














Open-loop frequency response analysis of a wind turbine I. Senderby and M. H. Hansen

generator action torque. The zero nearly cancels the pde3atHz creating a zero net phase shift acrossitheower
modes. After resonance of th& lateral tower mode, the response is again governed by bigity-rotation of the drivetrain
and rotor. The similar phenomena occurs at the zero locate@ &z where it is nacelle roll associated with &7 lateral
tower mode that cancels the rigid-body rotor rotation ingbaerator speed output.

The blue curves in Figurg show the structural frequency response when the tower anetrdin are exible and the
rotor is rigid. Thel® torsional mode of the drivetrain leads to resonance at 2.2rdiza zero at 0.72 Hz at both 8 m/s
and 20 m/s. At the zero at 0.72 Hz, the rotor is moving whilegérerator end of the drivetrain is stationary, because the
generator torque is counterbalanced by rotor inertia ®rce

The black curves in Figurgshow the purely structural frequency response for a fullyibée turbine. Due to the added
blade exibility, the 1% drivetrain mode now couples with tHE! collective edge blade mode, whereby the resonance
frequency is decreased from 2.2 Hz to 1.6 Hz. The zero at 058tHoth wind speeds is also shifted from 0.72 Hz due
to blade exibility. At 20 m/s, thel® and2™ collective ap modes in uence the frequency response clostheir modal
frequencies of 0.75 Hz and 1.92 Hz due to the static bladé jgitcl are accompanied by two zeros very close to these
frequencies at 0.78 Hz and 1.86 Hz. The zeros and polesdetagach of thds and2"™ collective ap modes make phase
shifts that cancels each other. At the zero at 0.78 Hz, thergéor torque excites both thé drivetrain mode and th&™
collective ap mode in a motion where edgewise blade bendéahative to the hub in clockwise rotor direction is in phase
with apwise bending downstreams and in phase with the &piglienerator torque. The inertia forces from blade vibnatio
in both the1® drivetrain mode and th#" collective ap mode counteracts the applied generatoruer@imilarly, at the
zero at 1.86 Hz, the generator torque exciteslfhdrivetrain mode and th2" collective ap mode, and the inertia forces
from this motion counteracts the generator torque to formra in the generator speed output.

Figure 6 shows a comparison between the purely structural respanagenta curves) and the aeroelastic response
(black curves) for a fully exible turbine. The main effea$including aerodynamic forces is seen at 20 m/s belowithe
tower modes and around th& and2™ collective ap modes.

The response predicted by the simpteorder model in Equatiord] with rigid structure and quasi-steady aerodynamics
(blue curves) predicts the correct tendencies belowlthéower modes. At 20 m/s aerodynamic forces decrease the
amplitude at low frequencies and create a positive pha#$B0 deg at 0 Hz compared to the purely structural response
because aerodynamic damping forces dominate the inertiadadhat vanish at 0 Hz. At 8 m/s, the aerodynamic damping
of the rotor is low and the response is dominated by inertid uery close to 0 Hz. Although not seen for the present
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Figure 6. Aeroelastic frequency response from generator torque to generator speed for NREL 5 MW wind turbine operating at 8 m/s

and 20 m/s. Comparisons of frequency response predicted with fully exible structure and no aerodynamic forces (magent a), with the
15t order model in Equation (9) (cyan) and with fully exible turbine with unsteady aerody namic forces (black).
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turbine, the static change in blade de ection caused bycsthainges in aerodynamic forces at 0 Hz, could cause that the
aerodynamic gradients predicted for a rigid rotor are wrdrtge aerodynamic gradients could in particular be predicte
wrongly by a rigid-rotor assumption for a swept blade, beeathanges in steady state aerodynamic forces from a change
in e.g. generator torque could cause high blade torsion.

Around thel1® and 2" collective ap modes, the amplitude is reduced, due to laageodynamic damping of ap
vibration. The in uence of the collective ap modes is seenrfh Figure7 that shows a pole-zero map of the transfer
functions in Figure5. The gure shows poles and zeros that in uence the frequamsponse and that does not cancel
out in the transfer function. There are zero-pole canamatof all asymmetric ap and edgewise modes. There are no
zero-pole cancelations of tHE' and 2™ drivetrain modes at all wind speeds because the generatpret@xcites the
drivetrain modes. There is zero-pole cancelation ofifheollective ap mode at both 8 m/s and 20 m/s. TH€ collective
ap mode is canceled by a zero at 8 m/s and is nearly cancel2@ at/s indicating that aerodynamic damping does not
entirely limit vibration of the2™ collective ap mode and is responsible for the phase difieeeof 10 deg seen around
2.2 Hz in Figuret. Generally, it can be concluded, that the collective ap m®dre not essential to include to model the
transfer function from generator torque to speed becauaeroflynamic damping. For excitation frequencies below 3 Hz
there is no signi cant difference between using unsteadyqrasi-steady aerodynamics (not shown) on the respornse fro
generator torque to generator speed because the modes tlaice the response are mainly modes characterized by
vibration in the rotor plane where the effect of aerodynafoices is small, except on the rigid-body rotor mode. There i
no effect of lag on lift and drag on the rigid-body rotor modscause the frequency of vibration is so low, that lag only
occurs at blade sections close to the blade root, where thpawents to the overall changes in aerodynamic rotor torque
are small compared to sections closer to the blade tip.

The results shown above are for the NREL 5 MW turbine in onstoperation. For another turbine the ordering of the
aeroelastic frequencies of th& and2™ collective ap modes are likely to change relative to theazat 0.72 Hz and the
1% drivetrain mode at 1.6 Hz, respectively, but without anynsiant effect on the response due to large aerodynamic
damping of these modes.
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Figure 7. Aeroelastic poles and zeros of minimal realization of transfer function from generator torque to generator speed for NREL 5
MW wind turbine operating at 8 m/s and 20 m/s. ( poles, zeros).
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4.1.1. Effect of longitudinal tower vibration

The in uence of longitudinal tower motion on the responsenirgenerator torque to generator speed is illustrated in
Figure8. The gure shows the aeroelastic frequency response ctotetl™ tower modes for a turbine with a tower that
is very stiff in longitudinal direction (blue curves) andrfa fully exible turbine (black curves) operating at 8 m/sdan
20 m/s. The vertical lines show the aeroelastic frequerafi¢ise 1% tower modes for a fully exible turbine. For a fully
exible turbine, there is a zero at 0.315 Hz and a pole at 0.323lue to nacelle roll associated with thelateral tower
mode. There are no changes in amplitude or any phase shifisrimgy across the frequency of th& longitudinal mode
at 0.33 Hz which shows that tHé' longitudinal tower mode has no in uence. Thus, any deviaibetween the blue and
black curves arise due to longitudinal tower motion in 1idlateral tower mode. It can be seen that longitudinal tower
vibration has a small in uence only at 20 m/s, which is seefagger phase shifts across the zero at 0.315 Hz and at the
1% lateral tower mode.

The small changes due to the increased longitudinal towfnests occurring at 20 m/s are caused by removal of
longitudinal tower motion in thd®' lateral tower mode. Figur@ shows the tower top motion in tHg" longitudinal and
lateral tower modes for a fully exible turbine with no aesathmic forces (a), a turbine with rigid drivetrain and rotor
and quasi-steady aerodynamics (b) and for a fully exibldbine with unsteady aerodynamic forces (c) for the NREL
turbine in normal operation at 8 m/s, 14 m/s and 20 m/s. Witaetodynamic forces, the" lateral and longitudinal tower
modes consist of purely lateral and longitudinal tower wrotirespectively. Thus, gyroscopic forces due to rotangit
in the 1% longitudinal tower mode does not provide large couplingveen lateral and longitudinal tower motion. For a
turbine with a rigid drivetrain and rotor with aerodynamardes (b), thel™ lateral tower mode has a component in the
longitudinal direction that changes with operation poirite similar trend is seen for a fully exible turbine (c). Téithe
coupling of thel® lateral tower mode to longitudinal tower motion must be tiylo aerodynamics, indicating that lateral
tower vibration changes the aerodynamic thrust.

