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Abstract

Any semigroup S of stochastic matrices induces a semigroup majorization relation
<5 on the set A, _1 of probability n-vectors. Pick X, Y at random in A,_1: what is
the probability that X and Y are comparable under <? We review recent asymptotic
(n — o0) results and conjectures in the case of majorization relation (when S is the
set of doubly stochastic matrices), discuss natural generalisations, and prove a new
asymptotic result in the case of majorization, and new exact finite-n formulae in the
case of UT-majorization relation, i.e. when S is the set of upper-triangular stochastic
matrices.

Keywords Semigroup majorization - Stochastic matrices - Probability simplex -
Resource theories - Asymptotic comparability

Mathematics Subject Classification 60C05 - 05A20 - 15B51 - 52B11 - 81P45

1 Introduction

The subject of combinatorial and algebraic aspects of partially ordered sets has received
much attention in recent decades in quantum physics, with an explosion of works in
the field, since the (re)discovery of the interplay between certain resource theories
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and order relations, most notably between entanglement theory and majorization [27].
See [8, 10, 14, 32] and references therein. The basic idea of a (quantum) resource
theory is to study information processing under a restricted set of operations, called
free. Thus, a resource theory leads to a partial ordering of states, ranking them from
harder to easier to prepare by means of free operations. This notion of partial order,
introduced in physics by Uhlmann [4], has deep mathematical roots dating back to
Schur, Hardy, Littlewood, Pdlya, and others.

Consider a finite system whose states can be described by n-dimensional probability
vectors x = (xq,...,X,), x; > 0, Zi x; = 1. These states belong to the probability
simplex A,_ referred to as the state space. Stochastic matrices represent the most
general linear transformations between states in A,,_1. Formally, a resource theory [9]
can be constructed by declaring that the set of free operations between states in A, _
is a given proper semigroup S of stochastic matrices. The set of free operations S
leads to an order relation in the state space: we write x <5 y whenever x = yP for
some P € 8, that is if the state y can be converted into x by means of a free operation.
In this paper, we adopt the right (row) stochastic matrix convention, where stochastic
matrices act on the right on row probability vectors. This is standard in probability
theory, where stochastic matrices are also called Markov matrices (see Section 2).
The standard majorization relation [23] is obtained by choosing S as the semigroup
of doubly stochastic matrices. An equivalent characterisation of majorization (and
other semigroup majorization) is in terms of monotonicity of family of functions that
deserve the name of ‘generalised entropies’ [31]. In some situations, the family of
generalised entropies can be generated by nonnegative linear combinations of a finite
family of ‘monotone’ functions.

Given two states x, y, for any free operations P € S, one can certainly decompose
y P, as a convex combination px + (1 — p)z for some z € A,_; (with p that depends
on P). The trivial case p = 1 corresponds to the case yP = x, i.e. x <5 y. For
general x, y, it is natural to ask what is the largest value of p, denoted with I1g(x, y),
that can be achieved in a transformation yP = px + (1 — p)z, as P runs over all
free transformations. In the context of resource theories, I1g can be thought of as the
maximal success probability of conversion of y into x [10, 28, 39, 40]. This happens
when a quantum measurement is used in the conversion protocol, which allows one
to extract x from the convex combination px + (1 — p)z conditionally on certain
outcomes of the measurement, whose occurrence probability sum to p. However, it is
worth mentioning that measurements may not be free operations in a given quantum
resource theory [3].

Itis clear that in a resource theory, a state y is ‘useful’ (or ‘more useful than others’)
if from y it is possible to reach ‘many’ other states by free operations. For example, in
entanglement theory maximally entangled states of a bipartite system can be converted
to every other state using local operations and classical communication only, and this
is why such special states (like Bell states), sometimes referred to as ‘golden state’,
are key ingredients in applications. But such golden states are very special.

We therefore address the following question: given a fixed resource theory, how
likely is it that two ‘generic’ states can be connected via a free operation in S? More
precisely, pick X and Y at random according to a (natural) probability measure on the
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state space A,_1: what is the probability that X < ¥ ? Our initial intuition is that in the
limit of large dimensionality n — o0, typical pairs of states are so uncorrelated, that
they cannot be converted to each other via free operations and hence are incomparable.
This ‘comparability is atypical’ statement was first put forward by Nielsen [26] in
quantum theory and was only recently proved in [7] and in [18] for the resource
theories of quantum coherence and quantum entanglement, respectively. Given that
exact conversion between generic states is typically impossible to achieve by means of
free operations, one can consider transformations that succeed with some probability
p (not necessarily equal to 1) at transforming the initial state into the desired final
state. If we allow nondeterministic transformations (i.e. some probability of failure),
what is the typical maximal probability of successful transformation I1g(X, Y) for
random states X and Y?

1.1 Majorization

Let < be the majorization relation. This is the semigroup majorization corresponding
to the set of doubly stochastic matrices (precise definitions are given later). Let also
IT(x, y) be the largest value p € [0, 1] suchthat px+(1—p)z < yforsomez € A,_1.

Theorem A Pick X, Y independently and uniformly at random in A, _1. Then,

lim P (X <Y) =0, (1.1)
n—oo

and TI(X, Y) converges in probability of 1: for all € > 0,

lim P(I(X,Y) <1—¢)=0. (1.2)

The limit (1.1) is a restatement of a claim proved in [7], while the convergence (1.2)
is a new result (Theorem 4.2). Here is an informal rephrasing: the proportion of pairs
of states (x, y) such that x is majorized by y tends to O for large n; nevertheless, in
any e-neighbourhood of x, if n is large, there is a vector x. that is majorized by y.
The result may, at first, feel paradoxical. A way to reconcile these facts is to observe
that (1.1)-(1.2) show that exchanging limits does not work here: for fixed ¢ > 0,
the n — oo limit yields 1, but if one first takes € — 0 and then n — oo, then the
probability becomes zero.

1.2 Upper-triangular majorization

Let <UT be the semigroup majorization relation corresponding to the semigroup SUT
of upper-triangular stochastic matrices (UT-majorization). Let also [Tyt (x, y) be the
largest value p € [0, 1]such that px+(1—p)z <YT yforsomez € A,_1.Inphysics,
the semigroup SUT arises in the zero-temperature limit of thermal operations [25].
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Theorem B Pick X, Y independently and uniformly at random in A, _. Then,

P(x<"y)= % (1.3)

Moreover, the distribution function of yr(X,Y) is

0 ift <0,
1
P(Myr(X,Y) <t) = (1—-); ifo<t<l1, (1.4)
n
1 ift > 1.

