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Abstract This rep ort describ es the dev elopmen t of an in tegral mo del for the

disp ersion of HF clouds, whic h is part of the w ork done b y Ris� in the URAHFREP

pro ject. URAHFREP , Understanding disp ersion of industrial R ele ases of A nhy-

dr ous Hydr o gen Fluoride and the asso ciate d R isk to the Envir onment and Pe ople ,

is a pro ject sp onsored b y the Europ ean Commission under con tract ENV4-CT97-

0630.

The main ob jectiv e has b een to mo del the p ossible in
uence of HF thermo-

dynamics on the disp ersion of atmospheric HF clouds. Both negativ e buo y ancy

(hea vy gas) e�ects and p ositiv e buo y ancy e�ects are p ossible dep ending on con-

cen tration, h umidit y and other factors. A main question is under whic h conditions

these e�ects are strong enough to dominate naturally o ccurring 
uctuations and

pro duce plume lift-o�. The URAHFREP �eld trials sho w ed only w eak signs of

p ositiv e buo y ancy in plumes pro duced for 0.1 kg/s liquid spra y releases.

HF can form p olymers in the gas phase and it forms highly non-ideal liquid

mixtures with w ater. It is demonstrated that the HF thermo dynamics needed for

the disp ersion mo del can b e describ ed b y exact thermo dynamical relations. The

treatmen t is based on the fugacit y concept, whic h is explained in some detail

emphasizing the link to measuremen ts. Existing exp erimen tal data are scarce and

of v arying qualit y . The b est data ha v e b een selected and analysed in order to

obtain prop erties on the saturation curv e. A relativ ely simple rings{and{c hains

mo del for the self-asso ciation in the gas phase is prop osed, and it is demonstrated

that the mo del is capable of repro ducing indep enden t measuremen ts (not used to

tune the mo del), in particular it predicts the en thalp y and the anomalous sp eci�c

heat of HF v ery satisfactorily . Exact relations describing phase equilibria for the

w ater-HF system are set up, and the role of the mixing en thalp y is demonstrated.

This is used to deriv e a simple four parameter mo del for the mixture. Finally the

mo del is successfully tested against fog c ham b er exp erimen ts.

The disp ersion mo del is a more-or-less standard in tegral mo del with some addi-

tional features. The ideas and assumptions of in tegral mo dels is explained and the

v arious scaling regimes for cloud gro wth are discussed. Re-analyzing the Prairie

Grass data set it is found that b oundary la y er scaling is sup erior to mixed la y er

scaling, and hence the heigh t of the b oundary la y er has no direct impact on the

disp ersion in the lo w er part of the b oundary la y er (including lift-o� due to natural

con v ection). The mo del is tested against data from the URAHFREP �eld trials.

Reasonable agreemen t is found. In most cases (all except one) the exp erimen ts

sho w ed no signs of buo y ancy e�ects whic h is in agreemen t with mo del predictions.

In T rial 12 reduced ground lev el concen trations w ere observ ed as w ell as an elev a-

tion of the cloud cen troid. This b eha viour is captured b y the mo del. A case study

is made in order to determine the conditions necessary for HF induced buo y ancy to

ha v e an e�ects on ground lev el concen trations. The p ossibilit y of including added

mass is discussed and dynamic equations compatible with the lev el of complexit y

of an in tegral mo del are deriv ed in the app endix.
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1 In tro duction

This rep ort presen ts a simple mo del for atmospheric disp ersion of Hydrogen Flu-

orid (HF) clouds. The motiv ation is to understand what in
uence the p eculiar

thermo dynamics of mixtures of HF with moist air can ha v e on disp ersing HF

clouds. The in
uence is mediated b y densit y c hanges whic h ma y cause an HF

cloud to b ecome b oth p ositiv ely and negativ ely buo y an t. The crucial p oin t in

terms of risk assessmen t applications is whether large HF plumes can lift-o� the

ground. If so this could b e regarded as an inheren t safet y factor of the substance

that could reduce safet y distances.

Mo delling the densit y is therefore a primary aim to whic h the �rst half of this

rep ort is dev oted. In order to obtain the densit y a complete mass and en thalp y

balance m ust b e set up whic h tak es p ossible condensation of h ydro
uoric acid

(liquid HF/w ater mixtures) in to accoun t. Theory , exp erimen tal data and mo dels

are review ed and discussed. A simple thermo dynamic mo del is prop osed and tested

against exp erimen tal data.

The second half of the rep ort is dev oted to the dev elopmen t of a simple dis-

p ersion mo del capable of repro ducing what w e b eliev e are the main features of

HF disp ersion. Surface la y er scaling is the basis for our understanding of dis-

p ersion in general is used in the in terpretation of exp erimen tal data and will b e

explaines in some detail. The imp ortance of a clear distinction b et w een relativ e

and absolute turbulen t di�usion is also emphasized. The disp ersion mo del is based

on the relativ e di�usion (or t w o-particle) concept, and an e�ort is made to tune

it to exp erimen tal relativ e di�usion data. Suc h data are as y et scarce, and the

data resulting from the URAHFREP �eld trials (Ott and J�rgensen 2001) are in

fact among the b est a v ailable, therefore these are used frequen tly throughout the

rep ort.

The ideal mo del should com bine simplicit y with accuracy , and making suc h a

mo del can b e complicated. Simplicit y is obtained b y treating only selected asp ects

of realit y whereas accuracy is obtained b y selecting the righ t asp ects and treat

them in the righ t w a y . This requires a basic understanding of the phenomenology .

Unfortunately , there is little empirical kno wledge of HF clouds. W e kno w that

mixtures of HF and h umid air get hot and b ecome p ositiv ely buo y an t, but e�ects

of this on the disp ersion of HF plumes is uncertain. In the URAHFREP tests

only fain t indications of p ositiv e buo y ancy e�ects w ere observ ed and in the Gold-

�sh exp erimen ts only negativ e buo y ancy w as observ ed (Blewitt, Y ohn, Ko opman

and Bro wn 1987). Consequen tly , lift-o� of an HF cloud has nev er b een observ ed

during an exp erimen tal release. This only exclude the p ossibilit y of a lift-o� in

the conditions under whic h the exp erimen ts w ere made. In the Gold�sh exp eri-

men ts the relativ e h umidities seem to ha v e bin to o lo w and in the URAHFREP

exp erimen ts the release rates ma y ha v e b een to o lo w for lift-o� to b e detectable.

This lac k of exp erimen tal evidence of HF induced lift-o� is an ob vious di�cult y

for the mo deller. Without simple visual observ ations the understanding of the

phenomenology cannot b e said to b e complete. The purp ose of the URAHFREP

trials w as to pro vide suc h understanding b y collecting high qualit y data from HF

disp ersion exp erimen ts. The trials sho w ed that buo y ancy e�ects in HF clouds w ere

small under the giv en conditions and no lift-o� w as seen. This in itself is a v aluable

result, but it is di�cult to generalize to situations where a lift-o� migh t o ccur.

Hall and W alk er (1997) has p oin ted out that the exp erimen ts can b e conceiv ed as

do wn-scaled v ersions of larger releases. Scaling to larger release rates mak es the

results applicable to larger, and more hazardous releases. In the trials buo y ancy

e�ects w ere insigni�can t for 0.1 kg/s HF releases when the relativ e h umidit y w as

less than 90% or the windsp eed w as ab o v e 2 m/s. Using scaling w e ma y infer from
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this that 10 kg/s releases sho w insigni�can t buo y ancy e�ects when the relativ e

h umidit y is less than 90% or the windsp eed is ab o v e 5 m/s. Con v ersely , the b e-

ha viour of a 10 kg/s release at lo w er windsp eeds than 5 m/s is not co v ered b y the

exp erimen ts, and the results do not rule out the p ossibilit y of lift-o� for suc h a

release. Th us the exp erimen ts rule out the p ossibilit y of lift-o� in man y situations,

and a mo del should repro duce this. It should b e men tioned that the ten mo del

calculations made b y Chhibb er and Kaiser (1996) for a 10 kg/s HF release under

v arious meteorological conditions are in agreemen t with the exp erimen tal �ndings.

More emphasis has b een put on mo delling the b eha viour up to the p oin t where

lift o� ma y o ccur than on the lift-o� itself. W e kno w little ab out the b eha viour of

an HF plume after lift-o�. It is a question whether the plume tak es o� as a w ell

organized en tit y , the w a y an in tegral mo del treats it, or it b ecomes 
u�y and dis-

in tegrates so that large fractions of it are left on the ground. There are n umerous

studies of buo y an t releases from elev ated sources (stac ks), but w e ha v e no kno wl-

edge of �eld exp erimen ts with p ositiv ely buo y an t ground releases. HF plumes are

unique b ecause they are hea vy near the source. Therefore elev ated releases can b e

exp ected to fall to the ground and spread out b efore b ecoming p ositiv ely buo y an t

and p ossibly b egin to rise again. This w as sim ulated in the wind tunnel study of

Hall and W alk er (2000) who studied plume rise from buo y an t area sources. Here

the lift-o� of buo y an t plumes tended to b e disorganized. The concen trations on

the ground are in some cases greatly reduced immediately do wn wind of the lift-

o� p oin t, but seldom to zero. Smok e plumes from a �re do not alw a ys lea v e the

ground, ev en if they are hotter than an HF can ev er get. Therefore it is most lik ely

that an HF plumes lifting o� the ground do not simply ro c k ed to the sky , ev en

under conditions that fa v our plume rise the most.

Lift-o� can b e exp ected to b e in
uenced b y atmospheric stabilit y . In stable con-

ditions plume rise is limited b y the densit y strati�cation whic h ma y prev en t the

plume from rising b ey ond a certain heigh t. In con v ectiv e conditions plume rise is

a self-prop elling pro cess due to the unstable densit y pro�le. This means that ev en

passiv e plumes exhibit plume rise, as w as observ ed in the wind tunnel exp erimen ts

of Willis and Deardor� (1976). W e in terpret reduced cross-plume in tegrated con-

cen trations observ ed in disp ersion exp erimen ts in the con v ectiv e surface la y er in

the same w a y . Under these conditions plumes are v ery irregular and dominated

b y horizon tal as w ell as v ertical wind 
uctuations and temp erature di�erences. A

passiv e plume on the ground ma y therefore b ecome p ositiv ely buo y an t b ecause

of heating from the ground and form a rising thermal and this ma y resem ble the

c hange to sligh tly p ositiv e buo y ancy in an HF cloud.

A t large distances, where the plume has b een w ell mixed with the b oundary

la y er, buo y ancy has no e�ect. Here the concen tration can b e estimated from the

b oundary la y er heigh t, a suitable plume width and the windsp eed. HF can harm

certain plan ts at lo w concen tration lev els so the �nal stage of the disp ersion could

b e relev an t for ma jor spills. Closer to the source plume rise could ha v e a mitigating

e�ect in terms of reduced concen trations on the ground, and a main p oin t is to

determine more precisely whic h conditions are required. This calls for a mo del

capable of de�ning the limiting case.
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2 HF thermo dynamics

2.1 Prop erties of HF

HF gas is one of the least ideal gases kno wn. Saturated HF v ap our is for example

ab out four times denser than exp ected from the ideal gas la w. The sp eci�c heat

at constan t pressure C

P

v aries dramatically with temp erature with a maxim um

ab out 10K ab o v e the b oiling p oin t where v alues of C

P

are some 30 times larger

than the classical v alue

7

2

R for a sti� diatomic molecule. The normal b oiling p oin t

of HF, 292.69K, is also m uc h higher than the b oiling p oin ts of HCl and HBr. The

explanation for this b eha viour is the strong tendency for the HF molecules to

form p olymers (sometimes called 'oligomers' or just 'clusters'). The diatomic HF

monomer is a v ery stable molecule, ev en at v ery high temp eratures, that can b e

regarded as an in v arian t building blo c k for the formation of the p olymers. Crys-

taline HF consists of long zig-zag c hains of HF molecules connected b y h ydrogen

b onds (i.e. -HF-HF-HF-HF-). The zigs and zags o ccur at the F atoms so that

the segmen t HF-H b ends 120

o

: 1 while the segmen t F-HF is straigh t. There is less

direct evidence for p olymers in the liquid phase and in the gas phase. Only the

dimer (HF)

2

, the tetramer (HF)

4

and the hexamer (HF)

6

ha v e b een p ositiv ely

iden ti�ed in the gas phase.

The p olymerization has t w o imp ortan t e�ects. Firstly , it increases the densit y .

Saturated HF v ap our is m uc h denser than air ev en if the form ula w eigh t of HF is

only 20 g/mol compared to 29 g/mol for air. Secondly , p olymerization in
uences

the en thalp y . It requires an en thalp y of ab out 25kJ/mol to break a h ydrogen b ond

in a p olymer. When the gas is expanded (or mixed with dry air or N

2

) the p olymers

break up and the gas co ols substan tially . When for example 1 mole of HF is mixed

with 10 moles of dry air (b oth originally at 1 bar and ro om temp erature) the

temp erature drops ab out 30K. The e�ect is somewhat akin to the dilution and

subsequen t ev ap oration of an aerosol spra y . Here the heat of v ap orisation of the

liquid aerosols giv es a negativ e con tribution to the en thalp y budget. The heat of

p olymerization (the excess en thap y in prop er terms) of HF gas acts in a similar

w a y . In fact the excess en thalp y of saturated HF v ap our is almost as large as

the heat of v ap orization. So in a w a y the gas can b e regarded as only halfw a y

ev ap orated.

Things are more complicated when w ater is presen t. Liquid HF is highly h y-

groscopic and HF is soluble in w ater in an y prop ortion. Liquid mixtures of HF

and w ater is called h ydro
uoric acid. In terms of pH it is not a v ery strong acid,

but it is still v ery aggressiv e c hemical that attac ks almost an ything (including

glass). The heat of mixing is v ery large, so that the partial en thaltpies of HF and

w ater in h ydro
oric acid is m uc h lo w er than for the pure liquids. A t the same

time the v ap our pressure is v ery lo w and the b oiling p oin t of 50% h ydro
uoric

acid is higher than that of w ater. Therefore mixtures of HF gas and h umid air

pro duce a fog of h ydro
uoric acid droplets whic h is remark ably stable. A reaction

can also tak e place in the gas phase resulting in the formation of a HF � H

2

O

complex, whic h has b een observ ed sp ectroscopically . Ho w ev er, the gaseous reac-

tion is relativ ely unimp ortan t b ecause of the small v alue of the reaction constan t.

Because of the lo w en thalp y of h ydro
uoric acid the fog formation tends to raise

the temp erature of the mixture. F og formation therefore has the direct opp osite

e�ect of de-p olymerization. There is no rule telling whic h of these e�ects is the

strongest. Dep ending on concen tration and h umidit y the temp erature ma y rise or

it ma y drop.

An atmospheric release of HF go es through a rather complicated sequence. Near

the release p oin t the HF concen tration is high with p ossible HF aerosol (in case of

Ris�{R{1293(EN) 7
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Figur e 1. Buoyancy factors for adiab atic mixtur es of HF and humid air. A mbient

temp er atur es 0

�

C (upp er) and 25

�

C (lower). In al l c ases the HF initial ly liquid

and 15

�

C

a spra y release). As air is en trained de-p olymerization and ev ap oration of droplets

co ols the cloud so that it b ecomes denser than air and falls to the ground. As

more h umid air is mixed in to the cloud the w ater v ap our will join HF v ap our

to form h ydro
uoric acid fog and HF droplets will absorb moisture. As a result

the b oiling p oin t of the droplets is raised to ab out 110

o

C and the w ater v ap our

pressure b ecomes extremely lo w. Therefore there is v ery little w ater v ap our presen t

in the cloud at this p oin t, the cloud is hot and ligh ter than air. The condensation

of w ater ceases at some p oin t and the concen tration of w ater v ap our in the gas

phase starts to increase. Along with this the concen tration of HF in the droplets

starts to decrease and the droplets gradually ev ap orate. The ev ap oration of the

aerosol lo w ers the temp erature of the cloud so that it b ecomes sligh tly denser than

air just b efore the aerosol disapp ears.

The non-constan t buo y ancy of mixtures of HF with h umid air is illustrated

in �gure 1, whic h is based on the mo del dev elop ed b elo w. The ordinate is the

8 Ris�{R{1293(EN)



'buo y ancy factor' ( �

a

� � ) = ( �c ), where �

a

is the densit y of the air, � is the densit y

of the mixture and c is the HF concen tration (mass b y mass), i.e. the ratio b et w een

(buo y ancy force) and (HF mass times g ). The buo y ancy factor is constan t for

buo y ancy conserving substances, and for example equal to ( M

a

� M ) = M for an

ideal gas ( M s are molecular w eigh ts).

2.2 Theory

In this section w e brie
y review some basic thermo dynamic relations for non-ideal

mixtures. Most of what follo ws can b e found in textb o oks (Guggenheim 1957,

Mo ore 1972). The main p oin t is to distinguish fundamen tal thermo dynamics rela-

tions from empirical relations and to mak e clear whic h measuremen ts are required

to c haracterize the thermo dynamics of HF and HF mixtures.

The starting p oin t is the w ell-kno wn fundamen tal di�eren tials:

d H ( P ; T ; n ) = T d S ( P ; T ; n ) + V ( P ; T ; n ) d P +

X

j

G

j

( P ; T ; n )d n

j

(1)

d G ( P ; T ; n ) = � S ( P ; T ; n ) d T + V ( P ; T ; n ) d P +

X

j

G

j

( P ; T ; n ) d n

j

(2)

In the follo wing w e will often use the follo wing relation to instead of (2)

d

G ( P ; T ; n )

T

= �

H ( P ; T ; n )

T

2

d T +

V ( P ; T ; n )

T

d P +

X

j

G

j

( P ; T ; n )

T

d n

j

(3)

n = ( n

1

; n

2

; : : : ; n

N

) de�nes the molar comp osition in terms of `basic comp o-

nen ts'. These are the molecules that surviv e in the gas phase as P ! 0. F or the

HF-w ater-air system the basic comp onen ts are: HF monomers, H

2

O and dry air

(whic h w e will regard as an inert gas). F or HF-air-w ater gas the basic molecules

are themselv es stable, ev en if at higher pressures complexes suc h as HF p olymers

(HF)

q

, the complex HF � H

2

O and p ossibly others are formed. It is con v enien t not

to treat complexes (including p olymers) as distinct sp ecies, but to let n coun t the

basic comp onen ts b efore the formation of complexes. In this w a y n is indep enden t

of pressure and temp erature. W e also de�ne the molar fractions

x

j

=

n

j

n

1

+ n

2

+ � � � + n

N

(4)

Again x

j

coun ts the relativ e amoun t of sp ecies j including molecules b ound in

complexes.

