










Open-loop frequency response analysis of a wind turbine I. Sønderby and M. H. Hansen

generator action torque. The zero nearly cancels the pole at0.32 Hz creating a zero net phase shift across the1st tower
modes. After resonance of the1st lateral tower mode, the response is again governed by rigid-body rotation of the drivetrain
and rotor. The similar phenomena occurs at the zero located at 1.8 Hz where it is nacelle roll associated with the2nd lateral
tower mode that cancels the rigid-body rotor rotation in thegenerator speed output.

The blue curves in Figure5 show the structural frequency response when the tower and drivetrain are �exible and the
rotor is rigid. The1st torsional mode of the drivetrain leads to resonance at 2.2 Hzand a zero at 0.72 Hz at both 8 m/s
and 20 m/s. At the zero at 0.72 Hz, the rotor is moving while thegenerator end of the drivetrain is stationary, because the
generator torque is counterbalanced by rotor inertia forces.

The black curves in Figure5 show the purely structural frequency response for a fully �exible turbine. Due to the added
blade �exibility, the 1st drivetrain mode now couples with the1st collective edge blade mode, whereby the resonance
frequency is decreased from 2.2 Hz to 1.6 Hz. The zero at 0.59 Hz at both wind speeds is also shifted from 0.72 Hz due
to blade �exibility. At 20 m/s, the1st and2nd collective �ap modes in�uence the frequency response closeto their modal
frequencies of 0.75 Hz and 1.92 Hz due to the static blade pitch and are accompanied by two zeros very close to these
frequencies at 0.78 Hz and 1.86 Hz. The zeros and poles related to each of the1st and2nd collective �ap modes make phase
shifts that cancels each other. At the zero at 0.78 Hz, the generator torque excites both the1st drivetrain mode and the1st

collective �ap mode in a motion where edgewise blade bendingrelative to the hub in clockwise rotor direction is in phase
with �apwise bending downstreams and in phase with the applied generator torque. The inertia forces from blade vibration
in both the1st drivetrain mode and the1st collective �ap mode counteracts the applied generator torque. Similarly, at the
zero at 1.86 Hz, the generator torque excites the1st drivetrain mode and the2nd collective �ap mode, and the inertia forces
from this motion counteracts the generator torque to form a zero in the generator speed output.

Figure6 shows a comparison between the purely structural response (magenta curves) and the aeroelastic response
(black curves) for a fully �exible turbine. The main effectsof including aerodynamic forces is seen at 20 m/s below the1st

tower modes and around the1st and2nd collective �ap modes.
The response predicted by the simple1st order model in Equation (9) with rigid structure and quasi-steady aerodynamics

(blue curves) predicts the correct tendencies below the1st tower modes. At 20 m/s aerodynamic forces decrease the
amplitude at low frequencies and create a positive phase shift of 90 deg at 0 Hz compared to the purely structural response,
because aerodynamic damping forces dominate the inertia forces that vanish at 0 Hz. At 8 m/s, the aerodynamic damping
of the rotor is low and the response is dominated by inertia until very close to 0 Hz. Although not seen for the present
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Figure 6. Aeroelastic frequency response from generator torque to generator speed for NREL 5 MW wind turbine operating at 8 m/s
and 20 m/s. Comparisons of frequency response predicted with fully �exible structure and no aerodynamic forces (magent a), with the

1st order model in Equation (9) (cyan) and with fully �exible turbine with unsteady aerody namic forces (black).
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turbine, the static change in blade de�ection caused by static changes in aerodynamic forces at 0 Hz, could cause that the
aerodynamic gradients predicted for a rigid rotor are wrong. The aerodynamic gradients could in particular be predicted
wrongly by a rigid-rotor assumption for a swept blade, because changes in steady state aerodynamic forces from a change
in e.g. generator torque could cause high blade torsion.

Around the1st and 2nd collective �ap modes, the amplitude is reduced, due to largeaerodynamic damping of �ap
vibration. The in�uence of the collective �ap modes is seen from Figure7 that shows a pole-zero map of the transfer
functions in Figure6. The �gure shows poles and zeros that in�uence the frequencyresponse and that does not cancel
out in the transfer function. There are zero-pole cancelations of all asymmetric �ap and edgewise modes. There are no
zero-pole cancelations of the1st and 2nd drivetrain modes at all wind speeds because the generator torque excites the
drivetrain modes. There is zero-pole cancelation of the1st collective �ap mode at both 8 m/s and 20 m/s. The2nd collective
�ap mode is canceled by a zero at 8 m/s and is nearly canceled at20 m/s indicating that aerodynamic damping does not
entirely limit vibration of the2nd collective �ap mode and is responsible for the phase difference of 10 deg seen around
2.2 Hz in Figure6. Generally, it can be concluded, that the collective �ap modes are not essential to include to model the
transfer function from generator torque to speed because ofaerodynamic damping. For excitation frequencies below 3 Hz,
there is no signi�cant difference between using unsteady and quasi-steady aerodynamics (not shown) on the response from
generator torque to generator speed because the modes that in�uence the response are mainly modes characterized by
vibration in the rotor plane where the effect of aerodynamicforces is small, except on the rigid-body rotor mode. There is
no effect of lag on lift and drag on the rigid-body rotor mode because the frequency of vibration is so low, that lag only
occurs at blade sections close to the blade root, where the components to the overall changes in aerodynamic rotor torque
are small compared to sections closer to the blade tip.

The results shown above are for the NREL 5 MW turbine in onshore operation. For another turbine the ordering of the
aeroelastic frequencies of the1st and2nd collective �ap modes are likely to change relative to the zero at 0.72 Hz and the
1st drivetrain mode at 1.6 Hz, respectively, but without any signi�cant effect on the response due to large aerodynamic
damping of these modes.
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4.1.1. Effect of longitudinal tower vibration
The in�uence of longitudinal tower motion on the response from generator torque to generator speed is illustrated in

Figure8. The �gure shows the aeroelastic frequency response close to the1st tower modes for a turbine with a tower that
is very stiff in longitudinal direction (blue curves) and for a fully �exible turbine (black curves) operating at 8 m/s and
20 m/s. The vertical lines show the aeroelastic frequenciesof the1st tower modes for a fully �exible turbine. For a fully
�exible turbine, there is a zero at 0.315 Hz and a pole at 0.323Hz due to nacelle roll associated with the1st lateral tower
mode. There are no changes in amplitude or any phase shifts occurring across the frequency of the1st longitudinal mode
at 0.33 Hz which shows that the1st longitudinal tower mode has no in�uence. Thus, any deviations between the blue and
black curves arise due to longitudinal tower motion in the1st lateral tower mode. It can be seen that longitudinal tower
vibration has a small in�uence only at 20 m/s, which is seen aslarger phase shifts across the zero at 0.315 Hz and at the
1st lateral tower mode.

The small changes due to the increased longitudinal tower stiffness occurring at 20 m/s are caused by removal of
longitudinal tower motion in the1st lateral tower mode. Figure9 shows the tower top motion in the1st longitudinal and
lateral tower modes for a fully �exible turbine with no aerodynamic forces (a), a turbine with rigid drivetrain and rotor
and quasi-steady aerodynamics (b) and for a fully �exible turbine with unsteady aerodynamic forces (c) for the NREL
turbine in normal operation at 8 m/s, 14 m/s and 20 m/s. Without aerodynamic forces, the1st lateral and longitudinal tower
modes consist of purely lateral and longitudinal tower motion, respectively. Thus, gyroscopic forces due to rotor tilting
in the1st longitudinal tower mode does not provide large coupling between lateral and longitudinal tower motion. For a
turbine with a rigid drivetrain and rotor with aerodynamic forces (b), the1st lateral tower mode has a component in the
longitudinal direction that changes with operation point.The similar trend is seen for a fully �exible turbine (c). Thus, the
coupling of the1st lateral tower mode to longitudinal tower motion must be through aerodynamics, indicating that lateral
tower vibration changes the aerodynamic thrust.

