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Abstract
Finite Element (FE) models of complex structural-acoustic coupled systems can require a large number of
degrees of freedom in order to capture their physical behaviour. This is the case in the hearing aid field,
where acoustic-mechanical feedback paths are a key factor in the overall system performance and modelling
them accurately requires a precise description of the strong interaction between the light-weight parts and
the internal and surrounding air over a wide frequency range. Parametric optimization of the FE model
can be used to reduce the vibroacoustic feedback in a device during the design phase; however, it requires
solving the model iteratively for multiple frequencies at different parameter values, which becomes highly
time consuming when the system is large. Parametric Model Order Reduction (pMOR) techniques aim at
reducing the computational cost associated with each analysis by projecting the full system into a reduced
space. A drawback of most of the existing techniques is that the vector basis of the reduced space is built
at an offline phase where the full system must be solved for a large sample of parameter values, which
can also become highly time consuming. In this work, we present an adaptive pMOR technique where the
construction of the projection basis is embedded in the optimization process and requires fewer full system
analyses, while the accuracy of the reduced system is monitored by a cheap error indicator. The performance
of the proposed method is evaluated for a 4-parameter optimization of a frequency response for a hearing
aid model, evaluated at 300 frequencies, where the objective function evaluations become more than one
order of magnitude faster than for the full system.
Keywords: Model Reduction, Optimization, Structure-acoustic interaction

