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The birth, life, and death of Maxwell’s demon provoked a profound discussion about the interplay
between thermodynamics, computation, and information. Even after its resolution, the demon continues
to inspire a multidisciplinary field. This tutorial offers a comprehensive overview of Maxwell’s demon and
its enduring influence, bridging classical concepts with modern insights in thermodynamics, information

theory, and quantum mechanics.
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L. INTRODUCTION

hought experiments in physics are the birth-
place of new paradigms. Einstein’s relativity
defied Newtonian notions of space and time [1,2]
and led him to have what he later called his “hap-
piest thought,” when he conceived the equivalence prin-
ciple [3,4]. Meanwhile, Schrodinger’s cat [5] illustrates
the strangeness of quantum mechanics. Many of these
mental exercises have evolved from theoretical explo-
rations to experimental realizations. When Einstein ques-
tioned whether quantum mechanics offered a complete
description of reality [6], John Bell provided an elegant
answer decades later with his groundbreaking theorem
[7]. Not long after, experiments by Alain Aspect, Jean
Dalibard, and Gérard Roger confirmed Bell’s predictions
[8]—Dbringing such thought experiments to life as tangi-
ble realities. Yet, some thought experiments remain unre-
solved, such as Wigner’s friend [9], which highlights the
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need for a deeper interpretation of quantum mechanics
(see Ref. [10] for a state-of-the-art overview related to the
topic).

This tutorial discusses a thought experiment that took
more than a century of scientific development to be
resolved. By the 19th century, it was commonly under-
stood that thermodynamic fluctuations at the particle level
could lead to apparent violations of the second law of ther-
modynamics. To illustrate how these fluctuations could
be systematically exploited to seemingly break the sec-
ond law, Maxwell proposed a thought experiment, now
famously known as Maxwell’s demon [11,12].

Maxwell envisioned a scenario in which, by knowing
the positions and velocities of gas particles, one could
reduce the entropy of the system without performing any
work, thus appearing to defy the second law. More specifi-
cally, the thought experiment involves a demon controlling
a trapdoor between two gas chambers, allowing fast parti-
cles to pass into one chamber and slow particles into the
other. Using information about the velocity of the parti-
cles, the demon creates a temperature difference, reducing
the entropy without expending energy (see Fig. 1 for a
pictorial representation and historical context).

The demon’s ability to reduce entropy without perform-
ing work hinges entirely on the information it possesses
about the gas particles. This suggests that information
somehow plays an important role in characterizing ther-
modynamic processes. This interplay was tightened with
the Szilard engine [14,15]—a more operational version of
Maxwell’s demon, based on a device that trades informa-
tion for work. The setup consists of a chamber containing a
single gas molecule in thermal equilibrium with a heat bath
at temperature 7 [16]. Based on information about which
half the chamber of the molecule is in, a thin wall attached
to a weight is inserted. The one-molecule gas then pushes
the wall, expanding the chamber back to its initial size
and extracting kgT'log?2 of work from the thermal reser-
voir (approximately 3 x 1072!J at room temperature). Like
Maxwell’s demon, the Szilard engine appears to violate
the second law of thermodynamics, as the heat extracted
from the environment is entirely converted into mechan-
ical work. Although Szilard acknowledged the need for
an entropy increase to close the thermodynamic cycle,
he did not specify its source—whether the increase arose
from measuring the particle’s position, storing the col-
lected information, inserting and removing the partition,
or erasing the recorded data.

In the following years, information and computation
theories were developed [17—19]. Although they were not
yet tied to physics, Shannon’s theory [18] inspired Bril-
louin [20] to attempt to save the second law. He proposed
a mathematical theory that linked the acquisition of infor-
mation and the increase in entropy needed to restore the
second law. Two years after Brillouin’s paper, Landauer
[21,22] asked whether thermodynamics imposes physical

FIG. 1. Maxwell’s Gedanken experiment. In 1867 James Clerk
Maxwell addressed a letter to Peter Guthier Tait with the
provocative idea that the second law is a statistical principle
that only holds on average [13]. There, he introduced his famous
demon—an intelligent being capable of sorting gas molecules by
their velocities. By creating a temperature difference, the demon
apparently defies the second law of thermodynamics, decreasing
the system’s entropy without expending energy. Later on, this
apparent paradox appeared in his book “Theory of Heat” [12].

limits on information processing. The answer to such a
simple question led to the conclusion that erasing infor-
mation is inherently linked to a heat cost. Finally, this
intriguing connection between thermodynamics and com-
putation was later strengthened by Roger Penrose [23] and
Charles Bennett [24], which ultimately led to the resolution
of Maxwell’s demon [25].

What seemed to be the end of the demon’s journey
turned out to be just the beginning. Both stochastic ther-
modynamics [26] and quantum thermodynamics [27—33]
have reinterpreted and extended the concept of Maxwell’s
demon beyond its original scenario. Beautifully, not only
has theoretical progress been made, but numerous exper-
iments on these two topics have also been reported (a
summary of experiments in the field of stochastic thermo-
dynamics can be found in Ref. [34] and an overview of the
proposed and realized quantum thermodynamic devices is
presented in Ref. [35]).

How to use this guide?

This tutorial revisits Maxwell’s demon, from its early
phase to modern approaches, while providing historical
context and connections to state-of-the-art experiments. It
offers an introduction for quantum scientists, exploring the
intersection of thermodynamics, information theory, and
quantum mechanics. We do not intend to provide a detailed
review of the literature here; for that, we recommend both
the reviews [36—38] and the book by Leff and Rex [39]. In
each section, we discuss problems (along with their solu-
tions) relevant to the topic. These problems often introduce
results that will be useful in subsequent discussions. To
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highlight these key results, they are marked with the sym-
bol & and are enclosed between horizontal separators.
Starting from Sec. IV, we present experimental realiza-
tions related to the discussed topic. These realizations are
independent and can be skipped without compromising
the understanding of the main text. The experiments are
placed in boxes, and the discussion is kept short. Our goal
is to show that what might seem theoretical has already
been demonstrated experimentally. The experiments were
selected based on the physical platforms rather than their
chronological order of appearance in the literature.

This tutorial is organized as follows. We start with
a brief recap of basic thermodynamics concepts in Sec.
I, followed by a concise summary of relevant quantum
mechanics notions in Sec. III. The central problem of this
tutorial is presented in Sec. IV, where Maxwell’s thought
experiment is discussed (Sec. IV A), along with Szilard’s
reinterpretation (Sec. IV B) and attempts to resolve the
apparent violation of the second law of thermodynamics
(Sec. IV C). Next, Sec. V starts with a discussion of what
information is, introducing Shannon’s theory and some
mathematical results (Sec. V A). Then we briefly touch on
some basic ideas and historical facts about computation
(Sec. V C). One of the most important points of this tutorial
is then presented in Sec. VI, where Landauer’s principle
is introduced (Sec. VI A), rigorously proven (Sec. VI B),
and its first experimental verification is discussed (Sec.
VIC). To finish this section, the notion of reversible com-
putation is briefly explained (Sec. VI D). The resolution of
Maxwell’s demon is presented in Sec. VII and three dif-
ferent approaches to solving this “paradox” are discussed.
Finally, in Sec. VIII, we briefly discuss recent progress
related to Maxwell’s demon, as well as topics inspired by
it.

II. THERMODYNAMICS IN A NUTSHELL

This introductory section revisits some fundamental
formulations of thermodynamics, introduces the notation
used, and briefly highlights recent developments in the
field. A few problems, which will later connect to other
sections, are also discussed. As this section is a warmup,
readers already familiar with thermodynamics are wel-
come to skip it.

Thermodynamics emerged from the desire to understand
how macroscopic systems exchange energy, particularly
the interconversion between heat and work [40,41]. It
offers a framework for describing the transformations of
complex systems made up of many particles without the
need to take into account their microscopic details. The
key insight is that macroscopic systems in equilibrium
can be very well described by just a few variables, like
temperature, pressure, or magnetization, depending on the
specific physical system being studied. This allows us to

make accurate predictions about the system behavior with-
out having to track every individual particle. While this
might seem like an oversimplification, the universality of
thermodynamic principles led to the formulation of four
fundamental laws [42]:

(0) Zeroth law. Iftwo systems are each in thermal equi-
librium with a third system, they are also in thermal
equilibrium with one another.

(1) First law. Energy is conserved. For a system inter-
acting with an environment, energy transfer can be
divided into two contributions: work and heat.

(2) Second law. The entropy of an isolated system
undergoing a physical process can never decrease.

(3) Third law. It is impossible to attain absolute zero
in a finite number of thermodynamic operations.
At absolute zero, systems with degenerate ground
States may retain nonzero entropy.

The central focus of this tutorial is on the second law
of thermodynamics, which can be formulated in various
ways, with all formulations being fundamentally equiva-
lent. In its most general form, the second law asserts that
the entropy of the universe tends to increase ASyniy > 0.
The change in the system’s entropy, known as entropy pro-
duction, is denoted by ¥ := ASyniy. Thus, a succinct way
to express the second law is through the non-negativity
of the entropy production. This quantity also allows us
to classify processes as reversible, where ¥ = 0, or irre-
versible, with ¥ > 0. For a detailed discussion of entropy
production in both classical and quantum systems, see Ref.
[43].

Throughout this tutorial, a main system interacts with
its environment, resulting in changes to both the energy
and the entropy of each. The total entropy of the universe
is divided into the entropy of the system and that of the
environment: Syniy = Ss + Sg. This leads to the second law
being written as ASyny = ASs + ASg > 0. Moreover, we
assume that the environment consists of a work source,
which exchanges only energy with the system, leaving its
entropy unchanged, and a heat bath, which exchanges both
energy and entropy with the system. Thus, ASg simplifies
to the change in entropy of the heat bath, which is modeled
as being in equilibrium at temperature 7. The change in
entropy of the heat bath is then given by ASg = [ dQ/T,
where dQ represents an infinitesimal heat flow into the
system. The total heat exchanged is Q = [ dQ. Here, we
adopt the convention that heat is positive when it flows
into the system from the environment. Work, however,
is performed by an external controlling agent—an entity
that manipulates macroscopic parameters (e.g., volume,
magnetic fields) to exchange energy with the system. Cru-
cially, the agent’s ability to extract or inject work depends
on what they know about the system’s state. In typical
thermodynamics, the agent possesses only macroscopic

030201-3



DE OLIVEIRA JUNIOR, BRASK, and CHAVES

PRX QUANTUM 6, 030201 (2025)

information (temperature, volume, pressure, etc). How-
ever, a hypothetical all-knowing agent—Ilike the star of this
tutorial, the “famous” Maxwell’s demon—would be privy
to microscopic information about each molecule. Such
an agent could, in principle, exploit thermal fluctuations
to convert heat entirely into work, seemingly violating
the second law. As we will discuss in detail later (via
Landauer’s principle), this paradox is resolved when one
accounts for the entropy production associated with the
demon’s measurement process and the erasure of its mem-
ory, which compensates for any apparent entropy decrease
in the system. For now, we retain the classical assumption
of macroscopic control and minimal knowledge, leading
us to the second law in its traditional form, Clausius’s
inequality [40]:

T = ASS+/—>0 (1)

If the heat bath is only slightly perturbed, meaning it is
large enough so that its temperature remains effectively
constant, the second term in Eq. (1) simplifies to Q/T.
From this point onwards, we assume that the bath remains
at its initial temperature at all times and that the sys-
tem does not significantly perturb it. In the presence of
multiple heat baths Eq. (1) generalizes naturally to ¥ =
ASs+ Y, 0;/T; > 0, where the index i refers to the ith
reservoir.

Traditionally, classical thermodynamics describes qua-
sistatic (reversible) transformations, in which the system
and every reservoir remain in equilibrium at each instant.
In that equilibrium limit, the entropy-production rate van-
ishes, ¥ = 0, and, because no heat or particle currents
flow, the entropy flux—defined as & := 3, 0;/T—is also
zero & = 0, so that dSs/dr = 0 (where ¢ is time). How-
ever, many processes occur over finite times and lead to
entropy production. A scenario that can emerge after finite-
time transients is one where there is a continuous flow of
energy or matter, with certain system properties becoming
constant in time despite the absence of thermal equilib-
rium. After this transient period has elapsed, the condition
Ss=0 together with the balance relation Ss=2—
implies ¥ = & > 0, which means that entropy is continu-
ally generated within the system and is transferred entirely
to the reservoirs. This defines a nonequilibrium steady
state [44], in which the entropy-production rate remains
constant.

The concepts presented so far can be illustrated by con-
sidering a thermodynamic system interacting with heat
baths at different temperatures and a work reservoir. The
notion of entropy production allows us to incorporate time
into the analysis and describe the continuous interaction
between the system and its environment. Consequently,
we express the first and second laws in terms of rates, as

follows:
dEs . .
o = >0, 2)
4 i
dSs . 0;
= oy oY = 3
7 Z T 3)

where Es represents the rate of change of the system’s
internal energy, O; denote the heat exchanged with ith bath,
respectively, and W is the rate of work done on the system,
which is assumed to be positive in the case of work being
supplied to the system.

Let us discuss three paradigmatic examples (presented
in Ref. [43]), in which we analyze a system that has oper-
ated for a sufficiently long time and has reached a steady
state. This implies that both Egs. (2) and (3) are equal to
zero, and the steady state is therefore characterized by a
continuous conversion of heat into work, accompanied by
a constant production of entropy.

Suppose that there is no work involved in the process
and only heat exchange occurs between the two thermal
reservoirs at temperatures 7. and 7}, with 7. < Tj,. The
heat exchanged with the hotter and colder reservoirs are
denoted by Oy and Q., respectively. As a result, the first
law simplifies to Qh = —QC, which, when substituted into

Eq. (3), gives
z=<Tlc——)cho )

Since the above equation must be non-negative and 7, <
Ty, it follows directly that Q. > 0, which according to our
convention means that heat must flow from the hot to the

cold reservoir. This is precisely Clausius’s statement of the
second law:

“A transformation whose only final result is
to transfer heat from a body at a given tem-
perature to a body at a higher temperature is
impossible.” [45]

Now, consider the case where the system is connected
only to the hot reservoir. In this case, the first law becomes
W = Q;, and the second law is expressed as
=2

= — > 0. 5
T T, — )

By definition, positive work implies that work is done
on the system rather than extracted from it. There-
fore, work cannot be extracted from a single heat reser-
voir, which directly corresponds to Kelvin’s statement:

030201-4



A FRIENDLY GUIDE TO EXORCISING MAXWELL’S DEMON

PRX QUANTUM 6, 030201 (2025)

“A transformation whose only final result is
to transform into work heat extracted from
a source which is at the same temperature
throughout is impossible.” [46]

As a final example, we now consider a machine com-
prised of two heat baths at temperatures 7, and 7}, and a
work reservoir. Assuming that this machine has reached
a steady state allows us to rewrite Egs. (2) and (3) as
W=0,+ 0. and ¥ = 0,/T; + O./T.. Computing the
efficiency of the engine (i.e., the ratio of output work to
input heat), we arrive at

n=1=1+%=<1—£>+£2. (6)
On On On

=nc

The term in brackets represents the well-known Carnot
efficiency 7n¢. Since Qh < 0, as the heat flows from the
hot reservoir to the system, the second term is strictly
negative. Therefore, the efficiency of a heat engine oper-
ating in finite time is given by Carnot’s efficiency with a
negative correction proportional to the entropy production.
This result leads to Carnot’s statement of the second law:

“The efficiency of any reversible engine oper-
ating between two heat reservoirs depends
only on the reservoir temperatures and is
equal to the Carnot efficiency. No heat engine
operating between the same two temperatures
can be more efficient.” [47]

The previous example shows that incorporating the
concept of entropy production provides a deeper under-
standing of Carnot’s theorem. Specifically, the efficiency
of a heat engine operating in finite time can always be
expressed as the Carnot efficiency minus a correction term,
directly related to the irreversibility of the process.

So far, we have made general statements about ther-
modynamic processes, mostly for systems in thermal
equilibrium, but also considering nonequilibrium states.
However, we have remained completely agnostic about
the “form” of the system’s state. Since the Gibbs state
is crucial for much of what follows, we will now simply
present its expression without justifying its form—readers
are instead referred to the books by Landau and Lifshitz
[48], Pathria [49], or Callen [41] for a more detailed expla-
nation. To do so, we consider a classical continuous system
[50] in contact with a heat bath at temperature 7. The
system is described by a Hamiltonian H (z, A), where z =
(g, p) represents a point in the phase space, and A is a real
parameter (e.g., volume, magnetic field, or any other exter-
nally controllable parameter). We then define a thermal

state as a probability distribution over phase space

o BHE)

PE(Z,A) = 700 (7

where Z(1) = [ dze PG is the partition function.
X Average thermodynamic quantities

Using Eq. (7), one can calculate important average
quantities for the system. For example, the average equi-
librium energy is given by

Es(L) = | d _ﬁH(Z’MH A) = ;_/_2 dze” PP
s( )-—/ ZW (z, 1) = 700
0
= _£ log Z(M). ®)

Similarly, the Gibbs entropy takes the form (again, yet
without justifying the reasoning behind this equation):

S(A) 1 e PHEM) e BHE)
—=—— | dz log ( )
B B Z(}) Z(%)
=Es(A) + log Z(h) Z()\). )
B
S

Another important formulation of the second law is given
in terms of free energy F. When thermodynamic trans-
formations are described between equilibrium states at
constant temperature (isothermal processes), this quantity
provides a bound on the work that can be extracted in the
process. Namely,

(W) > AF. (10)

Here, F' := E — TS, where E and S denote the system’s
internal energy and thermodynamic entropy, respectively.
To simplify notation, we omit the index S when the con-
text is clear and include it only when needed to avoid
confusion. Note that from Eq. (9), we directly get F(A) =
—(9/9B)Z(r). Moreover, we can verify Eq. (10) consider-
ing a simple protocol as in the example below:

X Free energy bound

Consider a classical system whose microstate is z =
(¢, p) and whose Hamiltonian depends on a control param-
eter A € [0, 1]. The protocol lasts a time 7 and we take
a constant switching rate A = 1/7. For a trajectory that
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begins in zyp and follows Hamiltonian dynamics, the
mechanical work is

T 1
/ - 0H (z(1), ) =/ & 0H (z(2), A)
0

W, = . (11)

dea

oA oA
Averaging Eq. (11) over initial conditions drawn from
p(z0) gives

i = [ dapi, (12)
where p(zo) is the probability distribution of the initial
state, which can be in or out of equilibrium. For an equi-

librium system, this reduces to the Boltzmann distribution,
as given in Eq. (7), leading to

_ 1 e BH@A) 9H (z, 1)
(W)—/Odk/dz e

(13)

In the limit 7 — oo, the system remains in instantaneous
equilibrium, and Eq. (13) reduces to

1 (' d 1
(W) = _E/o aan(A) dr = ] [InZ(1) — InZ(0)]

(14)

where F(L) = —B~'InZ(L) was noted below Eq. (9).
Therefore, a quasistatic isothermal transformation extracts
an average work (W) = AF saturating the free-energy
bound Eq. (10). Any finite-time drive (t < 0o) produces
additional dissipation, so that (W) > AF.

ESY

= F(1) — F(0),

The last example shows that, for an infinitely slow pro-
cess, the work done on the system is exactly equal to the
free energy difference between the final and initial states.
Conversely, finite-time processes lead to irreversibility,
and the thermodynamic work required to transform a sys-
tem, in contact with an environment, can be expressed
as W = AF + Wy, where the dissipated work is directly
proportional to the entropy production [43,51].