4.2. Collective pitch demand to generator speed

Figure10 shows the purely structural frequency response from collective pitch to generator speed for various cases of
model complexity for the NREL 5 MW turbine operating at the above rated wind speeds 14 m/s and 20 m/s. The green
curves show the structural response for a fully rigid turbine, where the pitching inertia forces of the �apwise bent blades,
makes the amplitude increase with the square of frequency and gives a phase of -90 deg except very close to 0 Hz. Because
the blades are bent downwind, the pitching inertia forces have a positive torque creating component in the positive direction
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Figure 8. Aeroelastic frequency response at frequencies close to the 1st tower modes from generator torque to generator speed for
NREL 5 MW wind turbine operating at 8 m/s and 20 m/s. Comparisons of frequency response predicted for a turbine with a tower that

is very stiff in longitudinal direction (blue) and for a fully �exible turbine (black).
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Figure 9. Tower top motion of the 1st lateral and longitudinal modes for a) a fully �exible turbin e without aerodynamic forces, b) a fully
�exible turbine and unsteady aerodynamics and for c) a turbi ne with rigid drivetrain and rotor and unsteady aerodynamics in normal
operation at 8 m/s, 14 m/s and 20 m/s. Tower is seen from above and positive longitudinal tower de�ection is de�ned to be ups treams,

i.e. the wind is coming from the right of the plots.

of �Q g for a positive pitch towards stall leading to a phase of -90 deg. The amplitude is slightly higher at 14 m/s than at
20 m/s, because of the larger static �ap de�ection.

The blue curves in Figure10 shows the purely structural frequency response when the drivetrain is �exible and tower
and rotor are rigid. Drivetrain �exibility causes a resonance with the1st drivetrain mode at 2.2 Hz. The drivetrain mode
is excited by the pitch actuator due to misalignment betweenthe center of gravity and the pitching axis. The phase shifts
-180 deg across the frequency of the1st drivetrain mode at 14 m/s and 20 m/s.

The black curves in Figure10 shows the structural response for a fully �exible turbine. The pitch actuator excites the
1st collective �ap mode at 0.74 Hz, because the centers of gravity along the blade are not aligned with the pitch axis. The
1st collective �ap mode is accompanied by a minimum-phase zero at 0.73 Hz, where collective pitching excites both the
1st drivetrain mode and the1st collective �ap mode. At this zero, the vibration of the1st collective �ap mode causes a
torque to act on the rotor in the negative direction of�Q g for a change in pitch towards stall, that counteracts the pitching
inertia forces such that the net torque variations are zero.The zero nearly cancels the phase shift due to the1st collective
�ap mode. The1st drivetrain mode is in resonance at 1.6 Hz, shifted from 2.2 Hzdue to added blade �exibility and is
accompanied again by a phase shift of -180 deg. The2nd collective �ap mode at 1.9 Hz highly in�uence the response at
both 14 m/s and 20 m/s. The amplitude at the2nd collective �ap mode is much higher than at the1st collective �ap mode,
because the pitching inertia forces are larger at higher excitation frequencies, and because the2nd collective �ap mode
lies close to the1st drivetrain mode, where rotor speed variations are larger, which provides larger excitation of the2nd

collective �ap mode. Resonance of the2nd collective �ap mode is accompanied by a zero at 1.89 Hz and 1.80 Hz at 14 m/s
and 20 m/s, respectively. At these zeros, collective pitching excites both the1st drivetrain mode and the2nd collective �ap
mode. The2nd collective �ap mode couples to rotor rotation when the blades are pitched and is excited such that it creates
a torque in the negative direction of�Q g for a change in pitch towards stall and thereby counteracts the torque created
due to vibration of the1st drivetrain mode, such that there are no net generator speed variations. This coupling is more
signi�cant at 20 m/s where the blades are more pitched.

A comparison has been made of the pitching inertia forces fora rigid blade undergoing harmonic pitch angle variations
around the undeformed state and statically de�ected state of the NREL blade in normal operation at various wind speeds
to clarify the effect of static blade de�ection. The pitching inertia forces are measured as the amplitude of forces in the
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Figure 10. Purely structural frequency response from collective pitch to generator speed for NREL 5 MW wind turbine operating at
14 and 20 m/s. Comparisons of frequency response predicted from models assuming no aerodynamic forces and fully rigid turbine

(green), rigid rotor and tower (blue) and a fully �exible tur bine (black).

rotational direction of the rotor arising from harmonic variations in pitch angle at frequency! � and amplitudeA � . The
total pitching inertia forces for the blade are found by summing up over the number of blade elements assuming constant
structural properties over each element. The amplitude of pitching inertia forcesAp;i for elementi can be written

Ap;i = ! 2
� m i l i sin � 0;i A � (14)

where� 0;i andl i are the polar coordinates of the element centre of gravity inthe blade system,m i is the element mass
andAp;i is the amplitude of pitching inertia forces.

Figure11shows the total amplitudeAp of pitching inertia forces versus wind speed for the NREL 5 MWturbine blade
in the undeformed and statically deformed state in responseto harmonic pitching with an amplitude of 1 deg at a frequency
of 1 Hz together with the static position of the centre of gravity at the blade tip in the rotor coordinate system. The pitching
inertia forces are larger than of the unde�ected blade at wind speeds below 22 m/s because the blades are highly de�ected
downstreams in the �ap direction and peaks at 11 m/s where thethrust forces are highest. For blades with a signi�cant
prebend upstreams, the pitching inertia forces are expected to be lower, because the static position of the centre of gravity
in the �ap direction is further upstreams than for a non-prebended blade.

The in�uence of aerodynamic forces on the frequency response is now analyzed. Figure12 shows a comparison of the
response for a fully rigid turbine without and with quasi-steady aerodynamic forces and the response predicted by the
simpli�ed model in Equation (9). At 0 Hz, the effect of including aerodynamic forces is to increase the amplitude and shift
the phase with 180 deg because of changes in aerodynamic torque caused by pitching. The steady state effect of a constant
change in collective pitch is that the generator speed settles at a new equilibrium between the steady state generator torque
and the aerodynamic torque on the rotor. Pitching towards feather gives less aerodynamic torque because of lower angles
of attack, whereby the rotor speed decreases. The decrease in rotor speed gives an additional in�ow velocity component,
that increases the angle of attack and thereby the aerodynamic torque, such that the net variation in aerodynamic rotor
torque is zero at 0 Hz.

The response predicted with a fully rigid turbine with quasi-steady aerodynamics (cyan curves) has a minimum-phase
zero at 1.1 Hz and 2.1 Hz at 14 m/s and 20 m/s, respectively, where there is a positive phase shift of around 180 deg, due
to pitching inertia forces. Under harmonic collective pitch angle variations, the pitching inertia forces gives a torque on the
rotor in positive direction of�Q g for a change in pitch towards stall, whereas the aerodynamictorque gives a higher torque
in the negative direction and thus excites the rotor in the opposite direction as the pitching inertia forces. The pitching
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Figure 11. Amplitude of pitching inertia forces in the forward rotational direction of the rotor for a rigid NREL 5 MW blade undergoing
harmonic pitch angle variations with amplitude of 1 deg and frequency of 1 Hz. Comparison of pitching inertia forces for unde�ected
blade and statically de�ected blade for normal operation at various wind speeds. Static position of the centre of gravity at the blade

tip in the blade coordinate system (x:positive towards rotational direction,y:positive downstreams).

inertia forces grows with excitation frequency and above the zeros at 1.1 Hz and 2.1 Hz at 14 m/s and 20 m/s, respectively,
they are large enough to dominate the response over variations in aerodynamic torque.

The black curves in Figure12 show the frequency response for a turbine with rigid blades in the �ap direction. At
0.32 Hz, collective pitching now couples with the1st tower modes to create a minimum phase and a non-minimum phase
zero at 14 m/s and 20 m/s that causes the phase to shift approximately 360 deg crossing the frequencies of the1st tower
modes, because of 180 deg phase shift over the non-minimum phase zero and -180 deg over the lateral tower mode. The
longitudinal tower mode introduce a zero and a pole with phase shifts that cancels each other. The minimum-phase zero at
0.71 Hz and 0.84 Hz for 14 m/s and 20 m/s, respectively, are shifted from 1.1 Hz and 2.1 Hz. To illustrate why the added
drivetrain and edge �exibility causes these zeros to shift to a lower frequency, the purely structural response for a turbine
with rigid �ap is shown in Figure12 (magenta curves). Collective pitching excites the1st drivetrain mode structurally and
vibration of this mode excites the rotor in phase with the pitching inertia forces, such that the variations in aerodynamic
torque are suppressed at lower excitation frequencies.

