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Abstract

Density-based topology optimization has proven to be a powerful framework for designing high-performance structures across
a wide range of physical domains. However, a challenge in density-based topology optimization is incorporating the influence
of boundary-dependent conditions such as forces, heat fluxes, and interface conditions in the optimization process, due to the
evolving and initially undefined nature of these boundaries. Existing solutions to this problem often rely on physics-specific
workarounds, auxiliary fields, or mesh-dependent strategies, limiting their generality and broad applicability. In this work, we
introduce a novel approach based on boundary interpolations. This enables the application of arbitrary boundary conditions
in density-based topology optimization, regardless of mesh structures or underlying physics. The boundary interpolations
integrate seamlessly into the density-based topology optimization methodology, transforming it into a boundary-aware opti-
mization method. We demonstrate this by designing an optimal acoustic resonator that leverages viscothermal boundary losses
to fully absorb an incoming acoustic wave, and we highlight the degradation of the resonator’s absorption performance when
physically accurate vibroacoustic multiphysics are taken into account. To recover its performance, we subsequently include a
strongly coupled vibroacoustic multiphysics model in the optimization process, along with the associated boundary-dependent
coupling conditions. This showcases, to the best of the authors’ knowledge, the first simultaneous application of multiple
interface conditions to a single boundary during a density-based topology optimization process. This advancement opens the
door not only to the optimal design of complex vibroacoustic systems, encompassing all their physical complexity, but also
to other applications that require the incorporation of boundary effects into density-based topology optimization.

Keywords Topology optimization - Boundary-dependent optimization - Viscothermal boundary Losses - Strongly coupled
multiphysics - Vibroacoustics - Resonator design

1 Introduction

Density-based topology optimization (DBTO) has emerged
as a powerful tool for designing complex structures across
various engineering fields by systematically distributing
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material within a design space, while fulfilling a number
of specified performance goals and constraints, and thus
enabling the development of efficient, lightweight, and high-
performing designs. This approach has produced significant
performance improvements across diverse applications and
physics, such as metastructure material design (Andreassen
et al. 2014), full-scale airplane wings (Aage et al. 2017) and
extreme light confinement (Albrechtsen et al. 2022). How-
ever, DBTO presents challenges when imposing boundary
conditions in the design domain, such as boundary-dependent
forces, heat fluxes, interface conditions, or boundary losses.
This challenge stems from the nature of DBTO, where the
design process typically starts with a non-binary structure
and gradually refines it into a local optimal, binary material
distribution (material or no material). Consequently, physical
boundaries remain undefined during much of the optimiza-
tion, which prevents the optimizer from knowing where they
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are and from accounting for them in the objective. Address-
ing this challenge requires methods that identify boundaries
throughout the optimization process and integrate boundary
sensitivities into DBTO, allowing the optimization algorithm
to account for how, not just volumetric changes, but also
boundary changes influence the objective. Significant early
work in this area includes DBTO of electromagnetic skin
depth problems (Aage et al. 2010), where boundary condi-
tions are applied on all finite element boundaries, and the
redundant boundary conditions are nullified by the physical
nature of the vanishing electromagnetic field at the bound-
ary. Another important contribution is the work of Jensen
(2019), for multiphysics coupling conditions, more specif-
ically vibroacoustic coupling conditions, where, for each
discrete finite element, coupling conditions are imposed on
all finite element boundaries, and the directional nature of
the coupling conditions is exploited to cancel unwanted
coupling contributions throughout the optimization process.
Furthermore, (Kumar et al. 2020), where Darcy’s law in
conjunction with a drainage term is proposed to apply design-
dependent fluidic pressure loads throughout the optimization
process. Their work introduces a design-dependent pressure
field, which is then used to apply consistent nodal loads.
Also noteworthy is Ibhadode et al. (2020), here design-
dependent pressure loads are applied by identifying the
boundary through a simple boundary identification method
and a load evolution. In Wang and Qian (2020) a density gra-
dient approach is used to apply design-dependent pressure
loads, interestingly through the use of an auxiliary density
field, the authors are also able to keep track of loading
and non-loading boundaries. Another significant contribu-
tion is the work of Bluhm et al. (2021), here a third medium
approach is combined with DBTO in order to avoid explicit
boundary tracking to impose internal contact. For thermal
convective boundary conditions, Guo et al. (2023) used the
bidirectional evolutionary structural optimization method,
in combination with virtual elements to identify the con-
vection boundaries and label matrices to modify the heat
transfer matrix. In Mousavi et al. (2023), the squared jump of
the neighboring design variable at discrete element edges is
used to enforce acoustic boundary losses on structured grids,
which allows for the decoupling of directional dependencies
in the boundary conditions. The method has been success-
fully applied to the design of multifrequency Helmholtz
resonators, and later on, for the design of acoustic black
holes (Mousavi et al. 2024). In Zhang et al. (2024), pressure
loading is included in a DBTO framework by leveraging the
method of moving morphable void approach, together with
the boundary element method. In Iga et al. (2009), structural
boundaries for heat convection loads are extracted using a
hat function and taken into account in the heat transfer coef-
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ficient using a surrogate model. Similar to Mousavi et al.
(2023), in Kostopoulos et al. (2025), used the jump of the
neighboring design variable with added directionality in the
jump to enforce loading conditions on the fly to optimize for
torsional and warping behaviors of beams. Also noteworthy
is the work in Martinez De Aguirre Jokisch et al. (2024),
where particle shapes are optimized within an electromag-
netic field by formulating a boundary-dependent objective
based on a bounding box. Within the bounding box, particle
shapes are engineered that exhibit attracting, repelling, and
accelerating behaviors. A common thread across all these
works is their ingenious exploitation of specific physical
properties, mesh structures, or several auxiliary functions
or fields to dynamically impose boundary conditions during
the optimization process. However, these approaches inher-
ently limit them to particular types of boundary conditions
and specific discretization meshes, restricting their broader
applicability, and thus, for every new boundary condition or
physics, another method has to be developed.

To address this, we introduce in this work a set of bound-
ary interpolations, a novel methodology that enables the
imposition of arbitrary boundary conditions in DBTO on
arbitrary mesh structures. Our work augments DBTO from
a primarily domain optimization process to a boundary-
aware optimization process. We demonstrate the application
of boundary interpolations to model viscothermal boundary
losses in acoustics and extend it to encompass vibroacous-
tics. This advancement paves the way for the optimal design
of micro-scale vibroacoustic devices, including hearing sys-
tems, microphones, speakers, and microacoustic actuators.