G

j

is the c hemical p oten tial for sp ecies j , whic h is equal to the partial free

energy , viz.

G

j

( P ; T ; n ) =

@ G ( P ; T ; n )

@ n

j

(5)

Other partial quan tities are de�ned in a similar w a y , e.g. partial v olume V

j

=

@ V

@ n

j

,

partial en thalp y etc. W e recall that generally X =

P

n

j

X

j

, in particular w e ha v e

the Gibbs-Duhem relation

G =

X

n

j

G

j

(6)

In equilibrium the requiremen t is that G

j

has the same v alue for all phases.

An ideal gas ob eys the ideal gas la w (sho wn here for n moles of the gas)

V

I

( P ; T ) =

nR T

P

(7)

A non-ideal gas can b e represen ted b y the similar equation

Z ( P ; T ; n ) V ( P ; T ; n ) =

R T

P

X

j

n

j

(8)

Ris�{R{1293(EN) 9



where Z is the asso ciation factor , whic h is also sometimes called the `compress-

ibilit y factor'). F rom (7) and (2) it follo ws that

G

I

( P ; T ) � G

I

( P

0

; T ) =

P

Z

P

0

@ G

I

@ P

d P =

P

Z

P

0

V

I

d P = nR T log

P

P

0

(9)

W e recall that the en thalp y of an ideal gas is indep enden t of pressure b ecause

@ H

I

@ P

= � T

2

@

2

G

I

=T

@ P @ T

= � T

2

@ R =P

@ T

= 0 (10)

H

I

do es not incorp orate con tributions from in ter-molecular in teractions, they are

absen t in ideal gases, but it do es incorp orate con tributions from translation, ro-

tation and vibrations of individual molecules. These can b e measured b y sp ec-

troscop y .

The free energy of a mixture of gases is not simply additiv e since an extra term,

due to mixing en trop y , m ust b e added. Th us for an ideal mixture of ideal gases

w e ha v e

G ( P ; T ; n ) =

X

j

n

j

G

I

j

( P ; T ; n ) + R T

X

j

n

j

log x

j

=

X

j

n

j

G

I

j

( x

j

P ; T ) (11)

In other w ords, the partial free energy is equal to the free energies of the comp onen t

ev aluated at the p artial pr essur e x

j

P as if the other comp onen ts w ere missing. F or

non-ideal gases con taining complexes made up of sev eral di�eren t comp onen t, it

is not clear ho w a `partial pressure' of a comp onen t should b e de�ned. Ho w ev er,

at lo w pressure the gas will approac h an ideal mixture of the basic comp onen ts.

It is therefore p ossible to measure the ideal free energy G

I

j

( P ; T ) at lo w pressures

and extrap olate to �nite pressures b y means of (9). Ideal gas prop erties can b e

determined directly from measuremen ts of P , V and T or it can b e calculated

using statistical mec hanics and sp ectroscopic data. F or �xed T , G

I

j

( P ; T ) v aries

as the logarithm of P so there m ust b e a `pressure' f

j

for whic h

G

j

( P ; T ; n ) = G

I

j

( f

j

( P ; T ; n ) ; T ) (12)

f

j

is called the fugacity of sp ecies j . A t lo w pressure the fugacit y equals the partial

pressure, i.e.

f

j

x

j

P

! 1 for P ! 0.

It is instructiv e to de�ne also the partial excess free energy . It is equal to the

di�erence b et w een the partial free energy of the real gas and the free energy of

the corresp onding ideal gas ev aluated at the `ideal' partial pressure x

j

P , viz.

G

E

j

( P ; T ; n ) � G

j

( P ; T ; n ) � G

I

j

( x

j

P ; T )

= G

I

j

( f

j

; T ) � G

I

j

( x

j

P ; T ) = R T log

f

j

x

j

P

(13)

Since G

E

j

! 0 for P ! 0 w e ha v e

R T log

f

j

x

j

P

= G

E

j

( P ; T ; n ) =

P

Z

0

@ G

E

j

@ P

d P =

P

Z

0

�

V

j

( P ; T ; n ) �

R T

P

�

d P

=

@

@ n

j

P

Z

0

0

@

V ( P ; T ; n ) �

R T

P

X

j

n

j

1

A

d P (14)
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This expresses the fugacit y in terms of the exc ess volume V ( P ; T ; n ) �

nRT

P

,

a quan tit y that can b e measured directly . W e can also de�ne the partial excess

en thalp y

H

E

j

( P ; T ; n ) � H

j

( P ; T ; n ) � H

I

j

( T ) = � T

2

@ G

E

j

( P ; T ; n ) =T

@ T

(15)

where H

I

j

( T ) = lim

P ! 0

H

j

( P ; T ; n ) is the partial en thalp y of the corresp onding ideal

gas.

Using fugacities w e ma y no w write (3) as

d

G ( P ; T ; n )

T

= d

X

j

n

j

G

I

j

( f

j

; T )

T

=

X

j

n

j

 

R

f

j

@ f

j

( P ; T ; n )

@ T

�

H

I

j

( T )

T

2

!

d T

+

X

j

n

j

R

f

j

@ f

j

( P ; T ; n )

@ P

d P

+

X

j

 

G

j

T

+

X

i

n

i

R

f

i

@ f

i

( T ; P ; n ))

@ n

j

!

d n

j

(16)

Comparing the terms in v olving d n

j

in (3) and (16) w e �nd that

X

i

n

i

1

f

i

@ f

i

@ n

j

= 0 (17)

Equation (17) leads to an exact form of the Duhem-Margules rule.

Un til this p oin t w e ha v e used P , T and n as indep enden t v ariables. It is natural

to try T and the fugacities f = ( f

1

; : : : ; f

N

). With these v ariables the pressure

di�eren tial is

d P = �

H

E

V T

d T +

X

j

n

j

R T

f

j

V

d f

j

(18)

so that

X

j

f

j

@ P ( T ; f )

@ f

j

=

R T

V

X

j

n

j

= Z ( T ; f ) P (19)

This is the equation of state for the gas from whic h all other thermo dynamic

quan tities can b e deriv ed. The k ey p oin t is therefore to determine the function

P ( T ; f ).

The follo wing discussion is limited to the case N = 2. This is done in order

not to o v ercro wd equations with subscripts, but the generalization to arbitrary

N is straigh t forw ard. W e can alw a ys write P ( T ; f

1

; f

2

) as a T a ylor series with

T -dep enden t co e�cien ts

P ( T ; f

1

; f

2

) =

1

X

q =0

1

X

r =0

~

K

q ;r

( T ) f

q

1

f

r

2

(20)

F or small pressures w e ha v e P = f

1

+ f

2

, hence

~

K

0 ; 0

= 0, and

~

K

1 ; 0

=

~

K

0 ; 1

= 1,

otherwise there are no restrictions. The co e�cien ts

~

K

q r

can b e in terpreted in terms

of a simple mo del gas. The mo del gas is an ideal mixture of complexes, where eac h

complex is an ideal gas. The partial pressure P

q r

of the ( q : r ) complex (consisting

of q molecules of sp ecies 1 and r molecules of sp ecies 2) is giv en b y

P

q r

=

~

K

q r

( T ) p

q

1

p

r

2

(21)
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where p

1

= P

1 ; 0

and p

2

= P

0 ; 1

are the partial pressures of the monomers. In the

mo del the co e�cien t

~

K

q ;r

( T ) on the righ t hand side of (20) therefore acts as an

equilibrium constan t for the formation of the ( q : r ) complex. In order to complete

the picture it should b e v eri�ed that p

1

and p

2

are in fact the fugacities of the t w o

sp ecies. F rom the ideal gas la w it follo ws that

R T n

1

= V

X

q r

q P

q r

= V p

1

@ P ( T ; p

1

; p

2

)

@ p

1

(22)

and

R T n

2

= V

X

q r

r P

q r

= V p

2

@ P ( T ; p

1

; p

2

)

@ f

2

(23)

Hence for �xed T

d P =

n

1

R T

V p

1

d p

1

+

n

2

R T

V p

2

d p

2

(24)

so that the excess free energy of the mo del is equal to

P

Z

0

�

V � ( n

1

+ n

2

)

R T

P

�

d P = n

1

R T log

p

1

x

1

P

+ n

2

R T log

p

2

x

2

P

(25)

It �nally follo ws from (14) that p

1

= f

1

and p

2

= f

2

. This mean that the mo del

can actually repro duce the thermo dynamics of the real gas. It is, ho w ev er, still

a mo del b ecause the in teractions are regarded as purely 'c hemical' in the sense

that molecules are either free or lo c k ed in to complexes. In real gases molecules can

attract or rep el eac h other without forming complexes, and suc h in teractions are

not part of the mo del. The mo del ma y therefore b e righ t for the wrong reasons.

It w ould ob viously b e em barrassing if an y of the co e�cien ts w ere negativ e, and

this can happ en. A t lo w pressure the molar excess v olume approac hes the constan t

v alue V

E 0

= � R T (

~

K

2 ; 0

x

2

1

+

~

K

1 ; 1

x

1

x

2

+

~

K

0 ; 2

x

2

2

). F or a pure substance ( x

1

= 1 and

x

2

= 0) this reduces to V

E 0

= � R T

~

K

2 ; 0

. The excess v olume is therefore negativ e

at lo w pressure if

~

K

2 ; 0

is p ositiv e. V

E 0

can b e estimated from v an der W aal

constan ts, e.g. W east (1986), and for most gases it is indeed negativ e, He and H

2

are among the few exceptions. There is of course no suc h thing as a Helium p olymer

and the w eak non-idealit y of He m ust b e explained in other w a ys. Con v ersely , if

the co e�cien ts are all p ositiv e it is not p ossible to falsify the simple mo del b y

measuring macroscopic thermo dynamic prop erties of the gas. F or HF there is

evidence only for a few p olymer sp ecies so that, according to the simple mo del,

P ( f ) is a simple p olynomial. Ho w ev er, ev en if only a few p olymers are presen t,

P ( f ) could b e a more complicated function b ecause of non-ideal b eha viour.

If w e w an t to impro v e the simple c hemical mo del w e m ust w ork in a more

general setting where the c hemical comp osition is sp eci�ed in terms of the actual

molecules presen t. In other w ords, eac h ( q : r ) complex is treated as a comp onen t

with a corresp onding mole n um b er �

q r

, where of course

n

1

=

X

q r

q �

q r

and n

2

=

X

q r

r �

q r

(26)

In this setting w e imagine that �

q r

can b e con trolled indep enden tly together with

P and T . This ma y not actually b e tec hnically p ossible b ecause it will bring the

gas out of equilibrium, but the free energy and other thermo dynamic functions

can still b e de�ned theoretically . Th us w e ma y form a partial free energy G

q r

for

eac h complex and a fugacit y f

q r

so that

G

q r

( P ; T ; � ) =

@ G

@ �

q r

= G

I

q r

( f

q r

; T ) (27)

The equilibrium condition is that

G

I

q r

( f

q r

; T ) = q G

I

1

( f

1 ; 0

; T ) + r G

I

2

( f

0 ; 1

; T ) (28)
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In equilibrium w e therefore ha v e

G

E

( P ; T ; n

1

; n

2

) =

X

q r

�

q r

G

q r

( P ; T ; � ) � n

1

G

I

1

( x

1

P ; T ) � n

2

G

I

2

( x

2

P ; T )

= n

1

R T log

f

1 ; 0

x

1

P

+ n

2

R T log

f

0 ; 1

x

2

P

(29)

Using (13) it follo ws that in equilibrium f

1 ; 0

= f

1

and f

0 ; 1

= f

2

. In other w ords,

the fugacities of the momomers are the same whether or not w e coun t p olymers

as separate sp ecies.

F rom (9) and (28) w e get

f

pq

= K

q r

( T ) f

q

1

f

r

2

(30)

where

K

q r

( T ) = exp

 

q G

I

1

( P

0

; T ) + r G

I

2

( P

0

; T ) � G

I

q r

( P

0

; T )

R T

!

P

0 1 � q � r

(31)

K

q r

is the equilibrium constan t for the formation of the ( q : r ) complex used

normally b y c hemists and it is of course alw a ys p ositiv e and will in general di�er

from

~

K

q r

. In order to relate the equilibrium constan ts K

q r

to the co e�cien ts

~

K

q r

w e m ust use a theory of some kind to express P as a function of the fugacities

f

q r

. In equilibrium w e then use (30) to �nd P ( T ; f

1

; f

2

) and �nally mak e a T a ylor

expansion to determine

~

K

q r

. This w e ma y of course lead to negativ e

~

K

q r

. The

simplest p ossible w a y to link P to the fugacities is to assume that the complexes

are ideal gases, but that is merely a re-statemen t of the simple c hemical mo del.

In order to mak e impro v emen ts it is therefore necessary to tak e the non-ideal

b eha viour of the complexes in to accoun t. This requires a microscopic description

of the in teractions b et w een complexes.

W e no w turn to the gas-liquid equilibrium. In order to distinguish prop erties of

the t w o phases w e use sup erscript

l

for liquid and

g

for gas. When there is only

one comp onen t in the system, sa y HF, the condition for equilibrium is that (the

sup erscript

o

indicates a pure substance)

G

l o

( P

o

s

( T ) ; T ) = G

g o

( P

o

s

( T ) ; T ) (32)

where b oth G s are molar free energies (c hemical p oten tials) and P

o

s

( T ) is the

saturation pressure. W e can also use the saturation fugacit y f

o

s

( T ), i.e.

G

l o

( P

o

s

( T ) ; T ) = G

I g o

( f

o

s

( T ) ; T ) (33)

Ev aluating

d G=T

d T

for b oth sides of (32) it follo ws that

�

H

l o

T

2

+

V

l o

T

d P

o

s

d T

= �

H

g o

T

2

+

V

g o

T

d P

o

s

d T

(34)

whic h is of course just the usual Clausius-Clap eyron equation. F rom (33) it follo ws

in the same w a y that

�

H

l o

T

2

+

V

l o

T

d P

o

s

d T

= �

H

I g o

T

2

+

R

f

o

s

d f

o

s

d T

(35)

Com bining (33) and (35) w e get

log

f

o

s

( T )

f

o

s

( T

0

)

=

T

Z

T

0

�

H

I g o

� H

l o

R T

2

+ V

l

d P

o

s

d T

�

d T (36)

This relation can b e used to determine the saturation fugacit y f

o

s

( T ) from exp er-

imen tal data. The quan tities on the righ t hand side are all directly measurable

(and it is generally safe to ignore V

l o

d P

o

s

= d T ), so only a single v alue f

o

s

( T

0

) needs

to b e kno wn.
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F or t w o-phase mixtures w e reserv e n = ( n

1

; : : : ; n

N

) and x = ( x

1

; : : : ; x

N

) to

sp ecify the molar comp osition in the liquid phase and use m = ( m

1

; : : : ; m

N

) and

y = ( y

1

; : : : ; y

N

) to denote the molar comp osition and molar fractions in the gas

phase. F or constan t P and T , y is a complicated function of x .

The equilibrium condition is that

G

l

j

( P

s

; T ; n ) = G

g

j

( P

s

; T ; m ) = G

I g

j

( f

j

; T ) (37)

F or an ideal liquid mixture the free energy is de�ned as

G

I l

( P

s

; T ; n ) =

X

j

n

j

�

G

o

j

( P

o

sj

( T ) ; T ) + R T log x

j

�

(38)

where G

o

j

is the (real) free energy of the mixture and P

o

sj

is the v ap our pressure of

the pure j th comp onen t. The last term in (38) accoun ts for the mixing en trop y .

W e de�ne the free energy of mixing as the di�erence b et w een the real and the

ideal free energy , viz.

G

mix

= G

l

� G

I l

(39)

This is a useful quan tit y . F rom (9), (37) and (38) it follo ws that

G

mix

( P

s

; T ; n ) =

X

j

n

j

( G

I g

j

( f

sj

) � G

I g

j

( f

o

sj

) � R T log x

j

)

= R T

X

i

n

i

log

f

si

x

i

f

o

si

(40)

F or an ideal mixture, where the left hand side v anishes, w e obtain f

sj

= x

j

f

o

sj

,

whic h is recognized as Raoult's la w if fugacities are replaced b y the corresp onding

partial pressures. Note that due to (17) w e ha v e

log

f

sj

x

j

f

o

sj

=

@

@ n

j

X

i

n

i

log

f

si

x

i

f

o

si

=

@ G

mix

( P

s

; T ; n )

R T @ n

j

(41)

No w w e can use (3) to get

d G

mix

( P

s

( T ) ; T ; x ) =T

d T

= �

H

l

� H

l o

T

2

+

V

l

� V

l o

T

2

d P

s

d T

(42)

The last term is negligibly small b ecause the liquid v olume is small. The leading

term in v olv es the mixing en thalp y H

mix

� H

l

� H

l o

. This quan tit y is directly

measurable, since - H

mix

is the amoun t of heat generated b y mixing the liquid

from pure liquid comp onen ts at constan t temp erature. This can b e done with

go o d accuracy using b om b calorimetry .

In this section w e ha v e deriv ed useful relations from fundamen tal thermo dy-

namics. No additional assumptions ha v e b een made, hence the relations need no

further v alidation. The in v estigation sho ws that a gas consisting of a mixture of

in teracting comp onen ts is c haracterized b y the function P ( T ; k ) and that liquid-

gas equilibrium is go v erned b y an exact form of Duhem-Margules rule in v olving

fugacities.

2.3 Data sources

The amoun t of exp erimen tal thermo dynamic data for HF is not impressiv e and

most sources are rather old.

Asso ciation factors (densities) ha v e b een measured b y Thorp e and Ham bly

(1889), Simons and Hildebrand (1924), F redenhagen and W ellmann (1932) F re-

denhagen (1933), F redenhagen (1934), Long, Hildebrand and Morell (1943) and
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Strohmeier and Briegleb (1953). Strohmeier and Briegleb (1953) measured the

asso ciation constan t for constan t T do wn to small pressures. A static metho d w as

used: the gas w as trapp ed in a con tainer end w eighed. This data set is of partic-

ularly high qualit y although the pressure range lea v es a gap up to the saturation

pressure.

