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We extend the controlled displacement interaction between a qubit and a harmonic oscillator to the multiqubit
(qudit) case. We define discrete quadratures of the qudit and show how the qudit state can be displaced in
these quadratures controlled by an oscillator quadrature. Using this interaction, a periodic repetition of the state
encoded in the qudit, can be deterministically mapped onto the oscillator, which is initialized in a squeezed state.
Based on this controlled displacement interaction, we present a full circuit that encodes quantum information
in a superposition of qudit quadrature states, and successively prepares the oscillator in the corresponding
superposition of approximate Gottesman-Kitaev-Preskill (GKP) states. This preparation scheme is found to be
similar to phase estimation, with the addition of a disentanglement gate. Our protocol for GKP state preparation
is efficient in the sense, that the set of qubits need only interact with the oscillator through two time-independent
interactions, and in the sense that the squeeze factor (in dB) of the produced GKP state grows linearly in the

number of qubits used.

DOI: 10.1103/fdx5-kftm

I. INTRODUCTION

We present a protocol for deterministically mapping a state
encoded in a set of qubits onto an oscillator. This mapping
is utilized to generate approximate Gottesman-Kitaev-Preskill
(GKP) states [1], which have been given much attention in
the literature as a promising candidate for encoding an error
correctable qubit in an oscillator [2,3]. These states can be
protected against small shifts in phase space, and will be
relevant to implementations of bosonic quantum computing
[4,5] and also quantum communication [6-9].

Various methods for preparing GKP states exist in the
literature including Floquet engineering [10], cavity QED
[11,12], cat breeding [13,14], boson sampling [15,16], phase
estimation [17,18], the dispersive Faraday interaction [19],
and shaped free electrons [20]. We note that experimental
realizations of approximate GKP states have been achieved
in trapped ion systems [21,22], and superconducting mi-
crowave cavities [23,24]. In this work we present a protocol
for preparing GKP states, which utilize a many-qubit state.
By leveraging the rich structure of multiple qubits, we show
that by tailoring the qudit state we can efficiently prepare
approximate GKP states of the oscillator. Efficient in the sense
that the squeeze factor (in dB) of the GKP state grows linearly
in the number of employed qubits, and in the sense that the
set of qubits need only interact with the oscillator through two
time-independent interactions. Our scheme is highly related to
phase estimation, however, our protocol does not require any
measurements to be performed. We expect that the scheme
proposed in this work could be implemented using super-
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conducting microwave cavities as in [24], but also in other
platforms.

The noncommutativity between the g and p quadrature
operators, as dictated by the canonical commutation relation
of quantum optics [g, p] =i (setting the vacuum variance
to 1/2) enforces that no common eigenstates exist for g
and p. However, the corresponding modular observables
gm = q (mod Q) and p,, = p (mod %) posses common
eigenstates [1,25] for any real number Q, and these states can
be written as,

o0

190, po) = Z eipo(qofsQ)|qo —50), (1)

§=—00

with gy and py being the eigenvalues of ¢,, and p,,, respec-
tively. We note that |go, po) iS not normalizable, and does
not constitute a proper quantum state. However, these states
can be closely approximated, with GKP states providing a
practical representation. The GKP states can be expressed as,

ad [e.¢]
G@) =No Y e*(’(<25+¢)\/ﬁ)2/2/ dgn VA1

s=—00 o0

x e 1N g 4 25+ ¢)/m), @)
where N is the normalization. In position space, these states
represent a train of peaks of width A and spacing 2./7. The

parameter « determines the overall gaussian envelop, and ¢
shifts the center of the GKP state. By choosing ¢ = 0 and

©2025 American Physical Society


https://ror.org/04qtj9h94
https://orcid.org/0000-0002-2560-8835
https://ror.org/001rdaz60
https://ror.org/02kkvpp62
https://ror.org/04xrcta15
https://crossmark.crossref.org/dialog/?doi=10.1103/fdx5-kftm&domain=pdf&date_stamp=2025-06-11
https://doi.org/10.1103/fdx5-kftm

BJERRUM, ANDERSEN, AND RABL

PHYSICAL REVIEW A 111, 062613 (2025)

¢ =1 we obtain two orthogonal states (for small enough
A), which can be identified with the logical qubit states
|0L) = |G(0)) and |1.) = |G(1)), respectively.