4.2. Collective pitch demand to generator speed

Figure 10 shows the purely structural frequency response from doleitch to generator speed for various cases of
model complexity for the NREL 5 MW turbine operating at thevad rated wind speeds 14 m/s and 20 m/s. The green
curves show the structural response for a fully rigid tuebiwhere the pitching inertia forces of the apwise bent klsd
makes the amplitude increase with the square of frequeretgiaas a phase of -90 deg except very close to 0 Hz. Because
the blades are bent downwind, the pitching inertia force® lagpositive torque creating component in the positivectioa
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Figure 8. Aeroelastic frequency response at frequencies close to the 15! tower modes from generator torque to generator speed for
NREL 5 MW wind turbine operating at 8 m/s and 20 m/s. Comparisons of frequency response predicted for a turbine with a tower that
is very stiff in longitudinal direction (blue) and for a fully exible turbine (black).
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Figure 9. Tower top motion of the 1% lateral and longitudinal modes for a) a fully exible turbin e without aerodynamic forces, b) a fully
exible turbine and unsteady aerodynamics and for c) a turbi ne with rigid drivetrain and rotor and unsteady aerodynamics in normal
operation at 8 m/s, 14 m/s and 20 m/s. Tower is seen from above and positive longitudinal tower de ection is de ned to be ups treams,

i.e. the wind is coming from the right of the plots.

of Q4 for a positive pitch towards stall leading to a phase of -9§. déne amplitude is slightly higher at 14 m/s than at
20 m/s, because of the larger static ap de ection.

The blue curves in Figurg0 shows the purely structural frequency response when thetdin is exible and tower
and rotor are rigid. Drivetrain exibility causes a resonarwith the1® drivetrain mode at 2.2 Hz. The drivetrain mode
is excited by the pitch actuator due to misalignment betvibercenter of gravity and the pitching axis. The phase shifts
-180 deg across the frequency of tiiedrivetrain mode at 14 m/s and 20 m/s.

The black curves in Figur&0 shows the structural response for a fully exible turbindaelpitch actuator excites the
1 collective ap mode at 0.74 Hz, because the centers of graling the blade are not aligned with the pitch axis. The
1% collective ap mode is accompanied by a minimum-phase ze@%8 Hz, where collective pitching excites both the
1% drivetrain mode and th&™ collective ap mode. At this zero, the vibration of tHé' collective ap mode causes a
torque to act on the rotor in the negative direction@fy for a change in pitch towards stall, that counteracts thehpig
inertia forces such that the net torque variations are Z&e.zero nearly cancels the phase shift due tdltheollective
ap mode. Thel® drivetrain mode is in resonance at 1.6 Hz, shifted from 2.2dHe to added blade exibility and is
accompanied again by a phase shift of -180 deg. Ffieollective ap mode at 1.9 Hz highly in uence the response at
both 14 m/s and 20 m/s. The amplitude at #i&collective ap mode is much higher than at th collective ap mode,
because the pitching inertia forces are larger at higheitatian frequencies, and because #1& collective ap mode
lies close to thel® drivetrain mode, where rotor speed variations are largbichvprovides larger excitation of tH¢
collective ap mode. Resonance of tB& collective ap mode is accompanied by a zero at 1.89 Hz anfl HB8at 14 m/s
and 20 m/s, respectively. At these zeros, collective piighixcites both thé' drivetrain mode and th2™ collective ap
mode. The2™ collective ap mode couples to rotor rotation when the bkadee pitched and is excited such that it creates
a torque in the negative direction d@ 4 for a change in pitch towards stall and thereby counterdetgdrque created
due to vibration of thel® drivetrain mode, such that there are no net generator spaétions. This coupling is more
signi cant at 20 m/s where the blades are more pitched.

A comparison has been made of the pitching inertia forcea figid blade undergoing harmonic pitch angle variations
around the undeformed state and statically de ected statfeedNREL blade in normal operation at various wind speeds
to clarify the effect of static blade de ection. The pitchiimertia forces are measured as the amplitude of forcesein th
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Figure 10. Purely structural frequency response from collective pitch to generator speed for NREL 5 MW wind turbine operating at
14 and 20 m/s. Comparisons of frequency response predicted from models assuming no aerodynamic forces and fully rigid turbine
(green), rigid rotor and tower (blue) and a fully exible tur bine (black).

rotational direction of the rotor arising from harmonic iggions in pitch angle at frequendy and amplitudeA . The
total pitching inertia forces for the blade are found by sungrup over the number of blade elements assuming constant
structural properties over each element. The amplitudétcifiipg inertia forced\; for elemeni can be written

Ap;i =1 Zmih sin o;iA (14)

where o; andl; are the polar coordinates of the element centre of gravithérblade systerm; is the element mass
andA,; is the amplitude of pitching inertia forces.

Figurellshows the total amplitud&, of pitching inertia forces versus wind speed for the NREL 5 NMbine blade
in the undeformed and statically deformed state in resptanisarmonic pitching with an amplitude of 1 deg at a frequency
of 1 Hz together with the static position of the centre of gsaat the blade tip in the rotor coordinate system. The jaitgh
inertia forces are larger than of the unde ected blade atigipeeds below 22 m/s because the blades are highly de ected
downstreams in the ap direction and peaks at 11 m/s where¢hthest forces are highest. For blades with a signi cant
prebend upstreams, the pitching inertia forces are exgéatee lower, because the static position of the centre ofitgra
in the ap direction is further upstreams than for a non-eneded blade.

The in uence of aerodynamic forces on the frequency respamsow analyzed. Figure2 shows a comparison of the
response for a fully rigid turbine without and with quastaty aerodynamic forces and the response predicted by the
simpli ed model in Equation 9). At 0 Hz, the effect of including aerodynamic forces is torease the amplitude and shift
the phase with 180 deg because of changes in aerodynamietcagsed by pitching. The steady state effect of a constant
change in collective pitch is that the generator speedesadtia new equilibrium between the steady state generatpreto
and the aerodynamic torque on the rotor. Pitching towaralhés gives less aerodynamic torque because of lower angles
of attack, whereby the rotor speed decreases. The decreast®li speed gives an additional in ow velocity component,
that increases the angle of attack and thereby the aerodyriarque, such that the net variation in aerodynamic rotor
torque is zero at 0 Hz.

The response predicted with a fully rigid turbine with qustgady aerodynamics (cyan curves) has a minimum-phase
zero at 1.1 Hz and 2.1 Hz at 14 m/s and 20 m/s, respectivelyienthere is a positive phase shift of around 180 deg, due
to pitching inertia forces. Under harmonic collective piemgle variations, the pitching inertia forces gives auergn the
rotor in positive direction ofQ 4 for a change in pitch towards stall, whereas the aerodyntorgoe gives a higher torque
in the negative direction and thus excites the rotor in thgosjie direction as the pitching inertia forces. The pitghi
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Figure 11. Amplitude of pitching inertia forces in the forward rotational direction of the rotor for a rigid NREL 5 MW blade undergoing

harmonic pitch angle variations with amplitude of 1 deg and frequency of 1 Hz. Comparison of pitching inertia forces for unde ected

blade and statically de ected blade for normal operation at various wind speeds. Static position of the centre of gravity at the blade
tip in the blade coordinate system (x:positive towards rotational direction,y:positive downstreams).

inertia forces grows with excitation frequency and aboeezttros at 1.1 Hz and 2.1 Hz at 14 m/s and 20 m/s, respectively,
they are large enough to dominate the response over vasatiaerodynamic torque.

The black curves in Figur&2 show the frequency response for a turbine with rigid bladethé ap direction. At
0.32 Hz, collective pitching now couples with the& tower modes to create a minimum phase and a non-minimum phase
zero at 14 m/s and 20 m/s that causes the phase to shift apgtety 360 deg crossing the frequencies of tFigower
modes, because of 180 deg phase shift over the non-minimaseptero and -180 deg over the lateral tower mode. The
longitudinal tower mode introduce a zero and a pole with plshéfts that cancels each other. The minimum-phase zero at
0.71 Hz and 0.84 Hz for 14 m/s and 20 m/s, respectively, afeeshfrom 1.1 Hz and 2.1 Hz. To illustrate why the added
drivetrain and edge exibility causes these zeros to shifa fower frequency, the purely structural response for lairier
with rigid ap is shown in Figurel2 (magenta curves). Collective pitching excites tedrivetrain mode structurally and
vibration of this mode excites the rotor in phase with thelpitg inertia forces, such that the variations in aerodyinam
torque are suppressed at lower excitation frequencies.

