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are made up by separate and unedited reproduction of above mentioned
conference and journal papers. Lastly, the combined work is discussed and
conclusions are made in respect to the initially introduced problems, together
with other outcomes of the work.
Kongens Lyngby, the 27th June 2014
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Abstract
This dissertation addresses the issues related to icing of structures with special emphasis on bridge cables. Cable supported bridges in cold climate
suffers for ice accreting on the cables, this poses three different undesirable
situations. Firstly the changed shape of the cable due to ice accretion can
lead to large amplitude vibrations, which might reduce the fatigue life of the
cables significantly. Secondly ice shedding from the cables pose a safety issue
for the users of the bridge, which leads to the third issue. The third issue
is regarding the consequences of the ice shedding from the bridge cables,
which can cause socioeconomically expensive closures of bridges and traffic
disruptions.
The objective is to develop a simple model that can be used to assess the
occurrence probability of ice accretion on bridge cables from readily available
meteorological variables. This model is used both in relation to ice induced
vibrations to assess the fatigue life and in relation to decision making in risk
management of bridges exposed to icing.
First a basic and preliminary framework for the assessment of cumulative
bridge cable fatigue damage due to wind-induced vibrations is presented. The
damage assessment is performed using a probabilistic approach, based on a
Bayesian Probabilistic Network, where the wind environment, traffic loading,
bridge specific parameters and the mechanisms that induce significant cable
vibrations are the main input parameters. It is outlined how information
with respect to meteorological and site-specific conditions can be utilized to
assess the probability of occurrence of ice induced vibrations. Furthermore
it is shown how the fatigue stress in the cable bending mode is evaluated
together with the corresponding fatigue lifetime.
Secondly the developed preliminary framework is modified for assessing the probability of occurrence of in-cloud and precipitation icing and its
duration. Different probabilistic models are utilized for the representation
of the meteorological variables and their appropriateness is evaluated both
through goodness-of-fit tests and by means of qualitative considerations. The
Bayesian Probabilistic Network model used for the estimation of the occurvii

rence and duration probabilities is studied and it is found to be robust with
respect to changes in the choice of distribution types used to model the meteorological variables which are influencing the two icing mechanisms and
their duration. The model is found to be more sensitive to changes in the
discretization levels of the input variables.
Thridly the developed operational probabilistic framework for the assessment of the expected number of occurrences of ice/snow accretion on bridge
cables is used as a tool to support engineering decision making and risk management of cable structures with respect to icing events. These events may
lead to human life safety issues, functional disruptions and associated economic consequences. Here emphasis is placed on the value of early warning
of icing events, which is based on the monitoring of environmental conditions
and short term forecasting. Decision problems in risk management can be
supported by quantifying the value of structural health monitoring (SHM).
The approach for the assessment of the value of SHM takes basis in structural
risk assessments together with the Bayesian pre-posterior decision analysis
and builds upon the quantification of Value of Information (VoI). The consequences are evaluated for different outputs of the probabilistic model to
provide a basis for prioritizing risk management decision alternatives.
Each step of the developed framework is illustrated with a case study of
either the Great Belt Bridge or the Øresund Bridge.

Resumé
Denne afhandling omhandler problemstillinger vedrørende islag på konstruktioner med særlig vægt på brokabler. Kabelbroer i koldt klima lider af islag
på kablerne, hvilket kan lede til tre forskellige uønskede situationer. For det
første kan det ændrede tværsnitsform af kablerne på grund af islag føre til
svingninger med store amplituder. Disse vibrationer kan reducere levetiden
af kablerne betydeligt. For det andet faldende is fra kablerne udgør et sikkerhedsproblem for brugerne af broen, som fører til den tredje problemstilling.
Den tredje problemstilling omhandler konsekvenserne af is faldende fra brokablerne, hvilket kan forårsage dyre samfundsøkonomiske lukninger af broer
og trafikforstyrrelser.
Formålet er at udvikle en simpel model, der kan bruges til at vurdere
sandsynligheden for islag på brokabler fra tilgængelige meteorologiske variabler. Denne model anvendes både i forhold til is inducerede vibrationer til at
vurdere kablernes levetid og i forhold til beslutningsprocessen i risikostyring
af broer, der udsættes for islag på kablerne.
Først præsenteres en præliminær og foreløbig model for vurderingen af
brokablers levetid på baggrund af vind-inducerede vibrationer. Modellen er
baseret på en sandsynlighedsteoretisk tilgang, der benytter sig af Bayesianske Sandsynlighedsteoretiske Netværk, hvor vindhastighed, vindretning,
trafik belastning, bro specifikke parametre, og de mekanismer, der inducerer
kabelvibrationer er de vigtigste input parametre. Det skitseres, hvordan information med hensyn til meteorologiske og sted-specifikke forhold kan udnyttes
til at vurdere sandsynligheden for forekomst af is-inducerede vibrationer. Det
vises yderlig, hvordan bøjningsspændingerne i kablerne evalueres i relation
til deres levetid.
Den udviklede præliminær model er modificeret til at vurdere sandsynligheden for forekomsten af islag og varigheden af islag opstået ved nedbør
eller tåge/dis. Forskellige sandsynlighedsteoretiske modeller er anvendt til
at repræsentere de meteorologiske variable og deres velegnethed evalueres
både gennem goodness-of-fit tests og ved hjælp af kvalitative overvejelser.
Bayesianske Sandsynlighedsteoretisk Netværk anvendes til vurdering af foreix

komsten og varigheden af sandsynligheden for islag. Resultaterne viser sig at
være robuste over for ændringer i valget af distributionsnet, der anvendes til
at modellere de meteorologiske variable, som har indflydelse de to isningsmekanismer og deres varighed. Modellen er evalueret og fundet mere følsomme
over for ændringer i diskretisering niveauerne af de variable.
Den udviklede operationelle sandsynlighedsteoretisk model til vurdering
af det forventede antal forekomster af islag på brokabler kan bruges som et
redskab til støtte for teknisk beslutningstagning og risikostyring af kabelkonstruktioner med hensyn til islagssituationer. Disse begivenheder kan føre til
sikkerhedsspørgsmål for mennesker samt funktionelle forstyrrelser og tilsvarende økonomiske konsekvenser. Vægten lægges på værdien af tidlig varsling
af islagsbegivenheder, der er baseret på måling af de klimatiske forhold og
forudsigelser. Beslutningsproblemer for risikostyring kan understøttes ved at
kvantificere værdien af overvågning af de meteorologiske variable. Tilgangen til vurderingen af værdien af overvågning af meteorologisk variable tager
udgangspunkt i strukturelle risikovurderinger sammen med Bayesianske erfaringsbaseret beslutningsanalyse og bygger på kvantificering af værdien af
information (VoI). Konsekvenserne vurderes til forskellige resultater af den
sandsynlighedsteoretiske model og kan give grundlag for at prioritere beslutningsprocesserne i risikostyringen og dens alternativer.
Hvert udviklingstrin af denne model er illustreret med et eksempel af
enten Storebæltsbroen eller Øresundsbroen.
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Chapter 1
Introduction
1.1

Outline of the problem

Closures or traffic disruptions of bridges have great impact on the reliability
of the traffic network and thus the everyday life of many people. Accordingly
the preservation of the design lifetime of the bridge cables is important to
ensure the infallible continuation of traffic flow and the safety of users. Unfortunately the annual number of bridge closures and traffic restrictions on
bridges has increased along with the number of long span cable supported
bridges build since the 1970´s. Some of these unanticipated bridge closures
and traffic restrictions are caused by ice (or sleet) induced vibrations of the
cables or ice (and snow) falling from the cables. Both can lead to dangerous
situations for the bridge users and may be socioeconomically expensive due
to closure of the bridges to traffic.

1.1.1

Safety

A recent example, of where the safety issue for the bridge users arose from
unexpected falling ice from the bridge cables, is the Port Mann Bridge in
Vancouver, Canada (CBC News, 2012). The bridge has suffered from a mix
of ice and snow accretions on the stay cables which fell on more than 400
cars leading to significant vehicle damages and two injured persons. This
happened only few weeks after its official opening of the bridge. The closure
and damages due to falling ice were damaging for the operators of the bridge.
A multi-million dollar investigation was initiated to find the exact causes and
possible solutions. Other cable supported bridges, which have suffered from
ice accretion and undesirable consequences, are listed in the following paragraph. The list is not exhaustive but rather indicative of the extensiveness
of the problem. In December 2013 the Penobscot Narrows Bridge (Maine,
1-1

1.1 Outline of the problem

Introduction

USA) (MaineDOT (2013), Gluckman (2013)) was closed for about 24 hours
due to unwarned falling ice chunks from the stayed cables. The bridge is
closed again the following Sunday for ice removal. The Zakim Bridge in
Bosten (USA) also has experienced ice falling onto the road in 2005. The
new Tacoma Narrows Bridge (Seattle, USA) has been closed two times due
to unanticipated falling ice. The first time in 1996 and the second time in
2012, where ice fell from the suspension cables (KING5News, 2012). The
Great Belt Bridge in Denmark has been closed about 5 times (42 hours in
total) since its opening in 1999. The Øresund Bridge, which connects Denmark and Sweden, has been closed about 6 times during the past 13 years.
Another falling ice incident is reported in December 2013 for the Margaret
Hunt Hill Bridge, Dallas, Texas (Goodman, 2013). The Severn and Second
Severn Crossing, England-Wales, have been closed more than once within the
winter of 2009 because of falling ice (Lai (2009), News (2009)). The Veterans
Glass City Skyway Bridge (Toledo, Ohio) (Kumpf et al., 2012) and the Uddevalla Bridge (Sweden) (Kuhn, 2006) have also experienced unanticipated
falling ice. Given these incidents and with more long span cable supported
bridges being build in cold regions (e.g. Virola (2011)) this issue should be
addressed.
It is often a surprise to those responsible of the bridge operation that ice
falling from the bridge cables can occur for their bridge. As a consequence the
traffic network can be paralyzed for hours caused by the unexpected closure
of the bridge. This issue calls for attention and measures to cope with the risk
management in such situations. Support tools to help the decision makers
deal with bridge closure and redirection of the traffic due to risk of falling
ice is needed.

1.1.2

Fatigue

Fatigue rupture of bridge cables has been experienced in several cases (Winkler and Georgakis, 2011) as the consequence of large oscillations that induce
undesirable bending and axial stresses near the anchorage. The oscillations
of the cables are predominantly the result of different forms of wind excitation (Gimsing and Georgakis, 2011). The combination of wind and rain
can lead to the rain-wind induced vibration phenomena and which first has
been reported by Hikami and Shiraishi (1988) and later by among others by
Larose and Smitt (1999), Matsumoto et al. (1992), etc. The ice accretion
combined with wind can lead to vibration of the galloping type (Gjelstrup
and Georgakis (2009), den Hartog (1956)). This is due to changes in the cross
sectional area because of the accreted ice. Traffic load and the combination
of wind and traffic load (Petrini and Bontempi, 2011) can also lead to the
1-2
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fatigue of the cables.
As mentioned, ice accretion on bridge cables can cause severe vibrations
of the cables as experienced in 2001 for the hanger cables of the Great Belt
Bridge in Denmark (Gjelstrup et al., 2007). The accreted ice on the hanger
cables of the Great Belt Bridge is shown in Figure 1.1. The amplitudes for
this icing event were recorded to be 2 m at the mid span of the hanger cables.
Vibrations due to ice accretion on cables can be classified as of the galloping
type. The vibrations induced by ice accretion occur because of the change of
cross sectional area of the cables which affects the drag and lift coefficients in
such a way that if the negative aerodynamic damping exceeds the structural
and an oscillatory instability occurs. Today bridge cables are not designed to

Figure 1.1: Ice accretion incident of the hanger cables of the Great Belt
Bridge (Denmark) in 2001.
withstand the vibrations due to ice accretion, this complicates the assessment
of when to replace or maintain the cables. A framework for addressing this
issue consistently should be developed in order to optimize the decision on
when to inspect or replace the cables.

1.2
1.2.1

State of the art in relevant research topics
Ice accretion

Atmospheric icing can in general be categorized as either in-cloud icing or
precipitation icing and the different types of atmospheric icing can be seen
in Figure 1.2. The physics of in-cloud icing and precipitation icing are described in more detail by amongst others Ervik and Fikke (1982) and Fikke
et al. (2008). Precipitation icing can occur due to wet snow, dry snow or
freezing rain and accrete as snow or glaze respectively. Wet snow forms in
Department of Civil Engineering - Technical University of Denmark
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Figure 1.2: Overview of the different types of atmospheric icing.

a narrow temperature range around zero degrees, and is often observed for
temperatures between +0.5 - +2.0◦ C. Dry snow only accretes for very low
wind velocities about 0-2 m/s. Glaze formed from freezing rain, ice pellets
or freezing drizzle requires a specific temperature distribution with elevation.
Here the temperature must increase with height instead of the normal decrease. More details about the requirement to the temperature distribution
for different precipitation types can be obtained in Thériault et al. (2006).
In-cloud icing is formed by cloud droplets most often as rime (either soft
or hard) but also sometimes as glaze. It is the liquid water content of the
cloud and the size distribution of the cloud droplets that determines whether
the accretion is soft or hard rime. Hard rime has a higher density than soft
rime together with a stronger adhesion. Hoar frost occurs when the phase
transition from water vapor into ice crystals happens directly. The growth
of hoar frost is limited compared with the other icing types and is light in
density with a loosely bonded structure (Lahti et al., 1997).
The most common employed and well-accepted model for ice accretion is
the one developed by Makkonen (1984). Though the model requires knowledge regarding meteorological parameters which are difficult to measure such
as liquid water content, droplet size, the sticking, collision and accretion efficiency etc. The model is applied among others by Davis et al. (2013) and
ISO (2001). Another well-known and often used model is the one Jones
(1998) presented and which is called the Simple Model (SM). The model
assumes that the ice accretes uniformly around a cylinder. The SM requires
the precipitation rate of freezing rain and wind velocity as input parameters.
A prerequisite for both the above mentioned models is that the meteorological variables are well described in order to make the models capable of
illustrating and forecasting the different icing types (Fikke et al., 2008).
1-4
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Prediction of icing events
In the power transmission line and wind turbine industries the ice accretion
is a significant issue. Forecasting of icing events is performed by use of
the WRF model (Weather Research & Forecasting model). This model is
a complex weather forecast model, but it allows the user to insert the local
climatic conditions ( DeGaetano et al. (2008), Musilek et al. (2009), Farzaneh
(2010), Nygaard et al. (2011), Hosek et al. (2011)). This advantage allows
the model to perform more accurately, since ice accretion often is a very
localized phenomena, which highly depends on the local climatic conditions
and environment e.g. in the mountains. The WRF model is often applied
together with various types of physical models of ice accretion, as the models
of Makkonen (1984) or Jones (1998). There are some limitations to this
type of model. For example, Dierer et al. (2009) finds that results strongly
depend on the cloud droplet number concentration which is a parameter that
is not well known. Other similar methods have been developed by Pytlak
et al. (2010) and Zarnani et al. (2012), who build on the numerical weather
prediction (NWP) model. The former one combined the NWP model with a
classifier for the precipitation type and an ice accretion model, the latter one
used a learning algorithm of Support Vector Machines to the output of the
NWP model. Bonelli et al. (2011) propose an alert system for Italy. Their
model uses the output of the NWP model combined with the Makkonen
(1984) model.
Chen et al. (2012) proposed a short-term prediction model for transmission lines icing based on a back-propagation (BP) neural network. The
drawback of this model is that it needs the equivalent ice height as an input
parameter. Estimation of ice loads on transmission lines is performed by
McComber et al. (1999) by using neural networks, this model requires monitoring data of past icing events in order to train the network. The need for
much data to train neural network is pointed out by Larouche et al. (2000).
Ice accretion on other structures
Many different types of structures have experienced damage due to ice accreting on them. As already mentioned, power lines have suffered from extensive
ice accretion and the issues regarding atmospheric icing on power lines are
summarized in Farzaneh et al. (2008). Ice accretion on airfoils hs been studied by e.g. Gent et al. (2000) and in the area of wind turbines by e.g. Davis
et al. (2013) and Makkonen et al. (2001). Mulherin (1996) has listed 140
guyed tower failures in the US from 1959-1996, where 93% of the failures
occurred due to icing or the combination of wind and icing.
Department of Civil Engineering - Technical University of Denmark
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Cable vibration due to ice accretion

Gjelstrup and Georgakis (2009) investigated the vibration event of the hanger
cables of the Great Belt Bridge in 2001 and the results of the wind tunnel
tests performed are used as input in a quasi-steady aerodynamic instability model. A review of the de- and anti-icing system for bridge cables was
performed by Kleissl and Georgakis (2010). Demartino et al. (2014b) and
Demartino et al. (2014a) studied the effects of ice accretion on the aerodynamics of vertical hangers and inclined stay cables respectively. Gjelstrup
(2011) developed a quasi-steady 3-dof model for the determination of the
onset of bluff body galloping instability and used the force coefficients of an
iced cable as input to find the instability regions. McComber and Paradis
(1998) studied the galloping for thin ice accretions by wind tunnel studies and
numerical simulations and found that the Den Hartog 1-dof model cannot
explain all galloping vibrations.

1.2.3

Warning systems

A performance system for warning about the occurrence of the ice/snow accretion on the stayed Veterans Glass City Skyway Bridge (Toledo, Ohio) is
created by Kumpf et al. (2012). The system relies on monitoring availability
of other weather stations in the neighborhood and visual observations to assess if icing will occur. This system however does not facilitate the possibility
of assessing the annual occurrence probability of icing already in the design
state of a new bridge or the possibility of utilizing forecasting to update the
occurrence probability of icing.

1.3

Aim of the research

The survey of the state-of-the-art in relevant literature show that ice (and
snow) accretion models commonly used, are of a rather complex character. These complex accretion models are used in connection with numerical
weather forecast prediction models especially in the field of transmission lines.
Transmission line icing is a serious problem around the world. The Canadian
1998 ice storm failure of transmission lines due to icing caused 25 fatalities,
left over two million people without electricity for weeks and US $3.1 billion
of insured losses RMS (2008). The consequences of a bridge closure seen in
relation to aforementioned losses are small. Therefore, there is a need for a
more simple model that can be used to assess the occurrence probability of
ice accretion on bridge cables from readily available meteorological variables.
1-6
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In this relation the existence of tools to support decision making in risk management of bridges exposed to icing are very limited, but the need for such
risk management tools are confirmed with the increasing number of bridge
closures due to falling ice. Room can also be found in developing a framework
that consistently assess the issues related to ice induced vibrations such as
early rupture of the cables, cable replacement and maintenance. The safety

Figure 1.3: Overview of the work presented in the thesis.

and fatigue issues originating from cable icing are addressed in the present
thesis. The issues are outlined within four main aims, which each cover parts
of the presented problems. An overview of the main focus of the thesis is
seen in Figure 1.3.
Department of Civil Engineering - Technical University of Denmark
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Model development
The first aim of the thesis is to answer the question: Is it possible to develop an operational probabilistic model for assessing the annual probability
of occurrence and duration of ice accretion based on readily available meteorological variables by use of Bayesian Probabilistic Networks (BPNs)?
A probabilistic model to estimate the annual occurrence of icing on cables
is developed by utilizing BPNs. Knowledge through literature about the ice
accretion process is acquired and the meteorological variables that are readily
available together with influencing the occurrence of ice accretion are identified. Time series of meteorological variables are processed and Goodnessof-fit tests are used to evaluate which distributions types are appropriate to
model the meteorological variables. These serve as input in the BPN model,
which represents the dependencies between the meteorological variables and
the occurrence of icing events. The results of the model can be used both
in the design phase of a new bridge potentially exposed to icing or in the
reassessment of an existing bridge to manage future icing events.
Cable vibrations - fatigue
The second aim of the thesis is to answer the question: How can the results
of the annual occurrence of ice accretion from the BPN model be used in a
framework for the estimation of the reduction in fatigue life of bridge cables
due to ice induced vibrations?
The results of the BPN model are used together with force coefficients of
iced cables to estimate the instability regions, where the galloping type of
vibrations can occur. The occurrence probability of the meteorological variables to be in the region of instability is estimated. Assumptions regarding
the calculation of the vibration amplitudes and the bending stresses where
made in order to illustrate the suggested approach.
Forecasting and updating
The third aim of the thesis is to answer the question: Can a methodology
be developed for using forecasting of the meteorological variables as input
in the BPN model to update the probability tables and thereby update the
occurrence probability of icing?
The BPN model is expanded and the estimation of the duration of an icing
event is enabled. The model also features the possibility of using forecasted
1-8
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meteorological variables to update the probability tables of the BPN model.
The forecast of the variables is performed by the exponential smoothing local trend method. The results of the model can be used in regulating bridge
operations.
Value of forecasting
The fourth aim of the thesis is to answer the questions: Can the value of
Structural Health Monitoring (SHM) be assessed through the theory on
structural risk assessment and Bayesian pre-posterior analysis? And can
this methodology be used as a support tool in decision making in risk management of bridge cable icing?
The framework that is developed can be used to estimate the expected value
of structural health monitoring (or forecasting) by use of the Bayesian preposterior analysis. The framework in itself is generic but is applied in the
risk assessment of bridge cable icing. The decisions regarding closure of a
bridge can be optimized through use of this framework.

1.4

Thesis outline

The present thesis is divided into 7 chapters. This introduction (Chapter 1) is
followed by one chapter about the methodologies used for pursuing the aims
of the thesis. Then four chapters each made up by separate and unedited
reproductions of journal and conference papers either already published or
submitted and under review. The last chapter discusses and concludes the
work of the thesis.
- Chapter 1 outlines the problems addressed in the thesis together with
an introduction of the hypothesis investigated in this work. A survey
of the most relevant literature and methodologies are also given.
- Chapter 2 presents the theoretical background of the methods used
throughout the thesis in order to pursue the aims of the thesis. This include time series analysis, forecasting, probabilistic modeling, Bayesian
Probabilistic Networks and Bayesian pre-posterior decision theory in
the context of value of information.
- Chapter 3 contains a preliminary framework for assessing the probability of ice accretion of bridge cables though use of BPNs. Additionally
the methodology for estimation the fatigue life for cables that suffer for
ice induced vibrations are roughly outlined.
Department of Civil Engineering - Technical University of Denmark
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- In Chapter 4 the BPN model for probabilistic assessment of the expected annual occurrence of ice accretion is expanded and refined. The
sensitivity and the robustness of the BPN model are evaluated as well.
- Chapter 5 facilitates the probabilistic assessment of the occurrence and
duration of in-cloud and precipitation icing. The methodology for how
the forecast of meteorological variables can be used to update the probability tables in the BPN model and thereby update the occurrence
probability of icing.
- Chapter 6 shows how decision problems in risk management can be
supported by quantifying the value of SHM. The assessment of the
value of SHM takes basis in structural risk assessment together with
the Bayesian pre-posterior decision analysis. The decision problem of
when to close a bridge to traffic due to risk of unwarned falling ice is
used as case study.
- In Chapter 7 presents a summary of the main conclusions and an outlook of the presented work is given.

1-10
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Chapter 2
Main methodological
components
The main methodological components used in the present work is outlined
in the following sections. This includes; random processes, random variables, probability density functions, parameter estimation, model estimation,
Bayesian Probabilistic Networks and decision theory.

2.1

Random processes

A random process is a collection of random variables. Random processes in
the civil engineering context often relates to loads on structures such as wind
velocity, seismic ground motion, air temperature, wave heights and dynamic
structural response etc. but is also used in other fields such as for the stock
market, the exchange rate fluctuations, audio and video signals, medical data
such as a patient’s blood pressure or temperature. The application area is
very broad. A realization of a random process is shown in Figure 2.1. The
family of random processes that are stationary has some advantageously
features such as the mean and variance do not have any trend over time.
The definition of stationarity for random processes is outlined based on the
auto-covariance function. The auto-covariance function KXX (t1 , t2 ) is given
in Equation 2.1.
KXX (t1 , t2 ) = E[(X(t1 ) − µ(t1 ))(X(t2 ) − µ(t2 ))]

(2.1)

where µ(t) = E[X(t)], X(ti ) is the realization for the time ti . The frequentistic interpretation defines the expectation operator
PN E as the average taken
1
over different realizations E[X(t)] = limN →∞ N i=1 xi (t). Subsequently the
auto-covariance function in the frequentistic interpretation can be written as
2-1
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t
Figure 2.1: Realization of X(t).
given in Equation 2.2.
N
1 X
KXX (t1 , t2 ) = lim
(xi (t1 ) − µ̂(t1 )) (xi (t1 ) − µ̂(t2 ))
N →∞ N
i=1

(2.2)

A random process is called weakly stationary of the order k if all of the
first k moments are invariant to changes in time. Furthermore for a weakly
stationary process the second order means that both the mean value and
the variance are constant, while the auto-covariance KXX (t1 , t2 ) function
depends only on the time difference τ = t2 − t1 . The covariance between
two random processes can be described by the cross-covariance function,
which can tell something about the interdependency if existing. The crosscovariance function in the frequentistic interpretation can be written as given
in Equation 2.3.
N
1 X
(xi (t1 ) − µX (t1 )) (yi (t1 ) − µY (t2 ))
N →∞ N
i=1

KXY (t1 , t2 ) = lim

(2.3)

A random process X(t) can be called ergodic in the case that it is stationary
and if and only if the ensemble averages equal appropriate time averages. An
example for the mean and auto-covariance is given in Equation 2.4 and 2.5.
Z
1 T
µ = lim
xi (t)dt for any i
(2.4)
T →∞ T 0
Z
1 T
(xi (t) − µ) (xi (t − τ ) − µ) dt for any i
(2.5)
KXX (τ ) = lim
T →∞ T 0
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The family of stationary random processes can be idealized in terms of
the random variables. The interdependency structure between the variables
can be found through assessing the cross-correlation functions. If the random
process is stationary and not cross-correlated with any other random variable, an appropriate marginal probability density function can be identified
by model estimation and testing using a mixture of physical considerations
together with data assessment. In the case, however, where the random
process is stationary but cross-correlated with one or more other variables,
conditional probability distribution functions must be formulated. For different variables, depending on their role and importance for the result of
interest, i.e. annual probability of icing events, the upper, middle or lower
sections of their probability distribution functions may be of importance this
should be carefully considered for each individual variable.

2.2

Probabilistic Modeling

According to the above section then if the random process is stationary it can
be idealized by its random variables. Subsequently appropriate probability
density functions marginal or conditional can be used to model the random
variables. The probability density function is an expression for the relative
likelihood that a random variable will take on a given value. There exist
numerous types of probability density functions, the ones used in the present
thesis are listed below together with their formal expression and parameters.
One method to perform parameter estimation is described together with
the possible methods for assessment of the models to fit the data in the
subsequent sections.

2.2.1

Probability density functions

The probability density functions used in this thesis are given in this section.
For their specific use their parameters have been estimated by the maximum
likelihood method as will be described later. Some of them are re-normalized,
truncated or mirrored in order to fit the physical conditions of the variables
they are describing, here though they are given in their general form.
Normal
The Normal type probability density function has the structure as given in
Equation 2.6.

2 
for − ∞ ≤ x ≤ ∞
(2.6)
fX (x; µ, σ) = σ√12π exp − 21 x−µ
σ
Department of Civil Engineering - Technical University of Denmark
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where µ is the mean and σ is the standard deviation.
Log-normal
The Log-normal type probability density function is defined as in Equation
2.7.

 
(ln x−α)2
1
√
x>0
(2.7)
fX (x; α, β) = xβ 2π exp −
2β 2


where the mean of the Log-normal distribution is µ = exp α +
2

2

β2
2
2



and

variance of the Log-normal distribution is σ = exp (2α + β ) (exp (β ) − 1).
Weibull
The structure of the Weibull type probability density function is shown in
Equation 2.8.
k
fX (x) =
c

 k−1
 x k
k
exp −
for x ≥ 0
c
c

(2.8)

where k > 0 is the shape parameter and c > 0 is the scale parameter.
Gamma
The Gamma type probability density function is defined as given in Equation
2.9.
 x
1 1
k−1
(x) exp −
for x ≥ 0
(2.9)
fX (x) = k
θ Γ(k)
θ
where k > 0 is the shape parameter and θ > 0 is the scale parameter.
Beta
The Beta type probability density function is often defined on the interval
between 0 ≤ x ≤ 1, but note the definition in Equation 2.10 which is slightly
different.
fX (x) =

Γ(r + t) (x − a)r−1 (b − x)t−1
Γ(r)Γ(t)
(b − a)r+t−1

(2.10)

for a ≤ x ≤ b with the parameters r > 0 and t > 0.
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Gumbel
The Gumbel type probability density function is defined in Equation 2.11.





1
a−x
a−x
fX (x) = exp
exp − exp
for − ∞ ≤ x ≤ ∞ (2.11)
b
b
b
where a is the location parameter and b > 0 is the scale parameter.

2.2.2

Parameter estimation

The estimation of the parameters of the probability density functions is normally estimated by either the sample moments or by the maximum likelihood
method. In the present work the maximum likelihood method is utilized and
therefore described in the following.
The random variable X, which has the probability density function fX (x|θ)
where θ is the parameter(s) of the probability density function. With n samples of the random variable the joint probability density function of n samples
is given in Equation 2.12.
fX1 X2 ...Xn (x1 , x2 , ..., xn |θ) =

n
Y

fX (xi |θ)

(2.12)

i=1

The likelihood function in the context of maximum likelihood method for the
parameter estimation is defined as in Equation 2.13.
L(θ|x1 , x2 , ..., xn ) =

n
Y

fX (xi |θ)

(2.13)

i=1

The estimator of the parameter θ is the one that maximize the likelihood
function or maximize the log likelihood function as defined in Equation 2.14.
l(θ|x1 , x2 , ..., xn ) = ln L(θ|x1 , x2 , ..., xn )
n
n
Y
X
= ln
fX (xi |θ) =
ln fX (xi |θ)
i=1

(2.14)

i=1

The parameters θ can be found from using Equation 2.15.
∂l(θj |xi )
=0
θj

(2.15)

where j is the number of parameters that should be estimated. An advantage of the using the maximum likelihood method is that if the number of
Department of Civil Engineering - Technical University of Denmark
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samples n is large the distribution of the parameters converges towards a
Normal distribution with mean value µΘ which equal the point estimates
µΘ = (θ1∗ , θ2∗ , ..., θn∗ )T . The Fisher information matrix H gives information
about the statistical uncertainties associated with the point estimate. The
Fisher information matrix H is related to the covariance matrix as given in
Equation 2.16.
CΘΘ = H−1

(2.16)

Fisher information matrix H is determined by the second order partial derivatives of the log-likelihood function taken in the maximum as e.g. in Equation
2.17.
Hij = −

2.2.3

∂ 2 l(θ|x̂)
∂θi ∂θj

(2.17)
θ=θ∗

Expectation-Maximization algorithm

Data sets are not always complete due to various reasons e.g. monitoring
data may suffer due to downtime of the monitoring system. The ExpectationMaximization (EM) algorithm is a general algorithm that can be used to find
the maximum likelihood estimates for a set of parameters θ, when one only
have access to an incomplete data set.
The algorithm consist of two steps:
1) Expectation step - where the data set is ”completed” by generating
new observations from the current parameter estimates θ̂

2) Maximization step - a new maximum likelihood estimate of the parameters θ̂ 0 from the ”complete” data set is calculated
The above is repeated either a predefined number of iterations or until the
algorithm has converged.