F ranc k and Mey er (1959) used a dynamic metho d to measure C

P

( T )at constan t

P . The results sho w an in teresting large p eak of C

P

( T ) o ccurring ab out 10 K ab o v e

the b oiling p oin t.

Satutated v ap our pressure measuremen ts are a v ailable from Gore (1869) (the

data are repro duced in Gmelins Handbuch der anor ganischen Chemie (1959)),

Simons and Hildebrand (1924), F redenhagen (1933), F ranc k and Spaltho� (1957)

and Jarry and Da vies (1953).

Hu, White and Johnston (1953) measured C

p

along the saturation curv e from

14.8K up to the normal b oiling p oin t. The heat of fusion and the heat of v ap ori-

sation at the normal b oiling p oin t w ere also determined.

Smith (1958), using sp ectroscop y , found stong evidence for the presence of the

tetramer and the hexamer in IR gas absorption sp ectra. No other p olymers could

b e iden ti�ed outside the region of monomer absorption, but w eak dimer p eaks w ere

iden ti�ed in the monomer absorption band. The amoun t of dimer w as judged to

b e rather lo w and v arying w eakly with temp erature.

P otter (1957) rep orted en thalpies and C

P

for HF in the ideal gas state. The

calculations w ere based on sp ectroscopic measuremen ts. F redenhagen (1934) mea-

sured the heat of v ap orisation from the liquid to ideal gas state b y b oiling liquid

HF in v acuum.

V anderzee and Ro den burg (1970) review ed data a v ailable up to 1969 and dis-

cussed problems connected with estimates of excess prop erties, in particular the

excess en thalp y . It w as found that di�erences b et w een the measuremen ts of Strohmeier

and Briegleb (1953) and F ranc k and Mey er (1959) could b e reconciled if careful

smo othing of data w as p erformed and if the temp erature measuremen ts of F ranc k

and Mey er (1959) w ere adjusted up w ard b y 0.5 to 2.0 K (the exp erimen tal error of

T w as rep orted to b e � 1 K). A set of analysed v alues of excess prop erties w as then

compiled based on the t w o datasets supplemen ted b y the data of Hu et al. (1953)

on the saturation curv e and the data of P otter (1957) for the ideal gas. These

analysed data ha v e since b een widely recognized as the b est a v ailable source of

information. They co v er a relativ ely narro w range of temp eratures and therefore

w e ha v e recompiled the data in order to obtain a wider range of v alues along the

saturation curv e.

Since then it app ears that there has b een only t w o exp erimen tal in v estigation of

pure HF. Sc hotte (1987) measured adiabatic temp erature c hanges of HF gas mixed

with dry air in a fog c ham b er. Since dry air can b e regarded as an inert sp ecies

the mixing corresp onds to an adiabatic expansion whic h creates a large temp era-

ture drop due to de-p olymerization. The results are di�cult to relate directly to

basic thermo dynamical prop erties, but they can serv e as mo del test cases. The

fog c ham b er tec hnique, lik e other dynamic tec hniques, is di�cult b ecause adia-

batic conditions are di�cult to con trol, and the accuracy of these exp erimen ts is

unkno wn. Gall (author of the article in Kirk-Othmer 1980) p oin t out that mea-

suremen ts b y dynamic and static metho ds ma y giv e di�eren t results if there is

a signi�can t time constan t asso ciated with the mobile equilibrium b et w een the

h ydrogen 
uoride p olymers. Lately the observ ations w ere con�rmed in similar ex-

p erimen ts p erformed b y Kemp and Newland (2000). These exp erimen ts are part

of the URAHFREP pro ject.

The comp osition of the v ap our phase o v er aqueous solutions of HF ha v e b een

measured b y e. g. Brosheer, Lenfest y and Elmore (1947), Mun ter, Aepli and Kos-

satz (1947) and Mun ter, Aepli and Kossatz (1949). F rom these and other datasets
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View eg (1963) compiled a table of recommended `partial pressures' of HF and

H

2

O as a function of the temp erature and comp osition of the liquid. Direct mea-

suremen ts of partial pressures are not p ossible, whereas the total pressure and the

c hemical comp osition of the v ap our can b e obtained more easily . Some authors

rep ort the data as partial pressures meaning y

HF

P , where y

HF

is the molar frac-

tion of HF monomer and P is the total pressure. View eg (1963) calculate partial

pressures on the basis of the (apparen t) molar w eigh t of HF, Z M

HF

, in order to

include the e�ect of p olymerisation. The v alues of Z used for this are not pro vided

so it only p ossible to w ork bac k to the c hemical comp osition when Z � 1, whic h

is, ho w ev er, a v ery go o d appro ximation except for the highest HF concen trations.

The only more resen t w ork is that of Miki, Maeno and Maruhashi (1990) who

measured v ap our and liquid comp ositions at the normal b oiling p oin t. Mik e et al.

found deviations from Mun ter's H

2

O v ap our pressures for HF solution con taining

more than 50% HF (b y w eigh t). In this region the v ap our consists of less than

10% H

2

O, so the discrepancy migh t not b e so imp ortan t. Activit y co e�cien ts w ere

also giv en (The activit y co e�cien t of HF is 


HF

�

y

HF

P

x

HF

p

o

HF

where x

HF

is the molar

fraction of HF in the liquid and p

o

HF

is the v ap our pressure of pure HF liquid).

The results for 


HF

w ere in agreemen t with previous w ork while discrepancies w ere

found for 


H

2

O

for HF concen trations (in the liquid phase) higher than 40%.

The en thalp y of h ydro
uoric acid at 25

o

C w as studied b y Johnson, Smith

and Hubbard (1973), who mixed liquid HF with w ater in a b om b calorimeter.

The measuremen ts co v er HF concen trations up to 50% (mol/mol). Kirk-Othmer

(1980) and Gmelins Handbuch der anor ganischen Chemie (1959) cite results for

higher concen trations.

Sc hotte (1987) also measured temp erature c hanges of HF gas mixed with h umid

air. These exp erimen ts demonstrate the formation of h ydro
uoric acid fog under

adiabatic mixing. A temp erature rise w as observ ed when HF w as mixed with h u-

mid air, whereas the temp erature dropp ed when HF w as mixed with dry air. This

w as con�rmed in exp erimen ts b y Kemp and Newland (2000). A detailed quan tita-

tiv e agreemen t w as not found, whic h is most lik ely due to inheren t exp erimen tal

di�culties of the metho d. The in v estigations w ere extended to mixtures of HF

gas, butane and dry/h umid air and it w as found that the liquid butane merely

acts as an inert sp ecies.

2.4 Prop erties of pure HF

Belo w w e list correlations for some thermo dynamic quan tities deriv ed from these

sources. P arts of the analysis is similar to the analysis of V anderzee and Ro den burg

(1970) who used graphical analysis on the same datasets.

In the temp erature range of in terest here the sp eci�c heat on the ideal state

(P otter 1957) �ts the correlation

C

I

p

( T ) = 29 : 144 J = molK + 1 : 2310

�

4( T � 298 : 16K)J = molK

2

(43)

This is only a small correction to the classical v alue C

I

p

=

7

2

R . The table only

con tains data for T > 298 : 16 K, but it is probably safe to extrap olate do wn to

200 K.

Both the excess en thalp y H

E s

( T ) and the excess free energy G

E s

( T ) of satu-

rated HF v ap our can b e obtained b y com bining data from di�eren t exp erimen ts.

In order to do this w e c ho ose a data p oin t at the relativ ely high temp erature

T

1

= 317 : 15K and the relativ ely lo w pressure P

1

= 15465 P a (116 T orr), where

the gas is close to the ideal state. The c hosen p oin t is an in tersection b et w een

Strohmeier and Briegleb's (1953) constan t T and F ranc k and Mey er's (1959)

constan t P measuremen ts. W e adopt the v alues G

E

( T

1

; P 1) = � 25 J = mol and
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H

E

( T

1

; P 1) = � 293 J = mol from V anderzee and Ro den burg (1970). Both v alues

are small so w e could ha v e c hosen to estimate them from a mo del. F ranc k and

Mey er's (1959) C

p

data together with (43) yields the excess sp eci�c heat yield

C

E

p

� C

p

� C

I

p

, and n umerical in tegration can b e used to obtain

H

E

( T

2

; P 1) = H

E

( T

1

; P

1

) +

T

2

Z

T

1

C

E

p

( t; P

1

) d T

G

E

( T

2

; P 1)

T

2

=

G

E

( T

1

; P 1)

T

1

+

H

E

( T

2

; P 1)

T

2

�

H

E

( T

1

; P 1)

T

1

T

2

Z

T

1

C

E

p

( t; P

1

)

T

d T (44)

T aking T

2

= 247 K, the b oiling p oin t at P

1

, w e end up with t w o data p oin ts on

the saturation curv e: G

E s

( T

2

) = G

E

( T

2

; P 1) = � 499 : 9 J = mol and H

E sg

( T

2

) =

H

E

( T

2

; P 1) = � 6011 J = mol.

V arious measuremen ts of saturation pressure are a v ailable (Gore 1869, Simons

1924, Jarry and Da vies 1953). The data are w ell represen ted b y the follo wing

correlation (Clough, Grist and Wheatley 1987a)

P

s

( T ) = P

b

exp

�

A

�

1 =T � 1 =T

b

) + C log T =T

b

+ D ( T � T

b

) + E ( T

2

� T

2

b

)

��

(45)

where P

b

= 1 Bar , T

b

= 292.69K is the normal b oiling p oin t and

A = 5959 : 1 K

C = � 24 : 14

D = 6 : 5607 10

� 2

K

� 1

E = � 2 : 2934 10

� 5

K

� 2

(46)

The heat of v ap orization � � H

s

= H

sg

� H

sl

is related to the saturated v ap our

pressure via

� H

s

= ( V

g s

� V

ls

) T

d P

s

d T

(47)

The sp eci�c v olume of the v ap our, V

g s

, can b e inferred from the asso ciation fac-

tor Z

s

. Based on the exp erimen tal data of F redenhagen (1933) and F ranc k and

Spaltho� (1957), Jarry and Da vies (1953) and the analysed data of V anderzee and

Ro den burg (1970) w e prop ose the follo wing correlation for Z

s

, whic h extends the

temp erature range of the correlation giv en b y V anderzee and Ro den burg.

Z

s

( T ) = 1 +

A

�

�

T

T

m

�

2

+ B

�

1

3

(48)

where

A = 1 : 1309

B = 0 : 0469

T

m

= 234 : 94 K (49)

The sp eci�c v olumes of the liquid, V

ls

, is giv en b y (Simons and Bouknigh t 1932,

V anderzee and Ro den burg 1970)
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�

ls

= 1002 : 0 kg = m

3

� 2 : 2625 kg = m

3

K ( T � 273 : 15 K)+3 : 15 10

�

3 kg = m

3

K

2

( T � 273 : 15 K)

(50)

The sp eci�c heat of the liquid measured b y Hu et al. (1953) can b e correlated

v ery closely b y

C

psl

= 51 : 935 J = molK + 14 : 795 10

� 2

J = molK

2

( T � 298 : 15 K)

+ 5 : 8898 10

� 4

J = molK

3

( T � 298 : 15 K)

2

(51)

It seems that the measuremen ts w ere not C

p

, but

d H

sl

d T

= C

pl

+

@ H

l

( T ;P

s

( T )

@ P

d P

S

d T

.

Ho w ev er, the di�erence is negligible b ecause H

l

is nearly indep enden t of pressure.

F rom ( 51) and (43) w e ma y form the liquid excess sp eci�c heat C

E

psl

= C

psl

� C

I

p

and get the liquid excess en thalp y

H

E

sl

( T ) = H

E

sl

( T

2

) +

T

Z

T

2

+ C

E

psl

d T (52)

where the term

@ H

l

( T ;P

s

@ P

d P

S

d T

has b een neglected b ecause it is (probably) already

con tained in the measured v alues. The results are sho wn as the thin line in �gure

7, whic h also sho ws the analysed exp erimen tal v alues of V anderzee and Ro den burg

(1970).

F or the excess free energy w e ha v e

d G

E

s=T

d T

= �

H

E

ls

( T )

+

V

E

sl

T

d P

s

( T )

d T

(53)

where V

E

sl

( T ) = V

sl

( T ) � V

I

( T ). Equation (53) can b e in tegrated n umerically . The

results are in go o d agreemen t with the analysed v alues of V anderzee and Ro den-

burg (1970) as can b e seen in �gure 4 (actually the fugacit y f

s

= P

s

exp( G

E

s=R T )

is sho wn, not G

E

s ).

2.5 HF Mo dels

V arious authors ha v e analysed HF v ap our data in terms the simple p olymer mo del

describ ed ab o v e. With only one `basic comp onen t', the HF monomer, w e ha v e

P = f

1

+

~

K

2

( T ) f

2

1

+

~

K

3

( T ) f

3

1

+ : : : (54)

where fugacit y f

1

is determined from the excess v olume

R T log

f

1

P

=

P

Z

0

�

V ( P ; T ; n ) �

R T

P

�

d P (55)

Based on the densit y measuremen ts of Thorp e and Ham bly (1889) and their

o wn measuremen ts Simons and Hildebrand (1924) prop osed to mo del gaseous HF

as consisting of monomers and hexamers (HF)

6

.

F redenhagen and W ellmann (1932) argued for the existence of ev en larger p oly-

mers at high pressure and smaller p olymers (dimers) at lo w pressures. Briegleb

(1941) prop osed a mo del consisting a p olymer c hains of an y length and made rough

estimates of

~

K

n

up to n = 11 using F redenhagen's (1933) data. Hu et al. (1953),

using Long et al.'s (1943) data, found

~

K

n +1

=

~

K

n

to b e appro ximately indep enden t

of n for n > 2 so that

P = f

1

+

~

K

2

f

2

1

1 �

~

K

3

=

~

K

2

f

1

(56)
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F ranc k and Mey er (1959) tested three mo dels against their C

P

data. The mo dels

w ere: a simpli�ed v ersion of (56)

P =

f

1

1 �

~

K

2

f

1

(57)

An analogy to Simons and Hildebrand's (1924) 1-6 mo del

P = f

1

+

~

K

n

f

n

1

(58)

and a com bination of the t w o

P =

f

1

1 �

~

K

c

2

f

1

+

~

K

r

n

f

n

1

(59)

Here the n -mer comes in t w o v ersion: a c hain corresp onding to the term

~

K

c

n

f

n

1

and a ring corresp onding to

~

K

r

n

f

1

. The b est �t w as obtained for third mo del with

n = 6 , whic h w as sligh tly b etter than the second mo del (also with n = 6), and

distinctiv ely b etter than the �rst mo del. In the third mo del the main con tribution

comes from monomers, dimers and hexamers. This mo del is v ery similar to the

so-called 1-2-6 mo del used b y Clough, Grist and Wheatley (1987b) in the DRIFT

co de (see also W ebb er, Jones, Tic kle and W ren 1992, Clough et al. 1987a). In this

mo del

P = f

1

+

~

K

2

f

2

1

+

~

K

6

f

6

1

(60)

Maclean, Rosetti and Rosetti (1962) ev aluated this and similar mo dels against

the data of Strohmeier and Briegleb (1953). They found that the 1-2-6 mo del w as

b etter than a 1-2- q -6 mo del for q =3,4 or 5. They also tested mo dels with few

parameters and p olymers of all sizes, i.e. similar to those tested b y F ranc k and

Mey er (1959). These p erformed sligh tly b etter.

P ( f

1

; T ) can b e obtained from densit y data b y n umerical in tegration of (55).

This should in principle determine the co e�cien ts

~

K

n

( T ) in (54). Briegleb and

Strohmeier (1953) analysed their data in terms of a mo del with p olymers up

to ( H F )

9

. According to these calculations the dimer dominates at lo w pressures

(together with the monomer) while ( H F )

6

, ( H F )

7

and ( H F )

8

dominate near sat-

uration. It should b e realized, ho w ev er, that an unequiv o cal determination of the

nine parameters

~

K

n

( T ) requires that the exp erimen tal curv e P ( f

1

; T ) is extremely

accurate. P olynomials of high order are deceptiv e in the sense that t w o v ery di�er-

en t sets of co e�cien ts ma y pro duce almost iden tical functional v alues on a limited

in terv al. Therefore sligh tly di�eren t metho ds for obtaining the p olynomial that

mak es the `b est' �t to the data ma y pro duce v ery di�eren t co e�cien ts. An at-

tempt to rep eat Briegleb and Strohmeier's (1953) results ga v e a range of results

dep ending on the �tting strategy . All �ts w ere go o d, but none of them repro duced

Breigleb and Strohmeier's results in detail. Although there is some uncertain t y in

the determination of

~

K

n

( T ), the o v erall trend is that

~

K

n

( T ) gro ws appro ximately

exp onen tially with n as in F ranc k and Mey er's (1959) c hain mo del.

Smith (1958) made sp ectroscopic measuremen ts and found no evidence for other

p olymers than the dimer, the tetramer and the hexamer and of these he judged

the dimer to b e relativ ely unimp ortan t. It w as concluded that

~

K

2

is most lik ely

not an equilibrium constan t, but m ust b e explained as an e�ect of non-idealit y of

the monomer gas. Smith sho w that a 1-4-6 mo del with non-ideal b eha viour is able

to repro duce Strohmeier and Briegleb's (1953) asso ciation factor data.

Sc hotte (1980) rejected all previous mo dels and prop osed a mo di�ed 1-2-6-8

mo del where

P =

f

1

+ K

2

f

2

1

+ K

6

f

6

1

+ K

8

f

8

1

� ( f

1

; T )

(61)
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Here K

q

f

q

1

is assumed to b e the fugacit y of (HF)

q

. The function � is a fugacit y

co e�cien t so that K

q

f

q

1

=� = P y

q

, where y

q

is the molar fraction of (HF)

q

(the

same � is assumed to w ork for all q ). In this mo del the p olymers are therefore

treated b oth as c hemically reacting and as non-ideal gases in themselv es. In or-

der to determine � Sc hotte assumes that the monomers ob ey the P eng-Robinson

equation of state (P eng and Robinson 1976).

A n um b er of other mo dels treat the p olymers as non-ideal gases, e.g. Redington

(1982) and Galindo, Whitehead, Jac kson and Burgess (1997), where a review of

recen t dev elopmen ts can b e found. Common to these mo dels is that they repro duce

data w ell, although at the exp ense of a v ast n um b er of adjustable parameters.

