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We present a matrix product state (MPS) method for including decoherence processes in calculations involving
waveguide quantum electrodynamics (QED) using density matrices. The approach is based on collision quantum
optics, where the many-body state of the waveguide is represented using discrete time bins, which are then
efficiently encoded using an MPS chain. Our method is a generalization of previous MPS methods, and we
demonstrate how one can efficiently extend the method to density matrices, allowing for the inclusion of various
loss processes in the form of Lindblad terms in the Liouvillian superoperator responsible for the relevant
dissipation dynamics. As an application of the theory, we study various waveguide QED systems and the
influence of emitter pure dephasing (which is one of the most important processes in real systems) on the
light-matter interactions, including a two-level system (TLS) in a semi-infinite waveguide with time-delayed
feedback, two spatially separated TLSs with finite delays, and finally the scattering of few-photon Fock pulses
on a TLS. In addition to emitter pure dephasing, we also show how to include off-chip radiative decay, and show

how it differs qualitatively from pure dephasing.

DOI: 10.1103/fmpt-dp44

I. INTRODUCTION

Waveguide quantum electrodynamics (QED) provides a
versatile platform for studying light-matter interactions with
quantum circuits and waveguides, where localized quan-
tum emitters couple to a continuum of propagating field
modes. Such systems enable strong and highly control-
lable photon-mediated interactions and have been explored
in both nanophotonic systems [1-7] and superconducting
circuit architectures [8—14]. Their ability to engineer long-
range interactions, chiral couplings, and (non-Markovian)
time-delayed feedback has made waveguide QED a promising
setting for quantum information processing, quantum net-
working, and the generation of nonclassical light [10,15,16].

The theoretical description of waveguide QED systems is
inherently challenging, especially beyond the linear or weak-
excitation regime. Even in linear regimes where the emitter
response can often be described in terms of single-excitation
scattering or effective susceptibilities, waveguide QED ex-
periments have revealed a range of interference, collective
interactions, and retardation effects, including mirror-induced
modification of radiative decay [8], photon-mediated interac-
tions [17], collective Lamb shifts between spatially separated
superconducting qubits [18], and time-delayed coherent feed-
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back leading to genuinely non-Markovian dynamics [14,19].
These experiments already require theoretical descriptions
that account for finite propagation times, interference, and
structured electromagnetic environments. The challenge be-
comes even more pronounced in nonlinear few-photon and
strongly driven regimes, where the two-level nature of the
emitter cannot be linearized, and the scattered field can de-
velop strong photon-photon correlations. Such effects are
central to recent experiments on few-photon scattering from
quantum dots [4,5,7], as well as experiments on supercon-
ducting artificial atoms where time-delayed coherent feedback
modifies nonlinear resonance fluorescence and Mollow-triplet
spectra [14]. They also play an important role in multiphoton
state generation using waveguide-mediated feedback [10].

From a theoretical point of view, the difficulty is that the
electromagnetic field forms a continuum of modes, and the
joint emitter-field state rapidly grows in the size of the Hilbert
space. In many situations, the Markov approximation provides
a useful simplification, leading to simplified master equations
(MEs) with instantaneous couplings [20-22]. However, this
approximation neglects finite propagation times and memory
effects, which can become important when emitters are spa-
tially separated or when (delayed) feedback is present. In such
regimes, non-Markovian dynamics, time-retardation effects,
and strong photon-photon correlations can play a central role,
and are essential to include in the modeling.

Recently, tensor-network methods, especially matrix prod-
uct state (MPS) approaches, have emerged as powerful
tools for simulating non-Markovian waveguide QED dynam-
ics [15,16,23-29]. By discretizing the field into time bins
and exploiting the limited entanglement structure of one-
dimensional systems, MPS techniques enable numerically

Published by the American Physical Society
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exact simulations of few-emitter systems with delayed feed-
back and multiple excitations.

Most existing MPS-based treatments of waveguide QED,
however, focus on pure-state dynamics of the joint emitter-
field system. In these approaches, the evolved state remains
pure, and losses are generally not included. While photon
losses can be incorporated through the introduction of ad-
ditional ancilla waveguide channels, pure dephasing of the
emitter cannot be included directly, and pure dephasing is
one of the most experimentally relevant processes to in-
clude, for semiconductor systems as well as circuit QED
[8-10,12—-14]. Although examples of implementations with
the possibility of losses exist [26,27], the numerical complex-
ities, limitations of the implementations, and novelty of the
methods have prevented studies of the impact of pure dephas-
ing, especially when the input state of the waveguide is not
vacuum.

An alternative strategy is to average over many stochastic
trajectories, but this quickly becomes numerically costly and
introduces additional overhead in managing multiple trajec-
tories. Stochastic simulation with quantum trajectories and
a discrete waveguide model is powerful when limiting the
number of waveguide quanta [14,24,30-32], but is not well
suited for many-body waveguide QED (many-quanta regime).

Thus, while such approaches are appropriate for near-
ideal waveguide interfaces, realistic experimental platforms
inevitably involve additional decoherence processes. Accu-
rately capturing the interplay between decoherence and non-
Markovian waveguide dynamics, therefore, remains largely
unexplored.

An efficient representation of the waveguide QED density
matrix is thus a natural route for including decoherence. One
possibility is to use locally purified density operators (LP-
DOs), where positivity of the density matrix is preserved by
construction through additional local Kraus or ancilla indices
[33-37]. This can be advantageous in simulations of large
noisy quantum circuits. However, the additional auxiliary di-
mensions also make the implementation more involved, and
recent work has shown that LPDO simulations can become
numerically challenging in regimes where noise and operator-
space entanglement compete strongly [36].

In this work, we extend the existing time-bin waveguide
QED MPS frameworks to use a vectorized density-matrix
MPS representation of the waveguide QED system. This
generalization allows us to simulate non-Markovian waveg-
uide dynamics with the inclusion of photon loss, pure
dephasing, incoherent pumping, and other dissipative pro-
cesses implemented through Lindblad decoherence terms.
Our approach keeps an efficient MPS representation of the
emitter-waveguide state that allows for manageable computa-
tion times, and immediately renders the MPS approach much
more powerful, as all experimental systems have such losses.
Moreover, since photons are treated exactly, the role of pure
dephasing in waveguide QED is not a simple decay process,
enabling us to explore fundamentally new regimes of light-
matter interaction with real dephasing mechanisms included.
Importantly, this also provides access to the operator entan-
glement, which directly relates to the classical simulability of
the dynamics [38,39]. In this sense, our framework enables
an assessment of whether proposed photonic protocols can

reach regimes of computational complexity beyond efficient
classical simulation.

In particular, we focus on the impact of pure dephasing
in two-level systems (TLSs) and how it affects time-delayed
feedback dynamics as well as the scattered fields themselves.
We consider three important examples. First, a TLS in a semi-
infinite waveguide experiencing time-delayed feedback. This
system is known to exhibit perfect population trapping when
the delayed field has the appropriate phase. We show that
pure dephasing disrupts this destructive interference, leading
to a slow decay of the otherwise trapped population. For
completeness, we also show that the off-chip decay can be
easily included, with effects that are more obvious.

Second, we consider two spatially separated emitters,
which exhibit non-Markovian waveguide-mediated superra-
diance. Here, pure dephasing unsurprisingly suppresses the
coherent emitter-emitter interaction and thereby reduces the
superradiant behavior. We further analyze the buildup of quan-
tum correlations between the emitters using entanglement
measures, and discuss the role of operator entanglement as
a measure of the complexity of the joint emitter-field state.

Finally, we study the scattering of one- and two-photon
Fock-state pulses from a single chirally coupled two-level
system. In this case, pure dephasing leads to nontrivial mod-
ifications of the scattered field, including qualitative changes
to the emitted spectrum.

The rest of the paper is organized as follows. In Sec. IT A,
we introduce the model and describe the density-matrix MPS
theoretical framework, including the time-bin representation,
the MPS decomposition, and the time-evolution scheme for
both Markovian and non-Markovian dynamics. In Sec. III, we
study a single emitter subject to time-delayed feedback and
analyze the effect of pure dephasing on population trapping.
In Sec. IV, we consider two emitters coupled through the
waveguide, investigating both superradiant dynamics and the
emergence of entanglement and operator entanglement. In
Sec. V, we turn to the scattering of few-photon Fock pulses
from a chirally coupled emitter and analyze how pure dephas-
ing modifies the transmitted field and its spectrum. Finally,
we conclude in Sec. VI. In Appendix A, we discuss the
density-matrix representation of few-photon Fock states. In
Appendix B, we provide numerical details on the MPS simu-
lations. In Appendix C, we derive an analytical expression for
the stationary emission spectrum of a single-photon scattered
on a chiral emitter under the influence of pure dephasing.

