternatively, the centre manifold is analytic
if and only if the Borel transform of mP is entire). However, the details of this connection is
still not clear to the authors. For example, we do not know whether S = 0 implies that the
centre manifold is analytic (we will show below that it holds in the y-linear case). At the same
time, S%_ also acts like a Stokes constant that determines the properties of the unfolding. This
is reminiscent of the Stokes constant in [1] for the unfolding of the zero-Hopf.

On the other hand, (8) also provides an estimate of the growth of the coefficients mg as
k — 00, insofar that there is a constant ' > 0 such that

imQ| < FT (k+d") Vk>2. )
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By Stirling’s formula (see (173) in appendix A):
T (k+a°) = (1+0(1)) kK", (10)

for k> 1, it follows that mg is Gevrey-1 (see (6)) for any D < 1, also D=1if a® < 1.

1.3. Outline

The paper is structured as follows: in section 2, we provide a first glimpse of the phenomena
that we study through simple examples. We also use this section to introduce our terminology
and (parts of our) notation. Subsequently, in section 3 we present our hypotheses and our
main results in full technical details. In section 4, we then prove the statements relating to
the centre manifold. Statements relating to e > 0 are proven in section 5. (Section 3.1 has a
more detailed overview of the proofs.) We conclude the paper with a discussion section, see
section 6. Appendix A contains some relevant properties of the gamma function that will be
used throughout.

2. Motivating examples

Consider first the following simple example:

X = —ex, (11
}.] = —y+u(x)7
with
u(x) = Zukxk, lux| < Bp~*,
k=2

being analytic on the open disc |x| < p. Here x =0 is the strong stable manifold W* and for
¢! ¢ N the analytic weak-stable manifold W"* exists and takes the graph form

y=m"(x), me(x)zz T VO < |x] < p. (12)

1—¢k
k=2

This follows from a simple calculation. Notice that there are small divisors in the expression
for m® for € =~ %, N € N (the resonances). Let

e'=N+a¢N, N:=[e], a‘€(0,1),

and define
VE (x) = NS XSG (Ve 1) SNEL (N (13)
af 1—a¢
Then the sum of the terms in (12) with k = N¢ and k = N°¢ + 1 takes the following form
Nl u u u
S I N
S 1 —ek af l1—-af

_ (e tne -|-uNe)xNE - <(N6 1) et MNSH) N
af 1 —ac
= Ve(x)-i-MNeXNE + e

7
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It follows that B¢ := m® — V¢ is uniformly bounded with respect to a° € [0, 1), and for any
v > 0 there is a > 0 such that

B¢ (x)| <v VO |x]<d,a€(0,1). (14)

The function V¢, on the other hand, is not uniformly bounded if wuye # 0 or wuyey; # 0.
Specifically, if uyeuye 1 # 0 then it follows that we can track W** : y = m®(x) through y =
Ve(x) for x#0, a¢ — 0" and a° — 1~ (since V¢(x), x # 0, goes unbounded in these lim-
its). Here by ‘track’ we will mean that the position of W"* can qualitatively be determined as
follows:

Lemma 2.1. Fix N° € N, K> 0, suppose that uye # 0 and define s = sign(uye ). Let W : y =
m¢(x), 0 < |x| < p, denote the analytic weak-stable manifold of (11), €' ¢ N. Then the fol-
lowing holds true for all 0 < § < 1:

The position of W** for all 0 < af < NSMKel(SN * can be determined as follows:

1. Suppose that N¢ is even. Then W"* intersects {y = %(}for both —§ <x < 0and 0 < x < 4.
2. Suppose that N is odd. Then W"* intersects {y = —X} for —6 <x < 0 and {y = £} for
0<x<d.

Proof. For uy. # 0, we have

’N‘uNe N>k vo<ar <Nf|”%5N5.

aé

Then from (13), we obtain that the following holds true for x = —§ and x = 6:

K c
\W(x)\}% VO<aE<NC%5N,O<5<<1.

Then by using m® = B¢ + V¢ and (14) with 0 < v < K for 0 < § < 1 the result follows. [
A similar result holds for 0 < 1 — ¢ < 1 if uye1; # 0, which we state without proof.

Lemma2.2. Fix N € N, K > 0, suppose that uy- 1 # 0 and define s = sign(uyeyy). Let W :
y=mc(x),0 < |x| < p, denote the analytic weak-stable manifold of (11), €' ¢ N. Then the
following holds for all 0 < 0 < 1:

The position of W*S for all 0 < 1 —a® < (N + I)W(SNG‘H can be determined as fol-
lows:

1. Suppose that N° is even. Then W** intersects {y = X} for —§ < x < 0 and {y = — X} for
0<x<d.
2. Suppose that N¢ is odd. Then W** intersects {y = —%(}for both—6§ < x<0and0 < x < 6.

By lemmas 2.1 and 2.2, we obtain a ‘flapping phenomenon’ when uy<uye 1 # 0, whereby
the position of W** (at least on one side of the node) changes dramatically as of transverses the
interval (0, 1). We illustrate this flapping phenomena in figure 3 for uye > 0,upe4; < 0 (which
is relevant for (20) with 0 < € < 1; the reader should compare the figure with figure 6).

Remark 1. Itis essentially the flapping mechanism that (together with a basic continuity argu-
ment) allows the authors of [16] to connect their analytic weak-stable manifolds with a global
analytic manifold (that does not ‘flap’) and construct C°°-smooth self-similar solutions close
to resonances (and close to a saddle-node where the resonances accumulate).

8
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N°€ even N€ odd
y A y A
o ~ 0 af =~ 1
”Flapping” ”Flapping”
Xz x
af = 1" .
\mms ~ s a = 07

Figure 3. The ‘flapping phenomenon’ of the analytic weak-stable manifolds (W"* in
magenta and purple) of (11) for uye > 0,upney; < O.

For a general (fully nonlinear) analytic system, quantities corresponding to uye and uye
for a hyperbolic node can in principle be computed for any fixed N¢ in terms of the jet of
the nonlinearity (through normal form computations [7, chapter 2]). But in the context of (1),
our results show (see section 3) that the condition uyeuye 1 # 0 can be related to the lack of
analyticity (through %) of the centre manifold y = m°(x) of the origin for e = 0.

Remark 2. Notice that in the context of the y-linear system (11), the flapping phenomena for
€ — 0 does not appear if u is a polynomial. Indeed, the flapping is caused by an accumulation
of resonances for €e — 0 and if u is a polynomial then there are only finitely many (possible)
resonances for (11).

Next, to illustrate how (8) and the bound (9) occur, consider the case g°(x,y) = f(x) (so
that g° is independent of y) in (4). As we are interested in invariant manifolds, we eliminate
time to obtain the following differential equation for y = y(x):

ng—i-y(l—i—aox) =1 (x), fo(x):ngxk. (15)
k=2

This equation is linear in y and one can solve explicitly for the 7;’s of the formal series. Indeed,
inserting the formal series (5) into (15) leads to

Z ((k+a®) mx* " + mprt) = Zj(,z)/‘,
k=2 k=2

and therefore to the recursion relation:
mp+ (k—1+ad)ml_ =1} Vk>2, (16)
with m? =0.

Lemma 2.3. Suppose that a° > —2 and define

k(1Y
ngzz(.li)f?. (17)
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Then the solution of the recursion relation (16) with m(l) =0is
m) = (—1)'T (k+a") 0. (18)

Proof. The result can easily be proven by induction using the base case m? = 0 and the basic
property of the gamma function: T'(z+ 1) = zI'(z), see (170), in the induction step. O

Seeing that f is analytic, we have

fel <Bp~*,

for some B >0, p > 0, and the sum

Sa = Jlim S} = Jim po 0

see (17), is therefore absolutely convergent for any a® > —2:

3

—j

S I
I(j+a®) = FJJraO) '

j=2

The property (9) therefore follows from (18) in the context of (15).
Notice that if SO # 0, then by (10) we have

m) = (1T (k+a%) $2 = (= 1) (1 +0(1)) S&T (k+a%) = (—=1)* (1 +0(1)) SL k" k!
19)

for all k> 1. This implies that the centre manifold is nonanalytic. In the linear case (15), it is
also possible to go the other way. We collect this in the following lemma:

Lemma 2.4. Suppose that a° > —2. Then the centre manifold of the linear system (15) is ana-
Iytic if and only if S° = 0.

Proof. =: From (19), we have that for any x # 0, mix* 4 0 for k — 0. Consequently, if
S%_ 0 then the centre manifold is nonanalytic.
<: If % =0 then

*]'
|57 = 18% Sk‘<BZ T

0
j=k+1 (j+a%)’

and for any k > ko(a®), j € No:

T (k+a) (k—1)! kN 2/ & \7? .
= 1 - (1 _ <= — <8(1+j /)
T(k+1+j+ad) (k+j)!( 000 ( ))(k+1+j) K (k+1+j> B(1+))k

with kg > 1, using Stirling’s formula (see (173) below) and

10
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Then upon using > 27/(1 +j)* = 12 it follows that

mQ| <8Bp™"> " (pk) 7 (14))* <96Bp™" Vk>ko>2p"".
=0
We conclude that Y2, mdx* converges absolutely for all 0 < |x| < p if S% = 0. O

A first important step of our approach is to carry the classification of the analyticity of
the centre manifold for e =0 over to the nonlinear case. For this, we will use a fixed-point
argument in an appropriate Banach space of formal series. This leads to the definition of S%_
for a nonlinearity g%, satisfying the hypotheses 1 and 2 below.

Subsequently, for € >0 and S° # 0, we (essentially) expand the analytic weak-stable
invariant manifold y = m¢(x) into the form

me =B (1) SV N = (e,

on a subset x € I, where (in essence, see theorem 3.5 for details) only B¢ is uniformly bounded
with respect to o = e~! — |e~1| € (0,1). We will therefore track y = m¢(x) for S°, # 0 using
y=(=1)¥S8% V¢(x) for a¢ — 0% and o — 1~ as in the example (11) above. (It would be
more accurate to say that the tracking will first be done in scaled coordinates, see (30), and
that V<(x) = €V (e~ 'x), see (33). Moreover, x >0 and x < 0 will be treated slightly different,
but we refer the reader to further details and the precise statements below.) In this context, it is
(again) worth pointing out that S%_ # 0 essentially ensures that a condition like uyeuye 11 # 0
holds true near all resonances ¢! € N for 0 < € < 1, see theorem 3.5 and corollary 3.6.

3. Main results

We first state a general result (based upon [19, theorem 2.2]) on saddle-nodes.

Theorem 3.1. For any analytic and generic family of two-dimensional vector-fields unfolding
a saddle-node, there exists a locally defined analytic change of coordinates, parameters and
time, such that on the singularity-side (e > 0) of the bifurcation, the system takes the following
normal form:

x=(x—¢€)x,

y=-=y(1+ax)+g"(x,y), <0
where
8 (x,y) =/ (x) +u (x,y)
)= if‘xk i (x,y) = ify ; iiﬁy @D

In particular, the following holds regarding the absolutely convergent power series expansions
of f¢ and u® for all p > 0 small enough: Let

Dy :=[0,e0) x{0< x| < p}, Da:=[0e0) x {0 < x| < p} x {0 < |y < p},

1
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and define

Bi= swp W), w= s ()] @2)
(e,x)€D) (e,x,y) €Dy

Then
e <Bp™*, Jug,|<pp™*' and ul, =0 VkIEN,e€[0,e) (23)
The proof of theorem 3.1 (available in appendix B) is obtained by applying elementary

transformations to the normal form in [19, theorem 2.2].
In the remainder of the paper, we will assume the following conditions on a¢ and g°:

Hypothesis 1. The following inequality holds true:
d = lima® > 2.
e—0

Hypothesis 2. B and p > 0 are fixed and i > 0 in (22) is a parameter that is small enough (see
details below).

Following hypothesis 2, we will henceforth write
u*=pht and u, = phy,

so that g€ in (20) becomes

g  (x,y) =11 (x) + phe (x,y), (24)
where
@)= 0 Ry =D kv + DD e, (25)
k=2 k=2 k=1 =2
with

ft| <Bp~*, |, |<p™*' and R, =0 VkIEN,e€[0,6).  (26)

The results below will be stated for (20) with g¢ given by (24) for 0 < p < 1 (in accordance
with hypothesis 2).

In theorem 3.2, when we treat fg as a parameter, we will fix a compact interval I so that (23)
holds (with B > 0 large enough) for all fJ € I.

The reference [16] also assumes a condition like hypothesis 1 (see [16, equation (5.3)]) in
the context of their specific rational example of an analytic unfolding, see [16, equations (1.9)
and (1.10)]. On the other hand, a condition like hypothesis 2, which can also be viewed as (7),
does not appear in [16]. We conjecture that our results are true without hypotheses 1 and 2
(and therefore hold true for any analytic and generic unfolding of a saddle-node), but leave
this extension to future work. Whereas hypothesis 1 seems relatively easy to relax, hypothesis
2 requires extra work. We will discuss the matter further in section 6.

Remark 3. Hypothesis 2 is only an assumption on the nonlinearity in y. This follows from the
last equality in (26) and continuity with respect to € (i.e. iy | = o(1)).

12
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Remark 4. Obviously, from (22) we have y = O(p?) as p — 0 in general (since u¢ starts with
cubic terms) and in this sense one can achieve p small by taking p > 0 small. But this will
not be helpful to us (and we do not expect it to be useful in general). This is in contrast to
arguments based upon Nagumo norms (see e.g. [5]), where the size of the domain can be
used as a small parameter to obtain the appropriate contraction of a fixed-point formulation of
Gevrey-properties of formal series. At this stage, our approach in the present paper requires B
and p > 0 fixed and p > 0 small enough, as stated in hypothesis 2.