Surprisingly, the inequality corresponding to the second
law as given in Eq. (10) can be expressed as an equality
[52,53], namely [54],

(e ) = e PR, 5)
where (-) denotes an average over multiple realizations
of the given protocol, and g = 1/kpT. This expression,
known as the Jarzynski equality, holds for arbitrary pro-
cesses, even those far from equilibrium. It is remarkable
because it connects equilibrium and nonequilibrium quan-
tities: while the left-hand side represents the averaged work
over many realizations of a process, the right-hand side

corresponds to the free energy difference between two
equilibrium states. Its applicability extends beyond physics
[55].

Understanding the thermodynamics of systems far from
equilibrium, where fluctuations cannot be neglected, is
anything but simple. However, if the system evolves under
well-defined external protocols—for instance, via exter-
nal driving that deterministically changes the parameters
describing the system—thermodynamic quantities such as
work, heat, or entropy production can be treated as random
variables, each characterized by a probability distribu-
tion constructed over many realizations of the protocol.
Remarkably, fluctuations in these quantities satisfy uni-
versal constraints known as fluctuation theorems [56,57],
with the Jarzynski equality being a prominent example of
an integral fluctuation theorem. While we do not explore
the full details of fluctuation theorems in this tutorial, it is
important to note that many of the concepts and illustra-
tions we discuss here are based on and derived from these
foundational relations.

Originally, free energy was defined only for states in
thermal equilibrium. However, given its operational mean-
ing, the definition can be extended to nonequilibrium states
[58,59]. Specifically, in the next section, we will naively
replace the thermodynamic entropy with a different notion
of entropy. This will allow us to define a nonequilibrium
free energy. In this broader context, the system interacts
with a thermal reservoir at temperature 7', although the sys-
tem itself may not have a well-defined temperature. While
we will not explicitly demonstrate it here, nonequilibrium
free energy quantifies the maximum average work that can
be extracted from a system in an out-of-equilibrium state
[60,61].

ITII. QUANTUM MECHANICS IN A NUTSHELL

“Quantum mechanics: Real Black Magic
Calculus.” [62]

For completeness and to make this tutorial as self-
contained as possible, in this section, we will cover the
basic tools needed to describe quantum systems, focussing
on what is useful to discuss Maxwell’s problem and infor-
mation erasure later on. As a result, we avoid going into
too much detail and are less rigorous in both notation
and justification—proving Einstein’s words to be surpris-
ingly accurate. For those who want a comprehensive and
detailed material, we recommend the books by Sakurai
[63], Peres [64], Nielsen and Chuang [65], or Bertlmann
and Friis [66]. Readers already familiar with quantum
mechanics and quantum information theory are welcome
to jump ahead—it will not make resolving Maxwell’s
demon any more difficult.
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To simplify the mathematical description, we limit our
discussion to finite-dimensional systems, as many exper-
imentally relevant physical systems can be well approxi-
mated this way. To keep the discussion general, we avoid
focussing on specific physical systems while still aiming to
keep the explanations as simple as possible. This approach
allows us to focus on the core ideas without getting bogged
down in unnecessary complexity.

In a classical system with a configuration space of size
d < oo, the system can exist only in one of the d distinct
configurations. However, in quantum theory, describing a
system with d configurations means associating it with
a finite-dimensional Hilbert space H € C¢, where each
configuration corresponds to a vector in an orthonormal
basis. But what exactly is a Hilbert space and how do we
construct one?

For a system with d distinct configurations labeled
{1,...,d}, the associated Hilbert space H is a complex
vector space equipped with an inner product. Each con-
figuration corresponds to a vector |i) € H, and the set
{11),12),...,|d)} forms an orthonormal basis for H. Our
workhorse in this tutorial is the quantum version of a
classical bit, the qubit, which can be described by two
configurations, 0 and 1. The Hilbert space of the qubit is
H = C?, and the two classical configurations correspond
to the quantum states |0) and |1) in H. Examples of such
systems include a photon of light with two orthogonal
polarizations, an electron with two possible spin states, or
a two-level atom with two possible energy states, among
many others.

We can move on to the postulates of quantum mechan-
ics, which will guide us in (i) defining the possible states of
a quantum system, (ii) understanding and calculating mea-
surement outcomes, and (iii) describing how the system
evolves over time.

(I) A pure state of a quantum system is associated
with a vector in the Hilbert space, represented by

[v) € H.

In some cases, we can only associate a vector |y;) with
a classical probability p;. For example, imagine placing
qubits randomly in a box, sometimes in the state |0) and
sometimes in the state |1). If we blindly pick a qubit from
the box, the state will be |0) or |1), each with a probability
of % These states are called mixed states and are mathe-
matically described by an operator p = Y, p; [V X¥i|. As
a result, the previous postulate can be refined as follows:

(I’) To any state of a system, we associate a density
operator p, which (i) is Hermitian (p = pT), (ii) is posi-
tive semidefinite (o > 0), and (iii) has a trace equal to one
[tr(p) = 1].

(IT) An observable is associated with a Hermitian oper-
ator O = O that acts on the Hilbert space of the system.

Given an observable O, we can always express its spec-
tral decomposition as O =) ;0,[P;, where o; are real
numbers, and IP; are orthogonal projection operators onto
the eigenspace corresponding to the eigenvalue o,;. These
projectors satisfy P;,IPy = §;yIP; and ), IP; = 1.

(ITII) Given a state p, when we measure an observable O,
the outcome will be one of its eigenvalues o;. The
probability p; of obtaining this outcome and the state
p; after the measurement are given by p; = tr(IP;p)
and p; = IP;pP;/p;, respectively.

Note that in quantum measurements, the act of measuring
generally changes the state of the system, typically collaps-
ing it into one of the eigenstates of the observable [67].
This postulate also tells us that it is possible for the same
experiment, repeated under identical conditions, to give
different outcomes.

(IV) The dynamics of a closed system is defined by a
unitary operator U that satisfies UU" = U'U = 1 as

) — [¢)=Uly) and p— p' = UpU'
(16)

In many cases of interest, we can express the time-
evolution operator as U = e~ where H is the Hamilto-
nian, ¢ is the elapsed time, and we set i = 1. Importantly,
unitary evolution occurs when the system is completely
isolated, which we refer to as a closed system. However,
systems are rarely fully isolated, as they typically interact
with other degrees of freedom, known as the environment.
Accounting for the environment introduces the possibility
of more general dynamics [68—70], which will also not be
directly discussed in this tutorial, although many examples
discussed here are described in open dynamics.

Let us now briefly comment on a fundamental quantity
that appears in von Neumann’s seminal work from 1932
[71], which today bears his name. Motivated by a desire to
better understand the nature of the measurement process,
he devised a thought experiment [72] (this time without
challenging the second law) and ended up deriving what
we now call the von Neumann entropy:

S(p) == —tr(plog p) = — Y pilogp,, (17

where p; are the eigenvalues of p. The equation above
quantifies the amount of mixedness or lack of knowledge
about the exact state of a system when it is described by
a density matrix p. Therefore, we often say that the von
Neumann entropy is a measure of the system’s mixedness.
Consequently, the entropy of a pure state is zero because
there is no ambiguity about the system’s state. Mathemat-
ically, this is evident since a pure state has one eigenvalue
A1 = 1, with all the others zero. However, if the system
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is in a mixed state, its entropy is larger than zero, which
captures our incomplete knowledge about the system. In
the extreme case, where we have no information about
the system’s state (i.e., when it is maximally mixed), its
entropy reaches the maximum value of logd, where d is
the dimension of the system.

The von Neumann entropy has many interesting prop-
erties. In the upcoming discussion, we will focus on three
relevant ones. Although these can be proven formally, we
will skip the proofs and instead rely on their physical inter-
pretations to understand the results. The first property is
that von Neumann entropy is additive for uncorrelated sys-
tems: given pa and pg, describing independent systems A
and B, we have

S(pa ® pB) = S(pa) + S(pB). (18)

This property simply tells us that in the absence of any cor-
relation between A and B, the total uncertainty is just the
sum of the uncertainties of the individual systems. The sec-
ond property is that the von Neumann entropy is invariant
under unitary operations

S(p) = S(UpUM). (19)

Unitary evolution corresponds to a change of basis in the
Hilbert space. Since no information is lost and unitary pro-
cesses are reversible, it is expected that the von Neumann
entropy remains unchanged in such cases. Finally, the von
Neumann entropy is subadditive. Given two subsystems A
and B, the entropy of the composite system satisfies the
following inequality:

S(pas) < S(pa) + S(pp). (20)

This inequality captures the fact that there may be corre-
lations between the two subsystems, which can reduce the
total uncertainty about the joint system. Consequently, it
is saturated only when the two systems are uncorrelated.
Thus, we can use this as a measure of the total degree of
correlations by defining the mutual information:

I(A:B),ps = S(pa) + S(p8) — S(oas). (21

This quantity represents the amount of information stored
in AB that is not contained in A and B individually.
However, it is important to note that mutual informa-
tion quantifies the total degree of correlations without
distinguishing between classical and quantum contribu-
tions. Another important quantity that we will come across
in the next sections is the quantum relative entropy, or
the Kullback-Leibler divergence [73]. Given two density

matrices o and p, it is defined as

S(olp) = trlo(log p —logo)] = —=S(0) + tr(o log p).
(22)

This quantity is important to us because it satisfies the
Klein inequality S(o'||p) > 0, and S(o||p) = 0 if and only
ifo = p.

In Sec. V, we will introduce another entropy, which is
mathematically very similar to the von Neumann entropy
and can be interpreted as its classical counterpart. Impor-
tantly, while von Neumann and thermodynamic entropy
frequently coincide—particularly for equilibrium states
described by Gibbs ensembles—this is not guaranteed in
general. A simple example illustrating this discrepancy is
a single isolated quantum system prepared in a pure energy
eigenstate. Suppose a system with Hamiltonian H is pre-
pared in a pure state |E) of energy E. Its density operator is
p = |EXE|, which has zero von Neumann entropy. How-
ever, if the system were in thermodynamic equilibrium at
the same energy £, we would describe it using a canoni-
cal or microcanonical ensemble, each typically possessing
nonzero thermodynamic entropy. This contrast demon-
strates that the two notions of entropy cannot, in general,
be identified—similar differences can arise in other con-
texts, such as strong coupling [74—76] or nonequilibrium
scenarios [77,78]. We will return to this discussion at the
end of Sec. V.

X Entropy of a system at thermal equilibrium

Consider a system, described by a Hamiltonian H, and
prepared in a thermal Gibbs state at inverse temperature §:

e P
y = where Z := tr(e ?H). (23)
Substituting Eq. (23) into Eq. (17), we obtain
e P
S(y) = —tr(y logy) = —tr(y log ——)
= —tr[y (=pH — 1log 2)]
= ptr(yH) 4+ log Z. (24)

iS5

By defining the average energy as E := tr(yH) and iden-
tifying the last term as the free energy F' := —logZ/g8 in
the canonical ensemble [49], where Z = tr(e ), the free
energy of the system can be expressed in terms of the von
Neumann entropy as F = E — B~1S(y).

Motivated by its operational role as the maximum aver-
age extractable work, the free energy can be extended
from equilibrium to arbitrary quantum states. Consider
a finite-dimensional system with Hamiltonian A in an
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arbitrary state p, whose average energy is E(p) := tr(poH).
If the system exchanges energy with a heat bath at inverse
temperature 8, we define the nonequilibrium free energy
[58,59]

1
F(p) :=E(p) — ES(p),

1
E[S(plly) —logZ],

where S(p) is the von Neumann entropy given by Eq.
(17), y is thermal Gibbs state defined in Eq (60) and Z
is the partition function. Because S(p|y) > 0 with the
equality if and only if p = y, the Gibbs state uniquely min-
imizes F(p). Equivalently, writing the equilibrium free
energy FF = —B~'logZ, Eq. (25) can be recast as F =
B 'S(plly) +F.

@) (25)

N Recording quantum information

As a warmup example for what follows, imagine that
we have a particle in a box, where its exact position is
unknown, but we know it can be in one of two possible
states: either left (L) or right (R). We will demonstrate that
by using an additional subsystem, a memory, we can store
the position of the particle in the memory. To describe this
scenario, we first assume the particle is in a mixed state
while the memory is in a blank state, so the composite
system is represented by the following density operator:

_ (L)LIs + IRXRIs)
2

PSM ® 10)X0[y - (26)
We now apply a controlled-NOT (CNOT) gate in the com-
posite system. This is a unitary operation that acts as
follows: Ucnot = |LYXL]s ® 1 + |R)R|s ® oy, where o,
is the Pauli-x matrix. Its effect can be understood by
observing how it transforms the states:

IL)s @ [0)m — [L)s ® [0)m,

(27)
R)s @ 10 = 1R)s ® [y
As we can see, this unitary operation changes the state of
the second qubit conditioned on the state of the first one.
Hence, after the unitary, the composite state of the system
is now given by

1
osm = UcnoTPsmUor = 5 (1L, OKL, 0] + IR, IXR. 11).
(28)

We observe that if the particle is on the left, the mem-
ory remains in the blank state |0)y,, but if the particle is
on the right, the memory is in the state |1);. Once we
know the particle’s position, we can proceed to use this

information for a thermodynamic protocol or any other
information-processing task that we wish. However, note
that if we now look at the state of the memory [which
corresponds to tracing out the main system in Eq. (28)],
we find that the memory is in a mixed state. However,
if we measure the state of the memory, we will obtain a
pure state for the system, conditioned on the outcome of
the measurement. This means that the memory is entan-
gled with the system, and the memory can be used to
extract information about the system. In practice, if we
discard the measurement result (i.e., ignore the outcome),
the memory is in a mixed state. In this case, the mem-
ory can no longer be reused for the same process unless
it is reset to its initial state or replaced with a new one.

AN

Let us summarize this example. We begin with the sys-
tem in an unknown state, while the memory is in a blank
known state. After the operation, the memory becomes
correlated with the system: it is in the state |0), if the par-
ticle is on the left side of the box |L)s, or in the state |1), if
the particle is on the right side |R)s. This information can
then be used to perform a specific protocol, such that by the
end of the transformation, the system returns to its initial
state, but the memory does not—it ends up in a mixed state
between blank and nonblank. We will revisit this problem
in Sec. VII and reinterpret it in light of its connection to
Maxwell’s demon.

XN Simple model for thermodynamic work in quantum mechanics

Consider a closed system described by a Hamiltonian
H, satisfying the eigenproblem H |y,) = €, |{,), where
|¥,) and €, denote the nth eigenstate and eigenenergy,
respectively. The average energy of the system is given by
E =), pn€n, Where p, represents the occupation proba-
bility of the nth eigenstate. Note that if the system is in
thermal equilibrium, p,, is determined by the Gibbs distri-
bution [Eq. (60)]. The differential of the internal energy £
is

—_—— N —

L 10) —dw

From the first law of thermodynamics for an isothermal
process, we have 7dS = dE + dW. Consequently, we can
identify that the first term in Eq. (29) is the heat exchanged,
and the second term is the negative of the work done by
the system. This decomposition is not universal; rather, it
is motivated by scenarios where the system’s Hamiltonian
depends on an external parameter A that can be modi-
fied, thus changing €,—for example, by applying external
fields. In this context, the second term should be associ-
ated with 7dS, as the entropy is given by Eq. (17). Let
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us now derive an expression for thermodynamic work
in an isothermal process when the system starts at ther-
mal equilibrium at inverse temperature 8 and the external
parameter X is varied from A; to A, at constant temperature.
First, we note the following identity:

_L0lgz 102 _ 110§ ppa
:8 8Em ﬂZ 8EWI Z aém n
e_ﬂfn

= 7 = Dn-

(30)

Since €, depends on A, substituting Eq. (30) in the expres-
sion for W, we obtain

1 *2 (9logZ Y
=) () e
B~ J de, N

1
- E[log Z(p) —log Z(A1)].

€2))

This expression relates the work done during an isothermal
process, as the external parameter A varies from A; to A,.

ES

In the previous example, we introduced a simple model
for thermodynamic work in quantum mechanics. In gen-
eral, the definition of work in quantum thermodynamics
depends on the specific context (see Ref. [32] for a detailed
discussion), and no universal definition exists. Here, we
adopt a straightforward model to illustrate, in the next
section, how energetic costs can arise in the operation of
Maxwell’s demon.

IV. PICKING A HOLE

Maxwell’s demon was conceived by James Clerk
Maxwell in 1871, as described in his book Theory of Heat
[12]. This concept was introduced toward the end of the
book, in a section discussing the limitations of the sec-
ond law of thermodynamics. However, the idea originally
appeared in a letter written by Maxwell in 1867, where
he boldly proposed “...picking a hole” in the second
law [13]. The famous term “demon” for this imaginary
intelligent being was coined by Lord Kelvin 3 years after
Maxwell’s book. Although one might assume that this
name was chosen to evoke a malicious creature, it was
intended to highlight the idea of a supernatural being—a
concept rooted in Greek mythology [79,80].

In this section, we introduce the ideas of Maxwell’s
demon and the Szilard engine. Rather than presenting the
solution straight away, we take a more gradual, histori-
cal approach by first laying out the problem and leaving
it open. Later, we bridge this discussion with tools from
information theory, which allows us to resolve the appar-
ent paradox. However, when discussing the Szilard engine,

FIG. 2. Temperature demon. An intelligent being, a demon,
controls a door between two gas chambers. As gas molecules
approach the door, the demon selectively opens and closes it,
allowing only fast molecules to pass one way and slow molecules
the other. Since the kinetic temperature of a gas is directly linked
to the velocities of its constituent molecules, the demon’s strat-
egy results in one chamber warming up while the other chamber
cools down. This reduces the overall entropy of the system with-
out requiring any work, thereby violating the second law of
thermodynamics.

we also introduce new insights and results that provide a
deeper understanding of this thought experiment.

A. Maxwell’s demon

We start by analyzing what is known as the tempera-
ture demon. The setup depicted in Fig. 2 illustrates the core
concept of Maxwell’s thought experiment: a tiny creature
has access to a gas of particles that are initially in ther-
mal equilibrium. The demon controls a trapdoor that it can
freely open or close without friction. The creature’s task
is to generate a temperature difference in the gas with-
out performing any work on it. Essentially, this scenario is
analogous to producing a heat flow from a lower to a higher
temperature without any other effect, which contradicts
Clausius’s formulation.

The kinetic theory of gases tells us that temperature is
related to the average kinetic energy of the particles, and
according to the Maxwell-Boltzmann distribution, some
particles are faster or slower than the average [81]. Thus,
the demon must be able to distinguish between the veloc-
ities of the particles that make up the gas. In other words,
it is capable of measuring each particle, “remembering”
what it measures, and then opening or closing the trapdoor
accordingly. This implies that the information collected
from the measurement is recorded in some sort of device,
which we will refer to as memory.

If we assume that the demon itself is a physical sys-
tem that is subject to the laws of thermodynamics, what
do the first and second laws tell us about this setup? Since
both the demon and the gas are thermally isolated, the
demon’s energy remains unchanged during the sorting pro-
cess. According to the second law, however, the demon’s
entropy must increase by at least as much as the gas’s
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FIG. 3. Pressure demon. A less intelligent demon controls a
door between two gas chambers connected by a constant tem-
perature reservoir. As gas molecules approach the door, the
demon selectively opens and closes it, allowing only right-
moving molecules to pass in one direction and only left-
moving molecules to pass in the opposite direction. This strategy
increases the pressure on one side of the system while decreasing
it on the other. The demon’s actions convert heat from the reser-
voir into work, seemingly in violation of Kelvin’s statement of
the second law of thermodynamics.

entropy decreases. Therefore, the demon’s entropy must
increase while its energy remains constant.