W e ma y conclude that a large n um b er of mo dels is a v ailable, and there is little

data to bac k them up. It is di�cult to sa y whic h one is b est suited for a disp ersion

mo del, b ecause, excepts for the oldest ones, they all rely on the analysed dataset

of V anderzee and Ro den burg (1970), whic h in turn is based mainly on the P { V {

T measuremen ts of Strohmeier and Briegleb (1953), with the C

p

data of F ranc k

and Mey er (1959) used for consistency a c hec k (there w ere inconsistencies) and

the calorimetric data of Hu et al. (1953) for the saturation curv e. Although these

data are undoubtedly the b est a v ailable, they co v er a limited range of pressures

and temp eratures. The core of the data consists of Z ( P ; T ) vs. P curv es for just a

handful of temp eratures, and there are gaps in measuremen ts near saturation. It is

therefore clear that more high qualit y P { V { T data w ould impro v e the situation.

Some of the mo dels sp end h undreds of adjustable constan ts to repro duce these

curv es. This ma y seem a bit of an o v erkill, but it is actually di�cult to repro duce

the b eha viour close to saturation with a small n um b er of adjustable parameters.

There are few er problems a w a y from the saturation curv e, and here the simpler

mo dels giv e go o d results.

The question is whether it is imp ortan t to ha v e great accuracy near saturation

in disp ersion calculation. F or a spra y release, whic h w e ma y tak e as a standard

example, high concen trations are found in the jet near the source, where the dy-

namics is dominated b y the momen tum induced at the source. It therefore do es not

matter m uc h if the densit y is miscalculated for high concen trations (ab o v e 10%,

sa y). It is far more imp ortan t to repro duce en thalpies and phase equilibria at lo w er

concen trations, where buo y ancy forces ha v e time to act. In this regime formation

of h ydro
uoric acid droplets with lo w v ap our pressure whic h tends to decrease

HF concen trations in the gas phase and enhance de-p olymerization. Therefore the

HF p olymers pla y an indirect role. They are mostly not there, but they lea v e

the en thalp y of de-p olymerization b ehind them as a con tribution to the en thalp y

budget. With pure liquid HF in the initial phase it is ev en tually the excess en-

thalp y that en ters the en thalp y budget, and therefore it is imp ortan t that this

quan tit y is accurately repro duced. Equally imp ortan t is of course the con tribution

from the mixing en thalp y in the liquid phase, whic h determines the stabilit y of

the h ydro
uoric acid fog.

2.6 Rings and c hains

W e prop ose to use a simple mo del similar to F ranc k and Mey er's (1959) mo del

with c hains and a 6-ring. The p olymers in the mo del are either c hains or closed

rings with more than six HF molecules, and the h ydrogen b onds are assumed

equiv alen t so that (the subscript

1

on f is dropp ed henceforth)

P =

f + K

6

f

6

1 � K

2

f

(62)

This mo del is not v ery di�eren t from the 1-2-6 mo del, but it giv es somewhat

b etter results near the saturation pressure. W e will refer to this mo del as the
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Figur e 2. Comp arison of Z pr e dicte d by the rings-and-chains mo del (line) with the

exp erimental data of Str ohmeier and Br eigleb (cir cles) for 26

�

C .

Figur e 3. Exc ess fr e e ener gy of satur ate d HF vap our. Thin line: derive d fr om exp er-

imental data of F r anck and Meyer and Hu, White and Johnston. Squar es: analyse d

data of V anderze e and R o denbur g. Thick line: rings-and-chains mo del pr e dictions.

rings-and-c hains mo del. The co e�cien ts are mo deled as

K

2

( T ) = exp

�

A

2

R T

+ B

2

�

P a

� 1
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Figur e 4. F ugacity satur ate d HF vap our. Thin line: derive d fr om exp erimental

data of F r anck and Meyer and Hu, White and Johnston. Squar es: analyse d data

of V anderze e and R o denbur g. Thick line: rings-and-chains mo del pr e diction.

K

6

( T ) = exp

�

A

6

R T

+ B

6

�

P a

� 5

(63)

The four parameters A

2

, B

2

, A

6

and B

6

w ere estimated from the asso ciation fac-

tor data of Strohmeier and Briegleb (1953). The follo wing pro cedure w as follo w ed.

First, the HF fugacit y w as found b y means of (14), whic h for a pure substance

can b e written as

log

f

P

=

P

Z

0

1 � Z

Z P

d P (64)

The righ t hand side w as ev aluated b y n umerical in tegration of the asso ciation

factor data. This w as done b y �rst �tting a p olynomial of su�cien tly high degree

and then p erform the in tegration analytically . The data p oin ts are so closely spaced

that this e�ectiv ely smo othes out the small exp erimen tal errors. The result is a

table of v alues of corresp onding v alues of Z and f for eac h of the six di�eren t

temp eratures where measuremen ts w ere tak en.

F rom (19), (62) and (63) it follo ws that

Z ( f ; T ) P ( f ; T ) = f

@

@ f

P ( f ; T ) =

f + 6 K

6

f

6

� 5 K

2

K

6

f

7

(1 � K

2

f )

2

(65)

Using this expression K

2

( T ) and K

6

( T ) w ere obtained for eac h of the six temp er-

atures b y �tting to the observ ed asso ciation factors. Finally the constan ts A

2

, B

2

,

A

6

and B

6

w ere �tted to K

2

( T ) and K

6

( T ). This pro cedure yielded the follo wing

v alues

A

2

= 26585 J = mol

B

2

= � 24 : 576
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Figur e 5. Comp arison of Z for satur ate d vap our pr e dicte d by the rings-and-chains

mo del (line) with exp erimental data.

A

6

= 162649 J = mol

B

6

= � 121 : 73 (66)

Figure 2 sho ws an example of the �t to the data. The line (mo del predictions)

ends at the saturation pressure and it is ob vious that more data for higher pressures

w ould b e v ery useful. Where data is a v ailable the �t is go o d, but not p erfect. It

is p ossible that the assumed temp erature dep endence (lineart y with 1 =T ) can b e

impro v ed, but the narro w range of temp eratures in the exp erimen ts mak es this

di�cult.

In �gure 3 w e sho w the predicted excess free energy . The predictions are in

almost exact agreemen t with the analysed data of V anderzee and Ro den burg and

deviating somewhat from the results from our data analysis (thin line).

Figure 4 sho ws results for the saturated v ap our fugacit y . Because of the wide

range of v alues the mo del predictions and data are close, but actually there are dif-

ferences of a few p ercen t. The discrepancies are more eviden t from �gure 5 where

predicted v alues of Z along the saturation curv e are sho wn together with exp er-

imen tal data from F redenhagen (1933), F ranc k and Spaltho� (1957), Jarry and

Da vies (1953) and V anderzee and Ro den burg (1970). The results are satisfactory

in the temp erature range of in terest. The mo del do es not repro duce the maxim um

at v ery lo w temp eratures and it do es not div erge at the critical temp erature (461

K), but it p erforms rather w ell in b et w een.

As a further c hec k of the mo del, it w as compared to the C

p

data of F ranc k and

Mey er (1959). F or C

p

the mo del predicts
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Figur e 6. Comp arison of C

p

pr e dicte d by the rings-and-chains mo del (lines) with

the data of F r anck and Meyer (thin lines with cir cles). The thr e e curves ar e for

P = 83060, 42530 and 15465 Pa (the left p e ak).

Figur e 7. Exc ess enthalpy of satur ate d HF vap our. Thin line: derive d fr om exp eri-

mental data of F r anck and Meyer and Hu, White and Johnston. Squar es: analyse d

data of V anderze e and R o denbur g. Thick line: rings-and-chains mo del pr e dictions.
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E
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@ T

�

@ H

E

( T ; f )

@ f

f H

E

R T

2

(67)

whic h leads to a v oluminous expression. It is noted that C

p

is the heat capacit y of

a mass corresp onding to one mol of HF monomers. Figure 6 sho ws the result of the

comparison. The mo del repro duces nicely the large p eaks of C

p

. The maxim um

v alues are v ery w ell repro duced, but the p eaks are at sligh tly higher temp eratures

than for the measuremen ts. V anderzee and Ro den burg (1970) noted the same ten-

dency when comparing the datasets of Strohmeier and Briegleb (1953) and F ranc k

and Mey er (1959) and attributed it to errors in the temp erature measuremen ts

and suggested to shift the temp eratures of F ranc k and Mey er one or t w o degrees

up. T aking this in to accoun t the agreemen t is excellen t. A t the maxima C

p

is

ab out 50 times larger than C

I

p

.

The mo del prediction of the excess en thalp y is giv en b y

H

E

( T ; f ) = � T

2

@ G

E

( T ; P ) =T

@ T

= � R T

2

@ f ( T ; P )

f @ T
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R T

2

Z P
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= �

A
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2
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2

K

2
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6

K

6

f
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6

K

2

K

6

f

6

1 + 6 K

6

f

5

� 5 K

2

K

6

f

6

(68)

Figure 7 sho ws predicted excess en thalpies for saturated HF v ap our (thic k line)

together with exp erimen tal data deriv ed exp erimen ts (thin line). The exp erimen tal

curv e w as made b y n umerical in tegration of the C

P

data of F ranc k and Mey er

(1959) along the 116 T orr isobar up to the saturation line and then follo w the

saturation line using the data of Hu et al. (1953). This data analysis agrees nicely

with that of V anderzee and Ro den burg (1970) (squares). The mo del consisten tly

underpredicts � H

E so

, but the deviations are less than 3%. The Strohmeier and

Breiglieb's dataset do es not co v er temp eratures b elo w 298.69K. Therefore the

go o d agreemen t with data at m uc h lo w er temp eratures m ust b e regarded as a

luc ky coincidence.

2.7 Phase equilibria

In the presence of w ater v ap our the pressure is mo deled as

P ( f

1

; f

2

; T ) = f

1

+

f

2

+ K

6

( T ) f

6

2

1 � K

2

( T ) f

2

K

12

( T ) f

1

f

2

(69)

where w e ha v e c hosen w ater as the �rst comp onen t and HF as the second comp o-

nen t. Th us f

1

is the fugacit y of w ater v ap our and f

2

is the fugacit y of HF v ap our.

The third term represen ts the partial pressure of the H

2

O : HF complex. If w e are

in air w e should add the partial pressure of dry air, whic h can b e treated as an

inert comp onen t.

The reaction of HF with w ater in the liquid phase is an exothermic pro cess with

imp ortan t implications for HF disp ersion. The main e�ect is to mak e droplets con-

sisting of mixtures of HF and w ater m uc h less v olatile than droplets formed b y

an y of the t w o substances in pure form. The e�ect of condensation is to raise

the temp erature of the cloud thereb y decreasing the densit y . Dep ending on am-

bien t temp erature and h umidit y HF-w ater fog can t ypically p ersist do wn to HF

concen trations of a fraction of a p ercen t. When the fog ev ap orates the heat of con-

densation is supplied b y the cloud, and the densit y ma y increase. Whether this
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leads to a return of the cloud densit y to negativ e buo y ancy dep ends on the reac-

tions in the gas phase. If a substan tial fraction of the HF ends up in the monomer

state, the �nal densit y of the cloud is determined b y the initial en thalp y in the

storage tank, and b e calculated without taking the in termediate reactions with

w ater in to accoun t. Alternativ ely , if the asso ciation of HF with w ater p ersists in

the gas phase this ma y bind enough en thalp y to a�ect the �nal buo y ancy . The

oligomerization has a similar e�ect, but only at high HF concen trations.

Thomas (1975) made sp ectroscopic measuremen ts on HF-w ater v ap our and

found evidence for the HF : H

2

O complex in the gas phase. Thomas found

K

12

(315K ) = 2 : 4 10

� 6

P a

� 1

(70)

with an error b ound of a factor of 2. The reaction constan t is prop ortional to

e

� � H =RT

assuming that the en trop y of asso ciation is indep enden t of temp erature.

The en thalp y of asso ciation w as determined as � H = � 26kJ/mol � 5kJ/mol. This

leads to the relation

P

c

f

2

= f

1

K

12

(315K ) exp

�

�

� H

R

�

1

T

�

1

315K

��

(71)

where P

c

is the partial pressure of the complex.

Figur e 8. The r atio of p artial pr essur es of HF-water c omplex and HF monomer in

satur ate d water vap our as a function of temp er atur e.

Figure 8 sho ws a plot of the ratio P

c

=f

2

v ersus temp erature assuming f

2

is

equal to the saturated w ater v ap our pressure. F or relativ e h umidities b elo w 100%

the ratio is corresp ondingly lo w er. The calculations sho w that ab out 99% of the

HF ends up as free monomers in the �nal stage of the disp ersion. The heat of

v ap orization of HF (to monomers) is ab out 31kJ/mol, whic h is comparable to

the heat of disso ciation. The e�ect on the en thalp y budget of the irrev ersible

asso ciation of HF with H

2

O in the gas phase is therefore comparable to the e�ect

of a sligh t c hange of the heat of v ap orization. Giv en the uncertain t y of this n um b er

(certainly larger than 1%) it is justi�able to regard the HF-w ater reactions as

rev ersible. It should therefore b e safe to neglect the asso ciation of HF and w ater

in the gas phase b ecause the con tribution to the en thalp y budget is insigni�can t.
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Once w e decide to ignore the w ater-HF asso ciation and other asso ciations b e-

t w een c hemical sp ecies in the gas phase w e ma y write the pressure

P ( f

1

; f

2

; T ) = P

1

( f

1

; T ) + P

2

( f

2

; T ) + : : : = f

1

+

f

2

+ K

6

( T ) f

6

2

1 � K

2

( T ) f

2

+ : : : (72)

where partial pressures of other inert substances (e.g. dry air or butane) ma y b e

added. F or the gas phase comp osition Dalton's la w is replaced b y

y

i

=

Z

i

P

i

P

j

Z

j

P j

(73)

where Z

i

P

i

= f

i

@ P

i

( T ; f

i

) =@ f

i

, and only Z

2

is di�eren t from 1.

The situation is completely di�eren t for HF and w ater in the liquid phase. Here

the in teraction is v ery imp ortan t and m ust not b e ignored. P ouring liquid HF and

w ater together leads to a violen t reaction b ecause of the extremely large mixing

en thalp y of the t w o substances. Since the released heat is so large, it is e�ectiv ely

indep enden t of T , b ecause terms lik e C

p

� T are only minor corrections. If w e

regard H

mix

as indep enden t of temp erature and drop the last, small term in (42),

w e ma y in tegrate to obtain

G

mix

( P

s

; T ; x

2

) � H

mix

( x

2

) � T S

mix

( x

2

) (74)

where S

mix

, the mixing en trop y , b ecomes indep enden t of T b ecause it is merely

an in tegration constan t. The comp osition is giv en b y the molar fraction of one of

the substances, and w e c ho ose to w ork with the HF fraction x

2

. Both H

mix

( x

2

)

and S

mix

( x

2

) v anish for x

2

= 0 and x

2

= 1 so w e ma y write them as

H

mix

( x

2

) = ( n

1

+ n

2

) x

2

(1 � x

2

) M ( x

2

)

S

mix

( x

2

) = ( n

1

+ n

2

) x

2

(1 � x

2

) N ( x

2

) (75)

M can b e found from the mixing en thalp y measuremen ts of Johnson et al. (1973),

whic h seems to b e the b est and most recen t source. The data co v er HF concen tra-

tions up to 50%. It turns out that M is v ery close to linear in this range. A least

square �t yields

M ( x

2

) = M

1

+ M

2

x

2

(76)

where

M

1

= � 18460 J = mol and M

2

= � 19764 J = mol (77)

The correlation is accurate for concen trations in the range 1-50%, and still fairly

go o d for larger concen trations, see �gure 9. A t v ery lo w HF concen trations there

are p eculiar large deviations, but they pla y no role since they are cancelled b y the

factor x

2

(1 � x

2

). A t larger HF concen trations the data are more scattered and the

linear appro ximation probably not as accurate as b elo w 50%. High concen tration

ma y not b e so imp ortan t for atmospheric releases b ecause pure liquid HF is so

h ygroscopic that it e�ectiv ely absorbs all a v ailable moisture in the air, ev en at

no on in the Sahara desert. A t v ery high liquid HF concen trations the en thalp y

budget is therefore accurately determined b y the simple assumption that all the

w ater is in the liquid phase, and the equilibrium mo del is su�cien tly accurate as

long as it repro duces this b eha viour. As more w ater gets in to the droplets they get

less h ygroscopic and there will b e an appreciable amoun t of w ater v ap our presen t.

In this range of concen trations mo del p erformance is more critical. Based on the

measuremen ts and mo del predictions of Sc hotte (1987) imp ortan t liquid phase

concen trations are roughly in the range x

2

� 0 : 3 � 0 : 6 (the fog disapp ears quic kly
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Figur e 9. The function M ( x ) . Line: c orr elation (76). Cir cles: me asur ements of

Johnson, Smith and Hubb ar d. Squar es: data fr om Kirk-Othmer. T riangles: data

fr om Gmelin.
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Figur e 10. The function N ( x

2

) + x

2

d N ( x

2

) = d x

2

at lo w er concen trations), whic h is w ell co v ered b y exp erimen tal data as far as M

is concerned.

N can b e found from v ap our pressure and comp osition data. W e ma y either use

the relation

G

mix

( P

s

; T ; n ) = R T

X

i

n

i

log

f

si

x

i

f

o

si

(78)

or w e ma y use (41) to get expressions for eac h of the t w o sp ecies, i.e.
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for w ater v ap our and
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for HF v ap our. Pressure and comp osition data can b e found in Brosheer et al.

(1947) and Mun ter et al. (1949). V ery similar metho ds w ere used for these t w o

datasets. The measuremen ts basically consist in c hemical analysis of the v ap ours of

h ydro
uoric acid for a range of temp eratures and liquid phase comp ositions. The

results are rep orted as 'the partial pressures' of HF and w ater. W e ha v e assumed

that the con v ersion from the measured comp osition w as based on the ideal gas

la w. W e prefer to use (80) b ecause the HF data app ear to b e b etter than the

w ater v ap our data. The rings{and{c hains mo del w as used to con v ert measured

molar fractions in the gas phase in to fugacities. The v ap our pressures o v er HF-

w ater mixtures is relativ ely lo w except for HF concen trations v ery close to 100%

and f

si

� y

i

P is in fact adequate in most cases (a 7% correction is needed in

one instance). The pure HF v ap our fugacit y f

o

si

is also needed, and this quan tit y

is substan tially di�eren t from the v ap our pressure, whic h other mo dels use here.