Our first main result relates to the centre manifold.

Theorem 3.2. Consider (20) with g€ given by (24) for e = 0:

x=x,

27)

y=—y(1+a"x) +g°(x,y),

and suppose that hypotheses 1 and 2 hold true. Let W° : y = m®(x), m’(0) = dd—"f (0) =0, with
m® defined in a neighborhood of x = 0, denote the centre manifold of (x,y) = (0,0). Then there
is a po > 0 such that for all 0 < p < pg the following statements hold true:

1. There exists a number S°_, which depends upon the full jet of g°, such that:

(a)

(D% 1 dm®

(b) The centre manifold W¢ is nonanalytic if S° # 0.
2. 8% =5% (f(z)) is a C!-function with respect to fg € I (as well as all other parameters of
the system), recall (25), satisfying

0
aai%o(fg) — ﬁ_po(u) #0 Vuel0,pm), po=po(l)>0.

The second statement shows that the centre manifold being nonanalytic for (20), under the
hypotheses (1) and (2), is a generic condition. We exemplify this as follows:

Corollary 3.3. Suppose that the conditions of theorem 3.2 hold true, in particular 0 < p <
0

1 so that 3(,;9—]?(]“2)) #0, ﬂg € I, and suppose that the centre manifold of (27) is analytic (=
2

S% (f9) = 0). Then the centre manifold of the perturbed system

oo

13
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Figure 4. The locus $%, ( 19, p) = 0 (in red) for the family (28). The curve, which is com-
puted numerically, see text for further details, has a fold point at (p,f3) ~ (1.94,1.09),

where % changes sign, from Ogjﬂ%" > 0 on the lower branch (in agreement with the
2 2

0
statement of corollary 3.3) to % < 0 on the upper one.
2

x=x",

y=—y(1+a°x) +g° (x,y) + g%,

is nonanalytic for all g # 0 small enough.

Remark 5. The property that % (f9) # 0in corollary 3.3 is a perturbative result (obtained by

perturbing away from p = 0) and it is (obviously) not expected to hold true in general (u = 1).
In fact, in figure 4 we illustrate the locus

Sooo (fg,P) =0,

computed numerically, see further details below, on the domain (f9,p) € [0, 10] x [0,2] for the
following (f9,p)-family

»dy 2 X 2 3
==y +p [ —— + 307 +x7 ). (28)
dx 1—x

Here p plays the role of y, but as it includes parts of f0 (the y-independent part) in the for-
mulation of (27) we give it a different name. We clearly see that the curve has a fold (‘far

away’ from p = 0) where necessarily % = 0 (we find that % < 0 at this point). At the same

time, % > 0 (on the lower branch) for all 0 < p < 1.94, in agreement with the statement of
2

corollary 3.3.

As an approximation of % = S (f9,p) we used §%, (as a finite sum). In fact, we observed
that |S%;, — S%,| ~ 107! (i.e at the order of machine precision). To determine m9,...,mJ,
(that are necessary to determine S(I)OO as a finite sum, see (17) and (66) below), we used the

recursion relation offered by (16), starting from m{ = 0.

14
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Our next result relates to the analytic weak-stable invariant manifold W** of (20). To present
this, we first write (20) in the form (upon eliminating time)

€ 9er(l +ax) = g (x,y). (29)

xx—) 2

For all e~! ¢ N, W"* takes the graph form

x) = im,ﬁxk ;
k=2

with the last equality valid locally x € (—46¢,0¢), lim_,od° = 0. In particular, y = m(x) is a
(locally defined) solution of (29).
Now, the blowup transformation defined by

X=€xX, y=c¢y, 30)
for all € > 0, separates the node and the saddle, so that the latter is at X = 1. By applying the
change of variables defined by (30), (29) becomes

=(= dy = e~ _ —1 e/ ~ =

ex(x—l)&—ky(l—kea X)=c g (ex,¢ey), 31

where
€ g (X, €y) = ¢ (%) + eph” (.5),

j?e(x) fok 2xk /’l Zhelek 1 ky_’_zzhe k+1— 2xky

k=2 k=1 1=2

In these coordinates, (31) is a singularly perturbed system with respect to 0 < € < 1 and W"*
takes the following form

oo
y=m(x):= Zek Umix,
k=2

where the last equality again holds true locally (x € (—e~'5¢,e716)). In the language of geo-
metric singular perturbation theory (GSPT) [9, 11], the set {y = 0} is a normally hyperbolic
and attracting critical manifold of (31) for ¢ = 0. Therefore there is a (nonunique) slow man-
ifold as a graph y = O(¢) over a compact subset X € I. This slow manifold only has finite
smoothness (with respect to X) in general, see [9]. However, the unstable manifold W* of the
saddle (x,y) = (1,0(¢)) is an example of an analytic slow manifold of the following graph
form:

W': y=eH (%), €(0,2], H(0")=0; (32)
here H' extends C*-smoothly (1 < k < oo, specifically not analytically, see corollary 3.6 item

1) to x=0 for all 0 < e < 1. We will also need the following lemma (which we prove in
section 5.5).
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Lemma 3.4. Suppose that €' ¢ N, 0 < e < 1, and write
e '=N4+a°, N :=|e'| and a€(0,1).
Then the following holds true.

1. The series

o DEOT0—0) & Tlkra)

33
() ATkh+l-e) (33)
is absolutely convergent for all 0 < |%| < 1; in particular V°(0) = 0 and

— d —

V#® >0, —V(®>0 Ve (0,1), (34)
dx

2. Lower bound:

x \V 3

Ve(x)>e<1_x> VOSFES 7. (35)

3. At the same time, for any 0 < |x| < 1,
V@) | = oo for a¢—0"and1™.

4. Asymptotics for x = O(e€): Let X = €x, € [—€03,€03], 62 > 0 fixed. Then for all 0 < e < 1,

el ¢N:
> (36)

Our main result on the analytic weak-stable manifold then takes the following form (see
figure 5).

€

V() = (1+0 (1) (a) (N) T (exn)”

X <1+ 2
1—ac

with each o(1) being uniform with respect to o € (0,1).

I
1 -H?z/ eUMRyl=a"qy 1o (1)
0

Theorem 3.5. Fix K> 0, 6, > 0,0 < v < K and consider (31) with g¢ given by (24), satisfying
hypotheses 1 and 2. Then the quantity S°_ from theorem 3.2 is well-defined. We suppose that

S0 40, (37)

so that the centre manifold is nonanalytic.

Now, consider the convergent series V° defined in (33). Then the following holds for all 0 <
€< 1, e ¢ N: Let W¥ : = m*(X), with m® defined in a neighborhood of the origin, denote
the analytic weak-stable manifold in the (X,y)-coordinates, see (30), and let I C [—626, ﬂ be
an interval so that

V' (%)| <K Vxel (3%)
Then I C domain(®) and

e (%) — (-1 LV (®)|<v Vxel (39)

oo

16
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<

Figure 5. Phaseportrait of (31) fore >0,¢~! ¢ N (and (—1 )Ne §%. > 0); please compare
with figure 1. Theorem 3.5 says that if S° # 0 then we can track W"* (in magenta) by
the graph y = (—1)V" 8% V*(%), see also corollary 3.6 and further details in theorem 3.5.

In other words, when (37) holds true, then by taking 0 < ¢ < 1, we can track W :y =
(%) through y = (—1)V°S°_V*(%). Moreover, we have the following result, which we illus-
trate for SOOo > 0 in figure 6; the weak manifold has to be reflected about the x-axis for Sgo < 0.

Corollary 3.6. Fix ¢ > 0 small enough, suppose that hypotheses 1 and 2 hold true and that
SO #0. Put s =sign(S%) and let W** denote the analytic weak-stable manifold. Then the

oo

following holds true regarding the position of W for all N = |~ | > 1:
Intersections of W** with {y = £c} for x > 0:

1. W does not intersect W*. More precisely, we have the following:
(a) Suppose that N° is even. Then W"* intersects {y = sc} for x > 0.
(b) Suppose that N¢ is odd. Then W** intersects {y = —sc} for x > 0.

Intersections of W** with {y = +c} for x <0:
Define

a(N) = (NN 1) = (Vo) (40)

2. Suppose that N¢ is even. Then the following holds:

(a) W intersects {y = sc} for x <0 for all 0 < o < o(N°).

(b) W"s intersects {y = —sc} forx <0 forall 0 <1—a° < 1—a(N°).
3. Suppose that N¢ is odd. Then the following holds:

(a) W intersects {y = sc} for x <0 for all 0 < o < o(N°).

(b) W"s intersects {y = —sc} forx <0 forall0 <1—a° < 1—a(N°).

Proof. We first consider the statements in item 1 regarding the intersections of W** with {y =
+c} for x >0 (proving items la and 1b). We let K >0 be large enough and take 0 < v <

17
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N€ even N€ odd
y A y A
af — 0F N \
¢z ¢z
A A
y W Y
W
. B ™ // # W
af —1 Y
ARV
~ s

Figure 6. Illustration of the results of theorem 3.5, see also corollary 3.6. The strong
stable manifold W*' in green, the analytic weak-stable manifold W"* in magenta, the
stable manifold of the saddle W* in blue, and finally the unstable manifold of the saddle
W in red. The diagram assumes S%, > 0; if $% < 0 then the diagram should be reflected
about the x-axis. The analytic weak-stable manifold W"* ‘flaps’ on the x < 0-side of the
node as o€ transverses (0, 1), aligning on y > 0 or y < 0 with W* as either o — 0 or
a — 17. On the x > 0-side, W"* remains on one side of W" for all & € (0, 1) and only
‘flaps’ (discontinuously) when N° >> 1 changes parity. In particular, W"* and W* do not
Intersect.

K small enough. We let 0 < € < 1 be so that V°(2) > K, see (35). Then since V*(%) is an
increasing function of X, see (34), § € (0, %) defined by the equation

V°(6) =K,

is uniquely determined. We then apply theorem 3.5 with 7 = [0, ]. In particular, from (39) we
conclude that W"* intersects {y = +15% K} for X € (0,6) when N€ is even/odd, respectively.
From {y = +15% K}, we undo the scaling (30) and return to (20) and apply the backward flow,
see figure 5. This completes the proof of items la and 1b. To complete the proof of item 1, we
recall that W* and W™ (away from the singularities) are orbits of planar systems and therefore
if branches of these manifold intersect, then they coincide. We have that y = O(¢) along W*
for X € [0,1], recall (32). Therefore W* does not intersect {y = &c} within X € [0, 1] for all
0 < e < 1 and consequently W* and W** do not coincide. Hence W* N W"** = () as desired.
We then turn to the intersection of W"* with {y = ¢} for x <0. For this purpose, we
again let K > 0 be large enough, put 6, = 1 (for concreteness), take 0 < v < K small enough,
I=[—6,0] with 0 < § < e and use the expansion (36) for —d,e < X < 0 to obtain the following
for all N > 1: Consider a(N¢) and @(N¢) defined in (40). Then for any 0 < o < a(N°¢) < 1,

18
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V' (ex,) is given by
1

7(N€)QE+I—NEVY§]€€E2) (41)
ae

to leading order, whereas for any 0 < 1 — o < 1 —a@(N¢) < 1, V°(ex,) is given by

1
1 —a¢

(V)Y R e, 42)

to leading order. We have here used (171),

1 _ X2 71
1—|—7cz/ e(lv)xzvdv] =¢ — and
0

X2

1
1+7€2/ e(lvmdv] =,
0

In both cases ((41) and (42)), there are remainder terms that we can assume are bounded by
v > 0, uniformly with respect to o (whenever (41) and (42) do not exceed K in absolute value);
this characterisation will be adequate for our purposes.

We now further claim that for any 0 < o€ < (N¢), then (41) with X, = —1 exceeds K >0
in absolute value. To show this, we just estimate

1 a +1-N¢ Ne 1 1

aG

(N N (v e s (V)R e S K,

using that |a — a0| < % for all N> 1. A similar result holds for (42) for all 0 < 1 — af <
1 — @(N€). We leave out the details in this case.

