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In the framework of Langevin dynamics, we demonstrate clear evidence of the peculiar quantized
sliding state, previously found in a simple one-dimensional boundary lubricated model �A. Vanossi
et al., Phys. Rev. Lett. 97, 056101 �2006��, for a substantially less idealized two-dimensional
description of a confined multilayer solid lubricant under shear. This dynamical state, marked by a
nontrivial “quantized” ratio of the averaged lubricant center-of-mass velocity to the externally
imposed sliding speed, is recovered, and shown to be robust against the effects of thermal
fluctuations, quenched disorder in the confining substrates, and over a wide range of loading forces.
The lubricant softness, setting the width of the propagating solitonic structures, is found to play a
major role in promoting in-registry commensurate regions beneficial to this quantized sliding. By
evaluating the force instantaneously exerted on the top plate, we find that this quantized sliding
represents a dynamical “pinned” state, characterized by significantly low values of the kinetic
friction. While the quantized sliding occurs due to solitons being driven gently, the transition to
ordinary unpinned sliding regimes can involve lubricant melting due to large shear-induced Joule
heating, for example at large speed. © 2009 American Institute of Physics. �doi:10.1063/1.3257738�

I. INTRODUCTION

When a confined lubricant is characterized by a large
surface-to-volume ratio, the surface features of the confining
walls may strongly affect its tribological properties. If the
width of the lubricant film is reduced to a few atomic layers,
as in the boundary-sliding regime, the atoms in the film tend
generally to be ordered into layers parallel to the bounding
substrates.1,2 Both numerical simulations3–5 and experiments
generally conclude that, in such a strongly confined geom-
etry, the film behaves like a solid, even at temperatures sig-
nificantly higher than its bulk melting temperature.6 In real
operative conditions, moreover, the case of “dry” friction is
quite exceptional. A physical contact between two solids is
generally mediated by so-called “third bodies,” which act
like a lubricant film.7 For crystals sliding on crystals, one
may consider the moving contact as characterized schemati-
cally by three inherent length scales: the periods of the bot-
tom and top substrates, and the period of the embedded lu-
bricant structure.

The problem of boundary lubricated friction is fascinat-
ing both from the fundamental point of view and for appli-
cations. Interesting dynamical behaviors, with possible tribo-
logically important implications of an irregular distribution
of the lubricant velocity in between the sliding surfaces, have
recently been observed in numerical simulations, depending
on the “degree” of geometrical incommensurability defining
the moving interface.8–11 The prominent nontrivial feature of

those simulation is an asymmetry in the relative sliding ve-
locity of the intermediate lubricating sheet relative to the two
substrates. Strikingly, this velocity asymmetry takes an ex-
actly quantized value which is uniquely determined by the
incommensurability ratios and is insensitive to all other
physical parameters of the model. The occurrence of this
surprising and robust regime of motion, giving rise to per-
fectly flat plateaus in the ratio of the time-averaged lubricant
center-of-mass �CM� velocity to the externally imposed rela-
tive speed, was ascribed to the intrinsic topological nature
of this quantized dynamics. The phenomenon, investigated
in detail in a rather idealized one-dimensional �1D�
geometry,12–17 was explained by the corrugation of a sliding
confining wall rigidly dragging the topological solitons
�kinks or antikinks� that the embedded lubricant structure
forms with the other substrate. Evidence of the existence of
this peculiar regime of motion was then confirmed shortly
after for a substantially less idealized two-dimensional �2D�
model of boundary lubrication, where atoms were allowed to
move perpendicularly to the sliding direction and interacted
via Lennard-Jones �LJ� potentials.18 The solitonic transverse
corrugations of the lubricant, propagating inside the film
from bottom to top, were shown to favor the kink �or anti-
kink� tendency to pin to the top-layer spatial periodicity, thus
strengthening the quantization mechanism.

In this work, we investigate the tribological signature of
the quantized-velocity state for such a 2D multilayer solid
lubricant under shear. Its robustness against thermal effects
�implemented by means of a standard Langevin approach�,a�Electronic mail: vanossi@sissa.it.
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quenched disorder in the confining substrates, and over a
wide range of loading forces is analyzed in detail. The lubri-
cant softness, setting the width of the propagating solitonic
structures, together with the soliton coverage number, is con-
sidered in promoting in-registry commensurate regions ben-
eficial to the quantized sliding. Hysteretic termination and
kinetic friction are properly evaluated to highlight tribologi-
cal differences with respect to ordinary unpinned sliding
regimes.