Starting from of an oscillator prepared in a squeezed vac-
uum state, the central task is to prepare the oscillator in
a superposition of displaced gaussian wave packets, which
represents an arbitrary qubit state |{p) = «|0.) 4+ B|1L).
Previous works have demonstrated [11,17,24,26] that the
preparation of GKP states can be achieved using controlled
displacement interactions between a qubit and an oscillator.
Controlled displacements allow us to displace the oscillator in
the p quadrature, conditional on the spin state of the qubit, and
are generated by the Hamiltonian,

Hiy/h = xqo, 3

where o, is the Pauli z operator for the qubit, and x is a cou-
pling frequency. We have the o, eigenstates o,|0) = |0) and
o,|1) = —|1). This approach requires a repeated interaction
between qubit and oscillator, and after each step the qubit
must be disentangled from the resonator either via a projective
measurement or a disentangling gate. Imperfections in these
operations as well as the decoherence of the qubit during
the interaction limit the achievable fidelity of the prepared
state [24].

In the following we present a different preparation strategy
where the sequential interaction with a single qubit is replaced
by a single parallel interaction with N > 1 qubits. To do so we
consider a qubit-oscillator coupling of the form

Hin /B = xqXn, 4

where Xy = — YN 2"20(™ is the discrete quadrature op-
erator in the N-qubit subspace. We are not aware of any
existing experimental demonstration of such an interaction.
A difficulty associated with this interaction is that multiple
qubits would have to couple to the same oscillator with vary-
ing coupling rates. By preparing an appropriate initial state of
the qubits, this interaction allows us to prepare an arbitrary
encoded state |y, ) by a single global controlled displacement
gate and one global disentangling operation. In this way, the
interaction time, during which the state is sensitive to qubit
dephasing, is minimized and most of the gates for preparing
the required initial qubit state can be implemented while the
oscillator and the qubits are decoupled.

Given an initial oscillator state with g-quadrature wave

function ¥ (gq) = (q|¢) exp(—%) of width W > 1 (anti-
squeezed in g), our protocol will produce GKP states with an
envelope,

= —, 5

= 4)

while the width of the individual peaks decreases exponen-
tially with the number of qubits,

Ao 27V, (6)

with a proportionality constant of around 3.1. For N =3
and N =4 qubits, we find that the protocol ideally pro-
duces approximate GKP states with A ~ (0.39 (8.2 dB) and
A = 0.19 (14.4 dB), respectively.

Qudit quadratures

Before we describe the actual protocol, we start by out-
lining the underlying theory. We define discrete quadrature
operators for a qudit [27,28]. We then realize the qudit using a
set of qubits, and the qudit quadratures are then constructed
from the Hamiltonian of this system. Finally, we present a
unitary that displaces the qudit in one of the qudit quadratures,
conditioned on an oscillator quadrature.

Given a qudit of dimension M, we denote the qudit levels
by the basis states |x;) where k is a number belonging to
the set,

keK={xl1/2,£3/2,---,£M —1)/2}. 7)

The basis states |x;) can for example be realized as the logical
basis states of a set of qubits, as we will show in the next
section. Using these states we introduce a discrete operator,

Xy =Y klx) (xl. ®)

keK

We refer to Xy as a quadrature operator because it has a linear
spectrum with both positive and negative values. Applying the
discrete Fourier transform, i.e., the quantum Fourier transform
Fy, we can transform Xy into a conjugate quadrature operator,

Yy = FnXyFy, 9)

where

1 ,
Fy= = D e ) (). (0)

n,mek

and Yy has eigenvectors,

|yn> — \/LM ZeiZJT(n—l/Z)(k—l/Z)/M |xk)’ (11)
kek
with eigenvalues n € K.
We will now argue that Yy is the generator of translations
in the qudit levels. To see this we introduce the qudit state |v)
with amplitudes vy,

v) =) v lxe). (12)

keK

and note that the following expression interpolates the points
(k, vi) over the interval y € Ry = [—M /2, M /2],

1 )
U(y) — M Z v[elZ}'[(I’l*l/z)(y*I)/M7 (13)
n,leK

as can be verified by evaluating v(k) for k € K. Extending the
range of y outside R shows that v(y) repeats itself with period
M. More details on v(y) can be found in Appendix 1.