Consider now items 2a and 3a regarding a® — 0. We then have by (41) (which is con-
tinuous and monotone with respect to X, € [—1,0)) and (39) that for any 0 < a® < a(N°), the
equation [ (X)| = 3|S% |K has a solution X_ € (—¢,0). The sign of m(x_) is determined
by (—1)V s, cf (39) and (41). From {5 = £1|S%_ |k}, we undo the scaling (30) and return
to (20). Then the proof of items 2a and 3a is completed by using the backward flow. Indeed,
W"s aligns itself with one side of W* in this case and we can therefore just use W** as a guide
for the backward flow up until W*’s transverse intersection with {y = +c}, see figure 5. The
case a“ — 1 (items 2b and 3b) is similar and we therefore leave out further details. ]

3.1 Overview

We prove theorem 3.2 in section 4. Theorem 3.5 is proven in section 5, see also section 5.5
where lemma 3.4 is proven. The strategy of the proof of theorem 3.5 follows [16] insofar
that we write y = m°(X) as a finite sum y = Zgizm,ﬁfck, up until ‘before the resonance’, plus a
remainder M* (%) = O(¥'"*') that we solve by setting up a fixed-point equation using an integ-
ral operator 7€, see lemma 5.17. A main difficult lies in estimating the growth of coefficients
in the series expansion of g¢ when composed with the finite sum y = Zivzz mix* (with the
number of terms going unbounded as € — 0). This is covered by the novel lemma 5.7 (which
does not depend upon hypothesis 2). Our treatment of M* is also novel (and also does not rely
on hypothesis 2) insofar that we view the integral operator 7 € as a bounded operator on a cer-
tain Banach space D of analytic functions H = H(%) with H(X) = O 1), see (131). We
believe that these novel aspects are crucial for making conclusions regarding W** N W*. In par-
ticular, such conclusions cannot be made from the results of [16] on their specific nonlinearity
(to the best of our judgement).
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4. The centre manifold W°: the proof of theorem 3.2
In this section, we consider e =0 and (27) in the equivalent form

2%y

Ky (1+dx) =g’ (), (43)

where

(o] o0 (o)
g2 () =0 () + i (x,y) = > I+ 1D Y Lty
k=2 k=1 =2
cf (25) and (26). Let

i’ (x) =Y mp, (44)
k=2

denote the formal series expansion of the centre manifold y = m°(x). We define

wi =T (k+a’) Vk>2, (45)
and a norm
I = sup 241 (46)
k=2 Wi

on the space of formal series

o0
Doz{y=Zykxk:yk€RVk>2}.

k=2

Notice that (45) is well-defined by virtue of hypothesis 1 and that D° is a Banach space (due
to the sequence space [°° being Banach). For any C > 0, we also define

B¢ .= {yGDO Sl SC}, 47)

as the closed ball of radius C. Moreover, for any y(x) = > .2, yx* € DY, the composition
g°(x,y(x)) of y(x) with the analytic function g° is itself a formal series. The results below (see
proposition 4.2) show that the associated operator

"D =D GOhI(x) =g (xy () =Y G,
k=2

is well-defined. The expression also defines G°[y];. H°[y] and H°[y]; are similarly defined
through the composition 4°(x,y(x)) of y(x) with A°:

HOD] (x) = (x,y () = > HO Pyl

20
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By (24), we have H’[y]; = 0 for k = 2,3 and 4 and therefore

(48)

One can express (y’ )i in terms of y,,...,yx—2 using the multinomial theorem, but we will not
make use of this. It will also follow from proposition 4.2 that y* € D°.

Lemma 4.1. The following holds

=~
N‘\

= Z_: 0 k> 5. (49)
Jj=2

Proof. We use the expansion of 4° in (25) and Cauchy’s product rule:

qusz Zqu i (50)

k=0 j=0
We have
HOM( )= ho (x,y (x ZZ klxky Z (Zh ) Z l)jxj
=2 k=1 =2 \k=1 j=2i

-5y (S,

=2 k=2I+1 \j=2I

oo 55 (k-1

=303 ()

k=5 =2 \j=2

O

Proposition 4.2. Let y € BC. Then G°y| € D°. In particular, there is a constant K =
K(d°, p,C) such that

‘go b’]k| < Bpfk + ,LLKW?_z Vk>S5. 51
Moreover, y — HO[y] is C! (in the sense of Fréchet) and
(D) @) 0 =3 OB @) [0 (HD) @)l <Kol vze D
k=5
(52)

21



Nonlinearity 38 (2025) 025019 K U Kristiansen and P Szmolyan

recall the definition of || - || in (46).

We prove this proposition in section 4.1 below. First we need some intermediate results.
Lemma 4.3. Consider w? defined in (45) for all k€ N\ {1} and suppose a°> —2
(hypothesis 1). Then the following holds.

1. Convolution estimate: there exists a C = C(a®) > 0 such that
k=2
0,0 0
ij Wi—j < Cwy_, Vk =4.
j=2

2. Let p > 0. Then there exists a C = C(a°, p) > 0 such that

k—2
S P < ow), Vk>4
j=2

3. Let £ > 0. Then there exists a C = C(a°,&) > 0 such that
15)

Zgl_zwg—z(l—l) < CW272 Vk 2 4.
=2

Proof. We prove the items 1-3 successively in the following.
Proof of item 1. We first notice that

k=2 L5

0,0 0,0
E ijk7j<25 Wi We_js
j=2 j=2

with k > 4. The result follows once we have shown that

1)
2Zw§?w2_j <owd , Vk>4, (53)
j=2

for some C = C(a®). We believe that this result, which is a result on gamma functions, is
known, but for completeness we will present a simple proof that will form the basis for proofs
of similar statements later on.

The starting point for this approach is to define ®Y(j) for j € [2,k — 2] by

wjow,?_j =exp (<I>(1) () - (54)
We have
d_o,. ) ) d . I(:, 0 / )
gj¢1(1)=¢(1+a)—¢(k—1+a ) @@1(1):15 (j+d)+o' (k—j+d),

using (176). Since the digamma function ¢(z) is strictly increasing for z > 0, see (177), and
since @’ > —2 (recall hypothesis 1), we conclude that ®°(j), j € [2,k — 2], is convex, having a
single minimum at j = § We therefore have that

V() <OV (j—2)+P) Vje[2,4], (55)

22
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k:—l2 j’

(]
INTE S

Figure 7. Graph of the function ®) (magenta) and the secant QY (j—2)+ PY (in black),
see (54) and (56). Since <I>(1) is convex, (55) holds.

where

2
0
log (Wk/ 2> <0; (56)
-2 W(Z)ngz

exp (P)) =wiwl_, and Q)=

Sk

in particular equality holds in (55) forj=2 andj = % so that also

k
exp <Q? (2 - 2) +P(1)> = w2/2.

We illustrate the situation in figure 7. Then by (172), a simple calculation shows that

2
0% = —logd+o(l) and (wg/z) /w0, =0 for k— oo (57)

Therefore
L5]

(oo}
0/ - 0
E wiwy_ < wiwy_y +/ e U=2+Pg;
i=2 2

< (T+1log " 4)wiwi_, (14 0k o0 (1)),

using (56) and (57), for all k > kg large enough. This finishes the proof of item 1.
Proof of item 2. We proceed as in the proof of item 1: let w) = exp(®9()) forj € [2,k —2].

Then @9 is convex; in fact d%@g(j) = ¢(j + a°) (positive for j > 4 since a° > —2), %(I)g(j) =
¢'(j+a’) >0, see (176) and (177). We conclude that

() <QI(—2)+P) Vje[2,k—2], (58)

23
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where

0 0 0 1 =
exp(P)) =wy and Q)= o2 o
2

> 0; (59)

in particular equality holds in (58) for j =2 and j = k— 2. By (172), we find that
05 =logk—1+0(1) for k— oo. (60)

We can therefore estimate

k=2 A
Z'szo k42 —2004+P) 0/

p[ + W] < p + e 0,+P, (peQz .
j=2 J

~
S5}

Il
[\ ]

By (60), there is a kg > 1 such that
QO
pe=r =2 Vk > ko,

and therefore by estimating the geometric sum and using (59), we find that

k=2

. 0 0
> PR <0G 0w ) Yk > ko.
j=2

It follows that

=
._ i—k+2. 0
C:=sup | —; g 4 w; | <oo,
k24 \ Wi—2 555

is well-defined.
Proof of item 3. We use

W) < QU=DHP yic DA,

with Q9 and P9 defined in (59), to estimate

4] 4]
D€y < BHREEY (5 eszg)l'
=2

=2
By (60), there is a ko > 1 such that

gt <L Wk,

and therefore by estimating the geometric sum and using (59), we find that
L%J 0 0
D €Wy <220V =2l Yk k.

=2

24
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It follows that

15)
1
C:=sup 2w L < o0,
i Wgﬂ; k—2(1—-1)

is well-defined. O

Remark 6. The strategy used in the proof of lemma 4.3, based on the convexity of the functions
®Y(j), see e.g. (54) and figure 7, will also be used for € > 0 below, see lemma 5.5.

Lemma 4.4. If G € D° and H € D° then GH=:_,° ,(GH)(-)* € D . In particular, there is
a constant C = C(a®) such that

| (GH), | < ClIGII[|HIIwp_, Yk = 4. (61)
Proof. Notice that (61) implies the first statement since

Wi _ 1
w) (k—1+a%) (k—2+a°)

Yk > 4.
using (170). Next regarding (61), we use (50): (GH), = ij;g GHij =
k—2
[(GH), | < ||G||[|H] >_wiwi_; < CI|G||[|H][w}_s,
j=2

by lemma 4.3 item 1. O

A consequence of this result is that
O, < IVIC WYy V=21, ©2)

for all / > 2. This follows by induction. Indeed, having already established the base case, [ =2,
in lemma 4.4, we can proceed analogously for any / by writing

k—2
0= D )
j=2(1—1)

and using
k=2(1—1)
Z W})W272(172)7j < ngfz(lfl)’
j=2
cf lemma 4.3 item 1. We also emphasise the following:

(yl)k , k=21, onlydependsupon yp,---,y_2q—1) VIEN. (63)
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4.1. Proof of proposition 4.2
We now turn to the proof of proposition 4.2 (with k > 5). By (26), (48), (49) and lemma 4.4,
we have
L5
GO Dl <Bp 1> [yl Zd W) oy

=2 j=2I
L5

<Bp~ +MZHY||P 'c- IZﬂ’ w) (1)}
=2 =]

the last estimate, due to

is not important, but it streamlines some estimates for e =0 with similar ones for € > 0 later
on (see e.g. (112)). We focus on the final term:

ﬂZH)’”P 'c- IZP/ 2(1 -
j=2l
By lemma 4.3 item 2 with k — k — 2(! — 2), we can conclude that
Z ot 2(1 1) CW272(171)7
j=2l

where C > 0 is large enough but independent of / and k. We are therefore left with

MZHY”P lC[Wk 2(1—1)>

upon increasing C > 0 if necessary. This sum is bounded by ©Kwy_,, with K= K(||y||) >0
for all k > 5 by lemma 4.3 item 3. This completes the proof of (51).
The proof of (52) proceeds completely analogously. In particular, we find that

5] k—1

(D (H° = (Y zj Vz(x) =Y zxt €D k>S5, (64)

1=2 j=2i k=2

using the binomial theorem, which is well-defined by lemma 4.4. We therefore leave out further
details. g
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4.2. The formal expansion of the centre manifold

We are now ready to show that m° € D° (i.e. that it has finite D°-norm; existence of m° is
well-known). For this purpose, we define the nonlinear operator P° : D° — D° by

[eS) k (_1V 0
=> (=1)fwf 27( Uf D P (65)
k=2 =2 Wi

It follows from lemma 2.3 that m°(x) = 3", mix* is given recursively by

k (—l)jgo [;ﬁO] .
mi=(-D'wis), Si=) g, (66)
=2 Wi
where the right hand side only depends upon m3,...,m?_; (which is a simple consequence

of (49) and (63)). Consequently, at the level of formal series, 71° is a fixed-point of P:
PO () = .

Lemma 4.5. Let

)
\O I-

Then there is a iy > 0 small enough, such that P° : B*f — B*F is well-defined for all 0 < pu <
po. Moreover, P° (y;f%u) is C! with respect to y,fg and p, specifically

DP’(y)=0(p) VyeB¥, (67)

so that P is a contraction on B> for all 0 < pn < 1.

Proof. We have

00 gO )
IP° (v) Il< Z| [oyM

j=2 i

= S HOD (68)
ZWWZ 0

j=2 Jj=5 J

<F+0(p) <2F,

for all y € B?F, provided that i > 0 is small enough. Here we have used that

o0 HO ) [e'e)
ZW Z*' ?]’|<KZ(1—4)‘2<007 K=K(F), (69
= Wi = Wi i=s

by proposition 4.2, see (51), and a® > —2, recall hypothesis 1. The statement regarding
PO(y;f9, 1) being C' follows from (52) and the linearity with respect to f9 and . O
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Proposition 4.6. There exists a j > 0 sufficiently small, so that m® € D° for all p € [0, j19)
and

|0 <2F ¥ p € [0, o). (70)

Moreover, m° is C! with respect to f3 € I and pu € [0, 11o(I)), with I C R any fixed compact set.

Proof. There are different ways to proceed (see also remark 7 below), but we will simply
use the fact that P°(y;f9,) is C! and a contraction for all 0 < p < 1. Indeed, define
Ay, f9, 1) ==y —PO(y;f9, 1), y € B*. Fixed-points of P° then correspond to roots of Q°.
Define m? = >, m% x* with m%, given by lemma 2.3 (the y-linear case for y = 0):

mgk:( ) (k+a ZF +a0

Then by (67), we have that:

Q% (m),/3,0) =0, DyQ° (m?,£3,0) =Idpo V€L
The result therefore follows by the implicit function theorem. O
Remark 7. As (66) defines m recursively, it is clearly also possible to prove (70) by induction.

By definition, (70) is equivalent with

0
’m(, <2F Vk>2. a1
k

The statement is clearly true for all k= 2,...,4 (base case). For the induction step, suppose
that the result holds true for any k > 4. Then analogously to (68), we find that (66), proposition
4.2 and a° > —2 imply that

0 p : [e%e) ' 5
‘Sg+1|< 270 HKZ(]_4) S2F
= Vi j=5

0
mk+ 1

Wk+ 1

forall 0 < p < po(F), as desired. Here we have used that Sy 1 is a finite sum that only depends
upon mg, e m2_2 (where (71) holds true by the induction hypothesis).

For any 0 < p1 < p19, we have m® € D°. We then define
0o (—l)j gO [,:'\10] ]
$% .= lim §% = - 72
o m S @)

w:
j=2 J

see (60).

Lemma 4.7. Consider the assumptions of proposition 4.6. Then the series S°_ is absolutely
convergent and |S°_| < 2F.

Proof. We have

o)
Z [0] < 2F,
=2 Wi
by (70). O
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In turn, if S% # 0 then
m) = (=) (1+0(1))$2w? for k— oo, (73)
cf (66) and (72), and there are constants 0 < C; < C, such that
C (k= DI < [m2| < Co (k— 1) (74)
for all k large enough. Here we have used (173):
T (k+a°) =T (k) (10 (1)K = (k—1)!(1+0(1)) k"

In this way, we obtain our first result.