II. MODEL AND THEORY

In this section, we introduce the general model of a local-
ized system interacting with the continuum of the waveguide
and show how, under certain conditions, we can represent
the waveguide state using time bins. This is sometimes also
referred to as collision quantum optics [30,40]. We then in-
troduce MPS with density matrices as an efficient way of
representing these time-bin states.

A. Time-bin picture of waveguide QED

We consider a single quantum emitter (TLS) interacting
with a left- and a right-propagating waveguide mode in the
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following derivation, but the derivation is easily extended to
multiple emitters and potentially more modes. The Hamilto-
nian reads

H = Hs + Hy + Hsw, (1)

where (we work in natural units with i = 1) Hy = wpo o is
the system Hamiltonian of the TLS, with o = |g)(e| being
the transition operator; Hy = Za:L,R f do w b;(w)ba(a))
is the free energy of the two waveguide modes, with b, (w)
being the annihilation operator of a photon with frequency
o in waveguide mode « (either left or right), obeying
[bo (@), b; (w")] = 84p8(w — @'); and finally, the interaction
between the emitter and waveguide is [40]

Hgy = Y / do(ga(@)0 'be () + go (@) bl (@), (2)

a=L,R

where g,(w) is the light-matter coupling rate between the
emitter and photons of frequency w in waveguide «.

We then assume that the coupling gy(w) = g4(wo) =
VVa/27 is frequency independent, which is reasonable when
the local density of states of the waveguide is spectrally flat
around the emitter frequency wy. Moving into the interaction
picture with respect to Hy + Hy, then [40,41]

Hsw (1) = Y \/Yalba(t)o" + bl (D)o ), 3)

where  Hgy (1) = e/Hs T Ho e ~iHs WY~ and b, (1) =
[dw by(w)e@ ) which still obeys [by(r), b; ] =
8upd(t —t'). We now see that we have gone from an
interaction between the emitter and a continuum of frequency
modes to an interaction between time-dependent field modes
by (t) and the emitter. This structure can be exploited using
matrix product states, as we will see in the next section, since
the interaction is now localized to single (time-bin) modes
at a time, enabling an efficient representation of both the
waveguide and the system evolution.

Before we introduce the MPS method, however, we need
to discretize the time-bin modes. We start by considering the
time evolution of the density matrix,

d
d_f = —i[H (1), p] + Dlp] = L©)[p], )

where D[ p] represents any decoherence processes in the sys-
tem, which can be modeled through Lindblad terms. We then
consider the time-evolution operator U (ty, ¢ ) that evolves the
state p(t) = U (ty, t)[p(tp)] from time #y to ¢, which is for-
mally given by [42]

U (to, D[-]1 = T exp {/ dl/ﬁ(t/)[-]}, &)

4]

where 7 is the time ordering operator and [-] represents
whatever object U (o, t) is applied to. We then discretize the
time into N bins with t = NAt and #; = kAt and using the
Suzuki-Trotter decomposition we can then write U (fy,t) =
lim Uy --- Uy, with Uy = exp{(f;" dr'L(t)[-1}.

N—o0

(@ Reshape b p=p1@p2X---DpN

dim = d dim = d2 TR iy
& - ]
dimT: d | |
(c) }
Uk
i k-1 U lkt1 N

L

FIG. 1. (a) A density matrix of dimensions (d, d) is reshaped to
a vector of length d?. (b) The tensor product of N density matrices is
represented as a rank-N tensor [with flattened legs as shown in panel
(a)]. (c) The time evolution of the waveguide and system is calculated
by applying U; to the system and kth waveguide bin.

We subsequently introduce the time-discretized waveguide
operator,

b dt'ba (1), (6)

1 /zk
vk = T —
BV At Tr—1

where the factor of 1/+/At ensures [byx, b;’k,] = Supi.i>
which simplifies the evolution operator to

U = exp{At(—i[Hy, -1+ D[-D}, @)

where we defined the effective discretized waveguide Hamil-
tonian:

Hi =" \/Ya/At(baro™ + b} ). ®)

o

Thus, we see that, within the precision of the Trotter
decomposition, we can reduce the waveguide problem to a
sequence of interactions between discretized modes with op-
erators b, . This allows us to write the state of the entire
waveguide and emitter as

P=pPIR®MmA - Qu® - ® py® ps, 9

where p; denotes the state of the kth waveguide bin containing
both the left- and right-propagating modes.

In Fig. 1(a), we show the tensor representation of a density
matrix p, where the two matrix legs are fused into a single
index, which is equivalent to reshaping (or flattening) the ma-
trix. In Fig. 1(b), we illustrate how a density matrix composed
of N tensor products can be represented as an N-rank tensor
[again all density matrices have been flattened according to
Fig. 1(a)]. In Fig. 1(c), we show the total state of the waveg-
uide and how the time-evolution operator in Eq. (7) is applied
at time step k. Note that Uy is here a dszdvzv X dszdvzv matrix re-
shaped into a rank-4 tensor with dimensions (d Z dvzv, dS2, d&, ),
where dj is the system dimension and dy is the dimension of
the waveguide bins. The squares arise from the flattening of
the density matrices.
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Although the above formulation is conceptually straight-
forward, it is often not practical to store the full density matrix
of the combined waveguide-system state due to the exponen-
tial scaling of the tensor product. One can attempt to construct
efficient bases and implement the evolution operator U, ef-
ficiently, which has been done for ket states [41]. However,
even with such techniques, representing the full density matrix
quickly becomes infeasible. Instead, we can exploit the fact
that matrix product states can efficiently represent high-rank
tensors. In the next section, we therefore introduce how the
system-waveguide density matrix can be represented in this
form and efficiently evolved according to Uy.

B. Singular value decomposition of quantum states

The discretization described above naturally leads to a
tensor representation of the joint system-waveguide density
matrix, where each site corresponds to either the emitter or a
waveguide time bin. However, storing the full tensor quickly
becomes infeasible, since the dimension of the Hilbert space
grows exponentially with the number of time bins. Fortu-
nately, the sequential interaction structure of the collision
model strongly constrains the correlations that can build up
along the time-bin chain. This structure can be efficiently cap-
tured using matrix product states, which provide a compressed
representation of high-rank tensors by factorizing them into a
sequence of lower-rank tensors connected by bond indices.

The main idea in MPS is to factorize the tensor using
singular value decompositions (SVDs). Mathematically, the
SVD can be written as

M=U-S-VT, (10)

where if M is a matrix of dimensions m X n, then U has
dimensions m x x, S is a diagonal matrix of dimensions
X X X, and V has dimensions n X x, with x < min(m, n). In
Fig. 2(a), we illustrate the singular value decomposition using
tensor diagrams. Often, the singular values contained in S are
absorbed into one of the tensors U or V. The resulting tensor
is then referred to as the orthogonality center (OC), which we
denote schematically with a red (lighter colored) box.

For a density matrix composed of two subsystems with
flattened dimensions m and n, this corresponds to an m X n
tensor [see Fig. 1(b)], which can be decomposed as [33,43]

X
P=> hapy® Py (11)
o

where A, is the ath diagonal element of S in the SVD, ,oolt is
the ath column of U, and p§ is the ath column of V. If no
correlations are present between the subsystems, then y = 1
and the state reduces to a simple product state.

We will refer to x as the “bond dimension.” In many quan-
tum systems with structured correlations, x can remain much
smaller than m and » allowing for an efficient representation,
thus motivating the use of the SVD. If the density matrix
is composed of multiple subsystems (such as the discretized
waveguide state), the SVD can be applied sequentially as
illustrated in Fig. 2(b). In this way, the full tensor can be
written in the matrix product form,

Pij-k = A! A2

i ajﬂ"'A;\/]k’ (]2)

(b) Multiple SVDs
Reshape

_>
dql dal ds

(c) MPS
i i iy N

L]
)

FIG. 2. (a) Singular value decomposition in tensor diagrams. We
contract the Schmidt coefficients of S into V', which we denote as
the orthogonality center and highlight with a red box. (b) We show
the principle of how multiple SVDs are performed to split a rank-3
tensor into its constituent MPS. (c) We show how a density matrix
made up of many subsystems can be efficiently represented using
MPS.

where the subscripts in p;;..,x denote the indices of the individ-
ual subsystems of p, with i, j, and k labeling the local flattened
density matrix of the corresponding subsystem.