1. Introduction

5

Simulation is gaining relevance in industrial design procedures, which have evolved from a purely prototyping and testing approach to a context where numerical simulation is used from the early phases. Obtaining
reliable models is a key point in the design process, and as more and more accuracy is required, the complexity of the models increases. In the field of hearing aids, numerical vibro-acoustic analysis is essential for
the study of problems such as feedback; currently the main gain limiting factor of the hearing devices. The
high number of small parts that conform them, the strong structure-acoustic interaction between those parts
and the internal air volume require models with a large number of Degrees Of Freedom (DOFs) in order to
capture the physical behavior accurately. Therefore, significant computational challenges are encountered
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when solving problems that require iterative and/or repeated solutions of the numerical model. Tasks such
as uncertainty analysis by means of Monte-Carlo methods, or parametric and topology optimization, require
solving the system of model equations repeatedly for a large number of variations of different parameters.
Therefore, the time required for solving the numerical problem at each iteration becomes a critical factor.
In the present work, we develop an adaptive model order reduction technique and apply it to a hearing aid
design problem.
In a recent paper [1], topology optimization of a part of a hearing instrument including structure-acoustic
interaction was performed. Optimizing one part of the device requires the complete assembly to be taken
into account when there is a strong acoustic-mechanical interaction, since the multiple vibrational and acoustic transmission paths between parts have a significant influence on the system performance. To facilitate
the study, the performance was evaluated and optimized for a limited number of frequencies; therefore, the
effects at the rest of the frequency range were not controlled. This highlights the need to develop computational reduction techniques that allow optimization to be carried out with a higher level of accuracy and
frequency resolution.
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Model order reduction techniques have been described in the literature and applied in several fields
[2, 3, 4]. The earliest research on the topic deals with structural dynamics problems, with the Component
Mode Synthesis (CMS) method being developed in the 1960s [5, 6]. When modal-based methods were to be
extended to problems with structure-acoustic interaction, different approaches were developed to construct
the reduction basis. Since solving the coupled eigenvalue problem requires higher computational effort due
to the asymmetric nature of the matrices when the pressure-displacement formulation is used, one suggested
approach [7] consisted in using the uncoupled structural and acoustic modes, which is an efficient solution
for problems with a weak structure-acoustic coupling. However, for problems with strong interaction, a large
amount of modes are required in order to obtain an accurate reduced model [8], making it a poorly efficient technique. With the recent improvements on eigenvalue solvers and computational power, solving the
asymmetric problem has become less challenging; therefore, the coupled modal vectors, that better describe
true behavior of the system, can now be used in practice. Another issue that arises from the asymmetry of
the matrices is that the modal vectors do not form an orthogonal basis, which has been addressed in the
literature in two ways: by using both left and right eigenvectors [9, 10], or by applying orthogonalization
techniques on the right eigenvectors [11]. The two approaches have been compared by the authors in Ref.
[12], which showed that the second approach is more suited to the present problem, and is therefore employed
in this work.
In CMS, the model is divided in substructures, which are reduced internally while the interface DOFs
are kept unmodified. Even though interface reduction methods have been developed [13, 14], this method
is most efficient for systems that can be divided at low-dimensional interfaces, such as the pipes studied in
Ref. [11], but it can be difficult to efficiently substructure systems that consist of complex 3D parts, as in
hearing aid models. Despite the cost of solving the full eigenvalue problem, it turns out that a more efficient
technique [15] consists in reducing the complete structure in terms of the global modal vectors, since fine
resolution frequency response calculations can then be done at a very low computational cost on the reduced
system. Therefore, this approach is selected in our work.
For parametric optimization purposes, a new modal reduction basis would have to be calculated for
each variation of the parameter values when using the suggested approach (unless the modal vectors are
not sensitive to the parameters, as assumed in Refs. [16, 17]). This would still be faster than calculating
the full system frequency response if the number of considered frequencies is large; however, parametric
Model Order Reduction (pMOR) techniques have been developed to make this process even more efficient.
The Multi-Model Reduction (MMR) technique is one of the most straight-forward pMOR methods, which
consists in constructing a global reduction basis that is valid for any value of the parameters within a given
design domain by concatenating the modal vectors calculated at several points in the parameter space in a
global reduction matrix [4, 18]. The number of included points should be sufficient to ensure that the reduc2
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tion error at any point in the domain is below a required level. The resulting global vector matrix is then
orthogonalized, since some modal vectors calculated at different sampled points can be linearly dependent,
and they would otherwise result in ill-conditioning. When using MMR for coupled problems, the fact that
the modal vectors resulting from the asymmetric matrix system are inherently not orthogonal should also
be taken into account.
The MMR technique is usually applied in an offline-online fashion, where the reduction basis is constructed first (offline) and used for very fast function evaluation during the optimization (online). A drawback of this approach is that the offline phase can become very costly for an increasing number of parameters,
since (a) the full model eigenvalue problem must be solved for each point that is included in the basis, and
(b) the full model solution must be calculated at a representative sample of non-included points to evaluate
the reduction error and ensure accuracy. To avoid problem (b), error bounds or error estimators that are
cheaper to compute can be used instead of the true error [19]. Tight error bounds can be found for specific
types of partial differential equations [20]; however, we will use a residual-based error indicator in this work,
since they can be applied for any kind of problem and have already been successfully used in frequency
response calculation problems [21].
A key point for reducing the computational time due to problem (a) is minimizing the number of points
that need to be included in the basis. Greedy algorithms have been suggested for this purpose [22, 23, 24, 25];
they consist in iteratively finding the point of the domain where the reduction error is maximal and adding
it to the basis, until the maximum error is below some requirement. These methods are most efficient for
applications like uncertainty characterization studies or system control, where most of the parameter domain
is evaluated in the online phase. However, for optimization problems, only a small part of this domain is
actually explored, and the efforts made for accurately representing points that will not be evaluated during
the optimization are unnecessary. To exploit this feature, an adaptive reduced order basis construction
approach that breaks the offline-online framework is proposed in this work. Previous works in this direction
can be found in Refs. [26, 27], where a method based on trust-region optimization is suggested; however,
those approaches require solving a series of optimization problems bounded by an error estimator, which
only results in an efficiency improvement when a very cheap error bound is available. Since we choose to use
a residual-based error indicator, this approach does not lead to an efficient framework in the considered case.
A more straight-forward basis updating methodology is therefore developed in this work. The suggested
approach consists in updating the reduced order basis during the course of the optimization by evaluating
the error indicator at each objective function calculation and adding the current point if it drops below a selected threshold. A similar approach is used in Ref. [28] for static structural topology optimization problems.
The main contributions by the authors are the extension of the MMR technique to vibroacoustic modal
reduction bases, the development of a state vector error indicator adequate for such bases, and the algorithm
for adaptively updating the reduced order basis during the optimization. This article is organized as follows.
In section 2, the hearing aid study case model and optimization problem that will be used for testing the
algorithm suggested in this paper are presented. In section 3, the details of the proposed adaptive pMOR
optimization technique are described. In section 4, the performance of the method is evaluated for the
proposed case, and section 5 summarizes the conclusions. All numerical tests were performed on a regular
desktop computer (Intel Core i7-4790k, 4 GHz CPU and 32 GB of RAM memory).
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2. Test case: hearing aid design optimization problem
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A main objective during the design phase of a hearing aid is the minimization of feedback paths, i.e. the
acoustic and vibratory isolation of the microphones (which capture the outer acoustic signal, but are also
sensitive to vibration) from the receiver (the loudspeaker that emits the sound into the ear, which also introduces structural vibration) to avoid signal loops. Even though powerful Digital Signal Processing (DSP)
feedback cancellation algorithms are implemented in most hearing instruments, a design that maximizes the
3
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isolation between the transducers from a physical point of view is a key aspect for the final performance of
the product. This motivates the use of FE models for frequency response optimization of the hearing aid.
The models can however become very large, since the maximum frequency of interest goes up to 10 kHz,
requiring a highly refined mesh especially for parts with soft materials and for the air volumes. Moreover,
the frequency resolution of the optimized response should be fine enough to capture the complex behaviour
of the system, requiring solutions for a high number of frequencies. These factors make the vibroacoustic
response calculation highly time consuming and its optimization practically impossible, which triggers the
need for the application of model order reduction techniques.
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2.1. Problem statement
Hearing aids are formed by a large number of small parts connected to each other. One of the most
critical components in the design is the receiver (loudspeaker) suspension, since its main role is the isolation
of the receiver from the rest of the system. The tube that brings the sound from the receiver output to the
ear is also a potential source of feedback, since it interacts strongly with the inner air due to its soft material
and thin dimensions. In this study, we consider the optimization of the Young’s modulus and thickness of
these two parts to minimize the vibration velocity at the microphone position over the usual frequency range
of interest in hearing aid design: between 100 Hz and 10kHz.
A simplified model of a Behind The Ear (BTE) hearing aid, shown in Figure 1, is built for this purpose. The parts that play a main role in the vibro-acoustic response are included, being the suspension, the
tube and the receiver (simplified as a steel block), and the remaining components are modelled as a single
solid body. The acoustic domain consists of a hard-walled acoustic volume, the coupler that simulates the
acoustic impedance of the ear, an air canal that connects it to the receiver output through the tube and the
suspension, and a small air cavity surrounding the receiver and the suspension. For the sake of simplicity
and since the specific purpose of this study is evaluating the performance of the suggested model order
reduction method, the air that surrounds the hearing aid and the transducer models of the receiver and the
microphones are not included in the calculation. However, the acoustic and vibratory excitation signals are
obtained from a lumped element model of the receiver, and applied as a frequency-dependent particle velocity
and two directional forces, shown in Figure 2, at a point on the surface between the receiver and the air canal.