2.2.4

Model testing

After the parameter estimation has been performed different methods for
verifying the model can be performed. Some of them are listed below:
- Standardized histogram vs.
(pdf)
2-6
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- Empirical distribution function vs. estimated cumulative density function (CDF)
- Quantile-Quantile plot (Q-Q plot)
- Goodness-of-fit tests
The first two are self-explanatory and the last two are described in more
detail in the subsequent sections.
Quantile-Quantile plot


F̂X−1

i
n+1





, x(i) for i = 1, 2, 3, ..., n.
The points in the Q-Q plot are given as
An example of a Q-Q plot is shown in Figure 2.2. The closer the data points
are to the straight line the better the model is to characterize the data with
the given probability density function.
20
18

Data quantities

16
14
12
10
8
6
4
2
0

Weibull
0

5

10

15

20

Theoretical quantities

Figure 2.2: An example of the Q-Q plot.

Goodness-of-fit tests
To assess if a given probability density function type is suited to model the
data different goodness-of-fit tests can be performed. Some of them are listed
below:
- Kolmogorov–Smirnov
Department of Civil Engineering - Technical University of Denmark
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- Anderson–Darling test
- Chi Square test
- Akaike information criterion
In this thesis only the Kolmogorov-Smirnov (K-S) test is applied, and therefore the only explain in more detail (Benjamin and Cornell, 1970). This test
is comparing the hypothesized cumulative density function and the observed
cumulative histogram of the data. The latter is defined as given in Equation
2.18.
FD (X (i) ) =

i
n

(2.18)

where X (i) is the ith largest observation out of n observations. The test
statistics for the K-S test is defined according to Equation 2.19.

n 
D = max |FD (X (i) ) − FX (X (i) )|
i=1


(2.19)
i
n
(i)
− FX (X )
= max
i=1
n
where FX is the hypothesized cumulative density function. From the definition of the test statistic in Equation 2.19 it is seen that the D value is
the largest absolute difference between the hypothesized cumulative density
function and the observed cumulative histogram. The H0 hypothesis is that
X has the specified distribution and the alternative hypothesis H1 is the
distribution of X is other than the specified. The H0 hypothesis should be
accepted if D ≤ c, where c is the critical value and can be obtained for probability tables the value is dependent of the number n of the data observations
and the confidence of the test e.g. α = 0.05 (with 95% confidence).

2.3

Forecasting

Forecasting (or prediction) in time series is based on the knowledge of most
recent observations. Given this the likely values of the time series in the
future can be described. In general different models such as the regression
model, the auto-regressive, the moving average, the combination of the two
latter the family of auto-regressive moving average models, the seasonal integrated auto-regressive moving average process etc. can be utilized to perform
the forecasting. In the present work the regression model is used to perform
forecasting. The background for forecasting in the general linear model with
2-8
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the local trend exponential smoothing method is described in the forthcoming.
The general linear model is a special case of regression where the model
is linear in the parameters. The approach presented herein is given in more
detail in Madsen (2008). The general linear model has the structure given in
Equation 2.20.
Yt = xTt θ + εt

(2.20)

where xt = (x1t , ..., xpt )T is a known vector and θ = (θ1 , ..., θp )T are the
unknown parameters. εt is a random variable with mean E[εt ] = 0 and
covariance Cov[εti , εtj ] = σ 2 Σij .
An explicit expression for the least square estimator can be found for for
the general linear model. First the linear model with N observations can be
written as in Equation 2.21



 

Y1
ε1
xT1
 ..   .. 
 . 
(2.21)
 .  =  .  θ +  .. 
YN
xTN
εN
or
Y = xθ + ε

(2.22)

In the case of no weights Σ = I and the least squares estimate of the parameters θ are found from minimizing the sum of squared residuals, which for
the unweighted case is given in Equation 2.23 and 2.24.
θ̂ = arg min S(θ)

(2.23)

θ

where
S(θ) =

N
X

2

[yt − f (xt ; θ)] =

t=1

N
X

ε2t (θ)

(2.24)

t=1

In the situation where not all observations should be given the same weight
the weighted least square estimates for θ can be used. The structure is given
in Equation 2.25.
Y = xθ + ε

(2.25)

Here following is used E[ε] = 0 and Var[ε] = E[εεT ] = σ 2 Σ, where Σ is the
known weight matrix, which for now is assumed constant. The weighted least
squares estimates can be found by minimizing Equation 2.26.
S(θ) = (Y − xθ)T Σ−1 (Y − xθ)
Department of Civil Engineering - Technical University of Denmark
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In some situations constant values of θ is not ideal and some variation is
wished for. For example past observation is given less weight than more recent observations in the least squares criterion. The formulation of weighted
least squares is used with an appropriate weight matrix Σ. The forgetting
factor is introduced to accommodate for local trends in the model. This
gives the adaptive least squares, where the parameter θ̂N is estimated at
time origin N .
θ̂N = arg min S(θ; N )
θ

(2.27)

where
S(θ; N ) =

N
−1
X


2
λj YN −j − f T (−j)θ

(2.28)

j=0

f (j) is a known vector of forecast functions, which for the linear trend model
is f (j) = (1, j)T . The forgetting factor λ(|λ| < 1) determines the exponential discount of past observations or in other words how much weight past
observation should be given. A high exponential discount factor means that
more past observations have an influence, and a low exponential discount
factor means the influence of past observation quickly fades out.
Y = xN θ + ε

(2.29)

T
where Y = (Y1 , ..., YN )T , xN = f T (−N + 1), ...f T (0) and V ar[ε] = σ 2 Σ,
and where Σ = diag[1/λN −1 , ..., 1/λ, 1]. The solution is given in Equation
2.30.
θ̂N = FN−1 hN

(2.30)

where FN = xTN Σ−1 xN and hN = xTN Σ−1 Y .
FN =

N
−1
X

λN f (−j)f T (−j)

(2.31)

λj f (−j)YN −j

(2.32)

j=0

hN =

N
−1
X
j=0

The prediction of YN +l given all observations at time N is stated in 2.33.
ŶN +l|N = f T (l)θ̂N
2-10
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The 100(1 − α)% confidence interval is given in Equation 2.34.
p
ŶN +l|N ± tα/2 (N − p)σ̂ V ar[eN (l)]
q
= ŶN +l|N ± tα/2 (N − p)σ̂ 1 + f T (l)FN−1 f (l)

(2.34)

As N → ∞ the t distribution can be approximated by the Normal distribution. The uncertainty of the forecasted values can be represented by the
confidence intervals of different percentages.

2.4

Bayesian Probabilistic Networks

It is possible to represent the probabilistic interaction between a set of random variables by the joint probability distribution function. In the case
where many random variables are involved and they are discrete the size
of joint probability distribution will grow exponentially with the number of
considered variables. This is caused by the fact that the joint probability
distribution must contain one probability for each configuration of the random variables. The framework of Bayesian Probabilistic Networks facilitate
the graphically representation of the independencies and the dependencies
among the random variables.
A compact representation of the joint probability distribution is induced
by the dependence and independence relations. The graphical representation
is very intuitive and can help enhance the communication of knowledge between various parties such as experts, users and systems. The framework of
Bayesian Probabilistic Networks have gained increasing attention during the
last decades in the areas of artificial intelligence, probability assessment and
uncertainty modeling (Pearl, 1988). The increasing popularity is enhanced by
the development of efficient algorithms in support of propagation of the probabilities (Madsen and Jensen, 1999). The Bayesian Probabilistic Networks
can be used for a very large range of applications with inherent uncertainty
in the context of civil engineering the Bayesian Probabilistic Networks have
among other been applied to perform risk assessment of decommission of
offshore structures (Faber et al., 2002), risk assessment of natural hazards
(Graf et al., 2009), decision support tool in marine applications (Friis-Hansen,
2000), for earthquake risk management (Bayraktarli et al., 2005), linking a
Bayesian Probabilistic Network to a Geographic Information System (GIS)
for natural hazards risk assessment (Grêt-Regamey et al., 2006) etc.
The Bayesian theoretical framework builds upon Baye’s rule named after
the English mathematician Thomas Bayes who introduced the equation, see
Equation 2.35. The Bayesian interpretation of probability theory assigns the
Department of Civil Engineering - Technical University of Denmark
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probability of a given event as the degree of belief. The probability accordingly depends on the subjective preferences of the person assigning the probability. The conditional probability theory build upon Bayes’ rule captures
the idea of how the degree of belief may change over time as new information
becomes available. The Bayesian probability theory is well suited for events
that occur rarely and therefore is difficult to asses in the frequentistic way.
P (B|A) =

P (A|B)P (B)
P (A)

(2.35)

where P (B|A) is the posterior probability, P (B) is the prior probability,
P (A|B) is the likelihood and P (A) is the normalization.
The Bayesian interpretation of probability should be seen in relation to
two other well-known definitions, namely the classical and the frequentistic.
In short the classical interpretation of the probability theory is defined as the
ratio between the number of equal likely favorable cases and the number of all
equal likely possible outcomes. The frequentistic interpretation of probability
theory is defined as the relative frequency between the number of favorable
trials and the total number of trials. As the number of trials is increased
towards infinity the probability tends to stabilize. This interpretation of
probability theory is used by e.g. experimentalists.
Bayesian Probabilistic Networks benefit form their mind mapping characteristics and BPN models enhance the model formulation and the communication of this with other experts. BPNs form a strong probabilistic modeling
tool which facilitates the representation of the probabilistic characteristics of
the scenarios of uncertain events leading to e.g. adverse or failure events (e.g.
Bayraktarli et al. 2005). The individual steps in forming a BPN comprise:
1) Formulation of causal interrelations (edges) between events (variable
states) leading to the event(s) of interest.
2) Each of the variables should be assigned a number of discrete mutually
exclusive states.
3) Assignment of a probability structure describing the marginal or conditional probabilities for the different states of each variable.
More information and detailed description of the Bayesian Probabilistic Networks can be obtained from among others Kjærulff and Madsen (2005) and
Jensen and Nielsen (2007).
A simple BPN model is shown in Figure 2.3, where the arrows represent
the causal interrelations between the parent variables (chance node A and B)
and the child variable (chance node C). An artificial generated conditional
2-12
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probability table of the child variable is also shown for illustrative purpose.
How probabilities are propagated through the network for the different types
B

A

C

P(A1)
P(B1)

P(A2)
P(B2)

P(B1)

P(B2)

P(C1) P(C1|A1,B1) P(C1|A1,B2) P(C1|A2,B1) P(C1|A2,B2)
P(C2) P(C2|A1,B1) P(C2|A1,B2) P(C2|A2,B1) P(C2|A2,B2)

Figure 2.3: Simple Bayesian Probabilistic Network model with probability
table for chance node C.
of connections between the variables are explained in more detail below for
the serial, diverging and converging connections, see Kjærulff and Madsen
(2005).
Serial connection

B

A

C

Figure 2.4: Serial connection.
An example of a serial connection between nodes is shown in Figure 2.4. In
the case where there is no definite knowledge about node B then information
about node A will update the belief about node B which again will update the
belief of node C. Equivalent holds if information about node C is introduced.
In the case where hard evidence of node B is introduced then then the state
of node A will not change the belief of node C and wise versa. This means
that if hard evidence is present for the middle node in a serial connection,
then flow of belief can not go through this node.
Diverging connection
Figure 2.5 shown an example of a diverging connection between the nodes A,
B and C. In the case where no definite knowledge of node B is present then
Department of Civil Engineering - Technical University of Denmark
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A

B

C

Figure 2.5: Diverging connection.
information about node A entail that the belief of node B will be updated and
furthermore the belief of node C will also be updated accordingly. Similar
holds if information about node C is obtained. So for the diverging connection
information can flow through the connections as for the serial connected
nodes when no evidence of node B is present. In the case where evidence
of node B is introduced then information about node C will not change the
belief of node A, which again is similar to the serial connected nodes.
Converging connection

A

B

C

Figure 2.6: Converging connection.
The structure of a converging connection is shown in Figure 2.6. In the case
where there is no definite knowledge about node B, then information about
node A will not transmit through the middle to node C. Likewise holds for
information about node C. While if evidence about node B is present, then
information about node A will update the belief of node C. In summary
the serial and diverging connections perform similarly when evidence is nonpresent or present, whereas the converging connection performs opposite of
the the two former types of connections.

2.5

Decision analysis

Any given engineering decision problem face uncertainty. In general there are
two types of uncertainty; aleatory and epistemic uncertainty. The aleatory
uncertainty is due to the inherent natural variability whereas the epistemic
uncertainty is defined as the model and statistical uncertainties. The aleatory
uncertainty in the decision problem can be reduced by ”waiting” for example to let time go by and more cable icing event occurs and be observed.
Observation or monitoring as mean of gathering more information about the
icing events (random phenomena) can reduce the epistemic uncertainty in
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the decision problem. Information though is gathered at a cost and if this
cost exceeds the added value from gathering the information the information
should not be gathered. This problem is often faced by decision makers and
describes the essential problem in decision theory. It is possible to evaluate the value of information from the Bayesian pre-posterior analysis. The
framework for assessing the value of information in the engineering decision
problem is outlined in the following.
Raiffa and Schlaifer (1961) presented the theoretical framework for preposterior analysis from the Bayesian decision theory and Benjamin and Cornell (1970) gave the introduction to the Bayesian decision theory in Civil
Engineering. Through the utility theory by Von Neumann and Morgenstern
(1943) it is possible to rank decisions consistently from their expected values
of utility. This is used in the presented approach for assessing the value of
information. The concept of decision theory has so far gained limited impact
in the fields of civil engineering. One exception is the risk based and reliability based inspection planning (Faber et al. (2003), Goyet et al. (2006),
Straub and Faber (2004)). The pre-posterior decision analysis and the related value of information in the context of structural health monitoring
have recently gained interest (Pozzi and Der Kiureghian (2011) and Thöns
and M.H. (2013)).
The Bayesian decision analysis has three levels the prior, the posterior
and the pre-posterior analysis. All are able of estimating the expected consequence, but based on different extent of information, detailed description
of the approach is given in Faber (2012) and Benjamin and Cornell (1970).
The prior probability is estimated as given in Equation 2.36 for the decision
tree shown in Figure 2.7.

a1

θ1

C1

θ2

C2

a2

C3

Figure 2.7: Decision tree for the prior decision analysis.
E 0 [C] = min {P 0 [θ1 ] · C1 + P 0 [θ2 ] · C2 ; C3 }

(2.36)

where Cj is the consequences (or costs if given in monetary terms), P [θi ] is
the prior probabilities and E 0 [C] is the prior expected consequence.
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In the posterior decision analysis information about the true state of
nature is obtained through tests. Though the test method used to obtain
this information is uncertain itself, so the posterior probability of the true
state with known test outcome can be estimated as given in Equation 2.37.
P [zk |θi ]P 0 [θi ]
P 00 [θi ] = P
0
j P [zk |θj ]P [θj ]

(2.37)

where P [zk |θi ] is the likelihood of the zk experiment outcome and P 00 [θi ] is
the posterior probability. The expected utility can be calculated as in Equation 2.36 only by replacing the prior probabilities P 0 [θi ] with the posterior
probabilities P 00 [θi ] from Equation 2.37.
The decision maker has in some situations the opportunity to gain additional information in return of a cost, whether it is beneficial to buy this
information or not depends on the purchase cost relative to the value of information. This problem can be evaluated through the pre-posterior decision
analysis. Another scenario that also can be assessed through the pre-posterior
analysis is if there are different types of tests available and the decision maker
has to chose among the different tests, the test with the maximum expected
utility should be chosen. The decision tree for the pre-posterior decision
analysis is shown in Figure 2.9. The posterior probability of the expected
Decision

Decision

Random
outcome

Random
outcome
Utility

Monitoring

Results of
monitoring

Action

True state

Figure 2.8: Decision tree for pre-posterior decision analysis.
cost without the experiment cost can be estimated through Equation 2.38.
E[C] =

n
X
i=1

0

00

P [zi ]E [C|zi ] =

n
X
i=1

P 0 [zi ] min {E 00 [C(aj )|zi ]}
j=1,...,m

(2.38)

where n is the number of test outcomes and m is the number of alternative
actions aj .
2-16

Department of Civil Engineering - Technical University of Denmark

Main methodological components

2.5 Decision analysis

Risk analysis can be performed based on prior, posterior or pre-posterior
analysis. Risk is defined as given in Equation 2.39.
R = E[U ] =

n
X

P i Ci

(2.39)

i=1

where R is the risk, E[U ] the expected utility, Pi the probability of branch
i and Ci the consequence of branch i. The concept of value of information
used for risk management is based on the Bayesian pre-posterior analysis and
the definition of risk. Based on the estimated value of information the decision making will be able to assess the gain from obtaining more information
branch 1 in the decision tree in Figure 2.9 and from doing nothing branch
0 in the decision tree. The optimal decision of the choice a in the 0 branch
Decision

Decision

Event

Action

Event

Utility
b1(a,θ,e)

1
e

z

a

θ

0

Information or
no information

b0(a,θ)

Experiment

Experiment
outcome

Action

State of
nature

Benefit

Figure 2.9: Decision tree for pre-posterior decision analysis.
can be identified by maximizing the expected value of benefit b0 (a, e) from
Equation 2.40.
!
n
X
0
0
max (EΘ [b0 (a, e)]) = max
P [θi ]b0 (a, e)
(2.40)
a

a

i

and the corresponding expected value of benefit from Equation 2.41.
B0 (a∗ ) = EΘ0 [b0 (a∗ , Θ]

(2.41)

where a∗ is the identified optimal choice of action from Equation 2.40. Given
the experiment outcome z the optimal action a∗|z is thus determined from
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Equation 2.42.
max (EΘ00 [b1 (a, Θ, e)]) = max

n
X

a

a

!
P 00 [θi |z]b1 (a, θ, e)

(2.42)

i

with the corresponding expected value of benefit from Equation 2.43.
B1 (a∗ , e) = EΘ00 [b1 (a∗ , Θ, e)]

(2.43)

The benefit function b1 (a∗ , Θ, e) is introduced in Equation 2.43. The function
also depends on the choice of the experiment e since different experiments
will introduce different costs.
The experiment outcome z is not known with certainty therefore the expected value of conducting the experiment with subsequent optimization of
the action a must be evaluated over the possible different realizations of z as
given in Equation 2.44.
B1 (e) = Ez [B1 (a∗ , e)] = Ez [EΘ00 [b1 (a∗ , Θ, e)]]

(2.44)

The optimal experiment e∗ can be determined from Equation 2.45.
max (Ez [B1 (a∗ , e)]) = max (Ez [EΘ00 [b1 (a∗ , Θ, e)]])
e
e
" n
#!
X
(2.45)
00
= max Ez max
P [θi |z]b1 (a|z , θ, e)
e

a

i

The corresponding expected value of benefit can be evaluated through Equation 2.46.
B1 (e∗ ) = Ez [EΘ00 [b1 (a∗ , Θ, e∗ )]]

(2.46)

The expected values of benefit from not performing the experiment and performing it is given in Equation 2.41 and 2.43 respectively. The expected
value of information can thus be quantified through Equation 2.47.
V oI = B1 (e∗ ) − B0

(2.47)

Today different program packages exist for construction and evaluation of
BPNs and influence diagrams such as HUGIN Researcher (Andersen et al.,
1989) which can be used from different API platforms, WinBUGS (Lunn
et al., 2000), OpenMarkov (Arias et al., 2012), GeNIe & SMILE (Druzdzel,
1999), AIspace (Knoll et al., 2008), Netica (Corp, 2010) etc.
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2.6 Rainflow

Rainflow

The fatigue life estimated in the laboratory for different kind of specimens are
often based on constant amplitude tests. However, the specimen will often
experience non-constant amplitude loading in real life, such as if the specimen is exposed to wind load. To account for this non-constant amplitude
loading rainflow counting is an important tool in assessing the fatigue life
of specimens outside the laboratory. Either the stresses or strains are normally counted and when the amplitude and number of cycles are combined
Palmgren-Miner linear damage rule can be applied to give an estimate of
the residual fatigue life. The rainflow counting methodology is among others
described in (Downing and Socie, 1982) and (Rychlik, 1987).
There exist different types of rainflow counting algorithms, an example from
(Downing and Socie, 1982) is given below:
Rj is the range under consideration
Ri is the previous range adjacent to Rj
S is the starting peak or valley.
1) Read the next peak or valley
2) Form the ranges Rj and Ri
3) Compare ranges Rj and Ri
a. If Rj < Ri , go to 1)
b. If Rj = Ri and Ri contains S, go to 1)
c. If Rj > Ri and Ri contains S, go to 4)
d. If Rj ≥ Ri and Ri does not contain S, go to 5)
4) Move S to the next point in the vector, go to 1)
5) Count range Ri , discard the peak and valley of Ri , go to 2)
6) Read the next peak and valley from the beginning of the vector, if S
has already been reread, STOP
7) Form ranges Rj and Ri , if the vector contains less than 2 points past
the starting point, go to 6)
8) Compare ranges Rj and Ri a. If Ri < Rj , go to 6)
b. If Ri ≥ Rj , go to 9)
9) Count range Ri , discard the peak and valley of Ri , go to 7)
Department of Civil Engineering - Technical University of Denmark
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Palmgren-Miner linear damage rule

After the number of stress cycles at a given amplitude has been counted the
residual fatigue life can be assessed by the Palmgren-Miner linear damage
rule ((Miner, 1945)). The Palmgren-Miner rule can estimate the cumulative
effect of stress cycles having different amplitudes.
k
X
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nk
=1
N (σj )

(2.48)
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ABSTRACT: In this paper, a basic and preliminary framework for the assessment of cumulative bridge cable
fatigue damage due to wind-induced vibrations is presented. The damage assessment is performed using a
probabilistic approach, based on a Bayesian Probabilistic Network, where the wind environment, traffic loading, bridge specific parameters and the mechanisms that induce significant cable vibrations are the main input
parameters. The suggested framework is illustrated on a case study considering the second longest hanger cable of the Great Belt Bridge outlining how information with respect to meteorological and site-specific conditions can be utilized to assess the probability of occurrence of ice-induced vibrations. The fatigue stress in the
cable bending mode is evaluated together with the corresponding fatigue lifetime. The modeling scheme
shows flexibility in the sense that the individual variables can be assigned probability structures in consistency
with the available data as well as subjective knowledge. Moreover the Bayesian framework directly facilitates
updating based on observations and measurements. Future efforts will be directed on inclusion of rain-wind
induced vibrations and the combination of fatigue inducing bending and axial stresses.
1 INTRODUCTION
1.1 Motivation
Bridges often form indispensable components of
transportation links. The preservation of the robustness and residual lifetime of these structures is thus
of great interest for bridge operators and society as a
whole.
The number of long span cable-supported
bridges has increased significantly since the 1970’s
and is still increasing. With this, the number of reports of unanticipated bridge cable vibrations has also increased, despite the fact that in many cases cable vibration countermeasures have been installed.
As an example, see Figure 1 of the Jintang Bridge in
China (Sun (2011)). The often unanticipated cable
vibrations in combination with the effects of traffic
loading cause concern, as regards the lifetime and
risk of failure due to fatigue damage of the cables.
The damage assessment of the cables is not
straightforward though, as the mechanisms causing
the large amplitude vibrations and fatigue failures
are not yet fully understood.
It can be understood that the wind-induced vibration mechanisms mainly cause bending stresses
around the anchorages of the cables and that the random traffic loading mainly causes axial stresses in
the cables. Depending on the characteristics of the
loading and the material, the stresses may lead to fatigue failure of the cables.

Figure 1. The 620m main-span Jintang Bridge in China. The
bridge cables have vibrated extensively, although fitted with a
dimpled surface and external viscous dampers.

Although research towards understanding the axial
fatigue mechanisms is not exhaustive, there is a fair
understanding of the axial fatigue performance of
cables. Bending fatigue mechanisms have been less
researched, but a step forward has recently been
made through the development of a preliminary
bending fatigue spectrum of seven-wire monostrands (Winkler et al. (2011)).
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Through observations and reproduction of the vibration mechanisms by wind tunnel testing (e.g.
Kumarasena et al. (2007)) the origins of the mechanisms causing undesirable cable vibrations are now
largely understood.
Probabilistic methods in the design of cable supported bridges with respect to fatigue are still not
widely applied. Wind-induced vibrations and axial
fatigue due to traffic loads are usually considered in
the design stage from a deterministic point of view.
The probabilistic fatigue analysis of parallel wire cables was addressed by Rackwitz & Faber (1993) and
Faber et al. (2003) and more recently by Petrini &
Bontempi (2011). However, to date no explicit considerations have been devoted to the fatigue effects
caused by wind-induced vibrations. A parametric investigation of the axial fatigue performance of suspended cables was performed by Cluni et al. (2007).
In this investigation, suspended cables subject to lateral wind-induced vibrations caused by drag forces
were investigated on the basis of geometric nonlinear finite element modeling. Other potentially important types of wind-induced cable vibration phenomena associated with rain, ice or sleet remain
ongoing topics of research.
This paper presents a preliminary framework for a
probabilistic approach for cable fatigue assessment
through use of Bayesian Probabilistic Networks
(BPNs). The approach presented here is intended
predominantly to estimate the cable lifetime in the
design phase of a new cable-supported bridge. The
objective is to form a basis for the consistent integration of all aspects affecting the fatigue damage of the
cables exposed to wind and traffic loading.

the states of the variables are represented discretely.
Thus in the modeling, it is necessary to discretize all
variables with continuous states.
2.2 Discretization, detailing and implementation
The assignment of a probability structure to the possible states of each variable in the BPN can be carried out by discretization of the probability distribution, if such a function is defined for the variable
considered. Measurements are already discrete and
their sampling frequency may be utilized to determine the lower bound and upper bounds in the discretization. Depending on whether the variables in
the BPN have only outgoing edges (parent variables)
or also ingoing edges (child variables) the discrete
states of the variables are assigned unconditional or
conditional probability tables, respectively.
3 PROBABILISTIC MODEL CONSTITUTENTS
In the following an outline is provided for the individual nodes illustrated in Figure 2.
3.1 The meteorological variables
The meteorological conditions that affect the “Vibration mechanism” and “Vibration amplitude” variables include wind velocity, wind direction, relative
humidity, precipitation and temperature. The probability distribution of wind velocity can be described
by the 2-parameter Weibull distribution, where its
parameters often are fitted for the different wind directions to be considered.
3.2 The “Cable parameters” variable

2 METHODOLOGY
As described in Bayraktarli et al. (2005), BPNs is a
strong probabilistic modeling tool which facilitates
the representation of the probabilistic characteristics
of the scenarios of uncertain events leading to e.g.
adverse or failure events. In addition to their mind
mapping characteristics, BPN models enhance the
model formulation and the communication of this
with other experts.
2.1 Bayesian Probabilistic Network
The individual steps in forming a BPN comprise: 1)
Formulation of causal interrelations (edges) between
events (variable states) leading to the event(s) of interest, 2) Assignment of a probability structure describing the conditional probabilities for the different
states of each variable and 3) Assignment of the consequences corresponding to the events in the BPN
(see also Faber et al. (2002))
Figure 2 presents the BPN for risk assessment of
cable damage. The BPN represents the causal relationships between the most important variables affecting the fatigue life of bridge cables. In the model,

The “Cable parameter” variable embraces variables
such as fracture strain, yield stress, E-modulus and
the critical damping coefficient. The parameters influence directly or indirectly the stresses in the cables. Parameters as yield stress and E-modulus can
be assumed to follow a normal probability distribution according to Joint Committee on Structural
Safety (JCSS) (2001). The damping coefficients of
the cables are difficult to estimate in the design stage
and are often re-evaluated after completion of the
bridge through structural health monitoring. There is
no known literature that reports how the damping
coefficient can be modeled probabilistically.
3.3 The “Cable geometry” variable
The “Cable geometry” variable includes the length,
diameter, angular inclination, tubing and the type of
cable.
The diameter of the cable influences how prone it
is to wind-induced vibration and the diameter is
highly influenced by the cable type. The geometric
cable parameters can be assumed normal distributed
3-6

according to JCSS (2001).
The variability of the geometric parameters is low
compared with other variables such as the stress
range and can therefore be used deterministically for
reasons of simplicity.
3.4 The “Vibration mechanisms” variable
According to Gimsing & Georgakis (2012) the different types of cable vibrations can be characterized
as:
• von Kármán vortex shedding
• rain-wind excitation
• cable - deck - tower interaction
• high-reduced velocity vortex shedding
• buffeting
• ice - or sleet-induced
• dry inclined cable galloping
Observations of wind-induced vibrations of several bridges in service have been reported during the
last 20-30 years. The occurrence frequency and the
amplitudes associated with the aforementioned vibration mechanisms depend significantly on the specific conditions with respect to wind characteristics,
geometry, loading and climatic conditions.

3.4.1 Field observations
Long-term measurements of wind directions, wind
velocities, temperature, humidity and amount of
rainfall that can lead to occurrence of the different
vibration mechanisms can be used to establish the
corresponding occurrence probabilities. These probabilities serve as input for the probability tables in
the BPN shown in Figure 2. When new specific onsite observations concerning environmental load
conditions or new general insights concerning the
vibration mechanisms become available the probability tables in the BPN can be updated.
3.5 The “Traffic load” variable
The fatigue stresses in the cables due to axial stress
fluctuations are mainly due to traffic loading. Heavy
loading from trains can contribute significantly to
the reduction in lifetime of cables, see Petrini &
Bontempi (2011).
3.6 The “Vibration amplitude” variable
As indicated in Figure 2, the “Vibration amplitude”
variable is depending on the climatic condition, the

Figure 2. The Bayesian Probabilistic Network: Risk assessment framework for bridge cable fatigue failure.
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cable specific parameters and the vibration mechanisms causing the vibrations. State-of-the-art
knowledge regarding the amplitude ranges for the
different wind-induced vibration mechanisms should
be utilized when assigning the conditional probabilities to the table in the BPN. The state-of-art
knowledge can be obtained from wind tunnel testing,
existing monitoring data, analytical and numerical
models or a combination.
3.7 The “Occurrence time” variable
The duration of the occurrence of vibrations depends
on the loading mechanism and again state-of-the-art
knowledge must be employed in creating the probability table of the BPN.
3.8 The “Stress” variable
As pointed out in Figure 2, with the arrow pointing
from the “Stress” variable to the “Damage” variable,
the damage state depends on the fatigue inducing
variations of axial and bending stresses over time.
The transformation from displacements to bending
stresses is not trivial. Wyatt’s formula (1960) for
calculating the bending stress near the anchorage has
been widely adopted, but is limited in the sense that
the formula assumes the cable works as a rod. Today
hanger and stay cables often are made of several
strands, which have a stiffness between that of a solid bar and that of independent wires.

Bridge in Denmark. Both earlier and recent literature
report observations of cable vibrations due to accretion of ice on the cables of the Great Belt East
Bridge (Gjelstrup et al. (2007)).
By assuming that the vibration mechanism variable has only two states, namely ice-induced vibrations occurring and no vibrations occurring, the BPN
shown in Figure 2 is reduced to the one shown in
Figure 3. Previous reports of ice-induced vibrations
of bridge cables and transmission lines (see e.g.
Gjelstrup (2007) and Jiang et al. (2004)) indicate
that the wind velocity, wind direction and the temperature are significant climatic parameters to be
considered. Gjelstrup (2011) also found that the ice
accretion on the cables is correlated with the water/liquid content of the air (humidity). The correlation between ice formation and water/liquid content
in the air is considered by taking the relative humidity into account. From Figure 3, it can be ascertained
that the input parameters are reduced to only the
aforementioned climatic parameters. The effects of
traffic loading are not considered here.
The hangers are of the locked coil cable type
sheathed by a polyethylene tube. Hydraulic dampers
were installed in 2005 on the two longest hanger cables. The cable specific parameters are given in Table 1 and are not considered as input variables in the
simplified version of the BPN. The position of the
second longest hanger pair analyzed can be obtained
from Figure 4.