We use Einstein summation notation, so repeated indices

(e, B, y) are implicitly summed over. The tensors Ala and Al;’ ‘

1
correspond to the first and last sites of the MPS chain, rep-
resenting the decomposition of the first and last subsystems.
Consequently, they do not carry bond indices extending to
the left and right, respectively. The intermediate tensors, such
as Ai ;> connect neighboring sites of the chain and therefore
carry two bond indices (¢ and ) in addition to the local sub-
system index j. These bond indices encode the correlations
shared between adjacent subsystems. A schematic illustration
of this decomposition is shown in Fig. 2(c), where the OC is
located in the tensor AV,

In practice, the initial waveguide state is typically known
directly in MPS form, and therefore, the sequential SVD
procedure described above is not explicitly performed. It is
introduced here primarily to illustrate how the MPS represen-
tation arises from the structure of the full tensor. For example,
if the waveguide Hilbert space is truncated to a maximum
of one photon, the vacuum density matrix has a trivial MPS
representation with bond dimension x = 1, corresponding to
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all sites being in the vacuum state: Ag’:.ﬂ =1[1,0,0,0]. In
Sec. V, we discuss how one- and two-photon pulses can be
incorporated within this framework.

C. Markovian time evolution of the waveguide

We now describe how the time evolution of the system-
waveguide state is carried out within the MPS representation.
As derived in Sec. IT A, the dynamics can be written as a
sequence of local evolution operators Uy acting on the system
and the kth waveguide time bin. This structure naturally fits
the MPS representation since the evolution only involves two
neighboring sites at a time.

The algorithm is illustrated in Fig. 3. At the initial time
step, the evolution operator U is applied to the system density
matrix ps(fy) and the first waveguide bin A!, as shown in
Fig. 3(a). In the tensor-network representation, this corre-
sponds to contracting the rank-4 tensor U; with the system
tensor and the first waveguide tensor, resulting in a combined
tensor containing both degrees of freedom.

After this contraction, the system tensor is swapped with
the waveguide tensor, as illustrated in Fig. 3(b). This step
ensures that the system site is moved along the MPS chain
so that it becomes adjacent to the next waveguide bin. The
resulting tensor is then decomposed using a singular value
decomposition, as shown in Fig. 3(c). The singular values are
returned in descending order, allowing truncation of the bond
dimension by retaining the largest x values while discarding
the smallest ones, ensuring an accurate decomposition. At
each truncation step, we keep the bond dimension x such that

i=15i
Zj S

where €, is the relative cutoff, meaning that the discarded
singular values contribute at most a fraction €. of the total
sum of singular values. We furthermore impose the additional
constraint that ¥ < xmax as we have found that this leads to
more numerical stability. As also noted in the introduction,
this truncation does not guarantee positivity, and choosing
Xmax too small may therefore lead to unphysical results. In
practice, we choose € ~ 1077 and xmax large enough so that
it does not affect the dynamics; i.e., further increasing xmax
produces no visible changes in the results. Furthermore, we
monitor the Hermiticity error defined as

21— €, (13)

Al

€Herm — ’ (14)
ol

where ||A||r = /Tr(ATA) is the Frobenius norm and the trace-
preservation error is defined as

€ = | Tr(p) — 11 s)

For most simulations, we observe that when max(€germ, €r) <
5 x 1073, no visible changes occur and the simulations seem
to be converged.

Following the decomposition, the system tensor is now
positioned next to the second waveguide bin A%. The next
time step, therefore, begins by applying the operator U, to the
system tensor and A2, as illustrated in Fig. 3(d). The same

Markovian Time-Evolution

(a)
(b)
(©)
(d
(e)

FIG. 3. Tensor diagrams showing how the Markovian time evo-
lution is handled. (a) The evolution operator U, is applied to the
system bin p(f)) and the first waveguide bin A'. (b), (c) The sys-
tem and waveguide bins are swapped and subsequently decomposed
using SVD, bringing the system bin adjacent to the next waveguide
bin A2. (d) The next time step begins with the evolution operator U,
applied to the system bin and the next waveguide bin A2. The rest
repeats from panel (b).

sequence of tensor contractions, swaps, and SVD decomposi-
tions is then repeated for each subsequent time bin.

This way, the system tensor effectively propagates along
the MPS chain while sequentially interacting with each dis-
cretized waveguide mode. Since each time step only involves
local tensor operations and the bond dimension remains lim-
ited by the correlations generated during the evolution, the full
system-waveguide dynamics can be simulated efficiently even
for a large number of time bins and for density matrices.

D. Non-Markovian time evolution

The time-bin representation introduced above assumes that
the emitter interacts only with the present waveguide mode.

033109-5
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T/2 e (==

a eiqb

FIG. 4. A TLS coupled to a semi-infinite waveguide with cou-
pling rate y. A mirror at one end of the waveguide returns emitted
photons after a delay of r. The emitter also experiences a pure
dephasing rate of y,.

This corresponds to the Markovian case where excitations
emitted into the waveguide do not return to the system. How-
ever, there are situations with delayed interactions, giving rise
to non-Markovian dynamics, with emissions returning to the
emitter.

A canonical example is an emitter coupled to a semi-
infinite waveguide terminated by a mirror, with a finite
emitter-mirror distance, causing delay-modified dynamics.
Photons emitted by the emitter propagate along the waveguide
are reflected by the mirror and return to interact with the
emitter after a propagation time t determined by the emitter-
mirror distance. See Fig. 4 for a sketch. In such a setup, the
emitter therefore interacts both with the present field and with
the field emitted at an earlier time. It can be shown that this
leads to an effective interaction between the system and the
field operators b(¢) and b(t — 7) [24]. The Hamiltonian used
in each time step thus becomes [24,41]

4 f
H, = 2—At(bkaT +blo)

Vo —ippt
+‘/E(e¢bk,fa*+e Ppr o), (16)

where we here defined the index of the time delay 7 = 7 /At
(number of discretized time units for propagation) and the
phase of the mirror ¢.

Thus, this delayed interaction corresponds to a coupling
between the system, the current waveguide bin A¥. and the
waveguide bin located T time steps earlier. Consequently,
the evolution operator Uy now acts simultaneously on three
sites: the system, the current waveguide bin, and the delayed
feedback bin. Note that here we only need one waveguide
mode to describe the delayed feedback and have dropped the
first subscript « in the waveguide operators b, ; in Eq. (6),
denoting left or right.

Implementing this interaction within the MPS representa-
tion requires bringing the delayed bin adjacent to the system
site before applying the evolution operator. The procedure is
illustrated in Fig. 5. At time #, the system tensor interacts
with the current waveguide bin A¥. while the feedback bin
located 7 sites earlier contains the field that will reinteract
with the system (the delayed bin contains the field emitted
attimet — 7).

Non-Markovian Time-Evolution

ps(te)— AF [—=--

FIG. 5. Tensor diagrams showing how the non-Markovian time
evolution is performed. (a) We have our system at some time #; and
need to bring the feedback bin (purple) at time 7, — T next to the
system bin and current waveguide time bin A*. (b) A series of swaps
and SVDs brings the feedback bin at index T = t/At adjacent to
the system bin. (c) The time-evolution operator Uy is applied to the
system bin, feedback bin, and current waveguide bin. (d) After the
time evolution and SVD have been performed, the feedback bin is
brought back to its original place in the chain. Time evolution then
continues from panel (a) with k — k + 1.

As shown in Fig. 5(a), the feedback bin initially resides
at position k — 7 in the MPS chain. A sequence of swap
operations and intermediate SVD decompositions is therefore
performed to move this bin along the chain until it becomes
adjacent to the system tensor, as illustrated in Fig. 5(b). Once
the system bin, feedback bin, and current waveguide bin are
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in neighboring sites, the evolution operator Uy can be applied,
as shown in Fig. 5(c).

After the interaction and subsequent SVD decomposition,
the feedback bin is moved back to its original position in the
chain through the reverse sequence of swap operations, as
illustrated in Fig. 5(d). The system tensor is then positioned
next to the next waveguide bin A**!, and the time evolution
proceeds to the next time step with k — k + 1.

In this way, delayed feedback processes can be incorpo-
rated within the MPS framework while preserving the local
structure of the time-bin representation. The additional swap
operations and the correlations generated by the delayed in-
teraction typically lead to larger bond dimensions as more
entanglement is generated, but are still manageable.

E. Expectation values

Once the system-waveguide density matrix has been rep-
resented as an MPS, expectation values of observables can be
computed efficiently through tensor-network contractions. For
an operator O acting on the system bin, the expectation value
at time #;, is given by

(O@W)) = Tr[O p(@)]. a7

Since each density matrix has been flattened, the trace
operation can be written as a contraction between the tensor
network representing p and a trace vector corresponding to
the flattened identity matrix. We denote this trace vector by
trg for the system and try for the waveguide.

The contraction used to compute expectation values is il-
lustrated in Fig. 6(a). The physical index of the system tensor
is first contracted with the operator O, after which the trace
over the system degrees of freedom is performed by con-
tracting with the trace vector trg. The remaining bond indices
connect the system tensor to the rest of the MPS chain.

To evaluate the full trace, the waveguide degrees of free-
dom must also be contracted. This can be done efficiently by
defining left and right environments that correspond to tracing
over all waveguide bins to the left and right of the system site,
respectively. These environments are shown schematically in
Fig. 6(c).