Both are strongly increasing functions of temp erature, but the ratio b et w een the

t w o v aries m uc h less. It could b e argued that it is b e b est to use fugacit y v alues

deriv ed from measuremen ts, but w e use the mo del to determine f

o

si

b ecause the

correlation w e are aiming at is mean t to b e used in conjunction with the mo del

and the mo del p erforms w ell with resp ect to repro ducing this quan tit y (accurate

to within a few p ercen t). Since M has already b een determined w e can isolate

N + x

2

N

0

in (80). Figure 10 sho ws N + x

2

N

0

determined in this w a y . The data

co v ers temp eratures b et w een 298 K and 358 K. The data of Brosheer et al. (1947)

sho w the least scatter, and they pro duce a nice straigh t line in the limited range

of x

2

v alues (all less than 0.3). The v alues of N � x

2

N

0

obtained from Mun ter

et al. (1949) are in go o d agreemen t those obtained from Brosheer et al. (1947),

although they app ear to b e sligh tly lo w er. Unfortunately , there are few data in

the range x

2

� 0 : 3 � 0 : 6, and the temp eratures are also higher than what can b e

exp ected in a cloud. Ho w ev er, measuremen ts for the same x

2

and di�eren t T sho w

little scatter indicating that N is indeed indep enden t of T . More data for lo w er

temp eratures and x

2

� 0 : 5 w ould b e helpful. Data is a v ailable from measuremen ts

of liquid and gas phase comp ositions at the normal b oiling p oin t. Some of these

data are in the range x

2

� 0 : 3 � 0 : 6, but the temp eratures are ev en higher (ab o v e

100

�

C in most cases) and the e�ect of p olymerization is large, so these ha v e not

b een used to determine N .

Based on the Brosheer et al. (1947) data w e �nd

N ( x

2

) = N

1

+ N

2

x

2

(81)

where

N

1

= � 16 : 598 J = molK and N

2

= � 26 : 059 J = molK (82)

This correlation is accurate for x

2

< 0 : 5, and from �gure 10 it app ears that the

linear �t to N ( xz

2

) is probably insu�cien t at higher concen trations. Ho w ev er,

due to lac k of data w e will ha v e to b e con ten t with the linear �t. In extreme cases

this ma y lead to a 20% underestimate of the partial pressure of HF, whic h ma y
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after all not b e so bad. The tuning of the parameters with data for lo w x

2

v alues

should ensure go o d p erformance at lo w HF concen tration. Th us the mo del should

b e able to mak e accurate predictions of the concen tration where the HF-w ater fog

disapp ears.
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Figur e 11. Pr e dicte d and me asur e d values of the HF molar fr action in Hydr o
uoric

A cid vap our at the normal b oiling p oint as a function of the HF molar fr action in

the liquid phase.

In order to c hec k the equilibrium mo del against indep enden t data, w e ha v e cal-

culated v ap our phase comp osition ( y

2

) at the normal b oiling p oin t as a function

of x

2

. The results are sho wn in �gure 11 together with measuremen ts b y Mun ter

et al. (1947) and Miki et al. (1990). F or these data p olymerization has a large

impact, but the mo del p erforms w ell. It should b e noted that the normal b oil-

ing p oin t is ab o v e 100

�

C for x

2

< 0 : 5. A t these large temp eratures and partial

pressures, the in
uence of HF-w ater asso ciations in the gas could b e imp ortan t.

The mo del has also b een compared to the adiabatic mixing data of Sc hotte

(1987) and Kemp and Newland (2000). The results are sho wn in �gure 12 and

�gure 13. The mo del generally p erforms b est at lo w concen trations where it re-

pro duces Sc hotte data almost exactly . A t high concen trations (ab o v e 10%, sa y) the

temp eratures predicted b y the mo del are larger than those observ ed b y Sc hotte,

while they are smaller than those observ ed b y Kemp and Newland.

Sev eral metho ds to determine the phase equilibrium has b een tried. The equa-

tions can b e tric ky to solv e b ecause of the drastic v ariation of the v ap our pressures

with T and x

2

. The follo wing pro cedure is robust and con v erges reasonably fast. In

a disp ersion calculation the comp osition of the mixture (HF, dry air and w ater) is

giv en as w ell as the total en thalp y and the total (atmospheric) pressure. The �rst

step is to determine the dew p oin t and calculate the en thalp y at the dew p oin t.

Condensation uccurs if the total en thalp y H

tot

is less than the dew p oin t en thalp y .

If there is no condensation the temp erature is determined so as to yield the righ t

en thalp y . Otherwise, the state is sp eci�ed once w e kno w the temp erature and the

fugacities. Starting with P and �rst guesses of T , f

1

and f

2

w e ma y calculate y

2

,

x

2

and the amoun t of condensate and from these compute a new v alue H

0

tot

of the

total en thalp y . W e also use x

2

, T and the equilibrium equations to determine new

fugacities f

0

1

and f

0

2

. The solution is a �xed p oin t whic h is found b y minimizing
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Figur e 12. Pr e dicte d and me asur e d values of the temp er atur e change in mixtur es

of HF vap our and humid air vs. total HF molar fr action. Initial temp er atur e 26

�

C

and 80% r elative humidity.
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Figur e 13. Pr e dicte d and me asur e d values of the temp er atur e change in mixtur es

of HF vap our and humid air vs. total HF molar fr action. Initial temp er atur e 20

�

C

and 80% r elative humidity. Data p oints ar e fr om run HF06.
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. The do wnhill simplex metho d of Nelder

and Mead (1965) w as used for this.
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3 The atmospheric surface la y er

W e lac k a general statistical theory of turbulence, but scaling argumen ts often

pro v e useful. These can b e mere dimensional argumen ts or b e more deeply ro oted

theoretically b y reference to scaling prop erties of a set of go v erning equations.

Surface la y er scaling or Monin-Obukho v scaling (Monin and Obukho v 1953) is

of the latter t yp e. The go v erning equations are those based on the Boussinesq

appro ximation. They ha v e time-v arying c haotic solutions that are b eliev ed to re-

pro duce all essen tial features of real high Reynolds n um b er turbulence. Therefore

the equations are hard to solv e and not in themselv es useful for disp ersion ap-

plications. The p oin t is that w e ma y de�ne t w o fundamen tal scales: the friction

v elo cit y de�ned as

u

�

=

p

� h uw i (83)

and the Monin-Obukho v length scale

L = �

u

2

�

T

0

�g T

�

(84)

where T

0

is a reference temp erature (e.g. a v erage absolute temp erature near the

ground) and

T

�

=

h T

0

w

0

i

u

�

(85)

F or a stationary 
o w o v er uniform terrain the momen tum 
ux h uw i and the

heat 
ux h T w i are constan t and the v alues of u

�

and L are indep enden t of where

they are measured. W e ma y therefore use u

�

and L as b oundary conditions. The

moisture 
ux is also a b oundary condition, but it has little impact on dynamics

unless condensation o ccurs, so w e can disregard it. In addition v alues of the a v erage

windsp eed and temp erature should b e sp eci�ed at a certain reference heigh t.

F urthermore, the equations can b e rewritten in non-dimensional form b y using

j L j as length scale, j L j =u

�

as time scale and T

�

as temp erature scale. This yields

t w o sets of equations, one for L > 0 (stable strati�cation) and one for L < 0

(unstable strati�cation). In non-dimensional form all stable 
o ws therefore ob ey

the same go v erning equations with the same b oundary conditions and similar for

all unstable cases. W e can therefore imagine that w e pro duce an in�nitely long

timeseries from the non-dimensional equations. Assuming that the time series is

stationary w e ma y let randomly c hosen bits of it serv e as an ensem ble so that

time a v erages of the in�nite as ensem ble a v erages (the ergo dic h yp othesis). This

means that relations b et w een non-dimensionalized statistics are univ ersal. The

a v erage wind pro�le, for example, ma y for b e expressed as u

�

f ( z =L ) where f is a

univ ersal function, where p ositiv e argumen ts ( z =L > 0) represen t stable conditions

and negativ e argumen ts represen t unstable conditions. It can b e sho wn that due to

in v ariance under Gallilean transformations the pro�le m ust b e of the form (Monin

and Y aglom 1975)

h U ( z ) i = u

�

[ � ( z =L ) � �

m

( z

0

=L )] (86)

The only w a y that this can remain �nite in the limit j L j ! 1 is if � con tains a

logarithmic term. Singling this out w e ma y therefore write

h U ( z ) i =

u

�

�

(log( z =z

0

) + 	

M

( z =L ) � 	

M

( z

0

=L ) (87)
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where � � 0 : 4 is the v on Karman constan t and 	

M

(0) = 0. This elegan tly pro v es

the w ell kno wn logarithmic wind pro�le for neutral conditions. In a similar w a y it

can b e pro v ed that the a v erage temp erature pro�le is of the form

h T ( z ) i = T

0

�

T

�

�

T

(log ( z =z

0

) + 	

H

( z =L ) � 	

H

( z

0

=L ) (88)

where �

T

� 0 : 4 is analogous to the v on Karman constan t and 	

H

is a univ er-

sal function. The v alue of �

T

is less w ell kno wn than � . According Bussinger,

Wyngaard, Izumi and Bradley (1971) �=�

T

= 0 : 74, but they also found � = 0 : 35

where � = 0 : 4 seems to b e univ ersally accepted. Others sa y �

T

= � . W e use

�

T

= � = 0 : 4.

The assumptions that ha v e to b e made in order to deriv e these results are not

strictly ful�lled in realit y . The terrain is nev er completely uniform and the 
uxes

are not constan t in either space or time. The w eather c hanges, in other w ords, and

the analysis of measured time series cannot alw a ys b e based in the assumption that

statistical prop erties are indep enden t of time (non-stationarit y). The in
uence

of the Earth's rotation is another factor whic h sp oils the picture, b ecause w e

need to neglect the Coriolis force in the go v erning equations in order to get the

desired scaling prop erties. Therefore surface la y er scaling is an appro ximation. The

e�ect of non-stationarit y dep ends on the statistic in question. Quan tities that are

correlated o v er long times are the most di�cult b ecause it requires long time series

to estimate their mean v alues and there is a risk that meteorological conditions

ma y c hange during measuremen ts. Quan tities that ha v e short 'memory' are more

easy . Unfortunately 
uxes, whic h are used to de�ne u

�

and L , are not among the

'easy' ones; exp erience sho ws that timeseries should not b e shorter than ab out ten

min utes. Fluxes are also notorious as b eing di�cult to measure and exp erimen tal

errors of u

�

and L are therefore large. This con tributes to the uncertain t y in the

determination of univ ersal functions suc h as 	

M

and 	

H

and a large n um b er of

di�eren t v ersions ha v e b een published. W e will use the follo wing due to Bussinger

et al. (1971) and P aulson (1970)

Wind sp eed pro�le:

	

M

( � ) = log

(1 + � )

2

(1 + �

2

)

8

� 2 arctan � +

�

2

; where � � (1 � 16 � )

1 = 4

(89)

for unstable conditions ( L < 0) and

	

M

( � ) = � 4 : 7 � (90)

for stable conditions ( L > 0).

T emp erature pro�le:

	

H

( � ) = 2 log

1 +

p

1 � 9 �

2

(91)

for unstable conditions and

	

H

( � ) = � 5 � (92)

for stable conditions.

It has b een suggested to use so-called mixed la y er scaling for disp ersion in

con v ectiv e conditions ([ Nieu wstadt 1980)e.g.]. This in v olv es the b oundary la y er

heigh t and a v elo cit y scale di�eren t from u

�

. W e do not recommend this for dis-

p ersion in the lo w er 10% of the b oundary la y er as explained in section 4.4.

Ris�{R{1293(EN) 33



4 The disp ersion mo del

The mo del outlined in the follo wing is a traditional in tegral (or b o x) mo del. It

resem bles e.g. Ooms's (1972) mo del, but there are man y other similar mo dels.

Some of these are discussed b y Bricard and F riedel (1989), who �nd that, ev en

if mo dels are based on a common structure, the v alues of empirical constan ts

are quite di�eren t, esp ecially those related to en trainmen t. The main di�erence

b et w een the mo del presen ted here and other in tegral mo dels is the consequen t

use of relativ e di�usion concepts. This has an impact on the in terpretation of

the mo del v ariables and mo del results and it requires relativ e di�usion data for

parameter tuning. Relativ e di�usion exp erimen ts are di�cult to p erform, therefore

most disp ersion data regard absolute di�usion. Ho w ev er, new relativ e di�usion

data are emerging, some of whic h ha v e b een generated during the URAHFREP

pro ject. W e ha v e therefore decided to use what is a v ailable of relativ e di�usion

data as the empirical basis for the mo del.

4.1 Basic mo del parameters

An instan taneous release, a pu�, is in some w a ys simpler to discuss than a con-

tin uous release. W e therefore start with pu�s, although plumes will ev en tually b e

the main issue. The most rudimen tary description of a pu� is a sp eci�cation of

the cen tre co ordinates and a parameter describing its size (e.g. a suitably de�ned

diameter) as functions of time. Suc h a description is fully adequate when concen-

tration pro�les are self similar, b ecause the full pro�le can b e obtained b y scaling

and translating a kno wn standard pro�le. When buo y ancy e�ects are presen t the

assumption of a self similar pro�le is not strictly correct, but it ma y still w ork w ell

as a �rst appro ximation. A plume from a con tin uous source can b e regarded as a

series of pu�s and the gro wth of the plume can b e inferred from the gro wth rate

a pu� tra v eling along the cen treline. In the follo wing w e seek equations describing

the simple parameters.

The go v erning equations are as follo ws: the equation of con tin uit y

@ �

@ t

+ r � u � = 0 (93)

the adv ection-di�usion equation for con taminan t concen tration c (mass b y mass)

@ c�

@ t

+ r � u c� = D r

2

c� (94)

and the Na vier-Stok es equation

@ � u

@ t

+ r � u � u = �r P + � g + �� r

2

u (95)

where g = (0 ; 0 ; � g ) is the gra vitational �eld v ector. In the follo wing equations it

is safe to neglect the di�usivit y D and the viscosit y � (formally w e can sa y that

w e study the limit � ! 0 for �xed D =� and giv en b oundary conditions).

The released mass is giv en b y

m

0

=

Z

c� d

3

x (96)

where the in tegral is o v er all space. F rom (94) it follo ws that m

0

is a constan t

equal to the released con taminan t mass.

The pu� cen tre X = ( X ; Y ; Z ) is de�ned as the cen tre of mass of the con tami-

nan t, i.e.
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X =

1

m

0

Z

x c� d

3

x (97)

The a v erage pu� size � is de�ned as

�

2

= �

2

x

+ �

2

y

+ �

2

z

=

1

m

0

�

Z

( x � X )

2

c� d

3

x

�

(98)

where brac k ets ha v e b een used to denote ensem ble a v eraging. The three quan tities

�

x

, �

y

and �

z

are de�ned similarly for eac h direction. F or plumes w e ma y use

similar de�nitions if a thin slice is regarded as pu�.

4.2 Dynamic equations

Neglecting molecular di�usion the cen tre v elo cit y is giv en b y

U =

d X

d t

=

1

m

0

Z

�c u d

3

x (99)

W e can go on and use the Na vier-Stok es equation to write

m

0

d U

d t

= �

Z

�c r P d

3

x +

Z

�c g d

3

x + �

Z

c� r

2

u d

3

x (100)

The equation is exact, but in fact not v ery useful. This is b ecause it fo cuses on the

con taminan t. The con taminan t is en tangled with the surrounding air in a highly

complex, fractal w a y that mak es it imp ossible for the cloud to mo v e 'on its o wn'

without taking the air in its neigh b ourho o d with it (and visa v ersa). Due to the

complex shap e of the cloud, whic h lo c ks it to the surrounding air, the pressure

term, whic h mediates the in teraction, m ust b e b oth large and v ery complicated.

On the other hand, the result of the in teraction is simply that the con taminan t is

pushed and pulled at the righ t places so as to mak e it follo w the air. It is therefore

b etter to include the air in con tact with the cloud in the description, and set up

an equation for the acceleration of all masses inside a v olume B surrounding the

cloud. B should not b e en tangled with the surrounding air in a complicated w a y ,

hence it should b e a regular shap e, e.g. a ball or a rectangular b o x, not a fractal

shap e. Inside B the complicated in teractions b et w een the HF and the surrounding

air are in ternal forces, whic h cancel due to the la w of action and reaction. B should

also b e reasonably small, y et large enough to con tain essen tially all con taminan t

material. The dimensions of B should of course scale with �. The mass m

B

inside

B is giv en b y

m

B

=

Z

B

� d

3

x (101)

The cen tre of mass of B should coincide with the pu� cen tre, i.e.

X =

1

m

B

Z

B

� x d

3

x (102)

The cen tre v elo cit y is estimated as the mean v elo cit y

U �

1

m

B

Z

B

� u d

3

x (103)

This can only b e appro ximate when the densit y v aries, but in an y case it should

b e a go o d appro ximation.

m

B

is an increasing function of time and
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d m

B

d t

=

Z

@ B

�
^

n � ( u

s

� u ) d A (104)

where the in tegral is o v er the surface of B , u

s

is the v elo cit y of a surface elemen t

and
^

n is a unit v ector p erp endicular to the surface p oin ting out of B . The quan tit y

^
n � ( u

s

� u ) is the (lo cal) en trainmen t v elo cit y , whic h w e ma y assume has a constan t

v alue u

e

on @ B . Clearly u

e

should scale with d� = d t . Moreo v er, since � = �

a

on

the surface, and w e ma y estimate it b y the a v erage am bien t densit y pro�le v alue

�

a

( Z ) ev aluated at the heigh t of the cen tre. These simpli�cations lead to

d m

B

d t

= u

e

�

a

( Z ) S

B

(105)

where S

B

is the surface area of B . It should b e noted that the rate of c hange of

v olume of B is only equal to u

e

S

B

if the pro cesses taking place inside B preserv e

v olume. It is b est, therefore, not to ha v e an equation for 'en trained v olume', but

to determine the v olume from m

B

and � .

In tegrating b oth sides of the Na vier-Stok es equation o v er B and neglecting the

viscous term w e get the dynamic equation

d m

B

U

d t

=

Z

@ B

� u
^

n � ( u

s

� u ) d A �

Z

B

r P d

3

x +

Z

B

� g d

3

x (106)

Assuming uniform en trainmen t v elo cit y and a v erage am bien t v alues on @ B the

�rst term on the righ t hand side b ecomes equal to u

e

�

a

u

a

S

B

. The pressure can b e

split in to a h ydrostatic part and a residual pressure P

0

, i.e. r P = r P

0

+ �

a

( Z ) g .