3.9 The “Damage” variable
The cables can reach different damage states during
their lifetime. The damage state of parallel wire cables was assessed by Rackwitz & Faber (1993),
where they recommended that the cables to be designed for the endurance limit as regards fatigue.
Once this limit is exceeded, the accumulative damage will dramatically propagate and the cable life
will soon be terminated. The damage state can be assessed by counting the number of stress cycles at a
given magnitude by a rainflow counting algorithm,
see e.g. American Society for Testing and Materials
(ASTM) (1999). The number of cycles versus the
magnitude will be assessed through a S-N curve and
the Palmgren-Miner linear damage rule (Miner
(1945)).
S-N curves are determined through fatigue testing. For cables, the fatigue tests are generally either
axial or bending.
4 CASE STUDY
The methodology of the framework presented in
Figure 2 is illustrated through a case study of iceinduced vibrations of a hanger from the Great Belt

Figure 3. The Bayesian Probabilistic Network used for the case
study.
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wind velocities for the Great Belt Bridge instabilities
leads to the velocity range 14 – 26m/s.

Figure 4. Positioning of the accelerometer and anemometer at
the Great Belt East Bridge, Denmark.
Table 1. Specifications of the second longest pair of hanger cables
from the Great Belt East Bridge.
________________________________________________
Unit
Value
________________________________________________
Cable No.
[-]
147.1
Length
[m]
168
Frequency
[Hz]
0.64
E-modulus
[GPa]
180
Steel area
[mm2]
6470
Mass
[kg/m]
54
Outer
diameter
[m]
0.11
________________________________________________

4.1 Ice-induced vibrations
Vibrations due to ice accretion on cables are of the
galloping type. The vibrations induced by ice and
sleet accretion occur because of the change of cross
sectional area of the cables and thereby affect the
drag and lift coefficients. Koss et al. (2012) studied
the ice accretion and its effect on the aerodynamic
behavior and found that the size of the ice accretion
depends on the temperature together with the wind
velocity.
The presence of an asymmetric cross section can
lead to the generation of negative damping. If negative damping exceeds the structural damping, instability will occur. An instability criterion was defined
by Den Hartog (1934) for a 1-dof system as:
dL
(1)
+D < 0
dα
where L is the lift coefficient, D is the drag coefficient and α is the wind angle of attack. The definition of wind angle of attack can be seen in Figure 5
and examples of drag and lift coefficient curves can
be seen in Figure 6, where the instability regions are
highlighted with red. The Den Hartog instability criterion is used in the BPN to define when ice-induced
vibrations are expected to occur.
Gjelstrup (2011) found by wind tunnel testing the
drag and lift coefficients for six different ice shapes.
The wind tunnel tests were performed with a cylinder with a diameter of 0.07m, wind speeds ranging
from 22 – 41m/s and wind angle of attack varying
from -90 – 90 degrees. The Reynolds number range
corresponds to the subcritical range in which the reports of the vibrations of the Great Belt Bridge were
also observed. Scaling the tested wind velocities to

Figure 5. Ice shape II from Gjelstrup (2011).

The force coefficient curves depend on the
amount and shape of the ice accreted on the cable.
Here it is assumed that ice shape II according to
Gjelstrup (2011) represents a mean probable shape.
The ice shape and the force coefficients for this
shape can be seen in Figure 5 and 6, respectively.
Applying the Den Hartog instability criterion to the
experimentally determined lift and drag curves, instability is predicted to occur when the wind angleof-attack is between -85–(-90), -30–15 and 30–35
degrees. The drag and lift curves in Figure 6 are assumed symmetrical around zero and the most conservative values are employed.
4.2 Climatic data
4.2.1 Seasonality
Seasonality is significant for the climatic parameters.
In this case study, the year is divided into four seasons: spring, summer, fall and winter. Each season is
assigned equal probability of occurring.
4.2.2 Wind velocity and wind direction
The probabilities of the different wind velocities are
conditionally dependent on the wind direction and
the season. The simultaneous observations of the
wind velocities and directions are obtained from the
Danish Meteorological Institute and are given in the
form of wind roses by Cappelen & Jørgensen (1999).
The 10-minute sustained wind speed and wind direction were measured every third hour from 1961 –
1990 for Copenhagen Airport. The wind direction is
divided into 12 intervals of 30° each, which is assigned the conditional probability of occurrence given the season. The wind velocities are fitted for each
season and wind direction interval by the twoparameter Weibull distribution. These are then discretized into 30 intervals, each with a range of 1m/s.
It is assumed that the probability from the Weibull
distribution of obtaining a specific 10-min mean
wind velocity every 3 hours is the same as every 10
min.
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for the profile change together with the temperature
criterion.
10-min measurements of the relative humidity
during 2011 were also obtained from DMI (2012)
and it is found that the probability of having a relative humidity between 85-100% is about 60%.
4.3 Vibration amplitude

Figure 6. Drag and lift coefficients found through wind-tunnel
testing for ice shape II, with scaled wind velocities between 22
– 41m/s, Gjelstrup (2011).

4.2.3 Change of wind direction
Time series of 10-min mean wind directions are used
to estimate the probability of change in wind direction. The wind was measured using a tri-directional
ultrasonic DeltaOhm anemometer (HD2003R) positioned on the Great Belt Bridge (see Figure 4). 92
days of monitoring obtained in the period from the
27th Oct. 2010 – 28th Dec. 2010 were used to find the
probability of change in wind direction. The data is
limited to approximately three months during wintertime in Denmark, but it is assumed that the
changes in wind direction will be the same all year
round. The absolute value of the shift in wind angle
of attack is used, since there is no differentiation between the direction of the shift. Using this value of
change in wind direction implies an anticipation that
the ice will accrete during the previous wind direction.
4.2.4 Temperature
The temperature variation is modeled by empirical
data of 10-min mean temperature measurements
from 2011. Both the daily and monthly variation
taken into account, whereas the yearly variation is
omitted in this case study. The data was obtained
from DMI (2012).
Ervik & Fikke (1982) report that incloud icing
occurs at temperatures between -10°C and 0°C, this
temperature range is adopted as the temperature criterion for ice accretion on the cables.

Gjelstrup et al. (2007) reported that up to 2m amplitude vibrations of the second longest cable were recorded in March 2001. Since 2001 dampers have been
installed, thus reducing the vibration amplitudes by
approximately 10 times (Acampora (2011)). For the
purpose of illustration, it is assumed that no dampers
are installed on the cables and that the root-meanssquare (RMS) value of the maximum stress obtained
at the vibration amplitude of 2m (as reported before
the damper installation) will last 10 minutes when
the instability criterion is fulfilled. Otherwise is it
assumed that the amplitude of the cable varies between 0 – 0.2m.
4.4 Stresses
For simplicity, the transformation from displacement
of the cables to bending stresses near the anchorage
is performed using Wyatt’s formula (1960). In this
study, contributions other than dead load to the axial
tension in the hanger are neglected and the angular
deviation of the hanger is calculated deterministically. The stresses are calculated assuming that the vibrations are only in one mode, namely mode 1. The
equivalent stress range to vibration amplitude of 0 –
0.2m and 0.2-2m becomes 0 – 40.4MPa and 40.4 –
224MPa.
The maximum number of stress cycles at a given
stress level before failure must be known to evaluate
the damage state. Takena et al. (1992) made bending
fatigue tests with cables composed of 91 – 127 7mm
zinc-galvanized wires. The results are shown in Figure 7 together with a fitted line. This S-N curve is
used in the damage assessment of a hanger from the
Great Belt Bridge.
40.4MPa is below the endurance limit thus the
Palmgren-Miner damage rule reduces to one term.
The SN-curve shown in Figure 7 can therefore be
applied directly. The red line indicates the upper
bound of the stress range 40.4 – 224MPa under
which the maximum stress cycles allowed are
1.400.000.

4.2.5 Relative humidity
The ice accretion on the cables can be either due to
freezing rain or incloud icing. Both are characterized
by very high relative humidity of the air whilst the
temperature is below 0°C. Farzaneh & Melo (1990)
have observed freezing rain and incloud icing (fog
with droplets) at a relative humidity between approximately 85-100%, which is adopted as the criterion
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Figure 7. S-N curve based on bending fatigue experiments with
91-127 7mm zinc-galvanized wires (Takena et al. (1992)).

The climatic parameters are often available from
the national meteorological institutes, whereas estimation of the force coefficients requires climatic
wind-tunnel testing. For a bridge with a design lifetime of about 100 years, updating of the climatic parameters might be relevant during the lifetime of the
cable: Bayesian updating within the BPN framework
greatly facilitates this.
The calculation of the bending stress is carried
out with various simplifications both regarding the
stiffness of the cable and the modal shape and amplitude. Both issues should be addressed further in the
future. The latter simplification might, however, be
released by relating the loading condition together
with the ice shape, which directly links to the force
coefficients, to the amplitude. How to combine the
axial and bending stresses near the anchorage and
what impact the combined effect would have on the
fatigue lifetime are as well topics of future research.
Furthermore, rain-wind induced vibration, which
reportedly contributes to a total of 95% of large amplitude vibrations, should be included in the modeling.
This preliminary framework and the case study
underlines that bending stresses due to wind-induced
vibrations should be considered in the design phase
of new bridges as well as in the maintenance planning for existing bridges.
REFERENCES

Figure 8. The Palmgren-Miner damage as function of the time
in months for the cable pair considered.

As a result of the BPN, the occurrence probability
is found to be 0.14% every 10 minutes. This means
that the mean occurrence rate every year is approx
74. 74 occurrences of 10 minutes with a stress of
224MPa would give a lifetime of about 49 years.
The Palmgren-Miner damage rule is plotted as a
function of years in Figure 8.
The results are more for illustrative purposes, rather than to present an actual assessment results.
5 CONCLUSION
A framework for utilizing a Bayesian Probabilistic
Network (BPN) to model and assess the fatigue
damage of hanger and stay cables subject to windinduced vibrations is presented. The proposed
framework is illustrated and investigated on the basis of a case study considering a hanger cable from
the Great Belt Bridge. The modeling scheme shows
flexibility in the sense that the individual variables
can be assigned probability structures in consistency
with the available data as well as subjective
knowledge.

Acampora, A. 2011. Hanger vibration monitoring of the
Storebælt Bridge 15.10.2009 to 30.06.2011, Report for
Femern A/S and Storebælt A/S.
ASTM, E. 1999. 1049-85, Standard practices for cycle counting in fatigue analysis. Annual book of ASTM standards, p.
710-718.
Bayraktarli, Y.Y. & Ulfkjaer, J. & Yazgan, U. &
Faber, M.H. 2005. On the application of Bayesian probabilistic networks for earthquake risk management. 9th international conference on structural safety and reliability, Italy,
Rome.
Cappelen, J. & Jørgensen, B. 1999. Observed Wind Speed and
Direction in Denmark - with Climatological Standard Normals, 1961-90. DANISH METEOROLOGICAL INSTITUTE,
Technical report 99-13.
Cluni, F. & Gusella, V. & Ubertini, F. 2007. A parametric investigation of wind-induced cable fatigue. Engineering
Structures, 29; 3094-3105.
Danish Meteorological Institute (DMI), 2012. Climatic data
personally obtained from DMI.
Ervik, M. & Fikke, S.M. 1982. Development of a mathematical
model to estimate ice loading on transmission lines by use of
general climatological data. IEEE Transactions on Power
Apparatus and Systems, Vol. Pas-101, No. 6
Faber, M.H. & Kroon, I.B. & Kragh, E. & Bayly, D. & Decosemaeker, P. 2002. Risk assessment of decommissioning options using Bayesian networks. Journal of Offshore Mechanics and Arctic Engineering, 124: 231-238.

3-11

Faber, M. H. & Engelund, S. & Rackwitz, R. 2003. Aspects of
parallel wire cable reliability. Structural Safety, vol. 25, p.
201 – 225.
Farzaneh, M. & Melo, O.T. 1990. Properties and effect of
freezing rain and winter fog on outline insulators. Cold Regions Science and Technology, 19: 33-46.
Gimsing, N. J. & Georgakis, C. T. 2012. Cable supported
bridges: concept and design. 3. Edition, Wiley (John) &
Sons.
Gjelstrup, H. 2011. Understanding and simulating windinduced vibrations of iced vertical cables. PhD-thesis, Department of Civil Engineering, Technical University of
Denmark.
Gjelstrup, H. & Georgakis, C.T. 2009. Aerodynamic instability
of a cylinder with thin ice accretion. Proc. Of 8th International Symposium on Cable Dynamics (ISCD 2009).
Gjelstrup, H. & Georgakis, C.T. & Larsen, A. 2007. A prelimnary investigation of the hanger vibrations on the Great Belt
East Bridge. Proc. of the Seventh International Symposium
on Cable Dynamics (ISCD 2007).
Jiang, X. & Shu, L. & Sima, W. & Xie, S. & Hu, J. & Zhang,
Z. 2004. Chinese Transmission Lines’ Icing Characteristics
and Analysis of Severe Ice Accidents. International Journal
of Offshore and Polar Engineering. Vol. 14, No. 3, p. 196201.
Joint Committee on Structural Safety (JCSS), 2001.
Probabilistic Model Code, http://www.jcss.byg.dtu.dk
Koss, H. & Gjelstrup, H. & Georgakis, C.T. 2012. Experimental study of ice accretion on circular cylinders at moderate
low temperatures. Journal of Wind Engineering and Industrial Aerodynamic, in Press.
Kumarasena, S. and Jones, N.P. and Irwin, P. and Taylor, P.
2007. Wind-induced vibration of stay cables. US Federal
Highway Administration, Technical report.
Miner, M. 1945. Cumulative damage in fatigue.
Journal of applied mechanics, 12: A-159-A1.
Petrini, F. & Bontempi, F. 2011. Estimation of fatigue life for long span suspension bridge hangers under wind
action and train transit. Structure and Infrastructure Engineering, 7; 491-507.
Rackwitz, R. & Faber, M.H. 1991, Reliability of Parallel Wire
Cable under Fatigue. Proc. of the 6th International Conference on Application of Statistics and Probability in Civil
Engineering, Mexico, June.
Sun, L. & Dong, X. 2011. Researches and applications on vibration control of long stay cables in China. Keynote lecture at the 9th International Symposium of Cable
Dynamics, 18-20th Oct. Shanghai, China.
Takena, K. and Miki, C. and Shimokawa, H. and Sakamoto, K.,
1992. Fatigue resistance of large-diameter cable for cablestayed bridges. Journal of Structural Engineering, vol. 118,
p. 701-715.
Winkler, J. & Fisher, G. & Georgakis, C.T. & Kotas, A., 2011.
A preliminary bending fatigue spectrum for steel monostrand
cables. Journal of the international association for shell and
spatial structures: J.IASS
Wyatt, T.A., 1960. Secondary stress in parallel wire suspension
cables, Journal of the Structural Division, Proceedings of
the ASCE.

3-12

Chapter 4
Paper II
Risk Assessment Model for Ice
Accretion on Bridge Cables
through Probabilistic
Evaluation of Meteorological
Data

Figure 4.1: Overview of the work presented in the thesis.

4-1

Paper II
Risk Assessment Model for Ice Accretion on Bridge Cables through Probabilistic
Evaluation of Meteorological Data

4-2

Department of Civil Engineering - Technical University of Denmark

Paper II
”Risk assessment model for ice accretion on bridge cables
through probabilistic evaluation of meteorological data”
J.H. Roldsgaard, A.S. Kiremidjian, C.T. Georgakis and M.H. Faber

Under review in: Journal of Bridge Engineering, 2013/2014

4-3

Paper II
Risk Assessment Model for Ice Accretion on Bridge Cables through Probabilistic
Evaluation of Meteorological Data

4-4

Department of Civil Engineering - Technical University of Denmark

Risk assessment model for ice accretion on bridge cables through probabilistic
evaluation of meteorological data
J. H. Roldsgaard 1, A. S. Kiremidjian 2, C. T. Georgakis 3, M. H. Faber 4
Abstract
The present paper presents an operational probabilistic framework for the assessment of the
expected number of occurrences of ice/snow accretion on bridge cables. The framework utilizes
Bayesian Probabilistic Networks as a tool to support engineering decision making on cable ice
management and its application is illustrated through an example considering the cable-stayed
Øresund Bridge. The operational probabilistic framework is intended to be included in the
Probabilistic Model Code (JCSS, 2006), which aims to standardize probabilistic models as a
decision support tool in risk management engineering. A short review is first provided on
available research on different icing mechanisms and their engineering modeling. Thereafter a
short introduction is given on Bayesian Probabilistic Networks as a modeling tool. The case
study focuses on the ice/snow accretion due to the in-cloud icing and precipitation icing
mechanisms and includes probabilistic assessments of the meteorological variables influencing
the ice/snow accretion on the stay cables. Different probabilistic models are utilized for the
representation of the meteorological variables and their appropriateness is evaluated both
through goodness-of-fit tests and by means of qualitative considerations. Conditional
1

PhD student at Department of Civil Engineering, Technical University of Denmark, Brovej 1 build. 118, 2800 Kgs. Lyngby. Email: jhro@byg.dtu.dk
2
PhD, M.ASCE., Professor at Civil and Environmental Engineering, Stanford University, 475 Via Ortega, Stanford, California
94305-4121.
3
PhD, Associate Professor at Department of Civil Engineering, Technical University of Denmark, Brovej 1 build. 118, 2800 Kgs.
Lyngby.
4

PhD, Head of Department of Civil Engineering, Technical University of Denmark, Brovej 1 build. 118, 2800 Kgs. Lyngby.

4-5

probabilities are evaluated to predict the occurrence of precipitation icing given a set of
meteorological conditions using the Gaussian Kernel Smoothing method. The probabilistic
models developed for the meteorological variables and the conditional probabilities for ice
accretion are implemented in a Bayesian Probabilistic Network and the expected value of
ice/snow accretion events is estimated to about 6.5 days per year. At last, the robustness of the
proposed model is examined by varying the different types of probability density functions used
to model the meteorological variables together with varying the discretization level used in the
Bayesian Probabilistic Network for the individual variables.
Keywords: Cable-stayed bridges, ice accretion, weather conditions, Bayesian Probabilistic
Networks
Introduction
The annual number of bridge closures and traffic restrictions on bridges has increased along with
the number of long span cable supported bridges build since the 1970´s. Some of these
unanticipated bridge closures and traffic restrictions are caused by ice or sleet induced vibrations
of the cables or ice/snow shedding from the cables. Both can lead to dangerous situations for the
bridge users and may be socioeconomically expensive due to closure of the bridges to traffic.
The Great Belt Bridge (Denmark) (Kleissl & Georgakis 2010), the Øresund Bridge (SwedenDenmark), Severn and Second Severn Crossing (England-Wales) (Lai 2009, BBC 2009),
Veterans Glass City Skyway Bridge (Toledo, Ohio) (Kumpf et al. 2012), Uddevalla Bridge
(Sweden) (Kuhn 2006) and the Port Mann Bridge (Vancouver, Canada) (CBC 2012) have all
been subject to ice/snow shedding from the bridge cables. The ice/snow shedding or ice/sleet
induced vibrations often come as a surprise to the bridge owners, operators and designers.
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However, appropriate preventive measures can be identified already in the design phase for
potentially exposed bridges on the basis of risk assessments.
Design for ice/snow accretion on transmission lines in cold regions is considered and
standardized in codes and guidelines such as the Eurocode, IEC etc. on the basis of probabilistic
modeling and modern methods of structural reliability. However, the focus of the design of
transmission lines is on the extreme events of ice/snow overload on the conductors to prevent
electricity shut down, such as the one experienced in Canada in 1998 (Farzaneh 2000). Bridge
engineers, owners and authorities are interested in the expected number of occurrences of any
ice/snow accretion event that can lead to ice/snow shedding from the cables. Thus the attention
of the present paper is directed on the conditions under which ice or snow accretes on the cables
together with the occurrence probability of these conditions and not only on the extreme
accretion events, where the amount of ice accreted is the main objective of the model. Modeling
the occurrence and/or amount of ice accretion on cables have been addressed by many in the
past. The most commonly used and well-accepted models developed by Makkonen (2000)
require knowledge about special uncommon meteorological parameters such as liquid water
content, droplet size, sticking, collision and accretion efficiency etc. The novelty in the presented
approach is that the annual probability of occurrence of ice accretion on cables can be assessed
based on meteorological variables that are readily available from meteorological stations. The
operational probabilistic model for ice accretion is developed with the intension of future
inclusion in the JCSS Probabilistic Model Code (PMC) (JCSS, 2006) to support design and
assessment with respect to ice induced loading and ice management more generally.
An operational probabilistic methodology for estimating the expected number of occurrences of
ice/snow accretion on bridge cables based on monitoring data is proposed in the present paper.
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The approach can be used in a broader framework for probabilistic assessment of bridge cable
fatigue using Bayesian Probabilistic Networks (BPNs), as presented by Roldsgaard et al. (2012).
The conditions under which ice/snow accretes on cables are modeled probabilistically. To this
end random variables are utilized for the representation of the meteorological variables, with
probability distribution functions and associated parameters selected through statistical
assessments of monitoring data collected in the vicinity of the Øresund Bridge. On the basis of
the developed probabilistic models utilized within the Bayesian Probabilistic Networks the
expected number of ice/snow accretion events per year is finally assessed.
Outline of basic conditions for ice/snow accretion
Modeling of ice/snow accretion is not a trivial problem. In the literature different types of
accretion models have been proposed: mathematically by e.g. Myers and Charpin (2004) and
experimentally by e.g. Jones (1998). The former type often requires input parameters that can be
difficult to measure such as droplet size whereas the latter type is based on the physics of ice
accretion. In order to estimate the annual occurrence probability of ice or snow accretion or the
expected value of ice or snow accretion events, the basic conditions which are triggering the
ice/snow accretion process are first discussed. Typically ice/snow accretion on cables occurs
either by precipitation icing, in-cloud icing or hoar frost. Hoar frost is often neglected in
transmission line design, since the accretion is relatively lightweight. However, it is believed that
the ice accretion due to hoar frost can induce galloping vibrations of bridge cables and it is a fact
that even small ice lumps can be a hazard for the bridge users. Though the importance of this
topic is recognized by the authors, the present paper focuses on the development of the
operational probabilistic framework for estimating the occurrence probability of ice accretion
due to in-cloud and precipitation icing on bridge cables. Precipitation icing can result in glaze,
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wet snow or dry snow; whereas in-cloud icing can result in soft or hard rime. Precipitation icing
occurs at any location where precipitation is present at the same time as freezing temperatures.
The realization of the different types of precipitation icing depends on the vertical temperature
layers (Thérialut et al. 2006). The categorization of the ice accretion as a function of temperature
and wind velocity is shown in Figure 1 and the corresponding densities are given in Table 1.
Table 1. Characteristics of different icing types.
Precipitation icing
Wet snow
Glaze
Density [kg/m3]

300-800

700-900

In-cloud icing
Hard rime
Soft rime
600-800

200-600

Hoar Frost
< 300

Figure 1. Categorization of icing types as a function of wind velocity and temperature (IEC/CEI
60826, 2003).
Accretion due to precipitation icing normally occurs under higher temperatures than accretion
due to in-cloud icing, especially for wet snow accretion, which has been observed for positive
temperatures (Ervik & Fikke, 1982). From Figure 1 it can also be ascertained that accretion types
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soft and hard rime, which are due to in-cloud icing, are able to form for lower temperatures than
the glaze type of accretion. For in-cloud icing to occur, the relative humidity of the surrounding
air must be very high, which means at the saturation point or very close (relative humidity
between 95-100%), together with temperatures below or at the freezing point. The two icing
mechanisms can be distinguished by the occurrence of precipitation at the point in time where
the ice accretion occurs.
Probabilistic Model Outline
Bayesian Probabilistic Networks
Bayesian Probabilistic Networks (BPNs) form a strong probabilistic modeling tool which
facilitates the representation of the probabilistic characteristics of the scenarios of uncertain
events leading to e.g. adverse or failure events (e.g. Bayraktarli et al. 2005). In addition to their
mind mapping characteristics, BPN models enhance the model formulation and the
communication of this with other experts. The individual steps in forming a BPN comprise: 1)
Formulation of causal interrelations (edges) between events (variable states) leading to the
event(s) of interest, 2) Assignment of a probability structure describing the conditional
probabilities for the different states of each variable and 3) Assignment of the consequences
corresponding to the events in the BPN (see also Faber et al. (2002)).
Figure 2 presents the BPN model for the assessment of the annual probability of occurrence of
ice/snow accretion. The BPN represents the causal relationships between the most important
variables affecting the two icing mechanisms considered: in-cloud icing and precipitation icing.
The probability of occurrence of in-cloud icing is based on the criterion mentioned in the section
above, whereas the probability of occurrence of precipitation icing is based on statistics of
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measured data from a test site located at Mont Bélair, Quebec, Canada (Farzaneh & Savadjiev,
2005). In the model, the states of the variables are represented discretely. Therefore, it is
necessary to discretize all variables with continuous states.

Figure 2. The Bayesian Probabilistic Network for the assessment of the annual probability of
occurrence of ice/snow accretion on bridge cables.
Given that a probabilistic model has been established for each variable in the BPN in terms of a
probability distribution function the assignment of a probability structure to the possible states of
each variable in the BPN can be carried out by discretization of the probability distributions.
Measurements are already discrete and their sampling frequency may be utilized to determine the
lower bound and upper bounds in the discretization. Depending on whether the variables in the
BPN have only outgoing edges (parent variables) or also ingoing edges (child variables) the
discrete states of the variables are assigned unconditional or conditional probability tables,
respectively. In the case study the BPN is implemented in the commercial software HUGIN
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Researcher (Andersen, 1989) which can be used from different API platforms. There are several
other software packages on the market e.g. WinBUGS (WinBUGS 2007), OpenMarkov (Arias et
al. 2012), GeNIe & SMILE (GeNIe & SMILE 2013), AIspace (Knoll et al. 2008) and Netica
(Netica 2013).
Probabilistic Model Constituents
In the modeling the meteorological variables may be appropriately represented through random
processes or in some situations through random variables. In the case of random variables the
corresponding probability distribution functions can directly be discretized and used in the BPN
whereas in the case of random processes the characteristics of the processes with respect to
ergodicity and dependency must be assessed before an idealization of the random process, for
given time intervals, in terms of a random variable in the BPN can be formulated to characterize
the random process. In some situation it can be advantageous to use available measurements
directly since they already are discretized. Here the investigation of the autocorrelation and
cross-correlation functions can be an essential part of the analysis, since it can reveal if the
random processes are stationary and correlated with other variables (Madsen 2008). If a random
process is stationary and not cross-correlated with any of the other variables, an appropriate
marginal probability distribution function can be identified by model estimation and testing –
using a mixture of physical considerations together with data assessment. In the case where the
random process is stationary but cross-correlated with one or more other variables, however,
conditional probability distribution functions must be formulated. The dependency structure
between two variables should also be represented in the BPN. In case the probability distribution
functions are not given a-priory, different types of probability density functions should be tested
for their appropriateness using standard statistical procedures. For different variables, depending
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on their role and importance for the result of interest, i.e. annual probability of icing events, the
upper, middle or lower sections of their probability distribution functions may be of importance;
this should be carefully considered for each individual variable. To estimate the expected number
of annual occurrences of ice/snow accretion, a range of different options are available by
combining phenomenological models with purely empirical models and monitoring data.
In the case that one or more of the meteorological variables already have been represented in
terms of probabilistic models, i.e. through probability distribution functions, it is important to
take into account the different assumptions subject to which these models were established in the
further modeling and analysis.
The approach for assessing the occurrence frequency of ice accretion within the BPN can be
described by the following five steps: 1) The correlation structures between the meteorological
variables are found, 2) Identification of appropriate probability distribution functions to represent
the individual meteorological variables, 3) Define criteria for ice accretion based on either
literature, data or both, 4) Propagation of the probabilities to estimate the occurrence frequency
of ice accretion, 5) Sensitivity and robustness analyses of the BPN.
The described probabilistic framework for estimating the annual probability of occurrence of
icing events on bridge cables is illustrated through a case study considering the stay cables of the
Øresund Bridge. Suggestions are given through the case study for processing other data formats
than the ones utilized for this specific example.
Analysis alternative – Monte Carlo simulation
The calculation of the probability of precipitation icing and in-cloud icing can also be performed
through Monte Carlo simulation, however, the BPN possess a range of favorable features
4-13

compared with the Monte Carlo method. Among these the ability of BPNs to accommodate for
new observations by means of probability updating is a strong feature which facilitates that even
if a BPN has been developed on the basis of probabilistic models for the environmental variables
which only to some degree reflect the local conditions the BPN can be updated over time to
reflect these more precisely. Moreover, a-priori knowledge concerning the variables can
effortless be integrated in the BPN and the CPU time used to undertake the analysis is less for
the BPN than for the Monte Carlo Method. Thus, in the following the BPN shown in Figure 2 is
utilized both as a probabilistic model framework and as a tool for the probabilistic assessments.
Analysis of the meteorological data for the Øresund Bridge site
The Øresund Bridge is a cable stayed bridge with a main span of 490 m, connecting Denmark
and Sweden. Figure 3 shows the location of the Øresund Bridge and Copenhagen Airport
Kastrup, from where observations of meteorological are available for the modeling. The bridge is
oriented in the N-W to S-E direction and the stay cables are arranged in a harp configuration are
inclined with an angle of 30 degrees to the horizon.
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Figure 3. Map of the Øresund link and Copenhagen Airport Kastrup (Denmark), courtesy of
Øresundsbro Konsortiet, with permission.
The Danish Meteorological Institute (DMI) has a network of 65 observation stations covering
Denmark. In the present paper measurements obtained from station 6180 are considered. This
station is located at Copenhagen Airport Kastrup, which is in flat terrain and close to the ocean.
It is chosen to use data from Copenhagen Airport Kastrup, since it is situated only about 10 km
from the Øresund Bridge. This station has 10-min-mean values of the meteorological variables
available for every 10 min since the 25th of June 2003. The data are obtained from that date until
the 31st of December 2011 at 23:50. This gives a total of 447079 data points for the
meteorological variables: wind velocity, wind direction, relative humidity, temperature and
precipitation. The precipitation is measured every 10 minute in the form of the accumulated
precipitation since the last measurement. Less than 0.5% of the data points for any one of the
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variables are missing or are reported as non-available. If one data point for one of the variables is
missing, the equivalent data points of the other variables are removed from the data set. Due to
the relative short period of time over which data have been collected (compared with the design
life of a typical cable supported bridge) the long-term climate effects are neglected in the
analysis of the meteorological variables.
The amount and form of available measurements can vary significantly from case to case;
whether it concerns the design of a new bridge or the reassessment of an existing bridge.
Moreover, even in a specific situation the available data may differ for the different
meteorological variables. In order to ensure consistency in the probabilistic modeling all the
variables included in the BPN must be transformed to the same time scale. This can be done by
means of averaging observations over short time periods corresponding to the period of interest,
or by splitting an average over a long period into shorter periods of time – as relevant. In this
process of course it is necessary to account for the corresponding changes of dispersions
characteristics. Sparse data that only represent one season or one year can be a source of biased
results, due to the variability from year to year. Moreover, possible non-ergodic influences on
measurements effects must be carefully considered as these may distort the models. As an
example of this long-term temperature measurements from stations located outside urban areas
30-years ago may over the years have been surrounded by buildings and thereby subjected to
urban heating (Tank et al. 2002).
Correlation
The measurements of the wind velocity, wind direction, temperature, relative humidity and
precipitation from Copenhagen Airport Kastrup are provided as time series (realizations of
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stochastic processes). The cross correlation between two observed time series

X (t )

and

Y (t ) ,

which are assumed stationary, may be analyzed by:
1 n
∑ ( x ( ti ) − µˆ X ) ( y ( ti +τ ) − µˆY )
n
ρ xy (τ ) = i =1
σˆ X σˆY

where

x(ti )

(1)

is the i’th observation of the time series

X (t )

and y ( ti +τ ) is ( i + τ ) ’th observation of the

time series Y ( t ) . τ is the time difference between the two observations, µˆ X and µˆY are the sample
means, σˆ X and σˆY are the sample standard deviations of the two observed time series
Y (t ) ,

X (t ) and

respectively and n is the number of observations in the time series (Faber 2012). Since the

wind direction is given in degrees and both 0 and 360 degrees indicate north, it does not make
physical sense to plot the cross-correlation function between the wind direction and any other
meteorological variable. It is found that the relative humidity and temperature are crosscorrelated, whereas the cross-correlation between the other variables does not reveal any clear
trends. It is also found that all the individual stochastic processes can be assumed stationary.
In the situations where time series of the meteorological variables are not available, the
dependency structure from Figure 2 can be adopted or learned from the literature, such as reports
from national meteorological institutes that often describe the general correlation between the
meteorological variables both national but also sometimes at more specific locations. In cases
where wind roses are available the dependency between the wind velocity and wind direction can
be extracted from those.
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Probabilistic modeling of the meteorological variables
Various types of probability distributions are suggested as possible models and tested against the
observations of the different meteorological variables; the results of these assessments are
summarized in the following subsections. For all variables different probability distribution
function types should be evaluated. The goodness of the individual fitted distributions as models
for the uncertain meteorological variables are evaluated based on Quantile–Quantile plots (Q-Q
plot), probability density function plots, cumulative distribution function plots and finally also
the D-statistics of the Kolmogorov–Smirnov test (K-S test) is computed as the maximum value
between the postulated and observed cumulative distribution functions, see Equation (2).
n

=
D max  FO ( xi ) − FP ( xi ) 
i =1

where

FO ( xi ) is

(2)

the observed cumulative distribution function,

distribution function and

xi

FP ( xi )

is the postulated cumulative

is the i’th observation. Not all of the above mentioned plots are

shown in the present paper due to space limitations but they are considered in the overall
assessment of the different types of probability distributions fitted to the meteorological
variables.
Wind direction
The wind direction is defined as a parent node in the BPN (see Figure 2), which means that it has
no incoming edges. Therefore an unconditional probability distribution is fitted to the wind
direction data. The wind direction is measured in degrees 10 m over terrain with 0 and 360
degrees as magnetic north. The wind direction in Denmark is predominantly western (blowing
from west) (Cappelen & Jørgensen 1999). The histogram of the wind direction in Figure 4
shows peaks around 250-270 degrees. The wind direction histogram in Figure 4 has a uniform
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lower part and an upper non-uniform part. To determine which distribution type best captures the
wind direction, a truncated mirrored Log-normal, a truncated Normal and a Beta distribution are
tested for the non-uniform part.