In practice, the left environment is built iteratively during
the time evolution by successively contracting the outgoing
waveguide bins. Similarly, the right environments can be con-
structed once at the beginning by contracting the waveguide
bins from the right, and then stored for later use. In this
way, both environments are readily available when evaluating
observables at any given time.

The evaluation of expectation values then reduces to con-
tracting a small tensor network consisting of the system
tensor, the operator O, and the corresponding left and right
environments, which is minimal in computational cost.

F. Two-time expectation values

In addition to single-time observables, in quantum optics,
one is often interested in two-time expectation values to char-
acterize the out-coupled field, for example, in the emission
spectrum, as discussed in Sec. V. Since we have access to the
full system-waveguide state, two-time correlations of the form

@ (O(tr)) = tx(Op(tr))  (®) . _
e

dim =d% dim=dg

FIG. 6. Tensor-network representation of the expectation value
of a system operator. (a) Contraction used to compute the expectation
value of an operator O acting on the system bin at time #;. The
physical index of the system tensor is contracted with O, and the
resulting tensor is traced using the trace vector trs. The bond indices
are contracted with the traced environments of the waveguide bins
to the left and right. (b) Illustration of the trace vectors used in the
contraction, corresponding to flattened identity matrices. (c) Defini-
tion of the left and right environments obtained by tracing over the
waveguide bins to the left and right of the system site.

(X (@)Y (t + 7)) can be computed directly, without the use of
the quantum regression theorem.

In practice, this is done by applying the operator X to the
waveguide bin at index k, corresponding to t = kAt, and the
operator Y to the bin at index /, corresponding tot + v = [ At,
on the state obtained after a single time evolution. We illus-
trate this in Fig. 7. As for single-time expectation values, the
tensors to the left and right of the relevant bins are contracted
iteratively [see Fig. 6(c)]. In addition, the bins between indices
k and [/ must be contracted, which can also be performed
iteratively. The computation of (X (¢)Y (t + t)) is often com-
putationally more demanding than the time evolution itself,
due to the large number of contractions required to have all
combinations of the two times  and t + 7.

III. TIME-DELAYED FEEDBACK DYNAMICS
OF A TWO-LEVEL SYSTEM

As a first demonstration of the method, we consider a
single TLS coupled to a semi-infinite waveguide terminated
by a mirror; again see Fig. 4 for an illustration. In this
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(X@OY ([t +7))

FIG. 7. Tensor-network representation of the two-time expecta-
tion value (X ()Y (# + 7)), with X and Y acting on the waveguide
bins and where the left and right tensors are given in Fig. 6. The
indices k and [ correspond to the discretized times ¢ = kAr¢ and
t+1=I1At

geometry, photons emitted into the waveguide are reflected
by the mirror and return to interact with the emitter after a
round-trip time t, leading to coherent time-delayed feedback,
yielding non-Markovian dynamics. The mirror also imparts a
phase ¢ to the reflected field, which depends on the emitter-
mirror distance.

In the absence of decoherence, this system is known to
exhibit population trapping when the feedback phase satis-
fies ¢ = . In this case, destructive interference between the
emitted field and the returning photon suppresses spontaneous
emission, resulting in a long-lived excited-state population
[25,41,44].

Here, we investigate how this behavior is modified in the
presence of decoherence. We consider both pure dephasing
and decay outside the waveguide mode (off-chip decay). The
pure dephasing is included through the Lindblad dissipation
term Y4 Dy, [p] in the system Liouvillian in Eq. (4), where y,
denotes the dephasing rate and Dy (p) = ApAT — %(ATA,O +
pATA) is the Lindblad superoperator. Similarly, off-chip decay
can be included as ypD,[p]. We sweep both decoherences
from yy,0 =0 to Y40 = v, where y is the total decay rate
into the waveguide [see Eq. (16)].

The resulting population dynamics of the emitter are shown
in Fig. 8, where we consider a feedback delay of ¢ = 0.5/y;
see Appendix B for numerical details. In the absence of deco-
herence, the excited-state population remains trapped due to
the destructive interference created by the delayed feedback.
In Fig. 8(a), as the pure dephasing rate increases, this inter-
ference is gradually disrupted, allowing the photon to pass
the emitter and thus leading to an eventual slow decay of the
system.

Notably, the effect of feedback remains clearly visible even
for strong dephasing. For example, when y, = y, the pop-
ulation after ten round-trip times is still approximately half
of the value obtained in the lossless case. This demonstrates
that the feedback-induced trapping remains partially robust
against decoherence even when the pure dephasing rate is on
the same order of magnitude as the emitter-decay rate.

As for off-chip decay, shown in Fig. 8(b), we observe a
significantly faster decay that sets in already before the first
delay time 7. This is expected, as photons are now irreversibly
lost to modes outside the waveguide. In contrast, pure dephas-

Pure dephasing rate v, [4]

0.000 0.333 0.667 1.000

1.00
(a)

Population
o o
1 ~
S w

0.25 A
0.00 A ; ; T .
0 1 2 3 4 5
time [1/+]
Off-chip decay rate v, [1]
0.000 0.333 0.667 1.000
1.00 A
(b)
a 0.75 1
2
T
= 0.50 1
o
o
A 0.25 A
0.00 A ; ; T .
0 1 2 3 4 5
time [1/~]

FIG. 8. The population of a two-level system in a semi-infinite
waveguide as a function of time with a mirror phase of ¢ = 7. In
panel (a), we show curves for a varying pure dephasing rate, while in
panel (b) we vary the off-chip decay rate y, as denoted by the color
bars. The blue shaded area shows the time before the first delay 7.

ing does not directly remove photons, but instead perturbs the
phase coherence required for the perfect destructive interfer-
ence, thereby only indirectly leading to losses at later times.

Both of the results in Figs. 8(a) and 8(b) reproduce results
obtained with a discrete waveguide model using quantum
trajectories [24]. With the density-matrix MPS formulation
presented here, however, we are not limited in the number of
quanta, which can be increased beyond what is accessible in
this discrete waveguide model.

Here, we demonstrated that our approach can tackle any
decoherence mechanism that can be included via Lindblad
loss terms. While the effect of off-chip decay is important,
its effects are more well studied and, as discussed above, can
in principle be included in most pure-state MPS methods by
the addition of another waveguide mode. For these reasons,
we study only the effects of pure dephasing in the following
examples, although the inclusion of off-chip decay is easily
possible.

IV. TIME-DELAYED SUPERRADIANCE

We now consider two TLSs coupled to the same waveguide
and separated by a finite propagation delay t. Photons emitted
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FIG. 9. A sketch of two emitters coupled to the same waveguide
with a separation of 7. Both emitters experience the same total decay
rate y and pure dephasing rate y,.

by one emitter thus propagate through the waveguide and
interact with the second emitter after the delay time t. See
Fig. 9 for a sketch of such a system. This waveguide-mediated
interaction leads to collective emission effects that depend on
both the emitter separation and the coherence of the emitters.
By considering two waveguide modes and two emitters and
following the derivation in Sec. Il A, one can arrive at the
Hamiltonian [24,28]

1 .
Hy = E[( Viebr i—z + /vrbri)o| + H.e.

+ (VVibri + Vrebri_z)o) +Hel,  (18)

where the subscript by /g ; denotes the left/right-going mode
in the kth bin and o; denotes emitter i. y;,z denotes the
decay rate of the emitters into the left/right-going mode. In the
following, we consider symmetrical coupling y, = yg = y /2,
where y is then the total decay rate of the emitters. The phase
¢ here denotes the phase the waveguide field accrues during
the propagation to the other emitter.

A. Delay and entanglement between emitters

If we have no delay between the emitters, T = 0, the dy-
namics are Markovian and can be accurately modeled using
a Markovian master equation. By tracing out the waveguide
field, one arrives at the dynamics of the two emitters, which
are governed by [15,20,22,45,46]

dps

. 14 14
T —i[Hef, ps] + EDC, [os] + =Dc, [ps]

2
+ 19Dyt 051 + 75D, 15, 5], (19)

with Cy = 01 + e*?0; and Her = LIm{e}(0, 02 + 0 07).
With this, we can test the MPS implementation in the appro-
priate limit (e.g., Markovian regime), and also showcase the
limitations of the ME approach.