Lemma 4.8. IfS%_ # 0 then m® € D is not convergent for any x # 0 and the centre manifold
of (x,y) = (0,0) for (43) is therefore not analytic.

Remark 8. We expect that the converse:
‘if SOoo = 0 holds, then the centre manifold is analytic’,

is true in general (recall lemma 2.4), but leave this for future work.

Lemma 4.9. S9 =% (£5, 1) is C! with respect to f3 for all 0 < < 1. In particular,

oS° 1
=X = __ 10 0.
o7 @+ (n) #

Proof. Having already established the C'-smoothness of 7i® = m°(f9, 1) the result follows
from differentiation of (72) with respect to f g (using (64)). O

Theorem 3.2 item 1 follows from lemma 4.8, see also (73) with m{ = %%mO(O), w =
I'(k+ a°). Finally, lemma 4.9 is precisely the statement in theorem 3.2 item 2.

5. The analytic weak-stable manifold W"*: the proof of theorem 3.5

To study (29) and the analytic weak-stable manifold for all 0 < e < 1, ¢! ¢ N, we use the
scalings (30), repeated here for convenience:

X=€x, Yy=¢€)y.

In the (X,¥)-coordinates, (20) becomes the following singularly perturbed system:

x=ex(x—1), 75
y=-5(1+ea%) + g (%.5).
or alternatively in the form
a5
F(E-1) £ +3(1+ea®) = (53, (76)
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relevant for invariant manifold solutions, where

T (%y) =€ g (ex,69) =f(X) + ph" (X,5),
fo®) = e‘zfe (), (77)
1 (x,5) == € 2R (€%, €7).

Here we have also deflnedf€ and ' By (25), we obtain the absolutely convergent power series
expansion of ¢ and h

F@®=D féd BEy) =) h VYYD R (78)
k=2 k=2 k=1 1=2

Forall e ' ¢ N, 0 < e< 1, (x,y) = (0,0) is a nonresonant hyperbolic node of (75) (the
eigenvalues being —e and —1). Consequently, there is an analytic weak-stable manifold:

W y=mc (%) Z xe(—4,0), (79)
k=2

with § = d(e) >0, see e.g. [7, theorem 2.14], which solves (76). Now, for any series y(x) =
S, yx, we define G “[y] and G°[y] . as above by composition with the analytic function g°:

Again, H [y] and H [y are defined in the same way by composition with the analytic function
k", recall (77). We have H'[y], = 0 for k=2 and 3 and therefore

ge [y]2 :fgv
ge [y]3 = f3€, (80)
G, =fel 2l D, k>4

k=21

forally =) 2, 53, 1€ N,
Lemma 5.1. The following holds:

T MN\T

k—2
H o= i 7'y
j=2

(The last sum is zero for k=4.)

Z k7j+172 (yl)j7 k 2 4. (81)

Proof. The proof is identical to the proof of lemma 4.1 and further details are therefore left
out. O
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Lemma 5.2. Suppose that €' ¢ N, 0 < € < 1 and let (79) denote the analytic weak-stable
manifold. Then the m;’s satisfy the recursion relation:

(1 —ek)mf +e(k—1+a)mf_, =G [m], Vk=>2; (82)

here we define m] = 0. In particular, the right side of (82) only depends upon ms, ... ,mj_,.

Proof. Simple calculation. O

Lemma5.3. Fore ' ¢ N, 0 < e < 1, define

(e = k)T (k+a°)

Wy = (e Vk>2, (83)
and
zk: f Ej " ks
=2
Then §Z depends upon mis, . .. ,my_, for each k > 4 and m, satifies
me = (—1)'wiS, Vk>2. (84)

Proof. The result follows from induction on k, with the base case being k = 2, upon using (82)
and the recursion relation

(1—eb)ywy=€e(k—1+a")w;_,,

for the wi’s in the induction step. O

Lemma 5.4. Write
me . k—1_ €
K —- € mk, (85)

and letm®(x) = Y., m{x* denote the formal series expansion of the centre manifold for € = 0,
recall (66). Then for any fixed k,

my — mg,

ase— 0.

Proof. Inserting (85) into (82), it is straightforward to obtain
mi (1 —ek) + (k=1 +aYymi_y =Gl = mp + (k—1+a’)mi_, = G° [°],,

as € = 0. (Here G[y] is the power series defined by composition g¢(-,y) of a series y with the
analytic function g€ (without bars).) The result then follows from induction on k. O
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5.1 Growth properties of mj

We now study the formal series (79) and the growth properties of 7}, k = 2,...N¢. For this
purpose, the following lemma, on the properties of the Wy ’s, defined in (83), will be crucial.

Lemma 5.5. Suppose that a° > —2, that ="' ¢ N and write
e '=N+a°, N:=|e"], a“€(0,1),
Then the following can be said about wy, defined in (83), for all 2 < k < N°:
1. For fixed k € N\ {1}:
7 = &1 (140 (1)) T (k+ac),

as e — 0.
2. Lower bound of wi(1 — €k):

WE(l—ek) >T (k+a)™! V2<hk<N+1.
3. Convolution estimate: there is a C = C(a°) such that

k—

L8]

WwG_, < CWwi_, V4<k<N 41,

j=2
and
Ne—1
> W, <O Wi (ye_y) YNTHT<KS2(N 1),
j=k—(Ne=1)
4. Define
1 WeNﬁil

5= 1
Q4 Ne_3 Og W; 9
P = log (7))

Then

1 I'(l1+af)

€ — ‘“+1—a)logN +log———= 1
0= 3 (1@ 1= aoen 1o 00 o).
P;=loge+1ogl' (2+a)+o(1)

and
we < el DT o kKN -1,

for all 0 < e < 1. In particular,
Ne—1 Ne—1 3
Dot Y B <2 VO<a<
k=2 k=2

for some C>0and all 0 < e < 1.

32
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5. For fixed e' ¢ N,

(DY T ()T (1—af) T (k+a)
el'(eh) Lk+1—e€) (92)

=01k

Wi =

with respect to k — oc.
6. Let £ > 0. Then there is a constant C = C(a%, &) such that

~
|
)

(€' W< ow, VA<KSNA], (93)

~.
[
©

forall 0 < e 1.
7. Let £ > 0. Then there is a constant C = C(a%, &) such that

,i
[NTE
[

(€'e) ) T Wiy S OWWE_, VASKSN L, (94)

S5}

j
forall0 < e 1.

Proof. We prove the items 1-7 successively in the following.
Proof of item 1. For fixed k € N, we have

T (1) k!
T(e )

r (e_l —k)
el (e~ 1)

—€

WE = [ (k+a) = (I+o(1)T(k+a’)=0(),
using (173), (83) and the definition of the gamma function.

Proof of item 2. We calculate

Tlk+a)  T() Il (e'-))

wi(l—ek) T(e'—k+1) 1 _ ke
J

using (170)and 1 — (k—1)e > o >0for2 <k < N+ 1.

Proof of item 3. We first focus on (87) and notice from item 1 that the claim holds true for
all4 < k < kg with kg > 0 fixed and all 0 < € < 1. We therefore consider ky < k < N€ + 1 with
ko > 0 fixed large. We write

k=2 L5 L5

By proceeding as in the proof of lemma 4.4, a simple computation, using (176) and (177),
shows that @5, (j), j € [2,k — 2], is convex, having a unique minimum at j = g Therefore

5 (7)) <05 (j—2) + P54, 95)

where 05, and P5, are chosen such that

o = 25, (5) —95,(2)
31 — 3_2 -
2
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In particular, equality holds for j=2 and j = § in (95) and consequently
—e 2 05 (572)+P6 —e—e€ P
(Wﬁ) = e¥%ul2 3, WiWg_, =€t
2
Using (83) and (172), a simple calculation shows that

(o)
24+a)T'(k—2+a°)

1
le < % log :_10g4(1+0k0—>oo(1))a
L 8y

for all kg < k < N°+ 1, uniformly in 0 < € < 1. Then proceeding as in the proof of lemma
4.4, we have

oo
Wiw_; < 2wiwp_, + / e@nU=2)+Pi g;
2

< 2(14logd)wywi_, (140(1)),
which completes the proof of (87).
The inequality (88) is proven in a similar way. First, we put k = 2(N¢ — 1) — p and use (83)
and (173) to obtain

—€ —€ € . € . €\2 f—a)—
We —1—p e 1y = L (@ + 14 p =T (@ + 14j) (N) 77 (140(1)).

Therefore
Ne—1 p
D W= ) i1
j=k—(N~1) j=0
€ € p
= (NS (0 + 1 p— )T (0 +1+)) (1 +0(1)).
j=0
Here
P
Y T(a“+1+p—j)T(a“+1+j) <CT(a+ )T (a“+1+p),
j=0

cf (53) and therefore (88) holds true for all 2(N°—1) —p <k <2(N°—1) and any p>0
provided that 0 < e < 1.

We therefore proceed to consider N+ 1 < k < 2(N¢ — 1) — p with p >0 fixed large. We
write

Ne—1 L5 L5]
SEETIRPED SEEE NP Sat)
j=k—(Ne—1) j=k—(Ne—1) j=k—(Ne—1)

As above, ®%,(j), j € [2,k — 2], is convex, having a unique minimum at j = %, so that
5, () <05 (J—2) + P, 96)

34



Nonlinearity 38 (2025) 025019 K U Kristiansen and P Szmolyan

where 05, and P5, are now chosen such that

2
g e -tatowon) 1 ()
32 Ne — 7% Neflfg W]ii(Neil)W;ve,I’

PS5, = 0 (k— (N — 1)).

Equality holds in (96) for j =k— (N —1) and j = g Now, using (83) and (172) a simple
calculation shows that

_ 2
L(e'-5)

(I+a9)T (e = (k— (N —1)))

05 < logr <*10g4(1+0p—>oo(1))a

€ k
Ne—1-%

for all N+ 1 <k <2(N°—1) — p, uniformly in 0 < € < 1. We can now complete the proof
by proceeding in the exact same way that we did in the proof of (87).
Proof of item 4. First, we write

W]f = eq’A (k) ,

where

I (e ' —k) I (k+a)
el'(e~1)

@ (k) =1log

Again, W5 (k) is convex on k € [2, N¢ — 1] (having a minimum at k = ky,(€) := 5= — %-). Next,
Q5 and Pg, defined by (89), are chosen such that

WV 1) - W5 (2)

Ne _3 ) PZ:\I}Z(z)»

o;

specifically
Wg (k) < Q4 (k=2)+ Py,
for all k € [2,N¢ — 1] with equality for k=2 and k = N¢ — 1:
wy=eft, Wi, = eI, o7

Moreover, Q5 = o(1), see (90) which we prove below. Consequently, for all 0 < § < %, we
have

Ne—1 Ne—1

—_ € e
Z weok < Z Qi (k=2)+P§ gk
k=2 k=2

<efig? + / Qi (k=24 sk
2
< Co2efs,
Here we have used that

% 1
/ etk = — — §% V0O<d<e “
5 logd—!—a
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To complete the proof of item 4, we just have to prove the asymptotics in (90). The asymp-
totics of Pj follows from item 1, so we focus on Qj. For this, we use Stirling’s approximation
in the form (173) for N¢ > 1:

(N —1+ac) ) o)

I
['(Ne+ac—2)
(1+o<1>)<N€>‘”+'—“),

using (83), e ! = N° 4 v and

DN —1+a) (N !
m =(1 +0(1))(N€)ﬁ,

in the last equality of (98).

Proof of item 5. For (5), we use the reflection formula (174) and Sterling’s approximation
in the form (173) for k — oc.

Proof of item 6. 1t is easy to verify the claim for all 4 < k < ky for any ko > O fixed and
0 < e < 1 by using item 1. We therefore consider kg < k < N° + 1 with kg > 0 fixed large and
write

Wi =: e®s (),
Again, ®f is convex for any j € [2, N — 1] and therefore
6 (/) < Q6(/—2) +Ps,
where Q¢ and Pg are chosen such that equality holds forj=2 and j = k —2:

1 Wi—2
€ — 1
Q= g8 55

eFs = 5. (99)
By the convexity of ®¢ it follows that Qg is increasing. Therefore by item 1 and (173)
F(k0—2+a5)>k01—4

I'(2+4a°)
=loge+ O(€) +1logko (1 + 0xy—00 (1)),

(05 Eloge-i-(’)(e)—l—log(

for all ky <k < N€— 1. In turn, we can assume that

ce e =2 Vke [k, N —1].
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This allow us to estimate the sum as a geometric sum:

k=2 4 k=2 .
(€10 < (' ey (e
j=2 j=2

—1 \k=2_pe 1o\
<2(¢7e) Tefe (e e
< 262 (=2)+F;

_ A€
=2W;_,.