Figure 14 shows a map of poles and zeros that does not cancel out ofathgfeér function from collective pitch to
generator speed for the turbine where the blades are madéritpe ap direction. There are pole-zero cancelationalbf
asymmetric ap and edgewise modes (not shown), no zerogareelations of thé* and2" collective ap modes, and
a lowly damped zero exist at 0.71 Hz and 0.84 Hz for 14 m/s anad/20respectively. At 14 m/s the zero is non-minimum
phase and causes a -180 deg phase shift in the black curviegine E2, and at 20 m/s it is a minimum phase zero causing
a positive phase shift of 180 deg.

Figure13 shows a comparison of the response for a fully exible tuenivithout aerodynamic forces (blue curves) and
with quasi-steady aerodynamic forces (cyan curves). Togorese predicted by the simpli ed model in Equati@) is
also included (green curves) to show that it captures tlaalgtstate response well at 0 Hz at both 14 m/s and 20 m/s.

Compared to the response of a turbine where blades are mi¢iieti ap direction (black curves in Figute), there is a
large change in phase between fietower modes and th&" drivetrain mode, which must be due to the added apwise
blade exibility. To explain this observation, the aerogtia poles and zeros for the fully exible turbine has beeotigd in
Figurel4. The pole-zero map shows that the lowly damped zeros at &hH 0.84 Hz at 14 m/s and 20 m/s, respectively,
which are predicted for a turbine with rigid ap, are replddey two highly damped non-minimum phase zeros at 0.67 Hz
and 1.1 Hz. These non-minimum phase zeros creates a phétsefshil80 deg in the cyan curves in Figufie3 which
occurs over a large frequency interval. It can be conclutatidollective ap DOFs must be included to correctly preédic
existence of the non-minimum phase zeros at 0.67 Hz and 1farHZ m/s and 20 m/s, respectively.
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Figure 12. Purely structural and aeroelastic frequency response from collective pitch to generator speed for NREL 5 MW wind turbine

operating at 14 m/s and 20 m/s. Comparisons of frequency response with models including a fully rigid turbine with no aerodynamic

forces (magenta), the 1% order model in Equation (9) (blue), turbine with rigid ap and no aerodynamic forces (g reen), a fully rigid
turbine with quasi-steady aerodynamics (cyan) and a turbine with blades rigid in ap direction and unsteady aerodynami cs (black).
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Figure 13. Aeroelastic frequency response from collective pitch to generator speed for NREL 5 MW wind turbine operating at 14 m/s

and 20 m/s. Comparisons of frequency response with models including a fully exible turbine with no aerodynamic forces ( blue), the

15t order model in Equation (9) (green), a fully exible turbine with quasi-steady aerody namics (cyan) and a fully exible turbine with
unsteady aerodynamics (black).
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Figure 14. Aeroelastic poles and zeros of minimal realization of transfer function from collective pitch demand to generator speed for
NREL 5 MW wind turbine operating at 14 m/s and 20 m/s. Comparison between pole-zero map for fully exible turbine with unst eady
aerodynamics (black) and turbine with blades rigid in ap di rection with unsteady aerodynamics (blue) ( poles, zeros).

The cyan curves in Figuré3 shows, that quasi-steady aerodynamic forces changesrtiutusal response at tHg"
drivetrain mode and tha"™ collective ap modes by adding damping that lowers the resgoat these modes. Th#
drivetrain mode is mainly damped by aerodynamics at 20 n&salise at larger pitch angles, th& drivetrain mode
couples more with collective ap vibration. The zero lochi@ between at 1.89 Hz and 1.80 Hz at 14 m/s and 20 m/s,
respectively, is also damped by aerodynamic forces andffibet ©f the zero on the frequency response is not visible at
14 m/s, but can still be seen at 1.80 Hz at 20 m/s.

The effect of using unsteady aerodynamics instead of (giaady aerodynamics is seen by comparing the magenta
and black curves in Figurg3. At 14 m/s there is no clear difference, whereas at 20 m/sa diference is observed
at the1%! drivetrain mode and tha" collective ap mode. To explain this change, a pole-zero rhap been plotted in
Figurel5for a fully exible turbine with quasi-steady aerodynami@sue points) and with unsteady aerodynamics (black
points), that shows the poles of th& drivetrain mode and the™ collective ap mode at various wind speeds together
with the zero with a frequency between these poles. The gtieady aerodynamic model predicts correct location of the
poles of thel® drivetrain mode, but estimates a too low aeroelastic freguef the2™ collective ap mode. At 10 m/s
the 2" collective ap mode tends to cancel with a zero, such thatetigno in uence of2™ collective ap mode at this
wind speed, because of lower pitch angles. With increasing speed the zero moves and does not cancel the pole. With
unsteady aerodynamics a similar trend is seen, but at 20h@/zero has moved close to th& drivetrain mode, thereby
almost cancelling the pole of tH&' drivetrain mode and creating a drop in amplitude at the feeqy of thel™ drivetrain
mode at 20 m/s in the black curves in Figli®

4.2.1. Non-minimum phase zero atthe 1% tower modes

Controllability of generator speed with collective pitchaffected by a non-minimum phase zero close to the frequency
of the 1% tower bending modes. Figurs shows the real part of zeros with frequency close tolftiéower modes for
normal operation at below rated wind speed up to 25 m/s. Tiws zge calculated for three different models including/onl
longitudinal tower exibility and quasi-steady aerodynasi(as Fischerq]), both longitudinal and lateral tower exibility,
rigid drivetrain and rotor and quasi-steady airfoil aenoayics and for a fully exible turbine and unsteady aerodyies.
The gure shows that a model that only includes longituditeaver exibility and rigid-body rotation of the rotor preciis
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Figure 15. Aeroelastic poles and zeros of transfer function from collective pitch demand to generator speed for NREL 5 MW wind
turbine operating at 14 m/s and 20 m/s with frequencies close to the 1% drivetrain mode. Comparison between pole-zero map for fully
exible turbine with quasi-steady aerodynamics (blue) and unsteady aerodynamics (black) ( poles, zeros).

that there are non-minimum phase zeros below 15 m/s and thenmamum phase zeros turns into minimum phase zeros
above 15 m/s. Collective pitching excites the longitudittaler vibrations through changes in thrust forces. At ifle
longitudinal tower mode, the thrust forces are in resonavittethe longitudinal tower mode and the tower top de ection
and velocity in the longitudinal direction shift with a pleasf -180 deg across th¥" longitudinal tower mode. The
longitudinal tower motion change the in ow and below 15 niie tesulting change in aerodynamic torque is large enough
to counterbalance the effect on the aerodynamic torque fhenchange in angle of attack caused by pitching the blades.
The change in in ow caused by longitudinal tower vibraticause the aerodynamic torque to experience a phase shift of
-180 deg across thE" longitudinal tower mode, following the phase shift of theditudinal tower velocity and causing
the non-minimum phase zero at the generator speed outpoveAls m/s, the steady state relative velocities increaste su
that the effect on the aerodynamic torque of longitudinaletovibration decrease. The changes in aerodynamic torque
from a change in collective pitch angle is thereby mainlyed®ined by the change in angle of attack caused by pitching
the blades. As a results, the non-minimum phase zero chargeninimum-phase zero, that nearly cancels the effect of
the 1% longitudinal tower mode.