The paper is organized as follows. In Sec. II, we sum-
marize the main features of the 2D-implemented tribological
confined model, together with the numerical procedure
adopted to solve the system of coupled equations describing
the dissipative particle dynamics and top plate motion at fi-
nite temperatures. Section III is devoted to prove the robust-
ness of the quantized dynamical regime against many physi-
cal parameters of the model. In Sec. IV the relative lubricant-
lubricant and lubricant-substrate interactions are varied to
study the role of the confined film softness. By evaluating the
force instantaneously exerted on the advancing plate in Sec.
V, we characterize the tribological features of the quantized
dynamics and show that it corresponds to significantly low
kinetic friction force. The transition toward ordinary sliding
regimes can involve lubricant melting due to large shear-
induced Joule heating, leading to a higher-friction sliding
state. As detailed in Sec. VI, within the framework of our
rigid, constant-speed driving, we observe an intermittent
stick-slip dynamics, associated to tiny amplitude fluctua-
tions, in the kinetic friction force experienced by the top
substrate while in the quantized-velocity state. Discussions
and conclusions are given in Sec. VII.

II. THE 2D CONFINED LUBRICATED MODEL

Our system is composed of two rigid walls made of
equally spaced atoms and Nl identical lubricant atoms con-
fined in between, organized in Nlayer layers, see Fig. 1 where
Nlayer=5. The lubricant atoms move under the action of pair-
wise LJ potentials

�a�r� = �a���a

r
�12

− 2��a

r
�6� , �1�

describing the reciprocal interactions. The cutoff radius is set
at r=rc=2.49�a, where �a�rc�	−8.4�10−3�a.

For the two substrates and the lubricant we assume three
different kinds of atoms, and characterize their mutual inter-
actions ��bl, �ll, and �tl refer to potential energies for the
bottom-lubricant, lubricant-lubricant, and top-lubricant inter-
actions, respectively� with the following LJ radii �a

�tl = at, �bl = ab, and �ll = a0, �2�

which, for simplicity, are set to coincide with the fixed spac-
ings at and ab between neighboring substrate atoms, and the
average x-separation a0 of two neighboring lubricant atoms,
respectively. This restriction is only a matter of convenience,
and is not essential to the physics we are describing. These
three different periodicities at, a0 and ab define two indepen-
dent ratios:

�t =
at

a0
, �b =

ab

a0
, �3�

the latter of which we take closer to unity, max��b , �b
−1�

��t, so that the lubricant is less off-register to the bottom
substrate than to the top.

For simplicity, we fix the same LJ interaction energy
�tl=�ll=�bl=� for all pairwise coupling terms and the same
mass m of all particles. We take �, a0, and m as energy,
length, and mass units. This choice defines a set of “natural”
model units for all physical quantities: for instance velocities
are measured in units of �1/2m−1/2. In the following, all me-
chanical quantities are expressed implicitly in the respective
model units.

By convention, we select the frame of reference where
the bottom layer is static, with the atoms located at

rbix�t� = iab, rbiz�t� = 0. �4�

We integrate standard molecular-dynamics �MD� equations
within a x-periodic box of size L=Nla0 for the lubricant par-
ticles. The top slider is driven rigidly at a constant horizontal
velocity vext, and can also move vertically �its inertia equals
the total mass Ntm of its atoms� under the action of the
external loading force F applied vertically to each particle in
that layer and the forces due to the interaction with the par-
ticles in the lubricant layer

rtix�t� = iat + vextt, rtiz�t� = rtz�t� . �5�

The equation governing rtz is

Ntmr̈tz = − 

i�=1

Nt



j=1

Nl ��tl

�rti�z
��r�ti� − r� j�� − NtF . �6�

To remove the Joule heat, and control the lubricant tem-
perature in this driven system, rather than a Nosé–Hoover
thermostat19,20 as in Ref. 18, we use a standard implementa-
tion of the Langevin dynamics,21 with the addition of a
damping term plus a Gaussian random force f� j�t� to the
Newton equations for the lubricant particles. The damping
force includes symmetric contributions representing the en-
ergy dissipation into both individual substrates

FIG. 1. A sketch of the model with the rigid top �solid circles� and bottom
�open� crystalline sliders �of lattice spacing at and ab, respectively�, the
former moving at externally imposed x-velocity vext. One or more solid
lubricant layers �shadowed� of rest equilibrium spacing a0 are confined in
between.
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f�damp i = − �r�̇i − ��r�̇i − r�̇t� . �7�

Taking into account this double contribution to the
�-dissipation, the Gaussian null-average random forces sat-
isfy the relation

�f jx�t�f jx�t�� = 4�kBT��t − t�� , �8�

and similarly for the ẑ components, such that in a static con-
figuration �vext=0� the Langevin thermostat leads to a steady
state characterized by standard Boltzmann equilibrium aver-
age kinetic energy of the lubricant

�Ek = 2Nl
1
2kBT . �9�

This method represents a simple but numerically stable and
effective phenomenological approach to describe energy dis-
sipation into the substrates occurring through the excitation
of phonons and �in the case of metals� of electron-hole pairs.
We adopt a fairly small value �=0.1 leading to underdamped
lubricant dynamics. To guarantee a detailed force balance
�Newton’s third law�, we add the following force term

�

i

Nl

�r�̇i − r�̇t� = �Nl�v�cm − r�̇t� �10�

to the equations for the motion of the top layer. While the
ẑ-component of this additional term has a real influence on
the motion governed by Eq. �6�, of course its x̂-component
only affects the external force Fk required to maintain the
velocity component ṙtx constant and equal to vext.