The outline of our work is as follows. In Sect. 2, we
introduce the novel boundary interpolations by formulating
the concept of boundary variables and discrete closed-
loop integration. We then demonstrate the applicability of
this approach to various types of boundary conditions.
Specifically, in Sect. 3, we address viscothermal boundary
losses using the Boundary Layer Impedance (BLI) approach
(Berggren et al. 2018), where we design a single-frequency
resonator dissipating an incoming acoustic wave through vis-
cothermal boundary losses. We then expand on this in Sect.
4, where we additionally introduce vibroacoustic coupling
conditions, which results in the application of three different
boundary conditions throughout the optimization process.
To the best of our knowledge, this is the first demonstration
of multiple boundary conditions applied simultaneously to
a single boundary in DBTO, further highlighting the gener-
ality and versatility of the boundary interpolation approach.
Finally, we conclude our work in Sect. 6, with a discussion
and summary of our contributions.
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2 Boundary interpolations for topology
optimization

The basis for the boundary interpolations is the classical filter
projection approach used in DBTO:

s=PF(s,r),n B) (1

Here, s represents a vector of mathematical design vari-
ables, while s represents the vector of physical variables,
F denotes a smoothing operation to ensure mesh indepen-
dency and numerical stability (Lazarov and Sigmund 2011),
with r representing the physical filter radius. The operator P
(Wang et al. 2011) serves as a projection mechanism, aim-
ing to drive the design toward a final binary design. Here 8
controls the steepness of the smooth Heaviside function, and
n defines the critical point at which the transition between 0
and 1 occurs. A more thorough treatment of the above can
be found in Andreassen et al. (2011). In order to define the
boundary interpolation, we first introduce two key concepts,
the boundary variables and the discrete closed-loop integra-
tion.

2.1 Boundary variables

The boundary variables are introduced as a vector sg, which
is not a new set of design variables, but rather a simple
projection of them to the element boundaries. The vector
is constructed based on the differences in physical variables
between elements and their neighbors, similar to a jump con-
dition. Specifically, each element computes the difference
between its own physical variable and that of its neighbor-
ing elements. One entry in the boundary variable vector is
defined as:

e _ = -k
Sb = Se = SNeighbor @)

Here, sgk is a single boundary variable for a single bound-
ary of a single element, k is the local boundary of the element,
S the physical design variable of the element and 51136[ ghbor
the physical design variable of the neighboring element that
is attached to element boundary k. Note that this definition
means that one boundary, that is shared between two ele-
ments, has two boundary variables with opposite signs, one
for each element attached to the boundary. An illustration
exemplifying this concept can be seen in Fig. 1. Here four
elements are shown, with different values of the physical
design variable s and their respective boundary variables szk ,
shown at their boundaries.

The boundary variables vector sp can effectively be
obtained by a matrix vector multiplication between a matrix

B and the physical design variable vector §:

(NLp*Np)xNp Npx1 — (Npp-Np)xl
— = —~ —~ =
B s = sB 3)

Here B is a matrix that maps the physical design variable
vector s to the boundary variable vector s g, N5 is the number
of local boundaries of an element, and Np is the number
of design variables in the design domain. An example of
the matrix B for a small quadrilateral mesh can be found
in Appendix A. We emphasize that the boundary variables
sp are dependent on the physical design variables §, which
themselves are dependent on the design variables s, through
the filter projection operations defined in Eq. (1) and thus
no extra design fields are introduced. Constructing B is a
simple preprocessing step, which makes the computation of
boundary variables inexpensive.

2.2 Discrete closed-loop integration

We now present the concept of discrete closed-loop inte-
gration within the framework of the finite element method
(FEM). Consider a generic Partial Differential Equation
(PDE) given in its strong form:

D [0(x)] —Fx) inQ )
D [ff(x, S)] = F(x,$) inQp (5)

aVU(x) -n(x)+yUx)=Gx) onTgvIy (6)

Here D is a generic differential operator, U issome generic
field variable, x spatial components, Fisa generic load term,
Q2 is a non-design domain, S is a continuous version of the
physical design field, 2p is the design domain. V is the gra-
dient operator, n(x) is the normal vector to the boundary,
and o and y are coefficients that control whether one wants
to impose a Neumann or Dirichlet boundary conditions at
I'gand G a generic function to be applied on at I'g. The
notation (%) indicates the presence of complex values. Lastly,
the ? in I'y represents boundaries in the design domain Q2p
where Dirichlet or Neumann boundary conditions should be
applied, but boundaries are yet undefined, see Fig.1 for an
illustration. Imposing boundary conditions on I'7 is a chal-
lenge in DBTO, as through the optimization process, no clear
boundaries are defined. In order to address this, we introduce
the concept of the discrete closed-loop integration over a sin-
gle finite element. Throughout the discretization process used
in FEM boundary conditions are typically introduced at this
stage:

/r g(x)dr, @)

@ Springer
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Fig. 1 Tllustration of the boundary interpolation concept, showcasing
a continuum body consisting of a design domain 2 p, encompassing
three regions of different physical design variables s = 0, 0.5, 1, and
its design domain boundary I" p. Furthermore, 2 denotes a non-design
domain. Boundary conditions exist at I'p in the non-design domain.
At I'9, arbitrary boundary conditions are to be imposed. Magnifications
are shown for the discretized design domain boundary I'p, a generic
portion of the discretized design domain and its discretized arbitrary
boundary conditions I's, and the interface of the design domain and

With I, being a single element boundary and g(x) being a
generic function, note that g (x) includes both the test and trial
functions used in FEM. Note also that the Dirichlet conditions
can be treated similarly to Eq. (7), by, for example, employing
Nitsche Method (Nitsche 1971), which we will not cover in
this work. At this stage, we reformulate Eq. (7) as such:

@ Springer

non-design domain. At I'p, boundary variables are modified (sp,),
and at the design domain and non-design domain interface Qp A Q
(shapae). The rectangular framed region showcases the conceptual
idea of the boundary interpolations and how the boundary conditions
are imposed. This may originate from either the solid region, / (sgk )*,or
the void region, / (sf)k )~ . The boundaries and their corresponding impo-
sition strength, after the boundary variables have been passed through
the boundary interpolation, are indicated by color intensity

Np Npp
o (x)dl', = dr, +/
AZ/Ff(“ /rggu) i

gx)dl, + ...
e=1j—1 2

e

®)
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Fig.2 Two elements with their respective local boundaries and outward
pointing normals

where A is the assembly operator, ensuring that the local
contributions of Eq. (8) contribute correctly to the global
system matrix or global load vector. If the boundary con-
dition depends on the normal vector w.r.t. a boundary, the
normal vector is by definition always pointing outwards in
relation to the element boundary as depicted in Fig.2. Here
two quadrilateral elements are shown, with their respective
local boundaries and outward pointing normals. This fact
needs to be taken into account when formulating the discrete
finite element problem, as this can lead to a different sign
for certain types of boundary conditions that follow other
normal conventions. Note that Eq. (8) is applied for all finite
elements in the design domain and thus effectively applies
the boundary condition twice on all internal boundaries of
the discretized design domain Q2p and once at the exter-
nal boundaries located at the boundary of the computational
domain.! In order to remove the redundant boundary con-
ditions throughout the optimization process, we now finally
introduce the boundary interpolations.