When lateral tower exibility is included (blue curves indtire 16, the single zero becomes two zeros and one of them
is a non-minimum phase zero for all wind speeds. It can beladad that it is important to include lateral tower degree
of freedom to predict correctly that there are non-minimumage zeros. Below rated wind speed, the model with fully
exible turbine and unsteady aerodynamics predicts emisteof up to three non-minimum phase zeros atifhieower
modes. At 8 m/s, the pole of tHE" longitudinal mode and three non-minimum phase zeros givesahphase drop of
-720 deg, as seen previously in Figuie

Under collective pitch angle variations, the tower vibsateboth lateral and longitudinal directions, which is $itated
in Figure 17 that shows the aeroelastic frequency response from debepitch demand to tower top lateral and
longitudinal de ections for the NREL 5 MW turbine with rigidrivetrain and rotor in normal operation at 14 m/s and
20 m/s. The gure shows a comparison of lateral tower top déan predicted for a turbine with rigid drivetrain and
rotor and for a turbine with rigid drivetrain and rotor whehe tower is made very stiff in the longitudinal direction, t
analyze the effect of longitudinal vibration on forces ie thteral direction. For a positive change in pitch anglevétials
stall) the thrust forces increase and results in fore-atalion in phase with the change in pitch angle, except clase
0 Hz where rigid-body rotor rotation results in small phas&ecences. Lateral tower de ection hugely increase atifie
tower modes, along with longitudinal tower vibration anduis in lateral tower de ection equal in size to longitualin
de ection at 0.3 Hz. At thel® tower modes the lateral tower de ection is shifted with a gghaf approximately -90 deg
relative to the longitudinal de ection, showing that foscacting on the tower in the sideways direction are in phage wi

18 Wind Energ. 2012; 00:1-?? ¢ 2012 John Wiley & Sons, Ltd.
DOI: 10.1002/we

Prepared using weauth.cls



I. Sgnderby and M. H. Hansen Open-loop frequency response analysis of a wind turbine

0.3 T T T T T T T T T T
025 o @ ® e .
[
0.2 i
E 0.15 L 1 Il L Il L L L L L
© 0.07 T T T T T T T T T T
Q 006k ° ® rigid lat. tower, drivetrain and rotor, gs.aerodyr
5 ® rigid drivetrain and rotor, gs.aerodyn.
5 005F ‘ : L4 e fully lexible turbine, unst.aerodyn. 1
2 004l e ® ° : -
I o ® °
® oo03f o ® ]
®
0.02 ® L4 . -
0.01 ° .
. ~ [ ) [} -
° °
® 9 o [ ] ® o o o
[ ] ® o o
o ¢ & o @ § $ ¢ - I . ® % o 00 ¢ o : : : : -
0.01 I I I I 1 hd ® © 0 0 0 0 0 0 o o
4 6 8 10 12 14 16 18 20 22 24 26

Wind Speed [m/s]

Figure 16. Variation of real part of zeros close to the 1% tower modes in transfer function from collective pitch to generator speed

for NREL 5 MW wind turbine in normal operation at various wind speeds. Comparisons between transfer function zeros predicted

by linear models assuming rigid tower in lateral direction and rigid drivetrain and rotor and quasi-steady aerodynamics (black), rigid
drivetrain and rotor and quasi-steady aerodynamics (blue) and for fully exible turbine with unsteady aerodynamics (r ed).

the longitudinal tower velocity. The dotted lines show ttre lateral tower top de ection is order of magnitudes seall
if the tower is made stiff in the longitudinal direction, stiag that sideways tower forces mainly arise due to asymmetr
from rotor tilting associated with longitudinal tower deon.

Figure 18 shows the frequency response from collective pitch to geaoerspeed close to thE' tower modes for
operation at 14 m/s and 20 m/s as predicted by three difféirerdar models including 1) only tower longitudinal tower
exibility and quasi-steady aerodynamics, 2) lateral andditudinal tower exibility and quasi-steady aerodynasand
3) for a fully exible turbine with unsteady aerodynamicshd gure also shows the response of generator speed measured
at the generator bearing and at the generator end of thefshatt by the nonlinear time-simulations using HAWC?2 for a
fully exible turbine. At 14 m/s, the model that only includéongitudinal tower exibility (red curves) predicts thetere
is a non-minimum phase zero at 0.32 Hz where phase drops &l8&isdeg over the shown narrow frequency range. At
20 m/s, the same model predicts a minimum-phase zero at @3@i\thg a net phase shift of approximately O deg across
the shown frequency interval, because of 180 deg phaseashife minimum-phase zero and -180 deg phase shift of the
1% longitudinal tower mode. With lateral tower exibility idaded, the frequency response is affected by a non-minimum
phase zero at 0.32 Hz resulting in a phase drop of approxiyna&@0 deg at both 14 m/s and 20 m/s.

The dotted black and magenta curves in Figieompares the generator speed response measured at thatgener
bearing and at the generator end of the shaft found from thénsar time-simulations using HAWC2. There is no non-
minimum phase zero at the speed measured on the shaft at 26hovgng that the detected in uence of lateral tower
motion is caused by nacelle roll associated with lateraktowbration. The nacelle roll cause a change in the generato
speed output that counteracts the increased speed dueltmgbeaerodynamic rotor torque arising from blade pitghin
and the nacelle roll thereby promotes existence of the nimmmam phase zeros.

So, it has been shown to be essential to include lateral tdyreamics besides what is included in the model suggested
by Fischer T]. It is important for correct prediction of non-minimum @eazeros, to include static blade torsion when
predicting the gradients of thrust and torque, becausehitadion directly changes the angle of attack. Correctigtieds
of structural damping of both lateral and longitudinal toweotion may in uence predictions of non-minimum phase
behavior, because damping in uence the amount of vibradfthese modes.
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Figure 17. Aeroelastic frequency response from collective pitch demand to longitudinal and lateral tower top displacement for the
NREL 5 MW turbine in normal operation at 14 m/s and 20 m/s. Comparison between the response for a turbine with a rigid drivetrain
and rotor and a turbine with rigid drivetrain and rotor where the tower is made very stiff in the longitudinal direction.
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Figure 18. Aeroelastic frequency response from collective pitch demand to generator speed at the frequency of the 1% tower mode for
NREL 5 MW wind turbine operating at 14 m/s and 20 m/s. Comparisons of frequency response predicted by linear models assuming
rigid tower in lateral direction, rigid drivetrain and rotor and quasi-steady aerodynamics (red), rigid drivetrain and rotor and quasi-
steady aerodynamics (blue) and for a fully exible turbine w ith unsteady aerodynamics (black curve). Comparison between generator
speed response measured at bearing output and at shaft end from nonlinear time-simulations with a fully exible turbine .
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5. CONCLUSIONS

The open-loop aeroelastic frequency response of a wintheiftom generator torque and collective pitch control @i

to generator speed is analyzed based on a recently devdiagedrder linear aeroelastic model. The frequency respon
is analyzed for the onshore NREL 5 MW wind turbine in normati@tion at various wind speeds. The analysis exampli es
the aeroelastic frequency response of most non- oatingetladed, upwind wind turbines, because the orderingeof t
1% tower, collective ap and drivetrain/collective edge medethe same. The linear aeroelastic model is shown to be vali
for small amplitude inputs compared to the response of gémespeed predicted by time-simulations with the nonlinea
aeroelastic model HAWC?2.

The aeroelastic frequency response from generator toouariations in generator speed is shown to be affected by
mainly rigid-body rotor rotation and by resonance of fifedrivetrain torsional mode, which is coupled with colleetiv
edgewise blade vibration. The lateral tower modes afféetsesponse close to their aeroelastic frequencies dueéi@ma
roll, whereas the effect of longitudinal tower vibratiorinisigni cant. Inertia forces acting on the blades due taatons
in the rotational speed excites the collective ap modesstigat high wind speeds where the blades are pitched. Howeve
due to large aerodynamic damping the in uence of the callecap modes on the transfer function from generator torque
to generator speed is insigni cant.

