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Abstract. Passive load alleviation can be achieved through geometric bend-twist coupling,
for example, by sweeping the blade backwards. The influence of the blade sweep on the trailing
vorticity and bound vorticity is not modelled in the current fast aeroelastic wind turbine codes
suitable for certification. A near wake trailed vorticity model which was coupled with a blade
element momentum theory based aerodynamic model has been modified to take into account
the blade sweep. The extended model is compared with the original near wake model, a blade
element momentum (BEM) model and full rotor computational fluid dynamics (CFD) results
for the modified IEA 10MW reference wind turbines. The steady-state loadings calculated from
the extended model are in better agreements with CFD compared to the original model and
the BEM for four different swept blades. It is also shown that the influence of the blade sweep
on normal loading is not correctly modelled by BEM and this error will be inherited to the
near wake model results. Thus, further modification to BEM will likely improve the predicted
normal loading for swept blades, even if no near wake model is used.

1. Introduction
The aerodynamic models that are typically used in the state-of-the-art aeroelastic wind turbine
codes are based on the blade element momentum (BEM) theory. These BEM models are usually
extended by a tip loss correction and dynamic inflow models to take into account the wake inertia.
The near wake model (NWM) was originally formulated by Beddoes [1]. In order to account
for some of the shortcomings in the BEM type modelling (e.g. strip theory which means no
coupling of aerodynamics along the blade) the near wake model was considered for wind turbine
applications by Madsen and Rasmussen [2]. It was further extended for aeroelastic simulations
as part of a coupled near and far wake model by Pirrung [3, 4]. In this model, the NWM and
a far wake BEM are coupled through a coupling factor [5] to match the total thrust calculated
from a reference BEM.
For modern wind turbines, backwards-swept blades are favourable because of the passive load
reduction through structural bend-twist coupling. For the swept blades, the locations where the
vorticities start being trailed are different from that of the straight blade causing a modified
induction along the blade. In addition, the non-straight lifting line due to the blade sweep will
also introduce additional induced velocity. These effects will then influence the load distribution
of the whole blade especially towards the tip where strong vortices are trailed and where the
sweep is usually applied. Because tip loss corrections have been developed for straight blades,
Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd
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the influences of blade sweep on trailing vorticity and curved lifting line are not modelled in any
state-of-the-art BEM based aerodynamic models.
In this work, the trailed vorticity model extended in [3, 4] and implemented in the aeroelastic
code HAWC2 [6] is further modified to model the trailed vorticity as well as the curved lifting
line of swept blades. The results from this modified model are validated against the results
calculated using the CFD solver Ellipsys3D [7]. The wind turbine blades that are used for the
validation are modified based on IEA-10.0-198 10MW reference wind turbine (RWT) [8] which
has a rotor diameter of 198m.
2. Near wake model description
The NWM was originally developed by Beddoes for use in helicopter aerodynamics. The original
model was developed assuming in-plane trailed vorticity. The model was extended to model
both helical vortex arcs and standstill conditions by Pirrung [3, 4]. The induced velocity is
approximated with two exponential functions which made it possible for the indicial function
algorithm to be used. The computational effort will then be much less than numerical integration
of the Biot-Savart law.

Figure 1. Sketch of the geometry of the straight blade in the near wake. The variable of r
is defined to be the radius of the vortex trailing point and the variable of h is the difference
of the radius of the vortex trailing point v and section point s. If h > 0, the section point is
further inboard compared to the vortex trailing point and if h < 0, the section point is further
outboard. The figure is from Pirrung et al., [3].
A sketch of the geometry of the near wake is shown in Figure 1. The induction W at blade
section point s at time step i is the summation of the induced velocities due to all the vortex
2
arcs trailed from the trailing point v.
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where Xw,s,v
and Yw,s,v
are the fast and slow component of the induced velocity Ws,v
approximated with exponential functions.
The induced velocity in a new time step is then calculated with indicial functions. The
trailed vorticity strength is ∆Γ and is dependent on the gradient of the radial distribution of
the unsteady bound circulation. Its quasi-steady value is calculated with Equation 2, and the
unsteady value is approximated by the three term indicial function [9].