Figure14 shows a map of poles and zeros that does not cancel out of the transfer function from collective pitch to
generator speed for the turbine where the blades are made rigid in the �ap direction. There are pole-zero cancelations ofall
asymmetric �ap and edgewise modes (not shown), no zero-polecancelations of the1st and2nd collective �ap modes, and
a lowly damped zero exist at 0.71 Hz and 0.84 Hz for 14 m/s and 20m/s, respectively. At 14 m/s the zero is non-minimum
phase and causes a -180 deg phase shift in the black curves in Figure12, and at 20 m/s it is a minimum phase zero causing
a positive phase shift of 180 deg.

Figure13shows a comparison of the response for a fully �exible turbine without aerodynamic forces (blue curves) and
with quasi-steady aerodynamic forces (cyan curves). The response predicted by the simpli�ed model in Equation (9) is
also included (green curves) to show that it captures the steady state response well at 0 Hz at both 14 m/s and 20 m/s.

Compared to the response of a turbine where blades are rigid in the �ap direction (black curves in Figure12), there is a
large change in phase between the1st tower modes and the1st drivetrain mode, which must be due to the added �apwise
blade �exibility. To explain this observation, the aeroelastic poles and zeros for the fully �exible turbine has been plotted in
Figure14. The pole-zero map shows that the lowly damped zeros at 0.71 Hz and 0.84 Hz at 14 m/s and 20 m/s, respectively,
which are predicted for a turbine with rigid �ap, are replaced by two highly damped non-minimum phase zeros at 0.67 Hz
and 1.1 Hz. These non-minimum phase zeros creates a phase shift of � 180 deg in the cyan curves in Figure13 which
occurs over a large frequency interval. It can be concluded that collective �ap DOFs must be included to correctly predict
existence of the non-minimum phase zeros at 0.67 Hz and 1.1 Hzfor 14 m/s and 20 m/s, respectively.
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Figure 12. Purely structural and aeroelastic frequency response from collective pitch to generator speed for NREL 5 MW wind turbine
operating at 14 m/s and 20 m/s. Comparisons of frequency response with models including a fully rigid turbine with no aerodynamic
forces (magenta), the 1st order model in Equation (9) (blue), turbine with rigid �ap and no aerodynamic forces (g reen), a fully rigid
turbine with quasi-steady aerodynamics (cyan) and a turbine with blades rigid in �ap direction and unsteady aerodynami cs (black).
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Figure 13. Aeroelastic frequency response from collective pitch to generator speed for NREL 5 MW wind turbine operating at 14 m/s
and 20 m/s. Comparisons of frequency response with models including a fully �exible turbine with no aerodynamic forces ( blue), the
1st order model in Equation (9) (green), a fully �exible turbine with quasi-steady aerody namics (cyan) and a fully �exible turbine with

unsteady aerodynamics (black).
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Figure 14. Aeroelastic poles and zeros of minimal realization of transfer function from collective pitch demand to generator speed for
NREL 5 MW wind turbine operating at 14 m/s and 20 m/s. Comparison between pole-zero map for fully �exible turbine with unst eady

aerodynamics (black) and turbine with blades rigid in �ap di rection with unsteady aerodynamics (blue) (� poles, � zeros).

The cyan curves in Figure13 shows, that quasi-steady aerodynamic forces changes the structural response at the1st

drivetrain mode and the2nd collective �ap modes by adding damping that lowers the response at these modes. The1st

drivetrain mode is mainly damped by aerodynamics at 20 m/s, because at larger pitch angles, the1st drivetrain mode
couples more with collective �ap vibration. The zero located in between at 1.89 Hz and 1.80 Hz at 14 m/s and 20 m/s,
respectively, is also damped by aerodynamic forces and the effect of the zero on the frequency response is not visible at
14 m/s, but can still be seen at 1.80 Hz at 20 m/s.

The effect of using unsteady aerodynamics instead of quasi-steady aerodynamics is seen by comparing the magenta
and black curves in Figure13. At 14 m/s there is no clear difference, whereas at 20 m/s a clear difference is observed
at the1st drivetrain mode and the2nd collective �ap mode. To explain this change, a pole-zero maphas been plotted in
Figure15 for a fully �exible turbine with quasi-steady aerodynamics(blue points) and with unsteady aerodynamics (black
points), that shows the poles of the1st drivetrain mode and the2nd collective �ap mode at various wind speeds together
with the zero with a frequency between these poles. The quasi-steady aerodynamic model predicts correct location of the
poles of the1st drivetrain mode, but estimates a too low aeroelastic frequency of the2nd collective �ap mode. At 10 m/s
the2nd collective �ap mode tends to cancel with a zero, such that there is no in�uence of2nd collective �ap mode at this
wind speed, because of lower pitch angles. With increasing wind speed the zero moves and does not cancel the pole. With
unsteady aerodynamics a similar trend is seen, but at 20 m/s the zero has moved close to the1st drivetrain mode, thereby
almost cancelling the pole of the1st drivetrain mode and creating a drop in amplitude at the frequency of the1st drivetrain
mode at 20 m/s in the black curves in Figure13.

4.2.1. Non-minimum phase zero at the 1st tower modes
Controllability of generator speed with collective pitch is affected by a non-minimum phase zero close to the frequency

of the 1st tower bending modes. Figure16 shows the real part of zeros with frequency close to the1st tower modes for
normal operation at below rated wind speed up to 25 m/s. The zeros are calculated for three different models including only
longitudinal tower �exibility and quasi-steady aerodynamics (as Fischer [7]), both longitudinal and lateral tower �exibility,
rigid drivetrain and rotor and quasi-steady airfoil aerodynamics and for a fully �exible turbine and unsteady aerodynamics.
The �gure shows that a model that only includes longitudinaltower �exibility and rigid-body rotation of the rotor predicts
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Figure 15. Aeroelastic poles and zeros of transfer function from collective pitch demand to generator speed for NREL 5 MW wind
turbine operating at 14 m/s and 20 m/s with frequencies close to the 1st drivetrain mode. Comparison between pole-zero map for fully

�exible turbine with quasi-steady aerodynamics (blue) and unsteady aerodynamics (black) (� poles, � zeros).

that there are non-minimum phase zeros below 15 m/s and the non-minimum phase zeros turns into minimum phase zeros
above 15 m/s. Collective pitching excites the longitudinaltower vibrations through changes in thrust forces. At the1st

longitudinal tower mode, the thrust forces are in resonancewith the longitudinal tower mode and the tower top de�ection
and velocity in the longitudinal direction shift with a phase of -180 deg across the1st longitudinal tower mode. The
longitudinal tower motion change the in�ow and below 15 m/s the resulting change in aerodynamic torque is large enough
to counterbalance the effect on the aerodynamic torque fromthe change in angle of attack caused by pitching the blades.
The change in in�ow caused by longitudinal tower vibration,cause the aerodynamic torque to experience a phase shift of
-180 deg across the1st longitudinal tower mode, following the phase shift of the longitudinal tower velocity and causing
the non-minimum phase zero at the generator speed output. Above 15 m/s, the steady state relative velocities increase such
that the effect on the aerodynamic torque of longitudinal tower vibration decrease. The changes in aerodynamic torque
from a change in collective pitch angle is thereby mainly determined by the change in angle of attack caused by pitching
the blades. As a results, the non-minimum phase zero change to a minimum-phase zero, that nearly cancels the effect of
the1st longitudinal tower mode.