This yields the follo wing equation

d m

B

U

d t

= u

e

�

a

u

a

S

B

�

Z

@ B

^
n P

0

d A + m

B

g ( �

B

� �

a

) (107)

where �

B

is the a v erage densit y in B , i.e. �

B

= m

B

=V

B

where V

B

is the v olume of

B . Note that the am bien t v elo cit y u

a

need not b e tak en as the a v erage, horizon tal

v elo cit y . It is p ossible to dra w it from an ensem ble e.g. re
ecting the probabilit y

distribution of the v ertical comp onen t w . Note that in this w a y the mo del sim ulate

the in
uence of am bien t 
uctuations compared to HF buo y ancy e�ects. W e shall

return to this.

W e can treat a plume in a similar w a y as a pu� b y considering a slice of it as

a pu�. An en v elop e con taining all the con taminan t is placed round the plume.

Let s denote the length along the cen treline and k ( s ) the unit v ector tangen t to

the cen treline. By A ( s ) w e denote the area of a cross-section of the plume de�ned

b y the en v elop e and the plane normal to k ( s ). B is c hosen to b e a thin pill-b o x

shap ed section b et w een A ( s; t ) and A ( s + � s; t ). As time progresses the slice is

supp osed to mo v e in suc h a w a y that there is no net mass transp ort through the

ends A ( s; t ) and A ( s + � s; t ). This should ensure little exc hange of con taminan t

through the ends, whic h can therefore b e neglected. Th us en trainmen t only tak es

place through the plume edge while in ternal mixing along the plume is neglected

in the mo del. F ollo wing similar lines as ab o v e and taking the limit � s ! 0 the

follo wing equations are obtained. The mass balance equation b ecomes

d A�

d t

= C

A

u

e

�

a

(108)

where C

A

is the circumference of A and � is the a v erage densit y in A . The mo-

men tum equation is
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d A� U

d t

= C

A

u

e

�

a

u

a

�

Z

@ A

^
n P

0

d l �

@

@ s

Z

A

k P

0

dA + A g ( � � �

a

) (109)

The terms in v olving P

0

represen t v arious kinds of in teractions whic h will b e

dealt with simple w a ys. F or plumes mo ving relativ e to the wind there will b e an

added mass e�ect, whic h w e shall return to in section 4.5. The added mass is

e�ectiv e when the plume accelerates. In addition there will b e a drag force, whic h

w e mo del as

F

D

= � C

D

C

A

1

2

�

a

(

^

k � u

a

)

2

^

k (110)

where

^

k is k rotated 90 degree (in the x { z plane and min us sign is used for a

ascending plumes and + for descending plumes. W e use C

D

= 0 : 3 as suggested

Ooms (1972). Non-h ydrostatic forces also pla y a role when a plume touc hes do wn

on the ground (or hits the capping in v ersion). The e�ect of these is to k eep the

plume inside b oundaries, and w e ma y ac hiev e this simply b y stopping the v ertical

motion of the plume when it hits the ground (or a capping in v ersion). Moreo v er,

there will b e a random con tribution whic h is, at least partly , resp onsible for the

c haracteristic irregular and meandering plume shap e. This could b e sim ulated b y

a random force, but w e will ignore the pressure 
uctuations b ecause w e b eliev e

that the con tribution from 
uctuations of the momen tum of the en trained air is

more imp ortan t.

It can b e practical to use the cen treline distance s as indep enden t v ariable

instead of the time t . F or a stationary plume w e ha v e @ q =@ t = 0 for an y quan tit y

q and therefore

d q

d t

= r � u q =

d q U

d s

(111)

Using s instead of t w e therefore get conserv ation equations in v olving 
uxes. Three

of these are needed: mass 
ux _m , momen tum 
ux _m u and en thalp y 
ux _mH . W e

also ha v e the mass
ux of HF c _m , but it is constan t and equal to the HF release

rate _m

0

.

The a v erage densit y � in the plume slice A m ust b e determined from the ther-

mo dynamics. Note that in tegration of (108) yields A� , but w e need � to determine

A and � also en ters explicitly in the buo y ancy term of (109). The densit y and other

useful quan tities suc h as temp erature, comp osition, aerosol con ten t, are giv en b y

the thermo dynamical state. It is con v enien t to sp ecify the thermo dynamic state

b y means of the en thalp y H (in J/kg) and the comp osition in terms of the molar

fractions (whic h can b e w ork ed out from c ). In real clouds these quan tities are

complicated functions of time and space, but w e shall ignore this and adopt the

assumption of homogeneous equilibrium within A . This means that total mixing

within A is assumed. The homogeneous equilibrium mo del is justi�ed as long as

the densit y is a linear function of the concen tration, whic h is the case for buo y ancy

conserving substances. HF clouds do not conserv e buo y ancy , and therefore the den-

sit y will dep end on the micro-structure of the concen tration �eld. It is b ey ond the

scop e of the presen t w ork to tak e this in to accoun t, but it should b e emphasized

that corrections to the homogeneous equilibrium assumption due to concen tration


uctuations could b e imp ortan t. The mo del ma y o v erpredict negativ e buo y ancy

b ecause it neglects the e�ect of regions with lo w concen trations.

The HF cloud is regarded as consisting of three c hemical sp ecies, HF, w ater and

dry air, of whic h the dry air is regarded as inert. T ypically the absolute h umidit y

do es not v ary v ery m uc h with the heigh t and therefore w e ma y assume that a

constan t ratio b et w eeen the molar fractions of w ater and dry air. Then the cloud
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comp osition is �xed b y the am bien t h umidit y and the con taminan t concen tration

c (mass b y mass) whic h is giv en b y

c =

_m

0

_m

(112)

The en thalp y budget is simpli�ed b y the assumption of adiabatic mixing. It is

an appro ximation since heat is generated b y the dissipation of turbulen t kinetic

energy and heat is exc hanged b y molecular di�usion and radiation, but generally

the amoun t of energy exc hanged b y these pro cesses is small. According to the

en trainmen t concept the transfer of matter is regarded as a one-w a y pro cess. In

order to b e consisten t w e should mo del en thalp y transfer in the same w a y . The

transfer of en thalp y across the free surface of the cloud is therefore set equal to the

en thalp y of the en trained air. F or a grounded cloud the exc hange of heat through

the ground surface should also b e tak en in to accoun t. The simplest w a y to mo del

this is to use the am bien t heat
ux, whic h is related to the Monin-Obukho v length

scale. This leads to the follo wing en thalp y budget equation

d �AH

d t

= C

A

u

e

�

a

H

a

+ Q

s

+ A

d P

d t

(113)

where H

a

is the en thalp y (in J/kg) of the en trained air, Q

s

is the heat transfer

from the ground, whic h w e estimate b y the am bien t v alue

Q

s

= h T w i C

pa

b �

C

pa

�

a

u

3

�

T

a

g L�

b (114)

where b is the plume width. In case of v ery large temp erature di�erences additional

terms could b e considered. The last term on the righ t hand side of (113) accoun ts

for adiabatic co oling of a rising plume due to pressure c hanges. The easiest w a y

to deal with this is to assume constan t pressure (i.e. drop the term) and instead

correct the am bien t temp erature pro�les for the adiabatic lapse rate.

The shap e of A is assumed to b e circular for elev ated plumes. Ground con tact

is mo delled in the simplest p ossible w a y . When Z is shorter than the radius r =

p

A=� the plume has ground con tact and A is mo delled as a circle with the

bit under the surface cut o�. No particular in
uence on the plume dynamics is

assumed except that the radius and the circumference are calculated di�eren tly .

The lo w est v alue of Z is determined b y the cen tre of mass of a semi-circle with

cen tre at ground lev el and area equal to A . When Z gets b elo w this v alue in the

computation it is simply stopp ed and W is set equal to zero if it is negativ e.

Finally w e m ust decide the relation b et w een A and �. In the mo del A is deter-

mined b y the w a y w e mo del the en trainmen t v elo cit y . When the densit y is constan t

and A = � r

2

is circular the en trainmen t v elo cit y is simply u

e

d r = d t , so the de�ni-

tion of r is coupled to the de�nition of u

e

. The measurable quan tities are �

y

and

�

z

and a w e m ust c ho ose a relation lik e A = a� ( �

2

y

+ �

2

z

) ( or e.g. A = a� �

y

�

z

),

where a is a constan t, in order to relate A to something measurable. The v alues of

a used in mo dels are t ypically b et w een 1 and 3. Somewhat arbitrarily w e c ho ose

a = 1 so that

A = � ( �

2

y

+ �

2

z

) (115)

With this c hoice a Gaussian concen tration pro�le should ha v e c as the cen tre

(maxim um) concen tration.

4.3 Relativ e vs. absolute di�usion

It is instructiv e to rewrite equation (98) in the form
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2�

2

=

1

m

0

2

Z

d

3

x

Z

d

3

x

0

h � ( x ; t ) � ( x

0

; t ) i ( x � x

0

)

2

(116)

where � = �c is the mass-b y-v olume concen tration. h � ( x ; t ) =m

0

i can b e regarded

as the probabilit y densit y of a randomly c hosen con taminan t particle. Lik ewise the

correlation 1 = ( m

2

0

) h � ( x ; t ) � ( x

0

; t ) i is the join t probabilit y densit y for a randomly

c hosen particle pair. The righ t hand side can therefore b e in terpreted as the mean

square separation of particle pairs in the pu�. � is therefore a t w o-particle statistic

whic h m ust b e determined from rep eated exp erimen ts in v olving measuremen ts of

t w o (or more) particles. In order to measure the t w o-p oin t correlation function

h � ( x ; t ) � ( x

0

; t ) i sim ultaneous concen tration time series m ust b e a v ailable for man y

spatial p ositions. The situation is analogous for measuremen ts of the plume width

for con tin uous releases, whic h is also a t w o-particle statistic. Unfortunately this

prescription is seldom follo w ed in exp erimen ts, since the v ast ma jorit y of disp ersion

exp erimen ts are dev oted to measuremen ts of h � i . F rom these exp erimen ts one can

calculate a width using the correlation of the a v erage concen tration in (98), i.e.

�

2

f

=

1

2 m

0

2

Z

d

3

x

Z

d

3

x

0

h � ( x

0

; t ) i ( x � x

0

)

2

(117)

whic h is equiv alen t to

�

2

f

= �

2

xf

+ �

2

y f

+ �

2

z f

=

1

m

0

�

Z

( x � h X i )

2

c� d

3

x

�

(118)

�

f

can b e in terpreted in terms of the rms distance b et w een t w o particles randomly

c hosen from t w o di�er ent pu�s realizations. W e can also in terpret �

f

as the size of

the v olume where con taminan t particles are lik ely to b e found for an ensem ble of

rep eated exp erimen ts. In the same w a y � is the a v erage size of the instan taneous

pu� v olume, regardless of where its cen tre ma y b e lo cated. �

f

is alw a ys larger

than �, in fact

�

2

f

= �

2

+ �

2

c

(119)

where �

2

c

is the (ensem ble) v ariance of the cen tre p osition X . Usually �

2

f

and �

2

c

are of the same order of magnitude while �

2

is considerably smaller. F rom the

URAHFREP �eld exp erimen ts (Ott and J�rgensen 2001) detailed information

on the concen tration �eld w as obtained b y cross-plume lidar scanning. Both �

y

(i.e. the plume width based on t w o-particle statistics) and �

y f

(width based one-

particle statistics with 3 min ute a v eraging) w ere deriv ed and t ypically �

2

y f

=�

2

y

� 3.

It therefore mak es a considerable di�erence whether � of �

f

is used to estimate

concen trations, esp ecially for long a v eraging times. W e ha v e found that Nieu w-

stadt's (1980) tabulated v alues of �

y f

for the Prairie Grass exp erimen t (ten min ute

a v erages) are w ell represen ted b y the simple relation �

y f

= 3 u

�

t . In the �eld ex-

p erimen ts w e �nd �

y

= 0 : 7 u

�

t , whic h giv es an ev en larger ratio �

2

y f

= �

2

y

� 18.

Since concen trations are in v ersely prop ortional to �

2

, the de�nition of the plume

width is of

Ev en if t w o-particle statistics is more di�cult to obtain exp erimen tally than

one-particle statistics, there are sev eral reasons for preferring � for �

f

. The in-

stan taneous size is more relev an t in mo delling for example plume rise and explosion

risks. �

f

merely indicates the size of the v olume where pu�s ma y b e found, and

there are of course situations where this can b e relev an t, e.g. determination of

a safe area. F or plumes �

f

also usually in v olv es a time a v erage rather than an

ensem ble a v erage and the a v eraging time is signi�can t. In the atmosphere �

f

in-

creases with a v eraging time. In some exp erimen ts a steady v alue is reac hed for

long a v eraging times, in others there is no con v ergence since �

f

just con tin ues to
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increase. It is therefore necessary to sp ecify an a v eraging time. The problem is

that the meandering of the cen tre �

c

b ecomes a measure of the uncertain t y of the

wind direction for a v eraging times larger than ab out one min ute. The dep endence

on meandering (through the dep endence on a v eraging time) is a wkw ard b ecause

meandering has little in
uence on the gro wth of a pu�. Since �

c

is go v erned b y

time large scales of the wind �eld it is also not w ell correlated with meteorolog-

ical surface la y er parameters, whic h probably explains the p o or repro ducibilit y

of one-particle statistics. The repro ducibilit y of �, and other Gallilei in v arian t

t w o-particle statistics, is m uc h b etter.

Deterministic mo dels pro duce non-random tra jectories re
ecting a mean b e-

ha viour, and e�ects of meandering should b e k ept in mind when in terpreting the

results. The fact that the mo del plume tra jectory is lo cated strictly in the x � z

should therefore b e tak en with a grain of salt. Horizon tal meandering e�ectiv ely

broadens the sector whic h is a�ected b y the plume. In nature the plume is lo cated

somewhere within the a�ected sector, and its presence is in termitten t. The deter-

mination of the width of the a�ected sector, and the concen tration a v eraged o v er

the sector, is the goal for the ma jorit y of disp ersion exp erimen ts and mo dels ( �

curv es). The aim of the presen t mo del is to represen t the ph ysical c haracteristics

of the plume relativ e to its instan taneous, random p osition. This should mak e the

mo del suited for assessmen t of instan taneous concen trations (relev an t e.g. for ex-

plosion risks). If time a v eraged concen trations are needed, these can b e obtained

b y smearing out the concen tration o v er the width of the wider a�ected sector.

This is a simple matter of con v oluting the output concen tration with the wind

direction probabilit y corresp onding to the observ ation time, whic h can b e done

in p ost-pro cessing. V ertical meandering can b e treated in a similar w a y , but is

could also b e accoun ted for b y adding randomness to the en trained air and/or

b y the in tro duction of random forces. In con v ectiv e air the ground concen tration

is in termitten t b ecause parts of the plume are on the ground while others ha v e

lifted o�. This is caused b y alternating regions of up-draugh t and do wn-draugh t,

whic h are generally larger in size than the plume. These are quit p ersisten t, and

it is a c haracteristic feature that plume elemen ts tend to follo w fairly straigh t

lines. Plume elemen ts on their w a y up are therefore lik ely to con tin ue mo ving up-

w ards, while elev ate plume elemen ts with a do wn w ard v elo cit y are lik ely to hit the

ground. The meandres are therefore mostly a result of individual plume elemen ts

follo wing di�eren t directions. Meandres therefore tend to gro w in size while k eep-

ing their prop ortions (this is di�cult to measure, but visual observ ations lea v e

this impression). Up-draugh ts are more rare than do wn-draugh ts and therefore

also more in tense, since h w i = 0 b y mass conserv ation. In the surface la y er the

t ypical width of an up-draugh t structure scales with the heigh t ab o v e the ground.

In the mixed la y er up-draugh ts gro w to large con v ection cells comparable in size

to the b oundary la y er heigh t z

i

. The in tensit y of v ertical motion also gro ws with

the heigh t, and near the ground the large con v ection cells in the mixed la y er ab o v e

ha v e little e�ect.

These considerations suggest that the v ertical comp onen t of the am bien t v elo cit y

w

a

should b e included for con v ectiv e conditions. It should b e constan t in eac h

mo del run, and the v alue should b e dra wn from an ensem ble. The p df of w

a

can b e found from anemometer measuremen ts. Adding randomness to the mo del

input in this w a y can b e anadv an tage, in particular in the con v ectiv e case. Here

the tra jectories of a passiv e con taminan t are unstable, in nature as w ell as in

mo dels. Whether a plume go es up or do wn ma y therefore dep end on the detailed

initial conditions or ev en on n umerical errors. This di�cult y is o v ercome when the

deterministic mo del is run with represen tativ e random v alues of w

a

. The approac h

also circum v en t another problem, namely that an en v elop e whic h is wide enough

to alw a ys con tain the plume w ould ha v e an unrealistically large inertia and (109)
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w ould not b e v alid. W e therefore c ho ose to in terpret the diameter of en v elop e

as b eing su�cien tly large to con tain the instan taneous cloud with its particular

meandres, but to o small to con tain meandres at an y time.

Finally , w e note some recen t exp erimen tal results for relativ e di�usion. They

regard the so-called distance-neigh b our function D whic h is de�ned as follo ws

D ( x

0

; t ) =

1

m

0

2

Z

h � ( x + x

0

; t ) � ( x ; t ) i d

3

x (120)

D ( x

0

; t ) can b e in terpreted as the p df at time t of the separation b et w een t w o

randomly c hosen con taminan t particles. W e ma y also in terpret m

0

D ( x

0

) as the

mean concen tration in the surroundings of a randomly c hosen particle. W e note

that

2�

2

=

Z

j x

0

j

2

D ( x

0

; t ) d

3

x

0

(121)

The distance-neigh b our function w as in tro duced b y Ric hardson (1926), who also

o�ered a simple mo del for inertial range turbulence. Ric hardson prop osed to use a

di�usion equation with a di�usivit y K ( j x

0

j ) dep ending on the separation j x

0

j , but

indep enden t of time. In inertial range turbulence the energy dissipation " is the

only scaling parameter, hence K m ust b e of the form K = C

0

"

1 = 3

j x

0

j

4 = 3

, where

C

0

is a n umerical constan t, and

@ D ( r ; t )

@ t

=

1

r

2

@

@ r

C

0

"

1 = 3

r

10 = 3

@ D ( r ; t )

@ r

(122)

Recen t direct measuremen ts made b y Ott and Mann (2000) sho w that D closely

follo ws the solution to (122), see �gure 14.
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2

�

)
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=

2

Figur e 14. Distanc e neighb our function (p oints) c omp ar e d to the pr e dictions of

R ichar dson (solid), Kr aichnan (dashe d), and Batchelor (dot-dashe d).