Now, consider another demon that differs from the pre-
vious one by not being as smart—the pressure demon (see
Fig. 3 for a pictorial representation). Instead of knowing
the precise position and velocity of each particle, it only
knows the direction in which each particle is moving. In
this case, the demon allows all particles moving in one
direction to pass through while stopping all those moving
in the opposite direction. Effectively, this creates a pressure
difference. It operates by making the gas interact with a
heat bath at a constant temperature after generating a pres-
sure inequality. Note that the sole effect of this process is
the conversion of heat transferred from the heat bath into
work, which constitutes a direct violation of Kelvin’s state-
ment of the second law. As we shall see in the next section,
this type of demon was carefully discussed and analysed
by Leo Szilard [14,15], who, for simplicity, considered a
single particle instead of a gas.

Is it possible to design an autonomous machine that
exploits statistical fluctuations to convert heat into work
without a demon operating it? Smoluchowski [82,83] pro-
vided a negative answer to this question by demonstrating
that a purely mechanical version of Maxwell’s demon is
impossible. A microscopic trapdoor designed to let only
fast molecules pass would be affected by its own Brownian
motion, causing it to move randomly. These thermal fluc-
tuations would result in molecules passing between cham-
bers in both directions, preventing any net energy transfer
and making such a machine unreliable. Later, Feynman
expanded on Smoluchowski’s thought experiment to show
that a Brownian ratchet, much like a microscopic trap-
door, would slip both forward and backward, preventing
net work extraction [84,85].

Experimental Box 1: Maxwell’s demon at work [86]

This experiment realizes Maxwell’s demon while
tracking all involved thermodynamic quantities, allow-
ing full characterization of the demon’s memory and its
role in the thermodynamic process.

The demon is modeled as a microwave cavity, while
the system is a superconducting qubit. They interact via
the following Hamiltonian:

H = howy |efe| + hopd'd — hyd'd le)Xe|,  (32)

where |g) and |e) represent the ground and excited
states of the qubit, with an energy difference hw;, d
is the annihilation operator for a photon in the cavity,
with resonant frequency wp and /4 is Planck’s con-
stant. From this Hamiltonian, we observe that no direct
energy exchange occurs between the qubit and the cav-
ity. However, the interaction induces a frequency shift
of —x in the cavity when the qubit is excited. If N
photons are present in the cavity, this results in a total
frequency shift of —N .

The system and the demon’s memory are initially
prepared in thermal and vacuum states, respectively. A
pulse at frequency wp is then applied to record the state
of the system in the demon’s memory. As described
by the Hamiltonian, the cavity is excited only if the
qubit is in the ground state. Work is extracted by apply-
ing a pulse at frequency wy, which acts on the qubit,
functioning as a battery system. As indicated in Eq.
(32), the demon controls the energy transfer by pre-
venting the qubit from absorbing or emitting energy in
an uncontrolled manner. If the correlation between the
demon and the qubit is perfect, the energy flows from
the qubit to the battery, ensuring that work is extracted.
In this process, the system’s entropy decreases while
the demon’s memory records the change. The demon’s
memory is then reset, completing the cycle.

A purely mechanical version of Maxwell’s demon can-
not work, but this does not rule out the possibility that such
a violation occurs when an intelligent being, with infor-
mation about the system, is present. In other words, what
would happen to the second law of thermodynamics if we
consider a mechanical demon equipped with a device, such
as a computer, that gathers and processes information?

B. Szilard engine

The interplay between thermodynamics and informa-
tion came up 62 years after Maxwell’s demon was con-
ceived. The Szilard engine [14,15], a machine with a
one-molecule working fluid, is a simple device that imple-
ments a cyclic process and extracts energy as work from a
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FIG. 4. Szilard engine. A chamber containing a single particle
(atom or molecule) is initially in an unknown position. A demon
measures the particle’s position and inserts a movable, massless
wall with an attached mass. As the gas in the chamber expands
at a constant temperature, the attached mass is raised, resulting
in work being performed. This mechanism appears to enable the
conversion of information into useful energy, seemingly contra-
dicting the second law of thermodynamics, as the demon extracts
heat from the heat bath and converts it fully into mechanical
work.

thermal reservoir. As with Maxwell’s demon, the Szilard
engine can apparently violate the second law of thermody-
namics whenever some information about the state of the
system is available.

Szilard’s engine is a detailed version of Maxwell’s pres-
sure demon. Its work protocol is illustrated in Fig. 4. The
engine consists of a chamber with volume V and a sin-
gle gas molecule, in thermal equilibrium with a reservoir
at temperature 7, undergoing a three-step process. First,
the demon measures the position of the particle, determin-
ing whether it is on the left or right side of the chamber.
Second, based on the particle’s position, it inserts a thin,
massless, adiabatic partition into the chamber, dividing
it into two halves. Importantly, a specific mass load is
attached to the movable partition on the side where the
molecule is located. Third, by maintaining the chamber
at a constant temperature, the gas undergoes a quasistatic
isothermal expansion, with the partition acting as a pis-
ton. When the partition reaches the end of the chamber,
the gas returns to its original state, occupying the entire
volume V. During this expansion, the heat extracted from
the environment is completely converted into mechanical
work.

The work extracted in the process can be calculated
considering the following points: (i) the gas undergoes an
isothermal expansion; (ii) the insertion and removal of the
thin partition are performed reversibly, without expend-
ing energy; and (iii) the only energy contribution comes
from the reversible expansion of the particle against the
piston from V/2 to V. It should also be noted that the
load must be continuously varied to match the gas pressure

during expansion, ensuring that the process remains qua-
sistatic and reversible. This condition allows us to express
the pressure as p = kgT/V. Thus, the amount of extracted
work is given by

Vr av
W= _/ pdV = kBT/ — = —kgTlog2. (33)
v rv

i 2

This simple protocol shows a direct conversion of heat into
work, contradicts Kelvin’s statement, and thus seemingly
violates the second law of thermodynamics. However, it is
worth noting that if the system is modified to include more
partitions, the volume increase would be larger, leading to
the potential for extracting more work. In this case, the
work extracted would scale with the number of partitions,
enhancing the total energy conversion.

Experimental Box 2: Single-electron box as a Szilard
engine [87]

This experiment shows the extraction of k37T log 2 of
work from a heat bath per bit of information, with a
fidelity of 75%.

The setup consists of two metallic islands connected
by a tunnel junction. These islands contain an electron
gas, and an additional “extra” electron is introduced by
adjusting the gate charge ng. The difference in chem-
ical potential between the islands is controlled by a
gate voltage V,, applied to one of them. Initially, V,
is set so that the extra electron is equally likely to be on
either island. Next, the extra electron is detected using
a single-electron transistor and is captured on one of the
islands. To trap the electron, the gate charge is rapidly
changed, resulting in an energy increase that prevents
the electron from tunneling out. Finally, n, slowly
returns to its original condition, extracting energy from
the heat bath in the process, and completing the cycle.

Unlike the classical Szilard engine, this realization
involves a gas of electrons with an additional “extra”
electron, instead of a single particle. After measuring
the electron, no partition is installed. Instead, the charge
configuration is changed, and the extracted work is not
related to the volume but rather to the energy associated
with changes in the gate charge.

If Szilard’s conclusions are indeed correct, the sys-
tem’s entropy should decrease, making us wonder why
that could not actually be the case. Interestingly, Szilard,
in his writings, assumes that any measurement procedure
is inherently associated with a certain amount of entropy
production. When this entropy production is taken into
account, it restores the validity with the second law. More-
over, he argues that the amount of entropy produced could
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be greater than, but not less than, the value given by Eq.
(33). This is a remarkable observation, as we will see in
Sec. VI, where we shall connect it with a fundamental
bound on computation.

Although not entirely convinced, Szilard suspected that
the act of measuring and recording information in a mem-
ory could eventually explain such a possible violation.
Motivated by this, he considered two additional mod-
els that involve memory. However, it remained unclear
whether the thermodynamic cost arose from the measure-
ment, the act of recording, or the process of forgetting.
Nevertheless, memory was regarded to play a crucial role
in the demon’s operation. Importantly, Szilard’s reinterpre-
tation of Maxwell’s demon contributed to the concept of a
bit of information. Years later, this notion would become a
central concept in information and computing theories.

However, we may question the conclusions of Szilard’s
engine, given that the entire analysis relies on a single
molecule, where fluctuations cannot be neglected, and
traditional thermodynamic methods may not apply. This
objection can be overruled by noting that linking multiple
Szilard engines together minimizes fluctuations, making it
possible to apply thermodynamics. Yet, even if we accept
the single-molecule system, the gas behaves in a way that
seems to violate the ideal gas law. When the partition
is inserted into the chamber, the gas is suddenly con-
fined to half of its original volume without any change in
temperature or expenditure of energy.

The second objection is more difficult to refute than the
first. Szilard’s position holds that, although the molecule
is on one side of the partition after it is inserted, the key
point is that we do not know which side it is on until a
measurement is made. This uncertainty is critical because,
from an informational perspective, the gas as a system still
effectively occupies both sides of the partition. However,
one might question whether this argument is subjective, as
it depends on the observer’s information (see Ref. [88] for
an extended discussion). Until we measure which side of
the partition the molecule is on, we cannot fully define the
system’s state or extract any useful work. This blurs the
line between an objective thermodynamic process—one
that should operate independently of the observer—and
a subjective one, where the observer’s knowledge plays
a role. The apparent subjectivity is resolved by appeal-
ing to stochastic thermodynamics [26,89]. Before any
measurement, the molecule is described by an objective
probability distribution over the two half-boxes, and the
associated free energy already accounts for the cost of
inserting the partition. A fully quantum treatment by Zurek
[90,91] reaches the same conclusion and, by invoking spa-
tial superposition and decoherence, makes the observer
independence of the argument explicit at the microscopic
level.

A third objection concerns the assumption that the inser-
tion and removal of the partition do not incur any energy

cost [92]. While this assumption is valid in the classical
case, it does not hold when the problem is approached
quantum mechanically. This is evident if one considers
Szilard’s setup as a single particle of mass m confined
within a one-dimensional square-well potential of length
L. Solving the time-independent Schrodinger equation
yields the following energy spectrum for the particle €, =
h?m?n?/2mL?. Consequently, when the partition is intro-
duced—a process that can be modeled as a potential barrier
erected in the middle of the box—the boundary conditions
change. As a result, the energy spectrum is altered to £/, =
h?m?n? )2m(L/2)*. Using the decomposition provided by
Eq. (29), one observes that de, is nonzero due to the shift-
ing energy levels. This implies that d/¥ is also nonzero,
according to Eq. (31), which quantifies the work performed
during this process. The next question is whether this pro-
cess can be assumed to be adiabatic. Using again Eq. (29),
this would imply that dp,, = 0, meaning that the occupation
probabilities remain constant during the process. However,
as discussed, the energy levels shift nonuniformly when
the partition is inserted. Consequently, the ratio p,/p,, no
longer satisfies the Boltzmann distribution, indicating that
the system is no longer in thermal equilibrium. However,
since the system interacts with a heat bath, thermalization
will occur, allowing the entire process to be described as
adiabatic and isothermal.
N Quantum Szilard engine

Consider N identical particles prepared in a potential
well of size L (see Fig. 5) and the four-step protocol:
(i) partition insertion, (ii) measurement, (iii) expansion,
and (iv) partition removal. Unlike the classical Szilard
engine, we insert the partition before making any mea-
surements. This is justified because, before measurement,
the particles are delocalized across the entire box, with a
probability amplitude describing their likelihood of being
found at any position. Following Ref. [92], we calculate
the thermodynamic cost associated with each step.

(1) A wall is isothermally inserted in a position /. At
this moment, the partition function Z(/) includes
all accessible microstates. Since the system is in
a superposition of states with different numbers of
particles m on the left and N — m on the right, the
system’s partition function is Z(/) = Z]n\i:o Zn (D).
The work required for the insertion process is then

Wi = % [nZ() — InZ(L)]. (34)

(i1)) We perform a measurement, collapsing the super-
position and projecting the system into a specific
state with a definite number of particles m on the
left and N — m on the right. The measurement is
assumed to be perfect and does not require any
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FIG. 5. Quantum Szilard engine. Three quantum particles are

confined in a box of size L. (a) A partition is installed at location
[, and (b) a measurement is made revealing the number m of par-
ticles on the left. (c) Then, the particles expand isothermally until

they reach equilibrium at /¢, and the partition is removed.

work. Consequently, the system can be in any of
the possible states characterized by different m with
probability p,, = Z,,([)/Z(]).

(ii1) The system undergoes an isothermal expansion. The
wall moves until it reaches an equilibrium posi-
tion /¢, determined by the balance of forces, F left 1
Fright — 0 where the generalized force F is defined
as ), P,(d¢,/0X). The average work extracted
during the expansion is calculated by finding the
work for each possible m weight it by its probability
Pm», Namely

N

1

Moo = 5 > pm [mzm(zg;) - anm(l)] . (39)

m=0

(iv) The wall is removed isothermally and quasistati-
cally [93]. The average work in the removal process
is

N
Wiem = % > pu[mzw) -mzam)].  Go)
m=0

Observe that the second term of Eq. ]S36) accounts
for the partition function Z (lg”q) = 0 Zm(leq) as
after removal, all particles are once again delocal-
ized [compare this with Eq. (35)].

Combining all the contributions, the total work during
the cycle is given by

N
1 m
Wi = Wi+ Wy Won = =5 S pain (22,
m=0 m
(37

where p, = Z,,(Iz,)/Z(l3). Let us analyze Eq. (37). First,
note that the classical scenario is recovered by setting N =
1,1 = L/2. This implies that py = p; = 1/2 and since m =
0, 1, the wall reaches the end of the box so that Z(l’e"q) =

Zy(loy) and p, =1 are always true. Consequently, Eq.

(37) reads W;o; = B~'log2. We can also compute each
term independently to show that Wi, =p8"'In2 — A,
where A = log[z(L)/z(L/2)] with z(l) =) 22, e P
and €,(I) = I?7?n? /(2ml?); and similarly, W, = A and
Weiem = 0. As temperature increases, the classical results
of individual steps are recovered, i.e., Wins — 0, Weyp —
kgTlog?2, and Wi, = 0, since A approaches kgT'log 2 in
this limit,

Another interesting case to analyze is when N =
2 and /=L/2. In this setup, p;j =p; =1, and for
m =1, the wall does not move during the expansion
process, as l:léq and f; = p{. This leads to W =
—2B7'pglogpy. Ignoring particle spin and consider-
ing the extreme cases of temperature, we find that
for T— 0: Wyt =2/3log3 for bosons, as they can
occupy the same state, and Wi, = 0 for fermions, due
to the Pauli exclusion principle. The other limit, 7 —
0o, both bosons and fermions yield Wiy = log2, as
the particles behave classically at high temperatures.

AN

The quantum Szilard engine, as described in the exam-
ple above, sparked considerable discussion regarding the
role of particle statistics and the relationship between infor-
mation gain and extractable work. The assumptions and
conclusions of Ref. [92] were later critiqued in Ref. [94],
which questioned the handling of the partition removal
stage and suggested that the original protocol could lose
potential work due to tunneling effects. The critique pro-
posed an alternative approach, emphasizing the role of
generalized forces during partition removal and suggest-
ing that the extracted work should always be non-negative.
In their reply, the original authors defended their approach,
arguing that the critique misunderstood the role of partition
function discontinuities and incorrectly characterized their
protocol as nonoptimal [95]. They clarified that under their
protocol, optimal conditions ensure positive work extrac-
tion, and any negative results stem from misinterpreting
the nonoptimal scenarios.

The discussion culminated in a subsequent work [96],
which reframed the debate by connecting the extraction
of work with the gain in information during the mea-
surement phase. This work showed the following: (i) The
total extractable work, is determined solely by the mutual
information gained from the measurement, regardless of
particle type or statistics. (i) Quantum effects influence
intermediate stages (e.g., expansion and removal), but
when averaged, total work depends only on the number
of measurement outcomes.
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C. Efforts to patch the hole

The measurement aspect raised by Szilard was further
explored in the 1950s by Leon Brillouin [20] and Den-
nis Gabor [97]. Independently, both demonstrated that the
information obtained by performing a measurement results
in an increase in entropy. To understand the main argu-
ment behind this claim, imagine that in Szilard’s engine,
we want to determine the position of the gas particle.
The chamber containing this single gas particle is at a
constant temperature, and, optically speaking, the radia-
tion inside is that of a black body. According to quantum
theory, this electromagnetic radiation, composed of pho-
tons, has a well-defined energy distribution [98]. Hence,
a high-temperature lamp is sufficient to provide light sig-
nals (photons) distinguishable from the existing black-
body radiation, enabling the detection of the gas particle’s
position.

Brillouin then concluded that introducing a light source
to observe the particle is accompanied by an increase in
entropy, which is sufficient to save the second law of ther-
modynamics. More precisely, the measurement process
would dissipate energy on the order of kz7T. A bold com-
ment we might make here is that Brillouin’s reasoning is
based on a vicious circle: if we assume that the chamber in
which the demon operates is a blackbody, then it follows
Kirchoff’s law [99]—however, this law is derived using
the second law of thermodynamics. Consequently, it is no
surprise that we can prove the second law to be satisfied.

Interestingly, Brillouin tackled this problem mathemat-
ically and, inspired by Shannon’s recent theory of infor-
mation (discussed in the next section), treated information
and thermodynamics on an equal footing. This fusion
provided a mathematical basis for proving the increase
in entropy. It is amusing to compare this to Maxwell’s
original idea—DBrillouin actually narrowed the demon’s
capabilities, as the demon now requires a physical means to
obtain information about the particle’s position. Ironically,
in their attempt to resolve Maxwell’s puzzle, Brillouin and
Gabor discarded the role played by the demon’s memory.

V. INFORMATION AND COMPUTATION
INTERLUDE

Szilard’s engine planted the seeds of modern informa-
tion theory two decades before the formal mathematical
framework emerged. This setup can be seen as a device
that acquires information and trades it for work extraction,
seemingly in contradiction to the second law. Brillouin,
however, mathematically argued that information gather-
ing is inherently linked to an increase in entropy. What
is more, he treated informational entropy and thermo-
dynamic entropy as fundamentally equivalent. But what
exactly is informational entropy, and how does it relate to
thermodynamics?

From another angle, we can break down Szilard’s engine
into a simple three-step process: the demon gets some
information, makes a decision based on the acquired infor-
mation, and then performs a protocol. So, could we loosely
argue that Szilard’s engine is a thermodynamic model of
computation? After all, it is essentially processing infor-
mation (where the molecule is), making a logical decision
(which side to open), and carrying out an action (allow-
ing the gas to expand and do work). The whole process
feels very much like a computation happening through a
physical system.

This section builds on these points to strengthen the con-
nection between Szilard’s engine, information theory, and
computation. We begin with a recap of Claude Shannon’s
mathematical theory of information [17,18], followed by
brief remarks on the concept and evolution of computation.