1
ΓQS = vr cCL
2
2

(2)
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The variable of Dx,s,v and Dy,s,v are the fast and slow components of the normalized induced
velocity at section s due to the trailed vortex v with unit strength which just trailed from the
blade. The induction due to the vortex arc trailed in this time step is added to the induced
velocity of the previous time step. This induced velocity from the previous time step is multiplied
by exponential decay factors. These factors are dependent on the geometric parameter Φ, which
depends on the positions of vortex trailing point, section point and the trailed vortex helix angle
ϕ [3].
i
i−1 −∆β/Φs,v
Xw,s,v
= Xw,s,v
e
+ Dx,s,v ∆Γ(1 − e−∆β/Φs,v )

(3)

i
i−1 −4∆β/Φs,v
Yw,s,v
= Yw,s,v
e
+ Dy,s,v ∆Γ(1 − e−4∆β/Φs,v )

(4)

Finally, the axial and tangential components of the induced velocity can be calculated with
the trigonometric projections with ϕ, which is proposed by Wang and Coton [10].
3. Model extension
In order to model the geometry of the swept blade, an additional variable ψ is introduced. It is
defined to be the difference of the azimuthal location of the vortex trailing point v and the section
point s. The definition of the variable r and h is in consistency with the original definition for
the straight blade. A sketch of the near wake geometry of a backward swept blade is shown in
Figure 2. To be noted that the definition of β is identical to [3], which is the azimuthal angle of
the vorticity has trailed in the rotor plane.
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Figure 2. Sketch of the geometry of the swept blade in the near wake. The vortex trailed from
point v1 is in-board and ahead of the section s corresponds to ψ1 < 0, and the vortex trailed
from point v2 is out-board and behind compared to the section s corresponds to ψ2 > 0.
The induction due to trailed vorticity behind the swept blades and the curved lifting line are
computed separately, as explained in Sections 3.1 and 3.2.
3.1. Trailed vorticity
The modification to the NWM to model the trailed vorticity of the swept blade is introduced
as follows. When calculating the induced velocity at section s, the corresponding coordinate
system is defined so that the x-axis is in the upwind direction, the y-axis is in the tangential
direction of this section pointing towards trailed vorticity and z-axis is pointing from the root to
the section point s. The coordinate system is shown in Figure 2. To be noted that for different
section points, the coordinate systems will be rotated around the x-axis according to the blade
sweep.
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3.1.1. Analytical equations In the following, the analytical trailing function of the swept blade
is derived with similar method as Pirrung [3]. The vector ~x is pointing from the location of
~ is pointing away from the blade. The
the trailed vortex filament to the section point s, and ds
aforementioned two variables are expressed as function of r, h, β and ψ as follows:




vh /(Ωr)
vh β/Ω
~ = p ds
 cos (β + ψ) 
 , ds
−r sin (β + ψ)
(5)
~x = 
vh 2
1
+
(
)
Ωr
− sin (β + ψ)
−r cos (β + ψ) + r − h
~ is calculated
The induced velocity at the blade section s due to this vortex filament ds
according to the Biot-Savart Law.
~
~ = Γ ~x × ds
dw
4π |~x|3

(6)

According to Pirrung [3], the local inflow angle determined by local axial velocity vh and
rotational speed Ωr, is used as the helix angle ϕ, since the trailed vorticity close to the blade is
supposed to be modelled.
ϕ = tan−1 (vh /Ωr)

(7)