A more precise statement of (1.3) (for more general measures i, on A,_1) and (1.4)
is given in Theorems 3.3 and 4.4 later on. Equation (1.3) implies the claimed ‘compa-
rability is atypical’ statement: the probability that two random states can be connected
by a upper-triangular stochastic matrix vanishes in the limit n — oo. Equation (1.4)
addresses the question of ‘nondeterministic convertibility’.

We stress that Theorem B is an exact finite-n result, and in this sense the model
of comparability of random vectors with respect to UT-majorization can be consid-
ered ‘exactly solvable’: explicit calculations are possible and might give insights to
understand the asymptotics of other, non-solvable models.

1.3 Outline of the paper

In the next section, we give some background on partial orders, semigroup majoriza-
tion, and orderings induced by function sets. In Section 3, we formulate the problem,
recall known asymptotic results for majorization (Theorems 3.1 and 3.2) and state the
first main theorem on UT-majorization, Theorem 3.3, which gives an exact universal
formula for the probability that two random states X and Y are comparable with respect
to UT-majorization. In Section 4, we consider the maximal success probability of con-
version of random states X and Y. In the case of majorization and UT-majorization
relations, we first present and prove an explicit formula for I1s(:, -) involving ratios
of monotone functions (Propositions 4.1 and 4.3). In the majorization relation, one
expects the existence of a limit in distribution of the random variable [1s(X, Y). We
prove that this is indeed the case and we find the limit distribution to be concentrated at
1 (Theorem 4.2). For UT-majorization, we find the exact finite-n distribution function
(Theorem 4.4), which, in fact, has a nontrivial limit. The final section contains the
proofs of the main results. We included some technical results in the appendices A
(Bolshev’s recursion) and B (stick-breaking representation of the Dirichlet distribu-
tion).
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2 Background

We begin by recalling some terminology. The reader is referred to the monograph of
Marshall, Olkin, and Arnold [23] for further details.

2.1 Order relations

A partial order is a pair (A, C), where A is a set and = a binary relation on A
satisfying

(1) reflexivity: forall x € A, x C x.
(2) transitivity: forall x, y,z € A,ifx C yand y C z, then x C z.
(3) antisymmetry: forall x,y € A,ifx C yand y C x, thenx = y.

A preorder is a pair (A, C) satisfying the first two conditions. If x C y we say that
‘x is less than y’. If it exists, a bottom element of a partial order is an element | € A
satisfying L. C x forall x € A. If it exists, a top element of a partial order, an element
T € A satisfying x T T for all x € A. If neither x T y nor y T x, we say that x
and y are incomparable. A total order is a partial order (A, C) in which for every
pair of elements x, y either x £ y or y T x holds. The dual (or converse) relation
(A, T*) is defined by setting x °* y if and only if y T x.

For a given y € A, the set of all antecedents of y in the relation C is denoted by
Y (v, E). Thus,

Yy, B)={xeA:x Ey}l 2.1
The graph of the relation C on A will be denoted by I' (A, C). Thus,
FAD ={(x,y) e AxA:x €y(y, D)} ={(x,y) e AXA: x E y}. 2.2)

We will simply write I' when (A, C) is clear from the context.

2.2 Semigroup majorization

For x € R", we denote by xV the permutation of x with the components arranged
in nonincreasing order, i.e. xli > xzi > . > x,f. For x, y € R", we say that x is

majorized by y (or y majorizes x) and write x < y if

y}, fork=1,...,n—1

||M»

2.3)

=
=

I
—
I
—
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If the equality in (2.3) is replaced by a corresponding inequality, we say that x is
weakly (sub)majorized by y and write x <y, y, i.e. for x, y € R™:

k k
x<py it Y xf =Y yhok=1...n 2.4)
i=1 i=1

It can be seen [21] that x < y if and only if, for j =1, ..., n,

convixj, +---+x;;: 1 <ip <--- <ij <n}

Cconv{y,-1+-~-+y,-j:1§i1<~-~<ij§n}, 2.5)

where conv(A) denotes the convex hull of a set A (the smallest convex set containing
A).

By a celebrated result by Hardy, Polya and Littlewood [15], x < y if and only if
x = yD for some doubly stochastic matrix D. This relation is a preorder because
the set of n x n doubly stochastic matrices contains the identity and is closed under
multiplication. Other preorders are obtained if the set of doubly stochastic matrices
are replaced by another semigroup S of matrices with identity [23].

Let A be a subset of R”, and let S be a semigroup of linear transformations (matri-
ces) mapping A to A. A vector x € A is said to be semigroup majorized by y,
written x < y, if x = yS for some S € S. From the semigroup property of S, it
follows that (?{, <3) is a preorder, but not a partial order in general. See [19, 36, 37]
for further details.

Recall that a square matrix P is row (sub)stochastic if all entries are nonnegative and
the row sums are (less than or) equal to 1. If we denote the row vectore = (1, ..., 1),
we have that a square matrix P with nonnegative entries is row (sub)stochastic if
P = ¢ (P < ¢'), where ¢’ denotes the transposed vector of ¢ and < is to be
understood component-wise.

We define the following types of matrices with nonnegative entries (mapping A =
R’ to itself):

e Doubly stochastic matrices (DSM):
row stochastic matrices D with column sums equal to 1, i.e. eD = e.
e Weakly doubly stochastic matrices (WDSM):
row substochastic matrices D with column sums at most 1, i.e. eD < e.
o Upper-triangular stochastic matrices (UTSM):
row stochastic matrices § = (s;;) with s;; = 0 whenever i > j.
e Weakly upper triangular stochastic matrices (WUTSM):
row substochastic matrices S = (s;;) with s;; = O whenever i > j.

The sets of n x n DSMs, wDSM, UTSMs, and wUTSMs are all semigroups
with identity. We denote the semigroup majorization of DSMs, wDSM, UTSMs, and
wUTSMs by <, <y, <UT, <3T for short, and we say that x is majorized, weakly
majorized, UT-majorized, weakly UT-majorized by y, whenever x < y, x <, y,
x <YT y orx <ET y, respectively.