We usually start off the MD simulation of a single lubri-
cant layer from equally spaced lubricant particles at height
riz=ab and with the top layer at height rtz=ab+at, but we
consider also different initial conditions. For several layers,
we initialize the system with lubricant particles at perfect
triangular lattice sites, and the top slider correspondingly
raised. After an initial transient, sometimes extending for
several hundred time units, the sliding system reaches its
dynamical steady state. In the MD simulations, an adiabatic
variation of the external driving velocity �a controllable pa-
rameter in tribological experiments� is considered and real-
ized by changing vext in small steps �v=0.1, letting the sys-
tem evolve at each step for a time long enough for all
transient stresses to relax, in practice 1500 time units. In the
calculations presented below, we average the physical quan-
tities of interest over a simulation time of 3000 time units or
more after the transient is over. At higher temperature, fluc-
tuations of all physical quantities around their mean values
increase, sometimes requiring even longer simulation times
to obtain well-converged averages. To estimate error bars of
all average quantities, we split the whole trajectory into
30 pieces of equal duration, and then evaluate the standard
deviation of the averages carried out over each individual
interval.

III. THE ROBUSTNESS OF THE PLATEAU DYNAMICS

Here we prove the robustness of the quantized-velocity
plateau dynamics against thermal fluctuations, changes in
vertical load and the effect of quenched disorder in the con-
fining substrates. In our simulations, we take into account

complete layers, realizing an essentially crystalline lubricant
configuration at the given temperature, generally kept below
its melting temperature. To investigate the dragging of kinks
and the ensuing exact velocity-quantization phenomenon,
we evaluate the ratio w=vcm x /vext of the time-averaged
lubricant CM sliding velocity to the externally imposed slid-
ing speed vext stays pinned to an exact geometrically deter-
mined plateau value, while vext itself or temperature T or
even relative substrate corrugation amplitudes are made vary
over wide ranges. In detail, the plateau velocity ratio

wplat =
vcm x

vext
=

a0
−1 − ab

−1

a0
−1 =

�b − 1

�b
= 1 −

1

�b
, �11�

is determined uniquely by the excess linear density of lubri-
cant atoms with respect to that of the bottom substrate, thus
of the length ratio �b �Eq. �3��. The velocity ratio wplat of Eq.
�11� equals the ratio of the linear density a0

−1−ab
−1 of solitonic

defects to the total lubricant density a0
−1, and is consistent

with solitons being dragged at the full speed vext of the top
slider, with all other atoms remaining pinned to the bottom
substrate.8,9 Despite not affecting the wplat value, the top
length ratio �t also plays an important role, since it sets the
kink coverage 	=Nkink /Nt= �1−�b

−1��t: assuming that the
1D mapping to the Frenkel–Kontorova model sketched in
Ref. 10 makes sense also in the present richer 2D geometry,
the coverage ratio 	 should affect the pinning strength of
kinks to the top corrugation, thus the robustness of the ve-
locity plateau, as we will show in Sec. IV below.

As a convenient system for practical calculations we
consider a bottom substrate made of 25 particles, and 29
lubricant particles in each layer, i.e., �b=29 /25=1.16,
which produces four kinks every 29 lubricant particles
in each layer. This value of �b is not to be considered in
any way special: we found perfect plateau sliding for many
other values of �b. For example, in Sec. V below, we
illustrate the plateau dynamics for an antikink configuration
�b=21 /25=0.84.

Figure 2�a� reports the time-averaged horizontal velocity
vcm x of the single-layer lubricant CM, as a function of the
velocity vext of a fully commensurate top layer �	=1� for
several temperatures set by the Langevin thermostat. The
velocity ratio w=vcm x /vext is generally a nontrivial function
of vext, that for low temperature �here kBT=0 and kBT=0.1�
displays a wide flat plateau followed by a regime of continu-
ous evolution. The plateau extends over a wide range of
external driving velocities, up to a critical depinning velocity
vcrit, whose precise value is obtained by ramping vext “adia-
batically.” Beyond vcrit, the lubricant leaves the plateau speed
and, at finite temperature, moves up toward the symmetrical
speed w=0.5, as dictated by the thermostat dissipation. At
zero temperature, the plateau state is abandoned with a dis-
continuous jump of w. The small vext side of the plateau is
difficult to address by numerical simulations, since the rela-
tive uncertainty in the determination of w increases due to
vext-independent thermal fluctuations of vcm x�t�. By running
longer averaging simulations at low vext, we mitigate the
error bars over w, and the data are consistent with a plateau
dynamics extending all the way down to the static limit
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vext→0, like in the 1D model.11 In particular, within the
plateau, the kBT=0 calculation shows perfect matching of the
mean lubricant velocity to the geometric ratio wplat of Eq.
�11�. By increasing temperature, w deviates more and more
from the perfect plateau value. At the highest temperature
considered, kBT=0.5�, near melting of the LJ crystal at
kBTm�0.7�,22 and even at the smaller kBT=0.25� no strict
plateau is observed in the simulations. Note however that for
vext
0.5 the plateau attractor tends to affect the dynamics
even in the presence of large thermal fluctuations. We have
checked that finite-size scaling shows essentially no size ef-
fect on the plateau, and in particular on its boundary edge
vcrit.