~ is then as follows.
The axial induction, which is the x-component of dw

dwx =
=

∆Γ xy dsz − xz dsy
4π
|~x|3
∆Γds cos ϕ
h
4πr2

1 − (1 − hr ) cos (β + ψ)
1 + (1 − hr )2 − 2(1 − hr ) cos (β + ψ) + (β tan ϕ)2

(8)
i3/2

The definition of the trailing function is different from that for the straight blade [5]. The
new definition is the induced velocity normalized with dw0st , which is the induction of the
corresponding straight blade (ψ = 0) at the starting point (β = 0).
h
i
h 2
h
(
)
1
−
(1
−
)
cos
(β
+
ψ)
r
r
dwx
(9)
=h
i3/2
st
dw0,x
1 + (1 − hr )2 − 2(1 − hr ) cos (β + ψ) + (β tan ϕ)2
~ and is as follows.
The tangential induction function is the normalized y-component of dw
h
i
h 2
h
(
)
1
−
−
cos
(β
+
ψ)
−
β
sin
(β
+
ψ)
r
r
dwy
=h
(10)
i3/2
st
dw0,y
h 2
h
2
1 + (1 − r ) − 2(1 − r ) cos (β + ψ) + (β tan ϕ)
The derived equations are in similar form as the equations for the helical trailed wake derived
by Pirrung [3]. For the special case of a straight blade which corresponds to ψ = 0, the equations
derived above are identical to that derived in [3]. For the special case that the trailing vorticity
stays in the rotor plane (ϕ = 0), the only difference between the trailing functions of the straight
blade and the swept blade is that the variable of β is changed to β + ψ. This could be considered
as simply applying a lead or lag in phase with the value of ψ. However, when the trailed
vorticities are convected downstream (ϕ > 0), the blade sweep could not be simply considered
as only adding phase difference to the trailing function.
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3.1.2. Exponential approximation In order to use the indicial function algorithm for the fast
calculation of NWM, the new exponential functions which approximate the analytical trailing
function of the swept blade should be obtained.
One method is scaling the original trailing function of the straight blade in order to match
the steady-state result of the analytical solution (the integral of the trailing function from 0
to π/2). This is similar to the root correction introduced by Pirrung [3]. This scaled original
trailing function is compared with the analytical result in Figure 3.
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Figure 3. Comparison of the in-plane trailing functions for a backwards swept blade if the
section point is inboard(left) with h/r = 0.1, ψ = 2◦ and outboard(right) with h/r = −0.1,
ψ = −2◦ .
As seen in Figure 3, the original model is not able to properly approximate the analytical
trailing function which represents the dynamics of the induction due to trailing vorticity.
Especially when the vorticity is trailed ahead of the blade section (ψ < 0), with the increase of
β, the analytical trailing function firstly increase and then decrease. This is because the trailed
~ will firstly move closer to the section point and then move further away. This
vorticity element ds
shape of the trailing function is not able to be modelled by the scaled original approximation
based on two exponential functions. It is also shown in Figure 3 that it is possible to obtain
a better approximation using a three-term exponential fit. The computational effort of the
new method will increase less than 50% compared to the original one, and will still ensure fast
calculation.
However, comparing to the straight blade, there is one additional variable ψ which describes
the blade sweep geometry. So, the process of obtaining the new exponential functions will be
more complex and lengthy than that for the straight blade in [4]. Due to the limitation of page
length of this paper, only steady-state results calculated from analytical trailing functions will
be presented in the following. The details about the new approximation of trailing function with
three-term exponential functions and the corresponding dynamic response will be presented in
the near future.
3.2. Bound Vorticity
The quarter chord points of the blade were implicitly assumed to form a straight lifting line in
previous implementations of the NWM [1, 3, 5]. However, for the swept blade, the quarter chord
points will follow the blade sweep and form a curved line as shown in Figure 2. This curved
lifting line will then introduce additional induced velocity at the section points apart from the
trailing vorticity.
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However, when evaluating the induced velocity of the curved lifting line on itself according
to the Biot-Savart Law, there will be singularity problems. Even though vortex core [11] could
be introduced to eliminate singularities, the results will then be dependent on the vortex core
size as well as discretization of the blade.
Alternatively, the induced velocities due to the lifting line, located at the quarter-chord points,
is evaluated at the three-quarter chord points. For both straight blade and swept blade, the
b,str
bound vorticity will induce velocity at the three-quarter chord points, which are noted as W3/4
c
b,cur
b
and W3/4
c respectively. The additional induced velocity due to the curved lifting line, ∆W , is
then approximated with Equation 11.
b,cur
b,str
∆W b ≈ W3/4
c − W3/4 c

(11)

b,cur
where W3/4
c is calculated with the unsteady bound vorticity strength using the Biot-Savart Law,
b,str
and W3/4
c is calculated from the corresponding ‘virtual’ straight blade with the same vorticity
distribution as the swept blade. The geometry of the ‘virtual’ straight blade is obtained from
the swept blade by aligning the quarter chord points into a straight line while keeping their
radius. To be noted that the three-quarter chord points are assumed to be in the rotor plane
(neglect twist angle) since the lifting line is also assumed to be in-plane. Thus, ∆W b will only
influence the axial induction.

4. Results
There are five different wind turbine blades used for the validation of the modified NWM, all of
them are based on the IEA 10MW RWT. The baseline straight blade is modified by aligning the
quarter chord points to a straight main axis (except near the root where the centre of cylinder
is aligned). For the backwards swept blades, the planforms are obtained from Bézier curves
which are parameterized with: sweep ratio r¯s , sweep magnitude ∆d and tip sweep angle Λtip .
A sketch is shown in Figure 4 for demonstration, and the parameters of the four swept blades
are summarized in Table 1. The cross-sections are rotated accordingly, so that the airfoils are
perpendicular to the curved main axis. The chord and twist distribution of the blade remain
the same as baseline blade. For a clean comparison, the pre-bend as well as cone angle of all
blades are set to zero since the influence due to the vorticity starts trailing from out of the rotor
plane is not modelled in the current NWM.