We then exponentiate Yy as Dy(s) = e~ % %% where s is an
arbitrary real number. Evaluating the action of D,(s) on the
state |v), we obtain,

Dy(s) Y uiln) = e WY vm—s)lxy).  (14)
keK meK

Hence the action of D,(s) on |v) is to generate a new qudit
state, where the amplitudes of this new state are obtained by
sampling from a translation of the interpolating function v(y).
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FIG. 1. (a) Quantum circuit for the version of the quantum Fourier transform used in this work. The connected crosses indicate a swap
gate. (b) Circuit for preparing the family of qubit states |v). The circuit corresponds to the unitary U,. The encircled plus symbol is a Pauli x
gate. The controlled gates are controlled not gates, and the target qubit is denoted by an encircled plus. 6, is chosen so that the resulting state
resembles a Gaussian distribution, we find that 6, = 2.6 works well. This distribution can be brought into an arbitrary superposition of two
central positions by tuning the relative amplitude via ¢, and the relative phase via w,. (c) A sketch of a quantum state generated by the unitary
U, given in (b), with four qubits initially in the state |0, 0, 0, 0), and with 6, = 2.6. On the x axis we give the logical state of the qubits, and
the associated eigenvalue of the Xy operator. On the y axis we sketch the amplitudes, with color and texture indicating phase. If we impose
periodic boundary conditions, we note that the state is a superposition of two localized peaks. The relative amplitude and phase of these peaks

are controlled by ¢, and w,, respectively.

Qubit realization

Given a collection of N qubits we form a qudit of dimen-
sion M = 2V, The qudit levels are now the associated logical
basis states, |xx) = |jn, JN=1, -, J2, j1), Where j, € {0, 1}.
The label k is related to the logical state as,

N
k=" g2 =M - 1))2. (15)
n=1

The circuit for generating the QFT Fy is shown in Fig. 1(a)
[27]. This circuit uses the gate Ry which can be written in the

o, basis (10) = (1 0)")as

10
Rk=<0 ehi/zk) (16)

We construct the quadrature operator Xy using the o™
operators,

N
Xy=-) 22", (17)
n=1

where oz('” is applied to the n-th qubit. Assuming we have
access to a controlled displacement between each of the qubits
and an oscillator, we assume a qubit-oscillator coupling of the
form

N
Hin /B = xqXy = —x y_ 2" qo", (18)

n=1

where g is a quadrature of the oscillator. Applying the QFT
and evolving under the time-independent Hamiltonian H;, /7
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Initialization

FIG. 2. Sketch of the protocol given in the main text. The circuit
U, generates the initial qubit state. We apply the inverse QFT on the
qubits, and we then apply the unitary U;. The QFT is then applied on
the qubits, and a disentangling operation Up follows.

for a time t;, we observe the following result,

FNeiXt"’XNFIJ — eXuatn — DX<_@>, (19)
£y
where we have defined the dimensionless parameter P, =
27 /(x ;). Hence if we have access to controlled displace-
ments and the QFT, then we can displace the qubit state
through the Xy quadrature, conditioned on the quadrature g
of an oscillator.

II. PROTOCOL

We can now describe our protocol, which is sketched in
Fig. 2. The protocol proceeds as follows,

(1) The initial oscillator state o(g) is a displaced
squeezed state in the ¢ quadrature, Vo(q) = e~ /Fiypy (q),

where Yy (g) =C exp(—%) is squeezed vacuum of width
W > 1, i.e., we have antisqueezin

(2) The qubits are initialized
U,|0,0,0,...,0).

(3) The inverse QFT is applied to the qubits.

(4) The qubits interact with the oscillator through the uni-
tary Uy = e/C/P)aXy

(5) The QFT is applied to the qubits.

(6) The qubits interact with the oscillator through
Up = e By /M)pXy

To implement our protocol we prepare the qubit state |v)
using the circuit shown in Fig. 1(b), which acts on the input
state |0, 0, ..., 0). A sketch of the amplitudes associated with
the state |v) is shown in Fig. 1(c). The final result of our
protocol is to map the interpolation v(y) of the state |v) onto
the oscillator in a periodic fashion. The state |v) is therefore
chosen such that its periodic continuation yields a train of
peaks. In particular we aim for v(y) to produce two sets of
peaks: one set that is associated with the logical 0 GKP state,
and one set that is associated with the logical 1 GKP state.
The circuit shown in Fig. 1(b) is denoted by the unitary U,,
so we may write |v) = U,|0,0,...,0). We have defined the
operators RY (¢,) = e~#/2% and RZ(w,) = e~“*/?): The
angles ¢, and w, are used to create an arbitrary superpo-
sition of two central positions, as shown in Fig. 1(c), with
¢, controlling the relative amplitude and w, controlling the
relative phase, such that the protocol prepares the GKP state

