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ARTICLE INFO ABSTRACT

Communicated by I. Kougioumtzoglou This paper presents a stochastic dynamic substructuring framework for coupling substructures
subjected to stationary stochastic excitation in the frequency domain. A closed-form input—
output relation is derived to directly compute the power spectral density (PSD) of the system
response from the PSD of the excitation. The method leverages the isolated frequency response

Keywords:
Stochastic processes
Dynamic substructuring

Structural dynamics functions (FRFs) of individual subdomains and a viscoelastic coupling matrix to predict the
Power spectral density stochastic response of the assembled system. Deterministic linear FRFs, which can be either
Uncertainty quantification numerically computed or experimentally measured at a limited number of degrees of freedom,

are combined through the proposed substructuring formulation. This enables hybrid modeling,
integrating experimental and numerical data from different components as well as allowing
for parallel computation of subdomain responses. It also eliminates the need to reanalyze the
full-order system in tasks such as model calibration or component redesign. The approach is
validated through two case studies. The first involves a lumped parameter system subjected to
white noise excitation. The second applies the method to a finite element model of an offshore
wind turbine structure, where a transition piece connects the turbine to a monopile foundation
under stochastic wave loading. Results confirm that the stochastic dynamic substructuring yields
significant computational savings without compromising accuracy, compared to solving the
full-order system, offering an efficient and scalable alternative for spectral analysis of coupled
systems.

1. Introduction

Advances in computational power, experimental methods, and mathematical modeling have enabled increasingly sophisticated
approaches for modeling the dynamics of complex engineering structures. These are typically described by high-dimensional
systems of coupled differential equations, where even a deterministic solution can be cost-prohibitive. Additionally, accounting
for uncertainties associated with stochastic excitations and random system parameters, further increases the problem’s complexity
by expanding its stochastic dimensions. In this regard, probabilistic analysis is a useful tool for identifying sources of uncertainty
and providing probability bounds on the system response in a computationally feasible manner.

A primary source of uncertainty relates to the randomness of the system parameter values or to limited physical understanding.
For instance, manufacturing imperfections and measurement errors, especially during model calibration, can be significant sources
of uncertainty [1,2]. One of the most widely adopted approaches for investigating the propagation of parametric uncertainties in
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structural dynamics has been Monte Carlo simulation [3,4]. Nevertheless, its applicability is often limited when considering high
dimensional and/or nonlinear systems. Alternatively, perturbation-based techniques are another way of studying uncertainty in the
system. Muscolino et al. [5] proposed a first-order perturbation method to investigate parameter uncertainty in linear primary-
secondary structures. In a separate study, Muscolino and Sofi [6] analyzed truss structures with bounded uncertain parameters
subjected to stationary random excitation, employing an interval rational series expansion in the frequency domain. However,
perturbation methods generally rely on the assumption of small parameter uncertainties, which limits their accuracy when variability
is significant. Moreover, they typically provide only approximate statistical measures (e.g., mean and variance) and may fail to
capture the full probabilistic response compared to sampling-based approaches.

Another method commonly used for uncertainty evaluation in nonlinear structural dynamic systems is the Polynomial Chaos
Expansion (PCE) technique. Panunzio et al. [7] combined PCE with the Asymptotic Numerical Method (ANM) to assess the
randomness of input parameters in a nonlinear two-degree-of-freedom system, effectively limiting the effects of spurious oscillations
in the system response. Additionally, Yuan et al. [8] employed PCE to study uncertainty propagation and conduct Sobol sensitivity
analysis of friction parameters in turbine blades with under-platform dampers. Despite its efficiency, PCE loses accuracy for strongly
nonlinear or discontinuous responses and becomes computationally expensive in high-dimensional problems. In an effort to alleviate
the computational burden of repeated model evaluations, Gaussian Processes (GPs) can be used to provide a surrogate model
by modeling the outputs as realizations of a Gaussian stochastic process defined over the input space. For example, Chatterjee
et al. [9] demonstrated the effectiveness of GPs in dynamical systems which exhibit well-separated modes. For a broad perspective
on structural dynamics with uncertain model parameters the interested reader is referred to the recent review papers [10-12].