Proof of item 7. It is easy to verify the claim for all 4 < k < ko forany kp > 0and 0 < e < 1
by using item 1. We therefore consider ky < k < N¢ + 1 with ky > O fixed large and write

W]e = eq)g (J)7
as in the proof of item 6, with
g (j) < Q6 (j—2) + Pg,

for all j € [2,k — 2] with equality for j=2 and j = k — 2. We may assume that ko > 0 is such
that

(g-lee—zQ§+P€) <= Vke ko, N+ 1],

1
2

for all 0 < e < 1. In this way, we estimate can estimate the sum as a geometric sum

,_
(ST

] L5)
(671 () Wiogn < (67)7 Y (671 e) e D20

=2 =2
L5 ;
< (56_])26Q§k (5—166—2Q§+P5)
=2
<2 (5671)2 ek (5716672Q§+P§>2
= zwgwlecfzv
for all kg < k < N+ 1. Here we have used (99) in the last equality. O

In contrast to the analysis of the centre manifold for e =0, we are in the present case of
€ > 0 only interested in estimating the partial sum of (79):

Ne—1 k J A€ 7€
_ —e— € k —egE —€ (_1) g [m ]
y= kaxkv mj = (=1) WS, Skzzwa
k=2 j=2 J
where
Ne= e,
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recall (86). (We will deal with the remainder later, see section 5.3). We therefore define the
semi-norm

S [

1) X := sup =4, (100)
; ¢ ke[2,Ne—1] Wk

on the set of formal series y = >~ , y, %

Lemma 5.6. Consider y(x) = Zlkv;;lykfk and define (' )i,k =21,...,1(N° — 1) by

(N —1)

y® = > ()& (101)

k=2l

Then there exists a C = C(a®) > 0 such that for any | € N\ {1} and all 1 < p < I the following
holds true:

— -1 1 y—enl—p [— —1/_
1 1 [—1 € 14 € p €
| (y )k| < yll (p— 1) ™ (W) (WNe—l) (Wk—(p—l)(zve—l)—z(z—p)> ) (102)
Vke|p—1) (N =1)+2(I—p+1),p(N"= 1) +2(I-p)],
forall 0 < e < 1. Here
I—1
p—1
denotes the binomial coefficient for any 1 < p < L
In particular, forp=1:
—l I Al—1 (—e\[—1 —¢
[(7) < VI C= 5) ™ Wiy (103)

VkeRILN —1+2(1—1)],

forall 0 < ek 1.

Proof. The claim is proven by induction, with the base case being [=2,p=1 and p =2.
The base case: (I,p) = (2,1), (2,2). For [ =2, we have by Cauchy’s product formula:

min(k—2,N°—1)
)<k Y W

Jj=max(2,k—(N¢—1))

We first considerp = 1: 4 < k < (N — 1) + 2 = N° + 1. Then by item 3 of lemma 5.5, see (87),
we conclude that

| (72) | < IVIPCwswi_s.
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Next, for p=2:

Ne—1

(G <P Do wiwisy < IVIPCWRe Wi ey

j=k—(Ne—1)

using (88).

Induction step. The induction proceeds in two steps: We assume that the claim is true
for all /€ N\ {1} and all 1 < p <1 We then first proof that it is true for [+ 1, 1 <p <L
Subsequently, we consider p =14 1.

We assume that (102) holds true. Then by using Cauchy’s product formula we find that

min(k—2,I(N°—1))

(y1+1 ) = Z (?l)j Vi

Jj=max(2l,k—(N¢—1))
Forp=1and k€ [2(I+1),N° — 1+ 2], we find

k—2

_ 1 —enl—1 _ _
|G, < I T G5 T W W
j=21
k—21

-1
< Iyl e ws) ZW Wik—2(1-1))—j
j=2

I
< HYHH_ICZ(Wz) Wi_a1s

using (87), which proves (102) with [ — /41 and p=1. Next, for 2 < p </, we find com-
pletely analogously that

k—2
S RS S ) W
Jj=k—(Ne—1)
(p—D) (N =1)+2(I—p+1) )
< > | 7), eyl + > (7)1,
j=k=(Ne=1) J=(p=D(Ne=D+2(1—p-+1)

for
kelp—-1)(N =D +2(—-p+1),p(N“=1)+2(I—p+1)].
Therefore by (102) (for (1, p) and (I,p) — (I,p — 1)):

-1 -
6 < I () € o )

(p—1)(N“—1)+2(I—p+1)

x Wi (p—2) (Ve —1)—2(1—p+1) Wk
j=k—(N<—1)
-1 I— —1
I+1 l—1 P
I () € ) ()
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k—2

X > Wi (p=1) (Ve —1)~2(1—p) Wi~
== (VD) 4+2(1—p+1)

41 Al —eNI—pF1 (—e p=1((1-1 -1
<y W) (Wive ) ((p—Z) + (p—l
X W (p— 1) (N — 1) —2(1—p+1)

using (87) and (88) to estimate the two sums. Then as

(Ii:l2> i (zl:l) B <pi 1) (104)

the claim follows.
We are left with proving that the claim holds true for p =7+ 1 and

ke [[(N = 1)+2,(1+1) (N — 1)],

where

I(N°—1)

(G < D0 1), el

j=k—(Ne=1)
By the induction assumption, we have

—1

|3, < Iyl (Wf\/eq)l Wi (1= 1) (Ve —1)>

for all
ke[(l—1)(N =1)+2,I(N° = 1)],
see (102) with p =I. Therefore

(N —1)

(G < )™ YD e Wi
j=k—(Nc—1)

= —€ l_¢
< HYHZHCI (WN‘»—I) Wik—1(Ne—1)>
using (88). This proves (102) with [ — [+ 1 and p =+ 1 and completes the proof. O

By using lemma 5.5 item 4, we obtain the following bound on (¥');

Lemma5.7. Considery(X) = ZQZ;I yX* and recall the definition of (y' )i in (101). Then there
is a new C > 0 such that

|(57), | < [Pl el 20 HPI ik ol <k <IN — 1), (105)

forall 0 < e < 1. Here QF and P; are defined in (89).
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Proof. We will use (102), repeated here for convenience:

_ [—1 =P (—e —1_.
| (yl)k| < yll <p 1) =l ws) " (WNéfl)p Wi—(p—1)(Ne—1)—2(I—p)>

Vke[(p—1)(N“=1)+2(I=p+1),p(N = 1)+2(I-p)],

(106)

where 1 < p < I. Using (89) we have

Wézepz, W,E\,e_l:eQZ(Aﬁ%)*P2 and W,fgeQZ(k*ZHPZ V2<k<N+1

and we can therefore estimate the underlined factor in (106) as follows:

—eNl—p [—e —1_ €1 enE_ Y (h_ {1 e
(95) ™ (P51 ) ™ Tty )iy < €75 =P =)0 ({2 7%)

)

where {---} = (p — 1)(N° — 1) + 2(I — p). By simplifying, we obtain

—e\[—p (—e —1_¢ —205+PS <
()" (Wi 1)" Wi—(p—1) (Ve —1)—2(—p) < el TOHFIC, (107)

Subsequently, we use

-1
-1 -1\ o
(p_1><2( . )—2 : (108)

q=0
for all 1 < p < L. Therefore (105) follows from (106), (107) and (108). O
Lemma 5.8. Recall the definition of the semi-norm || - || in (100) and suppose that ||y|| < C

with C > 0. Then there is a K = K(C) > 0, independent of i and €, such that

G DLl <Bp~e,
G [7)3]  <Bp3e,
€G] <Bp '+ pueKwi_, V4 <k <N+,

forall0 <e< 1.
Proof. We use (80):

G D < el + plH ), k=2
The first term on the right hand side is directly estimated by (26):
il <Bp~*eé 2,

forall k € N\ {1}. We therefore focus on the second term, which vanishes for k=2 and k = 3.
By using (26), (81),

il < Vlwi - Vje2,N—1],
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and (103), we obtain

=

-2

HODLI <Y1 y)wg

=2

&,

L5 «

=1
+ ZP I 2 5 T (w) Wi_o(-1)

=2 j=
= k—2—j
=IBllp~'ed " (7'e) W
=2

L5) k—2(I—1)

> @) Y (T g

=2 j=2
for all 4 < k < N+ 1. We now use (93) and (94), respectively:

H L] < II3llp~"eCwi,
15)
—_ — — —en[—1 —¢
+ZP 31! (ws) Wik—2(1-1)
1=2
<|llp~"eCwi_,
15)

2= 1= =2 _\I-1_¢
+p 2”Y||2C2Z(P HFllCe) ™ (w5) Wi—2(1-1)

=2
€
< Kewp_,,

with K = K(||y||,a’, p) > 0 large enough. Here we have used that w5 =

item 1.
This leads to the following important estimate:
Lemma 5.9. Fix C > 0 and define

oo

F=B _— .
jz_;l"(j—i—ao)

Then the following holds for all 0 < p < po with py > 0 small enough:

k

-1 eg
Z Y <2F V2<k<N |y <C
— W l—ej

forall ) < e 1.

O(e) cf lemma 5.5
O

Proof. Let K = K(C) > 0 be the constant in lemma 5.8. We then estimate

2

<—1y6w L e -
Z g | <L) R

J
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for all 2 < k < N¢ using lemma 5.8. Then by the definition of w¢ (83) and (170), we have
Wi, T(e'—j+2)T(j—2+a)
we T(e' =T (j+a°)

_ (i) (=)
(j=14a®)(j—2+a)

Therefore by lemma 5.5 item 2 we find that

K (-1YeG [y (1—e(j—1)(1—¢
-1)(1—¢)
— | <B
; Wf(l—ej ZF (j+a) te Z ]—l—i—a6 (j—24a%)(1—g¢)
/=2 /=2 (109)
<B A — K
jzzlj(]—i—ae)Jr'u Z (j—14a)(j—2+a)
The result now follows. O

Following lemma 5.3, we have that y = m°(X) (as a power series) is a fixed-point of the
nonlinear operator P¢ defined by

o0 k _1 jéae 3.
Pe(y) = Z(U"%ZM%. (110)
k=2 j=2

By lemmas 5.8 and 5.9, we have that there is a ;1o > 0 such that for all 0 < v < po the following
estimate holds:

PO <2F V¥l <2F0<e<],

with respect to the semi-norm || - || (that only involves the finite sum) defined in (100). Then
by proceeding as in remark 7 (using induction on k), we directly obtain the following:

Proposition 5.10. There is a po > 0, such that for all 0 < . < pg the following holds true:
1. The analytic weak-stable manifold satisfies the following estimate
[[m| < 2F,

forall0 <e< 1.
2. The numbers

Ss.ii% 2 <k < N¢
k-—j:2 W;(l—éj) ) A X )

are uniformly bounded with respect to 0 < e < 1, ¢! ¢ N.

Lemma 5.11. Ler 0 < p < pg with g > 0 small enough so that proposition 5.10 applies and
so that the series Sgo from lemma 4.7 is well-defined and absolutely convergent. Then

Sye = 8% for N — oo.
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Proof. The proof is elementary, but since this result is crucial to the whole construction, we
provide the full details:
For simplicity, we write

in the following. By lemma 5.9, [S}.

< 2F. Moreover, Sgo = Z,Oiz - 1)0gj is absolutely con-
/

vergent, recall lemma 4.7.
For fixed j we have (recall item 1 of lemma 5.5)

wi =T (j+a) e (1+0(1)) = wjoe"*1 (I+0(1)).
Moreover, by lemma 5.4 we have

€' 7eG; = G,
and therefore

_l)jegiéj (71)/'ng

111
w-q) Tta) (b
as € — 0 (fixed j).
Next, we estimate
Swl-d) = W S\wl-g) W
N¢ Brer 00 J 0
(—1) eG< =U'g
o5 CNE, 5 0
j=J+1 W.i(l_ej) = Wi
J i GO
€. —1 )
N
=W (1—¢) w;
oo _
Bp~/ K
=3 (72 )
Pt L' (j+a%) ]71+a)(172+a)
= Bp~/ uK >
+ -
jzj;rl<F (j+a°) J—1+a0)(]—2—|—a°)
(112)
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for any 2 < J < N¢, using w]() =T'(j+a’), lemma 5.8 (see also (109)) and proposition 4.2 (see
also (69)). Consequently, we have

(-1 ey (=G (-egy  (1)/G
_ < S j_ J
;wf(l—e]) JZ_; w](? ;wj(l—q) WJQ
_ > 1
+2u(K+K . . (113)
a4 )j;1(1—2+a0)(]—1+a0)
+3 :
2 T )

forall0<e< 1, ¢! ¢ N. Now, for any v > 0, we take J > 1 (independent of € > 0) so that
each of the last two convergent series on the right hand side of (113) are less than v/3.
Subsequently, we then take € >0 small enough so that the first term on the right hand side
of (113) (using (111)) is less than v/3. In total, we have

_ 0 Y
— W 1 e] = wj
and the result follows. O

5.2. Estimating the finite sum

Let /[H] denote the nth-order Taylor jet/partial sum of H(X) = 3.2, Hi¥':
H|:=Y Hi ()" VneN, (114)
Moreover, we define the nth-order remainder by
(oo}
PH = (- [H = Y H()" VneN. (115)
k=n+1

Lemma 5.12. Consider the partial sum

Ne—1

]NE—I Z

of the series (%) = >, mx". Then there is a constant C > 0 such that

) (R < Ce Ve {Zﬂ , (116)

forall0 <e< 1.

Proof. The estimate (116) follows from item 4 of lemma 5.5 with § = %. O
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Lemma 5.13. For any D > 0, we consider
—€ (= N —1[—€] (= - 33 DD
7 (x,] [m}(x)+q) vie |-3.5|.a€ (-D.D). 117)

It is well-defined for all 0 < € < 1 and has the following absolutely convergent power series
expansion

g (2" ] () + q) =2 () + Fgi Ma+ X8 (%) d, (118)
=2
with
%= 0 [ ]
k=2

Moreover, we have the following estimates (Qyj is defined in (89)):
G [t | <ot t vis Ne 1 (119)
specifically, for k = N+ 1:
G [ ] < ome (120)
Net1
and

—I+1

g (@] <uch T viz1, (121)

forall0<e<g 1, x€ [—%, %] Here C> 0 is some constant that is independent of D and e.