The aeroelastic response from collective pitch demand terg¢or speed is determined by rigid-body rotation of
drivetrain and rotor below the frequencies of th tower modes. At thel® tower modes there are up to three non-
minimum phase zeros below rated wind speed and one non-mmmiphase zero above rated. For correct prediction of
the non-minimum phase zero above rated, it is shown to bertiaupito include botlihe 1% lateral and longitudinal tower
modes. Between th&™ tower modes and th&" drivetrain mode, the frequency response is affected by liyhigamped
non-minimum phase zero at above rated wind speeds. To tgrpeedict existence of this zero it is shown to be necessary
to model correctly the in uence of pitching inertia forcesetto apwise bent blades and to include ttiedrivetrain mode,
and collective ap degrees of freedom. It is important tolinte aerodynamic damping of tHé drivetrain mode mainly
at high pitch angles. At 14 m/s, there is no difference in #sponse predicted with a quasi-steady and an unsteady model
of airfoil aerodynamics. At 20 m/s, the quasi-steady respateviates at th&® drivetrain mode, where it fails to predict
the correctly in uence of a minimum-phase zero, that neadgcels the pole of th&" drivetrain mode.
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On order reduction of high-order linear aeroelastic models
for wind turbine control design
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ABSTRACT

Linear models of low order describing the aeroelastic respof wind turbines are required in the design of modern thode
based controllers. In this paper low-order aeroelasticetsodf wind turbines are designed by order reduction of a-high
order linear aeroelastic model using modal truncation.figk-order model is a linearization of a geometrically mogdr

nite beam element model of wind turbine substructures ¢edivith an unsteady Blade Element Momentum (BEM)
model including effects of shed vorticity and dynamic stalbw-order models are designed to approximate the open-
loop aeroelastic frequency response from generator tpapliective pitch angle demand and mean wind speed inputs to
generator speed output in open-loop. It is shown to be nagessinclude a relatively large number of aerodynamically
dominated modes, which are uncoupled due to the assumptiod@pendent annular ow tubes in the BEM theory.
Reduced-order models are subsequently designed based assamption of quasi-steady aerodynamics followed by
modal truncation. To approximate the transfer functiomfrgenerator torque, collective pitch angle demand and mean
wind speed to generator speed, it is shown to be essentiathiadie the rigid-body rotor mode, tHé&' longitudinal and
lateral tower modes and tHg' drivetrain mode. Thd® collective ap mode must be included because the rigid-body
rotor mode couples to this mode at high wind speeds due tatiredased collective pitch angle. Reduced-order models
are deduced for all operational wind speeds and they caly é&sconnected by interpolation due to the modal truncation
approach that retains the state space. This set of reduded+models are therefore suited fr subsequent gain-sthgdu
control design. Copyright 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Modern model-based control design requires linear modédsworder that provides good approximation of the aerd@las
response of wind turbines in response to control signalsdéstdrbances. Low-order models are used to tune controller
gains for optimal closed-loop response and to estimate theé speed and turbine states based on measurenignt$g
purpose of this paper is to design low-order models by orelduction of a high-order linear aeroelastic model to be used
for model-based wind turbine control design.

The TURBU tool P] can provide reduced-order models by order reduction ofja-birder linear wind turbine model,
which couples a nite beam element model of tower, drivetrand three blades with an unsteady Blade Element
Momentum (BEM) model including aerodynamic states to dbeatynamic stall. Reduced-order models provided by the
TURBU tool are utilized for extreme gust contr@] fand individual pitch control4]. Order reduction of structural states
is done using the Component Mode Synthesis metBp@]|[ by reducing the order of the models of each substructude an
subsequently assemble these models, whereas order medseidt applied of the equations describing lag on aeradjma
forces. In the TURBU tool, one can reduce the order of the infsden 600 to 100 states and conserve the frequency

Copyright ¢ 2012 John Wiley & Sons, Ltd. 1
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response up to 5 Hz as stated 2h [To conserve the frequency response at low frequencieastrequired toihclude the
quasi-steady behavior of the high-frequency mbdethe blade and tower substructures.

In Finite Element analysis of structural mechanics, othethods are proposed for order reduction, which are reviewed
by Cook [6]. One approach is to do modal expansion, where the basiffiedshnd a set of generalized state variables are
used to describe vibration of a reduced set of structuralensbepes. To achieve better approximation at low frequencie
a static correction can be applied whereby the static deaainder external excitation of the structure is ensuredeto
exact.

Design of linear low-order aeroelastic models for modeddabcontrol design has been extensively studied for afscraf
[7, 8]. Traditionally, the structure is assumed to vibrate irsprébed structural mode shapes and order reduction tasesiq
are developed to represent unsteady aerodynamic fordgs tias frequency domain by rational transfer function ricats
of low order for each structural mode shape, such that theetsstic model can be realized in a state space formulation
and be used in model-based control design.

Moore [9] propose order reduction tyalanced truncationvhere the state space model is transformed into a basis such
that the state variables most effectively describe therggriidransmitted from multi-inputs to multi-outputs. Baleed
residualizationis a variant of balanced reduction proposed by Fernando &®son [LO] aiming at good approximation
at low frequencies. A common approach is to apply frequengighting on both in- and outputs before the balanced states
are found for better approximation in the chosen frequentsrval [L1].

Recent advances in design of gain-scheduling controltarsvind turbines are designs of a linear parameter-varying
(LPV) state space model of the wind turbine that covers speegions of the operating curve and models nonlinear
changes with operation point by parameter-varying matrinethe state space model. LPV controllers are designed by
Bianchi et al. [L2] based on a model that includes nonlinear variations indhgramic torque. @stergaard et dl3[ also
parameterizes aerodynamic thrust variations and inclddestrain torsional exibility and longitudinal tower gibility
and shows improvements in performance relative to clalssicurollers.

Adegas et al.14] propose an order reduction scheme to design reduced-bRyéwind turbine models using balanced
truncation in combination with modal truncation. It is posed to realize the reduced-order state space model on a
canonical companion form, because this form is unique. @buesign on the set of low-order models can be done
by designing a controller for each of the frozen values ofttteeduling variable and interpolate the controller gaidase
by Bottasso et al.15]. For LPV-control design the set of reduced-order systertrioes must be parameterized, e.g. by
assuming polynomial dependency with respect to the scimegwriable, which can be done by using linear least squares
optimization [L6].

Segnderby & Hansenl[/] analyze the open-loop aeroelastic frequency responsenaddern wind turbine. The low-
frequency response from generator torque to generatod Spesdfected by resonance of the rigid-body rotor mode, the
1% lateral tower mode and thE" drivetrain mode. The non-minimum phase zero in the respémse collective pitch
angle demand to generator speed mainly caused by longitiudiner motion is shown to be affected also by lateral tower
motion. Vibration of the blades in the ap direction showedaffect existence of another non-minimum phase zero below
the 1% drivetrain mode. A common approximation in aeroelastigtyo assume quasi-steady aerodynamic® where
the time constants related to unsteady lift and drag arevas$iio be much smaller than the time constants of structural
dynamics. The quasi-steady assumption means, that undeges in the in ow due to structural motion or changes in
wind speed, the aerodynamic forces moves on the statidii#ty and moment curves. The time constants that charaeteriz
unsteady aerodynamics due to shed vorticity and dynamiicfetaa wind turbine are very high, leading to low cut-off
frequencies and in uence on the low frequency respogg An assumption of quasi-steady sectional aerodynamiss ha
no signi cant in uence on the response from generator tertpuspeed, but affects the speed in response to collectafe pi
inputs at around th&® drivetrain and2™ collective ap modes.

In this paper low-order models are designed for model-besed turbine control design using order reduction by modal
truncation with aeroelastic wind turbine mode shapes ptediby a high-order linear aeroelastic wind turbine mod#éd
HAWCStab2 [L9]. The model is a linearization of a nonlinear co-rotatiomale beam element model coupled with an
unsteady BEM model of aerodynamic forces including effe€tshed vorticity and dynamic stall. Reduced-order models
are designed to approximate the open-loop aeroelastiadrmy response from changes in generator torque, cokectiv
pitch demands and mean wind speed to generator speed offéhenee NREL 5 MW reference turbin2(] for small
vibrations about steady state operation at various winddg€T he paper shows that the reduced-order models ard suite
for parametrization along an operation point trajectorgewhealized on modal form.

The main ndings are that a relatively large number of aeraiyically dominated modes affect the low-frequency
response, because the BEM model assumes that there is my@eamic coupling between unsteady aerodynamic forces
in sections along the blades. Reduced-order models arequistly designed based on an assumption of quasi-steady
aerodynamics followed by modal truncation. A reduced-prdedel that contains the rigid-body rotor mode, 1idateral
and longitudinal tower modes, tH&' and 2™ collective ap modes and thé and 2™ drivetrain mode predicted with
quasi-steady aerodynamics is seen to correctly approgithatlow frequency response from generator torque, ciléect
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pitch angle demands and harmonic variations in mean winddsfee generator speed output. The reduced-order system
matrices are shown to be suited for parametrization.