In addition to parametric uncertainties, the applied loads on structures, such as wind and seismic motions, also induce
randomness in structural response. Accounting for this variability is critical in ensuring structural safety and reliability, and this
subject has been extensively studied over the past decades within the context of stochastic modeling [13]. Specifically, Tootkaboni
and Graham-Brady [14] developed a direct time integration scheme to analyze the response of systems subjected to stochastic
excitation, deriving response statistics for two degrees of freedom (DOF) systems. Also, Kougioumtzoglou et al. [15], proposed a
Moore-Penrose-based frequency response function to obtain a spectral input—output relationship for linear systems with singular
matrices. This approach was later generalized by Pasparakis et al. [16,17] to account for systems with singular parameter matrices
subject to nonstationary excitations using harmonic wavelets. Further, Psaros et al. [18] presented an exact closed-form solution
based on the Wiener path integral (WPI) method for linear multi-degree of freedom (MDOF) systems. The proposed approach yielded
the joint probability density function (PDF) of the system response under Gaussian white noise excitation. More recently, fractional
derivative models have gained attention for their ability to capture memory-dependent behavior and to accurately represent complex
material response, such as viscoelastic behavior. Some analytical expressions for response statistics of linear systems endowed with
fractional derivatives and limited degrees of freedom have been derived as well [19,20].

Despite extensive research efforts, the aforementioned approaches have largely been limited to low-dimensional systems, and
the treatment of high-dimensional stochastic dynamics remains a challenge. A few techniques for addressing such problems have
been proposed. For instance, Zhao et al. [21] combined modal analysis with manifold learning to reduce the size of the system, and
used PCE for uncertainty quantification (UQ). Meanwhile, substructuring is a promising method that can reduce the computational
cost and mitigate the computational burden of solving the full high-dimensional system of equations. Moreover, substructuring is
applicable to both linear and nonlinear systems [22-24].

From a UQ perspective, substructuring has a rich history. It was originally used for quantifying uncertainties in distinct
substructures. Soize and Chebli [25] used a nonparametric probability model combined with the Craig-Bampton reduction method
for the individual substructures to predict the frequency response function. Sarkar and Ghanem [26] introduced a substructure
coupling method based on the proper orthogonal decomposition method to address the uncertainties in the parameters of each
substructure. D’Ambrogio and Fregolent [27] used a design of experiments approach by fitting a regression model to analyze
uncertainties in the natural frequency of two elastically coupled beams. Component mode synthesis (CMS) was used by Chatterjee
et al. [28] for uncertainty propagation in a finite element model of assemblies with rigidly connected substructures. The resulting
meta-model was used to calculate the associated eigenvectors in CMS, and the uncertainty in the frequency response function (FRF) of
the assembled system was analyzed through a Monte Carlo simulation. De Lellis et al. [29] introduced the Craig-Bampton stochastic
method employing perturbations in the reduced matrices of each substructure which were subsequently used for model updating
based on measured data. Also, Mencik and Bouhaddi [30] developed a parametric reduction method based on the Craig-Bampton
method, which was enriched with geometric and parametric changes in the substructures to yield an efficient updating and reanalysis
scheme of the coupled system.

However, research in this area is not limited to the CMS method. Uncertainty propagation in frequency-based substructuring [31-
34] has also been addressed earlier. Voormeeren et al. [35] developed a method for UQ of coupled systems based on uncertainties
of the subsystem FRF using frequency-based substructuring with a rigid interface. First-order covariance-based propagation (first-
order moment method) has been applied to the closed-form equation of the rigidly connected frequency-based substructuring for
uncertainty propagation of the FRF of substructures due to measurement error [36,37]. More recently, Li et al. [38] applied Monte
Carlo simulation on random receptances in substructure decoupling technique to evaluate the identification accuracy due to model
error.

The majority of research on dynamic substructuring-based UQ has focused on parametric uncertainty while less attention has been
directed to excitations with stochastic characteristics. Nonetheless, a few works have addressed stochastic excitation specifically.
Muscolino et al. [39,40] developed a reanalysis method in the time domain to modify structural configurations under stochastic
loads. However, this method is approximate and not well-suited for numerical analysis where, typically, experimental measurements
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Fig. 1. Schematic representation of two linear substructures connected through viscoelastic connection under stochastic stationary excitations.

of the original or modified structures are available. Another approach for coupling substructures under stochastic loading — used
primarily in earthquake analysis — is the cascade approximation [41-43]. However, in this family of methods, the feedback action
of the secondary oscillator on the primary structure is neglected.