2.2. Model set-up and optimization problem
The model has been set up in ANSYS R Academic Research Release 17.1, and the ANSYS R acoustic
extension v171.4. Even though the maximum frequency of interest is 10 kHz, modal extraction will be
performed with the model up to 12 kHz for model reduction purposes, as will be explained in the next
section; therefore, the size of the mesh of the complete model has been determined by a convergence study
of the eigenfrequencies of the system up to 12 kHz, resulting in 90821 DOFs, where the suspension requires
the finest mesh in order to capture its rich modal behaviour. The nominal material properties for each part
can be seen in Table 1.
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Body
Tube
Receiver
Suspension

Density (ρ) [kg/m3 ]
1040
1300
7850
1100

Young’s modulus (E) [Pa]
2 · 109
1 · 108
2 · 1011
6 · 106

Poisson ratio (σ)
0.4
0.4
0.3
0.49

Damping coefficient (ν)[%]
0
0.2
0
0.1

Table 1: Nominal material properties of the hearing aid

In hearing aids, thermo-viscous losses become important in thin tubes and small cavities. They are
usually modelled by a Boundary Layer Impedance (BLI) model [29], implemented in the ANSYS R FLUID
4
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Figure 1: Considered hearing aid model. (a) View of the model from outside, without outer air. (b) View of the vertically
sliced model with zoomed view of the suspension and its surrounding area.
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Figure 2: Particle velocity (a) and forces (b) obtained from the receiver lumped element model.
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elements (FLUID220 and FLUID221 are used in the model), which is frequency-dependent. Since losses in
the air canal have an effect on the velocity response at the microphone position in the presented model, as
shown by the solid and dashed lines in Figure 3, it is important to include them to avoid optimizing a nonrealistic peaky curve. However, reducing a system with frequency-dependent properties is significantly more
cumbersome than a frequency-independent one. Therefore, a simplified version of the loss model is applied
here, where the BLI effect is only calculated at 1000 Hz and added as a constant matrix to the system along
the full frequency range. The resulting response is shown by the dotted line in Figure 3, which is almost
on top of the solid line. Even though the response is not exactly the same, we hypothesize that using this
approximation during the optimization will lead in practice to a result that is also close to optimal when
the full BLI model is applied. This hypothesis will be validated in Section 4, where the results are presented.

Velocity [dB ref. 1nm/s]
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Figure 3: Comparison of the total velocity at the microphone position when applying BLI, the frequency-independent BLI
approximation, and no losses

When the pressure-displacement formulation is used, the equation of motion in the frequency domain of
the complete system under harmonic excitation takes the form



    
Ms
0
xs
f
Ks −ST
− ω2
= s ,
(1)
ρ a S Ma
pa
fa
0
Ka
165
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where Ks and Ms are the structural stiffness and mass matrices, Ka and Ma are the acoustic stiffness and
mass matrices, S is the fluid-structure interaction coupling matrix, ρa is the density of the acoustic medium,
ω is the frequency, xs is the vector of structural displacements, pa is the vector of acoustic pressures, fs is
the vector of external structural forces and fa is the vector of external acoustic excitations. In this model,
the damping matrix vanishes since only hysteretic material damping is considered, which is included as the
imaginary part to the structural stiffness matrix, Ks , and the terms associated with the BLI are included
as a constant matrix added to the stiffness matrix, Ka .
The optimization problem we consider in this work can be formulated as
µ) = 10 log
minimize g(µ
µ

K
X
µ, k)
vm (µ
vref

2

k=1

µl ≥ µ ≥ µu,

subject to

(2)

µ, k)| is the magnitude of the total velocity at a node on the microphone position, calculated as
where
|vm (µ
q
2
2
2
, vref is the reference structural velocity, k is the k-th discrete frequency line and K is
vmx + vmy + vmz
6
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the total number of frequencies (300 frequencies logarithmically distributed between 100 Hz and 10 kHz in
this case). The vector µ contains the four considered optimization parameters: the Young’s moduli and the
thicknesses of the tube and the suspension:
 
Et
Es 

(3)
µ=
 tt  ,
ts
which can vary within the lower and upper bounds, µ l and µ u , specified in Table 2.

Tube E modulus [Pa]
Tube thickness [mm]
Suspension E modulus [Pa]
Suspension thickness [mm]

Lower bound µ l
9 · 107
0.96
106
0.175

Upper bound µ u
109
1.4
108
0.225

Initial value µ 0
108
1
6 · 106
0.2

Table 2: Parameter design space

180

The thickness modification is done by moving all the nodes on the outer surface of the tube or the
suspension, respectively, in the direction normal to the surface. The upper and lower bounds are therefore
determined by the amount of deformation that can be applied before the mesh becomes too distorted.

2.3. Optimization framework with full model
185
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The optimization is performed in MATLAB R , using a constrained optimization algorithm implemented
in the MATLAB R Optimization Toolbox [30] function fmincon (a detailed description of this method can
be found in ref. [31]) and the gradient is calculated using finite differences. Therefore, at each optimization
iteration, the objective function in Eq. 2 must be evaluated at least 5 times: for the current point and for
the calculation of each component of the gradient. For each function evaluation, MATLAB R interfaces
with ANSYS R to update the design parameters and command building the new system matrices, which
are then read into MATLAB R , where the system in Eq. 1 is reduced and solved for the different frequency
lines, as will be explained in the following sections, and the objective function value is calculated. The
algorithm stops the optimization when the size of the step or the variation of the objective function between
two consecutive iterations is below a specified tolerance.
If the full system in Eq. 1 is solved without reduction, the computational time required for a single
objective function evaluation is around 2.4 hours, which is spent in different steps as detailed in Table 3.
Even though a significant amount of time is spent in the communication between softwares, the largest
burden is clearly on the response calculation, which is proportional to the number of considered frequencies.
The proposed model order reduction technique focuses on reducing the time spent at that step.