in the state |v) =

W) = cos(¢,/2)|0.) + sin(¢,/2)e™|1,). We set 8, =2.6
as this generates a qubit state with approximately Gaussian
peaks, as sketched in Fig. 1(c). For 6, outside the range
[2.5,2.7] the function v(y), which interpolates the qubit state,
will have a significant amount of undesirable oscillations.
Breaking down the protocol, we examine the following term,

oo

FyUFy |v) o) = /

—00

M
dgqDx (—1761> [v) ¥o(q) |g)

q

© M
= Zf dqv (l + Fq)xﬁw(q) Ixi) 1q) »
lek ¥~ 4
(20)

showing that the interaction has the effect of modulating the
squeezed vacuum Yy (q) by the periodic function v(l + 1;,—461)
with period P, in q. !

Next, we apply the unitary Up on the qubits and the oscil-
lator, and we will see that Up approximately disentangles the
qubits and oscillator. Applying Up we get,

UDFNUIFA}L [v) [¥o)

o0 M Py
= / dqu<q)2v(l+17q)ew”x~ 1) 1g)
. )

leK
% M P
= | dqyw(q) v(l + —q) lx) q+l—q>
IR MCS i
% P M
= dq W(q—l—")v(—q) ) lg). (2D
/_oo 12,; M) \P,

Provided that v (g) varies slowly in g, so that it does not
change significantly over the period P, then we observe that
there is only a small amount of entanglement between the
oscillator and the qubits in the above expression, since [ is
bounded by £M/2. This condition holds approximately if
W > P,/2. Under this assumption we can rewrite Eq. (21) as,

& M
UpFyUiFy |v) o) = f dqW(q)v(Fq) ) Y x),
- q leK

(22)

showing that the oscillator state is now antisqueezed vacuum
modulated by the periodic function v(%q). The antisqueezed
vacuum w(q) corresponds to the envelope in Eq. (2),
whereas the width of v(}%q) in g corresponds to A in Eq. (2).
The standard deviation of v(y) is ¢ = 0.83 for 6, = 2.6. Since
M = 2" we find that the width of v(Pqu) in ¢, and hence A,

scales as,
A~ — (23)

where o P, ~ 2.9. However, v(y) is not perfectly Gaussian,
and by numerically fitting the expression in Eq. (2) to the
states generated by the protocol, we find better agreement with
the relation A ~ 3.1/2V. It follows that the squeeze factor (in
dB) of the approximate GKP state will grow linearly in the
number of qubits N.
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FIG. 3. Wigner functions for states created by the protocol. (a) Wigner function for three qubits with 10 dB of initial squeezing, i.e.,
W = 3.2. Furthermore we have ¢, = w, =0 and P, = 2,/7. The Wigner function is seen to strongly resemble a logical 0 GKP state.
(b) Wigner function for 3 qubits with 10 dB of initial squeezing, ¢, = m and w, = 0. The Wigner function is seen to strongly resemble a
logical 1 GKP state. (c) Wigner function for four qubits with 14 dB of initial squeezing and ¢, = w, = 0. (d) Wigner function for four qubits

with 14 dB of initial squeezing and ¢, = 7 /2 and w, = /2.

Without invoking the above approximation we can describe
the state of the oscillator using the reduced density matrix,

o= [z v un(e-if ) (o)

leK

M M \*
() o

We plot the Wigner function of the state in Eq. (24) for various
values of N and W, using 6, = 2.6. The results are shown in
Fig. 3.

(24)

Implementation with a dispersive Hamiltonian

Following the approach in Ref. [24] we show how to imple-
ment the controlled displacements used in our protocol. This
approach leverages a dispersive interaction between the qubits
and the oscillator. In the dispersive regime, we assume the
following Hamiltonian [29],