The dynamical pinning mechanism of the present 2D
model is similar to that discussed for the simpler 1D
model.8,11 The bottom layer produces a corrugated potential
energy which, with its near-matching periodicity, is respon-
sible for the creation of kinks, generally consisting of weak
local compressions of the lubricant chain, with two lubricant
atoms trapped in the attractive region between two bottom-
substrate atoms. As demonstrated in Figs. 3, 7, and 8 of Ref.
18, in the quantized-velocity state, these kinks are pinned to
the relatively long-wavelength corrugations of the upper
slider and are therefore dragged along at the full speed vext.

We probe the robustness of the quantized plateau state

even in the presence of an “irregular” �i.e., quenched-
disordered� bottom substrate, by running simulations with its
atoms randomly displaced, horizontally and vertically, away
from the regular positions, Eq. �4�, by a significant fraction
of the lattice equilibrium spacing ab. Calculations still dis-
play the perfect plateau velocity, which however terminates
at a lower vcrit. Figure 2�b� shows the results of one
specific realization of the quenched disorder of 3 different
amplitudes �. By averaging over different realizations of dis-
order with the same amplitude �=0.2ab, we obtain, e.g.,
vcrit=1.47�0.27, compared to the value vcrit=2.3�0.1 ob-
tained for the case a perfectly crystalline bottom wall at
kBT=0.

Our overall evidence is that, in the 2D system as much
as in the more idealized 1D model, the phenomenon of ve-
locity quantization is stable, reproducible and ubiquitous,
and not the result of some careful tuning of parameters. In
particular, Fig. 3 shows that the depinning velocity marking
the end of the quantized plateau is a smooth function of the
load F applied to the top layer over two orders of magnitude.
Calculations suggest that a moderate load near unity �equiva-
lent to a loading pressure near 6 GPa, for a hypothetical
three-dimensional geometry with �=1 eV and a0=0.3 nm�
is beneficial to the quantized sliding, at least at the low tem-
perature kBT=0.01. This is the result of a competition be-
tween the beneficial role of load that limits thermally in-
duced “slips” of the kinks, and the detrimental effect of
limiting the vertical lubricant movements at high loads. In-
deed, at higher temperature, where thermal fluctuations are
more active in destabilizing the quantized state �thus yielding
a smaller vcrit�, calculations show a general slow increase of
vcrit with F, favored by the suppression of thermally induced
“slips” promoted by the stronger load-induced confinement.

Figure 3 shows that in the large-load low-temperature
regime, the critical velocity for Nlayer=2 is even larger than
for Nlayer=1. In this plateau regime, we identify “horizontal”

0

0.1

0.2

0.3

0.4
w

=
v cm

x
/v

ex
t

w
plat

w
plat

k
B
T = 0.5

k
B
T = 0.25

k
B
T = 0.1

k
B
T = 0

0.001 0.01 0.1 1
v

ext

0

0.1

0.2

0.3

0.4

w
=

v cm
x

/v
ex

t

T = 0, disorder Σ = 0.125 a
b

T = 0, disorder Σ = 0.2 a
b

T = 0, disorder Σ = 0.33 a
b

N
layer

= 1
(a)

(b)

FIG. 2. The time-averaged velocity ratio w=vcm x /vext of a single lubricant
layer as a function of the adiabatically increased top-slider velocity vext for
different temperatures of the Langevin thermostat �panel �a�� and for distinct
degrees of quenched disorder in the bottom substrate �panel �b��; atomic
random displacements are taken in a uniform distribution in the interval
�−� /2,� /2� horizontally and �−� /4,� /4� vertically away from the ideal
positions of Eq. �4�. All simulations are carried out with a model composed
by 4, 29, and 25 atoms in the top lubricant and bottom layers respectively,
with an applied load F=25. The plateau velocity ratio �dot-dashed line� is
wplat=4 /29	0.138 �Eq. �11��.
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kinks in the lubricant layer adjacent to the bottom potential,
while the upper lubricant layer shows weaker x-spacing
modulations.

IV. SOLITON COVERAGE AND LUBRICANT
SOFTNESS

The perfect matching of the number of kinks to the num-
ber of top-atoms 	=Nkink /Nt=1, as considered in all previ-
ous figures, is an especially favorable circumstance for kink
dragging, thus for the quantized plateau phenomenon, but
not one to be expected to occur easily in actual lubricated
sliding. It is therefore important to examine situations where
this kind of full commensuration is absent.