200

Time [s]

Building matrices in ANSYS R
and importing into MATLAB R
255

Solving eq. 1
@ 300 freq. lines
8500

Total
8755 (2.4 hours)

Table 3: Objective function evaluation computational times for the full system

7

3. Adaptive model order reduction method for parametric optimization
In this chapter, the proposed framework for optimization using reduced order modeling is described. A
model order reduction technique for vibroacoustic problems is developed in section 3.1, and the procedure
to make it adaptive for parametric optimization problems is described in section 3.2.
205

3.1. Modal-based reduction for structural-acoustic coupling problems
A projection-based approach to Model Order Reduction (MOR) [4] is adopted in this work. In this
approach the state vector x ∈ Rn is approximated by a lower rank basis T ∈ Rn×m :
x ≈ Txr ,

(4)

where xr ∈ Rm is the reduced state vector, and m < n.
In this work we employ a Galerkin projection such that for a generalized dynamic stiffness matrix and
external load, the reduced equations of motion in the frequency domain can be written as:
TT DTxr = TT f ,

(5)

Dr xr = fr ,

(6)

or

210

215

where Dr ∈ Rm×m is the reduced generalized dynamic stiffness matrix. The construction of matrix T is
discussed in the following.
Modal vectors have been widely used in model reduction of structural problems, since they form an
orthogonal set which is easy to truncate according to their modal frequency and the maximum frequency
of interest in the analysis. They are good descriptors of the system dynamics and have a clear physical
interpretation, which have made them a popular choice also in the field of vibro-acoustics. In this section,
the challenges encountered to obtain an efficient and accurate modal basis for vibro-acoustic problems, and
more specifically for the hearing aid problem introduced in Section 2, are discussed.
The coupled eigenvalue problem must be solved to obtain the modal vectors. For the problem stated in
eq. (1), it takes the following form:




    

0  ψ is
0
 Ks −ST
2 Ms
−λ
=
,

i ρ S M  ψi
0
Ka
 0
a
a 
a
{z
}
|
|
{z
}
K
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(7)

M

ψ is } is the structural displacement part of the i-th modal vector, {ψ
ψ ia } is the acoustic pressure part
where {ψ
of the i-th modal vector, and λi is the i-th eigenvalue given by λi = ωi + jδi , δi /ωi being the modal damping
ratio, and ωi the damped modal angular frequency. Note that these modal vectors are representing the full
coupled system, and are not the uncoupled modal vectors as used in [7]. Since only those modes with a
frequency below a required threshold, ωt , are needed for the reduction, the truncated structural and acoustic
ψ 1s , ..., ψ N
ψ 1a , ..., ψ N
modal matrices, Ψ s = [ψ
s ] and Ψ a = [ψ
a ] with ωN < ωt , can be obtained most efficiently by
solving the eigenvalue problem with an iterative algorithm that stops after obtaining all modes below the
selected frequency, such as the ”Unsymmetric Method” used by the ANSYS R software [32].
Unlike for the purely structural case, the system matrices M and K are unsymmetric due to the coupling
terms. This results in the right eigenvectors not being mutually orthogonal, which makes them not directly
suitable as a reduced order basis. Based on the results of previous investigations by the authors [12], the
8

proposed approach consists in separating the acoustic and structural fields from the coupled modal vectors
and orthogonalizing them with respect to the acoustic and structural mass matrices respectively, so that
T

Ψa MaΨ̂
Ψa = I
Ψ̂

(8)

T
Ψs MsΨ̂
Ψs
Ψ̂

(9)

= I,

ˆ indicates that the matrix has been orthogonalized. The orthogonalization procedure is detailed in
where (·)
ˆ
Ψa , and is valid for all matrix orthogonalizations indicated in this paper with (·).
the following for matrix Ψ̂
230

Due to splitting the modal vectors into their acoustic and structural fields, the partial modal matrices
Ψ a and Ψ s can contain linearly dependent vectors, which must be removed from the basis to avoid illconditioning. The vector products linked to the kinetic and strain energy are a good measure of independence
[18], therefore we choose to construct a basis that is mass orthonormal here. This is done by performing a
Singular Value Decomposition (SVD) of the mass-weighted vector product,
Ψ Ta MaΨ a = UΣVT ,

(10)

where Σ is a diagonal matrix with the singular values on its diagonal and U and V are unitary matrices,
which are also equal and orthogonal since the decomposed matrix is symmetric, and therefore (V−1 )T = V =
U. For eliminating the linearly dependent basis vectors, the columns of matrix U for which the singular value
is below a certain threshold are discarded, yielding the truncated matrix Ut . Theoretically, this threshold
would be zero; however, due to the numerical noise involved in real computations, a recommended value for
the threshold is a multiple of the floating-point relative accuracy [33], weighted by the largest singular value
and the number of vectors in Ψ a (in order to penalize large reduced models [18]). Substituting U by Ut in
eq. (10), moving the right-hand side terms to the left side and equating it to eq. (8), we obtain
Ψa = Ψ a Ut Σ−1/2 .
Ψ̂
The resulting orthogonalized modal matrices are then grouped to form the reduction basis as
"
#
Ψs 0
Ψ̂
T=
.
Ψa
0 Ψ̂

(11)

(12)

For the hearing aid model described in section 2 with the nominal parameter values, calculating the
eigenmodes up to 12 kHz in ANSYS R takes 160 s and yields a reduction basis with 94 vectors. The
error introduced by the reduction can be quantified by comparing the solution of the full system to the
reconstructed solution of the reduced system. In terms of the 2-norm, the relative reduction error on the
state response vector as a function of frequency is
(ω) =

||x(ω) − x̃(ω)||2
,
||x(ω)||2

(13)

which is shown by the grey line (”no enrichment”) in Figure 4 for the reduction with modes below 12 kHz.
The 1% error line is also shown, since it is commonly used as a pragmatic maximum reduction error level
allowed to ensure accuracy. The relative error is above this line for frequencies above 2 kHz; therefore, the
current reduction basis is not accurate enough for the system under study.
235

An efficient way to improve the accuracy of the reduced order model consists in enriching the reduction
basis by including information about the external excitation [34]. The basis can be enriched with a static
response, or with several dynamic responses calculated at selected frequencies. For a given frequency ωk , an
enrichment vector xk is obtained by solving the full model at that frequency,
−1
xk = K − ωk2 M
f(ωk ).
(14)
9