Figure 4. Empirical histogram of the 10-min mean wind direction together with the fitted Lognormal, Normal and Beta distributions.
The Q-Q plot (not shown here), the K-S test and the probability density function in Figure 4 all
indicate that the truncated mirrored Log-normal and Uniform distribution are the best estimate
for the wind direction data. The Uniform + truncated mirrored Log-normal distribution is written
in a general form in Equation (3).
f ( d ;α , β ) = c1 ⋅ f D1 ( d ) + c2 ⋅ f D2 ( d )
= c1 ⋅ f D1 ( d ) + c2 ⋅ c3 ⋅ f D3 ( d )
= c1 ⋅

  ( ln d − α )
1
1
+ c2 ⋅ c3 ⋅
exp  − 
 
d max − d min
2β 2
d β 2π
 

f D1 ( d )

and

respectively,

f D3 ( d )

where

(3)

f D2 ( d )

2






is the probability distribution of the uniform and non-uniform part

is the truncated probability distribution of the non-uniform part, d is the wind
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direction,

β

is the standard deviation,

α

is the expected value, dmax, and dmin are the maximum

and minimum values of the wind direction, c1 is the constant that represent the part of the sample
space for which the random variable is uniformly distributed, c2 is the constant representing the
part of the sample space for which the random variable is non-uniformly distributed and c3 is the
constant that re-normalizes the Log-normal distribution after truncation. The truncated mirrored
Log-normal + Uniform distribution is discretized into intervals of 30 degrees, which give a total
of 12 intervals to fit the probability tables in the BPN in Figure 2.
Wind velocity
The wind velocity in Denmark is known to be correlated with the wind direction. Different
histograms of the wind velocity given the wind direction are plotted, revealing strong correlation
between the two variables. The wind velocity is also found to exhibit seasonal dependency. For
the four seasons the wind direction is divided into 12 intervals of 30 degrees each. To determine
which probability distribution function that best represents the available data of the wind
velocity, the Weibull, truncated Normal and Gumbel distribution functions are tested and
assessed for each of the intervals. In total 48 different wind velocity data sets are evaluated. The
10-min mean wind velocity is measured 10 m over terrain at Copenhagen Airport Kastrup. As an
example, the histogram of the wind velocity data obtained in the winter season for wind
directions between 180 and 210 degrees is shown in Figure 5 together with the fitted Weibull,
truncated Normal and Gumbel distributions.
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Figure 5. Empirical histogram of the 10-min mean wind velocity data velocity together with the
fitted Weibull, truncated Normal and Gumbel distributions.
Both in-cloud icing and precipitation icing are reported for a wide range of outcomes of wind
velocities. Therefore, the overall fit of the wind velocity is of importance. The results of the
statistical assessments of the 48 different probabilistic models can be obtained in Table 2 under
the Ref. BPN. Here the finding that the Weibull distribution appears the better model is
consistent with the results from Carta et al. (2009) and Zhang et al. (2013) concerning the mean
wind velocity. The Gumbel distribution is more often found to be a good model for extreme
wind velocities.
Precipitation
The precipitation is seasonally dependent in Denmark in terms of type (rain, snow, ice pellets,
etc.), amount and duration. In the present analysis only the amount is taken into account; the type
and duration will be considered in future studies. The accumulated precipitation is measured
every 10 minute and is measured with a precision of 0.1 mm at Copenhagen Airport Kastrup.
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The precipitation data are divided into five intervals for each season. The first four intervals (00.4 mm/10min) are modeled by the Uniform distributions and for the fifth interval the
Exponential, Gamma and Weibull distribution types are tested.
It is found that over 96% of the time the precipitation is zero during the period between June
2003 and December 2011, for all seasons. This corresponds approximately on average to one
hour of precipitation every day during the monitoring period. Figure 6 shows the histogram of
the precipitation data together with the fitted Exponential, Gamma and Weibull distributions
fitted primarily to the data for precipitation above 0.4 mm/10min. The Gamma distribution is
chosen as the most suited model for all four seasons. This is based on the overall fit to the
measured data and the quantile plots, which show that the Exponential overestimates the
probability of lower precipitation rates and heavily overestimates the probability of higher
precipitation rates. The Gamma + four truncated Uniform distributions for the lower ranges of
the precipitation are provided in Equation (4).
p < 0.1mm / 10 min
c1
c
0.1 < p < 0.2mm / 10 min
 2
c3
0.2 < p < 0.3mm / 10 min
f ( p;θ , k ) = 
0.3 < p < 0.4mm / 10 min
c
 4
 1 1
 p
p k −1 exp  −  p > 0.4mm / 10 min
c5 k
 θ
 θ Γ ( k )

(4)

where p is the precipitation variable, c1 to c5 represents the proportion of the data in the
respective precipitation ranges where p is modeled with a constant term, θ is the scale parameter
and k is the shape parameter of the Gamma distribution.
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Figure 6. Empirical histogram of the precipitation together with the fitted Exponential, Gamma
and Weibull distributions in the fall seasons.
Temperature
The climate and temperature in Denmark are affected by both the ocean and the continent. The
temperature is therefore dependent on both the season and the wind direction (Cappelen &
Jørgensen 1999). The temperature is measured in degrees Celsius 2 m over terrain at
Copenhagen Airport Kastrup. Different probability distribution functions are assessed and fitted
to the available temperature data conditional on the season and the wind direction. Similar to the
wind velocity model, four seasons are used and the wind direction is divided into 12 intervals of
30 degrees each to represent the dependence of temperature on these parameters. This gives in
total 48 different domains and data sets of the temperature for which probabilistic models must
be assessed. The Normal, Log-normal, Weibull and Gamma distributions are tested and their
parameters estimated for each of the 48 data sets. The realizations of the temperatures during
which ice/snow accretion occur are those in the lower tail domain of the probability distributions
why this domain also forms the focus in the statistical assessment. The statistical assessment is
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made based on Q-Q plots, the Kolmogorov-Smirnov, the probability density function and the
cumulative density function lower tail fit to the temperature data. The results can be obtained
from Table 2, where the chosen distribution types are given.
Figure 7 shows an example of a histogram of the temperature data for the winter seasons given
the wind direction is in the interval between 30 and 60 degrees. The Weibull, Normal, Lognormal and Gamma probability distributions are also shown in Figure 7. It is difficult to evaluate
the fit at the lower tail only from Figure 7, but from the Q-Q plot in Figure 8 it is apparent that
the Normal distribution approximated the lower temperatures is better than the other distribution
types, though the model still deviates from the data.

Figure 7. Empirical histogram of the 10-min mean value of the temperature in the winter seasons
for wind direction between 30 and 60 degrees together with the fitted Weibull, Normal, Lognormal and Gamma distributions.
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Figure 8. Q-Q plot of the 10-min mean value of the temperature in the winter seasons for wind
directions between 30 and 60 degrees together with the quantities of the Weibull, Normal, Lognormal and Gamma distributions.
Relative humidity
From the correlation analysis it is found that the relative humidity and temperature are strongly
correlated. The relative humidity is also found to be dependent on the season, therefore
probability density functions, that are conditional on the season and temperature, are identified to
model the relative humidity data. The 10-min mean value of the relative humidity of the air is
measured at Copenhagen Airport Kastrup in percentage (%).
The relative humidity data are divided into the four seasons and for each season the data are
further divided into five temperature intervals. The temperature intervals are: [–∞;–5], [–5;0],
[0,10], [10,20], and [20;∞]. This gives 20 data sets with the entire domain for which probabilistic
models must be established and assessed. However, not all temperature intervals are represented
for every season, thus only 17 data sets are considered. The truncated mirrored Log-normal,
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Weibull, Gamma and the Beta distribution types are all tested to see which distribution types that
best represent the relative humidity data. The relative humidity is important for the in-cloud icing
mechanism, which requires that the relative humidity is 95% or above. Therefore extra attention
is paid to the upper tail to the different estimated probability distribution functions and the
chosen distribution types can be obtained from Table 2.

Figure 9. Empirical histogram of the 10-min mean value of the relative humidity in the winter
seasons for temperatures between –5°C and 0°C together with the fitted Log-normal, Weibull,
Gamma and Beta distributions.
Figure 9 shows the empirical histogram of the relative humidity data together with the different
tested probability distributions for the winter seasons and for temperatures between –5°C and
0°C. The Weibull distribution is chosen as the best model for the data shown in Figure 9. The
expressions for the truncated mirrored Log-normal, truncated mirrored Weibull, truncated
mirrored Gamma and Beta distributions are given by Equation (5) to (8) respectively. The
truncated Log-normal is
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f ( rh;α , β ) c1
=

  ( ln ( − rh + 100 ) − α )2  
1

exp  − 

2β 2
( −rh + 100 ) β 2π  


where rh is the relative humidity variable,

α

is the expected value of the Log-normal,

(5)

β

is the

standard deviation and c1 is the normalization constant after truncation of the distribution. The
truncated Weibull is:
k  − rh + 100 
f ( rh; k , c ) c1 
=

c
c


k −1

  − rh + 100  k 
exp  − 
 
 
c
 


(6)

where k is the shape parameter and c is the scale parameter. The Gamma distribution is given by

f (=
rh; k ,θ ) c1

1

1

θ k Γ(k )

( −rh + 100 )

k −1

 ( − rh + 100 ) 
exp  −

θ



(7)

where k is the shape parameter and θ is the scale parameter. The beta distribution of humidity is

f ( rh; a, b, r , t ) = c1

( b − rh )
r + t −1
(b − a )

Γ ( r + t ) ( rh − a )

Γ ( r ) Γ (t )

r −1

t −1

(8)

where a is the lower bound of rh, b is the upper bound of rh, r is the shape parameter and t is the
shape parameter.
Ice accumulation rates
Limited literature exists on the measurements of the ice accretion as function of various
meteorological variables. Farzaneh & Savadjiev (2005) reported data of real-time measurements
of precipitation icing on an instrumented 315-kV line at Mont Bélair, Quebec, Cananda as scatter
plots. Two of the scatter plots are reconstructed in Figures 10 and 11, which shows the ice
accumulation rate in kg/m/h as function of wind direction and temperature. The original plots by
Farzaneh & Savadjiev (2005) depict both the ice accumulation rate and the ice shedding. The ice
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shedding is left out of the analysis in the present paper and the Gaussian Kernel Smoothing
Method is used to find the conditional probability for the ice accumulation rates to avoid binning
of the data. Binning of the ice rate data would result in the conditional probability being strongly
influenced by the bin size. The conditional probability of the ice rate equal to or exceeding a
specific level of the ice rate given a realization of the wind direction is provided by Equation (8)
(Noh et al. 2011).
Gˆ i ( wdirj ) =

∑ I ( ir ≥ IR ) K ( wdir )
∑ K ( wdir )
m

m

i

n

where

Gˆ i ( wdirj )

j

j

m

(8)

n

is the conditional probability of the ice rate given the jth wind direction (wdirj),

I(irm ≥ IRi) is an indicator function which is 1 if irm ≥ IRi and 0 if irm < IRi, Kj(wdirm) or Kj(wdirn)
is the kernel for the mth and nth value of the wind direction and irm is the mth value of the ice
accretion given in kg/m/h. A symmetric kernel is chosen so that the weight is assigned equally
around the mth or nth value of the ice rate considered. For the present analysis the Gaussian
Kernel is used for all the meteorological variables. The bandwidth/standard deviation of the
kernel can be estimated by Equation (9) (Silverman 1986).
h = 1.06σˆ n −1 5

(9)

where σˆ is the sample standard deviation of the wind direction data samples and n is number of
wind direction data points. The states are defined as; IR1 = 0.025 (small), IR2 = 0.05
(intermediate), IR3 = 0.1 (moderate) and IR4 = 0.15 (large).
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Figure 10. Scatter plot of the ice rate given the wind direction together with conditional
probability of the ice rate levels.

Figure 11. Scatter plot of the ice rate given the temperature together with conditional probability
of the ice rate levels.
Figure 10 and 11 show the results of the Gaussian Kernel Smoothing for the wind direction and
temperature respectively. The results for the wind velocity and precipitation are not included due
to space limitations.
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The measurements of the wind direction are bounded by 0 and 360 degrees, which both
corresponds to magnetic north. When applying Gaussian Kernel smoothing to variables that are
bounded, the kernel has to be truncated, which typical presents a problem. Moreover, for the
wind direction the beginning and ending values are identical requiring that the Gaussian Kernel
produce the same fit at the two ends of the interval. In order to meet these requirements, the ice
rate values for the wind directions close to 0 and 360 degrees are duplicated so that the data
points at 100 degrees have the same weights on the probability at 360 degrees as the data points
at 260 degrees, due to the circular properties of the wind direction variable. The wind directions
are given with 0 and 360 degrees as magnetic north, but regarding ice accretion on cables it is
more interesting whether the wind is parallel or perpendicular to the cable, due to the influence
on ice accretion mechanism. The parallel and perpendicular sections are marked in Figure 10;
these sections are shifted to fit the direction of the stay cables of the Øresund Bridge. The
sections are defined as ±45 degrees from the parallel and perpendicular axis of the Øresund
Bridge cables.
Figure 11 shows the scatter plot of the ice rate given the temperature together with the
conditional probability of an ice rate value. Few data sets have been observed for temperatures
below –10°C and only two data points for temperatures above 0°C. There is a cluster of data
points just below zero degrees, which means the Gaussian Kernel Smoothing method would
overestimate the probability of ice accumulation for temperatures above zero degrees. To reduce
the error of overestimating the ice rate at positive temperatures artificial points with zero ice rate
at 0°C are introduced to force the probability down to zero for positive temperatures. Otherwise,
the probabilities estimated from the Gaussian Kernel Smoothing method will decay slowly with
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increasing temperature, which contradicts the physics of ice accretion, since water will not
crystalize for positive temperatures and thereby form ice.
From the conditional probability of the ice rates the cumulative distribution functions given the
meteorological variables are established. Linear interpolation between the ice rate states is used
to create the cumulative distribution functions. More ice rate states could easily be established,
which would make the cumulative distribution functions smoother. The cumulative distribution
functions are differentiated to obtain the probability density function of the ice rates given the
meteorological variables. The cumulative distribution functions are differentiated rather than
fitted with a defined cumulative distribution since the probability density functions (see Figure
10 and Figure 11) do not appear to be uni-modal.
Probability of ice/snow accretion
The probability of icing due to either in-cloud icing or precipitation icing is estimated through
the BPN in Figure 2. For the in-cloud icing mechanism it is assumed that icing occurs for
temperature between –11°C and 0°C, precipitation below 0.1 mm/10min and relative humidity
equal to or above 95%. For the precipitation icing the probability functions conditional on the
wind direction, wind velocity, temperature and precipitation are used.
The result for the in-cloud icing show that the meteorological conditions for in-cloud icing occur
about 780 times in 10-minutes intervals per year. If the intervals are consecutive this corresponds
to 5.4 days per year. The meteorological conditions for precipitation icing occur about 180 times
in 10-minutes intervals per year, which is about 1.2 days per year if the intervals are consecutive.
The observation of a total of about 6.5 days per year in 10 minutes intervals, where the
conditions for an icing event are present, does not necessarily lead to closure of the bridge.
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Falling ice/snow from the cables of the Great Belt Bridge and the Øresund Bridge have led to
closures of the bridges. The Great Belt Bridge has experienced closure 5 times with a total of
about 42.5 hours since the opening in 1999, additionally the bridge has experienced large
amplitude vibrations of the hanger cables due to ice accretion on the cables (Gjelstrup et al.
2007). The Øresund Bridge has been closed about 3 times since the opening of the bridge in
2000, the duration of the closures were in the order of 3 hours. The discrepancy between the
estimated number of occurrences and the actual number of closures can be explained partly by
the already stated fact that the occurrences are non-consecutive and partly because all icing
events not necessarily lead to closure, but can melt without being a hazard for the bridge users.
Small ice accretions might not be detected on the bridges, since only visual inspections are used.
The operational probabilistic model gives the expected number of occurrences of the
meteorological conditions for ice accretion, based on 10 minutes mean measurements of the
meteorological variables. This entails that 6.5 days are not necessarily consecutive. Also the time
issue for ice to build-up has not been studied in depth yet and consequently separate 10 minute
intervals of ideal conditions for ice accretion influence the expected annual occurrence, but
might not be enough time for ice actually to accrete on the cables.
Discussion
The BPN from Figure 2 enables the probabilistic assessment of the expected number of
occurrences of ice/snow accretion events per year for a generic bridge, under the assumption that
the meteorological variables have the same correlation structure as for this case study. The
reference BPN that is used to estimate the annual expected number of occurrences of ice/snow
accretion for the Øresund Bridge has input models for the various meteorological variables that
are specifically adapted to the obtained monitoring data. The precision of the monitoring used
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and the discretization of the BPN is considered fine; the wind velocity is measured with a
precision of 0.1 m/s and the discretization is the nearest integer, the wind direction is measured
with a precision of 1 degree and the discretization is the nearest interval with a range of 30
degrees, the temperature is measured with a precision of 0.1°C and the discretization is the
nearest integer, the relative humidity is measured with a precision of 1% and the discretization is
the nearest interval of 5%, the precipitation is measured with a precision of 0.1 mm and the
discretization is the same.
Robustness of the model is assessed through analysis of the choice of model types for the
meteorological variables and through varying the discretization level. The chosen distribution
types for the various meteorological variables and the different test cases can be obtained in
Table 2. Test 101, 102, 103, 104, 105 and 109 all have the same discretization level, but the
choice of type of probability density function for the meteorological varies. The discretization
level is varied in Test 106, 107, 108, 110 and 111. The results of the tests compared with the
reference BPN are given in Table 3 for the in-cloud icing (ICI) and the precipitation icing (PI)
together with the deviation in percentage both overall and for the individual seasons. As might be
expected, the probability of icing is highest in the winter season and lowest in the summer
season. The simpler models Test 103 and 105 give results with only little deviation from the
reference BPN, also the results for the in-cloud icing of Test 101 compared with the reference
model only deviate by 10%, which means that the model is robust regarding changes in the
distribution type for the individual meteorological variables. The model is more sensitive to
changes in the discretization level as can be obtained from the results of Test 106, 107, 108, 110
and 111. The coarse discretization level is made for wind velocity intervals of 5 m/s, for the
temperature intervals of 5°C, for the relative humidity intervals of 10% and for the precipitation
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intervals of 0.1 mm/10min up to 0.4 mm/10min otherwise 0.38 mm/10min. The results for Test
106, 107 and 108 are identical for the in-cloud icing but differentiate a little for the precipitation
icing. The probability of in-cloud icing is increased compared with the reference case, which can
be explained with the coarse discretization of the relative humidity which now allows in-cloud
icing to form in the interval of 90-100% compared with the 95-100% for the reference case. The
probability of precipitation icing for Test 108 does not differentiate as much from the reference
BPN as Test 106 and 107, which modeled the precipitation with the coarse discretization level,
whereas the fine one is used in Test 108. Comparing the results of Test 108 and 110, which
combines Test 107 and 108 so both the temperature and precipitation is modeled with fine
discretization, is not significantly better than only modeling the precipitation with fine
discretization. For Test 111 the relative humidity is modeled with the coarse discretization except
for the above 90%, where the variable is split into two intervals as for the fine discretization. The
results in Table 3 for Test 111 compared with the reference BPN and the other tests with coarse
discretization clearly indicate that the probability of in-cloud icing is very sensitive to the
modeling of the relative humidity.
The above analyses show that the model proposed in the present paper is relatively robust to
change in the distribution type for the various meteorological variables and also for coarse
discretization levels, except the upper values of the relative humidity and precipitation. Therefore
a simpler model would be adequate to give first estimate of the expected annual number of
occurrences of icing events.
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Table 2. Analysis of the distribution types and discretization levels.
Season

Wind velocity

Temperature

Spring:

10 x Weibull

7 x Gamma

Relative
humidity
3 x Beta

2 x Gumbel

3 x Normal

1 x Gamma

2 x Weibull

1 x non-available

10 x Weibull

10 x Normal

3 x Beta

2 x Gumbel

2 x Gamma

2 x non-available

10 x Weibull

5 x Gamma

3 x Beta

2 x Gumbel

3 x Normal

1 x Weibull

3 x Weibull

1 x Gamma

Summer:
Fall:
Ref BPN

Discretization

1 x Log-normal
Winter:

7 x Weibull

7 x Weibull

3 x Gamma

5 x Gumbel

3 x Normal

1 x Beta

1 x Gamma

1 x non-available

1 x Log-normal
Test 101
Test 102
Test 103

All
S, SU, F
Winter
S, SU, F
Winter
S, SU
Fall:

Test 104

Weibull

Beta

Weibull

Normal
Normal
Weibull

Weibull

Normal

Beta
Gamma

Weibull
Winter:

Test 105

Test 106

Test 107

S, SU
Fall:
Winter
S, SU
Fall:
Winter
S, SU
Fall
Winter
S, SU

Weibull

Weibull

Weibull

Normal
5 x Gamma
3 x Normal
3 x Weibull
1 x Log-normal
7 x Weibull
3 x Normal
1 x Gamma
1 x Lognormal
Normal
Gamma
Weibull
Normal
Gamma
Weibull
Normal
Gamma
Weibull
Normal
4-35

Beta

Beta

Beta

Beta

Beta

Coarse dis.
Coarse dis.
except
temperature
Coarse dis.

Test 108

Fall
Winter
S, SU
Fall
Winter
S, SU
Fall
Winter
S, SU
Fall
Winter

Test 109

Test 110

Test 111

Weibull
Weibull

Weibull

Weibull

Gamma
Weibull
Normal
Gamma
Weibull
Normal
Gamma
Weibull
Normal
Gamma
Weibull

Beta

except pre

Beta
Gamma
Beta

Beta

Coarse dis.
except temp
and pre
Coarse dis.
except rh and
pre

Table 3. The 10-minute probability of in-cloud icing (ICI) and precipitation icing (PI) for the
whole year and the individual seasons (Spring (S), Summer (SU), Fall (F) and Winter (W)).
Overall

Spring

Summer

Fall

Winter

Ref BPN

ICI
PI

1.49
0.34

0.87
0.32

1.36E-6
4.16E-4

0.43
0.21

4.68
0.84

Test 101

ICI
PI

1.64 (10.1%)
0.34 (0%)

0.70 (19.5%)
0.32 (0%)

2.52E-6 (85.3%)
7.28E-4 (75.0%)

0.45 (4.7%)
0.21 (0%)

5.41 (15.6%)
0.82 (2.4%)

Test 102

ICI
PI

1.55 (4.0%)
0.35 (2.9%)

0.70 (19.5%)
0.32 (0%)

2.52E-6 (85.3%)
7.28E-4 (75.0%)

0.45 (4.7%)
0.21 (0%)

5.04 (7.7%)
0.87 (3.6%)

Test 103

ICI
PI

1.51 (1.3%)
0.34 (0%)

0.70 (19.5%)
0.32 (0%)

2.52E-4 (85.3%)
7.28E-4 (75.0%)

0.45 (4.7%)
0.21 (0%)

4.87 (4.1%)
0.82 (2.4%)

Test 104

ICI
PI

1.58 (6.0%)
0.34 (0%)

0.70 (19.5%)
0.32 (0%)

2.52E-6 (85.3%)
7.28E-4 (75.0%)

0.43 (0%)
0.21 (0%)

5.22 (11.5%)
0.84 (0%)

Test 105

ICI

1.52 (2.0%)

0.70 (19.5%)

2.52E-6 (85.3%)

0.35 (18.6%)

5.04 (7.7%)

PI

0.35 (2.9%)

0.32 (0%)

7.28E-4 (75.0%)

0.22 (4.8%)

0.87 (3.6%)

Test 106

ICI
PI

3.65 (145%)
0.10 (70.6%)

1.65 (89.7%)
0.09 (71.9%)

5.03E-6 (269.9%)
1.33E-4 (68.0%)

0.82 (90.7%)
0.06 (71.4%)

12.14 (159.4%)
0.26 (69.1%)

Test 107

ICI

3.65 (145%)

1.65 (89.7%)

5.03E-6 (269.9%)

0.82 (90.7%)

12.14 (159.4%)

PI

0.10 (70.6%)

0.10 (68.8%)

3.04E-4 (26.9%)

0.07 (66.7%)

0.23 (72.6%)

Test 108

ICI
PI

3.65 (145%)
0.35 (2.9%)

1.65 (89.7%)
0.29 (9.4%)

5.03E-6 (269.9%)
3.15E-4 (24.3%)

0.82 (90.7%)
0.17 (19.1%)

12.14 (159.4%)
0.96 (14.3%)

Test 109

ICI
PI

1.39 (6.7%)
0.35 (2.9%)

0.70 (19.5%)
0.32 (0%)

2.52E-6 (85.3%)
7.28E-4 (75.0%)

0.35 (18.6%)
0.22 (4.8%)

4.51 (3.6%)
0.87 (3.6%)

Test 110

ICI
PI

3.65 (145%)
0.35 (2.9%)

1.65 (89.7%)
0.31 (3.1%)

5.03E-6 (269.9%)
7.2E-4 (73.1%)

0.82 (90.7%)
0.22 (4.8%)

12.14 (159.4%)
0.86 (2.4%)
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Test 111

ICI
PI

1.53 (2.7%)
0.35 (2.9%)

0.74 (14.9%)
0.29 (9.4%)

4.57E-6 (236.0%)
3.15E-4 (32.1%)

0.35 (18.6%)
0.17 (19.1%)

5.04 (7.7%)
0.96 (14.3%)

The model proposed here enables probabilistic assessment of the occurrence of ice/snow
accretion on cables as a function of various meteorological conditions. The model, however
currently cannot predict the duration of icing which is necessary for estimating the amount of ice
accretion and the possibility of ice shedding.
Conclusions
An operational probabilistic framework for the probabilistic modeling and analysis of occurrence
of ice/snow accretion to support decision management in bridge engineering is proposed and the
overall model is illustrated with a case study of the Øresund Bridge. A short review of the icing
mechanism relevant for ice accretion on bridge cables is given. The appropriate meteorological
parameters are identified and data for these parameters are gathered for a period of about 8 years.
Various probability distributions are postulated as model candidates and assessed using quantile
plots and Kolmogorov-Smirnov test to identify the models that best represents the available data.
For the wind direction variable the truncated and mirrored Log-normal distribution is found to be
an appropriate model. The wind velocity for the majority of the wind directions and seasons are
best described by the two-parameter Weibull distribution and in few cased the Gamma
distribution is used. The model fit to the lower tail of the temperature distribution is evaluated to
have greater importance than the overall fit. It is found that four different distribution types are
needed in order to represent the temperature depending on the wind direction and the season; i.e.
the Normal, Log-normal, Weibull and Gamma distributions. For the relative humidity
conditional on the temperature and season the agreement between the data and the model upper
tail captured by the Weibull and Beta distributions in most cases. Probability density functions of
ice rates given the meteorological parameters are developed through application of the Gaussian
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Kernel Smoothing technique, cumulative distribution functions and differentiation. A Bayesian
Probabilistic Network is established and used to model the probabilistic characteristics of the
annual occurrence of ideal meteorological conditions for in-cloud and precipitation icing. The
analysis based on the BPN shows that the conditions for ice accretion occur in a total of about
6.5 days per year.
The robustness of the established BPN model is examined and the model shows to be robust
regarding change in distribution type for the various meteorological variables and for changes
towards coarser discretization of the individual meteorological variables except the upper values
of the relative humidity and the precipitation which significantly influences the estimated
probability of in-cloud icing and precipitation icing respectively.
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ABSTRACT

The paper presents an operational framework for assessing the probability of occurrence of in-cloud
and precipitation icing and its duration. The framework utilizes the features of the Bayesian Probabilistic
Networks and its performance is illustrated through a case study of the cable stayed Öresund Bridge.
The Bayesian Probabilistic Network model used for the estimation of the occurrence and duration probabilities is studied and it is found to be robust with respect to changes in the choice of distribution types
used to model the meteorological variables which are influencing the two icing mechanisms and their
duration. The model is found to be more sensitive to changes in the discretization levels of the input variables. Finally, it is shown how forecasting of the meteorological variables can be used to update the
model; i.e. the probabilities of the occurrence of ice accretion and duration. The updated probabilities
can be used as a decision support tool for the responsible of managing risk and safety with respect to
falling ice.
Keywords: In-cloud icing, precipitation icing, duration of icing, probabilistic modeling, cable-stayed
bridge, Bayesian Probabilistic Networks, forecasting

1 INTRODUCTION
Ice (and snow) accretion on structures can have severe consequences regarding human safety and
economic losses. Bridges, guyed masts, cable supported roof or stadiums, transmission lines, railway cables, ski lifts, offshore rigs and marine vessels are some of the structures that have suffered from the effects of ice accretion. Mulherin reports 140 guyed tower failures in the US from 1959-1996 [1], where
93% are due to icing or the combination of wind and icing. Devastating ice accretion on transmission
lines in January 1998 in southern Quebec and eastern Ontario in Canada lead to 25 deaths, over two million people without electricity for weeks and US $3,1 billion of insured losses [2]. Climate conditions are
responsible for up to 20% of the delays on the UK railways [3]. In these references, the amount of ice
accretion is not specified but listed as substantial. Ice accretion on railway cables can cause power failure or collapse of the cables, both leading to delays. Operations on offshore rigs may be reduced or suspended due to icing of the structure [4]. The down time of an offshore rig causes production losses and
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thereby economic losses. The present paper focuses on the ice accretion of bridge cables, but it should
be underlined that the presented methodology can be applied to other types of structures.
Two undesirable situations occur when ice accretes on cables. The first relates to user safety due to
falling accretions, as witnessed on the Port Mann Bridge (Vancouver, Canada) [5], the Great Belt Bridge
(Denmark) [6], the Öresund Bridge (Sweden-Denmark), Severn and Second Severn Crossing (EnglandWales) [7][8], Veterans Glass City Skyway Bridge (Toledo, Ohio) [9] and the Uddevalla Bridge (Sweden)
[10]. To ensure the safety of bridge users in situations with ice accretion, traffic restrictions or even
bridge closures may be necessary. Traffic restrictions or closures are generally socio-economic expensive
and inappropriate risk management with respect to ice accretion may attract negative attention to the
owner and designer of the bridge.
Another issue concerns the long-term performance of bridge cables. As a consequence of ice accretion on the cables unanticipated vibrations can be introduced due to the change of the cable’s crosssectional area and thus their aerodynamic characteristics. The vibrations cause undesirable bending
stresses near the anchorage of the cables and thereby shorten the life-time of the cables. Bridge cables
are in general difficult to inspect due to the waterproof coating, which can lead to uncertainty regarding
the fatigue life of the cables. If the need for maintenance or repair can be identified it may lead to closure or traffic restrictions on the bridge which will result in socio-economic costs.
Kumpf et al. created a performance monitoring system aiming to provide warning about the occurrence of the ice accretion on the stayed Veterans Glass City Skyway Bridge (Toledo, Ohio) [9]. The warning system is based on the monitoring data of meteorological variables from three neighboring weather
stations. The warning system alerts the bridge owner/operator if the meteorological conditions are ideal
for ice accretion. However, this system cannot assess the annual occurrence probability of icing already
in the early design state of a new bridge or utilize forecasting to update the occurrence probability of icing. The present paper attempts to refine and develop further the warning system developed by [9] and
presents an operational probabilistic framework. The framework can not only be applied after the
bridge is built, but can be used already in the design phase so that the risks of ice accretion can be assessed and preventive measures planned and appropriately communicated. The modeling of the duration of the accretion is also enabled together with facilitation of updating of the probabilities of ice accretion given observations or forecasts of meteorological variables.
This tool can generally be used as decision support for the owners, designers and authorities both in the
design phase of the structure but also later when the structure is in operation. In the more specific case
the tool can be employed as decision support for the responsible of the bridge operation regarding visual inspection of the cables or closure of the bridge. This novel and operational probabilistic framework
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for decision making can be seen as a potential addition to the probabilistic model code [11] containing a
large variety of probabilistic models of relevance for the assessment and management of reliability and
risks in civil engineering.