In an effort to address the gaps in the treatment of stochastic excitation within the context of dynamic substructuring, this paper
presents a closed-form frequency-domain solution for coupled structures under stationary random loading. The frequency-domain
substructuring method, previously limited to deterministic excitations, is extended herein to its stochastic counterpart. The proposed
formulation provides an exact PSD-based input—output relationship between the excitation and the distinct substructures while
requiring only the frequency response functions (FRF) of each substructure at a limited number of degrees of freedom. It is worth
noting that the corresponding FRFs can be either calculated or experimentally measured in a separate manner. Further, the individual
substructures are coupled through a general linear connection matrix with arbitrary degrees of freedom, representing the stiffness
and damping characteristics. In many applications, connection-induced damping renders the overall system non-proportional, thus
rendering classical modal analysis inapplicable. However, the derived closed-form expression enables distinct model reduction
techniques to be applied to individual substructures without interference from the coupling. This allows for an efficient dynamic
substructuring approach not only for iterative design processes, by avoiding repeated full-system analyses, but also for single system
evaluations.

The paper is organized as follows. The stochastic dynamic substructuring formulation in the frequency domain is presented in
Section 2. Its performance and accuracy are evaluated in Section 3 through two case studies, and Section 4 concludes the work.

2. Methodology

In this section, a closed-form expression for stochastic dynamic substructuring in the frequency domain is derived. Consider
two linear substructures, each with arbitrary boundary conditions, coupled through linear viscoelastic elements that model the
stiffness and damping at the interface (see Fig. 1). The assembled system is subjected to a stationary stochastic excitation vector
f(?). Following a spatial discretization, e.g., via the finite element method, the governing equations of motion for the coupled system
can be expressed as:

MX(r) + Cx(r) + Kx(t) + i (%, %, 1) = £(7) 1

where x(f) € R” is the n-dimensional response vector, and M,C,K € R™" are the mass, damping, and stiffness matrices of the
system, respectively; f,,,(x,x,t) € R" is the linear internal force vector of the coupled structure due to connection.
The displacement vector is rearranged to collect degrees of freedom (DOFs) related to substructure I and II as follows

1
x(t) = Lfn((’t))] @

Moreover, the degrees of freedom in each substructure (I, II) are rearranged into linear DOFs and connection DOFs, denoted by /
and c¢ indices [24], respectively as follows

x)(t)
x. (D)

Substituting Egs. (2) and (3) into Eq. (1), and rearranging the corresponding equations for each DOF leads to reordering of the
characteristic matrices as well as the external and internal force vectors. Noting that the nonzero components of the internal force

x"(z):[ ] i=1 1II 3
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£, (X, x,, 1) are localized at the connection DOFs (c), the subdomain equations of motion can be written as

(@) 6} i) 0 flo)

. [54@] "¢ ["‘im K o] * L omon] = [0 @
=11 1 1 £l

JEe] LMol Ko o 1 [fo

M [X%] +C [iélm FRU N [+ {1 x| = [0 ®

where M/, C/, and K/, with i € {I, II}, denote the mass, damping, and stiffness matrices of each substructure. Each matrix has
dimensions n' x n', with n! + n'! = n, corresponding to the substructures when isolated at the connection DOFs (i.e., with free
boundary conditions at the interface). The vector fiint(xf’ x,, 1) represents the localized internal forces that account for the interaction
between the two substructures, which are assumed to be linear. Applying Newton’s third law, the internal force vectors can then
be expressed as

£l Geoxot) = —FL oo Xeo 1) = Fige e x0 0 = Ko (& = x) + € (&L — %1 (6)

int int

where K, and C, € R"*" are the stiffness and damping matrices associated with the viscoelastic connection DOFs, where . denotes
the (arbitrary) number of connection DOFs (c).