In Fig. 10, we show the population dynamics of emitter 1
for different initial states of the two-emitter system without
any delays, T = 0 (again for numerical details of the MPS,
see Appendix B). We first consider the case without pure
dephasing, y4 = 0, and compare the MPS results with those
obtained from the ME. Note that the ME makes both a Markov
approximation and a Born approximation, so entanglement ef-
fects between the emitters and waveguide modes are neglected
in such an approach. Depending on the initial state, the system

7=0.0, 7%5=0, ¢=0

100_

1071 4 N

— Mixed
\ le)le)

— L(le)lg)+1g)le))

Population

<

g

%
~

9)

e

1072 1 — (le)lg) ~lg)le))

|
T T - T . T T

0 2 4 6 8
time [1/7]

FIG. 10. The time evolution of the first of the two TLSs coupled
via the waveguide. The time delay t between the emitters is here
0, meaning the dynamics is markovian. We show results obtained
using the MPS method and the ME in Eq. (19) for different initial
conditions, showing super- and subradiant decays. The mixed state
considered is given in Eq. (20). For reference, we also plot a dashed
line for the exponential decay of exp(—y1).

exhibits different decay behaviors, but in all cases the MPS
and ME agree exactly (with no delay between emitters).

For the initial superradiant state ps = |)(¥|, with |¢) =
\/LE(|eg) + |ge)), we observe enhanced collective emission,
where the decay occurs at twice the individual emitter rate,
2y. A similar enhancement is observed when both emitters are
initially excited, |{) = |ee). In this case, the system exhibits
accelerated emission with an effective decay rate of v/2y [28].

The density-matrix MPS formulation also allows us to
consider mixed initial states. We therefore study the statistical
mixture example,

ps = 3(18) (gl @ le) (el +le) (el ® |g) (gD, (20)

which has the same excitation probability as the superradiant
state but lacks coherence between the emitters. As shown in
Fig. 10, this absence of coherence suppresses superradiant
behavior. Instead, the system evolves into a long-lived state
with reduced decay.

This can be understood by noting that the state |eg) can be
decomposed as

1 /1 1
=—(— —(Jeg) — . (@l
leg) ﬁ(ﬁ(leg)+|ge))+ﬁ(|€g) Ige))> (21)

corresponding to equal contributions from the superradiant
and subradiant states. While the superradiant component de-
cays rapidly, the subradiant component remains dark and
therefore leads to a persistent population at long times. This
behavior is also illustrated in Fig. 10, where the purely subra-
diant state J%(|eg) — |ge)) shows no decay.

From all these observations, we see that the waveguide-
mediated interaction between the two emitters is very rich
even in the Markovian limit. Still, the MPS method allows
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FIG. 11. (a), (b) The population of the left emitter separated from the right emitter by delays ¢ = 0 and t = 0.5 [1/y], respectively. Both
emitters are initially excited. For T = 0, we also show the population as predicted by the ME in Eq. (19). (¢), (d) Same as panels (a) and (b), but
instead the entanglement, defined as the concurrence C in Eq. (23) as a function of time. In all plots, the pure dephasing rate of both emitters
is swept as denoted by the color bar, and the phase difference between the emitters is ¢ = 0. The blue shaded area shows the time before the

first delay .

us to investigate the impact of a finite time delay between the
emitters, while also including pure dephasing into the model.

B. Superradiance with a delay of t = 0.5/y

In Fig. 11, we consider two initially excited emitters, |ee),
for delays T = 0 and v = 0.5/y; see Appendix B for numeri-
cal details. In each case, the pure dephasing rate is varied, as
indicated by the color bar. The first row shows the population
of the left emitter.

For zero delay, T =0, pure dephasing suppresses the
coherence between the emitters and thus diminishes the su-
perradiant effect. As the dephasing increases, the dynamics
transition to a much slower decay. This behavior can be un-
derstood from the formation of a subradiant state. The pure
dephasing breaks the symmetry of the emitters and allows a
coupling between the superradiant and subradiant states. The
subradiant state eventually also couples with the superradiant
state and therefore decays slowly over time.

For a finite delay of v = 0.5/y, the effect of the delay
is already visible in the absence of dephasing. Initially, the
emitters decay at the individual rate y until the delay time is
reached, after which the dynamics deviate from this behav-
ior. In contrast to the Markovian case, we do not observe a
superradiant decay, but instead the emitters evolve toward a
subradiant or trapped state. This behavior is similar to the trap-
ping seen in Fig. 8, where destructive interference prevents the
excitations from escaping.

Without dephasing, this corresponds to the formation of a
dark state between the spatially separated emitters. Introduc-
ing pure dephasing leads to a gradual decay of this long-lived
correlation.

Another way to characterize correlations between the emit-
ters is through entanglement measures. For a bipartite system
composed of subsystems A and B, the entanglement entropy
is commonly defined as [47]

§ = —tra(paln ps) = —trp(popIn pp), (22)

where p4/p = trg/a(p) is the reduced density matrix of sub-
system A/B. This quantity provides a meaningful measure of
entanglement only when the total state p = |) (/| is pure. In
that case, the entropy S quantifies the entanglement between
the two subsystems.

For mixed states, however, the situation is more subtle. In
particular, Eq. (22) can yield a nonzero value even for purely
statistical mixtures, and therefore does not reliably quantify
entanglement. This issue has motivated the introduction of
alternative entanglement measures for mixed states, such as
the logarithmic negativity [48,49] and the concurrence [50].

The logarithmic negativity is relatively straightforward to
compute and provides a sufficient condition for entanglement.
The concurrence, on the other hand, is closely related to the
entanglement of formation and quantifies the minimal entan-
glement required to prepare a given state. While the general
definition of concurrence involves an optimization over all
possible decompositions of the density matrix, for the special
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case of two qubits, an explicit formula was derived by Woot-
ters [50]. In this case, the concurrence is given by

C(p) =max {0, A1 — Ay — A3 — A4}, (23)

where A; are the eigenvalues, in descending order, of the
matrix R = \/,/pp./p, with p = (0, ® 0,)p* (0} ® 0,).

In the lower panels of Fig. 11, we show the concurrence as
a function of time for the two delays t =0 and ¢ = 0.5/y.
In the Markovian case, no entanglement is generated in the
absence of pure dephasing. Interestingly, the introduction of
dephasing, which perturbs the superradiant state, leads to a
small but finite amount of entanglement.

In the delayed case, we observe a significant buildup of
entanglement between the two emitters. Notably, this entan-
glement only becomes nonzero after several feedback loops,
appearing at times t & 5t — 6t. In the absence of dephasing,
the entanglement appears long-lived, which can be understood
from the formation of a subradiant (dark) state, as discussed
above and in Ref. [51].

With the inclusion of pure dephasing, which to our knowl-
edge has not been considered in this context before, the
concurrence is reduced and decays in the long-time limit. Nev-
ertheless, even for y, = 0.5y, a finite concurrence persists at
long times. Compared with the equivalent Markovian case,
this long-time value is larger by approximately a factor of 2,
reflecting the formation of a delayed dark component. Thus,
the finite delay modifies the mechanism by which emitter-
emitter entanglement is generated and sustained, although
pure dephasing still degrades the correlations over time.

With the MPS method, it is also possible to characterize
correlations between the emitters and the emitted waveguide
field, which are not accessible within the ME description,
where the field degrees of freedom have been eliminated. For
a pure joint state of system and waveguide, the entanglement
entropy can be obtained from the Schmidt decomposition

= ailu) ® [vy), (24)

with Schmidt coefficients «;, leading to the expression [15,24]

S=-Y ailna. (25)

For mixed states, however, as discussed above, this quan-
tity is no longer a faithful measure of entanglement. Applying
a singular value decomposition to the density matrix, as in
Eq. (11), instead yields the operator entanglement [39,52],

Sop = — ) dilnd, (26)

where A; are the singular values of the density matrix. For
pure states, the operator entanglement is directly related to
the entanglement entropy by Sog = 25 [38]. For mixed states,
however, Sog is instead a measure of the complexity of the
density matrix and, correspondingly, of the MPS representa-
tion, rather than a direct measure of physical entanglement. A
finite value of Sog means that the density operator does not
factorize as a simple product across the chosen bipartition.
This nonfactorization can arise from genuine quantum entan-
glement, but it can also arise from statistical mixtures in the
density matrix. Thus, while a product density matrix has zero
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FIG. 12. The operator entanglement Sog between the two emit-
ters and the outgoing waveguide fields as a function of time in panel
(a) for T = 0 and in panel (b) for T = 0.5/y. The blue shaded area
shows the time before the first delay .

operator entanglement, a mixed but separable state may still
have a nonzero Sog. In this sense, Sog should be interpreted
as a complexity measure, not as an entanglement monotone
for mixed states.

In Fig. 12, we show the operator entanglement Sog
obtained from the MPS method, where the system is bipar-
titioned into the two emitters and the outgoing waveguide
field, for varying dephasing rates and for delays r = 0 and
T =0.5/y.

For 7 = 0 and y,; = 0, the operator entanglement decays
to zero in the long-time limit, consistent with the expecta-
tion that the total state becomes separable once the emitters
have fully decayed. For y; # 0, however, we observe that
Soe approaches a finite, nonzero value even at long times.
This indicates that the joint system-waveguide state does not
factorize into a simple product state, but instead retains a
nontrivial structure. Importantly, this should not be interpreted
as persistent physical entanglement, but rather as a signature
of residual correlation or the presence of a statistically mixed
density matrix, which requires a finite bond dimension to
represent.