When lateral tower �exibility is included (blue curves in Figure16, the single zero becomes two zeros and one of them
is a non-minimum phase zero for all wind speeds. It can be concluded that it is important to include lateral tower degree
of freedom to predict correctly that there are non-minimum phase zeros. Below rated wind speed, the model with fully
�exible turbine and unsteady aerodynamics predicts existence of up to three non-minimum phase zeros at the1st tower
modes. At 8 m/s, the pole of the1st longitudinal mode and three non-minimum phase zeros gives atotal phase drop of
-720 deg, as seen previously in Figure3a.

Under collective pitch angle variations, the tower vibrates in both lateral and longitudinal directions, which is illustrated
in Figure 17 that shows the aeroelastic frequency response from collective pitch demand to tower top lateral and
longitudinal de�ections for the NREL 5 MW turbine with rigiddrivetrain and rotor in normal operation at 14 m/s and
20 m/s. The �gure shows a comparison of lateral tower top de�ection predicted for a turbine with rigid drivetrain and
rotor and for a turbine with rigid drivetrain and rotor wherethe tower is made very stiff in the longitudinal direction, to
analyze the effect of longitudinal vibration on forces in the lateral direction. For a positive change in pitch angle (towards
stall) the thrust forces increase and results in fore-aft de�ection in phase with the change in pitch angle, except closeto
0 Hz where rigid-body rotor rotation results in small phase differences. Lateral tower de�ection hugely increase at the1st

tower modes, along with longitudinal tower vibration and results in lateral tower de�ection equal in size to longitudinal
de�ection at 0.3 Hz. At the1st tower modes the lateral tower de�ection is shifted with a phase of approximately -90 deg
relative to the longitudinal de�ection, showing that forces acting on the tower in the sideways direction are in phase with
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Figure 16. Variation of real part of zeros close to the 1st tower modes in transfer function from collective pitch to generator speed
for NREL 5 MW wind turbine in normal operation at various wind speeds. Comparisons between transfer function zeros predicted
by linear models assuming rigid tower in lateral direction and rigid drivetrain and rotor and quasi-steady aerodynamics (black), rigid

drivetrain and rotor and quasi-steady aerodynamics (blue) and for fully �exible turbine with unsteady aerodynamics (r ed).

the longitudinal tower velocity. The dotted lines show thatthe lateral tower top de�ection is order of magnitudes smaller
if the tower is made stiff in the longitudinal direction, showing that sideways tower forces mainly arise due to asymmetry
from rotor tilting associated with longitudinal tower de�ection.

Figure 18 shows the frequency response from collective pitch to generator speed close to the1st tower modes for
operation at 14 m/s and 20 m/s as predicted by three differentlinear models including 1) only tower longitudinal tower
�exibility and quasi-steady aerodynamics, 2) lateral and longitudinal tower �exibility and quasi-steady aerodynamics and
3) for a fully �exible turbine with unsteady aerodynamics. The �gure also shows the response of generator speed measured
at the generator bearing and at the generator end of the shaftfound by the nonlinear time-simulations using HAWC2 for a
fully �exible turbine. At 14 m/s, the model that only includes longitudinal tower �exibility (red curves) predicts thatthere
is a non-minimum phase zero at 0.32 Hz where phase drops almost -360 deg over the shown narrow frequency range. At
20 m/s, the same model predicts a minimum-phase zero at 0.32 Hz, giving a net phase shift of approximately 0 deg across
the shown frequency interval, because of 180 deg phase shiftof the minimum-phase zero and -180 deg phase shift of the
1st longitudinal tower mode. With lateral tower �exibility included, the frequency response is affected by a non-minimum
phase zero at 0.32 Hz resulting in a phase drop of approximately -360 deg at both 14 m/s and 20 m/s.

The dotted black and magenta curves in Figure18 compares the generator speed response measured at the generator
bearing and at the generator end of the shaft found from the nonlinear time-simulations using HAWC2. There is no non-
minimum phase zero at the speed measured on the shaft at 20 m/s, showing that the detected in�uence of lateral tower
motion is caused by nacelle roll associated with lateral tower vibration. The nacelle roll cause a change in the generator
speed output that counteracts the increased speed due to thelarger aerodynamic rotor torque arising from blade pitching,
and the nacelle roll thereby promotes existence of the non-minimum phase zeros.

So, it has been shown to be essential to include lateral towerdynamics besides what is included in the model suggested
by Fischer [7]. It is important for correct prediction of non-minimum phase zeros, to include static blade torsion when
predicting the gradients of thrust and torque, because blade torsion directly changes the angle of attack. Correct predictions
of structural damping of both lateral and longitudinal tower motion may in�uence predictions of non-minimum phase
behavior, because damping in�uence the amount of vibrationof these modes.
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and rotor and a turbine with rigid drivetrain and rotor where the tower is made very stiff in the longitudinal direction.
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Figure 18. Aeroelastic frequency response from collective pitch demand to generator speed at the frequency of the 1st tower mode for
NREL 5 MW wind turbine operating at 14 m/s and 20 m/s. Comparisons of frequency response predicted by linear models assuming
rigid tower in lateral direction, rigid drivetrain and rotor and quasi-steady aerodynamics (red), rigid drivetrain and rotor and quasi-
steady aerodynamics (blue) and for a fully �exible turbine w ith unsteady aerodynamics (black curve). Comparison between generator

speed response measured at bearing output and at shaft end from nonlinear time-simulations with a fully �exible turbine .

20 Wind Energ. 2012; 00:1–?? c
 2012 John Wiley & Sons, Ltd.
DOI: 10.1002/we

Prepared using weauth.cls



I. Sønderby and M. H. Hansen Open-loop frequency response analysis of a wind turbine

5. CONCLUSIONS

The open-loop aeroelastic frequency response of a wind turbine from generator torque and collective pitch control actions
to generator speed is analyzed based on a recently developedhigh-order linear aeroelastic model. The frequency response
is analyzed for the onshore NREL 5 MW wind turbine in normal operation at various wind speeds. The analysis exampli�es
the aeroelastic frequency response of most non-�oating, three-bladed, upwind wind turbines, because the ordering of the
1st tower, collective �ap and drivetrain/collective edge modes is the same. The linear aeroelastic model is shown to be valid
for small amplitude inputs compared to the response of generator speed predicted by time-simulations with the nonlinear
aeroelastic model HAWC2.

The aeroelastic frequency response from generator torque to variations in generator speed is shown to be affected by
mainly rigid-body rotor rotation and by resonance of the1st drivetrain torsional mode, which is coupled with collective
edgewise blade vibration. The lateral tower modes affects the response close to their aeroelastic frequencies due to nacelle
roll, whereas the effect of longitudinal tower vibration isinsigni�cant. Inertia forces acting on the blades due to variations
in the rotational speed excites the collective �ap modes, mostly at high wind speeds where the blades are pitched. However,
due to large aerodynamic damping the in�uence of the collective �ap modes on the transfer function from generator torque
to generator speed is insigni�cant.

The aeroelastic response from collective pitch demand to generator speed is determined by rigid-body rotation of
drivetrain and rotor below the frequencies of the1st tower modes. At the1st tower modes there are up to three non-
minimum phase zeros below rated wind speed and one non-minimum phase zero above rated. For correct prediction of
the non-minimum phase zero above rated, it is shown to be important to include boththe1st lateral and longitudinal tower
modes. Between the1st tower modes and the1st drivetrain mode, the frequency response is affected by a highly damped
non-minimum phase zero at above rated wind speeds. To correctly predict existence of this zero it is shown to be necessary
to model correctly the in�uence of pitching inertia forces due to �apwise bent blades and to include the1st drivetrain mode,
and collective �ap degrees of freedom. It is important to include aerodynamic damping of the1st drivetrain mode mainly
at high pitch angles. At 14 m/s, there is no difference in the response predicted with a quasi-steady and an unsteady model
of airfoil aerodynamics. At 20 m/s, the quasi-steady response deviates at the1st drivetrain mode, where it fails to predict
the correctly in�uence of a minimum-phase zero, that nearlycancels the pole of the1st drivetrain mode.
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ABSTRACT