2.3 Boundary interpolations

The boundary interpolations build on the insight that the
boundary conditions defined in Eq. (8) should only exist
where there is contrast in the design field. Thus, we intro-
duce boundary interpolations to augment Eq. (8) as:

Np Nrp

A /F sV g T ©)

e=1j=1|

Here 1 (sgk)(') is the boundary interpolation function which
is a function of the boundary variable sl‘;k. The boundary
interpolations are defined as follows:

I(sl‘;’k)Jr = W(sl‘;’k)pT(sgk) (10)

! Note that contrary to Eq. (5) where a continuous version of the DBTO
exists through a continuous physical design field S, imposing boundary
conditions on I'; can only be done in the discrete domain and not in the
continuous domain, as we need discrete element boundaries to apply
the boundary conditions on.

I(sp)~ = W(sp )T (=sp,) (11)

where W (x) is the continuous approximation of the abso-
lute value function, 7'(x) a continuous approximation of a
Heaviside step function. Furthermore, p denotes a penaliza-
tion parameter, whose value depends on the problem and the
boundary conditions. In general, larger values of p dimin-
ish the influence of the interpolated boundary conditions for
intermediate design values, where contrast is low. While a
high penalization value can suppress non-physical contribu-
tions from intermediate boundary values that might otherwise
destabilize the optimization process, it also reduces the sensi-
tivity contribution of the boundary conditions for low contrast
designs. As aresult, the optimization is guided less by bound-
ary effects and may not fully exploit them in the final design.
Therefore, it is advisable to begin with p = 1 and increase
it only if necessary. In the following examples, we consider
p € {1,2}. W(x) and T (x) are defined as follows:

W(x) = v (x%+e) 12)

T(x) = % [1 + tanh(Lx)] (13)

where € is a small positive number to make the approximation
differentiable at x = 0, and L a large positive number to
make the approximation resemble a Heaviside step function.
In fact, Eq. (13) is the same as the projection function P given
in Eq. (1) with n = 0. The approximations can be seen in
Fig.3.

Whether to use Eq. (10) or Eq. (11) depends on the nature
of the boundary condition that is interpolated, i.e., whether
the boundary conditions should be imposed from the higher
physical design variable or the boundary with the lower phys-
ical design variable, see Fig. 1 for an illustration of this, where
the red shaded lines indicate the active boundary condition
and the shade of the red color indicates the strength of the
boundary condition, with the darkest red being the strongest.
It is important to notice that the boundary conditions are
only active where contrast exists between two neighboring
elements in their physical design value, since the specific
boundary variable sgk is zero otherwise.

2.4 Boundary-dependent optimization problems
To emphasize that the boundary interpolations, which depend

on the boundary variables s g, can be incorporated into a stan-
dard (DBTO) problem, we present the following formulation:

min : J[5,4(5),sp(). i(sp(3)] (14)
S.t.: A [5,sp(®)]als,sp()] = f[§, sp(s)] (15
c[5. (), sp(5). d(sp(5)] <0 (16)
0<s=<1 (17)

@ Springer
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Fig.3 Plots of W(x) with
varying € and T (x) with varying

—e=1—€=025 —e=10"8

—L=1—L=2—L=64

L. Left: The behavior of W (x) T T
for different values of €. Right:
T (x) for different values of L

A®X)

T T T T

T
|

Here J is a generic objective, Eq. (15) is the solution to
a generic state equation with A being the state matrix, & the
state vector, f the state loading vector, c a constraint, and Eq.
(17) box constraints on the design variables. The vector § is a
vector of filtered or intermediate design variables. Recall that
the physical design variables s depend on s through the filter
projection operation defined in Eq. (1) and the boundary vari-
ables sp depend on the physical design variables s through
the boundary variable matrix B defined in Eq. (3). Conceptu-
ally, the design s or physical variables s can be interpreted as
domain information that the optimizer has access to. In other
words, a change in these fields, reflects how the objective
changes with respect to volumetric (in 3D) or area changes
(in 2D) in the design domain. On the contrary, the boundary
variables sp inject boundary information into the optimiza-
tion problem, such that Eq. (14), Eq. (15), and Eq. (16) now
can depend explicitly, or implicitly through the state variable
i, on the boundary variables s g. This allows the optimizer to
account for how the objective changes with respect to emerg-
ing boundaries of the design. This fact is highlighted further,
by formulating the sensitivity analysis of the optimization
problem.

2.5 Sensitivity analysis

In order to facilitate the use of gradient based optimiza-
tion algorithms, such as the method of moving asymptotes
(MMA) (Svanberg 2014) used in this work, the adjoint
method is used to derive sensitivity information. For the pre-
sented optimization problem in Egs. (14) to (17), the total
sensitivity w.r.t the design variable vector s yields:

Domain info.

aJ aJ ar 0A . crdf
o (AT - xT—{
ds as s s

@ Springer

Boundary info.
aJ ap DA S TAYE
| 2L pa(ir 24 —w(ar 2L | 2E
asp asp asp as

Here ) denotes the real part. The definition of the par-
tial derivatives %g—i can be found in Wang et al. (2011)
and Lazarov and Sigmund (2011), respectively. The partial

derivative 3{% is given by:

95 0§

F s (18)

d
25 _ B (19)
a8

Lastly, the adjoint vector A is solved for by using the follow-
ing adjoint equation.

AT aJ VAN
Ali=— — 2L (20)
ou, ou;

where u, and u; are the real and imaginary parts of the dis-
crete state vector @, respectively, and i the imaginary unit. A
more detailed derivation of the sensitivity analysis Eq. (18)

can be found in Appendix B. As highlighted in Eq. (18), with
“)
~, the total sensitivity Z—j now contains both domain and

boundary information. This provides the optimization algo-
rithm with information on how the objective changes with
respect to the boundaries of the emerging design.