2 FRAMEWORK OVERVIEW
Ice accretions on structural cables are formed as either in-cloud icing or precipitation icing. The types
of ice accretion due to the in-cloud icing mechanism are glaze, hard rime and soft rime. For the precipitation icing mechanisms the types of ice accretion are either glaze (freezing rain or drizzle) or wet snow
[12][13]. The meteorological variables that have the most influence on the ice accretion can be categorized as; 1) Measured at “readily available” meteorological stations and 2) Requiring special and often
expensive equipment to measure. Among the readily available meteorological variables the wind velocity, wind direction, temperature, precipitation and relative humidity are important, whereas the droplet
size and liquid water content of the air are among the more difficult variables to obtain [14]. The
framework presented herewith involves a probabilistic model that only depends on readily available
meteorological variables and which can be used for assessing the probabilistic characteristics of annual
occurrence and duration of ice accretion on cables. The different probabilistic models for the meteorological variables in the framework are connected through use of Bayesian Probabilistic Networks (BPNs).

2.1 Bayesian Probabilistic Networks
BPNs form a strong probabilistic modeling tool which facilitates the representation of the probabilistic
characteristics of the scenarios of uncertain events leading to e.g. adverse or failure events [15]. In addition to their mind mapping characteristics, BPN models enhance the model formulation and the communication of this with other experts. The individual steps in forming a BPN comprise of: 1) Formulation
of causal interrelations (edges) between events (variable states) leading to the event(s) of interest, 2)
Assignment of a probability structure describing the conditional probabilities for the different states of
each variable and 3) Assignment of the consequences corresponding to the events in the BPN [16]. Depending on whether the variables in the BPN have only outgoing edges (parent variables) or also ingoing
edges (child variables) the discrete states of the variables are assigned unconditional or conditional
probability tables, respectively. Figure 1 represent an arbitrary BPN where A and B are the parent variables and C is the child variable.
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Figure 1. Representation of a BPN.

2.2 Probabilistic Model Constituents
When modeling, the meteorological variables may be appropriately represented through random
processes or in some situations through random variables. In the case of random variables, the corresponding probability distribution functions can be directly discretized and used in the BPN. In the case of
random processes, the characteristics of the processes with respect to stationarity and dependency
must be assessed for given time intervals. Subsequently an idealization of the random process, in terms
of a random variable in the BPN can be formulated to characterize the random process. The autocorrelation function reveals whether the random processes are stationary and the cross-correlation functions
reveal the interdependency structure between the variables. If the random process is stationary and not
cross-correlated with any other random variable, an appropriate marginal probability distribution function can be identified by model estimation and testing – using a mix of physical considerations and data
assessment. In the case, however, where the random process is stationary but cross-correlated with one
or more other variables, conditional probability distribution functions must be formulated. The dependency structure between two variables should also be represented in the BPN. In case the probability distribution functions are not given a-priori, different types of probability density functions should be tested for their appropriateness using standard statistical procedures. Such as e.g. the Quantile-Quantile
plot, the cumulative distribution function, the probability distribution function, statistical tests etc. For
different variables, depending on their role and importance for the result of interest, i.e. annual probability of icing events, the upper, middle or lower sections of their probability distribution functions may
be of importance; this should be carefully considered for each individual variable. In the case that one or
more of the meteorological variables already have been represented in terms of probabilistic models,
i.e. through probability distribution functions, it is important to take into account the different assumptions subject to which these models were established in the further modeling and analysis.
Another alternative to the estimation of the probability distribution functions for the variables is to
use the Estimation-Maximization (EM) algorithm, which can be used for parametric learning [17]. The
algorithm can be used in several ways, e.g. a prior distribution is defined by the literature for a larger re-
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gion, country or similar and the prior distribution is updated with measurements from the specific site
by use of the EM algorithm. Another example could be that no prior information about the variable is
available, so that a uniform prior distribution is chosen ensuring that zero probabilities do not occur. The
uniform prior distribution is updated with the available measurements of the variable. The balance between the defined prior probabilities and the probability distribution found by the EM algorithm is defined as the experience count. The experience count is a way of weighing the belief in the prior distribution versus the belief in the available data. Generally it can be said that a high experience count means a
high belief in the prior probability distribution, whereas a small experience count is a low belief in the
prior probability distribution.

2.3 Step-by-step approach
The general framework presented herewith can be broken down in steps as listed below. This stepby-step approach is followed in the case study of the ice accretion of bridge cables of the Öresund
Bridge.
1) It should be identified if the assessment of the probability of ice accretion of a structure is made
in the design phase of a new structure or for reassessment of an existing structure.
2) Get data or use codes for obtaining probability distribution functions for the meteorological variables.
3) Find the correlation structure between the meteorological variables.
4) If the meteorological variables are correlated, conditional probability distribution functions are
developed otherwise marginal distribution functions are estimated.
5) Discretize the probability distributions to fit the probability tables in the BPN. If it does not exist
then assume a probability distribution function based on past experience or literature.
6) In cases where measurement data is available, the EM algorithm can be applied to update the
prior probability distribution of the node.
7) Propagate the probabilities through the network and extract and interpret the results.
8) If the times series of the meteorological variables are available, forecasting is possible and the
probability of ice accretion for a future point in time can be assessed.
9) The responsible for the bridge operation can take decision about which measure to use.
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3 CASE STUDY OF THE ÖRESUND BRIDGE

Figure 2. The Öresund Bridge.
The case study of the Öresund Bridge (see Figure 2) is used to illustrate how the proposed framework
is used to assess the probability of occurrence of in-cloud and precipitation icing together with the duration of these icing events. It is furthermore illustrated how the responsible of the bridge operation can
use the framework as a decision support tool and how the probabilities can be updated by in-situ measurements from the forecast of the meteorological variables. The case study is also used to illustrate
some more general features of the BPN’s such as the use of the EM algorithm which facilitates the option of using direct measurements in the estimation of the probability tables and weighs these measurements together with the prior distribution. The Öresund Bridge is a cable stayed bridge with a main
span of 490 m connecting Denmark and Sweden. 10-minutes mean measurements of the meteorological variables are obtained from Kastrup Airport Copenhagen situated about 10 km from the Öresund
Bridge. The processing of the measurement data and their statistical modeling is reported in [18].

3.1 The BPN model
Figure 3 presents the developed BPN model for the assessment of the annual probability of occurrence of ice accretion together with the probability of duration of the icing events. The BPN represents
the causal relationships between the most important variables affecting the two icing mechanisms considered, namely in-cloud icing and precipitation icing. The assessment of the probability of duration of
the two icing mechanisms is also enabled in the BPN model. Each of the variables is shown as a node
and the casual interrelation between the variables are illustrated with the arrows defining the dependencies within the network. In the model the states of the variables are represented discretely; therefore
it is necessary to discretize all continuous state variables.
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3.2 Meteorological variables
The readily available meteorological variables influencing the in-cloud icing and the precipitation icing
mechanisms are identified in [18] and are shown in the BPN model of Figure 3. Appropriate probability
density functions for the representation of the variables for the Öresund Bridge site can be found in
[18].

Figure 3. The BPN model used to estimate the occurrence frequency of in-cloud icing and precipitation
icing, together with the probability of duration of those events.

3.3 Use of the EM algorithm
The EM algorithm is used to update the parameters of the prior probability distributions with the
measurement data for some of the variables in the BPN. For this case study a very low experience count
is used typically in the range between 1·10-6 and 1, which indicates that there is a high belief in the
available data and a lower belief in the prior distribution. A high experience count is typically in the
range between 100 and 1·106 in this study. One of the advantages of using the EM algorithm [17][19]
with a defined experience count is that zero probabilities in the BPN probability tables are avoided. The
zero probabilities can occur when measurements of rare events are used directly, e.g. larger precipitation rates might not occur during the 8 years of measurements used in this case study, but it would be
wrong to state that it has zero probability of occurrence. Another advantage is that the natural and
maybe irregular distribution of the available data can be captured more precisely than with a predefined
probability distribution type. The prior distribution is not necessarily the end distribution e.g. if one has
no prior knowledge a uniform distribution can be used as prior. An example of this is the fitted Gamma
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function for the precipitation presented in [18] which tends to underestimate the smaller and larger
precipitation levels together and an overestimation of precipitation levels in the middle range. By using
the EM algorithm the initial shape is sustained but the smaller and larger precipitation levels are not underestimated to the same extent. The estimated Gamma probability density function can serve as a well
suited prior probability distribution function for the precipitation. The EM algorithm is also applied for
the nodes where the duration of the two icing mechanisms is the variable.

3.4 Duration of in-cloud and precipitation icing
To enable modeling of the duration of the meteorological conditions for the in-cloud icing mechanism, the probability for simultaneously occurrence of relative humidity above 95%, temperature equal
to or below 0°C and zero precipitation will l for more than 10 minutes is assessed by studying the measurement data of the meteorological variables obtained from Kastrup Airport Copenhagen. For the precipitation icing mechanism the simultaneous occurrence of temperature equal to or below 0°C, wind velocities below 15 m/s and precipitation rate above zero is assessed [20]. The prior probability density
distribution used for modeling the duration of in-cloud icing and the precipitation icing is the twoparameter Weibull distribution.

3.5 Sensitivity analysis and robustness
In order to evaluate the robustness of the estimated probability density functions presented in [18]
the distribution types are varied in different ways. The sensitivity of the model is analyzed by varying the
discretization level of the different meteorological variables. The different sets of sensitivity and robustness analyses can be seen in Table 1. The reference discretization for the wind velocity is 1 m/s, for the
temperature 1°C, for the relative humidity 5% and for precipitation 0,1 mm/10min. The coarse discretization used is for the wind velocity 5 m/s, for the temperature 5°C and for the relative humidity 10%. A
finer discretization level for the meteorological variables are pursued, but found to have negligible effect on the probability density functions due to the similarity of the shape of the histograms made from
the measurement data within the aforementioned discretization range.
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Table 1. Test performed for the sensitivity and robustness analyses. Here “10 x Weibull” means that 10
out of the 12 distributions conditional on the wind direction for the Spring season are fitted with a
Weibull distribution. If no number is given in front of the distribution name means that all distributions
are fitted with the name given. “Ref.” under discretization means that the reference discretization is
used.
Case

A

B.1
B.2
B.3

B.4

B.5
C.1
C.2
C.3
C.4
C.5

Season

Wind velocity

Temperature

Spring (S)

10 x Weibull
2 x Gumbel

7 x Gamma
3 x Normal
2 x Weibull

Summer
(SU)

10 x Weibull
2 x Gumbel

10 x Normal
2 x Gamma

Fall (F)

10 x Weibull
2 x Gumbel

Winter (W)

7 x Weibull
5 x Gumbel

5 x Gamma
3 x Normal
3 x Weibull
1 x Log-normal
7 x Weibull
3 x Normal
1 x Gamma
1 x Log-normal
Normal

All
S, SU, F
W
S, SU
F
W
S, SU
F
W
S, SU
F
W
as case A
S, SU, F
W
S, SU, F
W
S, SU, F
W
S, SU, F
W

Normal

Relative
humidity
3 x Beta
1 x Gamma
1 x nonavailable
3 x Beta
2 x nonavailable
3 x Beta
1 x Weibull
1 x Gamma

Discretization

Learning

Ref.

Posterior

Ref.

Posterior

3 x Gamma
1 x Beta
1 x nonavailable
Beta
Beta
Gamma

Normal
Weibull

as case A

Weibull

as case A
Normal
Gamma
Weibull
Normal
Gamma
Weibull
as case A

Normal

Beta

Beta
Beta
Gamma
as case A
Beta
Gamma
Beta
Gamma
Beta
Gamma
Beta
Gamma

Coarse
Coarse
Coarse minus
precipitation
Coarse minus
temperature
Coarse minus relative humidity

Posterior

4 RESULTS AND DISCUSSIONS
Comparing the results for the probability of in-cloud icing and precipitation icing of case A with the
results from the B cases the trend for the spring season is that the probability of in-cloud icing decreases
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whereas the probability of precipitation icing is almost constant. For the summer season the probabilities for both icing mechanisms are very small and consequently they are considered to be theoretically
negligible. The differences in the probability of in-cloud icing in the fall season are connected with the
distribution type chosen to model the temperature and relative humidity with a deviation of up to approximately 20% when the temperature and relative humidity is modeled with the seasonal best fit
compared with the models where a distribution type is chosen for all the seasons. The probability of incloud icing from cases B.1 and B.2 are closer to the results of case A than cases B.3, B.4 and B.5 which
might be attributed to the fact that the temperature is dependent on the wind direction. The explanation is that for two of the most common wind direction intervals the Normal distribution is preferred to
the Gamma distribution type to model temperature but the Gamma distribution is better than the Normal distribution in terms of numbers of wind direction intervals where it provides the best fit. The
Gamma distribution tends to underestimate the probability of lower temperatures occurring in the fall
season. The probability of precipitation icing given the fall season deviates less between case A and cases B.1, B.2 and B.3 compared to cases B.4 and B.5. Case B.3 especially exhibits similar probabilities to
case A. The probability of precipitation icing for the winter season is higher than for the other seasons,
but smaller than the probability of in-cloud icing. The precipitation icing is often reported with higher
accumulation amounts and rates than the in-cloud icing [21] and is therefore considered as a larger hazard than the in-cloud icing mechanism. This is largely dependent on the surrounding environment of the
cable supported bridge such as coastal climate, continental climate or mountain regions.
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Figure 4. The probability of in-cloud icing as results of the sensitivity and robustness analyses.
The probability of in-cloud icing in this case study of the Öresund Bridge is higher than the probability
for precipitation icing. The probabilities of both icing mechanisms show that both are relevant to consider for the Öresund Bridge; consequently the conclusions and the results of the duration modeling are
given for both icing mechanisms. Cases B.4 and B.5 result in equivalent probabilities of the in-cloud icing
in the winter season but in the fall season and overall case B.2 performs better and is also simpler than
cases B.4 and B.5. On this basis case B.2 is used in the remaining analysis of the discretization level (see
Table 1).
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Figure 5. The probability of precipitation icing, resulting from the sensitivity and robustness analyses.
By comparing the results of case A with the results of case C it is clear that the BPN model is not very
sensitive with respect to changes in the discretization level of the modeled meteorological variable for
the in-cloud icing. The two cases use the same distribution types to model the meteorological variables
but with a coarser discretization (see section 3.6) for case C than for case A. Case B.5 is the only one of
the B cases that exhibits probability of in-cloud icing similar to case A. From Table 1 it can be observed
that case B.5 is the one that models the relative humidity with the reference discretization level and the
other variables with the coarse discretization level. The interpretation of the aforementioned results is
that the model is robust for modeling the in-cloud icing mechanism, except for changes in the discretization level of the relative humidity. The differences in probability of precipitation icing between the C
cases and case A are not so pronounced and the model is considered insensitive regarding changes in
the discretization level for the precipitation icing mechanism. The differences for the precipitation icing
probabilities in the summer between case A and cases C.2, C.3, C.4 and C.5 are negligible since the
probabilities of occurrence are small compared with the other seasons.

5-16

The results of the discretization level analysis shows that the BPN model is sensitive with regard to
the probabilities of in-cloud icing for the discretization level of the relative humidity otherwise does the
model perform insensitive. The other meteorological variables can be modeled with a coarser discretization without influencing the results significantly. Figure 5 shows that the BPN model is also insensitive
with regard to the probabilities of precipitation icing for changes in the discretization level of the meteorological variables.
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Figure 6. Probability of duration for the in-cloud icing mechanism between the reference model (Case A)
and the different robustness analyses (Case B) for the spring, summer, fall and winter seasons.
The results of the duration of in-cloud icing for cases A and B are shown in Figure 6. From this it can
be observed that the probability of duration of in-cloud icing in the summer season is zero for durations
longer than 10 minutes, which seems reasonable considering the low probability of occurring in the first
place, see Figure 4. The duration probabilities in the spring season are lower for the B cases than for
case A, especially for durations between 10-40 minutes. For longer durations the differences in the
probabilities between case A and the B cases are less pronounced. The probabilities of duration in the
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fall season are lower for case B.4 and B.5 than for the other cases. This might again be attributable to
the modeling of the temperature for case B.4 and B.5 as mentioned in the discussion of the probability
of in-cloud icing. In general, for the robustness tests the probabilities of duration of in-cloud icing are inrobust to changes in the distribution types that model the meteorological variables.
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Figure 7. Probability of duration for the in-cloud icing mechanism between the reference model (Case A)
and the different discretization analyses (Case C) for the spring, summer, fall and winter seasons.
The probabilities of duration of in-cloud icing of the discretization analyses in the spring season are
higher for cases C.1, C.2, C.3 and C.4 than for case A and C.5 for durations between 10-40 minutes.
Comparing cases C.4 and C.5 it is only the discretization of the relative humidity that differentiate the
two cases; consequently it can be concluded that the probabilities of the duration of in-cloud icing are
sensitive to the discretization of the relative humidity. The probability of duration in the summer season
above 10 minutes is zero for all the cases, and since the occurrence probability of in-cloud icing in the
summer is negligible the duration modeling is not noticeable. In the fall season, the probabilities of duration for cases C.1, C.2, C.3 and C.4 are larger than case A for durations between 10-40 minutes,
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whereas the probability of duration for case C.5 is similar to case A. The similarity between the probabilities for the duration of in-cloud icing for case C.5 and case A also holds for the winter season. In the
winter season cases C.1, C.2, C.3 and C.4 underestimate the probability of duration of in-cloud icing for
all durations contrary to the spring and fall seasons. From the discretization analyses it can be concluded
that the model is insensitive in respect to coarser discretization levels with the exception of the relative
humidity which if modeled with coarser discretization than the reference discretization can lead to significant discrepancies in the duration modeling. For longer durations the difference is less pronounced.
The probabilities of case C.5 are more similar to case A than any of the other cases for all the seasons.
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Figure 8. Probability of duration for the precipitation icing mechanism between the reference model
(Case A) and the different robustness analyses (Case B) for the spring, fall and winter seasons.
The probabilities of the duration of precipitation icing for the robustness analyses are shown in Figure 8
for the spring, fall and winter seasons. The summer season is omitted due to low probability of occurrence. For the spring and winter seasons the probabilities of duration are robust to changes in distribution types. The probability of duration of precipitation icing above 10 minutes for the fall season can be
assumed to be zero. The probabilities of duration of the precipitation icing for the discretization anal-
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yses are shown in Figure 9. Again only the spring, fall and winter seasons are shown. The duration probabilities in the spring and winter seasons are similar for all the C cases and case A except case C.5, which
for both seasons is smaller. The probability of duration of precipitation icing only seems to be relevant in
the spring and winter seasons. The results shown in Figure 8 and 9 show that the model is robust to
changes in distribution types and insensitive to changes in the discretization level.
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Figure 9. Probability of duration for the precipitation icing mechanism between the reference model
(Case A) and the different discretization analyses (Case C) for the spring, fall and winter seasons.

5 FORECASTING
Forecasting of the meteorological variables utilized to update the probabilities in the BPN model can
be used as decision support by the responsible for the operation of the bridge on several levels regarding bridge operation. This includes decision making about whether to inspect the bridge visually, warning of potential ice accretion/falling ice, closure of the bridge etc. Forecasting of the meteorological variables can normally be obtained from meteorological institutions but to illustrate how updating of the
probabilities in the BPN model can be utilized for decision making, simplified methods for forecasting is
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used in the present paper. Several different methods can be used to perform forecasting in the time series of the meteorological variables such as; fitted autoregressive moving average (ARMA) and integrated autoregressive moving average (ARIMA) functions, ordinary polynomials and trend models. In common for these methods is that they only rely on measured time series and not meteorological weather
models.
It is chosen to focus on the updated probability for in-cloud icing and its duration and in the following
it is illustrated how the probabilities can be updated through forecasting results. Two of the directed
edges for the in-cloud icing node in Figure 2 are the temperature and relative humidity which are forecasted in the following example to illustrate updating of the probability of in-cloud icing occurring. The
effect on the probability of duration is also studied.

5.1 Local trend exponential smoothing methods
The structure of the general linear model (GLM) is a regression model; the description and solution to
the general linear model can be found in detail in [22]. The extension of the representation of the least
square estimate for the general linear model, namely weighted general linear model is forming the basis
for the local trend exponential smoothing method which can be considered as a least squares problem.
The theory for prediction on the basis of local trend exponential smoothing is summarized in the following, but can be viewed in detail in [22] The least square estimate for the general linear model can be
found as in Equation (1), where 𝒙 = (𝑥1 , 𝑥2 , … , 𝑥𝑁 )𝑇 and 𝒀 = (𝑌1 , … , 𝑌𝑁 )𝑇 are measurement points, 𝜽

is the regression parameters and 𝜀 is the error.

(1)

𝒀 = 𝒙𝜽 + 𝜀

To allow for some variation in the parameter 𝜽, observations in the past are given less weight than

recent observations in the least squares. The local trend is introduced by considering a forgetting factor
(𝜆) in the least squares criterion.

� 𝑁 = 𝑎𝑟𝑔 min𝜃 𝑆(𝜽; 𝑁)
𝜽

where 𝑆(𝜽; 𝑁) is given below

(2)

𝑗
𝑇
𝑆(𝜽; 𝑁) = ∑𝑁−1
𝑗=0 𝜆 �𝑌𝑁−𝑗 − 𝒇 (−𝑗)𝜽�

2

(3)

Where 𝒇(𝑗) is a known vector of forecast functions, which for the linear trend model is 𝒇(𝑗) = (1, 𝑗)𝑻.

The above estimation problem can be formulated equivalent to Equation (1) as seen in Equation (4).

(4)

𝒀 = 𝒙𝑵 𝜽 + 𝜀
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𝑇

where 𝒀 = (𝑌1 , … , 𝑌𝑁 )𝑇 , 𝒙𝑵 = �𝑓 𝑇 (−𝑁 + 1), … 𝑓 𝑇 (0)�

𝑑𝑖𝑎𝑔[1⁄𝜆𝑁−1 , … , 1⁄𝜆 , 1]. The solution is given in Equation (5).

and 𝑉𝑎𝑟[𝜺] = 𝜎 2 𝚺, and where Σ =

� 𝑁 = 𝑭−1
𝜽
𝑁 𝒉𝑁

(5)

𝑁
𝑇
𝑭𝑁 = ∑𝑁−1
𝑗=0 𝜆 𝒇(−𝑗)𝒇 (−𝑗)

(6)

where 𝑭𝑁 = 𝒙𝑇𝑁 𝚺 −1 𝒙𝑁 and 𝒉𝑁 = 𝒙𝑇𝑁 𝚺 −1 𝒀.
𝑗
𝒉𝑁 = ∑𝑁−1
𝑗=0 𝜆 𝒇(−𝑗)𝑌𝑁−𝑗

(7)

�𝑁
𝑌�𝑁+𝑙|𝑁 = 𝒇𝑇 (𝑙)𝜽

(8)

The prediction of 𝑌𝑁+𝑙 given all observations at time 𝑁 is stated in Equation (8).
The forgetting factor 𝜆 (|𝜆| < 1) determines the exponential discount of past observations. The

100(1 − 𝛼)% prediction/confidence interval is given in Equation (9).
𝑌�𝑁+𝑙|𝑁 ± 𝑡𝛼⁄2 (𝑁 − 𝑝)𝜎��𝑉𝑎𝑟[𝑒𝑁 (𝑙)]

= 𝑌�𝑁+𝑙|𝑁 ± 𝑡𝛼⁄2 (𝑁 − 𝑝)𝜎��1 + 𝒇𝑇 (𝑙)𝑭−1
𝑁 𝒇(𝑙)

As 𝑁 → ∞ the t distribution can be approximated by the Normal distribution. The uncertainty of the
forecasted value can be represented by the confidence intervals of different percentages.

5.2 Example of forecasting
Forecasting is performed for the temperature and relative humidity based on the data obtained from
Kastrup Airport, Copenhagen. The local trend exponential smoothing method is used here for forecasting. For this example the time series of the temperature and relative humidity from the 16th of January
at 8:10 pm to the 23rd of January at 8:10 pm is used as a case study. The two time series consist of 1007
measurement points of 10-minutes average values of the meteorological variables. First, the ability of
forecasting by the local trend exponential smoothing method is illustrated. Secondly, it is shown how
the probability of in-cloud icing and the probability of the duration of in-cloud icing can be updated, first
by entering information of the relative humidity and temperature at the current point in time and then
entering the forecast of the temperature and relative humidity into the BPN model. At last the probabilities based on only knowing the date/season are estimated. The three probabilities are estimated, compared and evaluated.
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Figure 10. Example of local trend exponential smoothing one point ahead forecasting for the time series
of the temperature in January 2007.
The one point ahead forecast of the temperature for part of the time series chosen in January 2007
can be seen in Figure 10. The figure shows that the data is well captured by the results of the local trend
exponential smoothing forecasting with a forgetting factor of 𝜆 = 0,84. The forgetting factor is an ex-

pression of how the weights of past observations are given. A small forgetting factor implies that only
very few or a single of the past observations have influence on the forecast, whereas a large forgetting
factor implies that several past observations influence the forecast. Figure 6 shows the forecasted 10minute values two hours ahead of the last measurement point, here the 23rd of January at 8:10 pm, together with different confidence intervals. Analysis of the length of the time series needed to provide
the same values for the two hours ahead forecast of the temperature is about 100 data points. The regression parameters 𝜽 are shifting constantly for each point forecasted and the regression parameters

used for the two hours ahead forecasting are 𝜽 = (0,4979; −0,0218)𝑻. Figure 11 shows the two hours

ahead forecasted values of the relative humidity by the local trend exponential smoothing method and
their corresponding confidence intervals. The regression parameters used for the two hours ahead forecasting of the relative humidity are 𝜽 = (89,1237; 0,0048 )𝑻 .
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Figure 11. Two hours ahead forecasted value of the temperature by the local trend exponential smoothing method and corresponding confidence intervals.
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Figure 12. Two hours ahead forecasted value of the relative humidity by the local trend exponential
smoothing method and corresponding confidence intervals.
The two hours ahead forecasted values of the temperature with the local trend exponential smoothing method results in a temperature of 0,24°C (see Figure 11) which fits in the discretization level used
for the BPN in Figure 3 between 0℃ < 𝑇 ≤ 1℃. The probabilities of the forecasted temperature and

relative humidity are discretized with the same discretization level as used in the BPN for the standard
tests. The probabilities are shown in Figure 13, where 0℃ indicates the interval −1℃ < 𝑇 ≤ 0℃, 1℃

indicates the interval 0℃ < 𝑇 ≤ 1℃ and 2℃ indicates the interval 1℃ < 𝑇 ≤ 2℃. The two hours
ahead forecasted values of the relative humidity is 89%, which fits in the discretization level used in the
BPN between 85% < 𝑟ℎ ≤ 90%. The probabilities of the two hours ahead forecasted value of the rela-

tive humidity can be seen in Figure 12. The distribution of the probabilities for the two hours ahead
forecasted values from Figure 13 and 14 are used to update the probabilities in the BPN. The format of

the BPN is as described for Case A but with newly updated distributions of the probabilities for the temperature and relative humidity. As seen from the BPN in Figure 3 the temperature and relative humidity
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are correlated, this entails that the relative humidity probabilities only are updated for temperatures in
the intervals given here between zero and two degrees with a discretization level of one degree. The
updated annual probability of in-cloud icing given the winter season can be obtained from Table 2 and is
8,43·10-5. The probability of in-cloud icing on January 23 at 8:10 pm, with the season being winter, a
temperature measurement of 0,1°C and a relative humidity measurement of 89%, is 1·10-30, see Table 2.
From Table 2 the probability of in-cloud icing without any other information than the date, which is in
the winter season, is estimated to be 0,047.
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Figure 13. The probabilities of the two hour ahead forecasted temperature for a given point in time in
January 2007.
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Figure 14. The probabilities of the two hours ahead forecasted relative humidity.
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Figure 15. Probability of duration of in-cloud icing for the case study.
Table 2. Probability of in-cloud icing given the winter season.
In-cloud icing given winter season
Yes
-30

Test 401

1·10

No info

0,047

Forecast

-5

8,43·10

No

Season

Temperature

Relative humidity

1

Winter

0,953

Winter

−1℃ < 𝑇 ≤ 0℃
-

85% < 𝑟ℎ ≤ 90%.