Linear models of low order describing the aeroelastic response of wind turbines are required in the design of modern model-
based controllers. In this paper low-order aeroelastic models of wind turbines are designed by order reduction of a high-
order linear aeroelastic model using modal truncation. Thehigh-order model is a linearization of a geometrically nonlinear
�nite beam element model of wind turbine substructures coupled with an unsteady Blade Element Momentum (BEM)
model including effects of shed vorticity and dynamic stall. Low-order models are designed to approximate the open-
loop aeroelastic frequency response from generator torque, collective pitch angle demand and mean wind speed inputs to
generator speed output in open-loop. It is shown to be necessary to include a relatively large number of aerodynamically
dominated modes, which are uncoupled due to the assumption of independent annular �ow tubes in the BEM theory.
Reduced-order models are subsequently designed based on anassumption of quasi-steady aerodynamics followed by
modal truncation. To approximate the transfer function from generator torque, collective pitch angle demand and mean
wind speed to generator speed, it is shown to be essential to include the rigid-body rotor mode, the1st longitudinal and
lateral tower modes and the1st drivetrain mode. The1st collective �ap mode must be included because the rigid-body
rotor mode couples to this mode at high wind speeds due to the increased collective pitch angle. Reduced-order models
are deduced for all operational wind speeds and they can easily be connected by interpolation due to the modal truncation
approach that retains the state space. This set of reduced-order models are therefore suited fr subsequent gain-scheduling
control design. Copyrightc
 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Modern model-based control design requires linear models of low order that provides good approximation of the aeroelastic
response of wind turbines in response to control signals anddisturbances. Low-order models are used to tune controller
gains for optimal closed-loop response and to estimate the wind speed and turbine states based on measurements [1]. The
purpose of this paper is to design low-order models by order reduction of a high-order linear aeroelastic model to be used
for model-based wind turbine control design.

The TURBU tool [2] can provide reduced-order models by order reduction of a high-order linear wind turbine model,
which couples a �nite beam element model of tower, drivetrain and three blades with an unsteady Blade Element
Momentum (BEM) model including aerodynamic states to describe dynamic stall. Reduced-order models provided by the
TURBU tool are utilized for extreme gust control [3] and individual pitch control [4]. Order reduction of structural states
is done using the Component Mode Synthesis method [5, 6], by reducing the order of the models of each substructure and
subsequently assemble these models, whereas order reduction is not applied of the equations describing lag on aerodynamic
forces. In the TURBU tool, one can reduce the order of the model from 600 to 100 states and conserve the frequency

Copyright c
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response up to 5 Hz as stated in [2]. To conserve the frequency response at low frequencies it was required to ”include the
quasi-steady behavior of the high-frequency modes” in the blade and tower substructures.

In Finite Element analysis of structural mechanics, other methods are proposed for order reduction, which are reviewed
by Cook [6]. One approach is to do modal expansion, where the basis is shifted and a set of generalized state variables are
used to describe vibration of a reduced set of structural mode shapes. To achieve better approximation at low frequencies,
a static correction can be applied whereby the static de�ection under external excitation of the structure is ensured tobe
exact.

Design of linear low-order aeroelastic models for model-based control design has been extensively studied for aircrafts
[7, 8]. Traditionally, the structure is assumed to vibrate in prescribed structural mode shapes and order reduction techniques
are developed to represent unsteady aerodynamic forces cast in the frequency domain by rational transfer function matrices
of low order for each structural mode shape, such that the aeroelastic model can be realized in a state space formulation
and be used in model-based control design.

Moore [9] propose order reduction bybalanced truncationwhere the state space model is transformed into a basis such
that the state variables most effectively describe the 'energy' transmitted from multi-inputs to multi-outputs. Balanced
residualizationis a variant of balanced reduction proposed by Fernando & Nicholson [10] aiming at good approximation
at low frequencies. A common approach is to apply frequency weighting on both in- and outputs before the balanced states
are found for better approximation in the chosen frequency interval [11].

Recent advances in design of gain-scheduling controllers for wind turbines are designs of a linear parameter-varying
(LPV) state space model of the wind turbine that covers speci�c regions of the operating curve and models nonlinear
changes with operation point by parameter-varying matrices in the state space model. LPV controllers are designed by
Bianchi et al. [12] based on a model that includes nonlinear variations in aerodynamic torque. Østergaard et al. [13] also
parameterizes aerodynamic thrust variations and includesdrivetrain torsional �exibility and longitudinal tower �exibility
and shows improvements in performance relative to classical controllers.

Adegas et al. [14] propose an order reduction scheme to design reduced-orderLPV wind turbine models using balanced
truncation in combination with modal truncation. It is proposed to realize the reduced-order state space model on a
canonical companion form, because this form is unique. Control design on the set of low-order models can be done
by designing a controller for each of the frozen values of thescheduling variable and interpolate the controller gain asdone
by Bottasso et al. [15]. For LPV-control design the set of reduced-order system matrices must be parameterized, e.g. by
assuming polynomial dependency with respect to the scheduling variable, which can be done by using linear least squares
optimization [16].

Sønderby & Hansen [17] analyze the open-loop aeroelastic frequency response of amodern wind turbine. The low-
frequency response from generator torque to generator speed is affected by resonance of the rigid-body rotor mode, the
1st lateral tower mode and the1st drivetrain mode. The non-minimum phase zero in the responsefrom collective pitch
angle demand to generator speed mainly caused by longitudinal tower motion is shown to be affected also by lateral tower
motion. Vibration of the blades in the �ap direction showed to affect existence of another non-minimum phase zero below
the 1st drivetrain mode. A common approximation in aeroelasticityis to assume quasi-steady aerodynamics [18] where
the time constants related to unsteady lift and drag are assumed to be much smaller than the time constants of structural
dynamics. The quasi-steady assumption means, that under changes in the in�ow due to structural motion or changes in
wind speed, the aerodynamic forces moves on the static lift,drag and moment curves. The time constants that characterize
unsteady aerodynamics due to shed vorticity and dynamic stall for a wind turbine are very high, leading to low cut-off
frequencies and in�uence on the low frequency response [17]. An assumption of quasi-steady sectional aerodynamics has
no signi�cant in�uence on the response from generator torque to speed, but affects the speed in response to collective pitch
inputs at around the1st drivetrain and2nd collective �ap modes.

In this paper low-order models are designed for model-basedwind turbine control design using order reduction by modal
truncation with aeroelastic wind turbine mode shapes predicted by a high-order linear aeroelastic wind turbine model called
HAWCStab2 [19]. The model is a linearization of a nonlinear co-rotational�nite beam element model coupled with an
unsteady BEM model of aerodynamic forces including effectsof shed vorticity and dynamic stall. Reduced-order models
are designed to approximate the open-loop aeroelastic frequency response from changes in generator torque, collective
pitch demands and mean wind speed to generator speed of the reference NREL 5 MW reference turbine [20] for small
vibrations about steady state operation at various wind speeds. The paper shows that the reduced-order models are suited
for parametrization along an operation point trajectory when realized on modal form.

The main �ndings are that a relatively large number of aerodynamically dominated modes affect the low-frequency
response, because the BEM model assumes that there is no aerodynamic coupling between unsteady aerodynamic forces
in sections along the blades. Reduced-order models are subsequently designed based on an assumption of quasi-steady
aerodynamics followed by modal truncation. A reduced-order model that contains the rigid-body rotor mode, the1st lateral
and longitudinal tower modes, the1st and2nd collective �ap modes and the1st and2nd drivetrain mode predicted with
quasi-steady aerodynamics is seen to correctly approximate the low frequency response from generator torque, collective
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pitch angle demands and harmonic variations in mean wind speed to generator speed output. The reduced-order system
matrices are shown to be suited for parametrization.

The paper contains �rst a short description of the high-order linear aeroelastic model used for subsequent model
reduction and a description of the in�uence of assuming quasi-steady aerodynamics on e.g. the aeroelastic frequencies
and damping of wind turbine modes. Then, a mathematical description of the modal truncation method is given and it is
shown how some of the aerodynamically dominated modes in�uence the frequency response through coupling with rigid-
body rotor rotation and longitudinal tower vibration. Results are then shown of modal truncation with aeroelastic mode
shapes using quasi-steady aerodynamics. The last section describes how the components of the reduced-order system
matrices are connected at various wind speeds.