2.6 Implementation caveats and initial guess

2.6.1 Design domain boundaries

As can be seen from Fig. 1, special care has to be taken at the
design domain boundary I'p and at the interface between

the design domain 2p and the non-design domain 2. At
the boundary I'p needs to fix the boundary variables to a
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discrete value, i.e., —1, 0, or 1, depending if one wants to
impose the boundary conditions from the solid or the void
boundary or does not want to impose the boundary condition.
At the interface between the design domain €2p and the non-
design domain €2, the associated boundary variables should
be assigned values of either s., 0 or 5, — 1, where 5, denotes
the physical design variable of element e to which these
boundary variables are attached. This enables the boundary
condition to appear or disappear at the interface as needed.
If the boundary variable vector is modified explicitly, one
also needs to zero out the corresponding rows in the projec-
tion matrix B, to avoid sensitivity information to propagate.
This effectively creates a passive boundary variable, analo-
gous to passive design variables in DBTO. Alternatively, if
the problem at hand dictates that the optimization algorithm
should choose the boundary conditions also at the boundary
of the design domain I' p and the interface between the design
domain 2 p and the non-design domain €2, one can introduce
artificial padding elements as is done in Zhou et al. (2014)
and Lazarov et al. (2016), to augment the design domain by
one element around its circumference.

2.6.2 Initial guess

Depending on the objective function that is optimized, it
might be beneficial to provide an initial guess for the opti-
mizer that possesses a slight contrast in the design field. If the
initial guess is completely uniform, no boundary-related sen-
sitivities are activated, since all boundary variables vanish.
Thus, if the objective only improves through the introduc-
tion of boundaries into the design domain and not through
domain changes, the optimization routine will be stuck.

2.7 Summary of boundary interpolations

In summary, the boundary interpolations allow for the iden-
tification and imposition of arbitrary boundary conditions
in DBTO. The boundary interpolations thus augment the
standard DBTO optimization problem with boundary sensi-
tivity information, allowing the optimizer to account for how
the objective changes with respect to the boundaries of the
emerging design. Furthermore, the boundary interpolations
allow for the imposition of boundary conditions on arbitrary
mesh structures, quadrilaterals, triangles, tetrahedra, hexahe-
dra or a mix of them, as long as the mesh is conformal, that
is, elements are connected through a single boundary with
their neighboring elements. This makes the boundary inter-
polations applicable to a wide range of real life applications,
also in the case of unstructured meshes.

3 Acoustic viscothermal boundary losses

In the following, we will present the application of the bound-
ary interpolations to design a single-frequency resonator in
an air filled wave guide to achieve the absorption of an incom-
ing acoustic wave through viscothermal boundary losses. To
maintain the focus and readability of this work, y details
such as simulation, optimization and geometrical parame-
ters not central to the main discussion have been relegated to
Appendix E.

3.1 Governing equation

We first introduce the governing equations for acoustics and
the viscothermal boundary losses in the frequency domain.

I 54 ®* A .

—VP+——P=0 ingQ, 1)
Pa Capa

| 2,

—V?P(S)+ 5—P(S)=0 inQp (22)
Pa CyqPa

1 A w w
ng! (—VP) +i P =2i P, onTly  (23)
Pa PaCa PaCa

{1 _a i—1 A
ng | —VP ) -6 ——V)-VP
[V
2pq

Pa
2 .
“ Dy —1)
+ 87— (=D& =Dp_o onry (24)
C5Pa 2

Here P is the acoustic complex pressure, P;, the ampli-
tude of the incoming acoustic wave, p, the density and ¢,
the speed of sound in the acoustic medium, o the angular
frequency, n, the normal vector to the boundary, with the
tangential nabla operator given by: V|| = (I — nang V.
Furthermore, y the ratio of specific heats, §, and §7 are the
viscous and thermal boundary thicknesses defined as follows:

21 2K
Sy(w) = . Or(w) =
Pa® WPaCp

(25)

In Eq. (25) p is the dynamic viscosity, « the thermal
conductivity and ¢, the specific heat capacity at con-
stant pressure. Equation (21) is the classic wave equation
expressed in the frequency domain to model the propaga-
tion of sound waves in an acoustic medium. Eq. (23) is a
first-order impedance boundary condition which ensures that
acoustic waves do not reflect back into the domain. Equation
(24) represents the Boundary Layer Impedance (BLI) condi-
tion, as previously discussed. This condition eliminates the
need to explicitly resolve the boundary layer by effectively

@ Springer
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collapsing it onto the finite element boundary. The BLI condi-
tion accurately captures the effects of viscothermal boundary
losses, with the important caveat that it remains valid only
when boundary layers in narrow channels do not overlap.
Throughout this work, this assumption is upheld by ensuring
that the minimum element size is at least twice the thickness
of the largest boundary layer. That is, we enforce

2emin = max(8y, dr) (26)
3.2 Design problem

The 2D planar design problem of the resonator is adapted
from Andersen et al. (2019) and can be seen in Fig.4,
effectively depicting an impedance tube. The angular fre-
quency of interest is chosen as 12500 [rad /s], which is well
below the cut-on frequency of the first non-planar mode at
21550 [rad/s]. This ensures the validity of the boundary
condition given in Eq. (24).

Note that at ', rq;, and I p the boundary variable vector
sp is modified explicitly. That is, the boundary variables at
these boundaries are set to zero, preventing any BLI condition
from appearing at these boundaries.

3.3 Objective function

The objective of the resonator problem depicted in Fig. 4 is to
maximize the absorption of an incoming acoustic wave from
the left boundary T';,, at a specified frequency through the
BLI condition. To achieve this, we formulate the following
optimization problem:

_ Jr,, |P@.5.58) = Pin(@)?dT

msin : J fri,, P (@) BT 27)
S.t.: A, §,sp)ii(w,5,58) = f () (28)
Vdesign (3_') - Vfrac <0 (29)

0<s<1 (30)

Here, Eq. (27) depicts the minimization of the reflection
of the incoming acoustic wave at the inlet boundary, I';,.
This can be seen by setting P = P;,, resulting in a reflection
coefficient of 0, which corresponds to a full absorption of
the incoming wave. The objective function is normalized by
the integral of the incoming wave amplitude over the inlet
boundary, in order to bound it between 1 and 0. Further-
more, the absolute difference is squared, in order to regularize
the impact of changes in pressure on the objective function,
which results in a smoother objective history. Equation (27)
can be interpreted as a measure of the energy of the reflected
wave, and thus, if the objective reaches 0, the full energy of
the incoming wave is absorbed. Moreover, Eq. (29) is a vol-
ume constraint, which ensures that the design domain does
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not exceed a certain volume fraction, V4. and is included to
enhance numerical stability by tightening the design space.
The state equation Eq. (28) contains both the state matrices
of the non-design domain €2, and the design domain Qp. In
the design domain 2p, it is assembled from the contribution
of the single finite element as follows:

Np
AA(a)’ §1 SB) ZAAAE(wv S_61 sBe)
e=1
= [k () Ke + o7 (Se)M o ()
Npp .
+ Y 1(s5) s De()] (31)

k=1

where K, is the stiffness matrix, M, the mass matrix aris-
ing from the FEM discretization of Eq. (21), and D, the
BLI matrix arising from Eq. (24). Moreover, xk~1(s,) and
Pa 1(s,) are standard inverse material interpolations for the
acoustic bulk and density as used in Diihring et al. (2008).
Note here the boundary interpolation / (sgk);=2, with penal-
ization parameter equal to 2, which is used to impose the
BLI condition in the design domain. The BLI matrix f)e is
defined as follows:

D.(0) = 0*87(w) / NIN, dT, + 8,(w)
r,

f [(1 — nnT)%}T [(1 - nnT)%} dr
r, 0x ox ¢
(32)

with N, being the acoustic shape functions and 351“ their
derivatives with respect to the spatial dimension. Finally n is
the normal vector to the element boundary, which follows the
convention introduced in Fig. 2. The boundary interpolation
1 (sl‘jk);:z, which imposes the boundary condition from the
void region, is strictly necessary, as it depends on the gradi-
ent of the pressure field captured by the term agc“. Should
one falsely impose the BLI condition from the solid side,
contribution from the non-physical fictitious acoustic field
in physical design regions of s, = 1 would contribute to the
BLI, and thus produce erroneous results. Lastly, note the vec-
tor s g, which contains a subset of boundary variables for one
finite element, which are needed for the summation Z,iv:“l’
The definition of the stiffness and mass element matrices
K., M, together with their respective interpolation functions

! (Se) and p, 1 (se) can be found in Appendix C.

3.4 Stopping criteria

In this work, we impose a stopping criterion based on the
relative change of design variables between consecutive iter-
ations falling below 0.01, in combination with the absolute
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L;

L,

Fig.4 The 2D planar resonator problem setup. €2, depicts an acoustic
domain, and the design domain €2p is placed to the right of it. On I';;, a
first-order absorbing boundary condition is applied and the objective is

value of the objective function, J < 0.01, as this represents
an approximate full absorption of the incoming energy and
thus a theoretical lower bound of the objective function. Fur-
thermore, we also impose a stopping criterion based on the
Measure of Non-Discreteness (Sigmund 2007) defined as:

YN as,(1 - 5)
Np

Moy = x 100% < 0.05% (33)

where M,; refers to the Measure of Non-Discreteness.
Although a 0.05 percent threshold may seem strict, the strong
boundary dependence of the objective makes an almost
binary design field necessary, in order to not degrade the
objective value when validating the results through a post-
processed analysis.

3.5 Continuation strategy

Typical in DBTO is the use of a continuation strategy for the
B value from the projection operator in Eq. (1) (Wang et al.
2011). As there exists no universal strategy for the choice
of B continuation, we adopt the idea presented in Dunning
(2024), that is:

if ]iterfl _Jiter > 0 then
ﬂiter+l — Igi[er(l +ﬁ%)

(34)
(35)

where B, is the percentage increment of § per iteration and
iter the current optimization iteration. The above is applied at
every iteration and, similar to the findings of Dunning (2024),
this can lead to a reduction in the number of optimization
iterations. Note that if B¢, is chosen too large, the optimizer
is likely to converge to a poor local minimum due to the
lack of exploration in the design space. Conversely, if By, is
chosen too small, one might need a large number of iterations
to binarize the design field. Thus, to determine a suitable
choice of continuation parameter, we perform a parametric
study of Bg, starting with a high value and then lowering it
until the optimization achieves the targeted performance.

Y
A
Y

measured. 'y represents the BLI conditions that need to be placed inside
the design domain. L1 = 0.3 [m],L, = 0.05 [m] and L3z = 0.05 [m]
are geometric parameters

@) @) O

v "6
w1

- My = 10°

103
« 10

10" 4

10°

0 50 100 150 200 250
Iteration [—]

Fig.5 Optimization history of acoustic resonator. Light shaded region
to the left indicates B¢, = 0.01 and darker shaded region Bq, = 1.
The top plot shows the objective function J and the bottom plot the
evolution of the continuation parameter 8. Blue circled region shows
initial guess, red circled regions show the design field at iteration 200
and white circled region shows the final design field at iteration 270.
Furthermore, magnifications of the design field can be seen

3.6 Optimization results
The results of the optimization process for the frequency

12500 [rad/s] or 1989.44 [Hz/s] can be seen in Fig.5. The
initial guess is a uniform field with value s = 0.5 with a
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distance of 0.005 [m] from the design domain boundary in
all directions. The rest of the design domain is initialized
to s = 0.5. The objective reaches a value of 0.01 already
at iteration 250. Although the objective value is already
close to the theoretical limit, gray regions remain near the
boundary. Thus, 8 is increased further until convergence is
reached. To avoid excessive oscillations the move limits of
the MMA algorithm are adjusted whenJ < 0.25. This allows
the objective value to remain relatively constant and close
to the theoretical limit while the convergence criterion is
reached. Through the optimization process, small oscilla-
tions are present. This is to be expected as g is continuously
changed and thus the optimization problem is altered at each
iteration. This leads occasionally to a small increase in the
objective function, which is then quickly reduced again. We
note as a final remark, that the design field is perfectly sym-
metric without any symmetry conditions applied to the design
problem.

3.7 Post validation

To validate the results and examine the mechanism of wave
attenuation, we postprocess the design by smoothing the
boundaries to remove the staircase effect from the discretiza-
tion. Furthermore, we perform a full linearized compressible
Navier—Stokes (FLNS) analysis, where non-slip and isother-
mal boundary conditions are imposed at the boundaries of
the design and the boundary layers are fully resolved with
a boundary layer mesh and not approximated as is done in
the optimization through Eq. (24). The FLNS is solved in
the frequency domain, where the frequency is swept from
1591.55 [Hz/s] to 2387.32 [Hz/s]. We first investigate the
absorption capability of the obtained structure by defining
the absorption coefficient in Fig. 6

Jr, 1P(@) = Pip(@)ldT

Abs =1 —
I, TPin(@)]dT

(36)

and investigating its behavior over the frequency range. The
results can be seen in Fig. 6.

In Fig.6, we observe an almost perfect match with the
optimization frequency of 1989.44 [Hz/s]. The absorption
coefficient is close to 1 for the optimization frequency,and
the postprocessing only shifts the maximum absorption fre-
quency to 1989.97 [Hz/s]. This underlines the success of
the optimization process. We further investigate the energy
balance of the system. That is we compare the energy of the
incoming wave with the energy that is dissipated through the
viscous and thermal losses in Fig. 7.