For each realization @ of the stochastic process vector f(@, 1), the system can be treated as deterministic. The response is expressed
as x'(@,1) = ¢'(®, w)e!”" for i = 1,11, where q¢'(®, w) denotes the complex-valued frequency-domain response vector of subdomain i for
the excitation realization @, and e/ represents the harmonic time dependence at angular frequency . For notational simplicity, the
dependence on @ is omitted hereafter. Substituting this expression into Egs. (4) and (5), the equations of motion of the subdomains
in the frequency domain are obtained as

d]  [H@ H @) e -
q (@) |~ |H (@ H (@] |-fip (@) + (o)

q'@| |Hj@® H () (@)
Q@ |~ |Hj @ HL(@)] |fp(@) + ()

where the indices refer to the linear (/) and connection (c) degrees of freedom, the vector f(w) is the Fourier spectrum of a realization
of the stochastic process f(r), which is expressed in block vector form according to each substructure and the corresponding linear
and connection DOFs. Since the external force vector typically contains many zero entries, from this point on we use the index e to
denote the nonzero components of the external force vector, which may correspond to either connection or linear DOFs. The vector
f;.(w) represents the internal force in the frequency domain for each realization, and it can be derived from Eq. (6) in the frequency
domain as

fini(@) = (K, + joC (g (@) - ¢ (@) = K (0)qre (@). 9)

where K? is the complex connection stiffness matrix and q,(w) denotes the amplitude of the relative displacement vector at the
connection DOFs in the frequency domain. H' are the receptance matrices of substructure I and II, which can be computed for each
substructure with free interface at the connection DOFs as

(8)

H(w) = K + joC — M) i=1 I (10)

The receptance matrices depend on the number of degrees of freedom, and the type of damping in each substructure can be
calculated in various ways. For small-scale systems, direct inversion of the dynamic stiffness matrix can be used; however, for
substructures with a large number of DOFs, other methods such as block matrix inversion [44], modal expansion, and the Second
Order Arnoldi Method (SOAR) [45] are more suitable. In some cases, modeling the substructure is too complex or detailed design
information is not available. In such cases, experimental measurement of the frequency response function of the isolated substructure
at the connection DOFs can be performed or obtained from the component designer.

The subdomain equations (see Egs. (7) and (8)) are coupled through the connection DOFs (¢) with internal forces f;,;. However,
according to Eq. (9), the internal force depends only on the relative amplitude vector in the frequency domain, q,. By subtracting
the second row of the block matrix in Eq. (8) from the corresponding row in Eq. (7) and applying some mathematical manipulation,
this yields

Urat = He f; — HL £ — (H,, + HOK g an

where the index e refers to excitation degrees of freedom, which correspond to linear and/or connection DOFs in each substructure.
The coupling Eq. (11) is an algebraic linear system of equations, which can be solved for the relative amplitude vector q,¢

Qe = GHL f! — GHILf!! (12)
where:

G=[I+@H, +H)HK! (13)
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Next, the solution of the coupled system in the subdomains I and II at arbitrary degrees of freedom (r) can be derived by
substituting Eq. (12) into Egs. (7) and (8) as follows

q, = (H, - H KIGH, I, + H, KIGH_[! a4

q" =H'KGH. f! + (H - HLK*GHL)f" (15)

cee

The Power Spectral Density (PSD) function matrix of the stationary stochastic excitation S;:(w) is obtained by ensemble averaging
the realizations of the Fourier spectrum & (@, w) of the sample (@) over time interval [0,T] [46] in the form

Sge(@) = lim 1E[E (3, 0)85@ o) 16)

where [E[-] is the expectation operator and the asterisk superscripts denote the transpose complex conjugate. The expectation operator
performs an ensemble average over all realizations, thereby eliminating the dependence on the specific realization @. In a similar
manner, the PSD and cross-PSD functions of the stationary stochastic process vectors associated with the response and excitation of
substructure I, fel(t), and substructure II, fen(t), can be derived from the Fourier spectrum of a realization (@) over the time interval
[0,T].