The paper contains rst a short description of the high-orlileear aeroelastic model used for subsequent model
reduction and a description of the in uence of assuming gatsady aerodynamics on e.g. the aeroelastic frequencies
and damping of wind turbine modes. Then, a mathematicakig¢i®n of the modal truncation method is given and it is
shown how some of the aerodynamically dominated modes ircaghe frequency response through coupling with rigid-
body rotor rotation and longitudinal tower vibration. Résware then shown of modal truncation with aeroelastic mode
shapes using quasi-steady aerodynamics. The last se@gamilies how the components of the reduced-order system
matrices are connected at various wind speeds.

2. HIGH-ORDER LINEAR AEROELASTIC MODEL

A brief description is now given of the linear aeroelasticdaloused for order reduction. A more complete description
of the model is provided by Hansehd] for an isolated blade. The model of the NREL 5 MW turbine igritical to the
HAWC?2 model used for frequency response analysid i [

2.1. Model description

The model used for order reduction is a linearization of derieam element model of tower, drivetrain, hub and blades
including geometrical nonlinearities, which is coupledhnvan unsteady BEM model including effects of shed vorticity
and dynamic stall. So far, the model assumes frozen wakeglyhé is assumed that the induction is static.

Linearization is performed analytically around an openai state de ned by a mean wind speed, pitch angle and rotor
speed in which the blades are stationary de ected. Theosiaty de ected state of the blades is obtained from a noatine
equilibrium between elastic and centrifugal forces andstladic aerodynamic forces from an assumed uniform in ow to
the rotor plane. The stationary steady operational statet@ned by neglecting gravity forces, wind shear, turbedeand
other causes of a skew in ow to the rotor e.g. tilt and yaw asg|

In the particular model of the NREL reference turbine thednwlrivetrain and each blade are modeled by eight, four
and 19 Timoshenko beam elements, respectively. Each etdrasiwo nodes and six degrees of freedom (DOF) per node
describe rotation and translation in all three axis. Pitctu@tors are modeled as second order low-pass lters betwee
reference and actual pitch angle as described by Har&gnlf the present analysis the Iter frequency is set so high
that there is practically no phase lag between demanded &nél itch angles. Aerodynamic forces are evaluated at
30 aerodynamic calculation points along each blade. Udgteactional aerodynamics is described using two states for
shed-vorticity effects and two states to model dynamid ataach aerodynamic calculation point as described in étans
etal. 22).

Structural DOF describing blade and hub motion and all agrachic states are described in multiblade coordinates
using the Coleman transformation. Linearization is penfed around a state where isotropic rotor and isotropic eater
conditions are assumed, to remove dependency of the azangth in the system matrice&d].

2.2. Equations of motion

The linear aeroelastic model is described by the followiysiem of equations

Mt s+(Cs+ G+ Ca)z+(K+Ka+ Ksg)zs+ At Xa = Fs (1a)
Xa+t AgXa+ Csaz + KsazZs = Fa (1b)

wherezs contains the structural DOF and, contains aerodynamic states used to describe time-lagsodulesteady
aerodynamics and wheké is the mass matrixS the stiffness matrixC s the structural damping matri&g the gyroscopic
matrix, C, the aerodynamic damping matriK » the aerodynamic stiffness matrix ahds; the geometric stiffness
matrix due to the movement of the steady state aerodynamée feector. The matridA ; represents coupling from
aerodynamic states to structural states and mat@cgsandK sa describes coupling between structural velocities and
displacements to aerodynamic states Anddescribes the lag on the aerodynamic forces. The right-baledtermd-
andF . represent structural and aerodynamical forces due totactuand changes in the wind speed, respectively. To
improve the conditioning of the eigenvalue problem set upatly on the rst order form of Equationl}, a reduced state
transformation is applied using structurally undampee@imigctors as described ih7] but omitted here for brevity.

The system in Equatiori) is put on rst order form:

X= Ax + Bu (2a)
y = Cx (2b)
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where, by de nition:

8 9 8 9
< Xa = < Qg =
X=_ Os ;ou= c . 5 YT g (3)
& oW
r 3
Ad Ksa Csa
A=4 0 0 I 5 (4)
M 1A M 1(K3+ Ka+tKg) M Y(C+ G+ Cy)
0 Bda
B=4 0 0 5 ; C= 0 0 0:1:0 (5)

M By M Bgs

whereB s, B 4s andB 44 have been linearized with respect to the inputs and are difiroen:

Fe=Bu 2% +BuW ; FazBaW )
[

and whereC extracts the generator speed variationg. Changes in generator torqu@ ¢ and generator speed ¢ are
de ned positive in the opposite direction as the rotor resaand . is de ned positive towards stall. The low speed shaft
(LSS) speed of the generator is used in the analysis, whérebgssumed that there is no gearbox.

2.3. Low-frequency aeroelastic modes and aerodynamic dela  ys

The aeroelastic modes predicted by the linear wind turbindehconsist of structurally and aerodynamically domidate

modes. Tabld lists the aeroelastic frequenciég and damping ratios of the structurally dominated modes ordered
according to the aeroelastic frequencies for the NREL 5 MYBite in normal operation at 8 m/s, 14 m/s and 20 m/s
where:

la=Imf ig = Ref g5 ij (7

and ; is thei'th eigenvalue ofA . Each of the aerodynamically dominated modes (isted in Tablel) describe variations

in aerodynamic forces in local sections along the blade shento the four by four block diagonal form of they
matrix. The BEM model assumes that changes in aerodynamiedaat one aerodynamic calculation point does not
couple with changes in aerodynamic forces at neighboritgulzion points, except weakly through structural motion
whereby the eigenvectors of the aerodynamically dominatiedes are only weakly coupling in the aerodynamic state
variables across the calculation points. Only the colecterodynamically dominated modes are shown to in uence
the low frequency response and are characterized by theofcérequencies! ¢ = i where ; are the purely real
eigenvalues corresponding to these modes. Fifjst@ws the variations of cut-off frequencies with blade uadf time
delays modeling shed vorticity and dynamic stall for NREL SMurbine in normal operation at 8 m/s, 14 m/s and
20 m/s found under assumption of no coupling of the delayB sitituctural states. The cut-off frequencies in Figlieze

the eigenvalues of thé 4 diagonal blocks of thé 4 matrix obtained directly from the steady state BEM solutibhe
dashed horizontal line shows the aeroelastic frequendyedfitlongitudinal tower mode for comparison. The gure shows
cut-off frequencies of two of the four time delays at eachiblaection; one that characterizes the effect of shedeityrti
below stall and one characterizing the pressure lag in thmdery layer in stalled ow 22]. The cut-off frequencies
increase with blade radius, because the relative in ow ciéles increase, causing a faster update of the aerodynamic
forces because the shed vorticity is faster convected anvay the airfoil and the movement of the separation point ef th
dynamic stall becomes faster. The cut-off frequencies haverder of magnitude similar to the aeroelastic frequericy o
the 1% tower modes at some sections, and the delays may couple tigittddody rotor rotation mode and tHé' tower
modes.
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3. QUASI-STEADY AERODYNAMICS

Quasi-steady aerodynamics is assumed by seting 0 in the aerodynamic state equatiohb), isolate forx, and
then substitutex, in Equation (8. An analysis of the effect of assuming quasi-steady aeraahjcs on the aeroelastic
frequency response of two of the three transfer functiomdistl here, i.e. from generator torque and collective ptogie
demand to generator speed, can be found in previous studiesiid is not repeated here. Figitshows the aeroelastic
frequency response from mean wind speed harmonic vargatmgenerator speed at 14 m/s and 20 m/s predicted using
unsteady aerodynamics ( lled line) and quasi-steady agrachics (dotted line). Note, that in the frequency respamse
assume instant change in the mean wind speed; the unsteady@mic model does not describe dynamics related to
how fast the mean wind speed changes in for example a gustfulll@der response of generator speed of harmonic
variations in mean wind speed is similar to that of collesfpitch excitation below 1.0 Hz; a change in mean wind speed
changes the angle of attack and thereby the aerodynamisfenmilar to a change in pitch angle.