In plumes a distance-neigh b our function D ( y ; t ) can b e de�ned b y means of the

concen tration on a line across the plume; t is the tra v el time x=U . Suc h measure-

men ts can b e made with a lidar. In the neutral surface la y er the friction v elo cit y

u

�

is the only scaling parameter, hence w e ma y cop y Ric hardson's approac h and
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p ostulate a di�usion equation for D ( y ; t ) with K = 
 u � j y j , where 
 is a n umerical

constan t, viz.

@ D ( y ; t )

@ t

=

@

@ y


 u

�

j y j

@ D ( y ; t )

@ y

(123)

The solution to this equation is

D ( y ; t ) =

exp

�

�

j y j

�

y

�

2 �

y

(124)

where

�

y

= 
 u

�

t (125)

Figure 15 sho ws an example of D measured in the Borex exp erimen t (J�rgensen

and Mikk elsen 1993). It is extremely close to an exp onen tial (note the logarithmic

scale). A linear gro wth of �

y

with tra v el time w as also observ ed. The exp erimen tal

results sho w a remark able repro ducibilit y of the distance-neigh b our function.

0.0001
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0.01

0.1

-60 -40 -20 0 20 40 60

y

D

Figur e 15. Distanc e neighb our function obtaine d fr om lidar me asur ements

(Bor ex8a).

4.4 Cloud gro wth

P assiv e clouds

The gro wth of a passiv e pu� can b e divided in to sev eral regimes eac h c harac-

terized b y a di�eren t b eha viour. V ery tin y pu�s dep end on molecular di�usion

and viscosit y , but they are not relev an t in this con text b ecause of the small size

of the microscale of atmospheric turbulence (a few millimeters). F or pu�s m uc h

larger than the microscale, but still m uc h smaller than the in tegral length scale,

the gro wth is go v erned b y inertial range turbulence. Inertial range turbulence is

appro ximately isotropic and c haracterized b y a single parameter, the turbulen t ki-

netic energy dissipation rate " . W e will call this the Ric hardson di�usion regime.

F or this w e ha v e
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(� x )

2

�

= C " t

3

(126)

where � x is the v ector b et w een t w o randomly c hosen particles in the pu� and C

is a n umerical constan t. Since �

2

=

1

2




(� x )

2

�

w e ha v e

�

2

=

1

2

C " t

3

(127)

The v alue of the constan t C , whic h is related to C

0

in (122), w as measured b y Ott

and Mann (2000) who found C = 0 : 4 � 0 : 6. This regime is relev an t for elev ated

releases that are w ell ab o v e the ground. In this regime pu�s gro w rapidly .

Pu�s that are m uc h larger than the in tegral length scale of the turbulence, l ,

should theoretically gro w as

�

2

= 2




( u

0

)

2

�

T

L

t (128)

where




( u

0

)

2

�

is the turbulen t kinetic energy and T

L

is the Lagrangian time scale,

whic h is prop ortional to

h

( u

0

)

2

i

"

. In this limit the gro wth is go v erned b y a normal

di�usion equation with constan t eddy di�usivit y whic h pro duces Gaussian pu�s.

This is the only regime where the analogy b et w een molecular di�usion and tur-

bulen t di�usion truly holds. Ho w ev er, a condition for a normal di�usion regime is

that the turbulence is homogeneous in the v olume under consideration. Therefore




( u

0

)

2

�

and " m ust b e constan t, and this condition is seldom ful�lled. In the neu-

tral atmospheric surface la y er w e ha v e " =

u

3

�

�z

, hence " is profoundly non-constan t

near the ground. Moreo v er, l is prop ortional to z so the surface la y er is not homo-

geneous at all. When an elev ated pu� has gro wn out of the Ric hardson regime, it

will therefore not en ter a normal di�usion regime as is often said. The Ric hardson

regime ends when � � l � z , whic h is appro ximately when the pu� has gro wn

large enough to touc h the ground. F rom then on the pu� therefore b ecomes ground

based, limited to gro w up w ards only . Since the cen tre clim bs up w ards, b oth l and

� gro w and the condition � � l � z con tin ues to b e v alid. Consequen tly , a nor-

mal regime with � � l is nev er reac hed. Instead the di�usion en ters y et another

regime v alid for grounded clouds in the surface la y er. Since the surface la y er is

c haracterized b y the friction v elo cit y u

�

and the Monin-Obukho v length scale L ,

the pu� size is determined b y these t w o parameters and time. F or dimensional

reasons w e therefore ha v e

�

u

�

t

= F

�

( u

�

t=L ) (129)

where F

�

is a univ ersal function. In the neutral atmosphere, where L ! �1 , w e

simply get

�

2

= ( �u

�

t )

2

(130)

where � is a n umerical constan t. By analogy a similar result holds for plumes if �

is a cross-plume length scale (width, heigh t or thic kness) and t is in terpreted as

the tra v el time t = X=U . In the URAHFREP �eld exp erimen ts w e found that the

plume width gro ws as �

y

� 0 : 8 u

�

t , and this correlation is in fact v alid ev en for

unstable conditions. It also �ts data from the Madona and the Borex exp erimen ts.

This exp erimen tal result is quite remark able, b ecause in con v en tional Gaussian

plume mo dels there is a strong dep endence of the plume width on stabilit y . These

mo dels are based on one time a v eraged plumes and therefore include meandering

in the plume width.

F rom the �eld exp erimen t w e also �nd that the cen troid heigh t of the plume, Z ,

is w ell represen ted b y the relation Z � 0 : 6 u

�

t for � u

�

t=L < 0 : 2. F or � u

�

t=L > 0 : 2
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data are sparse and scattered, but the gro wth is clearly faster for more unstable

conditions. A similar stabilit y dep endence is seen for the plume thic kness. One

could exp ect thermal con v ection to a�ect the v ertical gro wth, so the apparen t

lac k of coupling to the lateral gro wth is surprising.

It m ust b e k ept in mind that the ratio z =L is the prop er measure of atmospheric

stabilit y , and therefore the heigh t ab o v e the ground (or cloud heigh t) determines

the impact of stabilit y . F or z < � 0 : 1 L mec hanical friction dominates the e�ects of

con v ection and the atmosphere can b e considered is neutral. Ab o v e, for z > � 0 : 1 L ,

free condition prev ails, and the transition b et w een the t w o regions is fairly sharp.

In free con v ection the ground friction is unimp ortan t and the wind pro�le is 
at.

The wind �eld therefore merely represen ts a uniform translation, and u

�

b ecomes

unimp ortan t. In free con v ection w e can therefore eliminate u

�

, so that w e only

ha v e one scaling parameter, e.g. the v ertical buo y ancy 
ux B =

h T w i g

T

= �

u �

3

�L

.

F or dimensional reasons w e m ust ha v e

�

2

= C

�

g h T w i t

3

T

= � C

�

( u

�

t )

3

�L

(131)

where C

�

is a constan t (whic h dep ends on the exact de�nition of �). Note that

�

u

3

�

L�

is the mec hanical energy pro duction caused b y con v ection, whic h is alw a ys

smaller than " and comparable to " for strong con v ection. Th us (131) and (127)

ha v e similar structures. This t yp e of gro wth can con tin ue un til the �nal depth

of the b oundary la y er z

i

b ecomes imp ortan t. The region where (131) applies is

roughly limited to the lo w er ten th of the b oundary la y er, hence � L m ust b e less

than ab out 0 : 1 z

i

for this regime to exist. The condition � L < 0 : 1 z

i

is often

satis�ed in the atmosphere, but it is di�cult to study in a wind tunnel, b ecause

0 : 1 z

i

will only amoun t to a few cen timeters. Therefore there are few data to build

on, and v ery few in v olv e relativ e di�usion.

The Prairie Grass exp erimen t con tains man y unstable trials, also in the free

con v ection regime. The data w as analyzed b y Nieu wstadt (1980), Briggs (1982)

and V enk atram and Du (1996). Direct measuremen ts of the plume cen troid are not

a v ailable (most samplers w ere placed close to the ground) so a surrogate plume

thic kness Z

ps

w as used. Z

ps

is based on in tegrals of the ground lev el concen tration

across the plume, i.e. Z

ps

=

m

0

u

a

R

h �c ( x;y ; 0) i d y

. One can exp ect Z

ps

to b e a go o d

estimate for Z when the maxim um concen tration in the plume is on the ground

and the pro�le is appro ximately self similar. F or � Z =L larger than ab out 1 plume

b ecome elev ated and Z

ps

will tend to o v erestimate Z . In the URAHFREP exp eri-

men ts b oth Z

ps

and the cen troid elev ation Z w ere measured. F or grounded plumes

the v alues are w ell correlated so that

Z

ps

= Z = 1 : 4 � 0 : 1 (132)

This is based on all exp erimen ts except trial 12, where the the plumes sho w ed signs

of lift-o�. Z

ps

is based on measuremen ts tak en on the ground, where con v ection

is dominated b y shear, so ev en for strong con v ection the ground concen tration

cannot b e fully determined b y pure con v ection. Therefore (132) is restricted to

� u � t=L less than ab out 1, where plumes exhibit neutral b eha viour. The trend

in the URAHFREP data is that the ratio Z

ps

= Z increases when � u � t=L > 1.

Com bining (132) with Nieu wstadt's data analysis w e �nd

Z

2

= � 1 : 0

u

3

�

L

t

3

(133)

So-called mixed la y er scaling is sometimes assumed for the upp er 90% of the

con v ectiv e b oundary la y er. This means using z

i

and w

�

= ( g z

i

h T w i =T )

1 = 3

as
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scaling parameters instead of L and u

�

. It should b e noted that (131) is consisten t

with mixed la y er scaling b ecause it can b e rewritten as

(� =z

i

)

2

= C

�

( w

�

t=z

i

)

3

(134)

In this equation the z

i

s are dumm y b ecause they cancel out when w

�

= ( g z

i

h T w i =T )

1 = 3

is inserted. Nieu wstadt actually used mixed la y er scaling so his correlation for Z

ps

is Z

ps

=z

i

= 0 : 9( w

�

t=z

i

)

3 = 2

and observ ed a v ery nice collapse b y plotting Z

ps

=z

i

against w

�

t=z

i

. Ho w ev er, this ma y simply b e due to the correlation through the

common factor z

i

. Therefore (134) w ould app ear to b e justi�ed b y suc h a plot

ev en if the z

i

s w ere completely random (the more random the b etter!). Plotting

� Z

ps

=L vs. � u

�

t=L also pro duces a nice curv e, but here L pla ys a similar role as

a common factor. Better plots are obtained when Z

ps

is scaled with the do wn wind

distance x , since this to a large exten t eliminates build in correlations (though not

completely since t = x=U ). Mixed la y er scaling predicts that x= ( w

�

t ) is a func-

tion of w

�

t=z

i

, while surface la y er scaling predicts that x= ( u

�

t ) is a function of

� u

�

t=L . Hence Z

ps

=x vs. w

�

t=z

i

should collapse according to mixed la y er scaling,

while Z

ps

=x vs. � u

�

t=L should collapse according to surface la y er scaling. Com-

paring the t w o graphs (�gure 16) it is eviden t that surface la y er scaling p erforms

b est. Therefore there do es not seem to b e a need for z

i

.
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Figur e 16. T op: Z

ps

=x vs. w

�

t=z

i

(Mixe d layer sc aling). Buttom: Z

ps

=x vs. � u

�

t=L

(Surfac e layer sc aling).

Nieu wstadt also analysed the plume width �

y f

, based on ten min ute a v erages,

and found that �

y f

=z

i

= 0 : 6 w

�

t=z

i

is in go o d agreemen t with data. In this rela-

tion the z

i

s do not cancel, hence there seem to b e a gen uine dep endence on the

b oundary la y er heigh t. Re-analysing the data w e �nd that �

y f

= ( w

�

t ) = 0 : 7 � 0 : 24.
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Applying the same exercise to �

y f

= ( u

�

t ) w e �nd �

y f

= ( u

�

t ) = 2 : 95 � 0 : 97, whic h

is in fact a sligh tly b etter �t. This result indicates that the b eha viour of plumes

on the ground is go v erned b y lo cal turbulence quan tities and lo cal 
uxes rather

than e�ects caused b y the v alue of z

i

. It should b e noted that the measured �

y f

is for the time a v eraged plume, where w e are in terested in the relativ e di�usion

plume width �

y

. As already noted the URAHFREP trials yielded �

y

= 0 : 8 u

�

t ,

with is considerably smaller co e�cien t. There w as also no apparen t dep endence

on stabilit y . Surface la y er scaling will break do wn ev en tually at plume elev ations

comparable to z

i

, but these results indicate that surface la y er scaling still is a go o d

appro ximation not only in the surface la y er but also in the free con v ection zone

ab o v e it. Mixed la y er scaling is therefore only relev an t when the plume reac hes far

in to the b oundary la y er. When this happ ens the plume will so on b e spread to �ll

the whole b oundary la y er and the v ertical gro wth stops.

Stable strati�cation is generally a result of hot air en tering o v er cold land. It

is found at nigh t or when a dense cloud co v er shields out the sun. The temp er-

ature pro�le is in v ersed with cold, dense air b elo w, and the heat 
ux is directed

from the air do wn to the ground ( L p ositiv e). The do wn w ard heat 
ux acts as a

turbulen t kinetic energy sink. The turbulence is therefore reduced compared to

neutral or con v ectiv e conditions and the in tegral length scale of the turbulence is

also reduced. The stable b oundary la y er is therefore less able to mix and dilute a

con taminan t cloud. Elev ated plume tra jectories tend to b e strictly horizon tal ev en

if the terrain is not completely 
at. An elev ated plume ma y therefore b ounce in to

an isolated hill or a building.

The depth of the b oundary la y er is also small, 100m is often quoted as a t ypical

v alue, but in strong stabilit y it can b e an order of magnitude smaller. Material

emitted in to the b oundary la y er tends to sta y there, so the e�ect of the �nal

depth of the b oundary la y er can b e large ev en close to the source. Ab o v e the

b oundary la y er the air is neutrally strati�ed and there is v ery little turbulence.

Due to the shallo w depth of the b oundary la y er, elev ated sources (stac k, v en t on a

ro of ) are lik ely to b e outside the b oundary la y er. In that case the v ertical gro wth

is essen tially con trolled b y the turbulence induced at the source, the thic kness will

approac h a �nal v alue and con taminan t is not lik ely to reac h the ground o v er 
at

terrain.

In strong stabilit y ( L � +0) the turbulence structure is dominated b y the

dynamic decoupling of strata (la y ers), whic h tend to slide almost frictionless on

eac h other. Surface la y er scaling do es not w ork for lateral wind comp onen ts. The

lateral disp ersion of a plume is m uc h larger than the v ertical, and is v ery hard to

predict b ecause it ma y dep end on a n um b er of factors that are not co v ered b y the

usual micro-meteorological parameters.

V ery stable conditions are found in op en terrain at nigh ts with little wind and

few clouds, whic h is not un usual. These conditions de�ne w orst case disp ersion

scenarios, y et they are not w ell understo o d. The stable strati�cation tends to in-

hibit the turbulence, and turbulen t di�usion drastically reduced, and the b oundary

la y er can b e v ery shallo w, p erhaps only ten metres. The turbulen t length scale is

reduced so that l / L , except close to the ground, and the conditions are indep en-

den t of z ( z -less scaling regime). In other w ords the conditions are homogeneous

and the gro wth of a pu� should follo w

�

2

= C

s

u

�

L t (135)

Suc h a b eha viour w as observ ed b y Bennett, J�rgensen, Lyc k, L�fstr�m, Mikk elsen

and Ott (1999) for the v ertical gro wth. Ho w ev er, the lateral gro wth is m uc h larger

than the v ertical gro wth so (135) can only b e exp ected to hold for the v ertical

spread �

z

. The lateral spread is dominated b y large 
uctuations generated b y
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la y ers in the strati�ed air sliding on eac h other in di�eren t directions. Suc h motion

can b e induced b y lo cal terrain e�ects (drainage 
o ws), meso-scale e�ects and

p erhaps ev en b y gra vit y w a v es. In addition the stable b oundary la y er is unsteady .

During the nigh t the air is co oled b y the cold surface and b y direct radiation to

the univ erse. As the densit y gradien t dev elops the turbulence dies out and the

friction b et w een la y ers is reduced. As a result d u= d z increases, and ev en tually the

pro�le con tains enough energy to mix the la y ers. A t that p oin t the strati�cation

breaks do wn in a burst of turbulen t mixing, whic h ev ens out the temp erature and

v elo cit y pro�les and the pro cess starts all o v er again. A cycle ma y tak e ab out one

or t w o hours. Unfortunately there are v ery few disp ersion data for this situation.

The pro cesses in v olv ed are not fully understo o d and the implications for disp ersion

mo delling are unclear. F urther researc h is needed on disp ersion in the no cturnal

b oundary la y er.

En trainmen t mo del

The en trainmen t rate is a cen tral feature of a disp ersion mo del. F or an elev ated

plume the radius is r =

p

A=� =

p

2 � , where is de�ned b y the y {comp onen t, sa y ,

so that �

2

y

= �

2

= 3. F or a passiv e (v olume preserving) plume w e ha v e

u

e

=

d r

d t

=

p

2

d �

d t

(136)

F or a plume on the ground the cross-section is regarded as a semi-disk, with

A = � �

2

and r =

p

2 A=� , so (136) is still v alid. The simplest situation is for

an elev ated cloud where shear pla ys a minor role, in other w ords the Ric hardson

regime. F rom (127) it follo ws that

u

e

=

p

(2)

d �

y

d t

=

�

9 C "�

y

16

�

1

3

(137)

F or elev ated plumes ma y substitute " = u

2

�

d U ( Z )

d Z

+

g h w T i

T

, whic h simpli�es to

" =

u

3

�

�Z

in neutral conditions.

W e will mak e the assumption that (137) holds ev en when Z , and thereb y � ,

v aries. This neglects 'memory' to a certain exten t, whic h ma y not b e p ermissible

if " v aries to o rapidly . T aking suc h memory e�ects in to accoun t w ould b e extremely

di�cult, since it w ould require the dev elopmen t of a general, rigorous theory of

turbulen t di�usion.