Introducing a finite delay leads to a more complex evo-
lution of the operator entanglement, as well as generally
larger values, reflecting the increased structure induced by
time-delayed feedback. Interestingly, while for T =0, the
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FIG. 13. Sketch of a one- or two-photon pulse scattering off a

chirally coupled emitter (TLS), meaning the scattered pulse only
goes to the right.

long-time value of Sog increases with the dephasing rate, for
T =0.5/y we observe the opposite behavior. In this case,
increasing y, reduces Sog, indicating that pure dephasing
suppresses correlations between the emitters and the emitted
field in the presence of feedback.

We note that while we here only studied the operator en-
tanglement, other entanglement measures between the emitter
and waveguide field are available, for example, the log-
negativity [48,49], which would not be computable in an ME
approach, even in the Markovian limit, due to the elimination
of the waveguide field.

In the next section, we investigate further the impact of
pure dephasing on the out-coupled field.

V. EMISSION SPECTRA AND EMITTER EXCITATION
WITH FOCK-STATE PULSES

As a final example, we consider a chirally coupled TLS
driven by a quantized input pulse under the effect of pure
dephasing as illustrated in Fig. 13. This problem has already
been studied without decoherence in Ref. [29], and we use
it here as an application of our pure dephasing framework.
In that work, it was shown that a single-photon pulse scat-
tering off a chirally coupled two-level system is transmitted
without any changes in its spectrum. Specifically, this is
the stationary or long-time spectrum, as there is also a dy-
namical spectrum with pulsed excitation [29]. This occurs
despite nontrivial dynamics of the emitter during the interac-
tion, reflecting the effectively linear response of the system
in the single-excitation manifold (coinciding with a bosonic
regime). However, introducing two excitations breaks this
linear regime, and thus the scattered two-photon pulse is dis-
torted by the nonlinear interaction with the emitter.

In the following, we will see that the pure dephasing can
also serve as a way to break the linear (bosonic) regime and
cause an effective distortion of the scattered pulse, regardless
of whether it contains one or two photons. We also believe
such symmetry breaking is experimentally accessible with
current waveguide QED platforms, especially quantum dots,
where single-photon Fock-state pulses are readily available.

A. One- and two-photon pulse states with MPS

To begin with, we discuss how to represent Fock states in
the MPS picture using kets, before generalizing to density
matrices. In terms of the discretized operators, we write a

one-photon Fock state as

¥) =Y VAtfib}|0), @7
k

where f;, = f(#) is the pulse envelope function, in discretized
time. As discussed in Sec. IT A, the state in Eq. (27) is too large
to numerically represent, which also means that we cannot
sequentially decompose it using SVDs. The state is, how-
ever, simple enough that an analytical MPS decomposition of
Eq. (27) exists [29,53]. We write the MPS decomposition as

)ik = AiAdjp - A (28)

io yk>

where [/);;.., denotes the ith element of the first site, the
jth of the second, and so on, and where Einstein summation
over repeated indices is assumed. The tensors here have bond
dimension y = 2.

For the first edge, we have

Al =(1,0), Al = (0. f), (29)
where the colon denotes the physical index of the local Hilbert
space.

The subsequent tensors have the blocks given by
Abio= (1,0 Af. =, f), (30)
Al =10, A} ,=(00). 31

Finally, the last edge is given by
Ay, =(1,0),  AY, = (0, fi). (32)

The interpretation is as follows and similar although for-
mulated differently, from the one presented in Ref. [54]: The
first bond index (0) denotes that no excitation has been placed
so far in the MPS chain. Thus, Af ., = (1, 0) represents the
vacuum state. A transition from bond index 0 to 1 via Af. | =
(0, fi) places the excitation in the kth bin. The block Af . | =
(1, 0) then represents the vacuum state after the excitation has
already been placed in the chain. The transition from bond
index 1 back to O is not allowed and therefore vanishes. For a
two-photon Fock state, which we write as

1
—= Y At fifi bibLI0), (33)
\/5 k,k’

we now need a bond dimension of x = 3 and a local Hilbert
space dimension of 3 (vacuum, one- or two-excitation states).
The decomposition follows the same structure as in the one-
photon case, but the bond indices now track whether zero, one,
or two excitations have been placed in the chain. For the bulk
tensors, the nonzero blocks are [29,53]

V) =

A§.o=(1,0,0), (34)

Af.1 =0, fi. 0), (35)

Af.2 = (0,0, ££/v/2), (36)

Al =(1,0,0), A} ,=(0,/0, (37

AL, =(1,0,0), (38)
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FIG. 14. Sketch of the local tensor product of a ket tensor A to
the density tensor W as displayed in Eqgs. (39)—(42).

with all other blocks vanishing. Note that other decomposi-
tions exist due to gauge freedom. The interpretation is a direct
extension of the one-photon case. The bond indices 0, 1, and
2 denote that zero, one, and two excitations have been placed
in earlier bins. Transitions 0 — 1 and 1 — 2 correspond to
placing the first and second excitations, respectively, while
the diagonal blocks connect vacuum states. The block Af .,
corresponds to placing two excitations in the same time bin.
As before, transitions that would decrease the bond index are
not allowed. Similar logic can be followed for N-photon Fock
states [55].

The extension from a pure-state MPS to a density-matrix
representation is straightforward for an initial state of the form
p = |Y)(¥]. If a local MPS tensor is written as

A e Crxdxxr, (39)

then the corresponding local density-matrix tensor is con-
structed sitewise as

Wia,a),i, j, k) = AaibAy jiys (40)

which is simply the local tensor product A ® A*. Here, i and
Jj denote the ket and bra physical indices, respectively, while
(a,d’) and (b, b') are the corresponding fused left and right
bond indices. The resulting tensor, therefore, has dimensions

W e CHixdxd i (41)

Since we work with vectorized density matrices, the two
physical indices are then flattened into a single index, yielding

Wia € CXEX4 %1k (42)

Consequently, an initial pure-state MPS can be converted di-
rectly into the corresponding density-matrix MPS used in the
density-matrix code. This process is also illustrated in Fig. 14,
and in Appendix A, we explicitly calculate and interpret the
density-matrix MPS decomposition tensors.

B. Scattering of few-photon Fock pulses with a chiral TLS

With the MPS representation of one- and two-photon Fock
states, we can now study the scattering of a chirally coupled
TLS. In the following, we consider either a one-photon or a
two-photon Fock state with a top-hat envelope function (this is
not a model restriction, and any arbitrary shape can be used),
defined as

1
f@)=—=,
VI

and zero otherwise. We consider a pulse duration of 7, = 2/y.

0<1<T, (43)

To investigate the impact of pure dephasing on the scattered
pulse, we consider the time-integrated or stationary spectrum:

S(w) = /oodz /Oodr T (b (1)br(t + 1)), (44)
0 0

where by, is the annihilation operator of the right-propagating
waveguide mode. For the initial top-hat pulse, we have
(b;m(t)bi,?(t +10)=Nf@)f@t+1), where N=1 for a
single-photon pulse and N = 2 for a two-photon pulse; using
this, the input spectrum can be calculated as

sin*(wT,/2)

S (w) =N T, /2)]

, (45)

where the superscript “in” denotes the input spectrum.

In the absence of detuning and pure dephasing and for
a single-photon input, the spectrum remains unchanged af-
ter scattering. This result was studied in detail in Ref. [29],
where it was shown analytically that the emitter dynamics
conspire to exactly cancel out when the spectrum is inte-
grated over time, leaving the pulse only with a phase change
that does not show up in the spectrum. In Appendix C, we
derive an extension of the results to include pure dephasing
for the single-photon scattering. The pure dephasing leads to
incoherent emission by the emitter, and there is no longer a
cancellation of the scattered and emitted field of the emitter,
leading to a change in the output spectrum. The emission
spectrum is given as

S(@) = Scoh(@) + Sinc (@), (46)

where

_r
I'+i(w—3)

(47)
where I' = (v +¥)/2,8 = wy — w,, and w,, is the frequency
of the pulse.

We consider 6§ = 0 in the following. The expression for
the coherent emission is well known in the literature; see,
for example, Ref. [56], where they include pure dephasing,
but only calculate the coherently scattered part. The coherent
part of the emission thus dips around the resonance, since

[£0)> = (1 — yi_—”m)z. As for the incoherent part, it has the

Seon(@) = [ f(@)Plt(@), t(w)=1-

expression

2yl |f()?

dv
Sinc(®) = m/ﬂm

(48)

which has a Lorentzian-like shape around the resonance and
disappears for y, — 0. Thus, in the total spectrum, for pure
dephasing y, # 0, we would expect a Lorentzian-like shape
with a dip in the middle.