Here it is evident that most of the losses are viscous
losses, with a smaller contribution from thermal losses. This
is also observed in similar optimization problems in litera-
ture (Mousavi et al. 2023). Finally, we discuss the physical
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time-dependent fields inside the design domain. This follows
from the fact that a harmonic solution can be expressed in
the time domain as:

H)=A 2nt 37
u(t) = COS(7) (37

where the angular frequency  has been substituted with the
expression w = 27”, with A being the amplitude and T being
the period of the harmonic solution. We present the pressure
field superimposed with the velocity field as streamlines and
arrows indicating its direction, at two different time instances
in the harmonic cycle and the distribution of the viscothermal
losses in Fig. 8 at the optimization frequency.

In Fig. 8, the physical fields are shown for a quarter and
three quarter of the period 7. At a quarter of the period,
the acoustic cavity is filled with air as indicated by the
velocity streamlines increasing the pressure inside the cav-
ity. Similar at a three quarter period the velocity streamlines
are directed outwards of the cavity, decreasing the pressure
inside the cavity. This motion is repeated for each cycle. The
motion, combined with the viscothermal losses concentrated
around the neck of the resonator, dampens the acoustic wave,
explaining the high absorption coefficient at the optimization
frequency.

3.8 Physical validity

As acoustic DBTO assumes an infinitely rigid solid mate-
rial, which only is valid for stiff and rigid materials and
geometries. The effect on the performance of the design by
introducing a rubber like material with a solid density of
1100[kg/m3], a Young’s modulus of 14.9[M Pa] and a Pois-
son’s ratio of 0.49[—], is investigated by performing a FLNS
including a fully coupled vibroacoustic analysis. The results
on the absorption coefficient can be seen in Fig. 6 with the
red curve. As can be observed, this significantly reduces the
absorption at the targeted optimization frequency. For this
choice of material, it thus becomes necessary to include the
vibrations of the solid and the vibroacoustic coupling condi-
tions into the optimization process.

4 Vibroacoustic viscothermal boundary
losses

In order to model the full multiphysics vibroacoustic behav-
ior, we augment Eq. (22) and Eq. (24) by introducing the
structural equilibrium equations into the design domain.
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Fig.6 Absorption coefficient of 1F T T T T ]
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4.1 Governing equations are clamped and symmetry conditions, respectively. The
clamped conditions are added to limit tangential movement
of the solid structure, as these are not accounted for in the

VT (8) + 0o US) =0 in Qp (38)  simplified acoustic fluid model and BLI conditions, see also

N Sect. 5 for further discussion of this. Eq. (41) and Eq. (42)
U=0 on I'pir are the coupling conditions between the solid and acoustic
(39 domain. The design part of the global state matrix can now
U =0 on gy (40)  be expressed as follows:
1 _ 4 ~
ng’ (—VP) = —w’n,"U on Iy (41) Np
P A@.5.5) = A A, 50,580
~ ,S5,Sg) = ®, Se,SBe
ny'o = Pn, on T (42) e nie

Here, o is the Cauchy stress tensor which following the
small strain relationship can be expressed as: 6 = Ce where
C is the elasticity tensor and & the strain tensor which for
linear elasticity is defined as € = %(Vﬁ + VU T). U the
continuous complex displacement and n, and ng the nor-
mal vectors pointing outwards from the acoustic and solid
domain, respectively. Furthermore, Eq. (39) and Eq. (40)

e=1

E(s) K7, + ps (Se) M (w)

= Npp
D oks I(Sbk

N,

Z Lb I(sbk); lse
8T @) Kyt esGOKS + Payy s (S) M ()
N A
+ 30 L7 1G5 ) ey De (@)

(43)

where K, and M, refer to the mass and stiffness matrix aris-
ing from the finite element approximation of the equilibrium
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Fig.8 On top the log scaling of -10
the total energy E7 dissipation,
the viscous losses Ej, and
thermal losses Es, at the
optimization frequency. Below
the pressure field including
velocity streamlines at two
different instances in the

harmonic cycle r = % and

_ar
1=

log (Er) [2%]

-20

Fig.9 A similar resonator
problem as Fig.4 with added

. 1

-8 -6 —4 -2
I

log (Es,) [ %]

log (Es,) | %]

-10 0 10 20
p(@) [Pa]

symmetry conditions at I"gy,
and clamped conditions at I"p;,

equation, and E (s, ) and p, (s, ) are the material interpolations
Young’s modulus and solid density. Lastly, the vibroacoustic
coupling matrix S¢ is defined as follows:

s=| NI'nN,adr, (44)

Le

where Ny is the solid shape function. Note once again
that the normal vector n follows the convention shown in
Fig.2 and in combination with the boundary interpolations
1 (slfk) p=1, this imposes the coupling conditions from the
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solid region, which implies a modification of the sign of the
coupling matrix compared to a standard vibroacoustic cou-
pling matrix. To summarize, we now model both the acoustic
and solid physics in the design domain simultaneously and
use boundary interpolation on the acoustic viscothermal
losses Eq. (24), solid to acoustic Eq. (41) and acoustic to solid
Eq. (42) coupling conditions. Thus, three different boundary
conditions are now present in the DBTO process. Further-
more, the acoustic interpolations functions KA_/IIIC 5(se) and

pa’]; ,cs (Se) are now switched to MICS interpolations (Mir-
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pourian and Aage 2025). The matrices and interpolations can
be found in Appendix C.

4.2 Modified design problem

We modify the design problem stated in Fig.4 slightly as
shown in Fig. 9. That is, we introduce clamped conditions on
I"pir and to reduce computational cost, we introduce symme-
try conditions through the horizontal plane I'sy,,. As before,
the boundary variables at I'p; and I'g, A, are set to zero,
which prevents the formation of coupling or BLI conditions
there.

4.3 Optimization results

The optimization history for the design problem in Fig.9 can
be seen in Fig. 10. The optimization process is similar to the
acoustic case, where for the first roughly 300 iteration the
objective value is not changed significantly, until the opti-
mizer has formed the first boundaries, from that point, the
objective value is reduced rapidly until the stopping crite-
rion is met. After roughly iteration 500, the objective values
is already close to zero. From that point, the optimization is
continued, until the stopping criterion based on the MND Eg.
(33) is met, with a final objective value of J = 0.0005. The
low MND value guarantees a fully binary design, ensuring
that postprocessing boundary smoothing has minimal impact
on the achieved objective value.

4.4 Post validation

As previously done, we investigate the absorption coefficient
of the optimized design with a FLNS, we perform the analysis
both for a fully vibroacoustic FLNS and a pure acoustic study.
The results are shown in Fig. 11.

In Fig. 11, we see that the absorption coefficient peaks
at the optimization frequency for the vibroacoustic analy-
sis of the FLNS equation. If the solid physics is removed
from the design, and thus only the acoustic physic is consid-
ered, the absorption peak is shifted to a lower frequency. We
investigate this phenomena, by looking at the physical fields
over three different distinct snapshots in the harmonic cycle,
which can be seen in Fig. 12.