2. HIGH-ORDER LINEAR AEROELASTIC MODEL

A brief description is now given of the linear aeroelastic model used for order reduction. A more complete description
of the model is provided by Hansen [19] for an isolated blade. The model of the NREL 5 MW turbine is identical to the
HAWC2 model used for frequency response analysis in [17].

2.1. Model description

The model used for order reduction is a linearization of a �nite beam element model of tower, drivetrain, hub and blades
including geometrical nonlinearities, which is coupled with an unsteady BEM model including effects of shed vorticity
and dynamic stall. So far, the model assumes frozen wake, whereby it is assumed that the induction is static.

Linearization is performed analytically around an operational state de�ned by a mean wind speed, pitch angle and rotor
speed in which the blades are stationary de�ected. The stationary de�ected state of the blades is obtained from a nonlinear
equilibrium between elastic and centrifugal forces and thestatic aerodynamic forces from an assumed uniform in�ow to
the rotor plane. The stationary steady operational state isobtained by neglecting gravity forces, wind shear, turbulence and
other causes of a skew in�ow to the rotor e.g. tilt and yaw angles.

In the particular model of the NREL reference turbine the tower, drivetrain and each blade are modeled by eight, four
and 19 Timoshenko beam elements, respectively. Each element has two nodes and six degrees of freedom (DOF) per node
describe rotation and translation in all three axis. Pitch actuators are modeled as second order low-pass �lters between
reference and actual pitch angle as described by Hansen [21]. In the present analysis the �lter frequency is set so high
that there is practically no phase lag between demanded and actual pitch angles. Aerodynamic forces are evaluated at
30 aerodynamic calculation points along each blade. Unsteady sectional aerodynamics is described using two states for
shed-vorticity effects and two states to model dynamic stall at each aerodynamic calculation point as described in Hansen
et al. [22].

Structural DOF describing blade and hub motion and all aerodynamic states are described in multiblade coordinates
using the Coleman transformation. Linearization is performed around a state where isotropic rotor and isotropic external
conditions are assumed, to remove dependency of the azimuthangle in the system matrices [23].

2.2. Equations of motion

The linear aeroelastic model is described by the following system of equations

M•z s + ( C s + G + C a ) _zs + ( K + K a + K sf )zs + A f x a = F s (1a)

_xa + A dx a + C sa _zs + K sa zs = F a (1b)

wherezs contains the structural DOF andx a contains aerodynamic states used to describe time-lags dueto unsteady
aerodynamics and whereM is the mass matrix,K the stiffness matrix,C s the structural damping matrix,G the gyroscopic
matrix, C a the aerodynamic damping matrix,K a the aerodynamic stiffness matrix andK sf the geometric stiffness
matrix due to the movement of the steady state aerodynamic force vector. The matrixA f represents coupling from
aerodynamic states to structural states and matricesC sa andK sa describes coupling between structural velocities and
displacements to aerodynamic states andA d describes the lag on the aerodynamic forces. The right-handside termsF s

andF a represent structural and aerodynamical forces due to actuators and changes in the wind speed, respectively. To
improve the conditioning of the eigenvalue problem set up directly on the �rst order form of Equation (1), a reduced state
transformation is applied using structurally undamped eigenvectors as described in [17] but omitted here for brevity.

The system in Equation (1) is put on �rst order form:

_x = Ax + Bu (2a)

y = Cx (2b)
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where, by de�nition:
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whereB us , B ds andB da have been linearized with respect to the inputs and are de�ned from:

F s = B us

�
�Q g

�� c

�
+ B ds �W ; F a = B da �W (6)

and whereC extracts the generator speed variations� 
 g . Changes in generator torque�Q g and generator speed� 
 g are
de�ned positive in the opposite direction as the rotor rotates and�� c is de�ned positive towards stall. The low speed shaft
(LSS) speed of the generator is used in the analysis, wherebyit is assumed that there is no gearbox.

2.3. Low-frequency aeroelastic modes and aerodynamic dela ys

The aeroelastic modes predicted by the linear wind turbine model consist of structurally and aerodynamically dominated
modes. TableI lists the aeroelastic frequencies! d and damping ratios� of the structurally dominated modes ordered
according to the aeroelastic frequencies for the NREL 5 MW turbine in normal operation at 8 m/s, 14 m/s and 20 m/s
where:

! d = Im f � i g � = � Ref � i g=j� i j (7)

and� i is thei 'th eigenvalue ofA . Each of the aerodynamically dominated modes (not listed in TableI) describe variations
in aerodynamic forces in local sections along the blade spandue to the four by four block diagonal form of theA d

matrix. The BEM model assumes that changes in aerodynamic forces at one aerodynamic calculation point does not
couple with changes in aerodynamic forces at neighboring calculation points, except weakly through structural motion,
whereby the eigenvectors of the aerodynamically dominatedmodes are only weakly coupling in the aerodynamic state
variables across the calculation points. Only the collective aerodynamically dominated modes are shown to in�uence
the low frequency response and are characterized by their cut-off frequencies! c = � � i where� i are the purely real
eigenvalues corresponding to these modes. Figure1 shows the variations of cut-off frequencies with blade radius of time
delays modeling shed vorticity and dynamic stall for NREL 5 MW turbine in normal operation at 8 m/s, 14 m/s and
20 m/s found under assumption of no coupling of the delays with structural states. The cut-off frequencies in Figure1 are
the eigenvalues of the4 � 4 diagonal blocks of theA d matrix obtained directly from the steady state BEM solution. The
dashed horizontal line shows the aeroelastic frequency of the1st longitudinal tower mode for comparison. The �gure shows
cut-off frequencies of two of the four time delays at each blade section; one that characterizes the effect of shed-vorticity
below stall and one characterizing the pressure lag in the boundary layer in stalled �ow [22]. The cut-off frequencies
increase with blade radius, because the relative in�ow velocities increase, causing a faster update of the aerodynamic
forces because the shed vorticity is faster convected away from the airfoil and the movement of the separation point of the
dynamic stall becomes faster. The cut-off frequencies havean order of magnitude similar to the aeroelastic frequency of
the1st tower modes at some sections, and the delays may couple to therigid-body rotor rotation mode and the1st tower
modes.
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3. QUASI-STEADY AERODYNAMICS

Quasi-steady aerodynamics is assumed by setting_x a = 0 in the aerodynamic state equation (1b), isolate forx a and
then substitutex a in Equation (1a). An analysis of the effect of assuming quasi-steady aerodynamics on the aeroelastic
frequency response of two of the three transfer functions studied here, i.e. from generator torque and collective pitchangle
demand to generator speed, can be found in previous studies [17], and is not repeated here. Figure2 shows the aeroelastic
frequency response from mean wind speed harmonic variations to generator speed at 14 m/s and 20 m/s predicted using
unsteady aerodynamics (�lled line) and quasi-steady aerodynamics (dotted line). Note, that in the frequency responsewe
assume instant change in the mean wind speed; the unsteady aerodynamic model does not describe dynamics related to
how fast the mean wind speed changes in for example a gust. Thefull-order response of generator speed of harmonic
variations in mean wind speed is similar to that of collective pitch excitation below 1.0 Hz; a change in mean wind speed
changes the angle of attack and thereby the aerodynamic forces similar to a change in pitch angle.