0,9999

Winter

Figure 11

Figure 12

-

From the point of view of the responsible for the operation of the bridge, entering the observed
measurements of the temperature and relative humidity the probability of ice accretion can be assessed
in more detail for the current situation. For this case study the updating of the probabilities through observed measurements entails that the probability of in-cloud icing reduces significantly and can be interpreted as being negligible. By performing the forecast of the temperature and relative humidity
through the local trend exponential smoothing method the updated probability of in-cloud icing and duration can be obtained. Only small changes in the probabilities of duration of in-cloud icing two hours
ahead can be seen from Figure 15 where it also can be seen that the probabilities for duration are similar with and without information about the temperature and relative humidity. This is special for this
case study since the probability of ice accretion given information about the temperature and relative
humidity at this point in time is very low. The updating of the probabilities in the BPN can be used as a
guide for decision makers about the operation of a bridge, the probability of ice accretion and risk of
closure. The framework presented and illustrated here is in-line with the objective of the probabilistic
model code [11], which stresses the need for operational probabilistic models to help decision makers
make the optimal decision among the available alternatives.
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6 CONCLUSIONS
This paper presents a framework for the probabilistic modeling and assessment of ice accretion
events and their duration on cables. The framework includes probabilistic modeling of the meteorological variables influencing the ice accretion mechanisms, namely in-cloud and precipitation icing and their
duration. The framework utilizes Bayesian Probabilistic Networks which through directed edges between the individual nodes model the dependencies between the variables governing the accretion
events. The use of the proposed model framework is illustrated through a case study considering the
Öresund Bridge. Using representative meteorological data it is furthermore shown how forecasting of
meteorological variables can be utilized as a means for update the probabilities in the BPN model.
The robustness to change in distribution types used to model the meteorological variables is studied
in the case study of the Öresund Bridge and it is found that the probabilities of in-cloud icing and precipitation icing as well as the probability of their durations can be considered robust with respect to the
probabilistic modeling of these. An analysis of the discretization of the meteorological variables is also
undertaken for the case study and the results show that the probability of in-cloud icing changes when
the discretization level of the relative humidity is made coarser. The same is found for what concerns
the probability of duration of in-cloud icing; it is found that the probability of precipitation icing and its
duration can be considered insensitive against coarser discretization levels of the wind velocity, temperature, precipitation and the relative humidity.
The local trend exponential smoothing method is presented and used to forecast the meteorological
variables influencing the probability of events of ice accretion. The effect of using real time measurements and forecasts as evidence in the BPN model is illustrated in the case study. The results can provide valuable information for designers, bridge owners and the authorities for the quantification of the
risk of ice accretion of cables such as cable supported bridges. The information provided can also be
used to support decision making on whether or not to inspect the cables with respect to ice accretion,
warn about falling ice, etc. In cases where it has been chosen to close the bridge due to hazards of falling ice updating of the duration probabilities by using forecasting of the meteorological variables can be
used to inform the public regarding the estimated duration of traffic disturbances.
The framework presented here could be applied to other types of structures that suffer for ice accretion such as transmission lines or guyed towers.
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On the Value of Forecasting in Cable Ice Risk Management
J.H. Roldsgaard, C.T. Georgakis, M.H. Faber
ABSTRACT
The present paper addresses the issue of risk management of cable structures with respect to icing events
which may lead to human life safety issues, functional disruptions and associated economic consequences.
Emphasis is placed on the value of early warning of icing events, which is based on the monitoring of
environmental conditions and short term forecasting. Decision problems in risk management can be
supported by quantifying the value of structural health monitoring (SHM). The approach for the assessment
of the value of SHM takes basis in structural risk assessments together with the Bayesian pre-posterior
decision analysis and builds upon the quantification of Value of Information (VoI). Using known probabilistic
models, which relate environmental conditions to the events of icing in terms of occurrence, an earlier
developed framework [1] is presented for the assessment of the expected value of consequences
associated with cable icing events. The consequences are evaluated for different outputs of the
probabilistic model to provide a basis for prioritizing risk management decision alternatives. It is shown
how forecasting of the environmental characteristics, i.e. the input to a Bayesian Probabilistic Network
model can be used to update the probability tables of the BPN model and thereby facilitate updating of the
ice occurrence probability, which can serve as a decision support tool for the risk management of a cable
supported bridge. The approach is illustrated by an example considering the safety management for a cable
supported bridge subject to the risk of falling ice from the cables. The example shows how the expected
value of SHM and forecasting can be assessed and a sensitivity study is reported concerning the
assumptions underlying the consequence modeling.
Keywords: cable icing, risk management, cable supported structures, cable stayed bridge, decision analysis,
value of information, Bayesian Probabilistic Networks
1 INTRODUCTION
Ice accretion on bridge cables is increasingly becoming a concern in the context of operational risk
management for cable supported bridge structures. These responsible for the operation of a bridge are
often taken by surprise by accretions and as a consequence unwarned events of ice falling onto a bridge
pose risks on vehicles and their occupants. The Port Mann Bridge in Vancouver Canada experienced this
adverse situation just shortly after its opening in December 2012. The bridge was not closed in due time
before over 400 cars were damaged and two persons lightly injured due to falling ice. In December 2013
the Penobscot Narrows Bridge in Maine USA [2] [3] was closed for about 24 hours due to unexpected falling
ice chunks from the stayed cables. The bridge was closed again the following Sunday for ice removal efforts;
the closured caused hours of queues and up to 65 km extra travelling distance. The aforementioned
incidents should not be viewed as being unique but as events which have a probability of occurring several
times during the lifetime of these and other similarly exposed bridges. As another example the Great Belt
Bridge has been closed 5 times with a total of 42 hours of operational disruption due to falling ice from the
cables over the past 15 years. The purpose of the approach presented herewith is not to prevent ice
accreting or falling but to help those responsible for operations to make decisions on when to close the
bridge and when not to. The approach is based on monitoring of the environmental conditions which in
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conjunction with a Bayesian Probabilistic Network may provide basis for estimating the occurrence
probability of icing. The BPNs can be updated by forecasting results concerning meteorological variables
and used as a tool in risk assessment. To justify installation of a structural health monitoring system, i.e. a
monitoring system providing real time information on the environmental conditions, the benefit of
monitoring should be evaluated before its installation. This can be performed by assessing the value of
forecasting (information) through the Bayesian pre-posterior analyses.
The use of the concept of Value of Information (VoI) based on the Bayesian pre-posterior decision analysis
in Civil Engineering has been limited – although [4] illustrated the advantages of the application of using the
Bayesian pre-posterior analysis for decision making with respect to hydrological design, following the
theoretical basis from [5] and the illustration of its use in the field of civil engineering by [6]. The
development of efficient algorithms in support of decision analysis by [7] and [8] together with more
efficient computers has significantly increased the number of engineering applications of decision analysis
over the last decades. Subsequently, also the concept of VoI within the Bayesian pre-posterior decision
making framework has been applied in various fields of application ranging from risk based inspection
planning for offshore structures [9], the planning of research on Alzheimer’s disease [10] and decision
support in the context of waste management [11]. The updating of BPNs in order to improve the accuracy
of risk estimates for natural hazard has been illustrated by [12]. [13] addressed the issue of real-time
decision making in the face of emerging natural hazards, and the quantification of the added value of more
detailed seasonal forecasts of meteorological parameters. Agricultural yields have been estimated by
among others [14] and [15].
This paper first shortly reviews the background literature of risk assessment through Bayesian pre-posterior
decision analysis, followed by an outline of the basic concepts of VoI. Thereafter a probabilistic model,
utilizing BPNs is introduced based on earlier research for assessing the annual occurrence probability of ice
accretion on bridge cables together with an approach on how forecasted values can be used to update the
occurrence probabilities. The presented BPN model is a modified version, which builds on the work in [1]
and [16], the former shortly presents the icing mechanisms together with estimated probabilistic models of
the relevant environmental characteristics. The sensitivity of the discretization of the probabilistic models
and the robustness of the choice of the probabilistic models are also studied. The latter presents a slightly
modified version of [1]. The sensitivity and the robustness of the occurrence and duration probabilities of
icing are studied. The effect of using real time measurements and forecasts as evidence in the BPN model is
also illustrated. Finally the approach is illustrated through a case study considering the risk management of
the cable stayed Øresund Bridge with respect to falling ice.
2 RISK MANAGEMENT OF STRUCTURES AND THE VOI CONCEPT
2.1 Risk management in Civil Engineering
Decision making in general and engineering decision making in particular are most often subject to
significant uncertainty caused by natural variability (aleatory uncertainty) and lack of knowledge (epistemic
uncertainty). The effect of uncertainty in the context of decision making is that the benefit (or more
generally utility) associated with a given decision alternative cannot be known with certainty until the
decision has actually been made and its outcome observed. However, based on the axioms of utility theory
by [17] it is possible to rank decision consistently based on their associated expected values of utility.
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Following these axioms there is still no guarantee that a chosen decision alternative will lead to the highest
possible utility; however, on average the decision alternative with the highest associated expected value of
utility will be the optimal choice.
Following [18], in the context of engineering decision making the very general concept of utility may for
most practical cases without any loss of mathematical consistency be exchanged with the more common
concepts of economic benefit or just consequences, such as monetary losses, number of fatalities and
damages to the qualities of the environment. The expected value of utility may thus be interchanged with
expected value of economic benefit or just expected value of consequences and it is realized that the
notion of risk defined as the expected value of consequences is equivalent to expected value of utility. The
implication of this is that decision alternatives may be ranked consistently in accordance with their
associated risks.
In structural engineering the basic concepts of risk based or risk informed decision making were introduced
rather early through the pioneering work on structural safety by [19]. Over the following decades these first
ideas evolved into a number of disciplines such as probabilistic engineering modeling, reliability analysis
and risk assessment; presently widely utilized for decision support in a broad range of engineering
application areas. The underlying concept being that the uncertainties affecting the reliability and risks
associated with engineering activities may be appropriately represented through Bayesian probabilistic
models [20]. In the area of structural engineering the Probabilistic Model Code (PMC) [21] by the Joint
Committee on Structural Safety (JCSS) provides a general and broadly accepted reference for the
probabilistic modeling of uncertainties and the assessment of structural reliability and risks.
Risk management of in principle any type of system may be supported by two different categories of
decisions [22], namely 1) decisions on whether and how to change the physical characteristics of the
system and 2) decisions on how to improve the general knowledge about the system as a basis for more
optimal decisions on whether and how to change the system.
Prior decision analysis may efficiently support decisions of category 1) whereas the pre-posterior decision
analysis facilitates the optimization of decisions of category 2). Despite the significant potential of preposterior decision analysis in civil engineering decision making was realized very early [6] the only
application field where it has won real industrial scale impact in civil engineering is in risk based and
reliability based inspection planning [23] [24] [25]. Another relevant application area in civil engineering
such as experiment planning has only been considered to a very small extent [26] and in the context of
structural health monitoring just recently the merits of the pre-posterior decision analysis and the related
value of information analysis have been attracting research interest [27] [28]. Furthermore the framework
for evaluating the VoI of monitoring system based on structural reliability methods is proposed in [29].
As outlined in the foregoing section the present paper addresses risk management for structures or
infrastructure systems involving cables subjected to icing. As the icing may pose risks in terms of falling ice
on bypassing persons and vehicles a relevant decision problem to consider concerns when and how to
intervene in case of cable icing; how to manage the risks associated with falling ice. Obviously, if the icing of
the cables could be observed visually with sufficient confidence measures could be taken to avoid people
and vehicles to be exposed to potentially falling ice. However, in reality this is not feasible since conditions
most often do not allow for visual monitoring. Therefore, the idea pursued in the following is to investigate
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the prospect benefit of monitoring metrological variables which contain information about possible icing
events in the future and thereby facilitate decision making with respect to consequence mitigation in due
time before the risk becomes unacceptably high. To this end the concept of value of information from the
pre-posterior decision analysis is utilized and this concept will thus for easy reference be shortly outlined in
the subsequent.
2.2 Value of information analysis in risk management
Fundamentally the aim of the VoI is to quantify the prospect value of collecting information about the state
of nature (hereafter referred to as monitoring) in a given decision context in which the state of nature as
well as the collected information are associated with uncertainties; i.e. assessing the value of information
which has not yet been collected. In the context of structural engineering the decision problem on whether
or not to collect information through monitoring may be characterized by the following features:
•
•
•
•

The monitoring might provide direct or indirect information (indications) concerning the
characteristics of the structure which have a significant influence on its service life performance.
The monitoring can be undertaken with a given precision which depends on the technique and
thereby also depends on the costs.
The information collected through monitoring facilitates that adaptive actions may be taken to
reduce life cycle costs or increase life cycle benefits.
If the information collected through monitoring is not correct the adaptive actions will not be
optimal and may even increase the service life costs.

In order to illustrate the idea underlying the value of information analysis, consider the simple decision
event tree illustrated in Figure 1. It is assumed that the true state of nature X is random with possible

outcomes x ∈ {X} and given a-priori probability assignment f X′ ( x) . Moreover, it is assumed that actions

a ∈ {A} may be taken which affect the probability assignment of the possible states of the true state of

nature, why more generally this may be given as f X′ ( x, a) . Two cases are considered, namely the case in
which it is decided to collect information and the case where it is decided not to collect information,
corresponding to the branches 1 and 0 in the left end of the figure, respectively. Considering first the part
of the decision event tree corresponding to decision 0, i.e. not to collect information, the optimal decision
with respect to the choice of a may be identified by maximizing the expected value of the benefit b0 ( x, a) ,
i.e.:
∞

arg max( E X′ [b0 (a, x) ]) = arg max( ∫ f X′ ( x)b0 (a, x)dx)
a

a

(1)

−∞

with corresponding expected value of benefit:
(2)

B0 (a* ) = E X′ b0 (a* , X ) 
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b1 (a, x, e)

e

1

a

z

x

0

b0 (a, x)

a
Decision Decision

Event

Decision

x
Event

Benefit

Figure 1. Illustration of a decision event tree for the assessment of the value of information in the
framework of Bayesian pre-posterior decision analysis.
For the upper branch in Figure 1, corresponding to decision 1 one additional choice and one additional
realization of an uncertain phenomenon are included in comparison to the lower branch. The choice
concerns the characteristics of the monitoring, i.e. the performance characteristics to be monitored, the
accuracy of the applied technique(s), the extent (number of monitored locations) and the resolution of the
monitoring over time. The realization concerns the outcome of the monitoring. In the following, for the
purpose of illustration we will refer to these as the experiment e ∈ {E} and the experiment outcome z ∈ {Z}

, respectively and assume that z is an outcome of a scalar valued random variable Z with probability
density function f Z ( z ) . The outcome of the experiment z may be related to the probability assignment of
the random true state of nature X by application of Bayes rule:
f X′′ ( x z ) =

L( x z ) f X′ ( x)

(3)

∞

∫ L( x z ) f ′ ( x)dx
X

−∞

where L( x z ) is the likelihood of the true state of nature x given the observation z . This likelihood is the
link between the observation and the condition of the structure which may affect the benefit and depends
on two aspects, namely whether the observed quantity has a strong relation to the true state of nature of
interest and whether the observation is precise (measurement uncertainty).
Given the experiment outcome z the optimal action a* z is thus determined from:
∞

arg max( E X′′ [b1 (a, X , e) ]) = arg max( ∫ f X′′ ( x)b1 (a, x, e)dx)
a

a

(4)

−∞

with corresponding expected value of benefit:
B1 (a* , e) = E X′′ b1 (a* , X , e) 

(5)

where a benefit function b1 (a, X, e) has now been introduced which also depends on the choice of
experiment e since different experiments will introduce different costs.
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However, since the experiment outcome z is not known with certainty the expected value of conducting
the experiment with subsequent optimization of actions a must be evaluated over the possible different
realizations of z , i.e.:
*

 EZ  E X′′ b1 (a* , X , e)  
=
B1 (e) E=
Z  B1 ( a , e) 



(6)

and finally the optimal experiment e* may be determined from:
arg max( EZ  B1 (a* , e)  ) = arg max( EZ  E X′′ b1 (a* , X , e)   )


e
e
∞


= arg max( EZ arg max ∫ f X′′ ( x)b1 (a `Z , x, e)dx  )
e
a
−∞



(7)

with corresponding expected value of benefit:
B1 (e* ) = EZ  E X′′ b1 (a* , X , e* )  



(8)

The expected values of benefits for branch 0 and branch 1 in the decision event tree are thus given in
Equation (2) and Equation (8) why the expected VoI associated with conducting an experiment can be
quantified through:
(9)

=
VoI B1 (e* ) − B0

The foregoing presentation of the VoI analysis follows the extensive form of the Bayesian pre-posterior
decision analysis which is rather convenient whenever it is possible to formulate the likelihood of the true
state of nature in terms of the observations using Bayes’s Rule as provided in Equation (3). In other cases
this might not be straight forwardly achieved and in such cases the normal form pre-posterior decision
analysis might be more applicable. In the normal form of the pre-posterior decision analysis the equivalent
to Equation (8) yields:
B1 (e* ) = E X  EZ x b1 ( Z , d ∗ ( Z ), X , e* )  



(10)

where d ∗ (Z) is a decision rule specifying the (optimal) action to take given the experiment outcome z . The
decision rule is often formulated in terms of parameters which may be subject to optimization themselves.
The normal form formulation is very adequate in the context of risk based or reliability based inspection
and maintenance planning as demonstrated in e.g. [30]. In the context of VoI for structural health
monitoring a main purpose of the structural health monitoring is to facilitate adaptation of inspection and
maintenance strategies during the service life of the structures. In such applications the assessment of the
VoI of a structural health monitoring strategy might appropriately be formulated in the extensive form but
in which the benefit function in Equation (8) is assessed through an optimization of the service life,
inspection and maintenance strategy utilizing a normal form pre-posterior decision analysis; i.e. a normal
form decision analysis within an extensive form decision analysis..
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In the following, in the context of safety management with respect to ice accretion the service life
inspection and maintenance strategy optimization of the structure is not included in the decision problem
and for this type of problem the extensive form decision analysis alone is sufficient.
2.3 The value of monitoring metrological characteristics in risk management of cables subject to icing
events
The value of information quantification through the Bayesian pre-posterior decision analysis may readily be
applied to assess whether it is beneficial to undertake monitoring of metrological characteristics as a means
of managing risks due to cable icing events.
Icing events are assumed to be appropriately probabilistically modeled by the model suggested in [1]. Using
the model suggested there it is possible to assess the probability of an icing event through a hierarchical
Bayesian probabilistic mode which relates metrological characteristics to the event of icing. There it is also
shown how probabilistic forecasts of the time evolution of the metrological characteristics can be utilized
to assess the probability of icing at different times in the future. An outline of these models is provided in
Section 3 and their application in the context of value of information analysis is illustrated in Section 4.
Here the principles of the modeling will, however be provided in continuation of the foregoing general
introduction.
3 PROBABILISTIC MODELING AND FORECASTING OF CABLE ICING
An operational framework for probabilistic modeling and forecasting of the occurrence of ice accretion on
bridge cables is presented in [1]. The operational framework presents a method for the probabilistic
assessment of ice accretion by use of readily available meteorological variables. The assessment is not
dependent on variables that are not immediately observable such as the water content in the air, the
droplet size, the ratio of frozen water in the precipitation, see e.g. [31] [32]. The framework also refrains
from the use of advanced numerical weather simulation tools such as the methods developed amongst
others by [33] [34]. A short overview of how the observed and reported meteorological characteristics are
used as input parameters in the operational framework is given subsequently.
The method used to model the occurrence of the two icing mechanisms, namely in cloud icing and
precipitation icing, is the Bayesian Probabilistic Networks (BPNs). BPNs are acyclic directed graphs, where
the variables (nodes) are connected by edges (arrows). The edges represent the propagation of the
probabilities through the network. The states of the individual nodes are assigned a probability structure
depending on whether it is a child or parent node. A child has edges going into the node and might also
have outgoing edges, whereas a parent node only has outgoing edges. This entails that the probability
structure of a child variable is a conditional probability distribution function, depending on the parent node
and the probability structure of a parent node can be represented by a marginal probability distribution.
The operational BPN model developed for estimating the probabilistic characteristics of occurrences of ice
accretion on bridge cables is shown in Figure 2. The correlation structure between the meteorological
variables can be observed through the directed edges between the variables in the BPN. It is assumed that
the five meteorological variables; temperature, relative humidity, precipitation, wind velocity and wind
direction are monitored and assigned conditional or marginal probability density functions. The resolution
of the monitoring data depends on the availability, but all the variables should be measured or scaled to
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the same time frame. Before probabilities can be assigned to the states of the nodes the stationarity of
measured time series of the corresponding variables must be assessed to identify in which manner the
realizations of the random processes can be characterized as outcomes of random variables. The choice of
distribution family should be assessed through Goodness-of-fit tests, such as e.g. the Quantile-Quantile
plot, Kolmogorov-Smirnov test as well as by visual assessment of the cumulative distribution function. The
probability density functions used to model the meteorological variables (the nodes) are discretized to fit
the discretization level of the probability tables in the BPN model. The choice of discretization level can be
seen as a model choice equivalent to the choice of distribution family. Non is pursued further here but both
are studied in [1] [16]. The choice of discretization level should be based on the resolution of the obtained
measurements of the meteorological variables and the sensitivity of the model. Here the following
discretizations are used (see also Figure 2); 30° intervals for the wind direction, 1 m/s intervals for the wind
velocity, 1°C intervals for the temperature, 0.1 mm/10min intervals for the precipitation and 5% intervals
for the relative humidity.

Figure 2. The operational BPN for estimating the occurrence probabilities of in-cloud and precipitation
icing.
Icing events on cables have been observed by many and the identification of simultaneous realizations of
meteorological conditions triggering icing events is based on a survey of reported icing events and the
corresponding meteorological conditions [35] [36]. In this model the annual occurrence rate of in-cloud
icing is modelled through the statistics of simultaneous occurrences of a relative humidity between 95100%, a temperature equal to or below 0°C and no precipitation. The event of precipitation icing is
assumed to be triggered by the simultaneous occurrence of precipitation, wind velocity, as between 0-15
m/s and temperatures below zero degrees. Other criteria for defining the icing mechanism or
phenomenological models could be implemented in the BPN model.
After the annual occurrence probability of ice accretion has been estimated the probability tables in the
BPN model may be updated by use of forecasts of the meteorological variables. Forecasts of the wind
velocity, temperature, precipitation and relative humidity are entirely based on time series of past
measurements; this means that there is no physical or numerical model behind the forecast of the
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meteorological variables. To this end the local trend exponential smoothing method of the first order [37] is
used. The forecast is performed without regard to the interdependency between some of the variables e.g.
temperature and relative humidity. The variables are forecasted two hours ahead in time; two hours is
considered to represent the time frame necessary to properly close the bridge and redirect the traffic to
other routes. The uncertainty associated with the forecasts is taken into account by using the confidence
bounds around the forecasted values to estimate the probability distribution for the forecasted value. This
is illustrated in Figure 3 to the right and described in more detail in [16].
Some of the meteorological variables can only take on positive values or are only defined within specific
limits. The limits should of course be adapted to fit the local climate conditions. In the following an example
is provided on how these limits could be represented and what these would entail for the forecasting. The
wind velocity forecast is truncated to wind velocities between 1 m/s and 41 m/s to fit the probability tables
of the BPN, the temperature is truncated to temperatures between -20°C and 40°C, the precipitation is
truncated to values between 0 mm/10min to 9.1 mm/10 min and the relative humidity to values between 0
- 100%. The forecast of the wind direction is estimated differently from the other meteorological variables
due to the fact that 0 degrees and 360 degrees both correspond to magnetic north. Therefore truncation as
used for some of the other variables is not applicable for the wind direction. Consequently the wind
direction is modeled by a Normal distribution based on the two hour change in in wind direction from the
latest week. A random sample from the Normal distribution is added to the wind direction of the current
point in time to give the two hour forecasted value of the wind direction. The uncertainties associated with
the forecasted values are taken into account in the assignment of probabilities used to update the tables in
the BPN model. From the forecasted values the updated probability of cable icing can be estimated and the
expected value of the consequences associated with decisions on whether or not to close the bridge can be
compared.
EXAMPLE – ICING RISK MANAGEMENT FOR THE ØRESUND BRIDGE
4.1 Model implementation
The methodology (see Figure 3) is illustrated through a case study considering the Øresund Bridge
connecting Denmark and Sweden. The cabled stayed high bridge is 1092 m long and the total length of the
link is approximately 16 km. The upper deck of the cable stayed part of the bridge serves the highway
traffic whereas the lower deck serves the railway traffic. The Øresund Bridge is the traffic link between
Denmark and Sweden with the shortest distance to Copenhagen (about 10 km to the south). The only other
opportunity to cross Øresund between Denmark and Sweden is by ferry from Helsingør which is about 45
km north of Copenhagen. With this setting the assessment of the prospect value of information associated
with a monitoring system providing real time measurements of environmental characteristics to predict
icing events is illustrated. The decision tree tailored to the case study of the Øresund Bridge is shown in
Figure 4 in which it can be observed which types of consequences are linked to the different possible
decision alternatives.
Monitoring data concerning environmental characteristics are obtained from Copenhagen Airport Kastrup
corresponding to the past 8 years: The data comprises 10 minute mean values of the wind direction, wind
velocity, precipitation, temperature and relative humidity. The statistical processing of the data for use as a
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means of updating of the probability tables of the nodes in the BPN of Figure 2 is described in detail in [1]
[16].
Data Base
Joint observations of
atmospheric
characteristics
and icing events
- Temperature
- Wind velocity
- Humidity
- Wind direction

Probabilistic model
Icing events

Forecast of future icing
events
- Probability of icing
event
Forecast weather
Humidity

Temperature

Vind velocity

Time

Past observations

Real time observations

Time

Figure 3. Illustration of the methodology for estimation of the updated probability of icing events to
support decision making.
Time series of the meteorological variables in the winter months (December, January and February) are
used to establish the two hours forecast based on the latest week of observations through the methods
outlined in Section 3. Using the forecasted values of the meteorological variables the probability tables in
the BPN from Figure 2 are updated and the updated probability of icing is estimated. The outcome of the
BPN model is an updated probability of icing and based on this probability those responsible for the
operation of the bridge will have to decide on whether or not to close the bridge. This becomes
problematic when the probability of icing is different from either 0 or 1. A threshold probability is
introduced and acts as a guideline for bridge closure. If the threshold probability is exceeded then bridge
closure is triggered. The optimal threshold probability is studied in the framework of evaluating the
maximum expected utility. This means that sometimes even though the probability of icing might be close
to one it might still be economically beneficial to leave the bridge open to traffic. In the following the
maximum expected utility associated with monitoring and forecasting is estimated and compared with the
utility of not performing monitoring through Equation (9). The updated probabilities are used as
realizations of the random phenomena to illustrate the assessment of quantification of the value of SHM
(Structural Health Monitoring). In this context SHM is considered as real-time monitoring of the
environmental variables, which affect the fitness of the bridge structure or more precisely the usability of
the bridge.
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Decision

True state

Model result

Decision

True state

Consequences
C1: Timely closure

a1: Closure

Forecast
results

C2: False alarm

Monitoring
results

C3: Unwarned falling ice
a2: No closure

C4: Correct continuation

C5: Unwarned falling ice

C6: Correct continuation

Figure 4. Decision tree for the case study of bridge management with regards to icing events.
4.2 Consequence modeling
The expected value of consequences associated with falling ice events are idealized into the following
contributions; timely closure, false alarm, unwarned falling of ice, correct continuation of operation. The
consequences are numbered C1-C6 to the right in the decision tree shown in Figure 4. The considerations
about the consequence modeling for the consequences C1-C3 are listed in Table 1.
Table 1. List of factors which are considered in the consequence modeling.
Consequence
Timely closure

Label
C1

False alarm

C2

Factors to consider
- The duration of the closure
- The number of vehicles that must find a new route
- The extra time the vehicles must travel to reach their final
destination
- The cost of the monitoring and forecasting system
- The duration of the closure
- The number of vehicles that must find a new route
- The extra time the vehicles must travel to reach their final
destination
- The cost of the monitoring and forecasting system
- The potential loss of costumers. Especially, if false alarms
events happen frequently (where “frequently” is an
individual perception).
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Unwarned falling ice

C3

-

The duration of the closure
The number of vehicles that must find a new route
The extra time the vehicles must travel to reach their final
destination
The cost of the monitoring and forecasting system
The safety risk the icing event poses to the users of the
bridge
The risks associated with the potential damages to the
vehicles
Traffic accidents emerging from broken windshields which
limit the visibility of the drivers

Modeling of the consequences listed in Table 1 necessitate that several assumptions are introduced
concerning for example the traffic volume and the extra time due to redirection of traffic. They are all listed
and described in the following. The consequence modeling is based on the average number of vehicles [38]
which pass the bridge every day (according to statistics from 2012). The traffic volume is assumed constant
throughout the day and over the year. No systematic changes in future traffic or bridge tolls are accounted
for.
The cost of timely closure is based on the average daily number of vehicles crossing the Øresund Bridge.
The number of cars crossing the bridge is modeled by a Normal distribution with the parameters 𝑁(𝜇̂ 𝐶 , 𝜎�𝐶 )
and the number of trucks is modeled with 𝑁(𝜇̂ 𝑇 , 𝜎�𝑇 ). The parameters are the first and second sample
moments of the traffic statistics from 2012. The duration of bridge closure is modeled with a truncated
Normal distribution with the parameters 𝑁(𝜇̂ 𝐷𝑢 , 𝜎�𝐷𝑢 ), where the truncation ensures that negative
durations of bridge closure cannot occur. The parameters of the duration model are estimated from the
judgment of the time range for correct closure and opening of the bridge together with the duration of
communicating a message (about bridge closure) from those responsible of the bridge operation to the
users of the bridge. The extra travelling time due to the redirection of traffic is modeled by the 𝑁(𝜇̂ 𝐸𝑥 , 𝜎�𝐸𝑥 ).
The parameters of the Normal distribution are evaluated based on the distance from the Øresund Bridge to
the other possible crossing of Øresund from Helsingør to Helsingborg. The parameters are listed in Table 2.
Table 2. The model parameters for the number of cars, trucks, duration of closure and extra travelling time
estimated from traffic statistics [38].
Cars
Trucks
Duration of closure
Extra travelling time