Substituting the closed-form solution for the displacement amplitude vector of substructure I (Eq. (14)) into the PSD definition
(Eq. (16)) yields

1 _ _
Syiqi(@) = Jim —Elq,(@.0)q; (@.w)] =

. I RO RS 10 Cpte I 1\

Th_I)Igo TIE[(Hre - HrcK:GHce)fefe (Hre - HrcKjGHce)

l*

1 * 11 eIl
+H K*GHILf'f

cee e

1 T o 1 \* 1 T o T \plell: 1l w* 10\ * T o 11 pllell¥ gyl yo I \*
(Hre - HrcKc GHce) + (Hre - HrcKe GHcc)fef ¢ (HrcKc GHce) + HreKc GHcefe £ (HrcKc GHce) ] a7z

Considering that the receptance and coupling matrices are deterministic, they can be factored out of the expectation operator,
which then acts only on the external force terms, yielding the PSD and cross-PSD of the excitation vectors. This results in a
closed-form relationship between the excitation and response PSDs, which can be expressed as

1 T o= 1 1 T o= 1 \* T g 11 1 T o= 1 \*
Sq£q£ (CO) = (Hre - Hrc Kc GHce)ngfe! (Hre - Hrc Kc GHce) + Hrc KC GHce nglfg (Hre - Hrc Kc GHce)
O, LGB, B KCGHL + B KGR S, B KCGH as)

Similarly, the auto and cross-PSD matrices of the response for substructures I and II can be derived, leading to the following
stochastic dynamic substructuring equation

St St | _[A B] |Se Sgr | AT C 19)
St Sgrar| 1€ DI S Sy | [BT D7)

where:

—H! I 1
A=H! -H K'GH (20)

ce’

—_y! I
B=H K'GH!, 1)
11873 1
C=H!K'GH!, 22)
I 1T g 11
D=H" - HIK'GH!. (23)

Eq. (19) presents a closed-form input—output relationship for stochastic dynamic substructuring, in terms of the PSD functions of
the excitation and response. This formulation relies on the receptance matrices of the individual substructures at limited DOFs and
the coupling matrix, thus, offering significant computational advantages. Specifically, it eliminates the need for repeated solutions of
the full system of equations of the original system during design and calibration, which would otherwise require multiple simulations.
The deterministic dynamics of each substructure can be computed in parallel and subsequently combined through the stochastic
dynamic substructuring relationship.

Moreover, the proposed framework is highly versatile. It can be applied when the FRFs of the substructures are obtained
experimentally, or in hybrid scenarios where one substructure is modeled numerically and another is characterized through
measurements. The approach requires only a single matrix inversion to compute matrix G, whose size corresponds to the number of
connection degrees of freedom (DOFs) — typically much smaller than the total number of DOFs in the coupled system. Additionally,
this method accommodates systems in which one substructure exhibits visco-elastic boundary conditions. In such cases, the second
substructure can be treated as a rigid body by setting its receptance matrix to zero.
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Fig. 2. Schematic representation of the two MDOF lumped parameter substructures connected via viscoelastic elements and subjected to a
Gaussian random excitation.

3. Numerical results

In many engineering applications, it is often necessary to modify the dynamic behavior of a structure by attaching an additional
component, for example, a tuned mass damper to a large structure like a building subjected to stochastic seismic ground motion [47].
In other cases, such as in automotive applications [48], two pre-designed components must be connected, and the objective is to
design the connecting element while predicting the response of the assembled system. In such scenarios, dynamic substructuring
offers a valuable approach, as it enables efficient analysis of the overall system without repeatedly solving the full model during
each design iteration.

To demonstrate the applicability and effectiveness of this approach, this section presents two case studies employing the
stochastic dynamic substructuring method. The first involves two multi-degree-of-freedom lumped parameter systems connected
by a linear viscoelastic element and subjected to white noise excitation (Section 3.1). The second considers a model of an offshore
wind turbine connected to a monopile via connection pieces, with wave loading acting as a random excitation (Section 3.2).

3.1. Case study I: Lumped parameter system

Lumped parameter modeling is advantageous due to its simplicity and computational efficiency, making it well-suited for early-
stage analysis and conceptual design. Despite its reduced complexity, it often captures essential dynamic behavior with sufficient
accuracy. The first example is a two lumped parameter MDOF system that represents the dynamics of two different substructures.
The first substructure is clamped at one end and is free at the other, and the second substructure has free-free boundary conditions.
The two substructures are connected through a linear viscoelastic element as depicted in Fig. 2. The governing equations of motion
and the characteristic matrices are provided in Appendix.