At both 14 m/s and 20 m/s, there are two non-minimum phase zeros at 1.2 Hz and 2.0 Hz causing negative phase shifts
of -180 deg. At the zero at 1.2 Hz, the changes in mean wind speed excites the1st torsional drivetrain mode, which couples
with the1st edgewise blade bending mode. An increase in mean wind speed gives a positive change in lift forces at the
blade sections which forces the blade to bend relative to thehub positive clockwise. The edgewise blade vibration in the
1st drivetrain torsion mode changes the relative velocities atthe blade sections, causing decreasing angle of attack and lift,
that counteracts the change in lift from the mean wind speed increase, such that there is little net change in aerodynamic
torque. The zero at 2.0 Hz exist due to coupling between collective blade vibration in the1st drivetrain mode and in the2nd

drivetrain mode, such that the net change in aerodynamic rotor torque is close to zero.
The effect of assuming quasi-steady aerodynamics (dotted lines in Figure2) is to increase the amplitude of the generator

speed signal at the1st drivetrain mode, because the model predicts too large changes in aerodynamic torque for a change in
wind speed in attached �ow due to the neglected effect of shedvorticity. The aeroelastic frequency response from generator
torque, collective pitch and mean wind speed inputs to generator speed output all show little effect of assuming quasi-
steady aerodynamics at excitation frequencies below the1st drivetrain mode, cf. [17], because at these low frequencies lag
on aerodynamic forces appears only at the inner blade sections that have no large contribution to the overall changes in
aerodynamic rotor torque and thrust.
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Figure 2. Aeroelastic frequency response from changes in mean wind speed to generator speed for NREL 5 MW turbine at normal
operation at 14 m/s and 20 m/s. Comparison between the response predicted by the full-order model with unsteady aerodynamics

(�lled lines) and with quasi-steady aerodynamics (dashed l ines).
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Figure3 shows the eigenvalues corresponding to aeroelastic modes with low frequency predicted with quasi-steady
aerodynamics. Figure3a shows the real part of the eigenvalues and Figure3b the positive imaginary part of the eigenvalues.
The black curves in Figure3 show the real and imaginary parts of the pole of the rigid-body rotor mode, where the dashed
black line is for the rigid-body rotor mode predicted by a simpli�ed model assuming rigid lateral tower, rigid drivetrain
and rotor and quasi-steady aerodynamics. This simpli�ed model is used for comparison to study the effects of �exibility
of the rotor and drivetrain and the effects of lateral tower �exibility.

Below 15 m/s there is no signi�cant difference between the pole of the rigid-body rotor mode predicted from the high-
order model with quasi-steady aerodynamics and from that predicted using the simpli�ed model, whereas above 15 m/s
the eigenvalue of the rigid-body rotor mode becomes more negative than that predicted with a model assuming rigid rotor,
because the rigid-body rotor mode couples with the1st collective �ap mode. Above 24 m/s the rigid-body mode couples
with the 1st collective �ap mode to form a2nd order mode with real value of approximately� 0:25 Hz and non-zero
imaginary value.

The red curves in Figure3 show the real and imaginary parts of the eigenvalues of the1st collective �ap mode. Both the
dotted red curves (� ) and red curves marked with circles (� ) are associated with the1st collective �ap mode. Below 16 m/s,
the 1st collective �ap mode consists of a set of complex-conjugate poles. Up to 16 m/s, the real part of the pole of the
1st collective �ap mode decrease and the aeroelastic frequencydecrease, because the aerodynamic damping of this mode
increase with wind speed due to higher relative in�ow velocities [24]. Above 16 m/s the1st collective �ap mode becomes
overdamped and the set of complex-conjugated eigenvalues of the1st collective �ap mode shift to become two poles with
purely real and distinct eigenvalues. The assumption of quasi-steady aerodynamics causes that the aerodynamic damping
of the1st collective �ap mode is larger than when unsteady aerodynamics is included, see TableI. The green, blue and cyan
curves in Figure3 show the poles of the1st lateral and longitudinal tower modes and the1st drivetrain torsional mode.
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Figure 3. Poles of low-frequency aeroelastic mode shapes for the NREL 5 MW wind turbine in normal operation at wind speeds
from 5 m/s to 25 m/s equidistant with 0.5 m/s under assumption of quasi-steady aerodynamics. Figure (a) shows the real part of the

eigenvalues and Figure (b) the imaginary part, which is equal to the aeroelastic frequency.
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4. ORDER REDUCTION

This section shows how the transfer functions from generator torque, collective pitch angle demands and mean wind speed
to generator speed can be approximated by modal truncation.

4.1. Reduction by modal truncation

Order reduction by modal truncation [11] is done by �rst applying a full-order state transformation: x = �q where� is
denoted themodal matrixand contains all the eigenvectors ofA in columns. By this state transformation, the system of
equations (2) can be written:

_q = �q + � � 1Bu (8a)

y = C�q (8b)

whereq is the new state vector with generalized states that each describes the motion of a mode shape and� is the
Jordan form ofA . For any square matrixA , the Jordan form is a block diagonal matrix that consist of Jordan blocks. If
all eigenvectors ofA are linearly independent, then the Jordan form is a diagonalmatrix with the eigenvalues ofA in the
diagonal such that each Jordan block is of size1 � 1. For all systems used in the present analysis, the modal matrix � has
full rank and thusA has a diagonal Jordan form.

The eigenvalue decomposed form (8) is then partitioned:
�

_q1

_q2

�
=

�
� 1 0
0 � 2

� �
q1

q2

�
+

� �
� � 1 �

1�
� � 1 �

2

�
Bu (9a)

y = C
�

� 1 � 2
�

�
q1

q2

�
(9b)

where indices 1 and 2 denote subcomponents of the matrices. Order reduction by modal truncation is done by representing
the full-order model by the subcomponents of the system matrices with index 1, that corresponds to low-frequency
aeroelastic modes and by neglecting all other subcomponents denoted with index 2, such that the reduced-order system of
equations are given by:

_q1 = � 1q1 +
�
� � 1 �

1
Bu (10a)

y = C� 1q1 (10b)

This scheme of a full-order state transformation followed by reduction is applied instead of using a classical modal
expansionx � � r q r to get the diagonal structure of� , which ensures that only the chosen subset of modes are excited
by the inputs and measured at the outputs. The modal matrix� is not orthonormal, regardless of normalization of the
eigenvectors, i.e.� � 1 6= � � , where� denotes the conjugate transpose.

The components of the reduced-order system matrices in Equation (10) are complex but are made real by using a
coordinate transformation into the real and imaginary parts of the generalized statesq1 . For each seti of complex-
conjugated eigenvalues and eigenvectors, the transformedsystem is written:

_q r;i = A r;i q r;i + B r;i u ; y = C r;i q r;i (11a)
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�

� �! n � ! d

! d � �! n

�
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(11b)

C r;i =
�

C r;i;�

C r;i;�

� T

= 2 C
�

� i;�

� � i;�

� T

(11c)

whereq r;i =
�

Re(q1;i ) Im(q1;i )
	 T

and where! n is the undamped frequency of modei found as! n = j� i j, where
� i is thei 'th eigenvalue ofA . In Equations (11) ! d and� are the damped frequency and the damping ratio of modei ,
respectively, as de�ned previously in Equation (7). The indices� and� denote the real and imaginary parts, respectively.
The factor2C in the output matrix in (11c) arise because the total output equals twice the real part ofthe output for one of
the complex-conjugated poles.

4.2. Modal truncation including unsteady aerodynamics

In this section, two examples are used to describe the in�uence of aerodynamically dominated modes on the aeroelastic
frequency response of a wind turbine. Because the BEM model assumes that there is no spanwise aerodynamical coupling
of unsteady aerodynamic forces on the blades, a relatively large number of aerodynamically dominated modes must be
included for good approximation.
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To explain the effect of the collective aerodynamically dominated modes, Figure7 shows the variations in aerodynamic
forces along a blade in the direction perpendicular to the chord axis, denoted�F �

c , for the most important aerodynamically
dominated mode at 8 m/s, 14 m/s and 20 m/s, respectively. The force variations are determined from the eigenvectors of
these modes, which are normalized such that the generator speed components are positive and such that the maximum
absolute value is unity. At 8 m/s and 14 m/s the most importantaerodynamic modes characterize changes in aerodynamic
forces only in one calculation point, whereas the mode at 20 m/s shows variation in aerodynamic forces at many sections
along the blade because of coupling with rigid-body rotor rotation, as explained in the following.