The obtained set of enrichment vectors is not necessarily orthogonal; therefore, the same procedure as
for the modal vectors is applied. The acoustic and structural parts of the response vectors are grouped
separately in Xa and Xs , which are orthogonalized following the technique described above to obtain X̂a
and X̂s . Then, the final reduced order basis is formed by concatenating them with the orthogonalized modal
matrices, as
h
i

Ψs X̂s
Ψ̂
0
h
i .
T=
(15)
Ψa X̂a
0
Ψ̂
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When enriching the previously calculated modal basis with dynamic responses, we find that 4 enrichment
vectors calculated at 100 Hz, 1 kHz, 7 kHz and 10 kHz are needed for the error to be below the desired level,
as shown in Figure 4. This yields a reduced order basis with 102 basis vectors, only 8 more than for the
original modal basis, consisting of 94. The time required for solving this reduced system at 300 frequencies
is 9 s, which is 945 times shorter than the full system solution time, which took 8500 s (Table 3).

10 0

Relative error [/]

10 -2

10 -4
No enrichment
100 Hz
100 Hz, 1 kHz
100 Hz, 1 kHz, 7 kHz
100 Hz, 1 kHz, 7 kHz, 10 kHz

10 -6

10 -8
10 2

10 3

10 4

Frequency [Hz]
Figure 4: Reduction error for increasingly enriched reduction bases.
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The construction of the reduction basis consists therefore of three main steps: solving the eigenvalue
problem to obtain the modes up to 12 kHz, calculating 4 enrichment vectors, and orthogonalizing the resulting matrices to form T. The time required for each step is detailed in Table 4, and adds up to 7.3
min. If the 9 s required for solving the reduced system and the 255 s required to obtain the matrices from
ANSYS R (according to Table 3) are added to that, a total of 11.7 min are needed for a single objective
function evaluation, which is 12 times faster than the 2.4 hours required when using the full system.

Time [s]

Solving eigenvalue problem
in ANSYS R and importing
vectors into MATLAB R
322

Calculating
enrichment vectors

Orthogonalizing
matrices

Total

114

0.5

436.5 (7.3 min)

Table 4: Reduction basis construction computational times
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3.2. Parametric model order reduction by adaptive basis construction
The approach described so far does not take into account the parametric dependency of the model.
The reduced order basis could be re-computed for each combination of parameter values that needs to be
evaluated during the optimization process, which has been shown to be 12 times more efficient than using
10
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the full model. However, this approach would still be relatively time consuming compared to what can be
achieved when using parametric Model Order Reduction (pMOR) techniques. Typically, pMOR methods
consist in constructing a reduction basis “offline” (i.e. before the optimization) that is accurate throughout
the parameter design domain, and the basis is then used throughout the optimization to reduce the system
matrices, avoiding to solve the full system during the “online” phase [35].
The pMOR technique selected in this work consists in sampling the parameter design space and forming
a global reduction basis by concatenating the basis vectors calculated at the different sample points. In the
classical approach, the reduction basis should be formed by sampling the parametric space finely enough so
that the obtained global basis introduces a reduction error below a required threshold throughout the full
design domain. To ensure that, the error must be evaluated at a representative set of non sampled points,
and new points must be added to the basis until the requirement is fulfilled [18]. This can become highly
time consuming due to two factors: (1) the full model needs to be solved in order to calculate the error,
which is computationally expensive, and (2) a large number of points must be added to the basis in order
to represent the whole parameter space.
In this section, issues (1) and (2) are addressed. Firstly, a cheap pragmatic error indicator is presented.
Secondly, a technique to reduce the number of points that need to be included in the reduction basis is
introduced. The proposed approach exploits the fact that, during the optimization, a specific path within
the design domain will be followed, and therefore only a small part of it will actually be evaluated. Consequently, there is no need to represent accurately the complete design domain, but only those areas that will
actually be explored, as illustrated in Figure 5.
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Figure 5: Traditional parameter sampling for reduction basis construction (a) and new adaptive approach (b) for an example
with 2 parameters. The white crosses indicate points on the parameter space that are included in the reduction basis, and
the dashed line represents the path followed during the optimization. The grey area indicates the parameter space where the
reduction is accurate in each case.

3.2.1. Error indicator
Many a posteriori error indicators are based on the computation of the norm of residuals associated
with the full model. The norm of the force residual can be computed relatively cheaply by inserting the
reconstructed state vector into the full system equation of motion, i.e.

∆f = K − ω 2 M x̃ − f.
(16)
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The force residual has been directly used as an error indicator in the literature [27, 21]. It measures how
good of a solution to the system the reconstructed response is; however, we are concerned about how much
the reconstructed response deviates from the full model response; therefore, we search for an estimate of the
relative state vector error, as expressed in eq. (13). In the literature, most suggested approaches to approximating this error from the norm of the force residual are mainly concerned with reduction methods based on
11
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Proper Orthogonal Decomposition (POD). POD consists in building the reduction basis from ”snapshots”
of the state vector at different parameter points, where the full system must be solved. The true error can
directly be obtained at those points since the full system solution is available, and it is used in Ref. [24]
to create a linear model between the norm of the force residual, ||∆f||2 , and the norm of the state vector
residual, ||∆x||2 = ||x − x̃||2 , which is then used to estimate the error at other points.
For modal-based reduction, the full system response is not calculated when building the reduction basis;
therefore, this approach cannot be directly used. However, the idea of finding a relationship between the
residual on the dynamic force balance and the state error may still be feasible. In practice, we observed
that when the ROM is sufficiently accurate, there is close to a constant offset between the force residual and
state vector error over the frequency range of interest, which is demonstrated in Figure 6. Therefore, as a
pragmatic approximation, this offset could be calculated at one single frequency, f0 , and used to roughly
approximate the state vector residual at the rest of the frequency range by multiplying it by the force
residual,
||∆x(f0 )||2
,
(17)
k=
||∆f(f0 )||2
||∆x(ω)||2 ≈ k||∆f(ω)||2 .