At both 14 m/s and 20 m/s, there are two non-minimum phaseszrb.2 Hz and 2.0 Hz causing negative phase shifts
of -180 deg. At the zero at 1.2 Hz, the changes in mean windispegites thel™ torsional drivetrain mode, which couples
with the 1% edgewise blade bending mode. An increase in mean wind speesl aypositive change in lift forces at the
blade sections which forces the blade to bend relative tdtifiepositive clockwise. The edgewise blade vibration in the
1% drivetrain torsion mode changes the relative velocitige@blade sections, causing decreasing angle of attackfgnd |
that counteracts the change in lift from the mean wind speectase, such that there is little net change in aerodynamic
torque. The zero at 2.0 Hz exist due to coupling betweenatdlieblade vibration in thé drivetrain mode and in th2™
drivetrain mode, such that the net change in aerodynanoc totque is close to zero.

The effect of assuming quasi-steady aerodynamics (datteslin Figure?) is to increase the amplitude of the generator
speed signal at thE" drivetrain mode, because the model predicts too large @saingaerodynamic torque for a change in
wind speed in attached ow due to the neglected effect of sloeticity. The aeroelastic frequency response from gdoera
torque, collective pitch and mean wind speed inputs to geéaespeed output all show little effect of assuming quasi-
steady aerodynamics at excitation frequencies belovitarivetrain mode, cf.17], because at these low frequencies lag
on aerodynamic forces appears only at the inner blade ssdiiat have no large contribution to the overall changes in
aerodynamic rotor torque and thrust.
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Figure 2. Aeroelastic frequency response from changes in mean wind speed to generator speed for NREL 5 MW turbine at normal
operation at 14 m/s and 20 m/s. Comparison between the response predicted by the full-order model with unsteady aerodynamics
(lled lines) and with quasi-steady aerodynamics (dashed | ines).
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Figure 3 shows the eigenvalues corresponding to aeroelastic moiledomw frequency predicted with quasi-steady
aerodynamics. Figur&a shows the real part of the eigenvalues and Figbt&e positive imaginary part of the eigenvalues.
The black curves in Figurg show the real and imaginary parts of the pole of the rigidybador mode, where the dashed
black line is for the rigid-body rotor mode predicted by a gined model assuming rigid lateral tower, rigid drivetrai
and rotor and quasi-steady aerodynamics. This simpli edl@hé used for comparison to study the effects of exibility
of the rotor and drivetrain and the effects of lateral towexibility.

Below 15 m/s there is no signi cant difference between thie s the rigid-body rotor mode predicted from the high-
order model with quasi-steady aerodynamics and from thedigied using the simpli ed model, whereas above 15 m/s
the eigenvalue of the rigid-body rotor mode becomes morathegthan that predicted with a model assuming rigid rotor,
because the rigid-body rotor mode couples with 1fieollective ap mode. Above 24 m/s the rigid-body mode cosple
with the 1! collective ap mode to form &' order mode with real value of approximately0:25 Hz and non-zero
imaginary value.

The red curves in Figurg show the real and imaginary parts of the eigenvalues offrmllective ap mode. Both the
dotted red curves { and red curves marked with circles @re associated with tHg" collective ap mode. Below 16 m/s,
the 1 collective ap mode consists of a set of complex-conjugatéep. Up to 16 m/s, the real part of the pole of the
1% collective ap mode decrease and the aeroelastic frequdacyease, because the aerodynamic damping of this mode
increase with wind speed due to higher relative in ow velias [24]. Above 16 m/s the® collective ap mode becomes
overdamped and the set of complex-conjugated eigenvafitbe &™ collective ap mode shift to become two poles with
purely real and distinct eigenvalues. The assumption ofiggtaady aerodynamics causes that the aerodynamic dgampin
of the1® collective ap mode is larger than when unsteady aerodynarisiincluded, see TableThe green, blue and cyan
curves in Figured show the poles of th&™ lateral and longitudinal tower modes and tiiedrivetrain torsional mode.
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Figure 3. Poles of low-frequency aeroelastic mode shapes for the NREL 5 MW wind turbine in normal operation at wind speeds
from 5 m/s to 25 m/s equidistant with 0.5 m/s under assumption of quasi-steady aerodynamics. Figure (a) shows the real part of the
eigenvalues and Figure (b) the imaginary part, which is equal to the aeroelastic frequency.
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4. ORDER REDUCTION

This section shows how the transfer functions from genetatque, collective pitch angle demands and mean wind speed
to generator speed can be approximated by modal truncation.

4.1. Reduction by modal truncation

Order reduction by modal truncatiofi]] is done by rst applying a full-order state transformation= q where is
denoted thenodal matrixand contains all the eigenvectorsAfin columns. By this state transformation, the system of
equations %) can be written:

q=q + 'Bu (8a)
y=Cq (8b)

whereq is the new state vector with generalized states that eadiribes the motion of a mode shape andis the
Jordan form ofA . For any square matri& , the Jordan form is a block diagonal matrix that consist ofldo blocks. If
all eigenvectors oA are linearly independent, then the Jordan form is a diagoa#lix with the eigenvalues & in the
diagonal such that each Jordan block is of dize 1. For all systems used in the present analysis, the modaixmatnas
full rank and thusA has a diagonal Jordan form.

The eigenvalue decomposed for8) is then partitioned:

i _ 1 0 . b B
= | u (99)
dz 0 2 qz )
y=C 1 g; (9b)

where indices 1 and 2 denote subcomponents of the matricgsr €@duction by modal truncation is done by representing
the full-order model by the subcomponents of the systemicestrwith index 1, that corresponds to low-frequency
aeroelastic modes and by neglecting all other subcompsmiemoted with index 2, such that the reduced-order system of
equations are given by:

Q= 101+ ' Bu (10a)

y=C 101 (10b)
This scheme of a full-order state transformation followgdreduction is applied instead of using a classical modal
expansiorx rgr to get the diagonal structure of, which ensures that only the chosen subset of modes areeéxcit
by the inputs and measured at the outputs. The modal matiisx not orthonormal, regardless of normalization of the
eigenvectors, i.e. 16 , where denotes the conjugate transpose.

The components of the reduced-order system matrices intiBqu@d0) are complex but are made real by using a
coordinate transformation into the real and imaginary aftthe generalized stateg . For each set of complex-
conjugated eigenvalues and eigenvectors, the transfosgstem is written:

dri = AwiqQri +Briu ; y=Cuiqr . # (11a)
1
_ I'n L . _ Bri; _ i B
Ar;i - !d 1 N y Br;i - Br;i; - 1 II B (llb)
T T
- Cr;i; — i;
Cu = Cu =2C . (11c)
whereqri = Re(qii)  Im(qasi) " and where , is the undamped frequency of modfound ad , = j ij, where

i is thei'th eigenvalue ofA . In Equations {1) ! 4 and are the damped frequency and the damping ratio of mpde
respectively, as de ned previously in Equatiof).(The indices and denote the real and imaginary parts, respectively.
The factor2C in the output matrix in11c) arise because the total output equals twice the real péreaiutput for one of
the complex-conjugated poles.

4.2. Modal truncation including unsteady aerodynamics

In this section, two examples are used to describe the ircaesf aerodynamically dominated modes on the aeroelastic
frequency response of a wind turbine. Because the BEM madelnaes that there is no spanwise aerodynamical coupling
of unsteady aerodynamic forces on the blades, a relatieefieInumber of aerodynamically dominated modes must be
included for good approximation.
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To explain the effect of the collective aerodynamically dieated modes, Figuréshows the variations in aerodynamic
forces along a blade in the direction perpendicular to tleedchxis, denoted  , for the most important aerodynamically
dominated mode at 8 m/s, 14 m/s and 20 m/s, respectively. drige ¥ariations are determined from the eigenvectors of
these modes, which are normalized such that the generaged sppmponents are positive and such that the maximum
absolute value is unity. At 8 m/s and 14 m/s the most impodenbdynamic modes characterize changes in aerodynamic
forces only in one calculation point, whereas the mode at 20simows variation in aerodynamic forces at many sections
along the blade because of coupling with rigid-body rotadation, as explained in the following.

The aerodynamically dominated modes are excited by a chantpe angle of attack, caused e.g. by blade pitching,
apwise bending, or change of wind speed. At low wind speetiange in angle of attack will cause only small changes in
aerodynamic forces because of low relative velocities.iff@easing wind speeds, a change in angle of attack willeaus
large variations in the aerodynamic rotor torque and thandtthe aerodynamically dominated modes will thereforeleu
with rigid-body rotation of the rotor and the apwise bladertding modes, causing a change in aerodynamic forces at all
sections along the blade. Figufeshows that at 20 m/s the structural coupling with rigid-boalpr rotation and apwise
blade bending modes gives a change in relative velocitisdiicrease the angle of attack - giving higher lift forcas - i
the inner part of the blade because of stall, and giving ldiftext mid- and outer part where the blades operate in agdch

ow.