A. Classical information processing

When we think about information, it is easy to imagine
an endless stream of zeros and ones, just like in The Matrix
[100]. But beyond the cool visuals, this collection of binary
digits obeys its own set of rules, known as Boolean alge-
bra [101]. Developed in the mid-19th century, this toolkit
provided a new theoretical playground for logic and phi-
losophy. Most importantly, operations such as AND, OR,
and NOT make it possible to manipulate bits of data in
surprisingly simple ways (see Fig. 6). However, applying
these concepts to real-world processes was still a distant
reality. It took 84 years for Boolean algebra to find its prac-
tical application in the design of digital circuits, thanks
to Shannon’s groundbreaking master’s thesis [17]. Shan-
non bridged the gap between Boolean logic and electrical
circuits by demonstrating that the rules of Boolean alge-
bra could be used to design switching circuits. By treating
the ON and OFF states in electrical circuits as 1 (true)
and O (false), he showed that Boolean logic operations
could be directly implemented using relays and switches.
In other words, computation, once primarily understood as
the manipulation of numbers and symbols to solve math-
ematical problems or to reason logically, is now seen as
more physically and practically—linked to the manipula-
tion of binary information in electrical circuits. This shift
made computation synonymous with the automatic and
efficient processing of data by digital computers. With
this in mind, one might now ask a deeper question: what
exactly is information?

To illustrate the modern concept of information, con-
sider two different coins: one always lands heads, while
the other lands randomly, sometimes heads, sometimes
tails. Before flipping the first coin, we already know
the result, so we learn nothing from flipping it. In con-
trast, before flipping the second coin, our uncertainty is
at its maximum, and by observing the result, we gain
new information. This example shows that information
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FIG. 6. A symbolic analysis of relay and switching circuit. Shannon, famously known for riding a unicycle around the halls of
Bell Labs, demonstrated that Boolean algebra could be implemented using relay and switching circuits. Boolean algebra consists of
three elementary operations: AND, OR, and NOT. The rules for these operations are outlined in the truth table sketched in Shannon’s
blackboard. For example, the implementation of an OR gate can be represented as a simple electrical circuit. In this case, switches 4
and B are arranged in parallel, meaning the circuit will be completed (and the light bulb will turn on) if either switch 4, switch B, or

both are closed.

can be understood as both the uncertainty we have before
observing an event and the knowledge we gain afterwards.
Information relates to uncertainty, and since uncertainty
is linked to disorder, this establishes an initial connection
between information and entropy, albeit in a rudimentary
form. To formalize this intuition about information, in
what follows we will adopt an axiomatic approach sim-
ilar to that of Shannon in his seminal 1948 article [18],
which introduced a mathematical theory of communica-
tion.

If a given event has a probability p, we expect that the
amount of information contained in such an event should
satisfy certain properties. First, it should be label indepen-
dent, meaning that the information content of an event is
determined entirely by how likely or unlikely the event
is, regardless of what the event is called or how it is
labeled, as long as the mapping between the labels is a
bijection. Thus, it depends only on the probability p of
the event. Second, the amount of information i(p) for a
given event should be greater the less likely the event is
to occur—Iess likely an event is to occur, the more infor-
mation it provides when it happens. Mathematically, the
amount of information i(p) should be a continuous and
monotonically decreasing function of p as the probability
of an event increases (making the event more likely), the
information content decreases. This reflects the idea that
more likely events are less surprising and, therefore, carry
less information. Importantly, in the extreme cases where
an event is completely certain (with probability p = 1), the
amount of information is zero because no surprise occurs
when the event happens, and in the case of an impossible
event (with probability p = 0), the amount of information
should be infinite, as you would be infinitely surprised to
observe such an event. This can also be understood through
a continuity argument, where as p approaches zero, the

information content grows without bound. Third, the infor-
mation from two independent events with probabilities p
and g should sum up to i(p) + i(g). This additivity cap-
tures the idea that when two independent events occur, the
total information gained is simply the sum of the infor-
mation from each event individually. Since the probability
of two independent events occurring is the product of
their individual probabilities, pg, the additivity condition
implies that the information from such events should sat-
isfy i(pq) = i(p) + i(g). The only function that satisfies
this property is the logarithm. This implies that, up to a
constant factor &, the information content of an event with
probability p should be given by

i(p) = —klogp. (38)

The constant factor k£ can be understood as a scaling fac-
tor that adjusts the units in which we measure information,
often chosen to make the mathematical expressions more
convenient, such as when using logarithms with base 2,
10 or e. Observe that the function in Eq. (38) is the only
one satisfying the three properties [102]. The logarithm
depends solely on the probability p and is independent
of any specific labels or characteristics of the event. It
decreases as p increases, and the factor —k ensures that
i(p) remains positive and decreasing. Finally, the loga-
rithmic function naturally exhibits additivity, which means
that the information content from two independent events
sums appropriately, making it the ideal candidate for quan-
tifying information.

Consider a random variable X described by a prob-
ability distribution p(X = x) := py(x). The information
content of a specific outcome x, given by —klogpyx (x),
measures how much information is gained when that out-
come occurs. To capture the overall uncertainty or the
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average information content associated with the entire dis-
tribution of X', we sum up this quantity across all possible
outcomes, weighted by their probabilities. Setting &£ = 1
in the expression for information content, we obtain the
famous Shannon entropy (or information entropy):

S(X) == px(x)logpy (x). (39)

We slightly abuse the notation by representing thermo-
dynamic, Shannon, and von Neumann entropies with the
same letter. While this choice is justified in the case of
Shannon and von Neumann entropies, as any probability
distribution naturally corresponds to a diagonal quantum
state, we also use it for the Gibbs entropy because, in the
scenarios of interest, these notions coincide (see discussion
below).

Even though they come from different contexts, the
Shannon and von Neumann entropies share a striking sim-
ilarity—they both measure uncertainty or “missing infor-
mation.” In fact, von Neumann entropy can actually be
thought of as a natural extension of Shannon entropy. This
becomes clear if we imagine a source that prepares mes-
sages composed of n letters, each letter chosen from an
ensemble of quantum states represented by p. The prob-
ability of any measurement outcome for a letter from this
ensemble—assuming the observer has no knowledge of the
specific letter prepared—can be fully characterized by the
density operator p. When we select an orthonormal basis
that diagonalizes p, the vector of eigenvalues forms a prob-
ability distribution, and the von Neumann entropy then
corresponds to the Shannon entropy of this distribution.
However, it is important to emphasize that von Neumann
entropy serves multiple roles. It not only quantifies the
quantum (and classical) information content per letter of
a pure state ensemble but also measures the entanglement
of a bipartite pure state, among various other applications
in quantum information theory (for a detailed discussion,
see the books by Bengtsson and Zyczkowski [103], Wilde
[104], as well as the lecture notes by Preskill [105]).

Interestingly, as mentioned in Sec. III, von Neumann
entropy was introduced almost 20 years before Shan-
non’s. The funny thing is that Shannon was not sure
what to call his function at first. He thought about call-
ing it by either “information” or “uncertainty”, but both
terms were already overused in the literature. That is when
von Neumann stepped in and gave him this advice [106]:

“You should call it entropy, for two reasons.
In the first place, your uncertainty function
has been used in statistical mechanics under
that name, so it already has a name. In the
second place, and more important, no one really knows
what entropy really is, so in a debate you will always have
the advantage”.

While this anecdote is often cited, its historical accu-
racy is anecdotal rather than rigorously documented. More
importantly, the mathematical and conceptual connec-
tion between information-theoretic entropy and statistical
mechanics (e.g., Gibbs entropy) plays a meaningful role in
modern thermodynamics—a connection we discuss at the
end of this section.

For continuous random variables, the sum in Eq. (39) is
replaced by an integral. It follows directly from Eq. (39)
that for an identically distributed binary variable, where
px=0)=px=1)=1/2, SX)=1 (using a base-2
logarithm), representing the unit of information known as
a bit. Note that Eq. (39) bears a mathematical resemblance
to the entropy in the canonical ensemble, S = kzlog €2,
where Q2 represents the number of possible microscopic
arrangements of the atoms or molecules in a thermody-
namic system. However, these two expressions are not
merely similar; they coincide (up to a constant factor)
within the assumptions of the microcanonical ensemble.
Specifically, when there are 2 equiprobable microstates,
the corresponding probability is p, = 1/ €2, leading to the
same form as Eq. (39). The derivation and interpretation
of these two types of entropy arise from very different con-
texts. Recall from the previous section that Brillouin boldly
postulated a direct connection between the two [107].

Reasonably, one can define a whole zoo of entropies
based on the above formulation. For example, when we
discuss information—particularly in the context of extract-
ing it from a system—we are usually concerned with
determining the state X of the system by measuring a
related quantity Y. The measurement of Y yields informa-
tion about X, thus reducing the uncertainty associated with
X . The degree to which uncertainty is reduced represents
the amount of information that ¥ provides about X. Math-
ematically, this can be expressed in terms of the mutual
information:

IX:Y)=8X)-SXI|D), (40)

where S(X|Y) represents the uncertainty of the posterior
probability distribution p (x,y) averaged over the possible
outcomes, defined as

SXNY) = pr(») {— prw(xly)logpxw(xly)}
v x

== pxr(x.y) logpx r(x]y). (41)

X,y

Observe that we previously defined mutual information
[Eq. (40)] using the von Neumann entropy in Sec. III when
discussing correlations between two subsystems. Using
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Bayes’ formula,

pxy(x,y) = pxiy(x[y)py(y), (42)
the mutual information can be rewritten as
Pxy(x,y)
IX :Y):=—) pxy(x,y)lo [—] (43)
Z i y) o8 px (X)py(y)

Xy

From this expression several important properties of
mutual information can be derived. First, it is symmet-
ric, meaning that the amount of information X provides
about Y is identical to what Y provides about X . Second, by
applying the properties of logarithms, it can be shown from
Eq. (43) that /(X) is always non-negative and becomes
zero only when X and Y are statistically independent. This
makes mutual information a reliable measure of the corre-
lation between X and Y. Third, if we measure a quantity
Y = f(X) perfectly, without errors, then S(X|Y) = 0 and
I(X) = S(Y). In other words, the information gained from
an error-free measurement equals the uncertainty of the
measured outcome. Lastly, Eq. (43) offers three different
ways to represent mutual information:

I(X 1Y) =8(X) = SX[Y) (44)
= S5(Y) — S(Y1X) (45)
=8SX)+8(1) -SX,1) =0, (46

where S(X,Y) = — Zx,prY(X,y) logpxy(x,y) is the
joint Shannon entropy. The last equality shows that cor-
relations cause the entropy to be subadditive, mean-
ing SX,Y)=SX)+S(Y)—I(X :Y). These relation-
ships can be easily visualized using a Venn diagram, as
shown in Shannon’s blackboard in Fig. 7. This expression
will be useful in Sec. VII when we explore the physical
nature of Maxwell or Szilard demons and interpret a mea-
surement as the creation of correlations between the state
of the demon and the state of the system.

As a final question in this section, one might ask whether
there is a connection between Shannon, von Neumann, and
thermodynamic entropy. The third example discussed in
Sec. Il shows that the von Neumann entropy (or Shan-
non entropy, when the density operator is expressed in
the energy eigenbasis) coincides with the thermodynamic
entropy when the probability distribution corresponds to
the canonical ensemble. Note that this conclusion holds
only if the system satisfies the equivalence of the ensem-
bles [108]. What about for general states? Attributing
entropy to a nonequilibrium state has, in fact, been a
prominent topic of research for many years [109]. In
general, identifying thermodynamic entropy with von Neu-
mann entropy is incorrect—a point originally noted by von
Neumann himself [110].

As shown in Sec. III, a pure energy eigenstate of
an isolated system has zero von Neumann entropy,

FIG. 7. Information diagram. Venn diagram illustrating the
relationships among the joint entropy S(X,Y), individual
entropies S(X) and S(Y), conditional entropies S(X|Y) and
S(Y|X), and mutual information /(X : Y). Next to it, we see
Shannon’s unicycle and some of his juggling balls, as he was
known for often doing both simultaneously.

whereas its equilibrium description—yvia a microcanonical
or canonical ensemble—generally has nonzero thermody-
namic entropy. A qualitatively different example arises
in strongly coupled or non-Markovian setups, where the
system and environment cannot be cleanly separated into
distinct energy contributions. In such regimes, even if
the global state has well-defined thermodynamic proper-
ties, the von Neumann entropy of the subsystem may not
coincide with its thermodynamic entropy [75,76]. Fur-
ther discrepancies appear in bipartite entangled systems:
although the global state may be pure (with zero von
Neumann entropy), each subsystem can exhibit nonzero
von Neumann entropy. In such cases, the thermodynamic
interpretation is ambiguous without an explicit equilibrium
framework. These diverse scenarios highlight that, outside
of the weak-coupling, equilibrium regime, von Neumann
entropy generally does not coincide with thermodynamic
entropy.

However, in both stochastic [26,111,112] and quan-
tum thermodynamics [28,30,113] the von Neumann (and
Shannon) entropy has shown a clear physical meaning in
specific contexts: it governs the energetics of nonequilib-
rium processes for systems weakly coupled to one or more
thermodynamic reservoirs. If we now wonder whether
there is an entropic function capable of describing the
thermodynamic entropy, it has been discussed that the
observational entropy is the most appropriate candidate as
it unifies the Gibbs-Shannon-von Neumann entropy and
the Boltzmann one [114—-118]. Observational entropy is
defined with respect to a coarse graining of the system’s
Hilbert space into a set of orthogonal projectors X = IP,.
Given a quantum state p, it is expressed as

Sovs = Y Pa(—logp, + Vo), (47)
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where p, = tr(IP,p) is the probability of obtaining out-
come x, and V, = tr(IP,) quantifies the volume of the sub-
space associated with IP,. This expression captures both
how the state is distributed across different macrostates
and how large each macrostate is. By choosing the coarse
graining appropriately, observational entropy can repro-
duce the von Neumann entropy (when the coarse graining
is very fine) or the Boltzmann entropy (when the state is
localized in a single macrostate). Unlike the von Neumann
entropy, it can increase under unitary evolution when the
coarse-graining is fixed, making it especially suitable for
describing entropy production in isolated systems. For this
reason, it has been proposed as a generalized definition of
thermodynamic entropy, applicable even far from equilib-
rium. For a detailed discussion of observational entropy,
we suggest the tutorial by Strasberg and Winter [109],
which provides an accessible introduction and reviews
how various entropy definitions behave in quantum ther-
modynamics. We also point to Ref. [119], which very
recently introduced a general framework unifying obser-
vational entropy with maximum entropy principles, and
showed how it captures entropy production across a broad
range of scenarios.

B. Thermodynamics of information

Let us now combine elements of information theory,
such as the notions of Shannon and von Neumann entropy,
with thermodynamic concepts. Our main motivation for
doing so comes from the fact that Maxwell’s work revealed
an interplay between thermodynamic entropy and infor-
mation. However, traditional formulations of the second
law, such as those of Clausius and Kelvin, do not address
information. Here, we first provide elements for explic-
itly incorporating information into thermodynamics and
then investigate the possible thermodynamic costs asso-
ciated with manipulating information, including processes
such as measurement, erasure, copying, and feedback. The
following discussion is focused on our goal of resolving
Maxwell’s demon. For a broader discussion of the ther-
modynamics of information, we recommend the following
readings [59,120—-123].

In Sec. III, we extended the concept of free energy
beyond equilibrium states [Eq. (25)]. Specifically, for a
system described by a Hamiltonian H and prepared in
a state p in the presence of a heat bath at an inverse
temperature S, this quantity is defined as [124]

1
Fp,H) = (H), — ES('O)’

where the first term (H), denotes the average energy
and S(p) the Shannon or von Neumann entropy, depend-
ing on the context. For classical systems, where x labels
the microstate and p(x,#) is the probability density
over phase space, the average energy becomes (), =

(48)

FIG. 8. Information-driven motion. A microscopic particle
moves within a spiral-staircase potential, where thermal fluctu-
ations cause it to randomly jump between steps. By measuring
the particle’s position at regular intervals, we can determine
when it jumps upwards. This allows us to implement a feedback
mechanism by placing a block behind the particle, preventing
subsequent downward jumps. Repeating this process allows the
particle to move up the staircase. Ideally, the energy required to
position the block is negligible, meaning the particle’s motion
is driven purely by the information obtained from measuring its
position. Figure inspired by Ref. [125].

[ dxp(x,t)H (x) and S corresponds to the Shannon entropy.
In contrast, for quantum systems, o is a density matrix
and the expressions reduce to (H), = tr(pH) and S(p)
becomes the von Neumann entropy.

As we previously discussed, the nonequilibrium free
energy provides a bound for the minimum average work
required to isothermally drive the system from one arbi-
trary state to another (or the maximum average work
that can be extracted from the system when it is in an
out-of-equilibrium state):

W> AF. (49)

To give a gist of what is to come, we consider a motivating
example, which was experimentally realized in Ref [125]:
a microscopic particle on a potential shaped like a spiral
staircase (see Fig. 8). The height of each step is compa-
rable to kgT. The particle, driven by thermal fluctuations,
jumps between steps—sometimes moving up, sometimes
down. Now, consider the following feedback control: the
particle’s position is measured, and if an upward jump is
observed, a thin partition is placed behind it to prevent a
downward jump. This partition can be installed at negligi-
ble energy cost. By repeating this control at every jump,
the particle is expected to keep climbing up the stairs.
Again, at first glance, it seems as though the particle
is gaining free energy from nowhere, apparently violating
the second law of thermodynamics, much like Maxwell’s
demon or Smoluchowski and Feynman’s ratchet. How-
ever, the particle’s movement is actually driven by the
information obtained from measuring its position. Here,
the feedback control rectifies thermal fluctuations. The
energy gained from the information is balanced by the
energy cost to the demon for manipulating this informa-
tion. When we consider the total system, including both the
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particle and the demon, the second law holds. In this sce-
nario, the demon simply consists of macroscopic devices,
like our computers.

We now introduce the main tools for modeling thermo-
dynamic processes when information is involved.

& Feedback process

Consider a protocol in which a system, interacting with
a heat bath at inverse temperature 3, is measured, and the
obtained information is then used to perform an isother-
mal process. To determine the thermodynamic cost of
acquiring this information, we assume a classical sys-
tem with a continuous random variable x representing its
microstate. Initially, the system is described by a Hamilto-
nian H (x, ) and a probability density py (x, ). At the very
start, before any measurement or external interaction, the
system’s free energy is Fi,. At time ¢ = 7, an agent mea-
sures a quantity M and gets a discrete outcome m. Just
right before the measurement, its free energy, denoted by
Fore := Flpx (x,7), H(x,7)], is given by

1
fpre = (H(x, r))px - ES(X)’ (50)

where (H(x,7)),, = fdxH(X)pX(x,r). Typically, we
distinguish between the initial and premeasurement free
energies, as the system might not remain static; it could
undergo controlled or natural dynamics leading up to the
measurement point, thereby changing its state and, con-
sequently, its free energy. The system’s state after the
measurement is then updated using Bayes’ rule, resulting
in

DPmx (m|x)px (x,T)
pm (m) '

(51

oxim(x|m) =

Since we are in a classical setting, the measurement does
not disturb the system. This is captured by demanding that
the system’s state remains unchanged after the measure-
ment

> pu@px i xlm) = px (x, 7). (52)

Using Eq. (48), we can write the free energy of the system

after the measurement for a given outcome m as

1
Floxm xlm), H(x, T)] = (H(x, 7)) oy — ES[PXlM(x|m)],
(53)

where (H(x, 7))y, = [ dxH (x, T) pxpr (x|m). If we take
the average over all possible outcomes, we obtain the

nonequilibrium free energy of the system after the mea-
surement

Fpos = Y pur (m) Flox i (xlm), H(x, 7)]

m

= / dx H(x, 0)p(x, 7) = ) prr (m)S[ox s (xlm)]
p

@)

1
= (Hx, 7))y — ES(XIM)' (54)

Thus, the free-energy difference between after and before
the measurement is determined using Egs. (54)+50):

1
AFmeas : = pos — fpre = E[S(X) —SXM)]

=TIX : M). (59)
Since mutual information is non-negative, measurement
(or information acquisition) always increases the free
energy, thus raising the amount of work that can be
extracted isothermally. After the measurement, the agent
gains information and uses it to perform the subsequent
steps, a process we refer to as a feedback process. Con-
sequently, we define the system’s final free energy, Fgp,
after the feedback control has been applied based on the
measurement outcome. Similarly to before, Fg, may dif-
fer from Fos because the feedback operation can either
perform work on the system or extract work from it,
depending on the protocol.