(18)

Then, the relative error can be estimated as
ind (ω) =

k||∆f(ω)||2
||∆x(ω)||2
≈ (ω) =
.
||x̃(ω)||2
||x(ω)||2

(19)
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Figure 6: Comparison of the force residual and the state vector residual
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The resulting estimated error, when f0 is chosen at 5 kHz, is shown in Figure 7 in comparison to the
true error. The curves are almost on top of each other in most of the frequency range, which shows that
the indicator approximates well the sought error. If f0 was chosen to be one of the frequencies at which the
reduction basis enrichment vectors are calculated, x(f0 ) would directly be available when calculating factor
k for a point that is included in the reduction basis, which could reduce computational costs. However, the
error can drop to very small values at those frequencies (as observed for example in Figure 4), which makes
the ratio between the residuals at those frequencies not representative of the overall offset. Therefore, it is
a better choice to select an f0 far from the enrichment frequencies. Still, it is clear that the error indicator
accuracy depends on the choice of f0 ; moreover, the estimate deviates further from the true error when
evaluating points that are far from the points included in the reduction basis, as in the case shown in Figure
8. There is therefore an uncertainty about the accuracy of the error indicator which must be taken into
account. This is done by requiring a low value of the error indicator for a reduced model to be considered
12

Relative error [/]
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Figure 7: Comparison of the state vector true relative error and the error indicator
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accurate enough; for example, allowing 0.5% as maximum value instead of the usual 1%. This solution
proves effective in practice, as will be further discussed in section 4.

Relative error [/]
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10 2

10 3

10 4
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Figure 8: Comparison of the state vector true relative error and the error indicator at a point further from the points included
in the basis
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Even though the computation of the error indicator is cheap compared to solving the full system, the
time required for the calculation is not negligible. The two most time-consuming steps are the calculation of
x(f0 ) for obtaining factor k and the calculation of the force residual, ∆f(ω), for a large number of frequencies.
In the considered problem, the first step requires 29 s and the second step 74 s; this shows that checking
the accuracy of the response still takes longer than the frequency response calculation itself, which took 9
s for the reduced system obtained in Section 3.1. The time consumption of each step in the calculations is
further detailed in section 4.
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3.2.2. Adaptive parametric model order reduction basis updating and optimization framework
A parameter space sampling method for the reduction basis construction that breaks the traditional
offline-online approach is suggested here. The fact that only a specific path within the design domain is
explored during the optimization is exploited to construct an efficient reduction basis that does not include
information of the unexplored parts. Adaptive approaches for pMOR have been previously proposed by
e.g. Zahret al. [27]; however, they consist in solving a series of optimization problems in between which the
13

reduction basis is updated, while the algorithm suggested here embeds an on-the-fly basis updating routine
into the optimization loop. The method works as follows:
• An initial reduction basis is calculated for the initial parameter set as shown in Section 3.1.
320

• During the optimization, a new parameter point is added to the global reduced order basis if the
accuracy falls below a required level, which is checked by means of the suggested error indicator.
For the addition of a new point m to a reduction basis containing m − 1 points, the global reduced order
basis is obtained as follows. Maintaining the same philosophy as for the single-point reduction basis, the
acoustic and structural modal matrices of each point included in the basis are concatenated separately, as


Θ a = Ψ 1a Ψ 2a ... Ψ m−1
Ψm
(20)
a
a
 1 2

m−1 m
Θ s = Ψ s Ψ s ... Ψ s Ψ s .
(21)
The orthogonalization is then done on these global matrices, which reduces their size significantly in practice,
since many modal vectors calculated for different parameter values are (close to) linearly dependent and
therefore eliminated. The same approach is taken to obtain the global enrichment vector matrices,


(22)
Xm
Ya = X1a X2a ... Xm−1
a
a
 1 2

m−1 m
Ys = Xs Xs ... Xs Xs ,
(23)
and the global reduction basis is then formed by concatenating the orthagonalized global modal and enrichment matrices,
h
i

Θs Ŷs
Θ̂
[0]
h
i .
T=
(24)
Θa Ŷa
[0]
Θ̂
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Algorithm 1 describes the procedure for one objective function evaluation using the suggested adaptive
reduction scheme. Firstly, the system is reduced with the current reduction basis and the response is calculated. The accuracy of the solution is checked by calculating the error indicator as in eq. (19) and detecting
if its value is below a specified threshold, τ . If the error indicator is above the threshold, the current point is
added to the reduction basis, which means that the modal vectors are obtained from ANSYS R , the enrichment components are calculated, and both sets are added to the global transformation matrix as specified
in eqs. (20)-(24). The non-orthogonalized modal and enrichment matrices, Ya , Ys , Θa and Θs , are stored
so that the orthogonalization is always done with respect to the mass matrices at the last added parameter
point. Since the memory required for storing the matrices and the computational cost of orthogonalizing
them grows with their size, a limitation (M ) to the number of points that the reduction basis can contain
is set. If the basis already contains M points when a new one is to be added, the first point in the basis is
discarded, since it is assumed to be the furthest and therefore least relevant to the current point.
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Algorithm 1: Objective function evaluation with apMOR
µ, T, τ, M, ω );
1 [g, T] = ReducedObjectiveF unction(µ
Input : Design parameters µ , current reduced order basis T, reduction tolerance τ , maximum
number of sample points in basis M , frequency lines ω
Output: Goal function g, updated reduced order basis T
2 Get model matrices K, M from ANSYS for design parameters µ ;
T
T
3 Perform model reduction: Kr = T KT, Mr = T MT;