Figures 15(a) and 15(b) show the excitation probability
of the TLS as a function of time for one- and two-
photon pulses, respectively. Numerical details are provided in
Appendix B. The dynamics differ significantly between the
two cases, reflecting the nonlinear response of the TLS.
Varying the pure dephasing rate, we observe that dephasing
reduces the maximum achievable excitation probability.
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FIG. 15. (a), (b) The population as a function of time for a top-hat input pulse of N = 1 and N = 2 photons, respectively. Pulse duration
is Tp = 2/y, as also indicated by the blue shaded area. The pure dephasing rate is varied as indicated by the color bar. (c), (d) Same as above,
but instead the emission spectrum S(w) in Eq. (44). The analytically predicted spectrum for a single-photon pulse, including pure dephasing

in Eq. (46) is also shown in full circles.

Figure 15(c) and 15(d) show the emitted spectrum after
scattering, again for one- and two-photon pulses, respec-
tively. As a reference, we plot the analytical expression in
Eq. (46) in circles. For the single-photon case without dephas-
ing, the spectrum remains unchanged, as expected. However,
as the dephasing rate increases, the spectrum is modified
and adopts a nontrivial shape: It is not simply reduced in
magnitude or broadened, but rather two peaks occur for
large pure dephasing values. This is predicted both by the
analytical expression and by the MPS simulations. To our
knowledge, this effect has not been previously reported, as
it requires the inclusion of pure dephasing, which has not
been widely considered in theoretical treatments. As men-
tioned above, the physical intuition is that pure dephasing
leads to both coherent and incoherent emission, and these
two no longer interfere in such a way that the spectrum is
unchanged.

For the two-photon case, the scattered spectrum is changed
even in the absence of pure dephasing due to the nonlinear
interaction with the TLS. Increasing the dephasing further
leads to a broadening and flattening of the spectrum. The ana-
Iytical expression in Eq. (46) fails here, as this is only a linear
treatment with no two-photon components. This highlights the
difference between scattering single- and two-photon pulses
from an emitter.

If one instead includes off-chip decay (not shown), similar
features in the emission spectrum appear, but these features
are also accompanied by an overall reduced magnitude. These
differences can thus serve as a way to probe experimentally
whether pure dephasing or off-chip decay is the dominant
decoherence process.

VI. OUTLOOK AND CONCLUSIONS

We have presented a density-matrix matrix product state
approach for simulating waveguide QED systems with deco-
herence processes, which are captured through Lindbladian
superoperators. By extending the time-bin MPS framework to
density matrices, we are able to not only include decoherence
processes such as pure dephasing directly in the dynamics, but
also study mixed initial states.

Using this approach, we have studied three representative
systems with significant waveguide QED effects, all of which
are nontrivial, even with pure-state dynamics. For a single
emitter with time-delayed feedback, we showed that pure
dephasing disrupts the interference responsible for population
trapping, leading to a slow decay of the excited state. For
two spatially separated emitters, we demonstrated how pure
dephasing suppresses superradiant behavior and modifies the
buildup of correlations between the emitters. We also showed
that quantities such as operator entanglement provide addi-
tional insight into the structure of the joint emitter-field state,
which is not accessible in a Markovian master-equation de-
scription. Finally, for the scattering of few-photon Fock-state
pulses from a chirally coupled emitter, we found that pure de-
phasing leads to qualitative changes in the emitted spectrum,
including features not present in the lossless case. Off-chip de-
cay leads to qualitatively similar features, although the overall
magnitude of the spectrum is reduced.

Our method provides a powerful framework for studying
non-Markovian waveguide QED systems in the presence of
decoherence while maintaining access to both system and
field observables. This is expected to be relevant for more
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realistic modeling of experiments, where such decoherence
processes are unavoidable. Examples of experiments on su-
perconducting qubits where pure dephasing is required to
explain the data already exist [8—10,12—14].

Possible extensions and interesting directions include
incorporating more complicated noise models into the dy-
namics, for example, including the impact of emitter-phonon
coupling, and exploring their interplay with waveguide-
mediated dynamics. Numerically exact methods exploiting
MPS with phonons already exist [57-62], and with the exten-
sion to density matrices in the current work, a combination
of the two methods should be possible. This was explored
in Ref. [26], but numerical complexity limited the systems
available for study. With recent progress in the efficiency of
tensor network algorithms, extensions to more complicated
systems should be possible [59,60]. Including pure dephasing
in the study of the so-called “decoherence-free” interaction
of giant atoms is also an interesting direction [63], where the
role of pure dephasing has not been studied, yet is known to
be essential for explaining experimental data on practically all
waveguide QED systems.
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APPENDIX A: DENSITY-MATRIX MPS REPRESENTATION
OF FEW-PHOTON PULSE STATES

In this Appendix, we derive the density-matrix MPS rep-
resentation corresponding to the few-photon pulse states
introduced in Sec. V. The construction follows directly from
the pure-state MPS by forming the outer product p = |{) (V|
sitewise.

Given a local MPS tensor,

k

Aa g

with bond indices «, B8 and physical index i, the corresponding
density-matrix tensor is constructed as

k k
A(a,&), G (BB 01 iLp (A a.j, /3)

where (o, @) and (B, B) denote fused bond indices, and
(i, j) are the ket and bra physical indices. In the main text,
the physical indices are flattened such that (i, j) — i with
dimension d>.

(AD)

(A2)

1. One-photon state

For the one-photon pulse, the bond dimension of the
pure-state MPS is x =2, and the corresponding density-

matrix MPS therefore has a bond space of dimension x? = 4,
spanned by the pairs

0,0), (0,1), (1,0), (1, 1). (A3)

Here, the first index refers to the ket chain and the second
to the bra chain, indicating whether the excitation has been
placed in each, respectively.

In this representation, each local tensor AX (@d)e(b) is a
2 x 2 matrix acting on the local Hilbert space spanned by
{10y, [1)}, where the row and column indices correspond to
the ket and bra indices, respectively. The nonzero bulk tensors

are then given by

k 10 k 0 J
A(O,O),:,(O.O)Z(O 0>, A(O,O),:.(o,1)=<o 6 )

A (0 0
(00) (10)_ ’ (0,0),:,(1,1) — 0 |fk|2 ’

(A4)

0 ) 0 0
(01) (0.1 (O 0>, A(o,1),:,(1,1):<fk O)’ (A5)

0 0 *
Alf10) (1,0) (0 0)» A]({I,O),:,(l,l):(o %) (A6)

k 1 0
A(l,l),:,(1,1)=<0 0/

with all other blocks vanishing.

The interpretation follows directly from the pure-state con-
struction: The bond indices track whether the photon has been
placed in the ket and bra chains. The nonzero transitions,
therefore, correspond to inserting the excitation in the ket,
in the bra, or in both. In contrast to the pure-state case, the
excitation can now be distributed across different sites, such
that the ket and bra indices are excited at different positions.
This is, for example, reflected in transitions from (0, 0) to (0,
1) at one site, followed by (0, 1) to (1, 1) at a later site.

—_

—_

(A7)

APPENDIX B: NUMERICAL DETAILS

In this Appendix, we provide the numerical details and
run times for the simulations presented in the paper. The run
times presented were run on a desktop PC with an AMD
Ryzen 5 3600 CPU, 3.6 GHz, using two cores. Although the
MPS algorithm itself does not benefit from multithreading,
the linear algebra operations involved do, and thus running
on more cores will provide a speedup, especially when larger
bond dimensions are involved. The run times are not statistical
averages and thus should be taken as rough estimates of the
computational times, showing the efficiency of the simula-
tions. Through all simulations, we kept the relative cutoff of
the singular values to €, = 1077

For the non-Markovian TLS simulations performed in
Fig. 8, we used a maximum bond dimension of y = 4 with a
time step of At = 0.05/y. The run-time for these simulations
was ~(.5 s per pure dephasing simulation run. The trace and
Hermiticity errors were both below 1014,

For the superradiance simulations in Figs. 10 and 11, which
is a particularly difficult example, we found that we needed
a maximum bond dimension of y = 40, when both emitters
were initially excited, and the pure dephasing was substantial.
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For fewer excitations or smaller pure dephasing values, the
following simulation times will be faster, due to reduced com-
plexity. Again, we used a time step of Ar = 0.05/y, and the
computational time was ~24 min per pure dephasing value.
The trace-preservation errors were here e, < 5 x 107 and
the Hermiticity violations €perm < 5 X 10~°. Even though the
trace-preservation error is not extremely small, increasing the
maximum bond dimension to x = 80 changed the maximum
relative error in the population dynamics by 0.006, and we
thus consider the simulation converged.