@ Springer
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Birkhoff’s theorem [5] states that the set of doubly stochastic matrices is the convex
hull of all permutations matrices. As a consequence, x < y if and only if x lies in
the convex hull of the n! permutations of y (this is a restatement of (2.5)). The set of
n x n doubly substochastic matrices is the convex hull of the set of n x n matrices
that have at most one unit in each row and each column, and all other entries are
zero [22]. Therefore, x <,, y if and only if x is in the convex hull of the points
(M Yz), -+ MYx(n))> Where 7 is a permutation and each »; is O or 1.

Let SUT and SUT be the sets of UTSMs and wUTSMs, respectively. (All entries
are nonnegative and the row sums are equal to 1.) It is easy to verify that both SUT and
SgT are convex sets. The extremal points of SUT are upper-triangular matrices with a
single entry 1 in each row and all other entries zero. The extremal points of SBT are
upper-triangular matrices with at most one entry 1 in each row and all other entries
Zero.

To summarise, the antecedents of y € A,_1 in A = R’j_ for the preorders <, <y,

<UT and <UT are
y (v, <) = conv{(yx(1), - - -+ Ya(m)) 1 T € Sul, (2.6)
Y (v, <w) = conv{(n1Yx(1)s - s MYx(m) © T € S, mi € {0, 1}, 2.7
y (v, <"T) = conv S Vi > i | find
hef~ta Jn€f~m)
— [n] st () >iforalli b. 2.8)
yo<pD =comv il D mpviees Y WY
jlefil(l) jnefil(n)

f:[n] — [n]s.t. f(i) >iforalli,and n € {0, 1}"
2.9)

Example 2.1 Forn = 3, let y = (y1, y2, y3). Then,

Y (v, <) = conv{(y1, y2, ¥3)» (y2, Y1, ¥3) » (¥2, ¥3, y1), (¥1, ¥3, ¥2)
(3, y1, y2) 5 (¥3, y2, YD} (2.10)
y (v, <D = conv{(y1, y2, ¥3), (1, 0, y2 + ¥3), (0, y1 + ¥2, ¥3)
0, y2, y1 +y3), (0, y1, y2 + y3), (0,0, y1 + y2 + »3)}.
(2.11)

See Fig. 1 for examples of the antecedent sets.

@ Springer
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(@ (0,0,1) (b) 0,0,1) © 0,0,1)

(1,0,0) ©.1,0) ©.1,0)
@ ©,0.1)

(1,0,0) ©,1,0)|(1,0,0) ©,1,0)|(1,0,0) ©.1,0)

Fig. 1 Antecedent sets y (y, <) (in green) and y (y, <YT) (in red) for each y € Ap (depicted as a black
star), where y is a y = (0.33,0.18,0.49), b y = (0.60,0.26,0.14), ¢ y = (0.43,0.08,0.49), d y =
(0.14,0.31,0.55), e y = (0.42,0.49,0.09), and f y = (0.10, 0.74, 0.16). Points obtained by applying
extreme operations with respect to majorization and UT-majorization are depicted by green and red circles,
respectively. Note that these are not necessarily extreme points of the corresponding antecedent sets

Remark 1 The number of extremal points of y (y, <) is generically n! (the number of
permutations of an n-set); the number of extremal points of ¥ (y, <) is generically
Yo k!(Z)z, the number of partial permutations of an n-set [29]. These are upper
bounds for the number of extremal points of y (y, <U7) and y (y, <Y7), respectively.
See Fig. 1.

It can be verified [30] that UT-majorization is equivalent to unordered majorization,
which is defined by the same inequalities (2.3) where the components of the vectors
are unordered. To avoid further notation, we still denote unordered majorization with

<UT y 5o that we have:

k k
inSZyi, k=1,....,n—1
i=1

i=1

x <Yy iff (2.12)

n n
in = Zy,"
i=1

i=1

Note that if x = yM, with M € SUT, then x; = Yi_; y;Mji = "_, y;M,; since
M;; =0 for j > i. Moreover, Z?:i M;; = 1. Note that M, = 1 and e, = e, M for
all M e SUT.

Remark 2 (Physics) Another prominent example of semigroup majorization is
obtained from the semigroup S? of g-stochastic matrices defined as follows. Let
g be a nonnegative vector. A row stochastic matrix S is said to be g-stochastic if

@ Springer
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qS = q. For x,y € R" we say that x is g-majorized by y, and write x <g¢ y if
x = yS§ for some S € S87. In g-majorization, ¢ = L is always the unique bottom
element, while ey is a top element if and only if g is minimal in g. See [36, Theorem
3]. For ¢ = e, we get the set of DSMs. Notice that SUT is a proper subsemigroup of
S, e, =(0,...,0,1).

If we write g = (e‘ﬁEl, cee e_ﬂEn) for some sequence of energy levels Eq >

- > E, € R and inverse temperature 8 > 0, then g-majorization is equivalent to
thermomajorization [16, 33], as 87 is the semigroup that fixes the ‘Gibbs state’ g.
At high temperature § — 0, thermomajorization reduces to standard majorization; at
zero temperature 8 — 00, thermomajorization relation collapses to UT-majorization.
Note that in physics it is customary to order the energy levels in increasing order
E; < --- < E,. To make a correspondence with the existing literature [16, 25], it
is enough, by taking the transpose, to consider column-stochastic (rather than row
stochastic) matrices acting on column probability vectors. Note that transposing an
upper-triangular matrix yields a lower-triangular matrix.

Remark 3 (Combinatorics) In the realm of discrete combinatorics, the counterpart of
majorization is called dominance order for integer partitions or integer compositions.
There exists a natural extension due to Narayana [24] that can be used in the continuous
setting to provide yet another generalisation of majorization. Lets € R.Forx, y € R”,
the vector x is said to be s-dominated by y, and we write x <* y if

k k
inl—Zyii5s,f0rk=1,...,n. (2.13)
i=1 i=1

When s = 0, the s-dominance order is the weak majorization order.