Parameters
𝜇̂ 𝐶 = 100.2
𝜎�𝐶 = 7.6
𝜇̂ 𝑇 = 1.6
𝜎�𝑇 = 0.1
𝜇̂ 𝐷𝑢 = 220
𝜎�𝐷𝑢 = 100
𝜇̂ 𝐸𝑥 = 30
𝜎�𝐸𝑥 = 30

Units
[no per 10 minute]
[no per 10 minute]
[min]
[min]

Distribution family
Normal
Normal
Normal
Normal

Under the false alarm consequence in Table 1, the side effect loss of reputation and thereby loss of
costumers is also listed. This side effect depends on cultural characteristics and risk communication in
general. The perception of “frequent” occurrences of false alarms and the inconvenience associated with
re-routing of traffic. Here it is assumed that 0.1% of the costumers will take another route over a period of
5 days following the event of a false alarm, where after the bridge will regain its reputation and the number
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of customers will be at the same level as before the false alarm event. The cost of delay per hour is taken
from the “Key number catalog” (Nøgletalskatalog) [39] which list the average cost as 80 DKK/hour per car
and 348 DKK/hour per truck. The modeling of the costs of unwarned falling ice includes the cost of timely
closure with the additional cost of material damage, cars caught on the bridge, accidents caused by broken
windshields and loss of reputation including people avoiding the bridge due to fear of falling ice. To
estimate the number of vehicles, which potentially are on the cable stayed part of the link every 10
minutes, the length of the cable stayed part of the bridge is taken into account together with the average
driving speed. In the cases where monitoring is omitted the costs associated with unwarned falling ice
events can be modeled as just described, but without the costs of monitoring and forecasting system. In
the situation where there are no consequences there are no costs.
The estimation of the normalized costs based on the above assumptions are listed in Table 3. The expected
utility in the present study is given in monetary terms. The costs of the consequences C1 – C6 from Figure 4
are normalized with respect to the cost of unwarned falling ice. Discounting is not accounted for in cost
modeling. This means, that the monitoring system of the environmental variables is installed at time point
zero at a given cost, then the costs of the consequences occurring at a later point in time during the life
cycle of the bridge are given in the prices at time zero. If discounting is taken into account the numerical
value of the costs will be higher. The normalized cost of the monitoring includes installation,
administration, maintenance etc. and is a yearly cost. Parameter studies of the threshold probability given
different values of the normalized cost for the different consequences are performed.
Table 3. Normalized cost of the consequences.
Consequence
Monitoring
Timely closure
False alarm
Unwarned falling ice
Correct continuation
Unwarned falling ice
Correct continuation

CM
C1
C2
C3
C4
C5
C6

Normalized
cost
6
0.4
0.2
1
0
1
0

Monitoring
Monitoring
Monitoring
Monitoring
Monitoring
-

4.2 Sensitivity study of the value of monitoring
The expected value associated with the decision of undertaking monitoring and forecasting as well as the
expected value associated with the decision of not performing monitoring is estimated based on Equation
(8) and (2) respectively. Correspondingly, the expected value of undertaking monitoring and forecasting,
i.e. the value of SHM is estimated based on Equation (9) and is shown in figures 5-7 for different threshold
probabilities given various values of the normalized costs of the consequences. Figure 5 shows the
expected value of SHM as a function of the threshold probability given different values of normalized cost
for timely closure (C1) and with all other normalized costs kept constant. For C1 = 0.1 and C1 = 0.3 the
maximum expected value of SHM is achieved for a threshold close to 0.2. For C1 = 0.4 and C1 = 0.5, the
maximum value of SHM is achieved for a threshold probability close to 0.3, and for C1 = 0.7 the
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corresponding threshold probability is around 0.4. The results indicate that the expected value of SHM
increase when the cost of timely closure decreases and vice versa.
C1 = 0.1
C1 = 0.3
C1 = 0.4
C1 = 0.5
C1 = 0.7

E[value of SHM]

15

10

C2 = 0.2
C3 = 1
C4 = 0
C5 = C3
C6 = 0
CM = 6

5

0
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Threshold

Figure 5. Expected value of SHM as function of the threshold probability of icing given different values of
the normalized cost of timely closure (C1).
Figure 6 depicts the expected value of SHM as function of the threshold probability for closing the bridge
given different values of the normalized cost of the consequence of false alarm and with all other
normalized cost kept constant. The expected value of SHM is positive for all values of the normalized cost
of false alarm. The maximum expected value of SHM given that C2 = 0.05 is found for a threshold
probability of 0.1 among the studied threshold probabilities. For C2 = 0.1 the maximum of the expected
value of SHM is found for a threshold probability of 0.2. For C2 = 0.2 and C2 = 0.3a threshold probability of
0.3 yields the maximum value of SHM and for C2 = 0.6 the corresponding value of the threshold probability
is equal to 0.5. The results show that with the increasing cost of a false alarm the optimal value of the
threshold probability for closing the bridge increases and with the decreasing cost of a false alarm the
optimal threshold probability also decreases.
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Figure 6. Expected value of SHM as function of the threshold probability of icing given different values of
the normalized cost of false alarm (C2).
The expected value of SHM as a function of the threshold probability given different values of the
normalization cost is shown in Figure 7. The normalization cost is as mentioned before the cost of an
unwarned falling ice event. This means that for a value of two in the legend in Figure 7 the cost of the
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unwarned falling ice is doubled. The other costs of the consequences are kept constant in the nonnormalized form, which means that when the normalization cost (unwarned falling ice) is doubled the
other normalized costs of the consequences are halved. The expected value of SHM is negative when the
normalization cost is reduced by more than 0.8, which means that the monitoring cost exceeds the
expected cost of not performing monitoring. The maximum expected value of SHM is found for a threshold
probability of 0.1 given the cost C2 = 0.05 among the studied threshold probabilities. Given no increase, a
threshold probability of 0.3 gives the maximum expected value of SHM. Given a reduction of 0.8 and 0.67
the maximum expected value is found for a threshold probability of 0.4 and finally, given half the
normalization cost the optimal threshold probability value is 0.7. The results indicate that when the cost of
an unwarned falling ice event (normalization cost) decreases, then the value of SHM decreases as well and
even becomes negative in some situations.
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Figure 7. Expected value of SHM as function of the threshold probability of icing given different values of
the normalization cost.
5 DISCUSSIONS AND CONCLUSIONS
5.1 Discussions
The maximum expected value of SHM has been estimated for the decision problem of bridge closure due to
cable icing events. A parameter study of the threshold probability given various costs of the consequences
has been performed for when to close the bridge due to the risk of icing events and when to leave the
bridge open to traffic. The results from varying the cost of timely closure (C1) and keeping the other costs
constant shows that when the cost of C1 decreases the expected value of SHM increases. Given each of the
studied values of C1 the optimal threshold probability for closing the bridge varied between 0.1 and 0.4,
with 0.1 for the lowest cost of C1 and 0.4 for the highest cost of C1 studied. The study of the sensitivity with
respect to the costs of false alarm (C2) shows that the expected value of SHM decreases with increasing C2
and with the other costs of consequences kept constant. The optimal threshold probability for closing the
bridge is found to vary between 0.1-0.5, with the smaller threshold probability corresponding to the lower
value of C2 and the higher threshold probability corresponding to the higher value of C2. The studies of C1
and C2 show the same trend, namely that if they increase then it will be more beneficial not to close the
bridge as frequently (use a higher threshold probability).
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Also a sensitivity analysis where the costs used to normalize the costs of the consequences has been
performed. This corresponds to varying the costs of C1 and C2 and at the same time keeping C3 constant.
The results show that increasing the normalization costs (decrease of both C2 and C3) leads to a decrease
of the expected value of SHM. The optimal threshold probability for the different cost scenarios is found
over a wide range of values from 0.1 in the case where C1 and C2 attain their smallest values; to an optimal
threshold probability of 0.4 for a small increase of C1 and C2 to the highest optimal threshold probability of
0.7 for the largest increase of C1 and C2. The trend that the optimal threshold probability increases with
increasing values of C1 and C2 is consistent with the results from the individual parameter study of C1 and
C2 respectively.
The study concerning the costs of the consequences in the model and the corresponding optimal threshold
probabilities shows, that the maximum expected value of SHM depends on the costs of the consequences
and the choice of threshold probability. This shows that the optimal threshold probability for closing the
bridge or letting it stay open to traffic is not a static value, but should be optimized in respect to the
different estimated costs of the consequences for the given situation. For example in this case study the
traffic volume throughout the day is assumed constant which is not totally in-line with reality e.g. rush
hours and traffic during night. During rush hours more people will be affected by closure of the bridge than
during the night, this may change the optimal threshold probability for bridge closure and the expected
value of SHM. One possible solution to accommodate for this is to employ online monitoring of the traffic
and based on the current traffic volume the utility function can be updated continuously together with
optimization of the threshold probability for bridge closure.
Another assumption that may influence the maximum expected value of SHM is the discounting rate which
is not considered in this study. All the costs of the consequences in this work are assumed to be paid at the
same point in time as the monitoring and forecasting system is installed. The traffic volume is assumed
constant over the lifetime of the bridge, which is another factor that may influence the maximum expected
value of SHM, since more people may be affected by bridge closure in forthcoming years than modeled
here.
5.2 Conclusions
The present paper addresses the issue of icing events and risk management of cable structures. First the
approach for quantifying the value of structural health monitoring based on structural risk assessment and
the Bayesian pre-posterior decision analysis is outlined. The different possibilities within the pre-posterior
analysis to assess the optimal action or experiment strategy are presented, where the experiment strategy
contains the choice of doing nothing. In other words the outline theory provides the basis for assessing the
value of obtaining more information e.g. perform monitoring compared with the value of doing nothing.
The approach is applied on the decision problem in risk management of icing events for the cable stayed
Øresund Bridge. After the presentation of the BPN model for evaluation of the occurrence of icing events,
the methodology for using forecast of the environmental conditions to update the probabilities in the BPN
model is described. The consequences in relation to an icing event occurring are identified and modeled.
The updated probabilities of icing are used as realization of the random phenomena in the Bayesian preposterior decision analysis together with the normalized costs of the consequences from the consequence
modeling. Based on these inputs the expected value of SHM is estimated. The results of the parameter
study of the costs of the consequences and the threshold probability show that with increasing costs of C1
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and C2 the expected value of SHM is decreasing. The study also shows that with increasing cost of C1 and
C2 the optimal threshold probability increases. It should be noted that the normalized costs used to
evaluate the expected value of SHM highly depend on the economics of the country at which the bridge is
located. For example the cost of one working hour varies, as do the speed limits and the general behavior
of drivers in e.g. Denmark and China. Another parameter that should be considered is the time varying
number of people, which are affected by bridge closure both during the day but also over the lifetime of
the bridge together with the discounting for the costs of consequences. At last the forecasting of the
interdependency among the environmental variables is not accounted for the in model, this can influence
the updated probabilities and thereby the occurrence probability of icing events.
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Chapter 7
Conclusions, Discussions and
Outlook
7.1

Conclusions

In the present thesis the issue of cable icing together with the inherent problems is addressed. Cable icing of cable supported bridge can lead to two
unanticipated problems concerning the safety of bridge users and the reduction of the service life of the cables.
Assessment of the two issues are based on the developed operational
probabilistic framework for the probabilistic modeling and analysis of the
occurrence of icing events and their duration. It is found that ice accretion
essentially can be divided into two governing mechanisms namely; in-cloud
icing and precipitation icing. In literature the two icing mechanisms are
described by various environmental characteristics. Some of the these are
well-known and easy to measure others are not immediately observable such
as the water content in the air, the droplet size, the ratio of frozen water in
the precipitation etc. To facilitate the probabilistic modeling of ice accretion
only by use of readily available environmental variables the Bayesian Probabilistic Networks are found suitable. Beside the capability of the BPNs to
model uncertain phenomena they are also intuitive and enhance graphical
communication among engineers, designers and operators.
The developed BPN model is used to address the fatigue issue of bridge
cables through the probability of occurrence of icing events together with
Den Hartogs instability criteria for cable vibrations and S-N curves. The
influence on the sensitivity and robustness of the environmental input to
the BPN model results, which are occurrence and duration of icing events,
are studied. The BPN model allows for updating of the probability tables
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and thereby the occurrence probabilities whenever new information becomes
available. This feature is utilized in the context of risk management, where it
is shown how forecast of the meteorological variables can be used to update
the input to the BPN model. Based on the updated probabilities of occurrence and duration of icing events the responsible for the bridge operation
can make decisions on whether to restrict traffic or not. At last the framework for quantifying the value of information through Bayesian pre-posterior
decision analysis based on structural risk assessment is outlined. The theory
is applied for the risk management of cable icing where the value of Structural Health Monitoring (SHM) is quantified and a parameter study on the
threshold probability for when to close the bridge or not is performed.
Chapter 3 present a preliminary Bayesian Probabilistic Network for assessing the the fatigue damage of hanger and stay cables subject to windinduced vibrations. The presented BPN is expanded further in Chapter 4
and 5 to include the specific icing mechanisms, more meteorological variables, the duration of the icing events but without addressing the fatigue
issue. The Den Hartog vibration mechanism is explained and the critical
wind directions relative to an iced cable is found. The bending stresses from
the vibrations are approximated with simplifications about the stiffness of
the cable, the mode shapes and the amplitude of the vibrations. The bending stresses and number of vibration cycles are compared with a S-N curve
and the Palmgren-Miner linear damage rule is applied to show the procedure
of estimating the lifetime of the cables.
Chapter 4 presents an operational probabilistic framework for the probabilistic modeling and analysis of occurrence of ice/snow accretion to support
decision management in bridge engineering. The overall model is illustrated
with a case study of the Øresund Bridge. The appropriate meteorological
parameters are identified and data for these parameters are gathered for a
period of about 8 years. Various probability distributions are postulated as
model candidates and assessed using quantile plots, the Kolmogorov-Smirnov
test and visual comparison of the postulated and theoretical cumulative density functions to identify the models that best represents the available data. A
BPN model is established and used to model the probabilistic characteristics
of the annual occurrence of ideal meteorological conditions for in-cloud and
precipitation icing. The analysis based on the BPN shows that the conditions
for ice accretion occur in a total of about 6.5 days per year. The robustness
of the established BPN model is examined and the model is demonstrated to
be robust regarding change in distribution type for the various meteorological variables and for changes towards coarser discretization of the individual
7-2

Department of Civil Engineering - Technical University of Denmark

Conclusions, Discussions and Outlook

7.2 Novelty and Discussions

meteorological variables except the higher values of the relative humidity and
the precipitation which significantly influences the estimated probability of
occurrence of in-cloud icing and precipitation icing respectively.
Chapter 5 presents the expansion of the BPN model to include the duration modeling of the in-cloud icing and the precipitation icing. The difference
between the models presented in Chapter 4 and Chapter 5 is the use of the
EM algorithm to update the parameters of the prior probability distributions with measurement data for some of the environmental variables. Again
the robustness of the BPN model to changes in distribution types is studied
with the Øresund Bridge as case study. The sensitivity of the BPN model
in regard to the discretization of the meteorological variables is also studies.
Furthermore it is shown how forecasting of environmental variables can be
utilized as a means for updating the probabilities of icing events in the BPN
model. The forecast of the meteorological variables is performed by the local
trend exponential smoothing method. The effect of using real time measurements and forecasts as evidence in the BPN model is illustrated in the case
study.
Chapter 6 addresses the issues of icing events and risk management of
cable structures. The problem of decision making for the responsible of the
bridge operation with regard to traffic restrictions due to risk of falling ice
onto the users of the bridge is outlined. A probabilistic framework for risk
management as decision support tool has been proposed. The framework
for assessing the value of SHM takes basis in the structural risk assessments
together with the Bayesian pre-posterior decision analysis and builds upon
the quantification of Value of Information (VoI). The BPN model of Chapter
4 and 5 which facilitate the real-time updating of the occurrence probability
of icing events is utilized. The real-time updating is based on monitoring of
the environmental variables and the value of these that is quantified here.

7.2

Novelty and Discussions

The scientific achievements of the present thesis work are: (1) the development a Bayesian Probabilistic Network for estimation of the occurrence of
icing events and their duration; (2) the outline of the preliminary framework
for assessing the fatigue of bridge cables due to iced induced vibrations; (3)
the use of forecast of the environmental variables to update the occurrence
probability of icing events and the use of the latter in risk management of
bridge cable icing; (4) the proposed approach for quantification of the value
Department of Civil Engineering - Technical University of Denmark
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of Structural Health Monitoring which can be used as support tool in risk
management of bridges exposed to the risk of falling ice from the cables.
The scientific achievements are limited in the sense that some assumptions are made in the development. Regarding (1) it is the probability of
occurrence and duration of the environmental conditions that is estimated.
From previously studies it is found that even though the climatic conditions
are ideal then ice accretion do not always happen. The occurrence probabilities have only been compared with the reports of falling ice from the cables
of the Great Belt Bridge. These reports might lack the ice accretion events,
where the ice are very thin or the events where it do not shed but melts
away. The uncertainty in the data for the environmental variables and the
long term climatic variability has not been accounted for in this study.
Regarding (2) where the fatigue lifetime of the cables is assessed based
on a simplistic study of an iced cable and the vibrations that potentially
can occur due to this accretion. The assessment of the fatigue lifetime is
based on the assumption that the cables oscillate whenever the environmental
conditions for ice accretion is current. Only vibrations in the first mode
shape is considered and the amplitude of vibrations is without installation
of dampers together with maximum amplitude for all the oscillations. These
assumptions are conservative and the methodology presented here should
be seen as a presentation of the relevant steps towards the fatigue lifetime
estimation.
The methodology for forecasting the meteorological variables in (3) is
based on purely time series analysis of past realizations but without any
physical models behind. Time series analysis might be adequate but different
methods could be studied. Though the effort and cost of other more complex
forecasting models should be compared to the value of more precise forecast
if any.
The value of SHM is addressed in (4) and the assumptions of (1) and
(3) also apply, since the models are build into the proposed approach. The
discount yield is not taken into account in the decision analysis of the value of
monitoring in the context of risk assessment of bridge cable icing events. The
dynamics of the traffic volume during the day, month, season, year or decades
are not accounted for in the model, which might lead to different results of
the expected value of the SHM. One possible solution to accommodate for
this is to employ online monitoring of the traffic and based on the current
traffic volume the utility function can be updated continuously together with
optimization of the threshold probability for bridge closure.
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Outlook

Based on the above discussions of the proposed methodologies, future research endeavours are intended to contribute to useful methodological model
modifications and developments as well as more advanced applications of the
proposed methodology in the context of assessment or re-assessment of the
lifetime of bridge cables exposed to vibrations due to icing events and the
risk management and value of SHM for cable supported bridges exposed to
icing events.
For future research suggestions to improve and further develop the proposed
methodologies are:
• Compare the occurrence probabilities with actual data of icing events
of bridge cables. Here icing events should be interpreted as all the
times ice accretes on the cables and not only the situations where the
ice sheds from the cables, moveover the counting should include the
possibility of ice accretion melting without posing any hazard to the
users.
• From the above it can be observed the occurrence probability between
an icing event and an icing event posing a risk to the bridge users. This
can be modeled probabilistically.
• The calculation of the bending stress of bridge cables are not straightforward, this is meanly due to the uncertainty of the breaking mechanism, which is split between the fretting and the bending in the anchorage zone.
• The method of forecast the environmental variables in order to perform risk management of cable supported bridges exposed to unwarned
falling icing is based on time series analysis. Other types of forecasting
methods should be investigated can the cost and effort of possible refinement of the forecasts should be compared to the value of retrieving
them.
• The discount yield can be taken into account in the decision analysis
of the value of monitoring in the context of risk assessment of bridge
cable icing events. Furthermore the possibility of accounting for the
dynamics of the traffic volume during the day, month, season, year
or decades are not accounted for in the model, which might lead to
different results of the expected value of the SHM, should be looked
upon.
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M. Farzaneh, C. Volat, and A. Leblond. Anti-icing and de-icing techniques
for overhead lines. Springer, 2008.
S.M. Fikke, J.E. Kristjánsson, and B.E.K. Nygaard. Modern meteorology
and atmospheric icing. In Atmospheric Icing of Power Networks, pages
1–29. Springer, 2008.
A. Friis-Hansen. Bayesian networks as a decision support tool in marine
applications. Department of Naval Architecture and Offshore Engineering,
Technical University of Denmark, 2000.
R.W. Gent, N.P. Dart, and J.T. Cansdale. Aircraft icing. Philosophical
Transactions of the Royal Society of London. Series A: Mathematical,
Physical and Engineering Sciences, 358(1776):2873–2911, 2000.
N.J. Gimsing and C.T. Georgakis. Cable supported bridges: concept and
design. John Wiley & Sons, 2011.
H. Gjelstrup. Understanding and Simulation Wind-Induced Vibrations of
Iced Vertical Cable: Theoretical modelling and Experimental studies. PhD
thesis, Technical University of Denmark, Department of Civil Engineering,
2011.
H. Gjelstrup and C.T. Georgakis. Aerodynamic instability of a cylinder with
thin ice accretion. In Proceedings of the ISCD, 2009.
H. Gjelstrup, C. Georgakis, and A. Larsen. A preliminary investigation of the
hanger vibrations on the great belt east bridge. In Seventh International
Symposium on Cable Dynamics, 2007.
N. Gluckman. Penobscot narrows bridge to reopen monday night, close for
ice removal over weekend, December 2013.
M. Goodman. Margaret hunt hill bridge reopens after falling ice, 2013.
J. Goyet, M.H. Faber, D. Straub, and J.D. Sørensen. Benefits of risk based
inspection planning for offshore structures. Proceedings of the International
Conference on Offshore Mechanics and Arctic Engineering - OMAE, 2006.
Department of Civil Engineering - Technical University of Denmark

7-9

BIBLIOGRAPHY

BIBLIOGRAPHY

M. Graf, K. Nishijima, and M.H. Faber. Bayesian updating in natural hazard
risk assessment. Australian Journal of Structural Engineering, 9:35–44,
2009.
A. Grêt-Regamey, D. Straub, et al. Spatially explicit avalanche risk assessment linking bayesian networks to a gis. Natural Hazards and Earth System
Science, 6:911–926, 2006.
Y. Hikami and N. Shiraishi. Rain-wind induced vibrations of cables stayed
bridges. Journal of Wind Engineering and Industrial Aerodynamics, 29
(1-3):409 – 418, 1988.
J. Hosek, P. Musilek, E. Lozowski, and P. Pytlak. Forecasting severe ice
storms using numerical weather prediction: the march 2010 newfoundland
event. Nat. Hazards Earth Syst. Sci, 11(2):587–595, 2011.
F.V. Jensen and T.D. Nielsen.
Springer, 2007.

Bayesian networks and decision graphs.

K.F. Jones. A simple model for freezing rain ice loads. Atmospheric research,
46(1):87–97, 1998.
KING5News. Ice chunks force closure of tacoman narrows bridge, 2012.
U.B. Kjærulff and A.L. Madsen. Probabilistic networks-an introduction to
bayesian networks and influence diagrams. Aalborg University, 2005.
K. Kleissl and C. Georgakis. Bridge ice accretion and de-and anti-icing systems: A review. 2010.
B. Knoll, J. Kisynski, G. Carenini, C. Conati, A. Mackworth, and D. Poole.
Aispace: Interactive tools for learning artificial intelligence. In Proceedings
of the AAAI AI Education Colloquium, 2008.
E. Kuhn. Maintenance with industrial rope access: Uddevalla bridge - a
case study. In IABSE Symposium Report, IABSE Conference, Copenhagen
2006: Operation, Maintenance and Rehabilitation of Large Infrastructure
Projects, Bridges and Tunnels , pp. 1-3(3), 2006.
J. Kumpf, A. Helmicki, D.K. Nims, V. Hunt, and S. Agrawal. Automated
ice inference and monitoring on the veterans’ glass city skyway bridge.
Journal of Bridge Engineering, 2012.
7-10

Department of Civil Engineering - Technical University of Denmark

BIBLIOGRAPHY

BIBLIOGRAPHY

K. Lahti, M. Lahtinen, and K. Nousiainen. Transmission line corona losses
under hoar frost conditions. Power Delivery, IEEE Transactions on, 12
(2):928–933, 1997.
T. Lai. Critical analysis of the shoots bridge, central span of the second severn
crossing. In Proceedings of the 7th UK Conference on Wind Engineering,
2009.
G. Larose and L.W. Smitt. Rain/wind induced vibrations of the stay cables
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Chapter 8
Appendix
Wind direction
Table 8.1: Probability distributions fitted to the wind direction
Distribution k-s test (D-value)
Gaussian
Log-normal
Beta

µ = 209.10
µ = 122.71
α = 4.83
r = 2.65

σ = 72.51 0.1739
σ = 0.09 0.1048
β = 0.50
t = 2.06
0.1703

Precipitation given season

Table 8.2: Probability distributions fitted to the precipitation in the spring
Distribution k-s test (D-value)
Exponential
Gamma
Weibull

λ = 3.16
0.1362
p = 0.25
0.0121
k = 0.35
0.0132

0.3411
b = 1.24 0.2411
0.0786
c = 0.12 0.2703
0.0149
8-1
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Table 8.3: Probability distributions fitted to the precipitation in the summer
Distribution k-s test (D-value)
Exponential
Gamma
Weibull

λ = 1.86
0.2191
0.0472
p = 0.32 b = 1.67 0.2289
0.0092
0.0318
k = 0.45 c = 0.29 0.246
0.0099
0.0173

Table 8.4: Probability distributions fitted to the precipitation in the fall
Distribution k-s test (D-value)
Exponential
Gamma
Weibull

λ = 4.44
0.4055
0.1561
p = 0.23 b = 0.96 0.2771
0.0090
0.0854
k = 0.33 c = 0.07 0.295
0.0098
0.0075

Table 8.5: Probability distributions fitted to the precipitation in the winter
Distribution k-s test (D-value)
Exponential
Gamma
Weibull

λ = 5.95
0.4367
0.3072
p = 0.23 b = 0.74 0.2917
0.0128
0.1648
k = 0.33 c = 0.07 0.31
0.0098
0.0075

Relative humidity given temperature and season
T 1 refers to the temperature interval −∞ to −5◦ C, T 2 to the interval −5◦ C
to 0◦ C, T 3 to the interval 0◦ C to 10◦ C, T 4 to the interval 10◦ C to 20◦ C and
T 5 to the interval 20◦ C to ∞.
8-2
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Table 8.6: Probability distributions fitted to the relative humidity given the
temperature in the spring
Distribution k-s test (D-value)
Log-normal
T1 Weibull
Gamma
Beta
Uniform
Log-normal
T2

Weibull
Gamma
Beta
Log-normal

T3 Weibull
Gamma
Beta
Triangular
Log-normal
T4

Weibull
Gamma
Beta

α = 2.93
0.0377
k = 1.60
0.0497
k = 1.69
0.0797
r = 6.37
0.3429

β = 1.04 0.1555
0.0267
c = 28.35 0.1083
0.6684
θ = 15.26 0.1125
0.0036
t = 2.30
0.1005
0.1155

α = 2.77
0.0126
k = 1.33
0.0130
k = 1.43
0.0220
r = 4.51
0.0804
α = 2.79
0.0037
k = 1.40
0.0045
k = 1.65
0.0086
r = 4.71
0.0279

β = 1.06
0.0089
c = 25.40
0.2390
θ = 16.38
0.0011
t = 1.40
0.0222
β = 0.94
0.0027
c = 25.00
0.0752
θ = 13.85
0.0004
t = 1.36
0.0071

α = 3.09
0.0041
k = 1.69
0.0072
k = 2.31
0.0165
r = 4.52
0.0349

β = 0.75 0.0745
0.0029
c = 30.91 0.0331
0.1034
θ = 11.91 0.0362
0.0007
t = 1.64
0.0266
0.0115

0.1147
0.0535
0.0618
0.0362
0.0815
0.0358
0.0416
0.0345
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Distribution

-

-

Log-normal

α = 3.26
0.0216
k = 1.95
0.0508
k = 3.05
0.1371
r = 4.84
0.2300

β = 0.64 0.083
0.0152
c = 34.83 0.0587
0.6309
θ = 10.12 0.0429
0.0048
t = 2.08
0.0607
0.0923

T5 Weibull
Gamma
Beta

k-s test (D-value)

Table 8.7: Probability distributions fitted to the relative humidity given the
temperature in the summer
Distribution k-s test (D-value)
T1
T2
Log-normal
T3

Weibull
Gamma
Beta
Log-normal

T4

Weibull
Gamma
Beta
Log-normal

T5

Weibull
Gamma
Beta

8-4

α = 2.75
0.0187
k = 1.51
0.0263
k = 1.86
0.0525
r = 5.43
0.1728
α = 2.91
0.0025
k = 1.67
0.0045
k = 2.29
0.0103
r = 5.82
0.0285
α = 3.36
0.0040
k = 2.14
0.0109
k = 3.26
0.0275
r = 4.56
0.0403

Empty
Empty
β = 0.86
0.0132
c = 23.16
0.3487
θ = 11.25
0.0029
t = 1.34
0.0371
β = 0.75
0.0018
c = 26.08
0.0558
θ = 10.15
0.0005
t = 1.67
0.0074
β = 0.63
0.0028
c = 38.06
0.1168
θ = 10.36
0.0009
t = 2.19
0.0183

0.0989
0.043
0.0614
0.0467
0.0684
0.0442
0.0451
0.0348
0.1072
0.0462
0.0759
0.048
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Table 8.8: Probability distributions fitted to the relative humidity given the
temperature in the fall
Distribution k-s test (D-value)
Log-normal
T1 Weibull
Gamma
Beta
Log-normal
T2

Weibull
Gamma
Beta
Log-normal

T3

Weibull
Gamma
Beta
Log-normal

T4

Weibull
Gamma
Beta

α = 2.62
0.0273
k = 3.45
0.2112
k = 9.93
1.1431
r = 47.81
5.6350
α = 2.26
0.0183
k = 1.42
0.0235
k = 1.89
0.0547
r = 11.74
0.3925
α = 2.40
0.0035
k = 1.44
0.0047
k = 1.90
0.0106
r = 9.10
0.0580
α = 2.70
0.0030
k = 1.62
0.0051
k = 2.31
0.0125
r = 7.82
0.0469

β = 0.33
0.0193
c = 16.01
0.4065
θ = 1.45
0.0813
t = 7.41
0.8489
β = 0.83
0.0129
c = 14.07
0.2322
θ = 6.75
0.0049
t = 1.66
0.0489
β = 0.82
0.0025
c = 16.28
0.0507
θ = 7.76
0.0008
t = 1.49
0.0083
β = 0.73
0.0021
c = 21.11
0.0566
θ = 8.16
0.0007
t = 1.72
0.0092

0.129
0.094
0.1084
0.1054
0.1037
0.0702
0.0613
0.0829
0.0707
0.0427
0.0398
0.0392
0.0502
0.0531
0.0355
0.0478
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T5

Distribution

-

-

Log-normal

α = 3.57
0.0085
k = 3.76
0.0855
k = 13.87
0.6079
r = 14.13
0.6242

β = 0.27 0.0709
0.0060
c = 40.87 0.1188
0.3618
θ = 2.67 0.0886
0.0167
t = 7.99
0.1075
0.3481

Weibull
Gamma
Beta

k-s test (D-value)

Table 8.9: Probability distributions fitted to the relative humidity given the
temperature in the winter
Distribution k-s test (D-value)
Log-normal
T1