2
4 Solve the reduced system Kr − ω Mr xr = fr and obtain the reconstructed vector as x̃ = Txr for
all frequency lines in ω ;
5 Evaluate error indicator ind using Eqs. (17)-(19);
6 if ind ≥ τ then
7
if M sample points in T then
2
M
Ψ2a ... ΨM
Ψ2s ... ΨM
8
Remove first point from global bases: Θa := [Ψ
a ], Θ s := [Ψ
s ], Ya := [Xa ... Xa ],
Ys := [X2s ... XM
s ];
9
end
m
m
m
10
Calculate enriched modal basis Ψ m
a , Ψ s , Xa , Xs for parameters µ ;
11
Set up new global bases, orthogonalize them and update T according to Eqs. (20)-(24);
T
12
Perform model reduction: Kr = TT KT,
 Mr = T MT;
2
13
Solve the reduced system Kr − ω Mr xr = fr and obtain the reconstructed vector as x̃ = Txr
for all frequency lines in ω ;
14 end
15 Evaluate objective function g from Eq. (2);
The proposed adaptive parametric Model Order Reduction (apMOR) technique can be used in combination with any existing optimization algorithm. In this work, the gradient-based constrained optimization
algorithm implemented in the Matlab Optimization Toolbox function fmincon [30] is used, with the gradient being calculated by Finite Differences (FD). At each iteration of the optimization routine, Algorithm 1
is called several times since several objective function evaluations are required for gradient calculation and
decision of the next parameter point.

4. Application results
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The results obtained for the optimization problem introduced in Section 2 using the suggested apMOR
method are discussed here. The thickness and E-modulus of both the tube and the suspension are optimized within the given design space in order to minimize the total velocity at the microphone position over
a frequency range between 100 Hz and 10 kHz, when the receiver excites the system with the signals shown
in Figure 2.

4.1. Considerations on the optimization setup
Given that the gradient of the objective function is calculated by FD, at least 5 objective function evaluations are needed at each iteration of the optimization algorithm. Since the accuracy of the reduced system
is checked at each objective function evaluation, it is crucial to make the calculation of the error indicator as
efficient as possible. As mentioned in Section 3.2.1, updating factor k is relatively time consuming since it
requires solving the full system at one frequency. Based on the assumption that the value of k only experiences large variations when the reduction basis is modified or when the parameter values vary significantly,
the approach taken here to speed up the process consists in updating k only when a new point is added to
the basis and at the start of each fmincon iteration. For the rest of objective function evaluations, est is
15
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calculated using the last updated k value and only the force residual needs to be computed, which saves 29
seconds per evaluation.
The maximum number of points allowed in the reduction basis, M , and the threshold on the error indicator for which the reduction is considered accurate, τ , must be specified beforehand. The first parameter is
set here to 5, which has been selected as a trade-off between accuracy and the computational cost required
for orthogonalization of the basis. Regarding parameter τ , a value of 5 · 10−3 (0.5%) is chosen, which is more
restrictive than the 1% threshold that would be recommended if the true error was being evaluated instead
of an error indicator, and also leaves a small margin with respect to the maximum error at the initial point,
shown in Figure 4, which was 3 · 10−3 . In general, the error decreases when increasing the number of points
included in the reduction basis; therefore, it should always be below this threshold when a new point is added.
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4.2. Optimization results
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The optimization reached convergence after 12 iterations of the fmincon algorithm, which required 63
objective function evaluations. During the process, 7 points of the parameter space were added to the reduction basis besides the initial point, which adds up to 8 points in total, and therefore the 3 first points
were removed from it during the process to fulfill the selected 5 point limitation. In total, the optimization
process took 7 hours and 40 minutes; if the full system had been used, 153 hours would have been needed for
63 function evaluations, given that each one takes 2.4 hours as shown in Table 3. Therefore, the suggested
method speeds up the optimization by a factor of 20.
The time required for a function evaluation with the reduced system varies according to the steps needed
and size of the reduced system at each point. The times required for each step are detailed in Table 5,
where the minimum total time is given for an evaluation where factor k is not calculated and no new point
is added to the basis, and the total maximum is for an evaluation where a new point is added (and therefore
the response and error indicator are calculated twice). For the upper bound, the function evaluation is 9
times faster than for the full system, which shows that even in the worst case scenario a significant speed-up
is achieved.
Building matrices
in ANSYS R and
importing into
MATLAB R
Time [s]

255

Reducing system
and solving
@ 300 freq. lines
(min. - max.)

Calculating
k factor
[eq.(17)]

9 - 44

29

Evaluating
∆f [eq.(16)]
and
est [eq.(19)]
73

Adding
point
to basis
(Table 4)

Total
(min. - avg.
- max.)

436.5

337 - 438
- 983
(5.6 - 7.3
- 16.4 mins)

Table 5: Computational time spent at different objective function evaluation steps and total minimum, average and maximum
time per evaluation, calculated depending on the required steps at each evaluation according to the Algorithm 1.
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The total reduction on the objective function value was of 3.4 dB, which was reached for the parameter
values in Table 6. The suspension parameters experienced the largest changes with respect to the initial
point, while the tube parameters varied very slightly. The initial and final curves of the total velocity
at the microphone position are shown in Figure 9, where it can be observed that the first peak has been
shifted down in frequency as a result of the decrease on the suspension Young’s modulus. The peak at 1330
Hz (originated by a peak on the excitation signals) cannot be shifted but is attenuated due to the lower
mode overlap resulting from the shift of the first peak. The dotted curve in Figure 9 shows the velocity
curve calculated with frequency dependent losses for the optimized parameters in order to verify that the
frequency independent BLI approximation used in the optimization yields realistic results. The differences
16

with respect to the solid curve are small and occur mainly at very low velocity levels, which confirms that
the introduced approximation yields meaningful results.