2.3 Orderings induced by function sets

Here is another convenient description of partial orders induced by functions that can
be thought of as generalised entropies. Let ® be a set of real-valued functions ¢ defined
on a subset A of R". For x, y € A, we write

x <oy iff ¢(x)<¢(y), forallp e d. (2.14)

If (2.14) holds, then it holds also for all linear combinations of functions in ® with
positive coefficients. These linear combinations form a cone that is said to be generated
by ®.

For instance, let ® := {¢1, ..., ¢y+1}, Where

k
G =D x!, k=10 $u1(x) = —¢n(x). (2.15)

i=1

@ Springer
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Then, <¢ is equivalent to < according to definition (2.3). The cone generated by
Dy = {d1,..., dn}, with ¢ in (2.15) induces the weak majorization preorder on
R

Similarly, the sets 3T := {¢{'T, ..., ¢V}, and ®UT := dJT U (1T}, where

T (x) = le, =1,....n,  ¢VT ()= (x), (2.16)

generate the cones inducing weak UT-majorization and UT majorization, respectively.

3 Probability that generic states are comparable

Let (A, ) be a preorder with A C R”, and let i« be a probability measure on A. If
I' is measurable, we define the probability of I as

P(T) = peu ) =peu ({(x,y) € Ax A: x T y}). (3.1

The above quantity can be interpreted as follows. Pick X, ¥ independently at random
according to the probability measure p. Then, P(I') = P(X E Y) is the probability
that X is less than Y. By symmetry, this is also equal to the probability P(Y C X),
since X, Y are independent and identically distributed.

In this paper, we consider the case of partial orders on the simplex of discrete
probability vectors.

Let n € N and consider the (n — 1)-dimensional simplex

n
Apri=1xeR": x>0 x = 1} = conv{eq, ..., enh (3.2)
i=1

where e, ..., e, stand for the unit vectors of the standard orthonormal basis of R”.

With this notation, consider the poset (A, &) = (A,—_1, <), with < the preorder of
majorization. Note that the bottom element is L = %(el +---4e,) =U/n, ..., 1/n),
while the top elements are ey, .. ., e,. In [7], Cunden, Facchi, Florio and Gramegna,
proved the following asymptotic result.

Theorem 3.1 ([7]) Let T'), = T (Ay—1, <), and w, the uniform probability measure
on the simplex A,_1. Write P(T";)) = un ® wn(Ly). Then,

lim P(I',) = 0. (3.3)
n—oQ

This statement is Eq. (1.1) of Theorem A. The proof of Theorem 3.1 in [7] uses
Kolmogorov’s 0-1 law, and hence, it is fundamentally non-quantitative. Recently,
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Jain, Kwan and Michelen [18] proved the following quantitative (though presumably
not optimal) estimate.

Theorem 3.2 ([18]) With the same notation of Theorem 3.1, there is a constant C > 0
such that

P(T',) < C (logn/n)/1° (3.4)

The same authors [18] proved the analogue of Theorem 3.1 when the measure u,
on A,_1 comes from the fixed-trace Wishart measure of random matrix theory, thus
settling a conjecture put forward by Nielsen [26] and numerically investigated in [6]
in the context of entanglement theory.

Consider now the poset (A, C) = (An,l, <UT); in this case the bottom element
is L =e, =(0,0,...,1), while the top elementis T =¢; = (1,0, ..., 0). We state
the following simple theorem on the exact probability of I',, for UT-majorization.

Theorem 3.3 Consider the graph T, = T° (An_l, <UT) and let w,, be an absolutely
continuous and permutation symmetric probability measure on A,_1. Then, for all
n>2,

1
P(Ty) = - 3.5)

When p,, is the uniform measure on the simplex, Theorem (3.3) provides Eq. (1.3) of
Theorem B.

4 Maximal success probability of conversion

Note that for x, y € A,_1, x < y if and only if x <, y, since the normalisation
condition automatically guarantees the equality constraint in Eq. (2.3).

Forx, y € A,_1,itcan happen that x is not majorized by y, but it is always possible
to find p € [0, 1] and z € A,,—; such that

px+ (1 —-piz=<y. .1

Let
IM: Ay—1 X Ay—1 — [0, 1], 4.2)
with I1(x, y) defined as the largest p € [0, 1] such that (4.1) holds for some z € A,,_1.

Equivalently, IT(x, y) is the largest p such that yD = px + (1 — p)z for some DSM
D and some vector z € A,,_.

The function IT can be expressed in terms of the monotones ¢y, ..., ¢, as defined
in (2.15).
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Proposition 4.1

Mex,y) = min 2% 43)
1<k<n ¢y (x)
where ¢y are defined in (2.15).
Proof Let p* = minj<g<y % We first show that
p* =max{p €[0,1]: px <y y}. 4.4)

* * __ ¢k*(y)
Letk* € {1, ..., n} such that p* = B0 Then,

Pk (p*) = pro(x) = (¢k*(y)> () < ("”‘(”) 9r(0) = (), forall k= 1,....n.
Ppex (x) &k (x)

Hence, p*x <y, y. Now suppose that there is p’ > p* such that p’x <,, y. Then,

o (p'x) > ¢r(p*x) forallk =1, ..., n. Choosing k = k*,

G (P'x) > P (p*x) = p ey (x) = P ().

we get a contradiction. Hence, p* is the largest value p € [0, 1] such that px <., y,
i.e. such that yP = px for some wDSM P.

We can now prove the claim (4.3). The case p* = 1 is trivial. Assume p* < 1.
Reasoning as above, we first show that I1(x, y) < p*. Suppose by contradiction
that there is p’ > p™* such that p’x + (1 — p’)z < vy, for some z € A,_;. Then,
&(y) = di(p'x + (1 = pHz) = $(p'x) > ¢(p*x) forall k = 1,...,n and,
choosing k = k*, we get a contradiction.

It remains to show that there exists a DSM D such that yD = p*x + (1 — p*)z with
7 € Ay—1. By (4.4), we know that y P = p*x with P wDSM. A theorem attributed to
von Neumann (see [23, P. 37]) ensures that there exists a DSM D such that P;; < D;;
foralli, j =1,...,n. Note that P’ := D — P is also a wDSM. Then,

yD=yP+y(D—P)=p'x+1—-p"z, 4.5)

wherez:#y(D—P) € An_1. O

Figure 2 illustrates Proposition 1 by showing how the optimal value p* of p in the
expression px + (1 — p)z < y corresponds to the boundary of the antecedent set of
y under weak majorization (top panel) and weak UT-majorization (bottom panel). In
both cases, the point p*x (shown in pink) lies on the boundary of the shaded region,
confirming that it is the largest value for which px alone remains weakly majorized
(UT-majorized) by y. See (4.4).