Finally, we can bound the work associated with the feed-
back process using the free energy bound given by Eq.
(49). The total work done throughout the entire feedback
process includes both the stages before and after the mea-
surement. Consequently, we can break down the process
into two subprocesses: from the initial to the premeasure-
ment state, Finit — Fpre, and from the postmeasurement to
the final state, Fyost = Fain. By applying Eq. (49) to each
subprocess, we obtain

Wﬂ) > (f fin

- fpost) + (fpre - 'Finit) =AF — A‘7:mea5a

(56)

with AF := Fuy — Finie being the difference between the
final and initial free energy states immediately after and
before the measurement, respectively. Combining Egs.
(56) and (55), the work performed in the feedback process
can be written in terms of mutual information:

Wi > AF — %I(X . M). (57)

;SN

The above equation is known as the second law for feed-
back processes [120,126] and was experimentally verified
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in the motivating example discussed above [125]. It is
fascinating to see how mutual information appears in the
expression for feedback work, capturing the correlations
established between the system and the measurement pro-
cess, which lead to an increase in free energy. In particular,
the examination of the thermodynamic costs inherent in
the quantum acquisition of “knowledge” is a much studied
field [120,121,123,126—130].

As a last observation, note that Szilard’s engine can be
cast in terms of the ideas discussed above. But Eq. (57)
does not resolve the paradox because it constrains only the
feedback stroke and therefore leaves out the energetic cost
of creating the correlation /(X : M) during the measure-
ment and of resetting the demon’s memory; when those
contributions are added (Sec. VII B), the total work over
a full cycle obeys Wi > 0, reinstating the second law.
While this resolution is consistent with the widely adopted
framework based on memory erasure, it is not the only
possible perspective. Some researchers argue that erasure
is not a fundamental requirement for restoring the sec-
ond law. Instead, they advocate for an explicit accounting
of the work and free energy involved in generating and
using correlations. In this alternative approach, resetting
the demon’s memory to a reference state is viewed as a
conventional step, not a thermodynamic necessity. This
viewpoint is articulated in Ref. [131], which presents a
detailed analysis of a molecular Szilard engine and argues
that the apparent paradox arises from implicit assumptions
rather than any deep physical necessity.

Experimental Box 3: Photonic Maxwell’s demon &
feedback control [132]

This experiment realizes a photonic Maxwell’s
demon, demonstrating that the amount of work
extracted is fundamentally bounded by the informa-
tion acquired through measurement, namely | W] o< /7,
with / being the single-measurement mutual informa-
tion. This sublinear scaling reflects practical limitations
in work extraction, while remaining consistent with the
broader thermodynamic bound given by Eq. (57), which
governs idealized, fluctuation-free systems.

The experiment starts with a light mode prepared in a
thermal state. Measurement is performed using a high-
transmittance beam splitter (BS) and avalanche photo-
diodes (APDs): thermal light passes through the BS,
where a small fraction is reflected to a highly sensitive
APD. The APD provides a binary outcome—either a
click (photon detected) or no click (no photon detected).
Based on the detection outcomes, the energy in each
mode is inferred, and the modes are “labeled” as more
or less energetic. A conditional operation (feedback) is
then applied, directing these modes to two photodiodes
with opposite polarities to create an energy imbalance.

Both photodiodes are connected to a capacitor, which
stores the extracted work by charging through this
controlled energy gradient.

The two modes are then directed to photodiodes con-
nected to a capacitor. When the feedback is applied, the
capacitor charges due to the controlled imbalance. The
experiment derives the following bound:

1 _
oW —

2(1),

where o (W), quantifies fluctuations in the absence of
feedback. This shows that the signal-to-noise ratio of
the extracted work scales with v/7.

C. Computation in the smallest nutshell

Shannon’s theory provided the mathematical and con-
ceptual foundation for understanding and optimizing how
information is represented, transmitted, stored, and pro-
cessed. The backbone of computing is the execution of
logical operations for a given task [133]—something Shan-
non showed could be achieved using relays and switches.
However, this architecture was slow, bulky, and prone to
mechanical failure due to its moving parts. Relays con-
sist of a coil that generates a magnetic field to open
or close a mechanical contact, and this movement takes
time—typically measured in milliseconds. It was soon
realized that relays could be replaced by vacuum tubes,
which control the flow of electrons through a vacuum using
an electric field, without the need for moving mechan-
ical components. This allowed vacuum tubes to switch
states (ON and OFF) much faster than relays. In fact, they
operated on the order of microseconds, as their switch-
ing time was limited only by how quickly the electric field
could influence electron flow, far faster than the mechani-
cal movement of relay parts. Beyond speed, vacuum tubes
offered other advantages over relays. Relays were not suit-
able for signal amplification or processing analog signals.
The inertia of their moving parts meant that repeatedly
switching them ON and OFF (as required for fast compu-
tations) was mechanically taxing and slow. Conversely,
vacuum tubes could switch rapidly between states and
also amplify signals and process analog data, making them
ideal for both switching circuits and more complex tasks
like signal amplification and processing. However, not all
challenges were resolved. The vacuum tubes generated
significant heat and required large amounts of power to
operate. Because they worked by heating a filament to
produce electrons, this process consumed a great deal of
energy and produced excessive heat.

An important element in discussing early computa-
tion is the notion of manual programming and operation.
Early computers, such as those using relays or vacuum
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tubes, required manual programming and configuration.
Their programmes were essentially hardwired into the
machine until someone physically reconfigured the hard-
ware. Switching tasks could take hours or even days, as
programming involved more than just writing code—it
meant altering the machine’s setup itself. Once config-
ured, the machine could automatically run tasks, but the
manual setup process severely limited flexibility and made
it difficult to change programmes quickly. This paradigm
changed with von Neumann’s 1945 report, “First draft of
a report on the EDVAC” (Electronic Discrete Variable
Automatic Computer) [19]. In this document, von Neu-
mann introduced the groundbreaking concept of stored-
programme architecture.

The central feature of von Neumann’s architecture is
that both the instructions (the programme) and the data
are stored in the same memory. Instructions are executed
sequentially, one after the other, unless the programme
explicitly instructs the computer to jump to a different
part of the code. This design allows computers to switch
between programmes without the need for manual recon-
figuration. Importantly, the memory in this system is a
physical component, such as vacuum tubes, that stores
both data and programme instructions, enabling the com-
puter to dynamically access and modify the programme as
needed.

Computing was in its infancy, and the main problem
at the time was finding ways to make computers pro-
cess data and perform operations as quickly as possible.
Naively speaking, this depended on improvements in phys-
ical systems, as these are the building blocks for switching
between states, from 0 to 1 and vice versa. While early
engineers and scientists understood that faster computation
generated more heat and that physical systems had limita-
tions, the deeper connection between information theory
and thermodynamics had not yet been fully realized.

What is the real connection between information and
computation, beyond the fact that both deal with the same
0’s and 1’s that Shannon’s information theory uses and
that drive the operations inside a computer? Shannon’s the-
ory was all about measuring and transmitting information,
while computation is focused on processing data using
logic and instructions. As we have seen, both process-
ing and transmitting information happens through physical
systems, and they can roughly be viewed as computation
tasks. Whether a computation is fast or slow depends on
the physical system being used. But is computation just
a mathematical abstraction, or is there a deeper, intrinsic
connection between computation and information itself?

VI. THERMODYNAMICS OF COMPUTATION

What is a computer if not an engine that converts free
energy into waste heat and mathematical work [25]? By
the 1950s, this idea was taking shape, particularly with von

W . o/

ONE ZRO ONE ZERO

FIG. 9. Restoring to ZERO. A bistable potential with a particle
can be recast as an information-restoring process by assuming
the particle represents a bit, with its two states corresponding to
the left (ONE) and right (ZERO) positions. The task consists of
moving the particle from left to right using a conservative force
F(?) regardless of its initial position. However, such a task is not
possible as this process cannot be reversed.

Neumann’s remark during a 1949 lecture [134], where he
stated that a computer operating at temperature 7' must dis-
sipate at least kgTlog?2 of energy per elementary act of
information. In this section, we discuss the fundamental
thermodynamic cost of computation, specifically a lower
bound of order kT for certain data operations.

A. Landauer’s principle

Information is physical! [22]

Despite being a short and self-explanatory
statement, the above quote highlights the fact
that information is stored in physical systems,
. such as books, hard disks, or even colorful
stickers. The same systems are also used to
transmit and process information. Whether through elec-
trical or optical signals, they are inevitably bound by
the laws of physics. Formally, one might ask an equiva-
lent question: what is the interplay between performing a
logical operation and its associated thermodynamic cost?
This question is reinforced by the fact that information
processing occurs in a physical system, and thermody-
namic processes—especially beyond the thermodynamic
limit (whether due to finite-time processes or finite sys-
tems)—involve energy dissipation. In his famous 1961
paper [135], Rolf Landauer relates entropy decrease and
heat dissipation during logically irreversible processes,
i.e., a minimum cost that must be paid to erase information.

As a warmup, one can revisit the motivating example
discussed by Landauer, where the task consists of restoring
a bit to a given state. We can envision a binary device as
a particle in a bistable potential (see Fig. 9) and define the
operation of restoring as the process that moves the parti-
cle to one of the two sites of the potential. For convenience,
we assume that the left site corresponds to the state ZERO,
while the right site represents the state ONE. Thus, the task
is to move the particle to the state ZERO. Observe that if
we know the particle’s position, the task becomes simple.
If the particle is already in the desired state, we do not need
to do anything, and no energy is expended. However, if we
know that the particle is in the ONE state, we can apply
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a force to push it over the barrier, and once it passes the
maximum, we can apply a retarding force to slow it down.
This ensures that when the particle reaches the ZERO state,
it has no excess kinetic energy and no energy is expended
throughout the process. Although it might be seen that
restoring the particle’s position to ONE can be done without
expending any energy, we have actually used two differ-
ent protocols depending on the particle’s initial state. This
leads us to ask whether a general procedure exists that
can always perform the restoring action, regardless of the
particle’s state, without any energy cost.

In Landauer’s motivating example, this question is
translated into asking whether it is possible to construct
a time-varying force capable of moving the particle to the
ONE state, regardless of its initial position. However, since
we are dealing with a conservative system, we can eas-
ily conclude that this is impossible. This becomes clear by
imagining the reversed scenario. When time is reversed,
the same force should work backward. This means that
starting from the ONE state, the particle would retrace its
steps. Since it could originally have come from either the
ZERO or the ONE state, in the reversed situation, it could
potentially end up in either state. This creates a paradox:
starting from the ONE state, the particle would need to end
up in two different places. However, according to the laws
of classical mechanics, which are deterministic, a particle
starting from a specific position and velocity can have only
one future outcome, not two. In conclusion, the seemingly
simple task of restoring a particle’s position inevitably
results in energy dissipation.

The motivating example can be generalized to a broader
range of logical operations that have similar conse-
quences—energy dissipation. This leads us to categorize
two types of computation. A task is called logically irre-
versible if its output does not uniquely determine its inputs.
In Sec. VID, we will discuss that any logical operation
that does not preserve enough information about its inputs
(i.e., it is logically irreversible) implies a thermodynamic
cost, such as energy dissipation. Conversely, when we can
reverse the computation—such that every output can be
traced back to a unique input—we call the task (or compu-
tation) reversible. The first two examples shown in Fig. 6,
AND and OR, are cases where it is impossible to uniquely
determine the inputs from the outputs, making them irre-
versible functions. In contrast, in the last example, XOR
outputs 1 if exactly one of the inputs is 1. If we know
one of the inputs, we can reverse the process and deter-
mine the other input from the output, making this function
reversible.

To clarify the connection between logical irreversibil-
ity and entropy, Landauer revisits the example of the reset
operation by imagining a collection of bits to be reset. This
can be likened to a physical system where each bit is anal-
ogous to a spin in an ensemble, and the task is to align all
the spins in the same direction. If the spins begin in thermal

equilibrium (randomly distributed between 0 and 1) rel-
ative to a thermal reservoir at temperature 7, resetting all
the bits to ZERO effectively reduces the number of possible
configurations the system can occupy. According to Shan-
non entropy [Eq. (39)], a two-state system containing a bit
of information has entropy log 2. After reset, the entropy
is zero. Thus, this reduction corresponds to a decrease in
entropy of order kp log 2 per bit. Since the total entropy of a
closed system cannot decrease, this loss of entropy must be
compensated elsewhere, appearing as heat dissipated into
the environment. Using the Clausius inequality to express
the heat flow into the reservoir, we find that the minimum
heat generated during the reset process is at least

BAQE > —ASs, (58)

where in the present example ASs = log?2. This value rep-
resents the lower bound for energy dissipation required
for the reset operation under these conditions. It is impor-
tant to note that the inequality in Eq. (58) is saturated
in the ideal isothermal case, which assumes an infinite
time span for the process to be realized. While isother-
mality is an assumption needed to reach the bound, it is
not what makes it unattainable. The bound becomes prac-
tically unattainable due to the requirement for an infinite
duration. However, we can get remarkably close to this
bound, as demonstrated in the first experimental realiza-
tion in Sec. VIC. Later, in Sec. VIIID 1, we analyze the
finite-time regime and explore possible corrections to this
bound.

Experimental Box 4: Landauer erasure with a molecular
nanomagnet [136]

This experiment realizes a Landauer erasure process
in the quantum realm.

A crystal of molecular magnets (Feg) is used as a
quantum memory, where the collective spin of each
Fes molecule is S = 10. The spin can align in one
of two main orientations, S; = 10, corresponding to
the classical bit states ZERO and ONE, making each
Feg molecule a qubit. The system is described by the
Hamiltonian:

H=-DS:+ES;—5)—gusSB (59

where D is the anisotropy, g is the Landé g factor, and
g is the Bohr magneton. The first term, DS? + E(S? +
Syz), defines the energy landscape, creating a barrier that
stabilizes the spin in the S, = £10 orientations. The
third term provides external control over this landscape
through the magnetic field B.

The protocol involves three steps: (i) A magnetic
field along the y axis lowers the energy barrier, allowing
quantum tunneling between S, = +10 and S, = —10,
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erasing the bit by making the spin delocalized between
ZERO and ONE. (ii) A magnetic field along the z axis
biases the system, resetting all spins to the S, = +10
(ZERO) state. (iii) Finally, the fields are removed, lock-
ing the spins in the S; = +10 state, completing bit
storage.

Therefore, logically irreversible operations, such as
resetting a bit, are fundamentally tied to physical pro-
cesses that result in energy dissipation. Specifically, these
operations must follow thermodynamic laws, meaning that
every time information is erased, a minimum amount of
heat must be generated and released into the environment.
This notion is now known as Landauer’s principle.

B. How general is Landauer’s principle?

To explain and discuss Landauer’s principle, we used
two specific models: the bistable potential and the spin
system, each under certain assumptions that are subject
to debate. A natural question arises: How general is this
principle, and what are the minimal assumptions necessary
to satisfy Eq. (58)? This is particularly important because
there have been both theoretical [137—139] and experi-
mental [140] reports claiming situations where Landauer’s
principle is apparently violated. These claims of potential
violations seem to stem from the lack of a general state-
ment formally written or rigorously proven. To address
this, we revisit the work of Reeb and Wolf [141], where
Landauer’s principle is derived and refined using a gen-
eral and minimal framework. Rather than repeating all the
detailed arguments and reasoning from Ref. [141], we will
present a simplified but consistent version of their proof.

We consider a minimal setup consisting of a system and
a heat bath. The three main assumptions required to derive
Landauer’s principle are as follows. First, while the state
of the system can be arbitrary, the heat bath initially starts
in a thermal (Gibbs) state at inverse temperature B:

e BHB

= s (60)

VB

where yg denotes the state of the heat bath, and Hg rep-
resents its Hamiltonian, about which we make no specific
assumptions. Second, we assume that the system and the
bath are initially uncorrelated

(61)

Although the product state assumption from Eq. (61) is
standard in both thermodynamics and quantum mechan-
ics, we emphasize its crucial role in ensuring the validity
of Landauer’s principle. Reported violations of Landauer’s
bound [137,140] can be explained by recognizing that the
product state assumption is not taken into account. Finally,

PsB = ps & vB.

the last assumption is that the process undergone by the
system and heat bath is governed by a unitary evolution:

osg = Ulps ® ys)U". (62)

Importantly, the unitary assumption implies that all ele-
ments and resources are accounted for, meaning that no
unspecified environment B can participate in the process
or contribute to entropy.

These three assumptions are all we need to arrive at Eq.
(58). Notice that while we state Landauer’s principle as a
consequence of the information erasure process, we have
not imposed any specific constraints on our protocol (the
unitary evolution) to enforce this process. This is because
our goal is to formulate the problem in a way that applies
to any process governed by unitary evolution, not just era-
sure. Erasure is simply a special case that can be related to
the result we will present.

Let us begin by deriving an important relation between
the initial and final entropies after the process, while intro-
ducing an information-theoretic quantity. This relation can
be obtained by leveraging the properties of von Neumann
entropy: additivity under the tensor product, invariance
under unitary evolution, and finally, subadditivity. More
precisely,

S(ps) + S(vs) ‘= S(ps ® ys) ‘= S[U(ps ® y8)U']
2 S(0s) + Sop). (63)

Now, by manipulating Eq. (63), we can introduce and
express the following quantity:

S(os) + S(o8) — S(ps ® y8) ‘= S(05) + S(ps) — S(osp)

D I(S:Bogy = 0. (64)

Finally, the above equation can be further expressed as
—ASs +1(S : B)ogy > 0 = ASp, (65)

where ASx := S(ox) — S(px) for X € {S,B}. Up to this
point, we have merely applied the properties of von Neu-
mann entropy to derive a relation connecting the initial
and final entropies of the system and bath with the mutual
information [Eq. (65)]. We will now use this relation to
prove the Landauer’s principle in its equality form, which
reduces to the well-known Landauer bound when two
negative terms are discarded.

Let us focus on the right-hand side of Eq. (65) and
use the fact that one can explicitly write the term ASg
by using the assumption that the bath is initially prepared
in a thermal state as given in Eq. (60). This means that
one can write the entropy of the initial state as in Eq.
(24): S(yg) = Btr(ygHp) + tr(e P8). Note that if we add
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and subtract the average energy of the final state, we can
write the entropy difference in terms of thermodynamic
and informational quantities:

ASg = S(og) — Btr(ysHg) — tr(e P!'8) + tr(ogHp)
— tr(ogHp)

e PHB
= S(UB) —tr {GB log [m] }
+ ptr[Hg (o8 — v8)]
= S(op) — tr(og log ys) + BAQ

2 _S(osllys) + BAOs. (66)

Finally, substituting Eq. (66) into Eq. (65) allows us to
derive a general expression for the heat exchange in a
unitary process, namely,

BAQg = —ASs + (S : B)og + S(osllys). (67)

Since both mutual information and relative entropy are
non-negative, discarding these two terms immediately
leads to Landauer’s bound.