Tube E modulus [Pa]
Tube thickness [mm]
Suspension E modulus [Pa]
Suspension thickness [mm]

µ out
1.8 · 108
0.973
1 · 106
0.175

Table 6: Final parameter values
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Initial
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Figure 9: Total velocity at the microphone position at the initial and final points of the optimization
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The evolution of the error indicator maximum value with respect to the objective function evaluations
is shown in Figure 10, where the dotted vertical lines indicate the start of a new iteration. The evaluations
where the error is above the required threshold τ (indicated by the solid horizontal line) present two values,
the circled asterisk being the error before adding the current point to the reduction basis, and the simple
asterisk indicating the error after the update. At the function evaluation number 23, the fifth basis update
takes place, which means that the basis is now formed by 6 points in total. Therefore, the initial point is
removed from it, and the value marked by the simple asterisk is the error after addition of the new point and
removal of the first point, which is kept below the required threshold. The same procedure is followed at the
function evaluations 27 and 28, keeping the total number of points in the basis at 5. The error estimate at
the final point is shown in Figure 4 in comparison with the true error, where it can be seen that the shapes
are slightly different, but the values oscillate within the same range.
The objective function and parameter k values at each iteration are shown in Figures 12(a) and 12(b).
The objective function value experiences its largest change at iteration 1, and it decreases slowly thereafter.
Therefore, the largest parameter changes occur at the beginning of the optimization, which explains that
the first basis updates take place during iterations 0 and 1, and, after a few updates in iterations 4 and
5, the reduction basis remains unchanged at the second half of the optimization, as shown in Figure 10.
The k value, which is only updated when a point is added or removed from the basis and at the start of
each iteration, presents the largest variations within the first 6 iterations, which also correlates with the
fact that the reduction basis is being updated in those. Even though it is recalculated at each iteration
thereafter, the variations are very small from iteration 7, confirming that it does not change significantly
when the parameter variations are small. The fact that no basis updates are needed after iteration 5 makes
17
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Figure 10: Evolution of the maximum value of the error indicator vs. objective function evaluations. Simple asterisks: error
estimate at the end of the objective function evaluation. Circled asterisks: error estimate before reduction basis update at
parameter points that are added to the basis.
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Figure 11: Comparison of the state vector true relative error and the error indicator at the final point
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the final part of the optimization very fast, corroborating that the suggested method is specially powerful
for gradient-based optimization problems, where the final steps require many function evaluations around
the last point in order to detect convergence.

(a)
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(b)
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Figure 12: (a) Evolution of the objective function. (b) Parameter k during the optimization.

430

435

440

4.3. Discussion
Even though frequency dependency is not considered in the suggested modal-based reduction approach,
visco-thermal losses have been considered by applying a frequency independent approximation that has been
shown not to introduce a significant error to the optimization results in the studied case. However, it would
be interesting to include other frequency dependent properties that are relevant in the field of hearing aids
as well as in others, such as material data or transducer models, for which the suggested method could
be extended by considering frequency as an extra parameter, as for example in Refs. [36, 37]. Moreover,
modelling the air that surrounds the hearing aid would also be desired in order to optimize for the acoustic
pressure outside; in that case, calculating the modes can become computationally time consuming since it
is challenging to calculate only those modal vectors that are necessary for model reduction in an infinite
acoustic domain [38]. Therefore, other techniques such as rational interpolation methods [4] could be a
better choice for obtaining a reliable reduction basis, as done in Ref. [39].
The error indicator has been developed as a trade-off between accuracy and computational cost. The
accuracy could have been improved by calculating the k factor at several frequencies and taking an average,
or by updating it at each objective function evaluation; however, the extra computational time that this
would require is not worthwhile in practice, since it has been shown that the true error at the final point is
well below the required level, and therefore the used approximation fulfills the purpose for which the error
indicator was intended.
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Regarding the suggested adaptive parameter sampling algorithm, it is worth noting that the traditional
offline-online approach might be more efficient for other applications of parametrized models such as system
control, where the speed of the reduced system evaluations during the online phase is crucial, and justifies
having a long offline phase where an accurate global basis is obtained. However, in the context of optimization and related applications such as model updating and inverse problems, the reduction basis will rarely
be re-used, and the most important factor is the total time that the optimization takes, including reduction
basis construction.
To confirm that the suggested approach is more efficient for the discussed case, an approximation of the
time that would be required with the offline-online approach can be done from the previous work by the
authors presented in Ref. [15], where a simpler version of the hearing aid model presented here was optimized for 2 parameters. In order to build the global reduction basis offline, 4 parameter points were needed,
corresponding to the combination of all the extreme values. From that, it can be extrapolated that at least
16 points would be needed when considering 4 parameters as in the current work, for which the reduction
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basis would take 2 hours to be built considering the times given in Table 4. According to Table 5, reducing
the system and solving it takes 44 s for a reduction basis with 5 points; from that, we can approximate that
it would take about 140 s for a basis with 16 points. Adding the time spent on interfacing with ANSYS R ,
the online phase would then take about 7 hours assuming that 63 objective function evaluations would be
needed as well. The complete process would take 9 hours, which is longer than the time required by the
suggested apMOR technique (7.6 hours). Moreover, the time that should be spent in checking the reduction
error during the offline phase has not been included in this approximation, which would make the time
difference significantly larger in reality.

5. Conclusions
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An adaptive algorithm for parametric Model Order Reduction (pMOR) basis construction in optimization problems that updates the reduction basis automatically along the optimization loop avoiding previous
parameter space sampling has been presented. The method relies on a newly developed residual-based error
indicator to ensure a selected accuracy of the reduction basis at all evaluated points. An enriched modalbased reduction method has been developed, which overcomes the orthogonalization issues that arise from
the non-symmetric nature of the vibroacoustic system matrices when the pressure-displacement formulation
is used. The performance is demonstrated for a classical optimization problem from the hearing aid field
where the feedback between the loudspeaker and the microphone is to be minimized within a wide frequency
range (100 Hz to 10 kHz), where the objective function evaluation requires fine resolution frequency response
calculation. The suggested method is shown to be efficient in such context, since the average objective function evaluation time is 20 times shorter than if using the full model. Further validation of the proposed
methodology by means of experimental measurements of the optimized solution is left as future work.
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