Focusing on the period at ¢t = %, the solid domain com-
presses the air in the central cavity. At¢ = 0, the solid domain
is in equilibrium and the air in the cavity is neither com-
pressed nor expanded, then at ¢ = 3TT, the solid domain
expands the air in the cavity. The squeezing and expanding
of the air in the cavity are repeated in the next harmonic cycle.
Asthe viscous losses are depended on the gradient of the pres-
sure field, as can be seen in Eq. (32), this pressure increase
due to the solid domain contributes to increasing the viscous
losses at the target frequency, which are primarily located

N

~ 05

=== My, =107

100

104 L

1 02 L
B=0.05
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Fig. 10 Optimization history of vibroacoustic resonator. Light shaded
region to the left indicates B = 0.01 and right shaded region indicates
B = 0.05. The top plot shows the objective function J and the bottom
plot shows the evolution of the continuation parameter . Blue circled
region shows initial guess, red circled regions show the design field at
iteration 350, and black circled region shows the final design field at
iteration 700

around the entrance to the central acoustic cavity, surround-
ing the three freefloating islands. Removing the squeezing
and expanding of the air in the cavity, by removing the solid
domain, as is done in the acoustic FLNS analysis in Fig. 11,
yields in a reduction of absorption coefficient and shifts the
targeted optimization frequency to the left.

Finally, the energy balance of the vibroacoustic viscother-
mal design is shown in Fig. 13.

Similar to the acoustic case, the energy balance of the
vibroacoustic viscothermal design also shows the viscous
losses dominate the energy dissipation.

5 Limitations of multiphysics model

Animportant limitation of the presented model is the assump-
tion of a simplified fluid model, which only captures the
normal pressure of the fluid, or in other words, Eq. (21),
which only solves for the pressure of the acoustic fluid and
likewise only is able to couple to the normal displacement of
the solid physics through equation Eq. (41) and Eq. (42). This
means that the model cannot capture tangential movement of
the solid domain and couple it with the acoustic domain. This
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Fig. 11 Absorption coefficient
of the vibroacoustic
viscothermal design for a larger
frequency range and
optimization frequency

Fig.12 The top row depicts the
energy loss distribution in the
design domain. The top left
shows the total losses in the
design domain, and the middle
shows the energy losses in
connection with the viscous
losses and to the right thermal
losses. The bottom row depicts
the magnitude of the
displacement, scaled by the
displacement vector in the solid
domain and the acoustic
pressure field at three distinct
time steps in the harmonic cycle
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Fig. 13 Energy Balance of the 1F
vibroacoustic viscothermal
design over frequency sweep
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is a limitation of the model, which is important to be aware of
as applications such as acoustic engines, rotating machinery
and so on, would not be able to be described by the model.

6 Discussion and conclusion

In the present work, a novel interpolation method, coined the
boundary interpolations, has been introduced, which allows
the imposition of arbitrary boundary conditions through-
out the optimization process. This has been successfully
demonstrated by introducing first viscothermal losses into
an acoustic DBTO design problem and afterward extending
the problem to also include strongly coupled vibroacoustic,
bringing the total number of interpolated boundary effects to
three. In the obtained designs, the incoming acoustic wave is
fully absorbed by the optimized design, which is a clear indi-
cation of the usefulness and applicability of the introduced
boundary interpolations. Noteworthy, is the fact that the opti-
mization process has been performed almost all the way to a
final binary design. This has been deemed necessary, as for
problem of interest, where the absorption of the incoming
wave is the main objective, even small areas of intermediate
design variables have been causing issues in the postpro-
cessing. Whether, the extreme binarization of the design is
necessary depends strongly on the physics and the problem
of interest.

Another important aspect is the potential mesh depen-
dency of the boundary interpolations, which is not fully
removed by filtering. A brief numerical investigation of this is
presented in Fig. 14, where the problem Sect. 3.2 is repeated
for different mesh sizes. For the coarser meshes, a central
island emerges and a topological change occurs even though
the same filter radius is used. As the mesh is refined, the cen-
tral island disappears and the design converges to a design
similar to the one obtained in Sect. 3.2. The explanation lies in

|
1790

|
1989 2188

f[Hz/s]

the approximate elementwise boundary representation. For
coarse meshes, the staircase-like boundary representation
resulting from a topology optimization routine significantly
affects the representation of the boundary conditions. This is
because they are imposed elementwise and thus are highly
dependent on the mesh resolution. As the mesh is refined,
this effect becomes less significant, as shown by the similar-
ity between the finer mesh design and the design in Sect. 3.2.
Thus, a degree of mesh dependency is expected when dealing
with strongly boundary -dependent problems. It is therefore
advisable to postprocess the obtained design to ensure that it
truly exhibits the optimized performance. Since the postpro-
cessing is carried out on a smoothed design, this also allows
for an assessment of the influence of the staircasing. The
design problems considered in this work depend strongly
on the presence of well-defined contrast in the initial design.
Without such contrast, all boundary information vanishes and
the coupling as well as the BLI conditions provide no sen-
sitivity information. Although issues with uniform starting
guesses are also seen in other areas of density based topol-
ogy optimization, e.g., unit cell design and homogenization
approaches, the present approach is much more sensitive to
the initial configuration. This is partly due to using a single-
frequency objective, where many local optima with equal
performance often exist, and partly due to the non-convexity
of the optimization problem and non-linearity of the interpo-
lations. Instead of using multiple starting guesses, we provide
the reader with a suggestion for a simple initial configura-
tion in which contrast is introduced at the outer boundary
of the design domain. This approach supplies the minimal
boundary information required to start the optimization pro-
cess while minimizing the effort in initial guess generation
by the user. So although different initial configurations can,
and often do, lead to distinct local optima, the chosen initial-
ization consistently yields designs that achieve the targeted
performance, and we therefore adopt it throughout this work.
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Fig. 14 Three different designs with varying mesh sizes and the same filter radius r = 0.004 [m]. The mesh sizes are, from left to right, 0.001 [m],
0.005 [m], and 0.0025 [m]. All other parameters are similar to the setup in Sect. 3.2. Final cost function value of all designs is / < 0.01

In conclusion, boundary interpolations are not restricted to
the cases presented here. They can be applied to any optimiza-
tion problem requiring arbitrary boundary conditions inside
the design domain or with objectives that explicitly depend on
boundaries forming inside the design domain. A particularly
compelling direction is the study of full-scale fluid—structure
interaction problems, where the fluid and solid domains are
strongly coupled, and interface conditions, such as no-slip
and coupling conditions are interpolated using the bound-
ary interpolation framework. Success in this area could also
address the current model limitations discussed in Sect. 5.
These exciting avenues are left for future research.