Weibull
Gamma
Beta
Log-normal

T2

Weibull
Gamma
Beta
Log-normal

T3

Weibull
Gamma
Beta

8-6

α = 2.56
0.0119
k = 1.77
0.0232
k = 2.65
0.0603
r = 11.88
0.2969
α = 2.47
0.0050
k = 1.46
0.0066
k = 1.83
0.0137
r = 8.48
0.0729
α = 2.23
0.0030
k = 1.41
0.0039
k = 1.86
0.0090
r = 11.08
0.0616

β = 0.70
0.0084
c = 17.79
0.1804
θ = 5.98
0.0042
t = 2.10
0.0475
β = 0.87
0.0035
c = 17.54
0.0726
θ = 8.71
0.0010
t = 1.54
0.0116
β = 0.83
0.0021
c = 13.79
0.0379
θ = 6.71
0.0008
t = 1.50
0.0072

0.1332
0.0773
0.0909
0.0792
0.0982
0.0305
0.0497
0.031
0.0845
0.0348
0.0363
0.0353
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T4

Distribution

-

Log-normal

α = 2.42
0.0251
k = 1.82
0.0587
k = 3.40
0.2068
r = 17.48
1.1453418

Weibull
Gamma
Beta

T5

-

k-s test (D-value)

β = 0.56 0.1084
0.0178
c = 14.89 0.122
0.3922
θ = 3.87 0.0938
0.0169
t = 2.44
0.104
0.1462
Empty
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Temperature given wind direction and season

Table 8.10: Probability distributions fitted to the temperature given the wind
direction in the spring
Distribution k-s test (D-value)
Normal
D1

Log-normal
Weibull
Gamma
Normal

D2

Log-normal
Weibull
Gamma
Normal

D3

Log-normal
Weibull
Gamma
Normal

D4

Log-normal
Weibull
Gamma

8-8

µ = 8.00
0.0649
α = 3.31
0.0025
k = 5.47
0.0474
k = 21.74
0.3410

σ = 5.80 0.038
0.0459
β = 0.22 0.0689
0.0017
c = 30.33 0.027
0.0653
θ = 1.29 0.0541
0.0123

µ = 7.48
0.0908
α = 3.28
0.0035
k = 4.58
0.0481
k = 15.62
0.2944

σ = 6.74 0.0522
0.0642
β = 0.26 0.0746
0.0025
c = 30.11 0.0457
0.0934
θ = 1.76 0.0573
0.0109

µ = 7.18
0.0605
α = 3.28
0.0023
k = 5.21
0.0418
k = 22.21
0.3327

σ = 5.67 0.0147
0.0428
β = 0.22 0.0462
0.0016
c = 29.48 0.038
0.0638
θ = 1.22 0.032
0.0124

µ = 7.95
0.0680
α = 3.31
0.0025
k = 5.38
0.0489
k = 24.71
0.4224

σ = 5.59 0.0337
0.0481
β = 0.20 0.0486
0.0018
c = 30.25 0.0444
0.0725
θ = 1.13 0.0353
0.0153
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D5

Distribution

-

-

Normal

µ = 8.73
0.0522
α = 3.34
0.0018
k = 6.21
0.0488
k = 32.68
0.4805

σ = 4.99 0.0511
0.0369
β = 0.18 0.0382
0.0013
c = 30.85 0.0756
0.0550
θ = 0.88 0.0333
0.0169

µ = 9.40
0.0495
α = 3.37
0.0017
k = 6.60
0.0504
k = 34.67
0.4911
µ = 7.97
0.0504
α = 3.32
0.0019
k = 6.43
0.0516
k = 33.30
0.4939

σ = 4.92 0.0511
0.0350
β = 0.17 0.0382
0.0012
c = 31.48 0.0756
0.0508
θ = 0.85 0.0333
0.0168
σ = 4.78 0.0575
0.0357
β = 0.18 0.043
0.0013
c = 30.00 0.0718
0.0520
θ = 0.84 0.0395
0.0178

µ = 7.61
0.0482
α = 3.30
0.0018
k = 6.46
0.0502
k = 33.40
0.4826

σ = 4.69 0.0238
0.0341
β = 0.18 0.0389
0.0013
c = 29.59 0.0526
0.0497
θ = 0.83 0.0274
0.0176

Log-normal
Weibull
Gamma
Normal

D6

Log-normal
Weibull
Gamma
Normal

D7

Log-normal
Weibull
Gamma
Normal

D8

Log-normal
Weibull
Gamma

k-s test (D-value)
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D9

Distribution

-

-

k-s test (D-value)

Normal

µ = 6.88
0.0382
α = 3.28
0.0015
k = 6.65
0.0425
k = 34.05
0.4110

σ = 4.46
0.0270
β = 0.18
0.0011
c = 28.75
0.0392
θ = 0.79
0.0154

0.0268

µ = 7.43
0.0428
α = 3.29
0.0017
k = 6.38
0.0423
k = 27.10
0.3277

σ = 4.98
0.0303
β = 0.20
0.0012
c = 29.45
0.0419
θ = 1.01
0.0121

µ = 7.46
0.0619
α = 3.29
0.0025
k = 6.21
0.0580
k = 26.12
0.4442

σ = 5.11
0.0438
β = 0.20
0.0017
c = 29.54
0.0607
θ = 1.05
0.0163

µ = 6.71
0.07473766
α = 3.26
0.0029
k = 5.40
0.0564
k = 23.46
0.4543

σ = 5.42
0.05284751
β = 0.21
0.0021
c = 28.93
0.0781
θ = 1.14
0.0172

Log-normal
Weibull
Gamma
Normal

D10

Log-normal
Weibull
Gamma
Normal

D11

Log-normal
Weibull
Gamma
Normal

D12

Log-normal
Weibull
Gamma

8-10

0.0522
0.0354
0.0407
0.0268
0.0522
0.0354
0.0407
0.0494
0.0791
0.0204
0.0701
0.0494
0.0791
0.0204
0.0701
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Table 8.11: Probability distributions fitted to the temperature given the wind
direction in the summer
Distribution k-s test (D-value)
Normal
D1

Log-normal
Weibull
Gamma
Normal

D2

Log-normal
Weibull
Gamma
Normal

D3

Log-normal
Weibull
Gamma
Normal

D4

Log-normal
Weibull
Gamma

µ = 18.75
0.0421
α = 2.91
0.0023
k = 5.49
0.0468
k = 24.48
0.3885

σ = 3.72 0.038
0.0300
β = 0.21 0.0689
0.0016
c = 20.28 0.027
0.0441
θ = 0.77 0.0541
0.0209

µ = 17.38
0.0508
α = 2.83
0.0030
k = 5.24
0.0557
k = 23.43
0.4727

σ = 3.54 0.0406
0.0359
β = 0.21 0.0394
0.0021
c = 18.83 0.0669
0.0546
θ = 0.74 0.0288
0.0275

µ = 17.56
0.0448
α = 2.84
0.0027
k = 5.21
0.0478
k = 22.21
0.3843

σ = 3.63 0.0447
0.0317
β = 0.22 0.059
0.0019
c = 19.03 0.0654
0.0476
θ = 0.79 0.0475
0.0221

µ = 18.27
0.0464
α = 2.89
0.0027
k = 5.96
0.0618
k = 28.39
0.5560

σ = 3.33 0.0442
0.0328
β = 0.19 0.0718
0.0019
c = 19.64 0.0704
0.0485
θ = 0.64 0.0589
0.0307
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D5

Distribution

-

-

Normal

µ = 19.04
0.0366
α = 2.93
0.0020
k = 6.35
0.0530
k = 31.46
0.4894

σ = 3.31 0.0308
0.0259
β = 0.18 0.0522
0.0014
c = 20.42 0.0613
0.0376
θ = 0.61 0.0426
0.0259

µ = 19.45
0.0330
α = 2.95
0.0018
k = 6.25
0.0454
k = 30.23
0.4066

σ = 3.45 0.0374
0.0233
β = 0.19 0.0492
0.0013
c = 20.89 0.066
0.0338
θ = 0.64 0.0382
0.0211

µ = 18.01
0.0352
α = 2.87
0.0021
k = 5.65
0.0429
k = 25.84
0.3699

σ = 3.46 0.0325
0.0249
β = 0.20 0.0537
0.0015
c = 19.43 0.0586
0.0370
θ = 0.70 0.0412
0.0207

µ = 16.72
0.0281
α = 2.80
0.0017
k = 5.48
0.0349
k = 26.05
0.3183

σ = 3.23 0.0397
0.0198
β = 0.20 0.0403
0.0012
c = 18.05 0.0626
0.0303
θ = 0.64 0.0303
0.0192

Log-normal
Weibull
Gamma
Normal

D6

Log-normal
Weibull
Gamma
Normal

D7

Log-normal
Weibull
Gamma
Normal

D8

Log-normal
Weibull
Gamma
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D9

Distribution

-

-

Normal

µ = 15.49
0.0234
α = 2.72
0.0015
k = 5.05
0.0267
k = 22.71
0.2310

σ = 3.22 0.038
0.0165
β = 0.21 0.0373
0.0011
c = 16.80 0.0631
0.0255
θ = 0.68 0.0259
0.0151

µ = 16.04
0.0241
α = 2.75
0.0016
k = 5.38
0.0298
k = 23.34
0.2447

σ = 3.23 0.0187
0.0171
β = 0.21 0.058
0.0011
c = 17.35 0.0388
0.0255
θ = 0.69 0.0442
0.0154

µ = 17.03
0.0419
α = 2.82
0.0026
k = 5.68
0.0545
k = 26.29
0.4785

σ = 3.23 0.0237
0.0296
β = 0.20 0.0476
0.0018
c = 18.36 0.0393
0.0443
θ = 0.65 0.0355
0.0284

µ = 18.04
0.0459
α = 2.87
0.0028
k = 5.64
0.0553
k = 23.87
0.4351

σ = 3.54 0.0364
0.0325
β = 0.21 0.076
0.0020
c = 19.48 0.0385
0.0473
θ = 0.76 0.0628
0.0244

Log-normal
Weibull
Gamma
Normal

D10

Log-normal
Weibull
Gamma
Normal

D11

Log-normal
Weibull
Gamma
Normal

D12

Log-normal
Weibull
Gamma

k-s test (D-value)
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Table 8.12: Probability distributions fitted to the temperature given the wind
direction in the fall
Distribution k-s test (D-value)
Normal
D1

Log-normal
Weibull
Gamma
Normal

D2

Log-normal
Weibull
Gamma
Normal

D3

Log-normal
Weibull
Gamma
Normal

D4

Log-normal
Weibull
Gamma
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µ = 8.57
0.0674
α = 2.88
0.0038
k = 4.08
0.0421
k = 12.90
0.2406

σ = 5.04 0.0548
0.0476
β = 0.29 0.0595
0.0027
c = 20.48 0.0457
0.0709
θ = 1.44 0.0484
0.0132

µ = 7.43
0.0688
α = 2.80
0.0048
k = 3.75
0.0391
k = 8.67
0.1556

σ = 5.32 0.0547
0.0487
β = 0.37 0.0987
0.0034
c = 19.31 0.0529
0.0699
θ = 2.01 0.0718
0.0092

µ = 9.00
0.0528
α = 2.91
0.0031
k = 4.48
0.0386
k = 14.66
0.2305

σ = 4.70 0.0576
0.0374
β = 0.27 0.0582
0.0022
c = 20.81 0.0733
0.0551
θ = 1.30 0.0462
0.0123

µ = 9.45
0.0523
α = 2.95
0.0026
k = 5.05
0.0488
k = 25.16
0.4680

σ = 3.95 0.1164
0.0370
β = 0.20 0.0763
0.0019
c = 21.09 0.1318
0.0587
θ = 0.77 0.0898
0.0243
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D5

Distribution

-

-

Normal

µ = 11.51
0.0450
α = 3.05
0.0021
k = 5.27
0.0404
k = 22.02
0.3067

σ = 4.53 0.0827
0.0318
β = 0.22 0.0701
0.0015
c = 23.36 0.0904
0.0465
θ = 0.98 0.062
0.0144

µ = 11.96
0.0466
α = 3.07
0.0022
k = 5.54
0.0451
k = 23.56
0.3471
µ = 11.35
0.0356
α = 3.04
0.0017
k = 5.86
0.0396
k = 27.44
0.3433

σ = 4.44 0.0435
0.0329
β = 0.21 0.0566
0.0016
c = 23.77 0.0571
0.0475
θ = 0.93 0.0499
0.0160
σ = 4.00 0.0453
0.0252
β = 0.19 0.0386
0.0012
c = 23.01 0.0666
0.0370
θ = 0.78 0.0319
0.0162

µ = 10.92
0.0283
α = 3.02
0.0014
k = 5.84
0.0317
k = 27.40
0.2791

σ = 3.91 0.0216
0.0200
β = 0.20 0.0336
0.0010
c = 22.53 0.039
0.0295
θ = 0.76 0.0273
0.0135

Log-normal
Weibull
Gamma
Normal

D6

Log-normal
Weibull
Gamma
Normal

D7

Log-normal
Weibull
Gamma
Normal

D8

Log-normal
Weibull
Gamma

k-s test (D-value)
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D9

Distribution

-

-

Normal

µ = 10.19
0.0311
α = 2.98
0.0017
k = 5.59
0.0324
k = 21.03
0.2208

σ = 4.15 0.0351
0.0220
β = 0.23 0.0835
0.0012
c = 21.84 0.0216
0.0308
θ = 0.96 0.0674
0.0111

µ = 9.69
0.0418
α = 2.94
0.0025
k = 4.70
0.0320
k = 13.38
0.1584

σ = 4.93 0.0386
0.0296
β = 0.29 0.098
0.0017
c = 21.55 0.029
0.0408
θ = 1.47 0.0782
0.0082

µ = 9.03
0.0738
α = 2.90
0.0043
k = 4.04
0.0442
k = 11.24
0.2152

σ = 5.37 0.0531
0.0522
β = 0.31 0.081
0.0030
c = 21.03 0.046
0.0754
θ = 1.69 0.0724
0.0116

µ = 8.71
0.0780
α = 2.89
0.0045
k = 3.98
0.0463
k = 11.72
0.2414

σ = 5.28 0.0469
0.0552
β = 0.30 0.0569
0.0032
c = 20.68 0.0446
0.0810
θ = 1.60 0.0479
0.0132

Log-normal
Weibull
Gamma
Normal

D10

Log-normal
Weibull
Gamma
Normal

D11

Log-normal
Weibull
Gamma
Normal

D12

Log-normal
Weibull
Gamma
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Table 8.13: Probability distributions fitted to the temperature given the wind
direction in the winter
Distribution k-s test (D-value)
Normal
D1

Log-normal
Weibull
Gamma
Normal

D2

Log-normal
Weibull
Gamma
Normal

D3

Log-normal
Weibull
Gamma
Normal

D4

Log-normal
Weibull
Gamma

µ = −0.53
0.0369
α = 2.96
0.0020
k = 7.37
0.0697
k = 40.91
0.7166

σ = 2.97 0.0315
0.0261
β = 0.16 0.0635
0.0014
c = 20.73 0.0309
0.0370
θ = 0.48 0.053
0.0370

µ = −1.19
0.0332
α = 2.92
0.0018
k = 7.10
0.0608
k = 39.87
0.6391

σ = 2.92 0.0303
0.0235
β = 0.16 0.0477
0.0013
c = 20.06 0.0511
0.0340
θ = 0.47 0.0414
0.0342

µ = −0.78
0.0383
α = 2.94
0.0021
k = 7.10
0.0674
k = 37.71
0.6728

σ = 3.03 0.0334
0.0271
β = 0.17 0.066
0.0015
c = 20.49 0.0458
0.0388
θ = 0.51 0.0555
0.0352

µ = 0.37
0.0309
α = 3.00
0.0015
k = 7.67
0.0626
k = 54.76
0.8652

σ = 2.75 0.0816
0.0218
β = 0.14 0.0606
0.0011
c = 21.59 0.1194
0.0335
θ = 0.37 0.0666
0.0427
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D5

Distribution

-

-

Normal

µ = 1.03
0.0303
α = 3.04
0.0014
k = 8.28
0.0703
k = 63.87
1.0361

σ = 2.63 0.0708
0.0214
β = 0.12 0.0463
0.0010
c = 22.21 0.1055
0.0327
θ = 0.33 0.0545
0.0495

µ = 1.74
0.0349
α = 3.07
0.0016
k = 8.31
0.0765
k = 57.87
0.9960
µ = 2.98
0.0306
α = 3.13
0.0014
k = 8.76
0.0680
k = 55.03
0.7898

σ = 2.86 0.0603
0.0247
β = 0.13 0.0504
0.0012
c = 23.00 0.0707
0.0357
θ = 0.38 0.0495
0.0460
σ = 3.01 0.0535
0.0217
β = 0.14 0.0783
0.0010
c = 24.27 0.023
0.0297
θ = 0.42 0.0705
0.0345

µ = 3.54
0.0259
α = 3.15
0.0012
k = 8.26
0.0504
k = 48.82
0.5442

σ = 3.28 0.0453
0.0183
β = 0.15 0.0643
0.0008
c = 24.94 0.0334
0.0252
θ = 0.48 0.0584
0.0232

Log-normal
Weibull
Gamma
Normal

D6

Log-normal
Weibull
Gamma
Normal

D7

Log-normal
Weibull
Gamma
Normal

D8

Log-normal
Weibull
Gamma
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D9

Distribution

-

-

Normal

µ = 3.24
0.0289
α = 3.13
0.0014
k = 7.75
0.0487
k = 36.35
0.4046

σ = 3.66 0.0624
0.0204
β = 0.17 0.0883
0.0010
c = 24.74 0.0325
0.0265
θ = 0.64 0.0797
0.0175

µ = 3.06
0.0329
α = 3.12
0.0016
k = 7.69
0.0547
k = 33.73
0.4165

σ = 3.75 0.0891
0.0233
β = 0.18 0.1122
0.0011
c = 24.59 0.057
0.0294
θ = 0.68 0.105
0.0182

µ = 1.68
0.0507
α = 3.06
0.0025
k = 6.82
0.0727
k = 31.14
0.5967

σ = 3.72 0.0434
0.0358
β = 0.18 0.0824
0.0018
c = 23.22 0.0399
0.0489
θ = 0.70 0.0693
0.0277

µ = 0.34
0.0422
α = 3.00
0.0022
k = 7.28
0.0732
k = 38.86
0.7324

σ = 3.15 0.0491
0.0298
β = 0.16 0.0791
0.0016
c = 21.66 0.035
0.0420
θ = 0.52 0.0697
0.0362

Log-normal
Weibull
Gamma
Normal

D10

Log-normal
Weibull
Gamma
Normal

D11

Log-normal
Weibull
Gamma
Normal

D12

Log-normal
Weibull
Gamma

k-s test (D-value)
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Velocity given wind direction and season
Table 8.14: Probability distributions fitted to the wind velocity in the spring
Distribution k-s test (D-value)
Weibull
D1
Gumbel
Normal
Weibull
D2
Gumbel
Normal
Weibull
D3
Gumbel
Normal
Weibull
D4
Gumbel
Normal
Weibull

k = 2.06 c = 4.70 0.0725
0.0211
0.0325
a = 3.17 b = 1.71 0.0606
0.0243
0.0181
µ = 4.16 σ = 2.14 0.1142
0.0288
0.0203
k = 2.43 c = 5.74 0.0824
0.0208
0.0265
a = 3.99 b = 2.07 0.1026
0.0234
0.0166
µ = 5.10 σ = 2.24 0.0672
0.0239
0.0169
k = 2.11 c = 5.48 0.0651
0.0205
0.0332
a = 3.68 b = 2.10 0.0839
0.0270
0.0197
µ = 4.85 σ = 2.42 0.0757
0.0294
0.0208

k = 2.32 c = 5.53 0.0557
0.0190
0.0262
Gumbel
a = 3.82 b = 1.96 0.0795
0.0216
0.0157
Normal
µ = 4.90 σ = 2.24 0.0801
0.0234
0.0166
Weibull
k = 2.47 c = 5.02 0.0662
D6
0.0191
0.0216
Gumbel
a = 3.54 b = 1.70 0.0873
0.0181
0.0129
Normal
µ = 4.46 σ = 1.92 0.0886
0.0193
0.0137
Department of Civil Engineering - Technical University of Denmark
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k = 2.19 c = 4.80 0.0879
0.0193
0.0271
a = 3.30 b = 1.66 0.0666
0.0205
0.0151
µ = 4.25 σ = 2.05 0.1237
0.0240
0.0170

Appendix

Weibull
D7

k = 2.43 c = 5.01 0.0625
0.0199
0.0229
Gumbel a = 3.51 b = 1.74 0.0859
0.0194
0.0138
Normal µ = 4.45 σ = 1.95 0.0834
0.0205
0.0145
Weibull

D8

k = 1.98
0.0159
Gumbel a = 3.60
0.02275
Normal µ = 4.80
0.0262

c = 5.43 0.0726
0.0297
b = 2.10 0.0771
0.0170
σ = 2.55 0.1079
0.0185

Weibull
D9

k = 2.09 c = 5.92 0.0686
0.0138
0.0256
Gumbel a = 4.00 b = 2.19 0.0963
0.0198
0.0146
Normal µ = 5.24 σ = 2.64 0.0838
0.0226
0.0160
Weibull

k = 2.00
D10
0.0132
Gumbel a = 4.22
0.0212
Normal µ = 5.58
0.0253
Weibull k = 2.25
D11
0.0208
Gumbel a = 4.24
0.0278
Normal µ = 5.45
0.0309

c = 6.31
0.0286
b = 2.34
0.0159
σ = 2.95
0.0179
c = 6.15
0.0349
b = 2.17
0.0201
σ = 2.55
0.0219

0.0579
0.057
0.1002
0.0543
0.0682
0.0905

Weibull

k = 2.19 c = 5.30 0.0635
D12
0.0236
0.0351
Gumbel a = 3.62 b = 1.93
0.0281
0.0205
Normal µ = 4.69 σ = 2.26
0.0312
0.0220
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Table 8.15: Probability distributions fitted to the wind velocity in the summer
Distribution k-s test (D-value)
Weibull
D1
Gumbel
Normal

D2

Weibull
Gumbel

D3

Weibull
Gumbel

D4

Weibull
Gumbel

D5

Weibull
Gumbel
Weibull

D6
Gumbel
Gaussian
Weibull
D7
Gumbel
Normal
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k = 2.42 c = 4.19 0.11
0.0220
0.0222
a = 2.97 b = 1.35 0.0938
0.0173
0.0125
µ = 3.72 σ = 1.62 0.1377
0.0197
0.0139
k = 2.11
0.0230
a = 2.55
0.0200

c = 3.75
0.0269
b = 1.32
0.0149

k = 2.19
0.0206
a = 3.00
0.0201

c = 4.38
0.0261
b = 1.54
0.0148

k = 2.13
0.0225
a = 2.96
0.0226

c = 4.36
0.0301
b = 1.54
0.0168

k = 2.43
0.0210
a = 3.52
0.0201

c = 5.04
0.0242
b = 1.72
0.0145

0.1157
0.0866
0.0828
0.0685
0.0738
0.0648
0.0619
0.0803

k = 2.68 c = 5.05 0.0741
0.0201
0.0189
a = 3.61 b = 1.69 0.1009
0.0171
0.0119
µ = 4.50 σ = 1.80 0.0726
0.0172
0.0122
k = 2.33 c = 4.82 0.0616
0.0184
0.0223
a = 3.34 b = 1.70 0.0837
0.0183
0.0131
µ = 4.28 σ = 1.95 0.0929
0.0198
0.0140
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Distribution

-

Weibull

k = 2.07 c = 5.12 0.079
0.0140
0.0227
a = 3.44 b = 1.91 0.0802
0.0176
0.0131
µ = 4.53 σ = 2.31 0.1149
0.0201
0.0142

D8
Gumbel
Normal
Weibull
D9
Gumbel
Normal
Weibull
D10
Gumbel
Normal
Weibull
D11
Gumbel
Normal
Weibull
D12
Gumbel
Normal

-

k-s test (D-value)

k = 2.35 c = 5.58 0.0625
0.0132
0.0181
a = 3.87 b = 1.96 0.0877
0.0150
0.0108
µ = 4.95 σ = 2.24 0.0685
0.0162
0.0115
k = 2.34
0.0137
a = 4.22
0.0170
µ = 5.41
0.0184
k = 2.49
0.0253
a = 3.98
0.0267
µ = 5.03
0.0280

c = 6.11 0.0635
0.0205
b = 2.16 0.0954
0.0124
σ = 2.47 0.0787
0.0130
c = 5.66 0.0595
0.0310
b = 1.95 0.0828
0.0190
σ = 2.16 0.0773
0.0198

k = 2.42 c = 5.16 0.0693
0.0246
0.0291
a = 3.59 b = 1.80 0.0825
0.0247
0.0177
µ = 4.57 σ = 2.02 0.0921
0.0262
0.0185
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Table 8.16: Probability distributions fitted to the wind velocity in the fall
Distribution k-s test (D-value)
Weibull
D1
Gumbel
Normal
Weibull
D2
Gumbel
Normal
Weibull
D3
Gumbel
Gaussian
Weibull
D4
Gumbel
Gaussian
Weibull
D5
Gumbel
Gaussian
Weibull
D6
Gumbel
Gaussian
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k = 1.99 c = 6.43 0.0542
0.0217
0.0476
a = 4.28 b = 2.49 0.0666
0.0366
0.0271
µ = 5.69 σ = 3.00 0.0989
0.0419
0.0296
k = 2.27 c = 5.71 0.054
0.0229
0.0342
a = 3.93 b = 2.03 0.0812
0.0278
0.0202
µ = 5.06 σ = 2.36 0.0742
0.0305
0.0216
k = 2.51 c = 5.54 0.0832
0.0215
0.0261
a = 3.93 b = 1.77 0.0683
0.0210
0.0152
µ = 4.91 σ = 2.08 0.1074
0.0234
0.0166
k = 2.42 c = 5.90 0.0501
0.0251
0.0339
a = 4.12 b = 2.03 0.0767
0.0284
0.0204
µ = 5.23 σ = 2.30 0.0775
0.0305
0.0215
k = 2.60 c = 7.00 0.0585
0.0199
0.0281
a = 5.00 b = 2.29 0.0943
0.0240
0.0170
µ = 6.23 σ = 2.55 0.0714
0.0253
0.0179
k = 2.44 c = 5.95 0.0526
0.0196
0.0269
a = 4.19 b = 2.00 0.0805
0.0222
0.0159
µ = 5.28 σ = 2.29 0.0756
0.0240
0.0170
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Distribution

-

Weibull

k = 2.39 c = 6.18 0.047
0.0165
0.0242
a = 4.31 b = 2.13 0.0796
0.0200
0.0144
µ = 5.48 σ = 2.44 0.0773
0.0217
0.0153

D7
Gumbel
Gaussian
Weibull
D8
Gumbel
Gaussian
Weibull
D9
Gumbel
Gaussian
Weibull
D10
Gumbel
Gaussian
Weibull
D11
Gumbel
Gaussian
Weibull
D12
Gumbel
Gaussian

-

k-s test (D-value)

k = 2.39 c = 6.57 0.0619
0.0137
0.0209
a = 4.56 b = 2.30 0.0945
0.0177
0.0127
µ = 5.82 σ = 2.60 0.0694
0.0188
0.0133
k = 2.26 c = 6.21 0.0518
0.0130
0.0217
a = 4.27 b = 2.20 0.0832
0.0174
0.0127
µ = 5.50 σ = 2.58 0.0739
0.0193
0.0136
k = 1.95
0.0126
a = 4.01
0.0202
µ = 5.34
0.0246
k = 2.06
0.0217
a = 3.58
0.0281
µ = 4.69
0.0328

c = 6.04 0.0805
0.0278
b = 2.26 0.0821
0.0153
σ = 2.90 0.1208
0.0174
c = 5.30 0.0749
0.0372
b = 1.94 0.0561
0.0207
σ = 2.39 0.1159
0.0232

k = 1.97 c = 5.51 0.0733
0.0221
0.0436
a = 3.68 b = 2.04 0.0653
0.0318
0.0238
µ = 4.87 σ = 2.61 0.1188
0.0386
0.0273
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Table 8.17: Probability distributions fitted to the wind velocity in the winter
Distribution k-s test (D-value)
Weibull
D1
Gumbel
Gaussian
Weibull
D2
Gumbel
Gaussian
Weibull
D3
Gumbel
Gaussian
Weibull
D4
Gumbel
Gaussian
Weibull
D5
Gumbel
Gaussian
Weibull
D6
Gumbel
Gaussian
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k = 2.15 c = 6.62 0.0728
0.0220
0.0418
a = 4.48 b = 2.45 0.067
0.0334
0.0246
µ = 5.86 σ = 2.88 0.1091
0.0371
0.0263
k = 2.33 c = 6.47 0.0598
0.0211
0.0332
a = 4.46 b = 2.29 0.0622
0.0275
0.0200
µ = 5.73 σ = 2.62 0.0914
0.0298
0.0211
k = 2.17 c = 5.52 0.0709
0.0212
0.0340
a = 3.77 b = 1.96 0.0587
0.0262
0.0193
µ = 4.88 σ = 2.38 0.1074
0.0302
0.0213
k = 2.44 c = 6.9
0.0587
0.0215
0.0334
a = 4.82 b = 2.39 0.0928
0.0283
0.0202
µ = 6.12 σ = 2.68 0.0652
0.0300
0.0212
k = 2.45 c = 7.68 0.0525
0.0225
0.0379
a = 5.35 b = 2.70 0.075
0.0329
0.0235
µ = 6.81 σ = 2.98 0.0618
0.0342
0.0242
k = 2.56 c = 7.10 0.0525
0.0252
0.0354
a = 5.00 b = 2.53 0.075
0.0328
0.0229
µ = 6.32 σ = 2.64 0.0618
0.0323
0.0228
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Distribution

-

Weibull

k = 2.43 c = 6.85 0.0689
0.0195
0.0302
a = 4.79 b = 2.43 0.0997
0.0262
0.0185
µ = 6.09 σ = 2.66 0.0517
0.0271
0.0191

D7
Gumbel
Gaussian
Weibull
D8
Gumbel
Gaussian
Weibull
D9
Gumbel
Gaussian
Weibull
D10
Gumbel
Gaussian
Weibull
D11
Gumbel
Gaussian
Weibull
D12
Gumbel
Gaussian

-

k-s test (D-value)

k = 2.41 c = 7.18 0.0608
0.0149
0.0248
a = 5.01 b = 2.51 0.0904
0.0211
0.0151
µ = 6.37 σ = 2.82 0.06
0.0223
0.0157
k = 2.14 c = 7.07 0.0424
0.0129
0.0275
a = 4.81 b = 2.56 0.068
0.0214
0.0157
µ = 6.26 σ = 3.08 0.0718
0.0244
0.0172
k = 1.90
0.0126
a = 4.23
0.0220
µ = 5.66
0.0277
k = 2.01
0.0209
a = 3.70
0.0291
µ = 4.88
0.0349

c = 6.40 0.0936
0.0313
b = 2.39 0.0804
0.0169
σ = 3.16 0.1415
0.0196
c = 5.52 0.0835
0.0395
b = 2.03 0.0635
0.0217
σ = 2.56 0.1272
0.0247

k = 1.90 c = 6.16 0.0733
0.0194
0.0457
a = 4.08 b = 2.34 0.0653
0.0329
0.0248
µ = 5.45 σ = 3.02 0.1188
0.0404
0.0286
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