In the following we study the behavior of the depinning
point vcrit as a function of the commensuration ratio 	. In
particular we keep �b fixed �i.e., the density of solitons�, and
vary the number of surface atoms in the top substrate. In Fig.
4 the depinning velocity vcrit, evaluated by adiabatically in-
creasing of vext, is reported as a function of the commensu-
ration ratio 	−1=Nt /Nkink. While the dependence on kink
coverage is rather erratic, we can recognize that vcrit tends to
peak at or near integer values of 	. In contrast, a fractional
	 displaced from commensurate regimes produces a weak-
ening or even the loss of the quantized plateau, represented
by vcrit	0. Figure 4 shows that this drop in vcrit is especially
sharp for Nlayer=2, for which many incommensurate cover-
ages show no quantized plateau, even at the smallest
vext accessible within practical simulation times. We con-
clude that the occurrence of quantized lubricant velocity pla-
teaus, although comparably robust and widespread, may not
be trivial to observe in practice: strongly incommensurate
coverages and/or thick lubricant films could prevent its
manifestation.

The detailed dependence of the depinning transition on
coverage is affected by the relative “softness” of the lubri-
cant. Figure 5 shows that when the interaction energy
�tl=�bl of the lubricant with the substrates is increased to
become larger than the intralubricant interaction �ll, as is the
case for a soft lubricant wetting strongly the sliding surfaces,

the quantized plateau region extends generally to larger vext

and to a wider range of coverages 	. The reason for this is
illustrated by the configuration snapshots of Fig. 6: a com-
parably stronger interaction with the substrates �tl=�bl1
favors the commensurate in-register lubricant regions,
shrinking the kink size. Localized kinks are more suitable to
being picked up and dragged by the corrugations of the top
substrate.

Figure 7 shows how the lubricant thickness affects the
dynamically pinned state, i.e., vcrit as a function of the num-
ber Nlayer of lubricant layers in the fully commensurate
	=1 condition. The data show quantized-velocity plateaus,
displaying a maximum extension for Nlayer=3, followed by a
decaying vcrit as the lubricant thickness increases beyond that
value. For Nlayer�7 layers we could detect no velocity pla-
teau, at least within the vext range accessible to a practical
numerical integration of the equations of motion. Vertical
corrugations of the lubricant induced by the kinks originating
and propagating from the bottom substrate have the effect of
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mediating the kink tendency to pin to the top-layer corruga-
tions, therefore favoring the observed perfect velocity quan-
tization. For increasing Nlayer, these z displacements decay
rapidly, and this mechanism becomes less effective to sup-
port the dynamically pinned state.

Our calculations show that while the quantized plateau
occurs when the solitons—misfit dislocations—are driven
gently through the solid lubricant, the speed-induced transi-
tion to the vextvcrit dynamically unpinned state can involve
the melting of the lubricant, due to the large Joule heating
induced by shearing. By analyzing the detail of the depin-
ning transition for 	=1, we observe two different depinning
behaviors to the left and to the right, respectively, of the
maximum shown in Fig. 7. For Nlayer�3, the depinning tran-
sition changes the solid lubricant film into a disordered dif-
fusive liquid, with a lower density, �thus characterized by an
increase in rtz�. By contrast, a lubricant composed of four or
more layers remains essentially solid through the depinning
transition. This is the case because the Joule heating pro-
duced by shearing is removed with sufficient efficiency by
the thermostat so that the effective lubricant temperature re-
mains moderate. The lubricant remains solid in particular
when vcrit is small, as is the case for thick lubricant layers,
but also for 	�1, or if a larger damping �	1 is introduced
in the Langevin dynamics. This indicates that the quantita-
tive details of the findings of the present section depend on
the assumed dissipation mechanism, and could therefore
vary between one or another specific experimental situation.
Nonetheless the qualitative result that under suitable condi-
tions the depinning could be associated to lubricant melting
while under other conditions the lubricant could remain solid
through the transition is expected to be real, and should be
verifiable in real boundary-friction experiments.

V. FRICTION

The �x-directed� kinetic friction force Fk that must be
applied to the top slider to maintain its sliding motion bal-

ances instantaneously the force that the lubricant exerts on
the top substrate. Fk can be decomposed in several terms by
analyzing the mechanical work done by the individual force
contributions. The forces that the sliding top exerts on the
lubricant produce a total work Wt→l whose mean contribu-
tion to dissipation can be computed by evaluating the change
in lubricant kinetic energy over a time interval �t