BAQp > —ASs. (68)

The equality in Eq. (67) was previously derived in a dif-
ferent context [124], focussing on distinguishing between
reversible and irreversible contributions to entropy change,
but no connection to Landauer’s principle was established.
As a final remark, note that Landauer’s principle can
naturally be written in terms of the entropy production
framework since information erasure is fundamentally an
irreversible process. Specifically, Eq. (68) can be cast as

¥ = BAQs + ASs > 0, (69)

where, reversible processes satisfy ¥ = 0.

Finally, it is worth noting that Landauer erasure can be
understood as the task of cooling a thermal state down
to its ground state. According to the third law of ther-
modynamics, cooling a system to its ground state within
a finite amount of time using finite resources is impossi-
ble. However, Landauer’s bound is ideally achieved only
in infinite time, thereby identifying time itself as a resource
in the context of the third law [142,143]. Recently, a gen-
eralized and unified Landauer’s bound was put forward
in Ref. [144]. Surprisingly, finite energy and time suf-
fice to perfectly erase information (or cool a quantum
system). However, a hidden resource, termed control com-
plexity, must diverge. This notion refers to the complexity
of operations required to control the interactions between
a quantum system and auxiliary systems (referred to as
machines) that are specifically designed to achieve the
target transformation.

X Erasing with a single swap

Consider the problem of mapping an initially max-
imally mixed state p = %(IO)(OI + |1)X1]), described by
a trivial Hamiltonian H =0, to a final pure state
o = |0X0|. Assume that we are allowed to use a
two-dimensional thermal ancilla, prepared at some
inverse temperature 8 with energy gap E, y = (|0X0] +
e PE|1)Y1))/Z, with Z = 1 4 e P being its partition func-
tion. A protocol for achieving this transformation con-
sists of applying a unitary SWAP Uswap = |01)X10] +
[10)01] 4 |00X00| + |11){11], which flips both states and
increases the energy gap E. However, one can eas-
ily see that the work cost for performing this proto-
col, ie, W= AEg =[5 — (e PE/2)]E, diverges as E
tends to infinity. This shows that in this specific setup,
perfect erasure comes at the cost of diverging energy.

SN

C. Landauer’s principle in the lab

Let us roll up our sleeves and discuss the first experiment
that verified Landauer’s principle using a generic model
of a one-bit memory [145]. In this experiment, a single
colloidal particle is trapped in a double-well potential [sim-
ilar to the warmup example discussed by Landauer and
depicted in Fig. (9)]. Unlike the previous section, this setup
is entirely described by classical mechanics and stochas-
tic thermodynamics [26]. Therefore, assumptions such as
uncorrelated states or unitary evolution, are not relevant in
this context. Additionally, the notion of entropy used here
is the Shannon one. Most importantly, the conclusion of
this section is that, in the limit of slow erasure processes,
the mean dissipated heat saturates Landauer’s bound.

The setup comprises a silica bead, approximately 2 pm
in diameter, trapped in an optical tweezer [146]. The
double-well potential is created by rapidly alternating the
focus of the laser between two distinct positions, ensuring
that the particle experiences an effectively stable poten-
tial over time, despite the alternating positions. The barrier
separating the two wells is high compared to the thermal
energy kgT, which keeps the particle trapped at one site of
the well. Conversely, when the barrier is low, the particle
can reach the other site. As a result, the state of the mem-
ory can be assigned a value of ZERO if the particle is in
the left-hand well, or ONE if it is in the right-hand one. The
memory is said to be erased when its state is reset to ZERO
(or alternatively ONE), regardless of its initial state.

The experiment starts with the double well occupied
with equal probability, resulting in an initial entropy of
S = kg log?2. To reset the memory, the barrier height (ini-
tially larger than 8k T) is lowered to 2.2k T over a period
of 1 second and kept low for a time 7. Since the particle’s
location is uncertain, a tilting force is applied to remove the
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ambiguity. More precisely, the force is linearly increased
up to a maximal amplitude, effectively “tilting” the land-
scape of the potential [see Fig. 10(a)]. The process ends
by turning off the tilt and restoring the barrier to its origi-
nal height, again over 1 second. The total duration of the
erasure protocol is Teycle = T + 2.

Before turning to the quantitative results, it is useful
to compare these durations with the bead’s own response
times. A 1-s change in the barrier is already longer than
the bead needs to relax inside a single well, a fact noted by
the original authors as “long compared with the relaxation
time of the bead.” When the barrier is low (2.2kgT), the
mean thermal-hopping time between wells is roughly 10 s;
the erasure runs that probe Landauer’s limit keep the tilt on
for 7 >~ 25-40 s, i.e., several hopping times, so the system
remains close to equilibrium. Only the deliberately shortest
protocols (with T of a few seconds) explore a faster, more
dissipative regime. It is important to note that time plays
a crucial role in this process: entropy is produced, and the
minimum entropy production occurs when the procedure
is performed very slowly. Therefore, approaching the Lan-
dauer limit requires minimizing dissipation (and entropy
production) as much as possible.

Having sketched the main ideas of the experimental
protocol, let us now focus on some specific details. The
tilting force is created by moving the small chamber (or
“cell”) that holds the single bead relative to the laser, using
a piezoelectric motor. Shifting the position of the cham-
ber changes the bead’s location within the laser’s trapping
region, which effectively tilts the double well and guides

the bead from one site to the other. The particle’s trajec-
tory, from ZERO to ONE or vice versa, is captured using
a fast camera that tracks the transition during the cycle.
When the state of the memory is changed, a series of dou-
ble cycles is used, which moves the bead from one well
to the other and back [see Fig. 10(b) for a scheme of the
experimental procedure and a more detailed discussion]. In
the opposite case, where the state of the memory remains
unmodified, the system undergoes a reinitialization phase.
This step consists of a single cycle used to ensure that
the bead remains in the same well, resetting the system
for the next cycle [see Fig. 10(b)]. The next question is
how can we write down the explicit quantities appearing
in Landauer’s bound?

Since we are dealing with a microscopic system, fluctu-
ations cannot be neglected, and as a result, thermodynamic
quantities become stochastic variables. In this context,
we use lowercase letters for quantities representing indi-
vidual realizations along a trajectory, and uppercase let-
ters for their averages. The dissipated heat ¢, along a
given trajectory x(f), can be derived from the first law
of thermodynamics dU = dw + 8q. For a colloidal parti-
cle trapped in a potential U(x,?), the work done by the
system is associated with the particle’s motion, given
by x(¢), where x(¢) is the velocity of the particle along
the trajectory. The heat dissipated during this motion
is related to the change in potential energy, expressed
as g = —x(H[0U(x,)/0x]dt. The negative sign arises
because heat dissipation occurs when the system does
work on the surroundings. To obtain the total dissipated
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FIG. 10. Experimental verification of Landauer’s principle. Panel (a) illustrates the erasure of one bit of information stored in a
bistable potential. The process involves first lowering the central barrier, followed by applying a tilting force, which drives the particle
from the left to the right. The protocol works regardless of the particle’s initial position. Panel (b) (top) details the erasure protocol for
when the particle transitions from 0 to 1 (or vice versa). The protocol for measuring the heat when the particle remains in the same
well is depicted in the bottom of panel (b). These figures have been adapted from Ref. [145], with minor edits for consistency with this

tutorial, while retaining their original meaning.
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FIG. 11. Success rate and dissipated heat. Panel (a) shows the
success rate of the erasure cycle as a function of the maximum
tilt. The inset presents the heat distribution, with the solid red line
indicating the average dissipated heat, and the dashed vertical
line marking the Landauer bound. Panel (b) displays the average
dissipated heat as a function of the protocol duration, measured
for three success rates: blue for » > 0.9, red for » > 0.85, and
green for » > 0.75. The horizontal dashed line represents the
Landauer bound. These figures have been adapted from Ref.
[145], with minor edits for consistency with this tutorial, while
retaining their original meaning.

heat over a full cycle, we integrate this expression over
time, resulting in the following equation for the dissipated

heat:
Teycle oU t
g= —/ ™ 4t 27E0. (70)
0 ax

The average dissipated heat, obtained by averaging over all
trajectories (over 600 cycles in the experiment), is always
greater than the entropy difference: Q := (q) > TAS =
kgTlog 2. Reaching Landauer’s bound depends primarily
on two factors, the duration of the tilt T and its maximal
amplitude Fp,. If the tilt force is too weak to push the
bead over the barrier, erasure will not occur [see Fig. 11(a)]
for the trade-off between the success rate and the maxi-
mal amplitude). Conversely, for long durations, the mean
dissipated heat does not saturate at Landauer’s limit, and
incomplete erasure will result in less dissipated heat. For a
success rate 7, the Landauer bound can be generalized as

O(r) = kgTllog2 +rlogr+ (1 —r)log(1 —r]. (71)

This equation shows that no heat is dissipated when
r = 1/2, meaning the memory is left unchanged by the
protocol and the transformation is quasireversible. In an
ideal quasistatic erasure process (7 — 00), the dissipated
heat equals the Landauer bound. For large but finite
7, the asymptotic approach to the Landauer bound is
described by Q = QOvandaver + @/T, Where « is a positive
constant [147]. For shorter times, the dissipated heat fol-
lows an exponential relaxation: Q = O andaver + A€/ +
a/t, where tx is the Kramers time (a characteristic time
at which a Brownian particle escapes from a potential well
above a potential barrier). The erasure rate and its approach
to the Landauer bound are shown in Fig. 11(b).

SOALICE. IFX+Y=4, X=1ANDY=30R X=Y=2 || THiS I5 NOT A REVERSIBLE
WHATARE v THo ls| | ORMAYBEX=0ANDY =4 || COMPUTATION. BOB!
XANDY?  ACTUALLY \A/HYSOMANY INPUTS GREAT .NOW EVEN
EASY! FORASINGLE MATHHAS A
! OUTPUT? THERMODYNAMIC
FIG. 12. Without a history tape, no such a thing as a free

lunch. Imagine a machine that does nothing but adding numbers.
If the machine outputs the number four, and Bob asks Alice to
figure out the inputs that resulted in this number by running the
process backward, she immediately encounters a problem. The
inputs could have been one and three, or zero and four, among
many other combinations. This fundamentally illustrates the con-
cept of irreversibility: there is no single inverse solution, but
rather a range of possibilities that could lead to the same outcome
of four. Illustration inspired by XKCD [162].

Importantly, the attainability of the Landauer bound has
been experimentally verified across various platforms. For
classical systems, these include colloidal particles [145,
148—150], optomechanical systems [151] and microme-
chanical oscillators [152,153]. For quantum systems, the
platforms range from nanomagnets [136,154,155] and
superconducting devices [156] to nuclear magnetic reso-
nance [157], ion traps [158,159] and semiconductor quan-
tum dots [160,161].

D. Reversible computation

So far, we have hinted that typical computation is log-
ically irreversible. But is that an unavoidable feature of
computers? According to Landauer, whenever a compu-
tational task discards information about its previous state,
it generates the corresponding amount of entropy. On the
other hand, we might imagine that if we could somehow
save all the information and steps of the computation, we
could avoid this loss. For example, if we had an extra
tape, initially blank, where we recorded each operation as
it was performed, we could, in theory, make the compu-
tation reversible. However, as Landauer himself pointed
out, this approach only postpones the problem of discard-
ing information, especially if we plan to reuse that tape
again. Consequently, a useful reversible computer would
be one that, instead of storing all intermediate steps per-
manently, is designed to erase any unnecessary data once it
is no longer needed—Ileaving behind only the initial input
and the final output. Of course, this process still generates
entropy while clearing out unnecessary intermediate infor-
mation. However, the computation can still be reversed
since the input and output remain intact. Surprisingly, it
was shown by Bennett [24] that reversible computers that
meet these requirements indeed exist. We will not repro-
duce Bennett’s formal demonstration but instead offer a
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heuristic approach to support his claims. Let us begin with
some basic facts: typically, computers perform operations
and discard information about their history, leaving the
machine in a state where it is unclear what the previous
step was. When this happens, the computation is said to
be logically irreversible, meaning it lacks a single-valued
inverse (see Fig. 12, where Alice and Bob realize that they
cannot trace back the initial steps of the computation).
Notice that if we were to record each operation on a blank
tape, this issue could be avoided. However, not every step
needs to be saved, only those that would allow the process
to be reversed, ensuring that a given output can be traced
back to a unique input.

Suppose that we have a reversible computer and an ini-
tially blank tape, where every step of the computation is
recorded. After the computer runs a long computation,
resulting in a lengthy tape history, the question arises: can
we erase the tape while preserving the final output and
avoiding entropy generation?

First, by running the computation in reverse, the
machine would undo each step one by one. This would
eventually return the tape to its original blank state, as
if the computation had never occurred. Since the forward
computation was reversible, the reverse process would also
be reversible. However, running the computation back-
ward would also undo the final result, turning it back
into the original input, which interferes with the purpose
of performing the computation. This issue can be easily
solved by making a copy of the final output on a sepa-
rate tape before starting the reverse process. In this way,
we can keep the output safe while reversing the rest of the
computation.

During the copying process, we stop recording to the
history tape to avoid generating unnecessary data. Once the

Stage Tapes
work tape  history tape  output tape
_INPUT _ -
Forward WORK HIST- - g
_OUTPUT HISTORY_ - U%
é.
OUTPUT HISTORY_ - e,
Copy _OUTPUT  HISTORY.  _OUTPUT §
_OUTPUT HISTORY_ _OUTPUT E
§.
_OUTPUT HISTORY _ _OUTPUT
Reverse WORK HIST. _OUTPUT
_INPUT - _OUTPUT

Forward, Copy, Reverse

output is securely copied, we can proceed with reversing
the computation. While the original output will be erased
during this reversal, the history tape will also be erased,
restoring it to its blank state. In the end, we have the orig-
inal input restored (as if nothing had been done), the final
output copied preserved, and no remaining history on the
tape. Even though the history tape is erased, the compu-
tation remains reversible and deterministic, as each step
of the process can still be traced and reversed. This argu-
ment was formally addressed and rigorously proven by
demonstrating that, given an ordinary Turing machine, a
reversible three-tape Turing machine can be constructed to
emulate the original on any input, while leaving behind
only the input and the desired output at the end of its
computation. Importantly, this argument is not limited to
three-tape Turing machines but can be applied to any form
of deterministic computation, whether finite or infinite, as
long as it has memory to record the history.

A crucial nuance in this discussion lies in the role of the
input itself. While reversible computation ensures that no
entropy is generated during the processing of a given input,
the preparation of that input—whether acquired from a
user, a sensor, or a quantum random number generator
(QRNG)——comes with its own thermodynamic costs. For
instance, starting a tape with a specific input (e.g., erasing
prior data to write new bits) invokes Landauer’s principle,
as does storing useful information for later computation.
Similarly, the utility of the output matters: computations
are rarely performed on random strings but on inputs
meaningful to a task, and the act of selecting or gener-
ating these inputs often involves irreversible steps. Thus,
while reversible algorithms avoid entropy generation dur-
ing computation, the broader thermodynamic footprint of
a computational task must account for the acquisition,
preparation, and eventual use of inputs and outputs. This
is consistent with Bennett’s observation that reversible
computing preserves the logical reversibility of the compu-
tation itself, but practical implementations remain subject
to thermodynamic constraints at the boundaries of the
system [163,164].

Bennett’s technique for performing an arbitrary com-
putation reversibly is illustrated in Table 1. The process
involves three tapes and three stages. The first tape, known
as the work tape, stores the INPUT, intermediate steps, and
OUTPUT. The second tape, history tape, logs the entire
computation, recording each step taken by the machine.
The third tape, output tape, holds the final result. The
stages consist of performing the forward computation,
copying the output, and reversing the computation. The
detailed procedure is explained below.

Everything starts with an INPUT on work tape, which
is processed through a series of computational steps and
operations, eventually leading to an output. We refer to
this INPUT processing as WORK. For instance, if the
INPUT consists of numbers, the WORK could involve
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THEKEY STORE THEM IN A HISTORY TAPE || GET1:3AND RAM THAT UP FOREVER
¢ AWHAT || PERFORMTHE COMPUTATION YEP.BUT ) )
( COPY THE OUTCOME AND.... > REVERSIBLY!
REVERSE THE COMPUTATION % L % %
FIG. 13. With a history tape, there is such a thing as a free FIG. 14. Without erasure, there is no end to lunch.. Imagine a

lunch. Imagine that the machine now adds and subtracts num-
bers. If the machine outputs the numbers four and two, Alice
and Bob would immediately realize that the machine uniquely
defines the inputs, making the computation reversible. Illustra-
tion inspired by XKCD [162].

operations such as addition, subtraction, multiplication, or
more complex logical functions. As the machine performs
its computations, it records each step on the history tape.
The machine’s time steps are illustrated in Table I, where
the underbar symbol indicates the position of the tape
head. At the end of the forward stage, the INPUT has
been fully processed into the OUTPUT on the work tape,
while the history tape has captured all the steps taken dur-
ing computation. In the second stage, the OUTPUT from
the forward computation remains on the work tape, and
the history tape still holds the entire computation record.
The machine then copies the OUTPUT from the work tape
onto the OUTPUT tape, ensuring the final result is stored
on both tapes. Finally, in the third stage, the machine
reverses the computation on the work tape, using the his-
tory tape to “uncompute” the steps. Starting at OUTPUT,
the tape head moves backwards, undoing each step until
INPUT is fully restored. The history tape is read in reverse,
eventually becoming blank again. Throughout this rever-
sal, the final result remains preserved in output tape (see
Fig. 13).

So far, the main message of this section has been that
any computation can be performed reversibly. But can we
find examples of reversible or irreversible computation in
nature? Quite surprisingly, the biosynthesis and breakdown
of messenger RNA provide such examples. RNA synthe-
sis, where the molecule is built step by step from DNA, is
a logically reversible process—each step can, in theory, be
undone without losing information (see Ref. [24] for more
details). However, when cells break down RNA, they do
so irreversibly, destroying the RNA without preserving any
record of how it was created, resulting in the loss of infor-
mation. Following Bennett’s work, several studies at the
intersection of computation and thermodynamics demon-
strated that the second law is safe, even when considering
“intelligent beings,” as long as their information process-
ing is governed by the same laws as universal Turing
machines [163,165,166].

computer scientist determined to avoid the thermodynamic cost
of erasure. Instead of deleting information, they endlessly accu-
mulate RAM, offloading used memory into an ever-growing pile.
While reversible computation avoids heat dissipation, storing
every intermediate state demands increasingly more resources.
Eventually, the physical burden becomes unsustainable. Illustra-
tion inspired by XKCD [162].

However, a critical distinction arises between reversible
algorithms and physical implementations of measurement.
Bennett argued that measurement itself could, in principle,
be performed reversibly if the observer retains a full record
of the measurement outcomes [25]. Yet, for systems like
Maxwell’s demon, practical constraints intervene: while
the demon could theoretically measure a particle’s state
reversibly, it cannot indefinitely store the acquired infor-
mation without eventually erasing it to reset its mem-
ory. This erasure—required to reuse the demon’s finite
memory—invokes Landauer’s principle, which generates
entropy and restores the second law. Thus, even though
reversible computation avoids entropy generation by pre-
serving intermediate steps, physical agents like the demon
face unavoidable thermodynamic costs when interacting
with the environment, as they cannot “unmeasure” without
eventually discarding information.

Inspired by the concept of reversible computing—where
computations are, in principle, reversible and all
intermediate states can be recovered—one might ask
whether the entropy increase from erasure could be
avoided by simply accumulating memory. As illustrated in
Fig. 14, this could involve endlessly adding RAM or mem-
ory modules to store every computational state. Although
reversible computing may prevent heat dissipation, it
demands infinite memory, which is physically unfeasi-
ble. Thus, the entropic cost, while locally or temporarily
deferred, inevitably resurfaces in another form. While ther-
modynamic entropy in the environment might be avoided
by preventing heat release, informational entropy still
increases within the system—mnot as heat, but as mount-
ing complexity and resource consumption embedded in the
memory device’s architecture.