Table 1. The parameters of the planforms of four backwards swept blades
Name
Blade
Blade
Blade
Blade

1
2
3
4

Sweep ratio r¯s

Sweep magnitude ∆d

Tip sweep angle Λtip

50%
50%
25%
25%

10%
10%
5%
5%

20◦
40◦
20◦
40◦

As introduced previously in Section 3, the influence of blade sweep on induced velocity is
consisted of two parts which are the trailed vorticity and the curved lifting line. For the original
NWM, straight lifting line is assumed, thus neither of the two effects are modelled. In order
to evaluate the contribution of the two parts, two modified NWMs are introduced. The first
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Figure 4. The parameterization of the swept blade (left) and the demonstration of the main
axis of the swept blade as well as the baseline straight blade (right).
modified NWM only takes into account the influence due to trailed vorticity, and the second
models the influence due to both trailed vorticity and bound vorticity. The two modified NWMs
are noted as ‘NWM Mod Trail’ and ‘NWM Mod Trail+Bound’ respectively.
The surface meshes used in the CFD calculations were generated using an in-house meshing
tool, and the volume meshes were generated using HypGrid3D [12], with 256 cells in chord-wise
direction, 128 cells in both span-wise and normal direction with a first cell height of 1 × 10−6 m.
In total, there were 14.16 million mesh cells in the volume mesh. The CFD results are calculated
with the structured grid Reynolds-averaged Navier-Stokes (RANS) solver EllipSys3D [7] using
a steady-state moving mesh approach [13], assuming fully turbulent flow in the wall surface
boundary layer, using the k − ω − SST turbulence model by Menter [14].
The BEM implemented in the HAWC2 [6] with tip loss correction is also used for the
comparison. The blade sweep is modelled by using only the component of relative velocity
which is projected in the airfoil cross-section for the calculation, and neglecting the span-wise
component.
The normal and tangential forces, in normal operational condition with 8 m/s free wind
speed and tip speed ratio of 10.58, are calculated for all blades with the aforementioned
aerodynamic models. The normal and tangential forces are used for the following investigations
and validations.
4.1. Straight blade
Firstly, the steady-state results of the baseline straight blade calculated from BEM, NWM and
CFD are compared in Figure 5. The results from two modified NWMs are identical to that from
the original NWM because the lifting line is straight.
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Figure 5. Comparison of normal and tangential forces of baseline straight blade calculated
from BEM, NWM and CFD.
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Despite the BEM and NWM are having some overestimation of both normal and tangential
forces near the tip, the results are in good agreement with CFD results. The main reason is that
both BEM and NWM utilize 2D airfoil polar data for the calculation of lift and drag coefficients
(despite based on fully turbulent 2D CFD results), which will then be different from 3D CFD
calculations. This is consistent with the conclusion obtained in [3].
4.2. Influence of bound and trail vorticity on swept blade
For the backwards swept blade, the load distributions from original NWM as well as the two
modified NWMs are compared in Figure 6 for the swept Blade 3. Please note that the coupling
factor calculated from the original NWM is applied to the two modified NWMs. This is because
the influence of blade sweep is mainly from the near wake part (due to bound vorticity and
trailed vorticity), which is not included in BEM. By using the same coupling factor from the
original model, the far wake contribution will then be almost identical. For the modified NWM
which takes into account influence due to both trail and bound vorticity, the normal force is
flattened near the tip, and the tangential force near radius 80m is having a sudden decrease.
These two effects are not able to be correctly modelled if the bound vorticity is not modelled. If
only the trailed vorticity effect is included, the tangential force (and thus the power production)
will increase on the whole swept parts of the blade relative to straight blade. It is the addition
of the curved bound vorticity effect that brings the total tangential force down again, such that
there are regions with both lower and higher production with respect to the baseline straight
blade. All NWM computations presented in Section 4.3 include both the modified trailed and
bound vorticity contributions.
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Figure 6. Comparison of the normal and tangential forces of Blade 3 calculated from original
and modified NWMs.