In this example, each substructure is assumed to have five degrees of freedom, with identical mass and stiffness properties:
m; = 10 [kg] and k; = 10° [N/m]. The damping in both substructures is modeled as stiffness-proportional, resulting in equal damping
coefficients of ¢; = 1 [N s/m]. The viscoelastic connection, consisting of a spring with stiffness k, = 10* [N/m] and a damper with
coefficient ¢, =2 [N s/m] is attached to the free end of each substructure. The coupled system is subjected to stochastic excitation
at the second degree of freedom of substructure I (see Fig. 2) characterized by a power spectral density function S ;(@).

The stochastic dynamic substructuring method (Eq. (19)) is applied to the system and compared with a direct frequency-domain
solution of the fully assembled model under white noise excitation (S;(w) = 1). The results are depicted in Fig. 3. The computation
of the receptance matrix of each substructure is carried out using modal analysis with all the modes included, whereas for the full
system analysis, a direct inversion of the dynamic stiffness matrix is used for calculating the receptance matrix. The results show an
exact match between the two approaches, confirming the accuracy of the SDS method. The only potential source of approximation
lies in the computation of the subsystems’ FRFs; however, in this example, all mode shapes are included, eliminating this source of
error. Furthermore, Fig. 3 (b, c) illustrates identical results, demonstrating the anticipated agreement in the cross power spectral
density with the theoretical predictions.

It is worth noting, that each substructure possesses proportional damping, which allows for the employment of classical modal
analysis. However, the damping introduced by the connecting element renders the coupled system nonproportional, which prevents
the use of standard modal decomposition. As a result, the receptance matrix of the coupled system must be obtained either through
direct inversion of the full dynamic stiffness matrix or by employing complex modal analysis, which doubles the size of the system. In
contrast, the stochastic dynamic substructuring formulation enables efficient computation of each substructure’s receptance matrix
via modal analysis and combines them using a closed-form coupling expression (Eq. (19)). This demonstrates the method’s efficiency
not only during iterative design, by avoiding repeated full-system analyses, but also within a single design iteration. While this is
not critical for low-dimensional systems, it becomes increasingly important as the number of DOFs grows.

3.2. Case study II: Offshore wind turbine
Offshore structures such as jacket platforms and wind turbines are exposed to a range of stochastic environmental loads generated

by waves, wind, and seismic events [49,50]. In the second case study, an offshore wind turbine mounted on a monopile via transition
pieces (see Fig. 4) is studied. The proposed formulation is capable of accounting for multiple load sources, such as wind, wave,
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Fig. 3. Comparison of auto (a, d) and cross (b, c) power spectral densities at the free ends of each substructure under white noise excitation,
using the full system and Stochastic Dynamic Substructuring (SDS).

and seismic interactions, through the inclusion of cross-PSD terms in the excitation. However, for simplicity and without loss of
generality, the present study considers only wave loading as the source of stochastic excitation.

A representative model of a wind turbine coupled to a monopile is considered, incorporating certain assumptions. The monopile
is clamped to the ground at the seabed level, neglecting soil-structure interaction. The monopile, tower, and blades are modeled
as uniform cylinders with lengths L,,, L,, and L,, respectively. An isotropic linear elastic material is assumed for all components,
characterized by Young’s modulus E;, Poisson’s ratio v;, density p;, and annular cross-sections with inner radius R{ and outer radius
R}, where j := m,t,b denotes the monopile, tower, and blades, respectively. The random vibration response is derived for a fixed
blade angle 6 with respect to the tower (see Fig. 4).

The monopile, tower, and blades are discretized using the finite element method with N; three-dimensional Timoshenko beam
elements, each with six degrees of freedom per node. The transition pieces are modeled as a viscoelastic matrix K} = K, + joC,,
which has six degrees of freedom and connects the wind turbine to the monopile. Without loss of generality, the stiffness K, and
damping C,. matrices are assumed diagonal, with translational stiffness and damping denoted by k_, c., and rotational stiffness and
damping by k/ and c/, respectively. The wind turbine nacelle is modeled as a concentrated mass, characterized by three translational
masses m, and three rotary inertias I;; about axis i. Table 1 lists the parameters used for the coupled structure, which are based on
the IEA 15-megawatt offshore wind turbine [51], with some approximations for the present model.