For the scattering simulations in Fig. 15, we used At =
0.02/y, and a maximum bond dimension of x = 20, and ob-
served trace-preservation violations of €, < 1.6 x 107% and
the Hermiticity violations €germ < 2.15 x 10~'*. For the two-
photon pulse, which has the largest initial bond dimension
(9), the computational times were &15 s per pure dephasing
value. Notably, the time for computing the two-time average
of (b;(t)bk(t + 7)) was subsequently ~5 min per pure de-
phasing value, substantially longer than the time evolution
itself.

However, given the complexity and power of having an ex-
act simulation method, with multiple quanta, non-Markovian
feedback, and dissipation, these simulation times are still very
reasonable and can be performed on a single computer work-
station. With more cores on a high-performance cluster, even
faster computation times are expected.

APPENDIX C: DERIVATION OF SINGLE-PHOTON
STATIONARY SPECTRUM INCLUDING PURE
DEPHASING

In Sec. VB, we showed the stationary emission spectrum
from a single-photon pulse scattering off a chiral emitter.
This configuration has already been studied in Ref. [29], but
without the inclusion of pure dephasing. In this Appendix, we
extend the analytical results to include pure dephasing and
find that the spectrum can be separated into a coherent and
an incoherent part.

Using the input-output relation, the output field can be
written as (in the following, we drop the subscript R, since
we consider the chiral case and only one field exists) [65]

bou(t) = bin(t) — /yo (1). (CDH

The output spectrum can therefore be written as
[o.¢] [o¢] . .
S(w) = f dt/ dt e T (b}, ()bou (t + 7))
0 0

= (b (@)bou ()
= (bin' (@)bin(®)) — /7 (b}, ()0 ()
— V(0 (@bn(@) + y (o (@0 ().  (C2)
The first term is trivially
(bin " (@)bin(@)) = | f(@)]?, (C3)
while the second term is
VY (bl (@) (@) = =7 [*(@)(0. glo (@)1, 8)
— V7 (@)e(w), (C4)

where we defined c(w) = (0, glo (w)|1, g), which we find by
writing the equation of motion

é(t) = i(0, gl[H, o ()11, g) + ¥4(0, gD}

L eIl g)
=8 —De(t) — Sy f@),

(C5)
with I' = (¥ + y4)/2, § = wy — w,, being the detuning be-
tween the photon pulse and emitter transition frequency wy,
and D;(,o) =A"pA — 1/2(ATAp + pATA) is the conjugate
Lindblad operator, which occurs from reordering the trace.

Fourier transforming Eq. (C5), we get

@)
S T (6)
Thus, we have
¥ _ yIf(@)]?
VY (bl (w)o(w)) = Tt i) (C7)
Similarly, (67 (0)bin(®)) = — /¥ f (w)c*(w), and thus
+ ) _ Y |f (@)]?
VY (o (@)bin(w)) = F—iw—9) (CB)

The final term (o7 (w)o (w)) is more cumbersome and re-
quires additional detail when pure dephasing is introduced.
We write

(o (w)o(w)) = / dtdse™ e S (T (1)o (s)). (C9)

Therefore, we need to compute the two-time correlation func-
tion:

G(t,8) = (1, glo" () (s)]1, g). (C10)
The equation of motion for o (s) is
%a(s) = (i — Mo (5) — /Y bin(s)0;(s). (C11)

Multiplying by o *(¢) from the left and taking the one-photon
expectation value gives

%G(L 5) = (i8 — D)G(t, s) — /7 (0 ()bin(s)0(s)).
(C12)

For a one-photon input pulse, the source term evaluates to

— V70 (Obin($)0:(5)) = =V f($)c* (). (C13)
Therefore, the two-time correlation function obeys
%G(l, §) = (I8 — DG, s) — Sy f(s)c* (). (C14)
The initial condition is
G(t.1) = (o' ()o (1)) = P(1), (C15)
where
P(t) = (1, glo " ()o (0)]1, ). (Cl16)
Solving Eq. (C14) for s > ¢ gives
G(t,s) = PP
— /(@) / 3 du P60 £y, (C17)
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On the other hand, the solution of Eq. (C5) between ¢ and
s s

c(s) = eBD6De(p)

-7 / du D60 £y,
t

Multiplying Eq. (C18) by c*(¢) gives

(C18)

cH(D)e(s) = P e()?
— /@) / " du D60 fw).  (C19)

Subtracting this expression from Eq. (C17), the integral terms
cancel, yielding
G(t,s) = c"()c(s) = P TCTIP@) — cPP]. (C20)

Thus, the two-time correlation function can be decomposed

as
G(t,5) = c*(t)c(s) + Q1)@= (C21)
where
Q1) = P(t) — |c(). (C22)
The population obeys
P(t) = —yP(t) — JYLf*O)c@t) + f(O)c* )] (C23)

Meanwhile,

d
E'C(’)'z = —2T|c()* — JY[f*O)c@t) + f(t)c*@D)].
(C24)

Here, we already see that if y, = 0, then P(¢) = |c(¢)|*, since

the two quantities obey the same equation of motion. When

vy # 0, however, this is no longer the case, and Q(¢) # 0. This

term corresponds to incoherent emission from the emitter.
Using O(t) = P(t) — |c(t)|?, we find

)(t) = P(t) — d HI?
0 = P(t) = ()|
= —yP(t) 4 2T|c(t)?
= —y0() + QT = y)lc(®)]?

= —y0(t) + yplc@®)*. (C25)

Thus, Q(t) is generated only by pure dephasing. If yy =
0, then Q(t) = 0 for the one-photon problem. In this case,
G(t,s) = c*(t)c(s), and therefore (o7 (w)o(w)) = |c(w)|?.
For y, = 0, this recovers the result of Ref. [29]. The coher-
ent contribution also agrees with Ref. [56], where only the
coherently scattered part is given for y; # 0.

We now insert Eq. (C21) into the frequency-domain atomic
spectrum. Writing s = ¢ + 7, we have

(o ()0 (@) = 2Refoo dt /oodr TGt 1+ T).
e (C26)

Using Eq. (C21), this becomes
R .
(o (w)o(w)) = 2Re/dt/ dt e T c* (et + 1)
0

o0
+2Re / dt / dt e T Q(r)e @11,
0

(C27)
The first term is the coherent part; as also mentioned above,
it gives

(07 (@)0 (@))con = |c(@)]. (C28)
Using Eq. (C6), we have
2
le(@)I* = —(wy_lj;(;)ilr = (C29)
Therefore,
2 2
Y (0T (@) (@))con = —(wy_g)(;) j)Ll = (C30)

The second term is the incoherent part. It is

o0

(0 ()0 (@))ine = 2Re f

—00

1 [e.e]
_ 2Re[—r+i(w_8)] | arow

o0 . .
dt Q(r) / dt 70T =D
0

2r %
= o I /_ dr Q). (C31)
Thus,
29T %
(0 (@)0(@))inc = (w—ayw / dt Q(t). (C32)

We can express the integrated incoherent population in
terms of c(¢). Integrating Eq. (C25) over time, and assuming
that Q(¢) vanishes at the temporal boundaries, gives

0= —yf di Q(t)+y¢,/ dr e, (C33)
Hence,
/oo dr o) =12 /oo dt |c@). (C34)
—0oQ y —0oQ

Using Parseval’s theorem,

o0 , [T dvy s [ dv ylfW)P?
f_oodt le(@®)] _/_OOEMU)' —f_oogm'

(C35)
Therefore,
dv _ |IfmI?

drtQ(t) = —_— C36

f o) y¢/27‘[(v—8)2+r‘2 (C36)
Substituting Eq. (C36) into Eq. (C32), we obtain
27yl /dv If(n)

i RS L e VAN B

ro @@= = | ST
(C37)
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Combining the coherent and incoherent atomic contributions
gives

T _ Yf(@))
y{o'(w)o(w)) = m
22 f v f)
(w—=82+T2) 2 (v =262 4+T2
(C38)

Finally, inserting Eq. (C38) into Eq. (C2), together with
Egs. (C3), (C7), and (C8), gives

1y 2y’ 2 ,
S(w) = |:1 (w—8)2+ T2 (w_5)2+r,2i||f(a))|
Il [ JOP
(0)—8)2+l—'2 2 (v_5)2+F2‘ (C39)
Since
100 PR S e LU ()
I'+i(w—96) T +i(w—3)

we have
T2+ (w—8)2
2yT —y°

Therefore, the stationary spectrum can be written as

S(w) = lt(@)P|f (@)
2yl / dv  |f)I (C42)
(w—=82+T2) 2 (v—=6)2+T2%
which is the expression given in Eq. (46). When y; =0,
we have I' = y /2, while the incoherent term vanishes, and
Eq. (C42) reduces to
Se(@) = | f(@)],

which is the stationary chiral result without pure dephasing.

(C43)
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