Note that

I/n < (x,y) < 1. (4.6)
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Fig. 2 The antecedent set of y is shown for both the weak (top panel) and weak UT (bottom panel)
majorizations for a x = (% %) (blue circle) and y = (% %) (black star), with p*x (pink circle) lying

on the boundary of the antecedent set, and b x = (llo’ % 2—10> (blue circle) and y = (% % %) (black

star), again with p*x (pink circle) lying on the boundary of the antecedent set

The minimum is achieved for x = e¢; = (1,0,...,0)and y = (1/n,...,1/n). On
the other hand, I1(x, y) = 1 if and only if x < y, and so

C(An—1, <) ={(x,y) € Ap_1 X Ay : TI(x, y) = 1} 4.7
Define
PIOOX,Y)<t)=pu®u{x,y) € Aoy x Apq: TT(x,y) <t}).  (4.8)

The next result is a restatement of Eq. (1.2) of Theorem A.

Theorem 4.2 Let u,, be the uniform probability measure on the simplex A, _. Then,
lim I1(X,Y) =1, 4.9)
n— o0

in probability.

The proof is based on formula (4.3). The idea is that if X is uniform in the simplex,
then for each fixed € > 0, ¢ (X) is essentially equal to (1 &£ €) times its mean, aside
from an event with probability that is small even when we sumoverk = 1, ..., n. This
then shows that ¢ (X) /¢ (Y) = (1 £ €) for all k with probability tending to 1. Since
this holds for each € > 0, it shows IT(X, Y) converges to 1 in probability. The rate of
convergence (i.e. how small € can be taken it we allow it to decrease to 0 as n — 00)
seems quite slow; from the proof is appears that € must be at least 1/poly(logn). It
is therefore tricky to see evidence of the convergence (4.9) in a simulation without
taking n to be fairly large. See Fig. 3).
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1 P ] 1f= Py P
——n =4 Py ———n =4 e
=038 n = 1024 vl 0.8 n=1024 et
VI - - n = 1048576 - - n = 1048576 e
£,0.6
=
= 0.4
A
0.2
o -
0.2 0.8 1 1

t

Fig. 3 Empirical cumulative distribution of a IT1(X, Y) and b Ilyr(X, Y), obtained from 105 samples
of uniformly random pairs (x;, y;) in the simplex A, _1. One can see that the distribution of I1(X,Y)
concentrates at 1 as n — 00, at a slow rate

Remark 4 A function similar to IT(-, -) can be considered for the converse relation
>, defined analogously to (4.4), but in terms of the sums of the smallest components
of x and y. Such a function appears in the resource theory of entanglement, and its
statistical behaviour was studied in [6, 18].

Mutatis mutandis, the same question can be posed for UT-majorization. Let

Myt : Ap—1 X Ay—1 — [0, 1], (4.10)

defined as

IMyT(x, y) := max [p e[0,1]: px+ (1 — p)z <UT y, forsomez € An,ll .4.11)

We have the following simple representation whose proof mimicks the one of Propo-
sition 4.1.

Proposition 4.3

ur
Myr(x, y) = min o )

. 4.12
1<k=n ¢ (x) 12

where qb,f]T are defined in (2.16).

In this case, 0 < IIyt(x, y) < 1. The minimum ITyrt(x, y) = 0 is achieved, for
instance, when y; = 0 but x; > 0, while ITyt(x, y) = 1 if and only if x <YT y, so
that
T(Ap—1, <" = {(x,y) € Ay_y x Ay_y: Tur(x, y) = 1. (4.13)
Define
P(IMyr(X,Y) <) =pn@u{(x,y) € Ap_1 x Ay_y: Hyr(x, y) <t}) (4.14)
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When X, Y are uniformly distributed, [Tyt (X, Y) has a (surprisingly simple!) explicit
distribution.

Theorem 4.4 Let w, be the uniform measure on A,_y. Then, for alln > 2,

0 ift <0
P(IMyr(X,Y) <t)= <l—l)t if0<t<l1 (4.15)
n
1 ift > 1

forallt € R. In particular, as n — oo, Ilyr(X, Y) converges in distribution to a
uniform random variable in [0, 1].

The theorem above corresponds to Eq. (1.4) of Theorem B. When pu,, is the uniform
measure, Theorem 3.3 is a Corollary of Theorem 4.4.

Remark 5 Equation (4.15) can be expressed in purely geometrical terms. The volume

of the 2(n — 1)-dimensional polytope

{G.y) € Ayt x Ap_pit(xp 4+ +x3) < yp + -+ forall 1 <k <n} (4.16)

is the right-hand side of (4.15) times the volume of A, _1 x A, _1 (thatis (n — 1)! x
(n — 1)!). A related polytope was studied in detail by Stanley and Pitman in [34], and
their paper was a great source of information in our investigations.

Note that (4.15) is not a universal (distribution independent) result. We have, for
instance, considered the family of permutation-invariant Dirichlet distribution p, =

Dir(e, ..., o), with density on the unit simplex given by
ERNGIOR o S 417
P10y () = Ty [ [ "4, (). (4.17)

i=1

The above family includes the uniform distribution on A,_; for « = 1. One can
verify by explicit computation for small n, that the distribution of Tyt (X, Y) when
o # 1is not given by (4.15). For example, whenn = 3 and o = 2,

10, 105 10, 45
P(IyrX,Y)<t)=—=t"— =t 4+ —t"—-1°, O0<t<l
(Mur(X,Y) <1) 7 0t 5 <t<
We did not manage to unveil a closed form for general « and n. However, using the
known ‘stick-breaking’ representation of Dirichlet-distributed random variables (see
Appendix B) one can get the following simple bound.