Proof. The expansion of (117) follows from composition of analytic functions. For the prop-
erty of the convergence radius in (121), we use the binomial theorem to obtain

n—I

GO =n> <ihfn,ne’"“x'"> ! (’}) () =2, (122)
n=l \m=1

cf (77) and (78), and use (116), (108) and (26). This gives

3 = . —
g7 (x) | < Emf1 Ze“flp*"Z” (Ce) "<Bup~! (2p*1)lel*1 <6up~°D IH,

n=lI

forall x € [f%, %] D < (2p~'e)~!and 0 < € < 1, upon estimating the geometric sums.

Next, we notice that (120) follows from (119) upon using (97). We therefore turn to prov-
ing (119). For this purpose, we use (80) and focus on estimating

" [jNLl Wﬂk'
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By (81), (26), ||m°|| < 2F in the seminorm (100) (cf proposition 5.10) and lemma 5.7, we
obtain that

min(k—2,N°—1)
|HE |:jN —1 [me]j|k| < oF Z p_k+]_1€k_'/_]W;
j=2
L4 min(k,I(N° 1))
4 Z Z il k=2 ()l =1 (-2 P01 Qi)
=2 j=21

Ne—1 '
<2Fp e (p ') ST (Y T g
j=2

,7
[N

] lmin(k,l(Ne—l)) k—j
+elike2C! (foleFCe*zQ4 +P4) Z (ﬂflee*Q*‘) -
= =21

[}

Here
0<plee @ <1, 0<2p leFCe™ 2%+ « 1,

forall 0 < e < 1, recall (90). But then, by estimating the geometric series and using exp(P§) =
wj (see (97)), we conclude that

A [ ] | < Coihe 0820~ T i),

for some C > 0 large enough. This gives the desired estimates (upon C — C). O

We now turn to estimating j° [72]; in contrast to /¥ ~![m], it is not uniformly bounded
with respect to o € (0,1).

Lemma 5.14. Suppose that S° # 0. Then
e | < (140(1)) |8 [wh oY VX e [-6,4], (123)

for all 0 < € < 1. Moreover, fix any K > 0 and suppose for N¢ > 1 and o € (0,1) that

6 < min (124)

3 K "
47\ 2|89 [T (are) (Ne) ™17

(For fixed of, the expression on the right hand side of (124) converges to % for N© — o). Then
V) ()| <K Vxe|-6,4]. (125)
Proof. We estimate
75 7Y | < |Sye [ 0™
(@) (N +a)
(e 1-1)
= (140 (1)) [S%|T (a%) (V)17 6™,

— (1+0(1)) 8% - " (126)
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using (84), (170), S # 0 and Stirling’s approximation (in the form (173)) on the factor

I (N°) (N)“
I (Ne) (Ne) >

I‘(Ne—i—ae) . F(NE+CI€) o 0 _ 0 a+1—ac
6F(€_1> 7(1—€)F(6_l—1>7(1+ (1)) (1+ (1))(N€) )

(127

for N® — o0; in particular the o(1)-terms in (126) are uniform with respect to a¢. Using (124),
we have

€1 e e 1
(1+0(1)[S%T (@) (V)" 177 6" < SK(1+o(1)).
The result then follows from /¥ [fi€] (%) = /N~ [ (%) + %" . O

If we take D > C > 0 and 0 < ¢ < 1, then it follows from lemma 5.12 (upon setting ¢ =
my.x" ) that

g (v ) @) =7 (v ) ) + i),
is well-defined for all X € [4, §] with & > 0 satisfying (124).

5.3. The operator T ¢
Define H — T “[H] by

—e~! X 1— €7l+[le—1
T[H] (%) = ————— ( Ve),l —H(v)dv
(1-x%° ™ Jo ver 128
FT F(Loy)e T 2
= a )el+a5/ N Hv)dv V-1<x<1.
— X

It is well-defined on analytic functions H with jN ‘ [H] =0, see also [16, section 7].

Lemma 5.15. Suppose that ¢~' ¢ N. Then the following statements hold true:

1. For any analytic H with j¥" [H] = 0, G = T[H)] is the unique solution of

d .
e?c(l—%)a?—(l—i-eae?c)G:eH and j [G]=0. (129)

2. T¢ [()N E'H] has an absolutely convergent power series representation for —1 <x < 1:

) i1l I'(1—af) > I'(k+a®) _
T [ON : } (¥) = F(NEJrlJrae)k:%:_H F(k+1fe*1)xk' (130)

—1

Proof. To prove item 1, we define J(X) ::(1_;;74% and subsequently Z(X):=
x 1
IN J(V)V(I_V)H(v)dv. Then

T[H = JT and j(?c)l’(%):x(ll_i)H(f).
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Moreover,
J' & =J % (e“r‘ + (e +a%) (1 —x)“)

. 1 +eax
—j(x)m7

and therefore

x(1—%) T [H) (%) =(1+eaX) T (X)I(X)+eH(T).
Consequently,

x(1-3)T[H)' (X) - (1 +ea’x) T [H) (F) = eH (%),

as desired.
Next, to prove item 2, we use item 1 and the fact that the solution is unique. Then lemma
5.3 with

P —e fork=N°+1,
g [m ]k - {O else

allow us to write 7€ [(-)" 6“] (®) = > vt mx* as an absolutely convergent power series;
notice the change of sign when comparing (129) and (76). In particular, we find that
. (_ 1 )N€+1
Sk=——77— = Vk= N¢ + 1 (zero otherwise),
Wye 1 (1 —ac)

and therefore

1 —1)*wg
e — ( _ ) W Yk > N¢ + 1(zero otherwise),
k € Ne+1
l—« NV e
(-1 Ne+1

by (84). Subsequently, we then use item 5 of lemma 5.5 to write

(D', T@-0o9  T(k+a)
()" s, TNV +1+a)T(k+1—e)

(I-a)T(1-a°) T (k+a°)
F'(N4+1+a) T(k+1—€1)

This gives the desired expression for 7¢ [(-)¥!] in item 2. O

We will view 7€ on the Banach space D§ of analytic functions H:[0,6] — R with
|[H(x)x~ ~!| bounded at X = 0. More specifically, we define

D§ :={H :[0,6] — R analytic : [|H||; < oo},
with the Banach norm

AN+
el = sup e L T1O) (131)

e TN R)
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here we have used that 7 [(-)¥*!] () = O(®"*!) as ¥ — 0 and that 7 [(-)V" '] () > 0 for
allx € (0,1), cf lemma 5.15 item 2.

The case X < 0 has to be treated slightly different (we will have to take 0 < —X < d,¢€); we
will consider this case at the end of section 5.6 below.

A nice property of the Banach norm (131) is highlighted in the following Lemma.

Lemma 5.16. Define

s = sup [H()]. (132)

x€[0,4]
Then the following estimate holds:
|Hls < [|H|l; VH € D;.

Proof. The proof is elementary. Indeed, for any X € (0, 5] we have

T|:(')NE+1:| (6) T|:(')NE+1:| (x) |: . NE+1:| 3
HE| < [ HEI e | e < [l x —a .
T @) T e) A ChI®)
(133)
and therefore
[H )| < [IH]ll5 > 1, (134)
since 7 [(-)¥"*+!] (%) is an increasing function of X € [0,1). As H(0) = 0 the inequality (134)
holds for all X € [0, 6], completing the proof. O

Notice also the (obvious) fact that
IE 5, < IEls,

for any 0 < 6’ < 4. This also holds with || replaced by ||, recall (132). We will use these prop-
erties without further mention in the following. The following set of equalities

17 [ s = 17 [OY s =7 [V ] @) vo<a<t, (135)

are consequences of 7 [(-)V GH} (%) being an increasing function of X € [0, 1), and they will
also be important.
It turns out that

, (136)

I

0<d<

will be adequate for our purposes.
In the following (see e.g. item 7), we will use (-, ¥) to denote the composition X — (¥, Y(X))
for given analytic functions Y : X — Y(X).
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Lemma 5.17. Fix any &, > 0, suppose that ¢! ¢ N and that (136) holds. Then there exists a
Ky = K»(8,,a°) such that the following holds true.

1. Define o, : [—0z¢,2] — Ry by

. 1 V0 < |.Y| < bre
o (%) = Loy l-af (137)
(X' 62¢) Vée <x< 3,
so that
4\ _ _ 3
5(526 <o.(X) <1 Ve |-, il (138)

Then there are constants 0 < C; < Cy, C; = C,-((Sg,ao), such that the following holds for
al0<e< 1, e ' ¢N:

c (X>N€+lg€ ® < (1—a)

1-% 1-Xx

: [\
T[] @] < () ou(®), (139
Jor all —6e <x < %.
2. Asymptotics for ¥ = O(€): For any X = €X,, X € [—02, 03], the following asymptotics hold
true

1 = €
7—5 |:(')N5+1i| (6)?2) _ 1 (EXZ)NE+1 [1 +}2/ e(l—v)xzvl—a dv+(9(e)} V)?z c [—52,52],

l1—ac 0

with O(€) being uniform with respect to o € (0,1).
3. T¢: D5 — Ds is a bounded operator. In particular, let

ITM5 = sup [T [H] 5,

llAls=1

denote the operator norm. Then

K>
NTNs < T—af

(1 +logo. (5)_1> .
4. The following holds for any i € N:

i (i, < g, vae s (140)
5. The following holds for any I € N:

I [ON ;< 8Y T [0 @) (141)

6. Suppose that E,R > 0, 0 < 6 < R and consider

H(X) = i HF vxc|0,0],

k=N¢+1
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with |Hy| < ER*. Then

ERNE—H

17 s < T3

70" ] ),
forall 0 < ek 1.
7. Let C:= CZCf1 > 1, with C; > 0 defined in (139), E,R > 0, and suppose that Y € D§ and

HEY) =Y H@Y vxe(0,6,0<|[T]; <R, (142)
=2

with
|H|ls <ER™' Vi>2,

recall (132). Then
€ Vv wi2 - 1 —1
7 [H (V)] ll; < 4eEKCR|[Y][5 VO <Y[l; < 5 (CR) ",

uniformly in o € (0,1). In particular, Y — T [h(-,Y)] is C! and forall0 < e < 1, itisa
contraction:

. . - |
ID5(T* [H(- D)] Z)lls < O(O)lIZlls ¥Z € D5, 7]l < 5(CR)™. (143)

Proof. We prove the items 1-7 successively in the following.
Proof of item 1. The result follows from [16, lemma 7.2], see [16, equation (7.10)], and it
is based on the integral representation for 7¢ [()N é“] :

*671 X

T @ = e [ 0

(1-» (144)
7Q€XN€ I B 5_ .
S
1—%)° 0

For completeness, we include the details (which will also be important later): Firstly, for X =
€X) € [—€dy,€0,], 6 > 0 fixed, we use:
o202
{e2 5 (145)

—1

(1-%)° =e 09— (140 (e8)) = 0(1)

A%

for all 0 < € < 1. Consequently, for X € [—¢dy, €d;]

T [O" ] @) = (&)NEH (1 +0(1))|x|aex_l/0x(’)(l)|v|_aedv

(¢ )N€+1<1+o<1>>0(”,

1—Xx 1—ac
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where 0 < C; < O(1) < C,. Next, for de <X < %, we use a separate set of estimates:

—e! 1
X e 4a =1 —qF
— | (1-v) v- % dv
(1 —f)e +a /(;
1

X (e !'+a%)T(1—ac)
(1-% F (e +a+1-a)

_ “_;W(l Fo(1)T(1—af)e

TV @<

£ \VH! e
<C2<1x) (X_I(Sze) (l—ae)_l,

and

7671

TV @ 1> —— / ey

(1-%

_ e S —af
>C1< x)N HEag
1—X

1—ac

for some C; = C;(d5,a’) small enough, cf (145). Here we have also used (175), (173)
and (171).

Proof of item 2. For item 2, we use (144) with the substitution v = Xv and (145) with x =
€Xy € [—€d2,€d,]. This gives

T¢ {(-)NE-&-I} (%) =¥ He® (1 +O(6))/1e_(1+e(ae_1))vxz (140(a7)7 " dv

0

0

1
—TV e (140 (e)) (/ e(”e(“e1))”2v°‘€dv+(9(€)> ;

with each O(¢) uniform with respect to . We now use integration by parts on the remaining
integral:

—(14e(a—1))%

1
/ e~ (te(@—1))x  —a®q, € 1+(1+€(a€—1))22
0

1—a¢

1
~ / e(lJre(ae71))(171/)}2‘}17&6 dV‘|
0

e 2

1
1+xz/ eU=%y1=2"qy 1 O (e)
0

- 1—a¢

This completes the proof.
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Proof of item 3. We estimate using (128), (133) and (139)
T @] e |
T[(_)Nﬂrl} (X) = (1 _x)6*1+a5 T[(.)N€+l] (X)
X 1— e 'aat—1 B}
< [ U [ ol

7671

_\ N+
_ X 1—Xx ]
<Czcll(l_x)f“*‘f< X ) 7e ()

< e~ laac— Ne+1
(1—y)s Tt v
[ (1) O,

<G -n)'

T*[H) (%)

X
a‘+a“—2 —qf
>g£<1—w v o (v) do||H]l,

—a‘—1

7/ v g (M dv||H|l; YO<I<I<
0

)

oW

for some K, = K2(62,a0) > (. Here we have used uniform bounds on
—\1—a—a —a+a“ -2 — 3
(1-%) and (1-—X) for x€ O’Z .