We conclude this section by noting that similar con-
clusions about reversible computation were independently
reached by Fredkin [167]. This became known as the
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billiard-ball model of computation, a prime example of a
ballistic reversible computer. Conversely, the model dis-
cussed in this section is categorized as a Brownian com-
puter, where the computation is driven by random thermal
motion and energy dissipation is minimized by operat-
ing near thermal equilibrium. Ballistic computation, on
the other hand, relies on the deterministic motion and
collisions of particles, ideally assuming that energy is
conserved through perfectly elastic collisions.

The question of how thermodynamics constrains our
ability to process and manipulate information has long
been a topic of exploration, approached from various per-
spectives [164,167—175]. Today, this remains a vibrant
area of research (see Ref. [175] for a recent review).
For instance, stochastic computation [176] leverages the
full toolkit of stochastic thermodynamics to investigate
the energetic costs of implementing computational tasks
that are generally more complex than simple bit erasure
[164,177,178]. Another prominent example is computa-
tion based on autonomous quantum thermal machines (see
Ref. [179] for a review of quantum thermal machines).
In this approach, computational tasks are encoded in the
dynamics of open quantum systems, such as a few qubits
interacting with multiple thermal baths [180—183].

VII. EXORCISING THE DEMON

After our grand information-computation interlude (and,
of course, a historical one too), we now have all the essen-
tial tools and theoretical framework needed to resolve
the paradox of Maxwell’s demon. For simplicity, we will
focus on Szilard’s version. We begin with a less technical,
heuristic (but historical) argument, then address the same
problem more systematically, and conclude by present-
ing modern arguments for resolving this apparent paradox.
The resolution is attributed to Charles Bennett [25]. How-
ever, it is important to mention that Penrose, independently
and a decade before Bennett, had already pointed out
that the crucial aspect in solving Maxwell’s demon lay
in erasing the information acquired and stored in a mem-
ory system; this would then entail an entropy cost. This is
discussed in Chapter 6 of Ref. [23].

A. Heuristic approach

To start with, each cycle step is thermodynamically
reversible if carried out quasistatically. This also means
that the demon’s measurement of the particle’s posi-
tion can, in principle, be performed reversibly, adding
no net entropy to the universe. Although we could
assume that the measurement is irreversible (which
would lead to an entropy increase), our goal is to
show that even if the measurement is reversible, the
entropy cost will match Landauer’s prediction. This
reasoning echoes a crucial point stressed in Bennett’s
foundational review [24], where he argues that the

entropy cost associated with Maxwell’s demon arises not
from the measurement step itself, but from the erasure
or overwriting of information. Specifically, as follows:

“This forgetting of a previous logical
state, like the erasure or overwriting of a
bit of intermediate data generated in the
course of computation, entails a many-
to-one mapping of the demon’s physical
state, which cannot be accomplished without a correspond-
ing entropy increase elsewhere.” [25]

/

This insight is directly connected to the idea of logical
irreversibility discussed in Sec. VI A, where we observed
that many logical operations, such as resetting a bit, corre-
spond to many-to-one mappings, and thus, by Landauer’s
principle, are necessarily accompanied by entropy pro-
duction. In contrast, reversible computations—where each
output maps uniquely back to an input—can, in principle,
be carried out without dissipation. Let us now proceed by
breaking the cycle into small pieces.

Before the demon measures the particle’s position,
the demon’s memory and the molecule’s position are
uncorrelated: the demon has no information about which
side of the partition the molecule occupies. Once the
(reversible) measurement occurs, the demon’s mem-
ory and the molecule become correlated. Under perfect
reversibility, this correlation does not reduce the total
entropy of the demon-molecule system; rather, the mea-
surement merely transforms their joint state from a product
state to a correlated state. The crucial change is that the
demon acquires knowledge of the molecule’s location
without any net entropy cost to (demon + molecule) at this
stage.

This subtle point—that measurement can, in principle,
be performed reversibly—is important. As Bennett also
noted, blaming measurement for entropy production mixes
up two different things: the physical act of measuring
and the logical act of erasing or forgetting information:

“...it is important. . . to attribute the entropy
cost to logical irreversibility, rather than to
measurement, because in doing the latter one
is apt to jump to the erroneous conclusion
that all transfers of information...have an
irreducible entropy cost of order k3T 'log 2 per bit.” [25]

In our setup, the measurement step merely establishes a
correlation between the system and the memory and does
so in a thermodynamically reversible way—provided it is
implemented via a reversible process, such as a unitary
operation on a larger system. The key is that the demon
does not discard or overwrite the acquired information at
this stage.

Next comes the isothermal expansion, during which
the molecule is allowed to move freely in the available
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space. By exploiting its knowledge of the molecule’s initial
position, the demon can extract work during this expan-
sion. As the molecule spreads out, its position becomes
effectively randomized again, destroying the earlier cor-
relation. In this process, the environment’s entropy is
reduced by one bit (since the extracted work implies
less heat is dissipated), while the entropy of the demon
+ molecule system increases from one bit to two bits.
By the end of this step, the demon’s memory and the
molecule appear as two independent systems, each carry-
ing one bit of entropy: the demon retains its recorded bit,
and the molecule is again equally likely to be on either
side.

Finally, in order to repeat the cycle, the demon’s mem-
ory must be reset to its initial blank state. According to
Landauer’s principle, erasing one bit of information neces-
sarily generates at least one bit of entropy (kg7 log 2) in the
environment. This reset step increases the environment’s
entropy by one bit, canceling the reduction that occurred
during the expansion. Consequently, while the demon and
the molecule can be returned to their original states (with
no net entropy change for demon + molecule), the envi-
ronment also returns to its original entropy level. The full
cycle therefore results in no overall entropy change in the
demon, the molecule, or the environment, in accordance
with the second law of thermodynamics.

In this way, the resolution of the paradox is tied directly
to the thermodynamic cost of logically irreversible opera-
tions, as discussed in Sec. VI D. It is not the act of knowing
that incurs a cost, but the act of forgetting.

B. Thermodynamics of information approach

To restore the second law in the Szilard engine, we con-
sider the physical nature of the demon by assigning it a
memory to record the measurement outcome. Operating
within the classical framework (see Sec. V B), we make
certain assumptions about the measurement process. First,
the system and the measurement apparatus are initially
uncorrelated:

pxy(x,y) = px (xX)py(y). (72)

Second, they do not interact before or after the measure-
ment. Additionally, we assume that the measurement does
not affect the system; although this is not strictly true in
a quantum description, this approximation is useful in our
context.

The measurement process creates a correlation between
the system X and the state of the apparatus after the
measurement Y. To account for this, we update the joint
state of the system and apparatus after measurement to
capture these correlations. The state of the system is no
longer independent because the measurement introduces

new information. This leads us to the correlated state:

pxy (x,y) = Z Ox (X) pyix (m)x) py e (v | m)
me{L,R}

= px () [pax (LIX)py (vIL)
+ pux Rx) pyiy IR)] (73)

where pyu (v|m) = py(y)/pu (m) when m = m(y) and is
zero otherwise. Hence, for any fixed apparatus readout y
only the term with m = m(y) is nonzero. We label the two
possible measurement outcomes by L (particle in the left
half of the box) and R (particle in the right half). Note
that the marginal density py (x) is unchanged by the mea-
surement, while the apparatus state changes from Y to
Y.

Since the energy of the system does not change during
the measurement, the nonequilibrium free energy of the
global system after the measurement can be written as

.7:(X,Y')=.7:(X)+.7:(Y’)+%[(X:M). (74)

Consequently, the work needed to perform the measure-
ment satisfies

1
Wineas = AFior = AFy + EI(X ‘M), (75)

where AFy = F(Y') — F(Y). Since I(X : M) > 0, creat-
ing correlations between the two subsystems increases the
free energy. If this increase is not balanced by a decrease in
AFy, work must be supplied, and heat dissipation occurs.

The demon can extract work W > (1/8) (X : M)
using the information acquired during measurement in a
cyclic process where the system is returned to its initial
state X. However, to complete the cycle, the apparatus
must also be returned to its initial state Y. Therefore, the
demon must perform work to reset the apparatus, given
by Wieset = F(Y) — F(Y') = —AFy. As a result, the total
work involved in the process is

VVtot = Wmeas + Wﬂ) + Wreset, (76)

where Wy, = —Wey is the work extracted during the feed-
back process. Therefore, the validity of the second law
for feedback processes is restored when the entropy costs
of measurement and resetting the demon’s memory are
taken into account. This generalizes Bennett’s analysis
of the Szilard engine. Bennett discussed the case where
Wneas = 0, and the demon must overwrite the outcome of
the measurement, performing work k37 In 2. This situation
corresponds to AFy = —TI(X : M).

From the previous discussion, we learn that the Szi-
lard engine can be framed in terms of a simple exchange
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between work and the free energy stored in the correla-
tions between the system and the demon. For example, if
AFy = 0, the engine operates by creating correlations dur-
ing measurement, an operation that requires work 77(X :
M) and increases the free energy by the same amount, and
then destroying these correlations during feedback, where
the same amount of work is extracted.

C. General approach

We now turn to a more abstract and modern approach.
We aim to capture a scenario in which the system begins
in a given (unknown) state, and the demon measures the
system, using the acquired information to extract work, all
while ensuring that the system is returned to its original
state.

The setup consists of a system S, a thermal environment
E, a memory system M, and a work reservoir W. While
we do not make any assumptions about the initial state of
the system or the memory, we assume that the environment
acts as an ideal reservoir (in the classical sense). In addi-
tion, the work reservoir can be associated with a specific
system in a particular state. This follows from the phys-
ical nature of work: when work is performed, it results
in changes to the state of a physical system. Work must
be stored in some form, such as the potential energy of a
weight, the charge state of a battery, or other systems capa-
ble of storing energy. Hence, the work reservoir represents
a physical system whose state encodes the amount of work
performed, and this state is described by a density operator.
This formalism also allows us to distinguish between two
contributions: the work that stores energy without increas-
ing entropy (zero entropic cost) and the part associated
with maximum entropic cost (the thermal reservoir).

Each subsystem is described by a density operator px
with X € {S, E, M, W}. We assume that the composite sys-
tem is closed and evolves via an energy-preserving unitary
U as

osemw = U(ps ® p ® pm ® pw)U'. (77)
Using the subadditivity of entropy, one can write the
following inequality:

S(os) + S(oe) + S(ow) + S(om) > S(osemw).  (78)
Since the von Neumann entropy is invariant under unitary
transformations, we can replace S(osemw) by S(osemw)-
Then, using the fact that the initial state is uncorrelated, we
have S(psemw) = S(ps) + S(pe) + S(pw) + S(pm). This
leads to the following inequality:

ASs + ASe + ASw + ASw > 0. (79)
Because the protocol brings the system back to its ini-
tial state, its entropy change vanishes, ASs = 0. The work

reservoir is modeled as an ideal deterministic battery:
at every moment, it occupies a definite energy eigen-
state—e.g., a weight at a well-defined height—so its state
is given by pw(?) = |E(®O)XE(?)|, and its entropy satisfies
S[ow(®)] = 0 for all «. This implies ASw = 0. Given that
we are dealing with an ideal thermal reservoir, the change
in its entropy is related to the exchanged heat as ASg =
BOk. Combining this with the entropy balance in Eq. (79),
and using ASs = ASw = 0 as argued above, we obtain

ASw = —BOk. (80)
This inequality shows that the amount of heat extracted
from the bath and converted into work must be compen-
sated by a corresponding increase in the entropy of the
memory system.

VIII. WHAT’S NEXT?

Maxwell’s demon was resolved back in the 1980s, but
its implications continue to inspire novel theoretical frame-
works that incorporate information into thermodynamics
[59,184]. The formalism for studying thermodynamics in
both classical and quantum systems—especially in situa-
tions beyond equilibrium, where fluctuations are signifi-
cant—is known as (quantum) stochastic thermodynamics
[26,185] and quantum thermodynamics [27—33]. In what
follows, we bring a list (though not exhaustive) timeline
of active areas influenced by Maxwell’s demon. At the
beginning of each section, we also mention the essential
theoretical tools for readers who want to explore these
topics further.

A. Physical models and feedback control

Could an “authentic” Maxwell’s demon be more than
just an agent sitting in a gas chamber, selectively sorting
particles? Although Maxwell’s demon was originally con-
ceived within a paradigm where it selectively sorts gas
molecules based on their velocity, we discussed earlier
how it can also be viewed as an information-gathering
and processing device that seemingly extracts work at
no cost. Consequently, various physical implementations
of Maxwell’s demon, both classical and quantum, have
emerged in recent years [185-209]. They used different
implementations to provide a complete thermodynamic
description of a Maxwell demon model and the system
on which it acts. However, as extensively discussed here,
it is not possible to violate the second law of thermo-
dynamics using a Maxwell’s demon. Nonetheless, they
can still be interpreted as a feedback system. That is, the
demon observes the system, gathers information about its
microscopic states, and uses this information to perform a
thermodynamic process [120,122,126,185,210-217].

As an example of both the physical implementation
of a Maxwell demon and the thermodynamic behaviour
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of feedback-controlled systems, we briefly mention the
results from Ref. [185]. In this work, a demon reduces
the apparent entropy of a subsystem by processing infor-
mation and influencing the electron flow. However, this
reduction in entropy comes at a cost—the demon must dis-
sipate energy and produce entropy to exert its influence,
ensuring that the total entropy production of the entire sys-
tem remains non-negative. This model demonstrates how
feedback control and information flow can be incorporated
into nonequilibrium thermodynamics, providing insights
into the role of information in modifying thermodynamic
processes.

The model consists of two single-level quantum dots,
one of them being the main system S and the other act-
ing as the demon D. Both are described by fermionic
annihilation and creation operators cx/cj( and respective
energy €x, where X € {S, D}. Both quantum dots interact
via Coulomb repulsion U. The Hamiltonian describing this
interaction is given by

H = esczcs + EDCECD + UCEchgcs. (81)

The system dot S is connected to two heat baths L and
R, which have the same temperature but different chemi-
cal potentials. This creates a flow of electrons between the
reservoirs through the dot, generating a particle current.
This setup constitutes a single-electron transistor (SET).
The demon dot D is coupled to a separate reservoir and
is also capacitively coupled to the system dot. This means
that dot D can sense and react to whether dot S is filled or
empty—much like the original idea of Maxwell’s demon
being able to “see” and act on individual particles.

The dynamics of the system are described using a
Markovian master equation, which calculates the proba-
bilities of electrons moving between different states in the
dots over time. The figure of merit here is entropy produc-
tion, which remains non-negative throughout the process.
However, an interesting effect emerges: the demon alters
the amount of entropy produced by manipulating the flow
of electrons through the dot S. More precisely, the demon’s
ability to monitor and respond to the state of the sys-
tem dot effectively lowers the apparent entropy of dot S.
This entropy reduction comes at a cost—dissipation in the
demon dot and its reservoir compensates for the reduced
entropy in dot S, ensuring the total entropy production
remains non-negative.

Several proposals for nanoelectronic circuits have been
put forward since Ref. [185]—see Review [218] for recent
experiments on quantum heat transport, fluctuation rela-
tions, and implementations of Maxwell’s demon—and
have been implemented experimentally in Refs. [87,219].
Beyond the single-electron transistor, there are many other
ways to implement a Maxwell demon and explore feed-
back mechanisms.

Importantly, the model discussed above is closely
related to an earlier model by Sanchez and Biittiker [220],
where a similar mechanism was studied in the context of
power generation. While the fundamental equations gov-
erning the system are the same, the explicit interpretation
in terms of information exchange and feedback was devel-
oped in later works [221-224]. Experimental realizations
of similar setups have also been reported [225,226], with
connections to the Feynman ratchet problem [227]. How-
ever, a crucial limitation of these models is that, while they
exhibit apparent second-law violations in the conductor,
they also violate the first law, making them not “strict”
Maxwell demons. A more refined version was later pro-
posed [228], where all demonic actions—including open-
ing and closing gates—are explicitly incorporated. The
criteria for identifying true Maxwellian demons have been
further developed in Ref [229], including considerations
of internal current reversal and cross-correlations, recently
explored in coupled qutrit systems [230].

Experimental Box 5: Rectifying entropy production on
Maxwell’s demon [231]

This experiment realizes a Maxwell’s demon in the
form of a feedback control mechanism.

The system, a spin-% represented by a carbon nucleus
(13C), is initially described by the Hamiltonian Hy =
%ha)az and is prepared in a thermal state. The mem-
ory, modeled by a hydrogen nucleus ('H), starts in its
ground state. The protocol involves three main steps.
(i) The Hamiltonian of the carbon nucleus changes
rapidly from Hy to H, = (hw/2)o, by applying an
external magnetic field. This quick change drives the
system out of equilibrium. (ii) To establish a correlation
between the system and the memory, a CNOT operation
is applied, which effectively “links” the states of the
carbon and hydrogen nuclei. Next, a projective mea-
surement is performed on the carbon nucleus, which
captures information about its state. (iii) Based on the
measurement result, a controlled operation is applied
to the system. This operation is chosen based on the
outcome of the measurement and allows the protocol
to control the production of entropy by directing the
system evolution in a targeted way.

Continuous feedback

Recently, variants of the original Maxwell demon that
operate continuously in time have emerged, based on
the concept of continuous quantum feedback [232,233].
Unlike conventional feedback control, these demons con-
tinuously monitor the system and use the acquired infor-
mation to perform a thermodynamic process.
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A beautiful illustration of this idea is the concept of
gambling demons introduced in [234]. Roughly speak-
ing, the demon invests work into a system to perform
a thermodynamic process, guided by a gambling strat-
egy. At various points during the process, it must decide
whether to continue investing more work or stop and “cash
out” the remaining work. Since the system’s evolution is
stochastic, its future behavior remains inherently unpre-
dictable. Remarkably, in specific gambling schemes, the
demon can, on average, extract more free energy than the
work invested over many iterations—a scenario forbidden
by the standard second-law inequality [Eq. (49)]. How-
ever, by accounting for the information acquired during
the process and the nature of the protocol, a generalized
second-law-like inequality is derived.

The setup consists of a thermodynamic system, which
may be in equilibrium or out of equilibrium, interacting
with a inverse temperature heat bath 8. The system is
characterized by a Hamiltonian H[X\(f)], which depends
on an external parameter A(f), and its state is repre-
sented by a probability density p(x,?), with x denoting
a microstate and xjo; = {x(¥)};_, a given trajectory. The
protocol involves varying deterministically the external
parameter A(#) with a total duration of r. The system’s
evolution is described within the framework of stochas-
tic thermodynamics, where thermodynamic quantities are
expressed as functionals of the stochastic trajectory xpo ;1.
The gambling strategy is defined via a generic stopping
condition that depends on the information collected about
the system up to the current time. In each run, the demon
gambles by applying this prescribed stopping condition.
Since the demon must decide to stop before or at the
end of the nonequilibrium drive, stopping times satisfy
7 (x[0,r1) < 7 for any trajectory xo ). For these systems,
the inequality Eq. (10)] is generalized to

(W1 — (AF)7 > —ksT(8) 1, (82)
where the average is over taken over many trajectories
xj0,71, each stopped at a stochastic time 7. The term on the
right-hand side of Eq. (82) is the stochastic distinguisha-
bility, defined as

(83)

5(T) e m[ o(1), T) ]

ox(T),t = T)

where o(x(7),7) is the probability density of the sys-
tem’s state at the stopping time 7 in the forward process,
and 9 (x(7), T — 7T) corresponds to the probability density
at the same stopping time in the reference time-reversed
process. This term captures how distinguishable the for-
ward and reverse trajectories are at stopping time. This
leads to the following generalized fluctuation theorem,
(e B=AF=8y . — 1 [compare it with Eq. (15)]. Impor-
tantly, the idea of a gambling demon can be extended to

the quantum realm by considering quantum jump trajec-
tories. The key difference in this case is that the fluctu-
ation theorem derived earlier now includes an additional
entropic term associated with the quantum measurement
process.