4.3. Validation against CFD
Then, the steady-state results of the swept blades calculated from different aerodynamics models
are validated against the CFD results. The normal and tangential forces of two swept blades
with 20◦ of sweep as well as baseline straight blade calculated from modified NWM and CFD
results are compared in Figure 7. The tangential load distribution of the swept blades from the
modified NWM is in very good agreement with CFD results. Thus, it again indicates both the
influences of bound and trailed vorticity due to blade sweep should be modelled. However, the
normal force of Blade 1 seems to deviate from CFD results.
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Figure 7. Comparison of the normal and tangential forces of the Blade 1 and Blade 3 with
respect to the baseline straight blade calculated from modified NWM and CFD results.

Offset of Tangential Force Comparing to Baseline [N/m]

Offset of Normal Force Comparing to Baseline [N/m]

In order to clearly show the influence of the backwards sweep on load distribution, the offset
of the forces of the swept blade with respect to the baseline blade calculated from NWM as
well BEM are compared against CFD results in Figure 8. It can be seen that for the swept
blade, both the normal and tangential forces will be almost identical to the baseline blade where
the blade is not swept. This justifies using the same coupling factor for the modified NWM
and original NWM in Section 4.2. When moving outboard, both the normal and tangential
forces are decreased compared to the baseline. This is approximately from where the backwards
sweep begins until halfway to the tip. When moving further towards the tip, both normal and
tangential forces are then increased compare to the baseline and until the blade tip. For the
tangential forces, the aforementioned decrease and then increase of the offset could be very well
modelled by the modified NWM, while the BEM predicts almost no difference between straight
and swept blades. However, for the normal forces, the offsets calculated from BEM and modified
NWM are both different than the CFD results.
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Figure 8. Comparison of the offset of normal and tangential forces of the Blade 1 and Blade 3
with respect to the baseline straight blade calculated from modified NWM and CFD results.
The NWM model is coupled with the BEM through a coupling factor and BEM is used to
model the far wake. So, if the BEM could not correctly model the influence of blade sweep on
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the normal load distribution, the error will then be inherited to the coupled near wake model.
The modification proposed in this paper is intended to model the blade sweep by modifying the
near wake part. Thus, in order to validate whether this modification is performed sufficiently,
the error due to the BEM is subtracted. For all four swept blades, the normal force offset from
the modified NWM minus that from BEM which is multiplied by the coupling factor and then
compared with the CFD results in Figure 9.
300

500
NWM Blade 1
NWM Blade 3
CFD Blade 1
CFD Blade 3

Offset of Normal Force [N/m]

200

NWM Blade 2
NWM Blade 4
CFD Blade 2
CFD Blade 4

400

Offset of Normal Force [N/m]

250

150
100
50
0
-50

300

200

100

0

-100
-100
-150
-200

-200
0

10

20

30

40

50

60

70

80

90

100

0

radius [m]

10

20

30

40

50

60

70

80

90

100

radius [m]

Figure 9. Comparison of the offset of normal force from modified NWM subtracting the offsets
from BEM with CFD results for all four swept blades.
It can be seen that if the load difference due to sweep in the far wake BEM is subtracted,
the offset of the normal force is now well predicted by the modified NWM for all four swept
blades. Thus, in order to correctly model the normal forces of swept blades with NWM, further
modifications should be made to the far wake BEM and maybe the coupling method as well.
5. Conclusion
The near wake model has been extended to compute the induction due to the trailed vorticity
as well as the curved bound vorticity of the swept blade. The validation with full rotor CFD
showed the influence due to blade sweep on the load distribution could be well modelled by
the modified NWM with both the influence due to trailed vorticity of the swept blade and due
to the curved lifting line modelled. If the influence of the curved bound vorticity is neglected,
wrong results and conclusions will be obtained. For the original NWM as well as the BEM,
neither of the aforementioned two effects due to blade sweep is correctly modelled, the results
are having large differences compared to the CFD results. For the normal force, it was shown
that since the BEM is not able to correctly model the influence due to blade sweep, the error is
inherited to the NWM models through the far wake BEM. However, if the error due to BEM is
subtracted from NWM results, the modified NWM is able to correctly predict the influence on
normal forces.
In conclusion, the proposed modification to the near wake model in this work is able to
correctly model the influence due to the blade sweep. However, in order to model the steadystate normal forces of swept blades correctly, future work should be done to the far wake BEM
which is coupled with NWM. In addition, future work should be done to obtain the three-term
functions, which approximate the analytical trailing functions, in order to model the dynamic
response of the swept blades with a higher accuracy.
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