Dueto (137), we estimate 0 < X < dre and dre¢ < X < I separately. The former gives an estimate

70" @)
7|0 @

directly. We therefore consider dye <X < < % and find

K
T*[H) () ST _zae IHlls V0 <X < b2,

¥ b oF c 1 02¢ e x
77/ v o (v)dv= ﬁ/ ve dv+/ v ldy
oe (%) Jo (82€) 0 5ae

1
= W — IOg (X71526)

1 _

This completes the proof.
Proof of item 4. Proceeding as in the proof of item 3, we find

T @ e
Tl @]

VT e (W av||H||, YO<x<4.  (146)
5 [ e,

7| H] ®)
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As above, we estimate 0 < X < d¢€ and e < X < § separately. In the former case, we directly
obtain that

T |:(.)Ns+1} (5) Kﬁi

Sitl—ac

£l 5

K i
< jx IH|l; Y0 <% < dae.

We are therefore left with d,e < x < d where

xoffl X . X fi
77/ ye Je(v)dvg/ Virldv=2= Ve, <x <6,
o (X) Jo 0 l

Here we have used that

1 € . e )
—ar / P dvé/ Vi ldy.
—
(526) 0 0

This completes the proof.
Proof of item 5. This case is easy:

T[OM @] <N T @ vos<a
and therefore
I [ s < 84N T [ ).
Proof of item 6. We have

T — ERN 1N+l
HX|<SERVH TN RegF="" = vwog<x<$
|H (X) | ; T X<,

and consequently

ERN€+1
1—R6

17 [H (7)| < T [(~)N€+1} (X) V0<x<6.

The result follows.
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Proof of item 7. Now, for item 7 we use the linearity of 7¢ and first estimate each of the
terms of the sum Y-, 7° {H,(-)T/} . By (128), (133) and (139), we find that

-1

o T[(_)NE+1:| (5) zato1 [F » T{(_)N‘+l} ) .
7|7 (x)T[(~)N€+1](x) <K /Ov o (v) m av[7|I

—a‘—1 X (I-1)(N“+1)—a® l _
<KC1E / ! ”elff a7, Yo<x<s,
Ue(X) 0 (5(1_1)(1\]‘4"1)0’6(6
(147)
with C = C,/C;. We claim that
" ¢ =
17 [F] s < =Ko 1Tl (148)
In order to prove this, we only have to show that
—a‘—1 X (I-1)(N°+1)—a® l 2
p— / ! 70 gy« 2€ vo<x<s, (149)
0 (X) Jo §U=DWHD g (§) -1

cf (147). Consider first the simplest case 0 <X < d < d2e. Then 0.(X) = 0.(v) = 0.(5) =1,
for all 0 <X < v, and we have

xa‘lfxv(’—l)(Ns“)‘o‘eae V)ld 1 <x>(l—1)(N5+l)
y = —
0c(X) Jo SU-DO+D 5 (5)! (I—1) (N +1)+1—ac\§
1
<
(I=1)(Ne+1)+1—ac
< 1
(=1)(N4+1)+1—ac—I(1—ac)
1

(—1) (Nt a9

and (149) follows. We are left with 0 < X < de < § and dre < X < . For the former, we have
oc(X) =0.(v)=1,0.(0) = (67 "0¢)' 7" and

dv

xoffl /xv(l—l)(N€+l)—o¢€0_€(v)l
oe(®) Jo §0-DW DG, (5) "

X pA=DV+1)—a
—a—1
=X / —dv
0 5([—1)(N5+1)(5—1526)(1*1)(1*04)

- ] £\ (DO Fa7) 7 (=)
T U-DWNF)+1—a\s Sre

1

(=1 (N +1)+1—ac’
€

-1

X
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and (149) follows. We finally consider d,e < X < 9:

foffl /x V(l—l)(N€+1)—(x€O_€ (v)ld
y =
oe(®) Jo §0-DW DG, (5) 7"

dre pI=DV+1)—a

1
) 0 U= +ac) (526)(1—1)(1,a6)dv

T (I—1)(N 1) —ac—I(1—a®)
Tar dv
/66 SU—D(Netac)

1 1
ST+ D+1—ar T U=1)(N +a9)
2
)

_ 2e
-1

and (149) follows. Here we have used d > ;¢ in the denominator of the first integral on the
right hand side. In turn, we obtain (148) and therefore

I7* lZHz Lg ek R Y (CRIT)

=2
112
CRI|Y1l5

= 26EK277
1= CR|Yls

e D
S4eEKCRIY|5 - VIIYIll; < 5 (CR)

The fact that the mapping ¥ — T<[>_,°, Hl()?]] is C! and a contraction for all € >0 small
enough follows from identical computations. Further details are therefore left out. O

The following will also be important: Define
T () = (N +a ) T [ (V] (@) (150)

this quantity corresponds to My in [16, lemma 7.2].

Lemma 5.18. Fix &, > 0 and suppose that ¢~' ¢ N. Then we have the following statements
regarding U:

1. U has an absolutely convergent power series representation

e (@) T(1-09) < ['(k+a®) _ o
U (X)—Wk:%;_lmxk V—-1<x<l. (151)

2. Forall0<e< 1, e 1 ¢N0<d6< % the following estimate holds:

1 a42—ac d N Cy,
> _ - € € v
2 ——T(a)(V) (1-5) 0. (5) (152)

1Tl = 1Tl C

Here C; = Ci(62,a°) >0,i =1,2.
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3. Asymptotics for X = O(€): Let X = €X; € [—€02,€0,), 62 > 0 fixed. Then:

1
1+x2/ URYI=0"qy 4o (1)|, (153)
0

with o(1) uniform with respect to o€ € (0, 1).

Proof. We prove the items 1-3 successively in the following.
Proof of item 1. For (151) we use item 2 of lemma 5.15 and (92):

Whe x (N +a) T [ ("] ()
 T(a)T (N 4a) (N +a )T (1—-af) I'(k+a)
N Z T (k

X
—1 € € _ 1
el'(e71) (N +1+a N +1—€1) (154)
CTe)T (140 I (k4 a®)
—1 -1
el'(e~1) k:N€+1F(k+1 e 1)
Proof of item 2. Next, regarding (152) we use (135), (83), (170), (173),
— (a9 )T (N +a“+1 e T'(a®)T (N +ac .
o - La)I( ta )Te[(.)N-i-l]: (iv) ( : aet)Te[(')NH}
= D) (1o (1) (V)27 7 (1]
and subsequently (139).
Proof of item 3. Finally, for (153) we use (155) and lemma 5.17 item 2:
U (&) =T (@) (1o (1) (V)2 7 ()] (e02)
T | . ! - c
=T (a) (N)“ T2 — (ex)V T |1 +xz/ eU=Byl=a"qy Lo (1) |
- 0
O
5.4. Solving for the analytic weak-stable manifold
In the following, we write m° as (recall the notation in (114) and (115))
me =N [m )+ M, N ) =M (156)
we will use 7€ to set up a fixed-point equation for M. For this purpose, let
G ®Y) =7 (3 ) (®+7) -7 (%) @)
We clearly have
G (x%Y)=¥CG,®Y+> G @Y, (157)

>2
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and for any D > 0:

—I+1

IGils <ucD ' vieN,

with C >0 independent of i and e, provided that (124) hold and that 0 < e < 1. This is
essentially identical to the computation leading to (122) (with /¥ ~! replaced by V), using
I [ |5 < K, see (125).

The following result corresponds to [16, lemma 7.3].

Lemma 5.19. Y = M€ satisfies the fixed-point equation:
Y@ = (v +a) ()5S T OV ®)
=7 [ g (2 ) || @ - T [ ()] @,

Proof. With mi; given by (84), we obtain

(158)

dM*

X

+ (1 +eaT)M* = —e(N° +a) Gz !

+e (r”egf (J?,jNe €] (x)) +G° (%,M6)> )

Using e = (— 1)V W SNF (150) and lemma 5.15 item 1, the result follows; notice again the
change of sign when comparing (129) and (76). 0

We denote the right hand side of (158) by F(Y)(x):
F¥) =0 +a) ()" w55 T[]
()] - )

and define the closed ball

(159)

B :=D5n{|IYll; < €},

of radius C > 0.

Proposition 5.20. Suppose that S°_ # 0 and that j € [0 o) with o > 0 small enough. Then
for any K> 0, ac € (0,1), N° > 1, there is an 0 < § < 3 such that for any 0 < § < the fol-
lowing holds:

1. Boundedness of the ‘leading order term’:

5 () lls + 11715 < |S T (160)

2. F: B(%K — B defined by (159), is a contraction.

Proof. The first claim in item 1 is obvious as U (0) =0, see also lemma 5.18 and (123).
We therefore proceed to proof item 2 regarding F : B3 — B3X being a contraction. For this
purpose, we estimate each of the three terms on the right hand side (158) in the norm || - ||| 5,
recall (131).
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The first term:

(v +a) (=) S T [ (] 3.
We write the first term as

(1+o(1) (~1)" SL,T° ().

using lemma 5.11 and (150). Then by using (151) and the assumption on d, see (160), we have

OV +a) (1) w585 T [l < 5K
The second term:
T e ()]
For the second term, we first use lemma 5.13, setting
q= ﬁfVJNE
in (118). Therefore
Al mm@= 3 G | g
k=Ne+1
+ igf (%) (e ) 5,
1=2

using (118). We now use item 6 of lemma 5.17:

”Tel i 7 [jNe—l[me]}k(.)k] Il < ?R_NEHT{(-)N‘“} (9).

k=Ne+1
Here
E=C(5) e ™%, R=e%,
cf (119) and (89). Consequently,
ERVH! = C(w5)? % (V') = Cwswi.
using (89) and therefore RS < % for0 < d < % for all 0 < € < 1. We then arrive at
II7* [ > g [mf]}kc)"] s < 5w, T | (V] (9)
k=Ne+1

< £ CK ,
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with C > 0 large enough, for all 0 < ¢ < 1. Here we have also used (152), (154), (160),
I'(a) > 1 and w5 = O(e) to estimate

scwsiye T | ()] (0) < TUSINT I < T
in the last inequality. Proceeding completely analogously, we obtain

17 |85 e (2]l < nCls o7 [ (1] (6) < e,

and by lemma 5.17 item 5

|||Te lz —e IN +l‘| |||§ ,UCK2ZD l+1 |5N€(l 1) Te [(')NE—H} (5)

=2
_ MCKZZ( |mNE 5N5)1_1 e | T [(.)N6+1} (9)
D_IWN 5N
. e e [/ \Ne+1
— MCKzl _7_1|mN€|§N€ |m | T [() } (5)
< peC,

for some C > 0 independent of z and €. Here we have again used (160) and taken D > 0 large
enough. In total, we conclude that

=7 [ & (- ) | 1l < o€

It follows that the second term is bounded by %K forall 0 <e< 1.
The third term:

T [@E (-,?)} ).

For the third term, we also use items 4 (with i =2) and 7 of lemma 5.17. Specifically, by (157),
we directly obtain

K,

W =

=7 & (D) ll;= 06 <

for [|Y]|s < 2K by taking D > 0 large enough.

In total, F : B3 — B3K is well-defined when (160) holds and 0 < e < 1, ¢! ¢ Nfor 1 >0
small enough. The fact that F is a contraction follows directly from using item 7 of lemma
5.17 on the third term, see (143). In fact, we find that the Lipschitz constant is O(y) for all
0 < € < 1 (independently of o€ € (0,1)). O

Proposition 5.21. Assume that the conditions of proposition 5.20 hold true and that (160)
holds. Let M* denote the solution of the fixed-point equation (158) and define
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B (@)= ) @) - 7 [ o (0 ) || @ - 7 [ ()] @,
V&) =wy Y + U (3).

Then
e (%) =B (X) + (1 +0(1)) (=) LV (%), (161)
for all 0 < X < 6. Moreover, the following estimates hold true:
—e — K
1Bls=0(e). IV @ < g (162)

Proof. (161) follows directly from (156) with Y = M" given by (158). Subsequently, the estim-
ate for B® follows from (132) and the proof of proposition 5.20 (see the second and third terms).
Finally for the estimate for V°, we use that U is an increasing function of ¥ € [0,9] and

37 —e N¢ | 55€ —e € 75€ —e N°¢ 77€ K
IV'lls = 1wk () +T'lls =y + T (8) = Wi ()" Nl + 10" [ls < R
using (160) in the final inequality. O
V* has the following absolutely convergent power series expansion
— . D) (1-a) X T(k+a*) _ -
V(@) = | L. 163
(%) el'(e~1) Zf(k—l—l—e*l)x srs (163)

k=Ne
This follows from (151).
Remark 9. The quantity Vv corresponds to O, in [16, equation (7.25)].

5.5. Completing the proof of lemma 3.4

We prove the items 1-4 successively in the following.
Proof of item 1. The power series expansion (163) of V' in (161) was proven in proposition
5.21. The absolute convergence of this power series expansion follows from (173):

T'(k+ac)

_ e ac—1
—F(k+1—e—1) —(1+0(1))k . (164)

Each term of the series V* is positive for X > 0, which implies (34).
Proof of item 2. For the lower bound, we use wy. > 0, the definition of v
VE=wgd +U@=>UF VYo<i<l,
and the lower bound of U (see (152)):

1

_aE

e e N+
V@G T () am vosas

Blw

We take 6, = % in (138) and obtain

€

3
oe (%) >elm vo<x< 7
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which together with

PR B
(NE)”Jr2 256“ —¢° =2 and T

F'a)>1 Va € (0,1),0<ex 1,

leads to

N DA S _ 3
> — @ <x< -,
Vi(x)/zcle <l—x> VO\x\4

We now use that a® > —2, recall hypothesis 1, to conclude that
1 —a®—1 1 2+4a¢
§C16 >€<:>§C1>€ Vl<ek 1.

Indeed, let v =2+ a® > 0. Then by taking 0 < € < 1, we have that |a® — a°| < v and hence

e 1 1
T L e =¥ 50 for e— 0.