Proposition 4.5 Let u,, = Dir(c, ..., o) on Ay—1. Then, foralln > 2,

P (Myr(X.Y) <1) < (1 _ i) ‘ 4.18)
oan

@ Springer



79 Page 16 of 28 F.D. Cunden et al.

5 Proofs

In this section, we will use some standard notation and terminology. For two random

variables X and Y, we write X 2 ¥ to denote identity in distribution. We say that
X1, ..., X, are independent and identically distributed (i.i.d.) random variables,

if they are jointly independent and X; 4 X; for all i, j. We say that Xi,..., X,

are exchangeable, if their joint law is invariant under permutations, (X1, ..., X;) <
(Xo1y, .-+, Xo(n)), forallo € S,. Finally, Z is an exponential random variable with
rate 1, if it has density fz(z) = e for z > 0, and zero otherwise.

5.1 Proof of theorem 3.3

Pick X, Y independently according to w. Since UT-majorization is equivalent to
unordered majorization, we want to compute

k
P (X <urt Y) —p (Z(Yi —X;))>0,forallk=1,.. n) . 5.1
i=1

Let Z := Y — X and define
So=0, St=3S8k1+Zy, fork=1,...,n. 5.2)
Note that (Sx)o<k<n is a random bridge starting and ending at 0, i.e. So = S, = 0.

Hence, the probability (5.1) can be seen as the persistence probability above level 0
of the random bridge (S )x:

P(X§UTY)=P(Sk20,forallk=1,...,n). (5.3)

The steps Zi, ..., Z, are exchangeable, and we have P (Sy =0) = O for all k =
1,...n—1,since u is absolutely continuous. Hence, by Sparre—Andersen theorem [2,
Theorem 2], denoting by N,, the number of sums S, ..., S, which are > 0, we have

1
PNy =m) = —,
n

for all m = 1,...,n. In particular P (N, =n) = P(Sx > 0, forallk=1,...,n)
= 1/n.

5.2 Preparatory propositions

The starting point is that if X is uniformly distributed on the simplex; then, its
components and the decreasing rearrangement of its components have a closed-
form description in terms of independent exponential random variables (see, for
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instance, [11] or [18, Theorems 3.1 and 3.2]). These classical results provide con-
venient representations of the monotones ¢y (X) and ¢,9T(X ).

Proposition 5.1 Let X = (X1, ..., Xy) be a uniform point on the simplex A,_1, and
Z1, ..., Zy bei.id. exponential random variables with rate 1.

(1) Denote ¢y (X) := YK, X} fork =1,..., n. Then,

1
(d’l (X)v ¢2(X)7 st ¢n(X)) i 7 (V]’ V29 L} Vﬂ) ’ (54)

n

where Vi = ax1Z1 +ak2Z2 + -+ - + ak.nZn, with

1 fori <k
ai=1, " N (5.5)
T Jori>
(2) Denote ¢1£]T(X) = Zle X; fork=1,...,n. Then,
a 1
(6170, 9370, . 8,/ (X0) = - WL W, W), (56)
n
where Wy = by 1Z1 +br2Z2 + - - - + by n Zy, with
1 fori <k
b = f T 5.7
0 fori>k

A more convenient representation for the monotones qb}ch(X ) is provided by a con-
nection between partial sums of a uniform point on the simplex and the order
statistics of independent uniform random variables. If Uj,...,U,_1 are n — 1
independent random variables, we denote the corresponding order statistics with
Un-1,1y, .- - U@—1,n—1), where U, _1 ;) is the i —th smallest among the U;’s, that is
the n — 1 random variables are rearranged in nondecreasing order: U,—1,1) < -+ <
U(n—l,n—l)'

Then, using classical representation theorems for order statistics (see, e.g. [1, 17]),
we have the following.

Proposition5.2 Let X = (X1, ..., X,) be a uniform point on the simplex A,_1,
and Uy, ..., U,—_1 be i.i.d. uniform random variables on the interval [0, 1]. Denote
VT (X) =Y, Xi fork =1, ..., n. Then,

d
70, ¢YT(X). .. (X)) E (Un-1.1)s -+ Up—tn-1y, 1) (5.8)
Since X; = ¢}’T(X) - ¢§/_T1(X) (with ¢§T(X) := 0), this is also equivalent to say

that X has the same distribution of the sequence of spacings between order statistics
of n — 1 uniform random variables.
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Remark6 ItU, ..., U, arei.i.d. uniformrandom variableson [0, 1], (Ug—1,1), - - - »
U(n—1,n—1)) is a uniform point over the simplex &,_1 := {u € R™=1:0<u;<upy <
“Zup—1 < 1}

5.3 Proof of theorem 4.2

The technical ingredient to prove Theorem 4.2 is the following bound.

Proposition 5.3 (Bernstein’s inequality (see, for example, [38, Theorem 2.8.2])) Let

Z1, ..., Zy be iid. exponential random variables with rate 1, and let V = a1Z| +
-+ anZy for some coefficients ay, . .., a, € R. There is an absolute constant ¢ > 0
such that

t
P(V —EV|>1t) <exp|—cmin 3 , , 5.9)
ajy + -+ a2 max|a|

foreveryt > 0.

Corollary 5.4 Let Vi defined as in (5.4)-(5.5). Then, for all k < n,

P (Vi — EVi| > €EVy) < exp (—c min (€2Ak, eBk>) , (5.10)
where
2
D i1 ki L aki
s o it
i=19%, 1<i<n Ak,i

We denote by H, = >+, } the n-th harmonic number, and Hy, , = > i, llm the
n-th harmonic number of order m.

Lemmab.5 Forallk =1,...,n,

n
> ari=k(l+ H, — Hy),

i=1

n
Za,f,,. =k (1 +k(Hyo — Hy)), max ag; = 1. (5.12)
<i<n
i=1 ==
Lemma 5.6 We have
1 n\2
A > = (log —) Fatk—1), (5.13)
2 U985
B > logg 4 Bk —1) (5.14)
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where

oy =

nt1))? ntl
n—1 2n — 1

Proof We start from the following bounds,

n+1 d 1
Z_>/ x— +1, (5.16)
i=k+1 ket k+
" dx n—
Hyp — Hgo = Z / = (5.17)
k11"
Therefore,
k(1 + H, — Hy)? k 1\?
(= KA+ H —H)” o n (1+10gi> . (5.18)
(1 +k(Hy2 — H2)) — 2n—k) k+1

n+1

2
x+1> is concave for x € [1, n]. Hence,

The function x — g(x) := (2n x) <1 + log

it can be bounded from below by the linear interpolation g (1) + % (x —1). This
gives