Ek�t + �t� − Ek�t�

= 

j
�

t

t+�t

�F� j + fdamp j + f� j�t�� · r�̇ jdt�, �12�

=

j
�

t

t+�t

F� j · r�̇ jdt� −
4�

m
Ek�t + �Nl�

t

t+�t

v�cm · r�̇tdt�

+ 

j
�

t

t+�t

f� j · r�̇ jdt�. �13�

The first term in Eq. �13� represents precisely the contribu-
tion of the LJ top-lubricant interactions to Wt→l, plus
bounded terms which do fluctuate, contributing a limited �or-
der O��t�0� potential energy change in the limit of a long
time integration. The second term is proportional to the ki-
netic energy averaged over the �t time interval. The last term
in Eq. �13� describes the correlation of the random forces and
the lubricant velocities. By careful integration over the tra-
jectory produced by the Langevin dynamics, averaging over
the distribution of the random variables f j �indicated by an-
gular brackets�, and recalling Eq. �8�, this term is evaluated
as

��
t

t+�t

f� j�t�� · r�̇ j�t��dt�� �14�

=
1

m
�

t

t+�t

dt��
t

t�
dt��f� j�t�� · f� j�t�� �15�

=
1

m
�

t

t+�t

dt��
t

t�
dt�4�kBT��t� − t�� � 2 �16�

=
8�kBT

m
�

t

t+�t

dt�
1

2
=

4�kBT

m
�t . �17�

The factor 2 in line Eq. �16� comes from summing x̂ and ẑ
components, and the factor 1/2 in the integral of line Eq. �17�
is the result of integrating the Dirac delta at the inte-
gration boundary. We observe that, like the conservative po-
tential energy terms, the lubricant kinetic energy deviation
Ek�t+�t�−Ek�t� is of order O��t�0 over a long time integra-
tion. By combining Eq. �13� with the result of Eq. �17�, in
this large �t limit the average dissipated work becomes

Wt→l =
4�

m
�Ek − NlkBT −

Nl

4
mv�cm · r�̇t� �18�
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25 atoms in the top lubricant and bottom layers respectively �thus 	=1�,
with an applied load F=25 and kBT=0.01. The data show an optimal dy-
namical pinning at Nlayer=3 and a tendency for vcrit to drop considerably as
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tized plateau could be detected.
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�+
Nl

4
m�r�̇t − v�cm� · r�̇t��t + O��t�0. �19�

The fourth and last term in square brackets is added to ac-
count for the work done by the top substrate directly against
the dissipation forces of Eq. �10�. We omit the explicit indi-
cation of the averaging over the Langevin noise, which be-
comes irrelevant in the limit of a long averaging time �t.

This total dissipated energy is conveniently written in a
form where we measure the particles velocities relative to the
instantaneous center-mass velocity v�cm. Indeed, by using
r�̇i= �r�̇i−v�cm�+v�cm and omitting corrections of order O��t0�,
we can rewrite the dissipated energy as

Wt→l =
4�

m
�Ek cm − NlkBT��t + �Nl�vcm

2 + �r�̇t − v�cm�2��t ,

�20�

where terms linear in �r�̇i−v�cm� vanish due to the definition of
v�cm, and Ek cm is the kinetic energy in the instantaneous CM
frame

Ek cm =
m

2 

i

�r�̇i − v�cm�2. �21�

The work that the top layer does on the lubricant is sup-
plied by the kinetic friction force Fk �the top-substrate verti-
cal motion only yields a work of order O��t0��, and equals
Fkvext�t. This relation provides an instructive decomposition
of the average kinetic friction force

Fk =
1

vext�t
Wt→l

=
4�

mvext
�Ek cm − NlkBT� +

�Nl

vext
�vcm

2 + �r�̇t − v�cm�2� . �22�

Equation �22� expresses the kinetic friction force Fk as the
sum of two contributions. The first and most important term
is the contribution of the fluctuations of the lubricant-particle
velocities in the instantaneous CM frame, reduced by the
thermostat-set value. Even at kBT=0, this term would vanish
in the event that the lubricant moved as a rigid whole. The
term in the final line can be interpreted as the friction force
that dissipative phenomena with the bottom and the top, re-
spectively, would produce, again even if the lubricant was
rigid. This trivial term related to the overall CM motion
yields a minimum total friction force whenever v�cm=1 /2r�̇t,
which corresponds to vcm x=1 /2vext for the main horizontal
component. In fact, this trivial contribution originates the
tendency of w=vcm x /vext to abandon the plateau and reach
0.5, as in Figs. 2, 8, and 9 in the large sliding speed limit
where this trivial term dominates. Equation �22� can be re-
formulated in terms of an effective temperature of the steady
state

kBTeff =
1

Nl
Ek cm = kBT +

m

4
� vext

�Nl
Fk − vcm

2 − �r�̇t − v�cm�2� .

�23�

The formulation clarifies the contribution of friction to Joule
heating and shows explicitly the irrelevant role of the trivial
dissipation terms in this respect.

Our MD simulations allow us to calculate instanta-
neously the �x-directed� kinetic friction by considering the
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longitudinal force component that the lubricant exerts on the
top driven substrate. By time averaging, the Fk value ob-
tained coincides precisely with that evaluated through
Eq. �22�.