This completes the proof of item 2.

Proof of item 3. The divergence with respect to o — 07 and 1~ is a direct consequence of
the factors I'(a)I'(1 — a¢) in the definition of V*, recall (171).

Proof of item 4. Finally, in order to obtain (36) we use the form in (161):

V@) =wyd +TU (3),
(153) and

Wt = (140(1)T (o) (N T %Y
This gives
V' (ex2) = (1+0(1)T () (N) 77" (em)™

T'(af)
1—ac

= (1+o(1)L () (N)" 17 (exn)"

X <1+ a2
1—ac

1
(N2 ()™ 1+x2/ IRy dy o (1)
0

) |

1
1+xz/ eU=Ryl=aqy 4 o (1)
0

5.6. Completing the proof of theorem 3.5

We consider 7 of the forms [0,d],0 < ¢ < %, and [—0,0], 0 < § < 03¢, separately in the follow-
ing and prove the statement of theorem 3.5 in these cases. It will then follow that the statement
is true for any I C [—da¢, %} satisfying (38).

The case I = [0,6]. If I = [0,6], 0 < 2, satisfies (38), then

_ o .
IVl = ke () lls + 10715 < K.
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We therefore apply proposition 5.20 with K replaced by K|S?_|. In this case, theorem 3.5 then
follows from proposition 5.21, see (161) and (162).

The case I = [—4,0]. Now, we consider case I = [—§,0] with 0 < 6 < dz¢. In this case, we
adapt the space Dj§ and the norm || - ||| 5 in the following way:

D§ :={H : [-4,0] — R analytic : ||H||; < oo},

where
T[OY ] (=9)
H||s:= sup |HU)—F——7F—"1, (165)
H| |||6 Xe[_g,()) ( ) T[()N +1]()C)
and importantly:
0<d < e (166)
By (139), we have
|x| N € € NE+1| /— |7| N _
o . <(1_a)T[(.) ]()‘gcz — Y — Gy <T<0,
(167)

see (137).

Lemma 5.22. Fix 0, > 0 and suppose that (166) holds. Then the items 3-7 in lemma 5.17 also
hold true with || - |5 given by (165).

Proof. The proof of lemma 5.17 carries over since (167) holds. O

In this way, we obtain similar versions of proposition 5.20 (which only relies on the estim-
ates in items 3-7 in lemma 5.17) and proposition 5.21 with

[Hlls := sup [H(u)],
u€[—4,0]

using (167) to estimate V° in the sup-norm. Then, by proceeding as above for I = [0,0], we
complete the proof of theorem 3.5 in the case I = [—4,0], 0 < 6 < dz¢,

6. Discussion

In this paper, we have provided a detailed description of analytic weak-stable manifolds near
analytic saddle-nodes (under a certain smallness assumption of the quantity y = supu® in the
general normal form, see hypothesis 2). In further details, we have identified the quantity S°_,
with the property that S # 0 implies the following (cf theorems 3.2 and 3.5):

(R1) The centre manifold is nonanalytic.
(R2) A certain flapping mechanism of the analytic weak-stable manifold W"*.
(R3) W"* does not intersect the unstable manifold of the saddle W* forall 0 < e < 1,e~! ¢ N.
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The quantity SY_ is reminiscent of a Stokes constant, see e.g. [21]. Overall our approach
is inspired by [16], proving statement (R2) for a specific (rational) system. In summary, [16]
performs a blowup (scaling) transformation, writes the weak analytic manifold as a power
series in the scaled coordinates, truncated at an order just below the resonant term, and then
treats the remainder through a certain integral operator (7°¢). We also follow this strategy,
but have brought the method into a form that is more in tune with dynamical systems theory
(through normal forms, centre manifolds and fixed-point arguments). In this way, we estab-
lished (R1)—~(R3) as a generic phenomena for analytic saddle-nodes (albeit still within the
context of hypotheses 1 and 2). We emphasise that (R3) does not follow from the results of
[16] when applied to their specific nonlinearity. We also feel that we have obtained a deeper
understanding of the underlying phenomena and also streamlined the method of [16] along
the way. For an example of the latter, in our treatment of 7€ we have used a Banach space of
analytic functions H(X) = O(x" ') and set up a fixed-point argument for the remainder; this
approach does not depend upon hypothesis 2 (see discussion below).

We conjecture that hypotheses 1 and 2 can be removed so that our statements hold true for
any analytic and generic unfolding of a saddle-node (by virtue of the normal form, see theorem
3.1). In fact, we believe that a° < —2 can be removed with only a few changes to our argument
(we just have to handle the finite sums

ORRCS}

k>2:k+a9<0

separately).

Let us emphasise where hypothesis 2 is needed: it is used in the proof of m” € D, see
proposition 4.6, and in the proof of the uniform boundedness of 7 in the semi-norm (100),
see proposition 5.10.

At the same time, it is important to emphasise that it is NOT needed in the treatment of the
remainder, see proposition 5.20. To see this, notice that in the proof of proposition 5.20, we
only need that G has small Lipschitz-norm, see the estimate of the third term in the proof of
proposition 5.20. To show this, we can first use the final condition of (26), see remark 3, to
estimate the Y-linear part of G, and for the nonlinear part of G we can use lemma 5.17 item 7
(it is, in particular, O(€) in the norm || - || ; for all 1 > 0).

In other words, in order to remove hypothesis 2 we just need to find alternative proofs of
propositions 4.6 and 5.10.

Let us focus on the former and

0 0
m® (x) = ngxk €D — sup‘m—g| < 0.
k=2 k22 Wi

In [16], the authors show that their corresponding sequence :':—E, k€ N\ {1}, is bounded by
k

essentially setting up a majorant equation for S? defined by
m{ = (1) wsy, (168)

see [16, lemma 5.4]. It follows from (16) (with 2 replaced by G := G°[m°];) that S? satisfies
the following recursion relation
—1)¥go
SH=5Y +M, wh :F(k+a°) ,

0
Wi
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with G depending on S9,...,8?_, (upon using (168)). The proof of [16, lemma 5.4] first con-
sists of showing (using the majorant equation for Sg) that |S',i| < Ky C’(‘) for some Ky > 0, Cop > 1
and all k. This is Step 3 of their proof. One can take Ky = 1,Cy = ¢" for some n € N.

Then in Step 4 of the proof of [ 16, lemma 5.4], the authors show that the exponential bound
can be improved: There is some § = # > 0, m € N large enough, and a K; > 0 large enough

such that [S?| < K;(Coe %)k =K 1ek("7$) for all k. Importantly, the authors of [16] show that
this process can be iterated (with n and m fixed) in the following sense: For each / € N with
n— % > 0, there is a K; > 0 such that

189] < Kjek(=18) — Klek(n—%)’

for all k. Here / € N is the number of applications of the improvement. Setting /= nm then
gives |S?| < K, (uniform bound) for all k as desired.

For our general normal form in theorem 3.1, it is straightforward to reproduce step 3 and
the existence of Cy from (49) (without using 1 > 0 small). However, we have not been able to
reproduce the argument in step 4 in the general framework. We will pursue this further (along
with alternative approaches to majorise Sg) in future work. In fact, at the time of writing, the
first author of the present paper posted a preprint on arXiv, see [12], on the existence of (8)
in the generic case (i.e. without the assumptions on y and a®). The author uses a separate
approach based upon Borel-Laplace and the number S%_ is connected with a singularity in the
Borel plane. The preprint [12] does not address S = 0, recall remark 8.

It is our belief that our results will find use in different areas of dynamical systems, in
particular in the area of singularly perturbed systems where weak-stable manifolds play an
important role. Here we are for example thinking of the weak canard of the folded node, see
[3, 23]. Having said that, our approach is inherently planar and the minimal dimension of the
folded node is three (with a two-dimensional critical manifold), so progress in this direction
is therefore not just a simple incremental step. At the same time, we are confident that the
overall approach of the paper (using power series expansion, identifying leading order terms
and setting up fixed-point formulations) has potential (and is novel) in the context of the folded
node. A natural starting point to extensions in higher dimensions, could also be to consider
saddle-nodes in (x,y) € R!*"; this would also be interesting at the level of € =0 (where S
would have to be reinterpreted). As other examples of future research directions, we mention
extensions to different planar bifurcations with higher co-dimension, including the unfolding
of the pitchfork. This would also require an extension of S°_ to Poincaré rank r =2 (where
x =x%), which we believe is an interesting topic in itself. Here the results of [6] could be
relevant. Finally, we would also like to explore connections in the future to the interesting
results of Rousseau [19], see also [20] and references therein, on the analytic classification of
unfoldings of saddle-nodes.
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Appendix A. Basic properties of the gamma function

The gamma function z — I'(z), defined for Re(z) > 0 by

[(z) = / h Fle™'dt, (169)
0

will play a crucial role. We therefore collect a few well-known facts (see e.g. [18, chapter 5])
that will be used throughout the manuscript.
First, we recall that I'(n 4 1) = n! for all n € Ny, which follows from I'(1) = 1 and the basic

property
I'(z+1)=2zI'(z) VRe(z) >0. (170)

The gamma function can be analytically extended to the whole complex plane except zero and
the negative integers (which are all simple poles); specifically,

limxl (x) =T'(1) = 1, (171)

x—0

In this paper, we will use Stirling’s well-known formula:

Txrt1)=(1+0(1)) 27rx(£>x, (172)

for x — oo. The following form

T'(x+b)

O (1+0(1))x, (173)

for b € R and x — oo, which can be obtained directly from (172), will also be needed. We will
also use the reflection formula:

Fz)r(1—-z)= - Vz¢ Z. (174)
sinmz
and the Euler integral of the first kind:
1
—1 I (y)
1= ldy = =222 Wy y>0. (175)
/o = ['(x+y)

Finally, the digamma function ¢ is defined as the logarithmic derivative of the gamma
function:

b (z) = . (176)

It has a unique positive zero at z~ 1.4616312... and ¢(z) is positive for all z-values larger
than this number. It will be particularly important to us that ¢ is an increasing function of
z>0:

¢’ (z) > 0. (177)
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Appendix B. Proof of theorem 3.1

We first use [19, theorem 2.2], where the following normal form (with unfolding parameter \)
is provided

F=A—x,
)') = 7)1(1 7akx) +g)\ (xay)a

with
g xy) = (A=2) (x) +yut (x,y). (178)

We focus on the singularity side of the bifurcation, i.e. A > 0. The normal form is then ana-
lytic with respect to v/A > 0. Notice in comparison with [19, theorem 2.2] that we reverse the
direction of time and have replaced their (a()),0(y)) by (—a*, —y*u’(x,y)), respectively. We
then put

x= —%+VA
so that
F=%(3-2V1),
==y (1= VA+ %) + 2 Fy),

where g* is obtained from (178) and takes the same form (see (181)). We proceed to drop the
tildes and then define (new tildes)

2v/A oLy (179)

T RN k(V\)

where
/@(\f/\) =1-—a V),
which are all well-defined for all 0 < A < 1. We then obtain that

¥ =%GF—¢), 150)
y'=—y(1+a%) +2g (X)),

after dividing the right hand side by n(ﬁ) This corresponds to a reparameterisation of time.
Here we have defined

a=a9, FEy) =xG—O)f X)+u (r,y), (181)

and used that the first equation in (179) can be (analytically) inverted for V= \f)\(e),

VA(0) = 0, 92(0) = L. We then drop the tildes again.
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Now, in order to achieve the desired normal form in theorem 3.1, we then apply three ele-
mentary transformations (T1)—(T3) to obtain (180) (with tildes dropped) with g€ given by (21)
and satisfying (23), repeated here for convenience:

g (x,y) =/ (x) +u(x,y)
=S fd, zuklmzzuk,fy, (182)
k=2 k=1 [=2

and
e <Bp~%, Jug,|<pp™*' and up; =0 VkIEN, e€[0,6), (183)

respectively. The purposes of each of these successive transformations are:

(T1) Remove the x-linear term of g¢ from (181) (—exf*(0)) on the right hand side of the y-
equation in (180).

(T2) Remove the y-linear term of the resulting nonlinearity g° = f€ 4+ u® obtained after applic-
ation of (T1) for e =0: “1?,1 =0 for all k € N\ {1}, see the last condition in (183).

(T3) Remove the x = 0 part of the resulting nonlinearity g€ = f€ + u® obtained after application
of (T2): uj, =0 forall /€ N\ {1} and all € € [0,¢), see (182).

For (T1), we define y =y + €5 Lo )x This gives the following system

x=(x—e€)x,

L (184)
y:_y<1+ax>+g (xa,)\;)7
with
(Y fo —l—Zu ,xy—|—ZZuk1xy, (185)
k=0 [=2
and
56:516—1-26]; (0) e (0,0).
— €

This completes (T1). We drop the tildes.
For (T2), we introduce a new x-fibered diffeomorphism defined by

o0

I/l
) B = )= 3 R =y

0= ul

k=2

A simple calculation then shows that in the new (x,y)-coordinates, we obtain a system of the
form (184) with g¢ given by (185), for a new ¢ and a new i now satisfying ”2,1 =0 for all
k € N, upon dropping the tildes. This completes (T2).

Now, finally for (T3) we analytically linearise the x = 0-subsystem: There is a loc-
ally defined analytic near-identity diffeomorphism y sy = ¢(y), 1¢(0) =0, 4 a¥(0)=1,
depending analytically on € € [0, ), such that

o0
Y=yt Uy =y=-7
=2
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In the coordinates (x,y), we therefore obtain the desired form (180) with g¢ given by (182)
and satisfying (183) upon dropping the tildes a final time. In particular, the estimates in (183)
follow from Cauchy’s estimate for all p > 0 small enough.
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