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case (A) - optimal investment, consumption and life insurance, [Richard, 1975]

‘u"'"—-_r -
o

* howtoinvest? . h
* howmuch to consume? )
* howmuch to leave to my family whenldie? e
maxiinize the utility of consumption and legacy capital gains:
! . A stocks: T,

cash: 1 —m,

@)

‘ labor income

risk preferences:y
impatience: p
weight on heirs: 4
mortality rate: u,

consumption

premium
— -
- o
insurance sum I -
+ savings
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case (B) - optimal investment with optimal annuities

capital gains:
stocks: m,
cash: 1 —m,

before retirement: O

|EE prem\ums
afterretirement: L ll
risk preferences:y benefits
impatience: p . how to define the benefits
mortality rate: g, given the pension saver's preferences?
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Optimization technology

M

stochastic optimal control - explicit solutions

v’ ideal framework - produce an
optimal policy that is easy to
understand and implement

X explicit solution may not exist
X can't deal with details

stochastic (linear) programming (SLP)

v general purpose decision model
with an objective function that
can take a wide variety of forms

v/ can address realistic
considerations, such as
transaction costs

v/ can deal with details

X problem size grows quickly as a
function of number of periods
and scenarios

X challenge to select a
representative set of scenarios
for the model
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Hybrid model

M

o first years decisions - multi-stage stochastic linear programming
(SLP)

@ decisions for the long steady period - stochastic optimal control
(dynamic programming)

" I I I jretirement
I T T T T 1~
to U Tsp r r
SLP model stochastic optimal control
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Dynamic programming |

M

Wealth dynamics

dXt = (r + 7Tt(0( — r))Xtdt + WtUXtth + /tdt - Ctdt — M:Itdt,
XO = Xp-

Maximize expected utility of consumption and bequest

7
V(ta X) = sup Et,x [/ e Ji prdr (U(S, C) + ,U/SU(Sa Xs + /s)) dS‘| s
ﬂ,c,lGQ[t,?') t

with the utility functions:
u(c, t) = %WI*'Y(t)c7 = lemrten, U(x) = %vlﬂ(t)x'y = %)\”Ye””xv,

1 — ~y - risk aversion, p - impatience factor, A - weight on bequest, u; - mortality
rate, uy - pricing mortality rate.
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Dynamic programming |l
Solution (optimal value function)

V(tx) = LA1(8) (x + g(1)) .

T s *
f(t) = / o7 I (e atur o)) ar
t

W(s)+< Pe >1/(H) v(s)] ds,

§
g(t) = / e JErHi)d7 (6) s

t

=
=
=

M

The optimal controls

_a—r Xe+g(t) . w(t)

T = 0_2(1 _7) X; ) G = f(t) (Xt —|—g(t))7
1/(1=7)
o (b v(t) _
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SLP model - objective
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SLP model - objective
=
. Root tree
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SLP model - objective
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SLP model stochastic optimal control
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Constraints

budget equation, t=1,..., Tgp —land v(t) = 1,...,Ke,

N N
D Py T Conie) + 1 Iy ey = XoLge=to) + D Sne) + s

i=1 i=1

asset inventory balance, t =+, ..., Tsp, v(t) =1 K, i=1 N:

..........

i _ i i i <i
Xf’y(:) - (l + R"u(t))X"V(t—l)]l{t>t0} + P"y(z)]l{t<TSLP} - S"V(t)]l{f<Tsu>}’
non-negativity, t =1, ..., Tap—1uvt)=1,..., Ky

N
Gy >0, > Xoyy+ >0, P >0
i=1

v(t) — 7
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Results | - case (A)

400

t0 t_20 - retirement t_40
—¢, - expl.
20 + - SLP
19 wﬁ-«.*‘*\
— |
18
t 0 t_20 - retirement t 40

payments: /; = 27.000 EUR, xg = 60.000 EUR,
market: N =2, r =0.02, « = 0.04, 0 = 0.2,
utility function: v = —3, p = 0.04, A = 10,
agey = 45, ageT = 65,

life uncertainty: & = 0.0, 3 = 4.59364,

5 = 0.05032,
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15
—, - expl.
\ o m-SLP
1 \
05
% .20 - retirement 40
100 — 7%, - expl.
80%\ + mX - SLP
60
40 e
20
o t_20 - retirement t 40

scenario tree: Tg p = 8, bf = 3, number of trees = 10,
linearization: m = 40,

c _ * c _ *
bpi = 0'7E[CTSLP]’ bpp, = 2E[CTSLP]'

xtg _ * x+g _ *
bp; ‘= 0.5E[X7, , +&7g.p] bPy, = 2E[X7g, p T 8T pls
+. — + —
bpy T = 0.BE[XT,, |, + 17, ) beR ™ = LBEIXF, |+ 7 )
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Modified constraints

budget equation with transaction costs, t=+1j,..., Tap—Luv)=1,..., K
Z Py (L +6") + Cope) + 6 oy ey = X0L {e=gp} + Z S —q") 4k,

i=1 i=1

asset inventory balance with taxes on capital gains, t = «,..., Tsip, v(t) =1, ..
i=1,..., N:

X'In/(:) = (l + HEtRAu(t))X’gy(t—l)]l{t>t0} + P'lw(t)]l{K Tsip} — S”’y(t)]l{t<T5LP}7

limits on portfolio composition, t =1, ..., Top, v(t)=1,..., Ky

N N
vi vi i vi
Xoyy 2 deX"u<r)’ X < ”"ZX"um'
-1 i=1
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Results Il - case (A) with modifications

Optimal investment: a) original constraints, b) limit on portfolio composition,

"

u = 100%, c) transaction costs, g = 0.5%, d) taxes on capital gains, 7 = 20%.

—#— orig constraints
* -7 U=100%
-7 4=05%

EREH 7=20%

0.8}

0.6

0.4
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