2
n(1+log (*57)) k—1). (519

- 2n — 1 + n—1

and hence (5.13). The proof of (5.14) for By is similar. From (5.16),

1
Bk=k(l+Hn—Hk)zk<1+log nt ) (5.20)

The map x +— h(x) := x (1 + log x+1> is concave for x € [1, n]. We can therefore

write

log (11) _
Bk210g<$)+1+(n 1og(21) 1)(k—1), (5.21)

and hence (5.14). m]

Proof of Theorem 4.2 'We want to show that P (IT(X,Y) <1 —¢) — 0, asn — o0.
Lete € (0, 1). We have

P(l'I(X,Y)<1—e)=P(mi o) 1—6)
1<k<n ¢ (X)
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=P (¢k(Y) <1 —¢€, forsome k < n)
i (X)

5 P<¢k(Y) 3 1_6>,
k=1

Pr(X)

by the union bound. Using the representation of Proposition 5.1, we want to bound

» (¢k(y) . _E) _p (Vk(Y) o Vk(X)> <51 (5.22)
oL (X) V,(Y) Va(X) ’

so that,

n
> 6wk — 0. asn — oo. (5.23)
k=1

By Corollary 5.4, |V,, — n| < ne with probability at least 1 — e—een, Hence,

<(l—e¢)
Vn(Y) Vn(X)

p (Vk(Y) Vk(X)>

Va(Y)
Vn (X)

=P (Vk(Y) <=9 Vi (X),  (Va(X), Va(Y))

e((l—em (+ e)n)2) 4 2ecEn

< P(VR(Y) < (1 + )V (X)) + 267"
< P (V) < (14 OVi(X), Vi(X) € (1 — EV(X), (1 + ) EVi (X))

+PVi(Y) < +e)Vi(X), Vi(X) ¢ ((I—=e)EVi(X), (1+€)EVi (X)) 4+ 2emeen

—c min(ezAk,eBk)

=P (Vk(Y) < (1 +€)2EVk(X)> +e +26—c62n

—c min(ezAk,eBk>

< P(IVi(Y) — EVi(Y)| < 3€¢EVi(Y)) + e F2eCE

—cmin (ezAk,eBk)

)

<de

where in the last line we used Ay < n.
Therefore, we have the bound (5.22) with

S 1= de O Ak | 4pmceBr, (5.24)
It remains to show (5.23). For this, we use Lemma 5.6:

—ceZnay

n n—1
Z o—CE> A < omcle log(n/2))%/2 Ze—cezank = e log(n/2))2/2 1 — e

5 — 0,
k=1 k=0

1 — e—ce“an
N _cen o)) N —cenk clog(n2) 1 — e~ “"Pn
Ze—ce k< o€ og(n/2) Ze—csﬂn _— og(n/2)

k=1 k=0

1 —e—c€Pn =0
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asn — oQ. O

5.4 Proof of theorem 4.4 and proposition 4.5

The connection with order statistics given in Proposition 5.2 is useful for our purposes
since a large body of literature has been devoted to the study of order statistics of
independent random variables (see, e.g. [1, 12, 13, 35]). Of special interest for us are
the probabilities

P(aj <Ugn,j) <bjforalll <j<m), (5.25)

where0 <a; <---<ag, <land0<b; <---<b, <1.

From now on, we specialise (5.25) to the case b; = 1 forall 1 < j < m, and we
use the notation

Pu(ar,....am) := P(Ug,j) > ajforalll < j <m). (5.26)

The key ingredient to prove Theorem 4.4 is a recursive relation for (5.26) discovered
by L. N. Bolshev shortly before his death and later published in [20].

Proposition 5.7 (Bolshev’s recursion, [35] §9.3) Let 0 < a; < --- < a,, < 1. Then,

m

m
Pu(ar,....am)=1-=Y_ (k) af Py (@it 1s - - s ), (5.27)

k=1
with Py = 1.

A proof of this proposition can be found in [20] and [35] in terms of empirical distri-
bution functions. For the reader’s convenience, we include a self-contained proof in
Appendix A.

Proof of Theorem 4.4 Let F,,(¢) := P(Ilyt(X, Y) < t) be the distribution function of
IMyr(X, Y). By the normalisation of X, Y € A,,

Y1+"'+Yn

0<TII X,Y) < =1, 5.28
< Iyr( ) X T (5.28)

X,

almost surely, which implies F,(t) = 0 forr < 0, and F,(t) = 1 for ¢ > 1. Let
0 <t < 1, and denote with S := X; 4+ ---+ Xpand Ty := Y| + --- + Y for
k=1,...,n—1.Then,

T T,
Fo)=1—P(Myr(X,¥)>)=1—P (=L >1¢,..., >t), (529
S1 Sn—1

where we dropped the inequality 7,,/S,, > t, since it is redundant for ¢+ < 1. Using
Proposition 5.2 and the notation (5.26), we can write

1= F@)=P(Ty >1S1,....Tp—1 > 1Sp—1) = Es[Pp_1(tS1, ..., 1S,-1],  (5.30)
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where Eg denotes the average with respect to Sy, S2, ..., Sy—1. Inserting Bolshev’s
recursion (5.27) into (5.30), one has

n—1

~1
Fy =Y (” ) )tkES [s,’gpn,l,k(tskﬂ, . zsn,l)]. (5.31)

k=1

Isolating the first term in (5.31) and relabelling the summation index on the remaining
terms, one obtains

Fp(t) = (n — DtEg [S1 Pa—a(tSs, ..., 1S-1)]

n—2
n—1 k+1 k41
+ ; (k + 1>t Eg [Sk+1 Py (tSks2, .- ., tSn—l)] . (532)

We now use Bolshev’s recursion again on the first term of (5.32), obtaining:

n—2
Fo(t) = (n — DtEgS; — (n — Dt Z (" ; 2>tkE5

k=1
[Sl S]I((+] Py (tSk42, ..., tSnfl)]

n—2
n—1\ k4 1
+I; (k n 1)[ Eg [Sk+1 Po_k—2(tSk42, ..., fSn—l)]

n—2
n—1
= (n— 1)tEgS 1 E
(n—1) S1+I;(k+1> s

[(Sktt = (G + DSDSEL Pyk2(Seias 15,1
(5.33)

The average in the k-th term of the summation is given by:

Es [ (Sert = (k+ DSDSE P22, 15,1

1 Sn—1
= n!/ dsn,1/ ds,—o...
0 0

52
/ dsq[sg+1 — (K + 1)51]S]’§+1Pn—k—2(t5k+2a oo tspe1), (5.34)
0
where the integration over si, . .. sg+1 can be carried out explicitly, yielding

Sk+2 52 k
/ dsgyr. / dsilsg+1 — (K + Dsilsgy
0 0
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Stan 5k Gk
= d Lk H—Kt ) =0
/0 Sk+1 <Sk+l ) (k + )(k+ D!