A direct numerical evaluation of the friction force is
shown in panels �b� of Figs. 8 and 9 for the kink and the
antikink geometries, respectively, depicting typical scans
where vext is cycled adiabatically up and down in small steps.
Like in the kBT=0 simulations of the 1D sliding
model,10,11,15 and as is well known for the static pinning/

depinning of the standard Frenkel–Kontorova model23–25 and
in more general friction contexts,26 the present 2D model
displays a clear hysteretic behavior of the velocity plateau
state �panels �a��, provided that thermal fluctuations are
much smaller than the energy barrier hindering the full ex-
ploration of phase space for any affordable simulation time.
A clear correlation of Fk with the effective lubricant tempera-
ture kBTeff�Ek cm �Figs. 8�c� and 9�c�� is evident, but the
trivial contribution is also seen to play a quantitative role.
The bistability region with a clear hysteretic loop allows us
to gauge the tribological effect of the quantized plateau state.
In the kink geometry, Fig. 8 makes it apparent that friction is
significantly less in the pinned quantized state than in the
depinned state, all other parameters being equal. Figure 9
shows a similar tribological behavior, but with the occur-
rence of an additional intermediate approximately quantized-
velocity plateau �the 1D model displayed similar intermedi-
ate plateaus8�. The difference in friction between the primary
and the secondary plateaus is a small one, with slightly less
friction in the latter state. Comparison of the curves in panels
9b and 9c demonstrates that this effect is entirely due to the
trivial friction term. This term is very large in the primary
plateau because of the great difference of w from the optimal
symmetrical drift w=0.5; in passing to the secondary pla-
teau, the trivial friction term decreases quite substantially,
but the kinetic fluctuation contribution to friction increases
by a similar amount.

VI. INTERMITTENT DYNAMICS AT THE PLATEAU
STATE

So far, we assumed some fixed externally imposed speed
for the top slider. In a standard tribological simulation, the
slider is instead generally pulled through a spring of given
stiffness whose other end is moved at constant velocity.25

The spring can be viewed as a way to mimic not only the
experimental driving device, but also the elasticity of the
sliding substrates. From an experimental point of view, fric-
tional forces may display a typical sawtooth dependence at
sufficiently low-driving external velocities, the hallmark of
the intermittent stick-slip dynamics. The details of this low-
driving behavior of course depend sensitively on the me-
chanical properties of the device that applies the stress.

Beside constant speed, we also explored the model with
the spring pulling method. We obtained the quantized sliding
state, also with the spring, and the simulations showed dif-
ferences with the constant-speed method only in the fine de-
tail. For this reason we omit here to display and analyze
those results in detail.

In fact, even within the rigid-drive model, for suffi-
ciently low sliding speed vext and for extremely small ther-
mal fluctuations �i.e., T	0�, we did observe a stick-slip in-
termittent dynamical regime in the total force applied to the
sliding top substrate in order to keep its sliding speed con-
stant. Figure 10 depicts a typical adiabatic up-down scan of
vext, similar to Fig. 8�a� but at kBT=0. To get insight into the
different dynamical regimes outside and inside the bistability
region, Fig. 11 analyzes in detail the four points marked in
Fig. 10, three of which belong to the plateau state and one
outside of it. Each of the four panels of Fig. 11 compares the
time evolution of the lubricant CM velocity to the corre-
sponding instantaneous kinetic friction force Fk. For the first
two plateau points �a� and �b� at low vext, the typical saw-

0 0.5 1 1.5 2 2.5
v

ext

0.15

0.2

0.25

0.3
w

a b c

d

increase
de

cr
ea

se

k
B
T = 0

FIG. 10. The average velocity ratio w=vcm x /vext as a function of the adia-
batically increased �circles� or decreased �squares� top-layer velocity vext.
The model parameters are the same as in Fig. 8, but with no thermal effects
�kBT=0�.

0.1375
0.1380
0.1385

w

0.028
0.029

F
k

0.1375
0.1380
0.1385

w

0.337
0.338

F
k

0.1375
0.1380
0.1385

w

1.016
1.017

F
k

0.00

0.50

w

0 5 10 15
time

0.0

5.0F
k

a

b

c

d

FIG. 11. The time evolution of the average velocity ratio w and the corre-
sponding kinetic friction Fk for the four dynamical states ��a�–�d�� marked in
Fig. 10. The first three panels, referring to quantized sliding states, display a
typical intermittent stick-slip dynamics with small amplitude fluctuations;
the last panel exhibits large chaotic jumps in both w and Fk, as typical of the
“hot” high-speed nonquantized sliding. The dot-dashed lines highlight the
quantized plateau value wplat.