N L oMo
H/h = Z X(”)a‘azT + Ea)((l")oz(")
n=1

+e*Wa+et)a + wpa'a, (25)

where the drive () is resonant with the oscillator. w, and wf]”)
are oscillator and qubit frequencies respectively. This drive

will perform displacements in phase space to engineer the
target controlled displacement gate between the qubits and
the oscillator. We assume that the coupling frequencies can
be arranged such that x ™ = x2"~2. Considering a transmon-
oscillator dispersive interaction, one finds that the coupling
frequency x), can for example be varied by changing the
detuning or charging energy of the transmon [29]. We also
note the exponential scaling of the coupling frequencies x ™,
a feature shared with the related standard phase estimation
protocol [17], but which the authors circumvent by replacing
standard phase estimation with phase estimation by repeti-
tion. It is crucial that the relative error on these coupling
frequencies is small, ensuring that the error on the largest
coupling frequency is small compared to the magnitude of the
smallest coupling frequency. This required exponential scale
of coupling frequencies x ™, implies that our protocol has a
significant sensitivity toward the relative error on the coupling
frequencies x ™.

The density matrix p of the joint qubits-oscillator system
evolves according to a master equation, given in Lindblad
form as,

dp = —i[H/h, p]+ Y &:D[L]p (26)
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TABLE 1. Table of noise sources and their associated jump oper-
ator and rate [24,30].

Jump operator L; Rate «; Description

a Ky Photon loss

o™ Vi Qubit decay

a‘a 2Ky Oscillator phase noise
1o 2y Qubit phase noise

with D[L;] being the Lindbladian associated with operator L;,
DILi] = LipL{ — 3(L{Lip + pL{Ly), 27)

and k; is the associated rate. We include in our analysis
the noise sources listed in Table I. Following Ref. [24], we
transition to a displaced rotated frame D, as detailed in the Ap-
pendix Secs. 2-5. In this displaced frame we shift the origin
in phase space such that the ordinary vacuum state is a dis-
placed coherent state. It is useful to work in a displaced frame
when simulating states that are localized and centered far out
in phase space. While such states will have a high photon
number in the ordinary frame, they might have a low photon
number in the displaced frame. We introduce the complex
number «(¢) such that |—a(z)) (—a(¢)| represents the vacuum
state in the ordinary frame as viewed from the displaced frame
D. In frame D we have the effective Hamiltonian,

N
1 1
Her/h =) {zx%*ao;") + 5 xPle@)Pol”

n=1
+ %x(”)(a(t)aT - a*(t)a)a;">}, (28)

where the drive (¢) satisfies,
ee(t) —ia(t) — Likja(t) = 0. (29)

It was demonstrated in Ref. [24] that the term
3 SN x™a’ac™ can be suppressed by flipping the qubits
and «(t) after half of the interaction time. By suppressing
this term the effective Hamiltonian H.gi becomes the desired
controlled displacement interaction. We will assume that the
qubit rotation § x ™]a(t)]*o" can be corrected for and it is
ignored in the following analysis.

III. DISCUSSION

The idealized time-dependent displacement «(¢) that im-
plements our protocol is sketched in Fig. 4. The figure also
shows the timing for qubit flips and the application of the QFT.
Note that in an experimental implementation the idealized
sharp steps of a(z) will be replaced by a smoothly varying
function resulting from a realistic drive &(¢) [24]. The interac-
tion time between the qubits and the oscillator is divided into
77 and 1p, corresponding to the implementation of U; and Up,
respectively. These intervals are given by,

2327

T =
O(()XPq
2P,
= Y20 (30)
aoxM

%A
GO-- | ——  —
: Re{a} Im{a} i :
! Ve i
LT /2 |
O] oy U AN L
W—JE : : ~r—
w2 o : : : To/2
. S R
Ayt
} } } } } —t
Flip Flip Flip

FIG. 4. Ideal time dependence of «(?) that implements our pro-
tocol, with three qubit flips. The resulting state for P, = 2,/7 can be
seen in Fig. 5. On the time axis we show the operations applied only
to the qubits, where Fy is the QFT.

where op = max(Joe(?)|) is the maximum displacement ampli-
tude. The peak spacing P, is set to 2/7.

From now on we set x to 1, since in the absence of de-
coherence, x is the only rate in our equation of motion. The
noise rates, given in Table I, are initially set to zero, but will
later be defined relative to ymax = 2V -2 x- In Fig. 5 we plot
the Wigner function of the state resulting from the drive «(t)
(Fig. 4) with three qubits and an initial squeezing of 10 dB.
Instead of doing three qubit flips as in Fig. 4, the qubits are
instead flipped seven times. This reduces a distortion of the
state resulting from the terms aTaaz(”). The produced state
closely matches the target state shown in Fig. 3(a), with a
slight slant that diminishes if the qubits are flipped more often
during the protocol, or if ¢ is increased.