The coupled wind turbine-monopile structure is excited by stochastic wave loading. The wave load varies based on the free
surface elevation of the sea. The wave surface elevation 7(¢) is modeled as a zero-mean, stationary Gaussian random process, fully
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Fig. 4. Schematic illustration (a) and simulation model (b) of the offshore wind turbine with monopile subjected to stochastic wave loading.

Table 1

Material, geometric, and mesh properties of the subsystems.
Blade Tower Monopile Nacelle Transition piece
L, = 117 [m] L, = 145 [m] L, = 35 [m] m, = 820 [kgl k. =1lell X
R' =19 [m] R =7.97 [m] R" = 9.95 [m] m, = 820 [kg] k= 1e13 T2
R} =22 [m] R =8 [m] R" =10 [m] m, = 820 [kgl ¢ =5e8 %2
E, = 30 [GPa] E, = 200 [GPa] E, = 200 [GPa] I, = 21430 [kg m’] e = 1el0 F 22
v, = 0.3 v, =03 v, =03 1,, = 18680 [kg m’]
2, = 1900 [;i] s, = 7850 [%] o = 7850 [:T"] I.. = 12600 [kg m’]
N, =117 N, = 145 N, =35
0 = 30°

characterized by its spectral density function S, (w). There are different relationships for modeling the spectrum, such as Pierson-
Moskowitz [52] and JONSWAP [53]. In this study, Pierson-Moskowitz spectrum has been used for the sea surface elevation, which
can be represented as:

4
S, (@) = ag’o™ exp <—ﬂ (wlg] ) ) . 24
10
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Fig. 5. Comparison of auto (a, d) and cross (b, c) power spectral densities at the free end of the blade and tip of the monopile (Fig. 4) under
wave excitation, using the full system and stochastic dynamic substructuring (SDS).

where g = 9.81 [m/s?] is the acceleration due to gravity, U;, = 10 [m/s] is the wind speed measured at 10 m above the sea surface,
a = 8.1e-3 is the Phillips constant, and f ~ 0.74 is an decay constant. According to linear wave theory, the spectral density of
the horizontal water-particle velocity i depends on the vertical position within the water column [54]. In this study, the vertical
variation is neglected and a uniform distribution along the monopile is assumed, such that the velocity spectrum is approximated
as S, ~ szn. Wave loads exciting the monopile (substructure I) are represented by the Morison equation [55,56]. By neglecting
the drag term and the correlation between the force at each point load, the force spectrum matrices in Eq. (19) are represented as

Sppi(@) = (6C, V0 S, (@), (25)
ngfgl (w) = 0,11, nglfg (@) = 0,11, Sfeglfen (@) = 01,1, (26)
where p = 1025 [kg/m?] is the density of seawater, C,, = 2 is the inertia coefficient, and ¥ = 7z(R;")2 is the displaced volume

per unit of length. L, and 0,,; denote the identity and zero matrices, respectively, of size equal to the excitation DOFs ¢’ x ¢/ in
substructure i, j = LI

Fig. 5 compares the response spectra obtained from the full-system model and the stochastic dynamic substructuring (SDS)
method at the tip of the horizontal blade and the monopile (see Fig. 4). The spectra are presented along the x direction (sway) and
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Table 2
Computational time for calculating responses in Fig. 5.
Time [s] Average time per frequency step [s]
Full 58002 5.27
SDS 637 0.057

the z direction (surge). It is assumed that 90 percent of the monopile is submerged and that the wave load is applied at a 45-degree
angle relative to the x axis.

For the full-system model, the receptance matrix is computed using direct inversion due to the nonproportional damping
introduced by the connection. In the case of SDS, the receptance matrix is evaluated at the required degrees of freedom using
all mode shapes of each substructure, as specified in Eq. (19). The results show excellent agreement between the two methods, with
significant computational savings (see Table 2), while enabling independent modification of each substructure without reanalyzing
the entire system. The computational advantage stems from the ability to perform modal analysis on individual substructures, which
is not feasible for the coupled system due to the nonproportional damping. In the stochastic dynamic substructuring approach, only a
small matrix, corresponding to the connection DOFs, needs to be inverted, in contrast to the full system’s size. This formulation also
enables combining numerical models with experimental data from different structures. Additionally, the closed-form substructuring
equation can be applied in operational modal analysis to identify dynamic properties of individual substructures or connections.
These two applications are left for future investigation.