Then, all terms of the summation in (5.33) vanish. Finally, noting that EgS; = (n —
1)!/n! = 1/n, we conclude the proof

n—1 1
F,(t)=(n—1DtEgS; = t = (1 — —) t.
n

O

Proof of Proposition 4.5 Let « be a positive integer. As a special case of the stick-
breaking representation in Proposition B.1, we have that if Uj..., U,q—1 are
independent random variables uniformly distributed over the interval [0, 1], then the
vector (X1, ..., X;) with components

X = U(nafl,oz)
X2 = U(na—l,Za) - U(Vla—l,a)

Xn—1 = Upa—1,=1)e) — Una—1,(n=2)a)
Xn=1—=Ugpa=1,(n—=1)a)s

is distributed according to Dir(e, . . ., ). Therefore, using the same notation as in the
proof of Theorem 4.4,

1-F,0)=P(T >t$1, T, >tS,...,T,—1 > tS,-1)
=P (V(na—l,ot) > tUma—1,0)> Yia—1,20)
> tUnma—1,20)» - -+ » Vina—1,(n—Da)
> tUna—1,(0—1)a)) »

where Uy, ..., Uyy—1, V1, ..., Vaa—1 are independent uniform random variables in
the interval [0, 1]. We can easily upper bound the latter probability

P (V(nafl,j) > tUga—1, )y, forall j € {a, 20, ..., (n — 1)0[})
> P (V(na—l,j) > tUna—1,j) forall j € {1,2,...,na — 1})

na —1
:1—

t, (5.35)
no

where the last equality follows from Theorem 4.4 applied to pairs of uniform random
points in Ay, —1. O
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Appendix A: Proof of Bolshev’s recursion

We denote by
1 m
Gn(®) = — > oo (Up), (A.1)
k=1
the empirical distribution function of m independent random variables Uy, ..., Uy,

uniformly distributed in [0, 1].

The probability of the event {Ugy,1y > ai, ..., Ug.m) > am} can be found by
partitioning the sample space into the following disjoint union of events:

n
{U(m,l) >at, - Upnym) > am} Y U{U(m,k) < ag, U(m,j) >aj forall j > k}. (A.2)
k=1

Informally, we first isolate the event {U(;,,1) < a1}, and then, we partition the com-
plementary event according to the position of Uy, 2y into {Un,1) > a1, Ugm,2) < a2}
and {Un,1) > a1, Ugn,2) > a2}, and we iterate the procedure up to m. From (A.2),
we obtain

m
Puay, ..., am) =1=Y P ({(Ugnk) < ax) N {Ugn,jy > a; forall j > k)
k=1
m
=1- Z PmGm(ay) =k)P(mGp(a;) < j— Lforall j > klmGpy(ag) = k),
k=1

where in the last equality we used the empirical spectral distribution (A.1) and the fact
that {Ugn k) < ai} W {(Ugn k+1) > ax+1} withagy1 > ay selects the event where exactly
k among the m random variables (Uy, ..., Uy,) fall within [0, ai]. The corresponding
probability is given by the binomial distribution Bin(m, ai), so that we have:

m

m
Pu(ai,....an)=1-) (k)a,’:u — )" *P(mGp(aj)
k=1
<j—1forall j > klmG,(ax) =k) (A.3)

Now notice that

P(mGpl(aj) < j — 1forall j > klmGy(ar) = k)
=P((m —k)Gy—k(aj) < j—1—kforall j > k|(m — k)G, (ar) = 0), (A4)

that is, the locations of the largest (m —k) among (Uy, . .., U,,) given that k of them fall
below ay, are identically distributed to the locations of the order statistics of (m — k)
uniform random variables (V1, ..., V,;,—k), given that none of them falls below ay.
Note also that (1 — a; )"k corresponds to the probability that among m — k uniform
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random variables in [0, 1] none of them falls in [0, ai]. Therefore,

1- ak)’"_kP(me(aj) < j—1forall j > klmG,(ar) = k)
=P((m—-k)Gp—k(aj) < j—1—kforall j > k)
= P(Von—k,1) > k+1, -+ » Vin—k,n—k) > am)
= Pp—i(akt1, - -, am), (A.5)

Substitution of (A.5) into (A.3) yields the claimed recursive relation.

Appendix B: Dirichlet distribution and stick-breaking representation

The Dirichlet measure with parameters «1,...,o, > 0, denoted Dir(ey, ...,
o), is the probability measure on the unit simplex A,_; with density

n

F(Oll+"'+an)l—[

o;—1
Fa s [T, . (B.1)

i

fX[,...,Xn (X) =
i=1

For n > 2, the Dirichlet distribution is a natural multidimensional generalisation of
the Beta distribution.

When o1, ..., «, are positive integers, a generalisation of Proposition 5.2 gives
a nice and useful representation of a Dirichlet-distributed random vector in terms of

spacings of order statistics of independent uniform random variables in the interval
[0, 1].

Proposition B.1 (Stick-breaking representation of the Dirichlet distribution) Let
a1, ...,y be positive integers. Denotem| = a1, my = ¢1 4+, ..., My—] = a1+ -+
op—1,andm = a1+ - -+oy. Let Uy, ..., Uy—_1 be independent random variables that
are uniformly distributed over the interval [0, 1] and Ugy—1,1) < -+ < Ugn—1,m—1)
the corresponding order statistics. Then, the vector (X1, X3, ..., Xpn) ofthe n spacings

X = U(mfl,ml)
X2 = Um—1,m) — Um—1,m))
Xn—1 =Uim-1,mp—1) = Um—1,m,_2)

Xn =1- U(m—l,mn_l)

is distributed according to Dir(«q, . . ., ap).
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