5 1 0.2
T = - 0.1
5
w 14 . » »
S - » - 0.0
8 1 . " »
o
o 3 r—0.1
-5 - -0.2
_7 T T T T

=7 5 -3 -1 1 3 5
q quadrature

FIG. 5. Wigner function of the oscillator state resulting from the
sequence given in Fig. 4 with three qubits. We have set x = 1, P, =
2/, and ap = 30 (as in Ref. [24]). The qubits are flipped seven
times. The slight slant is due to the interaction terms a'ac” and
vanishes if the qubits are flipped for more often, or « is increased.
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FIG. 6. Fidelity between Gy and p, for various noise rates (see main text). On the x axis we give the ratio between the noise rate and yax-
x is set to 1 and defines the time-scale of the simulation. «; is set to 30. The plots do not include decoherence effects associated with the

implementation of the QFT.

We evaluate the robustness of the protocol to dephasing and
loss during the controlled displacement sequence. Robustness
is measured in terms of the fidelity between the produced
state and the target GKP state. Assuming the protocol pro-
duces the state pgy in the absence of noise, we determine the
approximate GKP state Gy [as given in Eq. (2)] most similar
to pg, as measured by the fidelity. The state produced in the
presence of noise with rate «, is denoted p,. To gauge the
sensitivity of the scheme to the noise sources listed in Table I,
we compute the fidelity between p, and Gy as we vary the
noise rates individually. Plots of the fidelity against the noise
rates are given in Fig. 6. The noise rates are chosen so as
to be comparable with the rates given in Ref. [24]. We set
oo = 30 (as in Ref. [24]). The calculations do not include
decoherence effects associated with the initialization of the
qubits and oscillator (see Fig. 2), and the implementation of
the QFT. We expect that the error channels associated with
these operations might make our protocol more error prone
than the comparable protocols [17] and [24].

The protocol appears stable against oscillator loss and
qubit noise. The controlled displacement is, however, sensi-
tive to oscillator phase noise, due to the large displacement
ap. The nonunit fidelity at zero noise results from the peaks
not being perfect Gaussians, finite squeezing of the initial
wave function, and from a distortion generated by the a'ac ™
interaction.

IV. CONCLUSIONS

We have presented a protocol for mapping a qudit state
onto an oscillator using the periodic interpolating function

v(y) defined in Eq. (13). The qudit was realized through a
set of qubits, and we showed how the proposed mapping can
be realized using controlled displacements. A circuit U, was
constructed for the preparation of a qubit state suitable to
prepare oscillator GKP states. Our analysis included comput-
ing the Wigner function of the oscillator state produced by
the protocol with three and four qubits. The results showed
a significant improvement in the sharpness of the approxi-
mate GKP state with four qubits compared to the three-qubit
implementation. This highlights the scalability and effective-
ness of our protocol in producing high-quality GKP states
with an increasing number of qubits. Finally we investigated
the feasibility of the protocol with three qubits, considering
various noise sources such as qubit decay, qubit dephasing,
oscillator loss, and oscillator dephasing. Overall, our protocol
offers a promising approach for efficiently generating highly
squeezed GKP states, with robustness against most common
noise sources, making it a viable tool for practical quantum
computing.
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APPENDIX

1. Interpolating function

We evaluate the action of the displacement operator in
Eq. (14). We proceed by expanding the Yy operator in terms
of its eigenvectors,

L2
Du(s) Y wilx) =Y ve i)

leK leK
-2
= > ey (valx)
leK nek

% Zei27r(n—l/2)(—s—l+1/2)/M|yn>
nek
x 1 .
— o ii* Z M Z Uleﬂn(n—l/Z)(m—s—l)/M
mekK n,leK
X [Xm)
= Y " v(m — )|, (Al)
mek
where
1 ,
v(V) = — 02T =1/ DG=D/M A2
0=, ; ! (A2)
n,

By summing the geometric series one can readily verify that
v(k) equals vy for k € K. Furthermore, calculating the Fourier
coefficient of v(y) corresponding to the frequency m/M (with
m € Z) over the range Ry, we find