Appendix A Boundary variables for small
quadrilateral mesh

To ease the implementation of the boundary variables, we
show here how to construct the projection matrix B intro-
duced in equation Eq. (3), which is repeated here for
completeness:

(NLp-Np)x1  (Npp-Np)xNp Npxl1
—~ = —_ —_
SB = B s (A.1)

We construct the matrix B depicted in Eq. (A.2), by
considering a small quadrilateral mesh consisting of four
elements, see Fig. 15, that is, Np = 4 and Ny, = 4. For
completeness, some boundary variables are set to passive
values, for example, sé = 0, to present how to introduce
passive boundary variables. Note that zeroing out the row
for the passive boundary variable in the B matrix prevents
the boundary variable from contributing to the sensitivity of
the objective function.
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Appendix B Detailed boundary sensitivity
derivation

Here, a detailed derivation of the sensitivity of the objective
function stated in Eq. (18) is given. Without loss of generality,
it is assumed that no extra filtering is applied to the design
variable vector s. As a reminder, the dependencies of the
objective function are as follows:
J=J[s, a(s),sp, i(sp)] (B.1)
which will be omitted in the following for readability. To
ensure efficient computation of Z—?, the adjoint approach
will be implemented. The approach employs the augmented
objective function:

J=J4+Ar, =Ty (B.2)
which is based on a complex adjoint field vector A = A, +iA;,
and the residual of the state equation r = Al — f = 0, here
split into its real and imaginary parts as:

r

I

Y
>
S
:'>

(B.3)
(B.4)

ry r [

ity +
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\) \)

=0
0

I
Y
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ri ﬁ

We can now express the sensitivity of J w.r.t. the design
variable vector s as follows:

dj  aJ aJ . -\ o
— = ATA, —ATA ) =
ds 0s * (8&, A A A '> s
aJ on
+ +2TA; +1T A, aui
ou; Bs
IA IA af
AT "ho— gy - 2L
A ( as r as as )
IA JA af
— )‘iT —a, “a; — L
0 s as
i + 0J +A A, —ATA & "
osp ou, rer P SB

on, du; du,
where the terms 35 ds° Dsp

following condition is met:

and ‘)"’ vanish as long as the

aJ
B.6
oa, (B.6)
aJ A -
o A A +ATA, =0 (B.7)
14
which can be combined into the adjoint equation:
T aJ o\’
A= (2 2 (B.8)
ou, ou;

and solved to obtain A whereafter the sensitivities can be
obtained by rewriting Eq. (B.5) into:

Domain info.
dl  aJ cr0A crdf
— = —4n(rT=a)-n jrdf
ds 0s os os

Boundary info.

3J aA af\|o
I BCEANNY v P Y v o N
osp 8sB osp as

XT 8A

(B.9)

with the term
tributions as follows

75 > being assembled from the local con-

Ix(NLp-Np)

I1xNpp
~ N
Arm 0A P~TOA, . ~TO0A, . ~TO0A, .
AT/ = A ——lg A, ——lp - A i
osp 41[ e sl e e gz e T e gk e
(B.10)

and similar for the term AT % Note that although no extra
filtering steps of the design field are applied, their sensitivities
are easily incorpora ted through the use of the chain rule, as
shown in Eq. (18)

Appendix C Element matrices

In order to ease reproducibility, local element matrices that
have not been defined previously are given below:

(C.1)

u

K¢ =/ BI'CB,d%,
Qe

(C.2)

u

M¢ =/ osNIN,dQ,
Qe
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with the solid shape function matrix V,,, its spatial derivatives
B, and 2, as the local element domain.

K¢ —/ iBTB s (C.3)

- . .

r Q. Pa P

M¢ =/ lNTN s (C4)
P e T .

where N,,B, are the acoustic shape functions and their
spatial derivatives, respectively, and « is the acoustic bulk
modulus, given by k = ¢2p, with ¢ being the speed of sound.

Appendix D Interpolation function

The interpolation functions used for section 3.2 are given by:

1 1 _ 1 1
K(Se)” = —+ 3 - = (D.1)
K Kmax K
1 1 _ 1 1
Pa(Se)” = — +5 - — (D.2)
Pa Pmax Pa

where ;4 and P4, are the maximum values of the bulk
modulus and density, respectively.

Likewise for section 4.2:

S,

E(Se) = Epin + m(E = Enmin) (D.3)

0s (Se) = Pmin + Se(Os — Pmin) (D4)

OaresGe) = O + 87 G (ke = Oph) (D.5)
IOg ea(strans —5e) +1)— Ee lOg ea(stmnxfl) +1

5. Ge) = ( ) ( ) (D.6)

10g (e%Strans 4 1)

where E,,i, and p;,i, are the minimum values of the Young’s
Modulus and solid density, and ¢ is a penalty factor, Fur-
thermore, « and ;4,5 are hyperparameters of the MICS
interpolation and M,;;;, and M, ,, are the minimum and max-
imum material properties. For all problems, maximum and
minimum material parameters are scaled by 10~8 for Eq.
(D.3), (D.4), (D.5), and 108 for Eq. (D.1), (D.2). Lastly, for
all problems, o« = 512 and s;,405 = 1.1.

Appendix E Simulation parameters

Simulation parameters for Sect. 3.2 are collected in the fol-
lowing table:

Geometrical Simulation Optimization
L 0.3 [m] Excitation frequency @ 12500 Vol. frac. 0.4
[rad/s] Vf rac
L, 0.05 [m] Dynamic viscosity v 1.8e-5 Filter 0.004 [m]
[Pa - s] radius r
L3 0.05 [m] Ratio of specific heats y 1.4[-] Projection 05[]
n
Mesh type Q4 ele- Therm. conductivity 0.0244 Move 0.23
ments [W/(m-K)] limit
Mesh size 0.0001 Heat capacity at cons. p. ¢, 1005 Sinit 0.5
[m] [J/(kg-K)]
Speed of sound ¢ 346 [m/s]
Acoustic density p, 1.204
[kg/m*]
Inlet pressure P;, 1[Pa]
For Sect. 4.2 the simulation parameters that differ from
those in Sect. 3.2 are given in the following:
Geometrical Simulation Optimization
L3 0.025 [m] Young’s modulus £ 2¢9 [Pa] Vol. frac. 04
Vfrav
Mesh size 0.00015 Poisson’s ratio v 03[—] Filter 0.006 [m]
[m] radius r
Solid density ps 1040 Move 0.1
[kg/m3] limit
2D solid approximation Plane
Strain

@ Springer
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