Experimental Box 6: Gambling single-electron box
[234]

This experiment realizes a gambling demon and ver-
ifies the modified second-law inequality with a 99.5%
of fidelity.

The main system consists of two metallic islands
connected by a tunnel junction, forming a single-
electron box (SEB). At low temperatures, the SEB can
be approximated as a two-level system with charge
number states # = 0 and » = 1. The system is driven
by an external gate voltage V,, which controls the off-
set charge n,. The tunneling of an electron between
the islands corresponds to transitions between the states
n = 0and n = 1, determined by 7, and associated with
an energy cost. The system is continuously monitored
by a SET, which is capable of distinguishing small
changes in the electrostatic potential of the box caused
by the presence or absence of an extra electron. This
real-time monitoring allows for precise tracking of the
system’s state.

The protocol begins with the system in thermal equi-
librium, where the initial energies are uniformly dis-
tributed. The energy split between the states is then
tuned by controlling ng. By continuously measuring
the system’s charge state, the SET provides the infor-
mation needed to reconstruct the stochastic trajectory
of the system. The protocol is repeated multiple times
to gather sufficient statistics. The gambling strategy
involves stopping the dynamics at stochastic times
when the work exceeds a predefined threshold. This
strategy leverages the continuous monitoring and feed-
back provided by the SET to apply a stopping rule
dynamically.

Maxwell’s demon with continuous quantum feedback
control has also been explored in the context of generating
many-body entanglement in a main system. For instance,
the demon operates by randomly selecting two qubits from
the system using a roulette mechanism. It then implements
quantum feedback control on the selected qubits, simul-
taneously reducing entropy and enhancing correlations
between them. By continuously repeating this process of
selection and feedback control, entanglement of many bod-
ies can be generated [235]. Beyond the two examples
discussed here, the incorporation of continuous feedback
has become a very active area of research [200,221,236].
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B. Maxwell’s demon and quantum properties

Quantum mechanics introduces a range of features that
are absent in classical systems. We have already explored
some of these, such as the role of particle statistics in
the Szilard engine, and briefly mentioned that Maxwell’s
demon and continuous feedback control can generate
entanglement. But what thermodynamically happens when
Maxwell’s demon interacts with a system that exhibits
uniquely quantum properties, such as entanglement and
coherence?

In the early 2000s, results exploring the interplay
between work extraction and quantum correlations within
a Maxwell’s demon scenario began to emerge [237-239].
First, thermodynamic inequalities were derived to distin-
guish entangled states from classically correlated ones
based on the amount of extractable work, leading to a
work extraction protocol that acts as a separability criterion
[239]. Second, the concept of efficiency between quantum
and classical demons was introduced, with the difference in
the extraction capabilities of the work quantified by quan-
tum discord, a measure of “quantumness” in correlations
[238]. This efficiency difference demonstrated that quan-
tum demons, by exploiting quantum correlations, could
extract more work than classical demons, thus providing
a thermodynamic advantage and complementing previous
findings on the unique role of entanglement in work extrac-
tion. These later led to a number of works underlying the
thermodynamics of correlations [240-251]

Extending Maxwell’s demon to the quantum domain, or
linking thermodynamic quantities and quantum features,
often relies on assuming specific models for both the sys-
tem and the demon’s memory. However, a general and
minimal setup that addresses both of these issues was pro-
posed in Ref. [252]. The authors considered a minimal
configuration comprising a quantum system, a quantum
memory, and a thermal environment. The main system
is unknown and arbitrary, and while the initial state of
the memory is also arbitrary, it is required that it begins
and ends in the same state. This ensures that the memory
affects the system’s dynamics without changing its ener-
getics, so heat exchange occurs only between the system
and its environment. As for the environment, no restric-
tion on its dimension is imposed, other than that it was
initially prepared in a thermal Gibbs state at temperature
T. The composite system is assumed to be closed and
evolves under an energy-preserving unitary [253]. With-
out additional constraints, no assumptions are made about
the strength of the interaction (whether weak or strong),
its complexity (whether local or collective), or its duration
(short or long) relative to natural time scales. As there is
no additional source of energy or battery system, energy
exchange between the main system and the environment is
accounted for as heat.

Within this minimal setup, fundamental bounds on the
exchange between the quantum system and the thermal

environment led to a direct correspondence between ther-
modynamic and quantum features. Surprisingly, these
results also revealed that quantum properties can be
detected by monitoring heat exchange in a quantum pro-
cess.

C. Maxwell’s demon and quantum heat engines

Quantum thermodynamics, an emerging field attempt-
ing to translate thermodynamics laws and understand how
thermodynamic process are carried out in the quantum
realm, embraced Maxwell’s demon to itself. One of the
first papers in the field suggested that a three-level maser
could be regarded a heat engine [254]. It did not take long
after the study of quantum heat engines was formalized
[255,256] for Maxwell’s demon to stir the pot.

1. Maxwell’s demon as an engine

The analogy between Maxwell’s demon and a quantum
heat engine was first drawn in Ref. [257], where it was
emphasized that a quantum demon is nothing more than
an interaction between two quantum systems that enables
the controlled transfer of information from one to the
other—essentially making it an information-processing
quantum heat engine.

In fact, a quantum heat engine can effectively be seen
as the demon itself, with their operations emulating a
Maxwell’s demon. This was discussed by Kieu [258,259],
using a two-level system undergoing quantum adiabatic
processes and energy exchanges with heat baths. By using
quantum measurement and control processes to selectively
transfer energy, the machine’s functionality resembles the
behavior of Maxwell’s demon, sorting molecules based on
their temperature [260]. Different models of heat engines
implementing Maxwell’s demon or the Szilard engine also
emerged [261-263].

2. Maxwell’s demon assisting an engine

What if, instead of assuming that the heat engine is
a demon per se, we allow a demon to assist a quantum
heat engine? This problem was introduced by Quan et al.
[264], who proposed a new quantum heat engine model
with a built-in quantum Maxwell demon that performs
both the quantum measurement on the working substance
and a feedback control for the system according to the
measurement. This work led to two important concepts
that continue to be actively explored today: quantum heat
engines assisted by Maxwell’s demons [265-269] and the
use of the demon as feedback control.

D. Landauer’s principle

The past decade has provided significant insight into
Landauer’s principle, especially in far-from-equilibrium
situations [121,157,172,188,270-298]. In what follows,
we briefly comment on some of the progress relating to
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Landauer’s principle (see Ref. [299] for a recent review).
The theoretical tools typically used are varied, ranging
from the resource-theoretic approach to quantum thermo-
dynamics [60,61,300,301], to notions of entropy produc-
tion [43], and the framework of thermodynamic geometry
[302,303].

1. Finite-time Landauer erasure

The Landauer bound is optimally achieved in the qua-
sistatic limit, where the erasure process is carried out very
slowly, minimizing dissipation. This naturally raises the
question of what happens when the erasure process is per-
formed within a finite time. For classical systems governed
by overdamped Langevin dynamics, optimal erasure proto-
cols have been derived for slow but finite-speed processes
[276,278,279] and were later generalized to allow for
arbitrary driving speeds [289,291]. For quantum systems
described by Markovian open quantum dynamics, the opti-
mal erasure cost, valid for arbitrary operational times, was
found [292,294]. Importantly, in Markovian open quan-
tum systems, quantum coherence has been shown to incur
additional heat costs during erasure. However, this con-
clusion is context dependent: recent work demonstrates
that coherence can play a constructive role in optimiz-
ing thermodynamic costs for certain protocols, particularly
in non-Markovian settings [304]. The interplay between
coherence and erasure efficiency remains nuanced, as its
utility or detrimentality depends on the driving regime and
system-environment coupling. For slowly driven unitary
quantum systems, it remains an open question whether
coherence is necessary or unnecessary for minimising dis-
sipation. The take-home message is that the minimum
dissipation for erasing a classical bit has a lower bound set
by the Landauer cost, plus an additional term that scales
inversely with the operational time:

AQg > ksTlog2 + =, (84)
T

where 7 represents the total time of the process, and ¢ € R
is a positive constant that depends on the specific pro-
cess and the nature of the system (whether classical or
quantum).

Experimental Box 7: Finite-time Landauer erasure in a
quantum dot [161]

This experiment realizes Landauer erasure with non-
linear protocols that minimize dissipation beyond linear
approaches.

The setup consists of three quantum dots (D, D5, D3)
on an InAs nanowire. The main dot, D;, holds the bit
of information in its occupancy state, which can be 0
(unoccupied) or 1 (occupied). This state represents the
bit to be erased. The energy of D is controlled by a gate

voltage, which allows for precise manipulation during
the erasure process. The dot D, is prepared in a state
that effectively acts as a heat bath for D;. Finally, D;
functions as a sensor, detecting changes in occupancy
in Dy and enabling real-time monitoring.

The erasure protocol begins by allowing D; to reach
thermal equilibrium at an initial energy level, £y, where
it has a 50% chance of being occupied. The energy is
then gradually increased to £, making D; almost cer-
tainly unoccupied and thus erasing the bit. After this,
the energy is quickly reset to E. Heat dissipation during
this process is measured by tracking electron transi-
tions. Unlike traditional linear approaches, nonlinear
protocols that minimize dissipation are employed.

Using tools from thermodynamic length, this work
provides the first experimental demonstration of min-
imising dissipation through nonlinear driving in a quan-
tum dot.

If in the protocol, the stored information is fully erased,
then a =y, !, where y := =" [ >, tr{Li(t) pLi (1)}dt
is the time average characterizing the thermal relaxation
timescale, L;(f) denotes the time-dependent jump opera-
tors and p; the state of the system to be erased. Importantly,
the aforementioned studies focused on Markovian sys-
tems that weakly interact with a heat bath. Under strong
coupling conditions, however, one may question how the
constant « in Eq. (84) looks like, as new effects from faster
relaxation rates and non-Markovian dynamics come into
play. This question was addressed by modeling a bit (a
two-level system) encoded in the occupation of a single
fermionic mode strongly interacting with a heat bath [305].
Specifically, @ = kgTatp;, where a &~ 2.57946 and tp =
h/kgT represent the Planckian time [306]. In particular,
this finite-time correction incorporates the product of two
fundamental constants of nature—Boltzmann’s constant
kp and Planck’s constant A.

2. Landauer’s principle at zero temperature

Upon a closer look at the Landauer bound given by
Eq. (58), we note that it becomes trivial in the zero-
temperature limit. This result can be physically understood
by noting that as 7 — 0, the heat bath approaches its
ground state, meaning that any physical process must sat-
isfy AQg > 0. The bound is useful in showing that certain
processes can occur with zero heat cost, but beyond this,
it provides no further information. This motivates the
question of whether it is possible to derive a modified
bound that captures nontrivial information even at zero
temperature. Very surprisingly, using minimal assump-
tions—specifically, that the environment is in a thermal
state—a tighter bound was derived in Ref. [286]. More
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specifically,
AQg = Q[S™'(ASS)], (85)

where Q(B') := tr{He[ye(B') — ve(B)]} and S(B') :=
STye(B)] — S[ye(B)], with ye(x) representing the thermal
state of the heat bath at a given inverse temperature x.
Observe that the tricky aspect lies in the fact that Q(8')
is monotonically decreasing in 8’ and thus has a unique
inverse B/ = Q '(AQg). The difference now is that the
bound relates less trivial functions; however, it involves
only thermal equilibrium quantities, despite the process
being arbitrarily far from equilibrium.

To make the bound more concrete and suitable for cal-
culations, it is helpful to express Q and S in terms of the
environment’s heat capacity. For a bath at temperature 7
with heat capacity Cg(T), one finds [286]:

T
CEI(’) dr,  (86)

T
AT = / Cedr, S(T) = /
T T

These expressions allow the modified bound in Eq. (85)
to be evaluated directly, provided a model for the bath is
specified.

We now illustrate how Eq. (85) can be applied by
considering a simple yet instructive example: a qubit sys-
tem initially in a maximally mixed state and undergoing
an erasure process, while coupled to a low-temperature
phononlike environment with heat capacity Cg(T) = aT?,
where a is a positive constant [307]. Using Eq. (86), we
obtain

/ a / a
SB)=31"=T), Q)= T"=TH. @©7)
In the zero-temperature limit 7 — 0, the entropy change

simplifies to S(B') = (a/3)T° = ASs. Solving for T’
gives

1/3
T = <3ASS) . (88)

a

Substituting this into Q yields the lower bound on the heat:

AQp > Q[S™!(ASs)] = — 4 g3

a (3ASs\*? 343 (ASs)*?
4 a B
(89)

This result shows that, even at zero temperature, erasing
one bit of information (ASs = log2) requires a strictly
positive amount of heat to be dissipated, provided the envi-
ronment has a nontrivial heat capacity. The bound remains
meaningful in regimes where the standard Landauer prin-
ciple becomes uninformative.

This new bound can be used to study a variety of sys-
tems, such as the paradigmatic example of the spontaneous

emission of a two-level atom into a single-mode cavity, the
interaction of a system with a one-dimensional waveguide,
and many other examples (see Ref. [286]).

3. Finite-size corrections to the Landauer erasure

One may also ask: what are the finite-size corrections
to Landauer’s principle when the heat bath has a finite
number of particles? More precisely, consider a reservoir
consisting of n particles, prepared in a Gibbs state at an
inverse temperature 8, and coupled to a quantum system.
Can we derive bounds on the thermodynamic energetic
cost in this scenario? This question naturally leads to an
additional consideration of whether the bath consists of
noninteracting particles or includes interactions among its
components. For any thermodynamic process, with the
help of an environment with a noninteracting Hamiltonian,
the entropy production satisfies [308]

ASs\* 1
>=—) -.
- (log d ) n

That is, it decays at most as o 1/n in the presence of a
noninteracting environment. For a single qubit, the above
result becomes ¥ > 1/3n. Several works have analyzed
the decay of ¥ with n [113,309-311], finding a conver-
gence of the form ¥ = 4/n for n > 1, where 4 depends
on the specific protocol. A recent work derived the “best”
(known) protocol for a class of collisional models, finding
A~ m?/8[311].

Observe that Eq. (90) holds for thermal environments
with noninteracting Hamiltonian. We can ask whether it
can be violated in the case of interacting Hamiltonians.
If so, this would demonstrate an advantage over noninter-
acting ones. To answer this question, we start by noting
that for sufficiently large », a finite-size correction that
is valid in any environment for thermodynamic processes
that reduce the system’s entropy ASs < 0is given by [309]

(90)

2(ASs)?

I St 2N 2
% fod— 1y a o) ©b
Equation (91) holds universally, regardless of the specific
system-environment interaction and the nature of the pro-
cess being implemented. The achievability of Eq. (91)
was recently proved with an explicit process that realizes
Landauer erasure considering heat baths with interacting
Hamiltonian [308]. Specifically, the authors considered an
initial state ps = 15/2 and constructed a unitary operator
and a Hamiltonian Hg, which mapped ps to a state os,
which is € close to the ground state. In doing so, they found
that the entropy production in this protocol is bounded by

¥ >2 (%)2 O/, (92)
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Therefore, we see that entropy production decays quadrat-
ically with the size of the environment. This is in stark
contrast to the case of noninteracting environments, where
entropy production can decrease at most linearly with the
size of the environment.

4. Optimal cost of erasure in the single-shot scenario

Another extension of Landauer’s erasure principle con-
siders the protocol within the so-called single-shot scenario
[60,312-315]. This setting removes the assumption of
having either infinitely many independent copies of the
quantum state or large numbers of identical process repeti-
tions. Instead, it focusses on finite instances of the quantum
state. In this regime, we can explore how our ability to reset
a quantum system (e.g., to a known pure state) is affected
when accounting for the finite-size, single-instance char-
acteristics of the system. Single-shot tasks, such as Lan-
dauer erasure, have been studied using majorization-based
frameworks [314,316-319].

For example, an erasure protocol can be considered as
a process involving a unital channel [320] that acts on
the system whose state is to be erased (i.e., mapped to
a fixed pure state), together with an information battery
acting as a source of purity. In the simplest model, the
information battery can be represented by an n-qubit sys-
tem, where each qubit starts in a pure state and ends in a
maximally mixed state. We define the work cost (in units
of kpTlog2) of erasing an initial state p as the size of the
smallest information battery that allows erasure of p. This
is equivalent to finding the smallest integer » such that the
transformation becomes possible:

unital 1 on
p @ 10)0]®" prv— W Xv| @ (5> . (93)

Channe

Recalling that Landauer bound states that n > S(p), a cor-
rection to Landauer’s bound in this setting is given by
[317]

V(p)

> S(p) +
"= 80t A

; 94)

where V(p) := tr(p 1og2 p) — S(p)? is the variance of sur-
prisal and M (p) := V(p) + [S(p) + 1/In2]?. Note that
V(p) = 0 for the maximally mixed state, which is typi-
cally used as the starting point for erasure. This correction
indicates that the bound increases as the initial variance
of p.

Another variant of this regime, which also allows the
study of finite-size corrections in Landauer erasure, is the
so-called thermodynamic distillation process. This process
is defined as a thermodynamic transformation from an ini-
tial system characterized by a Hamiltonian H and prepared
in a state p, to a target system characterized by a Hamil-
tonian A and a state § that is an eigenstate of A. This

thermodynamic transformation can be modeled using the
framework of thermal operations [253,321,322]. Conse-
quently, corrections to Landauer erasure can be studied by
asking for the optimal transformation to map N copies of
maximally mixed states (with a trivial Hamiltonian) to N
copies of a target state that is € close to the ground state.
The work cost can be quantified by appending a battery
system, initially in an excited state, which is also trans-
formed to the ground state during the transformation. The
transformation error € quantifies the quality of erasure.
Recently, it was found that the erasure cost, valid for an
arbitrary N, is given by [318]

95)

N 1 1—
Wy — E[logz_w],

N

which recovers Landauer’s cost of erasure for when € = 0.

Finally, other analyses of thermodynamics in the one-
shot scenario, related to Landauer ecrasure, have been
presented in Ref. [323] and applied to various other ther-
modynamic tasks [315,324-328]

IX. CONCLUSION

Maxwell’s demon, once a provocative thought experi-
ment challenging the second law of thermodynamics, has
become a cornerstone of modern physics. This tutorial has
traced the demon’s journey from its classical origins to
its quantum “reincarnations,” revealing how its apparent
paradoxes were resolved by recognizing information as a
thermodynamic resource.

Stochastic and quantum thermodynamics have further
expanded the demon’s legacy, inspiring research into the
fundamental limits of energy, computation, and informa-
tion processing. Experimental realizations across diverse
platforms demonstrate that Maxwell’s demon—and related
concepts such as Landauer erasure—are not merely theo-
retical constructs but tangible phenomena with technolog-
ical implications.

No longer a paradox to be resolved, Maxwell’s demon
has become a powerful tool for exploring the links between
thermodynamics and information. Its story highlights how
thought experiments can challenge our assumptions and
lead to new physics.
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