The aerodynamically dominated modes are excited by a changein the angle of attack, caused e.g. by blade pitching,
�apwise bending, or change of wind speed. At low wind speed a change in angle of attack will cause only small changes in
aerodynamic forces because of low relative velocities. Forincreasing wind speeds, a change in angle of attack will cause
large variations in the aerodynamic rotor torque and thrustand the aerodynamically dominated modes will therefore couple
with rigid-body rotation of the rotor and the �apwise blade bending modes, causing a change in aerodynamic forces at all
sections along the blade. Figure7 shows that at 20 m/s the structural coupling with rigid-bodyrotor rotation and �apwise
blade bending modes gives a change in relative velocities that decrease the angle of attack - giving higher lift forces - in
the inner part of the blade because of stall, and giving lowerlift at mid- and outer part where the blades operate in attached
�ow.

The aerodynamically dominated modes that in�uence the generator speed variations at 0 Hz at high wind speeds are all
characterized by a large variation in aerodynamic forces atthe blade mid-span. This observation can be explained by the
facts, that the aerodynamically dominated modes at the blade mid-span contributes more to the aerodynamic rotor torque
than modes close to the blade root and close to the blade tip, because of low relative velocities and thereby low changes in
lift at the blade root and because of low in�ow angles at the blade tip causing that changes in lift mainly changes the thrust
forces.

It has now been shown that some aerodynamically dominated modes couple with rigid-body rotor rotation and thereby
are important in predicting the response of generator speedvariations at 0 Hz. Vice versa, the rigid-body rotor mode will
couple to some of the aerodynamically dominated modes at above rated wind speeds. Figure4 showed that approximation
with the rigid-body rotor mode alone predicts too high amplitude at 0 Hz in the transfer function from generator torque to
speed at 20 m/s, which is because the rigid-body rotor mode couples with some of the aerodynamically dominated modes.
The rigid-body rotor mode approximates the changes in rotorspeed at 0 Hz too high, because the effective changes in lift
when the rotor speed changes are predicted too small in this mode.
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4.3. Modal truncation including quasi-steady aerodynamic s

An assumption of quasi-steady aerodynamics has been found to give accurate predictions of the aeroelastic frequency
response from changes in generator torque, collective pitch angles and in mean wind speed, except at around the1st

drivetrain torsion mode in the response from collective pitch to speed, where a quasi-steady aerodynamic model fails to
correctly predict a zero located close to pole of this mode [17]. Limitations of the pitch actuator may limit the changes in
actual pitch angles at variations in the pitch angle demandsat the frequencies of the1st drivetrain mode and thereby also
the in�uence of the unsteady aerodynamics at these frequencies.

Order reduction is now performed by modal truncation using aeroelastic mode shapes in which quasi-steady
aerodynamics is assumed. It is shown how each of the transferfunctions from generator torque, collective pitch angle
demands and mean wind speed to generator speed can be approximated by gradually increasing the number of aeroelastic
modes in the reduced-order model. TableII list the content of the various reduced-order models.

4.3.1. Frequency response from generator torque to generat or speed
Figure10 shows the aeroelastic frequency response from generator torque to generator speed predicted by a full-order

model with quasi-steady aerodynamics (black) and by four different reduced-order models denoted by model no. 1 to 4
de�ned in TableII .

The reduced-order model no. 1, that includes the rigid-bodyrotor mode and the1st lateral tower mode estimates correctly
the high gain at 0 Hz, see blue curves in Figure10. The model correctly predicts the zero at 0.315 Hz and the resonance
peak at 0.32 Hz at both 8 m/s and 20 m/s, because they exist due to nacelle roll associated with the1st lateral tower mode.

The red curves in Figure10 show the response predicted by the reduced-order model no. 2including also the1st

drivetrain mode. At 8 m/s, the model captures correctly the presence of the minimum-phase zero at 0.72 Hz and the
resonance peak at the1st drivetrain mode. At 20 m/s, the model 2 predicts a non-minimum phase zero at 0.72 Hz that
causes a negative phase shift of -180 deg. By including also the2nd collective �ap mode (model no. 3), the zero at 0.72 Hz
becomes a minimum-phase zero at 20 m/s, whereas at 8 m/s thereis no visible change in the response. The prediction of a
non-minimum phase zero of the reduced-order model no. 2 at 0.72 Hz, can be explained by a coupling of the1st drivetrain
mode with the2nd collective �ap mode at high wind speeds due to the larger pitch angles. The2nd collective �ap mode
(model no. 3) compensates for the �ap motion already included with the1st drivetrain mode. By additionally including the
2nd drivetrain and the2nd lateral tower modes (model no. 4), the reduced-order model can correctly predict the response up
to 3 Hz.

4.3.2. Frequency response from collective pitch and mean wi nd speed to generator speed
Figures11 and12 show the aeroelastic frequency response from collective pitch angle demand and mean wind speed,

respectively, to generator speed for the NREL 5 MW turbine innormal operation at 14 m/s and 20 m/s, predicted by the
full-order model with unsteady airfoil aerodynamics (black), under assumption of instant update in the mean wind speed,
and with quasi-steady aerodynamics (dashed black) and by �ve different reduced-order models that includes the aeroelastic
modes given in model no. 5 to 9 in TableII .

The blue curves in Figures11 and12 show the responses predicted by the model no. 5 that includesthe rigid-body
rotor mode. At 14 m/s, the model correctly predicts the response at 0 Hz whereas at higher wind speeds , e.g. 20 m/s,
it predicts too high amplitude for both pitch and wind speed inputs, as already described in Section4.2.1for the model
including unsteady aerodynamics. A correct amplitude and phase is achieved at up to the aeroelastic frequency of the1st

tower modes by including also the1st collective �ap mode in model no. 6, shown with red curves. Therigid-body rotor
mode couples with the1st collective �ap mode at high wind speed when quasi-steady aerodynamics is assumed, such that

Table II. Description of the aeroelastic modes included in the various reduced-order models used to approximate the aeroelastic
frequency response of the NREL 5 MW turbine. The aeroelastic modes are determined using quasi-steady aerodynamics.

Model no. Aeroelastic modes included in model

1 rigid-body rotor,1st lateral tower
2 rigid-body rotor,1st lateral tower,1st drivetrain
3 rigid-body rotor,1st lateral tower,1st drivetrain,2nd collective �ap
4 rigid-body rotor,1st lateral tower,1st drivetrain,2nd collective �ap,2nd drivetrain,2nd lateral tower
5 rigid-body rotor
6 rigid-body rotor,1st collective �ap
7 rigid-body rotor,1st lateral tower,1st longitudinal tower,1st collective �ap
8 rigid-body rotor,1st lateral tower,1st longitudinal tower,1st collective �ap,1st drivetrain
9 rigid-body rotor,1st lateral tower,1st longitudinal tower,1st collective �ap,1st drivetrain,2nd collective �ap,2nd drivetrain
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componentC r; 2 is continuous across 16 m/s, where the �ap mode change into two 1st order modes, because the speci�c
normalization of the eigenvectors ensures this; i.e.C r; 2 can be written as2! n � = � 2Re(� ), which is identical to the
output component for the1st order mode:� 2� when the eigenvalue becomes purely real at 16 m/s. Above 16 m/s the two
componentsC r; 2 andC r; 3 vary similarly to the eigenvalues of the two1st order modes shown previously in Figure3.

The green points in Figure13 show the components of the output matrix corresponding to the state-variables of the
1st lateral tower mode, which are denotedC r; 4 andC r; 5 and corresponds to the �rst and second component ofC r;i in
(13). The componentC r; 4 increase slightly with wind speed due to the increasing aeroelastic damping of the1st lateral
tower mode, which can be explained by coupling to longitudinal tower motion, as explained previously in [17]. The other
componentC r; 5 is almost constant with wind speed.
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Figure 13. Components of the reduced-order output matrices C r;i extracting the generator speed output from the generalized state-
variables of the rigid-body rotor mode, the 1st collective �ap mode, the 1st lateral and longitudinal tower modes and the 1st drivetrain
mode for the NREL 5 MW wind turbine in normal operation at wind speeds from 5 m/s to 25 m/s and found under assumption of
quasi-steady aerodynamics. The dashed curves show the output matrices predicted with a model with rigid lateral tower, rigid rotor

and drivetrain including quasi-steady aerodynamics. The unit q� denotes the unit of the generalized state-variables q i .
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