The aerodynamically dominated modes that in uence the ggoespeed variations at 0 Hz at high wind speeds are all
characterized by a large variation in aerodynamic forcéseablade mid-span. This observation can be explained by the
facts, that the aerodynamically dominated modes at thesbizd-span contributes more to the aerodynamic rotor torque
than modes close to the blade root and close to the bladestippise of low relative velocities and thereby low changes in
lift at the blade root and because of low in ow angles at thedel tip causing that changes in lift mainly changes the thrus
forces.

It has now been shown that some aerodynamically dominatettsncouple with rigid-body rotor rotation and thereby
are important in predicting the response of generator spaegdtions at 0 Hz. Vice versa, the rigid-body rotor mode wil
couple to some of the aerodynamically dominated modes atataded wind speeds. Figufeshowed that approximation
with the rigid-body rotor mode alone predicts too high atygle at O Hz in the transfer function from generator torque to
speed at 20 m/s, which is because the rigid-body rotor modples with some of the aerodynamically dominated modes.
The rigid-body rotor mode approximates the changes in igggeed at 0 Hz too high, because the effective changes in lift
when the rotor speed changes are predicted too small in tidem
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Figure 5. H;

aeroelastic freqy 4 [Hz] & cut-off freq. w [HZz]

norms of each aeroelastic modal subsystem of the system of equations (8) of each structurally dominated modes

(black) and collective aerodynamically dominated modes (red) in the transfer function from generator torque to generator speed for
the NREL 5 MW wind turbine in normal operation at a) 8 m/s, b) 14 m/s and c) 20 m/s. The red squares in c) show the ve most
dominating aerodynamically dominated modes at 20 m/s.
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4.3. Modal truncation including quasi-steady aerodynamic S

An assumption of quasi-steady aerodynamics has been faugivé accurate predictions of the aeroelastic frequency
response from changes in generator torque, collectivéd gitggles and in mean wind speed, except at around%he
drivetrain torsion mode in the response from collectivetpiio speed, where a quasi-steady aerodynamic model fails to
correctly predict a zero located close to pole of this mddg. [Limitations of the pitch actuator may limit the changes in
actual pitch angles at variations in the pitch angle demandise frequencies of the" drivetrain mode and thereby also
the in uence of the unsteady aerodynamics at these fredegnc

Order reduction is now performed by modal truncation usimgoelastic mode shapes in which quasi-steady
aerodynamics is assumed. It is shown how each of the trafisietions from generator torque, collective pitch angle
demands and mean wind speed to generator speed can be apgisakby gradually increasing the number of aeroelastic
modes in the reduced-order model. Tablist the content of the various reduced-order models.

4.3.1. Frequency response from generator torque to generat or speed

Figure10 shows the aeroelastic frequency response from generatpretdo generator speed predicted by a full-order
model with quasi-steady aerodynamics (black) and by foffierdint reduced-order models denoted by model no. 1 to 4
de ned in Tablell .

The reduced-order model no. 1, that includes the rigid-lotiy mode and th&®™ lateral tower mode estimates correctly
the high gain at 0 Hz, see blue curves in Figlife The model correctly predicts the zero at 0.315 Hz and thenaesce
peak at 0.32 Hz at both 8 m/s and 20 m/s, because they exisb dizeelle roll associated with tHé' lateral tower mode.

The red curves in Figuré0 show the response predicted by the reduced-order model imidling also thel®
drivetrain mode. At 8 m/s, the model captures correctly thes@nce of the minimum-phase zero at 0.72 Hz and the
resonance peak at tHé' drivetrain mode. At 20 m/s, the model 2 predicts a non-mimmphase zero at 0.72 Hz that
causes a negative phase shift of -180 deg. By including bis2't collective ap mode (model no. 3), the zero at 0.72 Hz
becomes a minimum-phase zero at 20 m/s, whereas at 8 m/sgimergisible change in the response. The prediction of a
non-minimum phase zero of the reduced-order model no. ZatHz, can be explained by a coupling of ttiédrivetrain
mode with the2" collective ap mode at high wind speeds due to the largertpitngles. Th@™ collective ap mode
(model no. 3) compensates for the ap motion already incilatih the1® drivetrain mode. By additionally including the
2" drivetrain and th@" lateral tower modes (model no. 4), the reduced-order maatetorrectly predict the response up
to 3 Hz.

4.3.2. Frequency response from collective pitch and mean wi nd speed to generator speed

Figuresll and12 show the aeroelastic frequency response from collectiah pingle demand and mean wind speed,
respectively, to generator speed for the NREL 5 MW turbinearmal operation at 14 m/s and 20 m/s, predicted by the
full-order model with unsteady airfoil aerodynamics (painder assumption of instant update in the mean wind speed
and with quasi-steady aerodynamics (dashed black) anddyglifferent reduced-order models that includes the aestiela
modes given in model no. 5 to 9 in Takile

The blue curves in Figuresl and 12 show the responses predicted by the model no. 5 that inclingesgid-body
rotor mode. At 14 m/s, the model correctly predicts the raspoat 0 Hz whereas at higher wind speeds , e.g. 20 m/s,
it predicts too high amplitude for both pitch and wind speeplts, as already described in Sectibg.1for the model
including unsteady aerodynamics. A correct amplitude arabe is achieved at up to the aeroelastic frequency dfthe
tower modes by including also tHé' collective ap mode in model no. 6, shown with red curves. Tigéd-body rotor
mode couples with thé™ collective ap mode at high wind speed when quasi-steadgdgramics is assumed, such that

Table Il. Description of the aeroelastic modes included in the various reduced-order models used to approximate the aeroelastic
frequency response of the NREL 5 MW turbine. The aeroelastic modes are determined using quasi-steady aerodynamics.

Model no. | Aeroelastic modes included in model

rigid-body rotor,1% lateral tower

rigid-body rotor,1% lateral tower,1%' drivetrain

rigid-body rotor,1% lateral tower1 drivetrain,2™ collective ap

rigid-body rotor,1%! lateral tower1 drivetrain,2" collective ap, 2" drivetrain,2™ lateral tower

rigid-body rotor

rigid-body rotor,1% collective ap

rigid-body rotor,1 lateral tower 1% longitudinal tower1% collective ap

rigid-body rotor,1% lateral tower1% longitudinal tower1% collective ap, 15 drivetrain

rigid-body rotor,1%! lateral tower;1%! longitudinal tower 1% collective ap, 1t drivetrain,2" collective ap, 2™ drivetrain
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componenC . » is continuous across 16 m/s, where the ap mode change iradtorder modes, because the speci ¢
normalization of the eigenvectors ensures this;Ce, can be written a®! , = 2Reg ), which is identical to the
output component for th&* order mode: 2 when the eigenvalue becomes purely real at 16 m/s. Above 4éh@two
component< . » andC .. 3 vary similarly to the eigenvalues of the tvd order modes shown previously in Figuge

The green points in Figur&3 show the components of the output matrix corresponding ecstate-variables of the
1% lateral tower mode, which are denot€d , andC.. s and corresponds to the rst and second componer€ gf in
(13). The componen€ .. 4 increase slightly with wind speed due to the increasingelastic damping of tha® lateral
tower mode, which can be explained by coupling to longitatiiower motion, as explained previously ihi7]. The other

componentC .. 5 is almost constant with wind speed.
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Figure 13. Components of the reduced-order output matrices C,; extracting the generator speed output from the generalized state-

variables of the rigid-body rotor mode, the 1% collective ap mode, the 1% lateral and longitudinal tower modes and the 1% drivetrain

mode for the NREL 5 MW wind turbine in normal operation at wind speeds from 5 m/s to 25 m/s and found under assumption of

quasi-steady aerodynamics. The dashed curves show the output matrices predicted with a model with rigid lateral tower, rigid rotor
and drivetrain including quasi-steady aerodynamics. The unit g denotes the unit of the generalized state-variables q; .
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