4. Conclusion

A stochastic dynamic substructuring method in the frequency domain has been introduced. The spectral characteristics of
a coupled system’s random response can be obtained directly from those of the stationary stochastic excitation. Substructures
connected by linear viscoelastic elements with arbitrary degrees of freedom are coupled through an exact closed-form expression.
This formulation requires only the deterministic frequency response function of each isolated substructure with a free interface at
the connection, evaluated at limited degrees of freedom. Since FRFs are measurable quantities, this makes the method suitable for
numerical simulations, experimental testing, and hybrid approaches.

Stochastic dynamic substructuring offers several advantages over existing methods. From a computational perspective, it enables
separate analysis of each substructure and connection, supporting parallel processing and allowing different model reduction
techniques tailored to each component’s damping characteristics. This flexibility is often not possible in the full system due to the
presence of nonproportional damping. The method is also beneficial for iterative procedures such as model calibration, optimization,
and localized modification, since only the affected part must be updated, without resolving the complete system.

The method’s accuracy and efficiency have been demonstrated through two examples: a lumped parameter system excited
by white noise and a monopile-supported wind turbine under stationary random wave loading. Significant computational gains
were observed in the system with a high number of degrees of freedom. Additionally, the formulation supports the combination
of measured data from one substructure with numerical results from another to evaluate the dynamic response of the assembled
structure under operational conditions, although this capability was not the focus of the current work.
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Appendix. Characteristic matrices of case study I

The coupled system in Case Study I is modeled as two substructures, each possessing five degrees of freedom (DOFs), connected
through a single DOF. The governing equations of motion are given by Egs. (4) and (5) for Substructures I and II, respectively. For
Substructure I, the linear DOFs are defined as | = [1,2,3,4], the connection DOF as ¢ = [5], the excitation DOF as e = [2], and the
response DOF as r = [5]. For Substructure II, the linear DOFs are / = [2,3,4, 5], the connection DOF is ¢ = [1], there is no excitation
DOF (e = []), and the response DOF is r = [5].

After defining the substructures and the associated DOFs, specific components of the receptance matrices for each substructure are
required to compute the PSD of the response using Eq. (19). In this case study, these components are obtained via modal expansion
of each individual substructure, assuming it is free at the connection DOF. To determine the natural frequencies and corresponding
mode shapes, the characteristic matrices of each substructure are required, which are given as follows

Substructure I:

m 0 0 0 0
0 m 0 0 0
M=l0 0 m 0 0], (A1)
0 0 0 m O
0 0 0 0 ms
_c] +c —Cy 0 0 0
) cyt+cy —c3 0 0
Cl= 0 —c3 3ty —cy 0|, (A.2)
0 0 —cy cytes  —cs
| 0 0 0 —c5 cs
(k) +ky  —ky 0 0 0
—ky kot ky  —ky 0 0
K= o0 k3 kytky k4 0 (A.3)
0 0 —ky kgt ks —ks
| o 0 0 —ks ks
Substructure II:
m 0 0 0 0
0 my 0 0 0
Mi=|l0o 0 m 0 0], (A.4)
0 0 0 m O
0 0 0 0 ms
[, - 0 0 0
- ¢t —c) 0 0
cl=|o —c ot —c3 01, (A.5)
0 0 —c3 cgtey —¢y
| O 0 0 —cy cy
B3 —k, 0 0 0
-k ki+ky  —k 0 0
Ki=| o0 —ky  kythky ks 0 (A.6)
0 0 —ky kit ky —ky
| 0 0 0 —ky ky
The connection matrix (Eq. (9)) in this case is given by K’ (w) = [k, + jwc,]. Since excitation is applied only to Substructure
I, Eq. (19) simplifies such that ngfeﬂ = Sfe"fel = SfereH = [0], while ngfg = [S;(w)]. The numerical values of the aforementioned

parameters are reported in Section 3.1.
The mode shapes of each substructure are computed once. Subsequently, the response PSD is obtained by sweeping over the
frequency w, with the remaining computations consisting of matrix multiplications at each frequency step using Eq. (19).

Data availability

Data will be made available on request.
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