174711-8 Castelli et al. J. Chem. Phys. 131, 174711 �2009�

Downloaded 26 Mar 2013 to 192.38.67.112. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



tooth time dependency of Fk is clearly visible. In these re-
gimes of motion, the rescaled lubricant CM velocity
w=vcm x /vext performs tiny periodic oscillations around the
quantized plateau value and Fk exhibits an intermittent, al-
most regular, stick-slip pattern. This oscillatory phenomenol-
ogy is understood as the kink array being dragged at full
velocity vext across the associated periodic Peierls–Nabarro
potential.27 Indeed, the Fk oscillation frequency matches the
washboard frequency of the kinks vext /ab multiplied by their
number Nkink=Nt=4 in these 	=1 simulations, due to the
four equally spaced kinks crossing sequentially the corre-
sponding Peierls–Nabarro barriers. A much less regular pat-
tern would arise in a 	�1 geometry. Due to the rather ex-
tended nature of solitons and smaller amplitude of the
Peierls–Nabarro barrier with respect to the full atomic corru-
gation, the quantized plateau stick-slip regime is associated
to much lower dissipation than regular stick-slip dynamics
as seen in dry friction atomic force microscopy
experiments.28,29 By further increasing the external driving
speed to vext=1.8, panel �c�, the kinetic friction becomes a
little more “erratic,” with an extra modulation of the saw-
tooth shape, resembling a sort of inverted stick-slip. Panel
�d� displays the dynamics for the same vext=1.8, but obtained
while cycling vext down: this depinned state shows large
fluctuations both in w and Fk, giving rise to significant tribo-
logical dissipation, as expressed by the first term of Eq. �22�.

VII. DISCUSSION AND CONCLUSIONS

The present simulation work is meant to characterize
tribologically the quantized sliding state discovered in a 1D
sliding model8 and later observed in a substantially less ide-
alized 2D model.18 The perfectly quantized plateau is dem-
onstrated here to extend over broad parameter ranges of the
model, being robust against the effects of thermal fluctua-
tions, quenched disorder in the confining substrates, the pres-
ence of confined multiple �up to six� lubricant layers, and
over a wide interval of loading forces. When temperature
becomes comparable to the lubricant melting point, the pla-
teau state tends to deteriorate and eventually disappears, but
the geometrically determined velocity ratio wplat, acting as an
attractor, leaves anyway a trace in the ensuing “noisy”
dynamics.

The velocity plateau, as a function of vext, ends at a
critical velocity vcrit, and for vextvcrit the lubricant tends to
accelerate toward a speed of 0.5vext. This result, dictated by
the symmetric choice of the Langevin thermostat dissipation,
may change in real systems where heat dissipation occurs
through generally asymmetric sliders. Moreover, the detailed
ending of the velocity-pinned state generally depends on the
dissipation mechanism,30 which in the present model is rep-
resented by the value of �. We also investigated a more
realistic dissipation model, with � depending on particle lo-
cation and velocity,31 and obtained results qualitatively simi-
lar to those presented here, with small changes in the com-
puted vcrit.

Our calculations show that while the quantized plateau
occurs when the solitons are driven gently through the solid
lubricant, the speed-induced transition at vextvcrit can in-

volve the melting of the lubricant, due to the large Joule
heating induced by large velocity shearing. The depinning
value vcrit is linked to the rate of commensuration 	 of kinks
to the upper slider periodicity: a particularly robust plateau
signaled by a local maximum of vcrit is located at well-
commensurate 	 values, especially 	=1. Besides, the lubri-
cant softness, setting the width of the propagating solitonic
structures, is found to play a major role in promoting in-
registry contact regions beneficial to this quantized sliding.
Our typical dynamical depinning speed vcrit, is of the order of
a few model units �corresponding to sliding speed values
ranging from tens to thousands of m/s for realistic choices of
model parameters�, is very large compared to typical sliding
velocities investigated in experiments. This suggests that in
practice sliding at a dynamically quantized velocity is likely
to be extremely robust. In real experimental systems, dete-
rioration of the quantized sliding state will most probably
associated to mechanisms such as disorder, boundary effects,
or unfavorable lubricant-substrate incommensurate geom-
etries, rather than to excessive driving speed.

By cycling vext in underdamped regime, the layer sliding
velocity exhibits a hysteretic loop around vcrit, like in the 1D
model.10 The bistability region allows us to gauge the tribo-
logical effect of the quantized plateau state. So, in the frame-
work of Langevin dynamics, by evaluating the force instan-
taneously exerted on the top plate, we find that this quantized
sliding represents a dynamical “pinned” state, characterized
by significantly low values of the kinetic friction. A charac-
teristic backward lubricant motion produced by the presence
of “antikinks,” has also been observed in this context. This
peculiar backward motion is likely to represent the most cu-
rious evidence of the quantized plateau state when—as we
hope—it will be investigated experimentally.

On the theoretical side, the role of substrate deformabil-
ity and defects in the lubricant structure, together with a
realistic 3D description, with force fields representative of a
concrete lubricated configurations, will certainly require fur-
ther investigations.
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