M2

1 / Dy
Cn = —— dyv(y)e T ur
UM —-M/2
1 Z 27 (n—1/2)1 /M s 2 y[n—1/2—m]/M
— vlefl m(n— f dye[ Ty|\n— —m
M2 nlek —M/2
| M/2—1
_ —i2nnl /M
= — Z Z ve ! 8(n —m)
VM X n=—M/2
_ T Lieg vie M m e [=M/2:M/2 — 1],
0 otherwise,

(A3)

where the § is a Kronecker §. So we can write the Fourier
coefficient of v(y) associated with frequency m/M as,

vy if me[-M/2;M/2 — 1],
o — (Bmlv) | /2;M/ (Ad)
0 otherwise,
where we defined the plane wave,
1 .
) = —= Y _ "M |x;). (AS)
\/M leK

It follows, that as long as (¢,,|v) is only large for |m| < M/2,
then the frequencies of v(y) will be significantly below 1/2.

The interpolation v(y) of the points (k, v;) can then be consid-
ered reasonable, in the sense that there will be little oscillatory
behavior between the interpolated points (k, v ).

2. Frame transformations

We assume that the density matrix p evolves according to
a master equation in Lindblad form,

dp = —ilH/h, pl+ > &:D[L]p (A6)

with D[L;]p = L,',OL; — %(L;Lip + ,oLiTLi) and L; is the jump
operator and k; is the jump rate. We make the frame
transformation,

p=UpU" (A7)
thereby obtaining the new equation of motion,

&p=—iliUU +UH/MUT, p] + Zx,D[UL,U*]f;.

(A3)
3. Hamiltonian
We use the dispersive Hamiltonian with a drive &(¢),
N oMo
H/h = Z X(”)a‘azT + Ea);")az(")
n=1
+e*(t)a+e(t)a’ + wya'a, (A9)

where o, = |0)(0] — |1)(1]| and w, is the angular frequency of
the oscillator. We change to the rotating frame,

U = eiood at i 3 oot (A10)
thereby obtaining the Hamiltonian,

Hy/h = iUU] + Ui (H/WU]

N
1 . .
= Z Ex(")aTaoz(”) + ' (t)e M a + e(t)e ' a’.

n=1
(A11)
We change to a displaced frame,
U2 — eot*(t)a—a(t)a‘\' (A12)
The new Hamiltonian is,
Hy/h = iUU) + Uy (H, /U,
(1 1
= Z {EX(”)aTaUZ(") + EX(")|a(t)|2oz(")
n=1
1 (n) T * (n)
+ EX (ot(t)a + (t)a)aZ
+ o) a+pt)a + @), (A13)
where
B(t) = e*(t)e " a(t) + e(t)e o (1), (A14)
o) = ()" —ia(t). (A15)
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4. Lindbladians

The corresponding transformations of the Lindbladians,
resulting from the frame transformations, are,
Oscillator loss.

D|U:U1aU{Uj1p = Dlalp — sa(la’, p] + 3e(1)*a, ).
(A16)
Oscillator dephasing.
DIU,Uya'aU{Uf1p = Dl(a" + a(t)*)(a + a(t)lp. (A7)
Qubit decay.

DIUU 16U U 1p = Do 1p, (A18)
where o_ = [1)(0].
Qubit dephasing.
D[U:U1 36U U ]p = D[L0™]p. (A19)

5. Master equation in frame D

Letting pp = UzUlpUlTU ¥, then the master equation in
this frame states,

dpp = —i[Hz/fl + %iKz(Ot(t)*ll —a(t)a), po}

+ kDlalpp + 2ksDI(a’ + a(t)*)(a + a(t)]pp

N
n 1 n
+y {yzD[cf( Npp + 2y¢D[§a; ﬂpp}, (A20)

n=1

from which we obtain the effective Hamiltonian,
1. . i
Heie/h = Hy /i + Emz(a(t) a—a()a')
N1 1
= Z —x"Ma'ac™ + —x(")la(t)|zoz(”)
2 < 2
1 (n) il * (n)
+ 5x @0 + o (a)o!
R PU I .
+ ()" + szla(t) a+ | o@t) — El/qoz(t) a'.
(A21)

We then require that the drive £(¢) (approximately) satisfy the
following equation,

P(1) — Yikja(t) = ()™ —ia(r) — Jikj(t) = 0. (A22)

The effective Hamiltonian is then,

N
1 . 1
He/h=") { 1 "atao + Zx V()P

n=1

+ %x(")(oe(z)aT + a*(r)a)a;”)}. (A23)
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