F or ground based plumes w e shall stretc h the argumen ts ev en further. A ground

based plume is constrained b y the presence of the ground, whic h also mo di�es the

turbulen t wind �eld considerably . Nev ertheless, w e still use (137) with a suitable

v alue of " . Th us a plume on the ground is considered as the upp er half of a

h yp othetical axi-symmetric free plume whic h extends b elo w the ground surface.

In (137) w e ev aluate " b y its am bien t v alue the heigh t �

"

�

y

. The assumed axi-

symmetry means that �

y

= �

z

. F or a mirrored plume on the ground the cen tre is

on the surface and w e should de�ne �

z

as the mean of z

2

rather than ( z � Z )

2

.

F or near neutral conditions w e ha v e " ( �

"

�

y

)) =

u

3

�

��

"

�

y

and (137) reduces to

d �

y

d t

= �u

�

(138)

with

� =

�

9 C

16 ��

"

�

1

3

(139)
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The linear gro wth of �

y

with time for a grounded plume is consisten t with surface

la y er scaling and observ ations. Moreo v er, the v alue of � is v ery reasonable. The

URAHFREP data giv e �

y

= (0 : 69 � 0 : 11) u

�

t and �

z

= (0 : 82 � 0 : 13) u

�

t . The

Borex exp erimen ts giv e �

y

= 0 : 75 u

�

t . These correlations are for near neutral

conditions (0 > u

�

t=L > � 0 : 5). Assuming the 'natural' v alue �

"

= 1 and the

measured C = 0 : 5 (Ott and Mann 2000), equation (139) yields �

y

= 0 : 89 u

�

t in

go o d agreemen t with the observ ations.

Th us (137) w orks b oth for grounded and for elev ated plumes. In the in termediate

case w e still apply (137) with � = r =

p

( 2) where r is the radius of a disk with a

section cut o�.

This pro cedure is con v enien t b ecause it could bring do wn the n um b er of mo del

parameters and w e shall use it ev en for non-neutral conditions (where there are

correction terms to " ). In URAHFREP data �

y

gro ws linearly with time ev en in

con v ectiv e conditions, while there are indications that �

z

(with the plume cen tre

on the ground) gro ws faster than linear for � u

�

t=L larger than ab out 0.4. A

plausible explanation for this is that the plume starts to rise b ecause of heating,

and this view is supp orted b y the fact that the cen troid Z also seems to gro w with

a faster than linear rate for � u

�

t=L > 0 : 4.

F or a grounded plume in con v ectiv e conditions w e ma y ev aluate " b y the sim-

pli�ed expression

" ( z ) = u

2

�

d U

d z

+

h T w i g

T

�

u

3

�

�z

�

1 �

z

L

�

(140)

This equation is a simpli�ed kinetic energy balance. McBean and Elliott (1975)

argues that the div ergence of the energy 
ux and the pressure transp ort term can

b e neglected since they are small and tend to cancel. W e ha v e also assumed a

logarithmic wind pro�le without Monin-Obukho v corrections (they are of course

included in the co de). This leads to an o v erestimate of the mec hanical pro duction,

but it is small compared to the buo y ancy pro duction term. Inserting this " ( �

y

)

in to (137) w e get

d �

y

d t

= �u

�

�

1 �

�

y

L

�

1

3

(141)

whic h has the analytic solution

�

y

= � L

"

�

1 �

2 �u

�

t

3 L

�

3

2

� 1

#

(142)

The righ t hand side do es not deviate appreciably from �u

�

t unless � u

�

t=L is

as large as ab out 10. A t that p oin t the plume is no longer grounded whic h w as

assumed in the calculation. In other w ords, there should not b e an enhanced

gro wth of the plume at the p oin t where the plume b egins to lift o� from the

ground. This is consisten t with the linear b eha viour of �

y

that w as observ ed in

the URAHFREP �eld trials.

Exp erimen tal studies of rising line thermals ha v e rev ealed a c haracteristic struc-

ture, Ric hards (1963). The p ositiv e buo y ancy pulls up the mid section of the plume

and creates a double v ortex. The material is concen trated in t w o cores instead of

one as for a passiv e plume. It is natural to exp ect an en trainmen t v elo cit y roughly

equal to the v ertical v elo cit y of the thermal. In rising buo y an t plumes buo y ancy

forces therefore induce additional mixing, whic h is often the largest con tribution

to the plume gro wth. Hoult, F a y and F orney (1969) suggested to mo del the en-

trainmen t v elo cit y as a sum of t w o separate con tributions for the longitudinal and

the transv erse comp onen ts of the v elo cit y di�erence. F or eac h of these w e ma y

de�ne an en trainmen t v elo cit y
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u

e k

= �

k

j ( u � u

a

) � k (143)

u

e ?

= �

?

j ( u � u

a

) �

^

k j (144)

This approac h is follo w ed m y most mo dellers, but the v alues of the n umerical

constan ts �

k

and �

?

v ary somewhat, Bricard and F riedel (1989) giv es a list of

v alues used in v arious mo dels. The v alue is of course link ed to the de�nition of

the cloud en v elop e or area A . W e c ho ose �

k

= 0 : 08 and �

?

= 0 : 5.

The t w o en trainmen t co e�cien ts are relev an t in di�eren t situations. �

k

is rel-

ativ ely unimp ortan t except close to the source where the plume/jet is in
uenced

b y source induced momen tum. �

?

is imp ortan t only during plume rise (and de-

scen t). The e�ect of a large v alue of �

?

is not only to mak e the plume gro w faster

during plume rise, but also to slo w do wn the ascen t. The 'ballistic' t yp e of mo dels

w e are discussing here tend to o v erestimate plume rise when forces coun teracting

buo y ancy are not prop erly accoun ted for and ma y therefore need a to o large of �

?

in order to repro duce the plume rise. W e use added mass as a more appropriate

w a y to slo w do wn the rise.

Including the con tribution u

ea

from the am bien t turbulence as discussed in

the previous section w e ha v e three con tributions to the en trainmen t v elo cit y . W e

c ho ose to calculate the total en trainmen t rate as the rms v alue of these three

con tributions. The pro cesses rarely comp ete so it w ould mak e little di�erence if

w e c ho ose the largest v alue or the sum as some mo dellers prefer it.

4.5 Added mass

W e no w return to the momen tum equation (109) to discuss the residual pressure

P

0

, whic h w as de�ned as the di�erence b et w een P and the h ydrostatic pressure

corresp onding to the mean densit y pro�le. The term

R

@ B

P

0

^
n d A con tains the in-

teraction of the cloud with the surrounding air. This has already b een tak en in to

accoun t b y the inclusion of a drag force, but there is more.

Meandering is a w ell kno wn feature, whic h has considerable impact on real

plumes, but suc h randomness has b een remo v ed in the mo del tra jectory . The jus-

ti�cation for the remo v al of meandering is that it has little in
uence on the gro wth

rate of the cloud since this is driv en b y turbulen t mixing on relativ ely small length

scales. The regular mo del tra jectories should b e in terpreted with some allo w ance

for irregularities caused b y meandering and random up- and do wn-draugh ts. Mo d-

els based on one-particle di�usion incorp orate meandering in the de�nition of the

plume cross-section A , whic h is made big enough to en v elop e the meandering

cloud. This is unfortunate b ecause it leads to arti�cially lo w concen trations and

to o high inertia of the cloud. When buo y ancy e�ects are in v olv ed it is imp ortan t

to k eep A at a righ t size whic h re
ects the actual dimensions of an instan taneous

cloud. F or thermo dynamic calculations it ma y ev en b e an adv an tage to c ho ose A

so small that the concen tration is non-zero at the surface, and not all con taminan t

material is con tained inside, b ecause this ma y pro duce a represen tativ e a v erage

concen tration. This, on the other hand, is a wkw ard since it w ould b e necessary

to consider de -trainmen t, whic h w ould b e di�cult to mo del in a realistic w a y . F or

dynamic calculations a somewhat larger A is preferable b ecause the plume ma y

disturb the 
o w b ey ond also where there is no con taminan t. Belo w w e attempt

to mo del this disturbance of the 
o w outside A in a simple w a y , whic h mak es it

p ossible to incorp orate it in to the equations of an in tegral mo del.

A rising plume is an injection in to to the wind �eld. Although a rising plume

is completely 
exible it still represen ts a v olume whic h the am bien t air m ust �nd

its w a y around. In this w a y it acts as if it w ere a solid ob ject. W e will therefore
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mo del the 
o w around a rising plume b y considering the plume as a solid cylinder.

In order to simplify matters w e will disregard en trainmen t in this connection and

consider the plume surface as imp enetrable. W e will also regard the plume surface

to b e ideally smo oth since this seems more appropriate than the usual no-slip

b oundary conditions for solid surfaces. The plume is mo deled as a horizon tal

in�nite cylinder aligned in parallel with a uniform wind �eld. Motion along the

horizon tal plume axis is assumed not to a�ect the am bien t 
o w, hence ma y use

a reference frame at rest with resp ect to the wind �eld, whic h is therefore zero.

This eliminates 
o w along the cylinder axis and reduces the 
o w to t w o dimension.

With all these simpli�cations the problem has a solution in terms of an irrotational

p oten tial 
o w, i.e. a 
o w of the form u = r � .

W e recall that 2D p oten tial 
o w �elds u ( x; y ) = ( u ( x; y ) ; v ( x; y )) are link ed

to complex analytic functions in the follo wing w a y . The xy plane is iden ti�ed

with a complex z -plane through z = x + iy , and the 
o w �eld is represen ted

b y the complex function w ( z ) = u ( x; y ) � iv ( x; y ). If the 
o w is irrotational and

incompressible then w is analytic, and visa v ersa. F urthermore, if w =

d �

d z

where

� ( z ) is a (time dep enden t) complex analytic function then Na vier-Stok es equation

is satis�ed. The p oten tial � is the real part of � while  � Re � is constan t along

stream lines.

Consider 
o w around a disk of radius a mo ving along the x -axis, so that cen tre

co ordinates are (0 ; c ( t )). This problem has the simple solution

� ( z ) = � _c

a

2

z � c

(145)

where _c =

d c

d t

is the v elo cit y of the disc. The kinetic energy is

1

2

�

a

u

2

=

1

2

�

a

j w j

2

=

1

2

�

a

_c

2

a

4

j z � c j

4

, hence total kinetic energy of the 
uid is giv en b y

E

kin ; 
uid

=

1

Z

a

1

2

�

a

a

4

_c

2

r

4

4 � r

2

d r =

1

2

�

a

� a

2

_c

2

(146)

If w e place the disc in a conserv ativ e force �eld, the external force on it is equal

to F = �r E

p ot

( c ), where E

p ot

( c ) is the p oten tial energy . The Lagrangian of the

system consisting of b oth the disc and the 
uid is then giv en b y

L ( _ c; c ) = E

k in

� E

pot

=

1

2

( � + �

a

) � a

2

_c

2

� E

pot

( c ) (147)

The equation of motion is giv en b y the general Euler-Lagrange equation

d

d t

� L

� _c

�

� L

� c

= 0 (148)

whic h in this case b ecomes

� a

2

( � + �

a

)

d

2

c

d t

2

= � F ( c ) (149)

This equation is the same as it w ould ha v e b een in v acuum except that the densit y

of the disc � has b een replaced b y � + �

a

. This demonstrates the added mass

e�ect whic h w as in tro duced in to the problem of rising thermals b y Escuder and

Maxw orth y (1973). F or a rising plume, where � < �

a

, it means that more than

half of the buo y ancy forces are transferred to the am bien t 
o w, so it is not a small

e�ect. The simplest w a y to include added mass is to substitute ( � + �

a

) W for �W

in the momen tum equation, but lea v e the horizon tal comp onen t �U unc hanged.

This is the approac h also follo w ed b y W eil (1988). The plume axis is not strictly

horizon tal so it is an appro ximation. A more general, and also more complicated,

set of the equations is dev elop ed in app endix A where w e also discuss added mass

e�ects at b oundaries.
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4.6 Heat budget for a grounded plume

The w ater tank exp erimen ts of Willis and Deardor� (1976) sho w that passiv e

plumes from a ground sources lift o� in con v ectiv e conditions. A mo del that

pretends to cop e with lift-o� buo y ancy e�ects m ust b e able to repro duce this

b eha viour. The turbulence of the con v ectiv e b oundary la y er is dominated b y ther-

mals that start at the ground and merge in to still larger structures as they ascend.

Imagine that w e passiv ely mark the air that passes a sp ot on the ground. The

plume of mark ed air is of course as go o d as an y passiv e plume, and w e ma y apply

the mo del to it. As long as the plume is close to the ground w e are in the near

neutral regime, where the temp erature pro�le is logarithmic, viz.

T

a

( z ) = T

0

�

h T w i

�

T

u

�

log

�

z

z

0

�

(150)

In this regime plume dimensions gro w linearly in time. Setting the cross-plume

area A = hb , where H is the plume heigh t and b is the plume width w e ma y write

the en thalp y budget equation as

d hbT

d t

= h T w i b + T

a

( � h )

d hb

d t

(151)

where � is a suitable constan t so that T

a

( � h ) represen ts temp erature of the en-

trained air, whic h, in the mo del, is tak en from the a v erage pro�le. The �rst term on

the righ t hand side represen ts the heat transfer from the ground, and the equation

holds as long as the plume is on the ground. There is no loss term corresp onding

to heat transfer up w ard from the plume, b ecause it is assumed that hb gro ws fast

enough to a v oid hot air from escaping from the plume, at least for a p erio d un til

the plume lifts o�. A t that p oin t the heat transfer from the ground ceases and heat

stored in the plume is transp orted up w ards b y plume rise. Using the logarithmic

temp erature pro�le and the fact that h and b are prop ortional to t w e get the

simple result

T � T

a

( � h ) =

1

2

h T W i

u

�

�

1

�

h

+

1

�

T

�

(152)

where �

h

= h= ( u

�

t ). Th us the heating of the plume b y the ground is comp ensated

b y mixing with am bien t air that tends to co ol it, and, as a compromise, T � T

a

ends

up b eing constan t. This mak es the equation for the v ertical momen tum simple,

i.e.

d hbW

d t

= hb

( T � T

a

) g

T

0

= � hb

( �

h

+ �

T

) u

2

�

2 ��

T

�

h

L

(153)

The equation is easy to in tegrate with the result

Z = �

( �

h

+ �

T

)

12 ��

T

�

h

L

( u

�

t )

2

L

(154)

W e ma y de�ne lift-o� b y the condition that the cen troid heigh t is equal to h so

that the time to lift-o� is giv en b y

�

u

�

t

lift � o�

L

=

12 �

2

h

��

T

�

T

+ �

h

� 1 : 2 (155)

where � = �

T

= 0 : 4 and �

h

= 0 : 9 has b een used. The URAHFREP data sho w

deviations from the linear gro wth of Z at � u

�

t=L � 0 : 4. Ab o v e this v alue the data

are v ery scattered, so all w e can sa y is that 1.2 is consisten t with the data since it

is higher than 0.4. The Prairie Grass data co v er a wider range of stabilities, and

here � u

�

t=L � 1 : 2 agrees w ell with the p oin t where Z

ps

= ( u

�

t ) is equal to t wice

the v alue in the neutral limit.
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Of course this calculation dep ends on the assumed temp erature of the en trained

air. Using the mean pro�le temp erature means that w e assume that the en trained

air is just a random sample. If w e assume that the en trained air has a similar

history as the mark ed plume then it should also ha v e the same temp erature. This

w ould lead to a logarithmic increase of T with time instead. Ho w ev er, adjacen t

air parcels do not generally share a long history unless they are closer together

than the Kolmogoro v microscale, whic h is t ypically only a few millimetre, but a

correlation could exist if the mark ed plume is part of a larger hot plume. In that

case w e should consider the larger plume instead and adjust t = 0 to the time where

the larger plume emerged. Despite these uncertain ties w e in terpret the �nite v alue

of the temp erature di�erence T � T

a

� 1 : 8 h T w i =u

�

as indicating a c haracteristic

temp erature rise for naturally o ccurring hot sp ot near the ground. On a sunn y

da y h T w i =u

�

can b e as large as 1K. According to this �

a

1 : 8 h T w i = ( T u

�

) is a

t ypical naturally o ccurring densit y di�erence. A plume from a buo y an t release

m ust exhibit larger densit y di�erences in order to ha v e a de�nite in
uence on the

plume b eha viour. In the same w a y t

lift � o�

can b e in terpreted as a t ypical time

scale for air sta ying on the ground in a con v ectiv e atmosphere.

W e also note that Briggs's (1973) lift-o� parameter L

p

=

� �hg

�u

2

�

is equal to 5

at t = t

lift � o�

. Briggs originally prop osed L

p

� 2 as a lift-o� criterion (with an

uncertain t y of ab out a factor 4). In a later unpublished analysis of the exp eri-

men ts of Meroney (1979), Briggs raised the critical v alue to 29. As p oin ted out b y

Meroney , L

p

decreases with distance for constan t buo y ancy p oin t sources while

it is constan t for a transv erse line source. L

p

is an increasing function of t (or

x ) for the case considered in this section, as it w ould b e for an HF cloud turn-

ing p ositiv ely buo y an t. Therefore the lo cal criterion for lift-o�, if there is suc h a

thing, is that L

p

< 29 or L

p

> 29 as the case ma y b e. The observ ed L

p

v alues at

lift-o� di�ered b y almost three orders of magnitude, and Meroney concludes that

'suc h wide v ariations of L

p

at lift o� precludes sp eci�cation of a single critical

v alue'. Ramsdale and Tic kle (1998) review ed lift-o� mo dels and exp erimen ts as

part of the URAHFREP pro ject. They p oin t out that existing lift-o� criteria are

based on buo y ancy conserving releases, and cannot immediately b e generalized

to 
o ws where buo y ancy v aries without a b etter understanding of the necessary

lo c al conditions. They also conclude, based on the exp erimen tal evidence, that it

is inadequate to assume that plumes simply lift o� as so on as they b ecome p os-

itiv ely buo y an t. The presen t mo del do es this and although it seems to w ork for

rising thermals, but w e agree that this ma y not b e adequate. The added mass

e�ect included in the mo del is a step slo ws do wn the rise b y a factor of t w o, there

could b e other factors inhibiting plume rise. In App endix A w e sp eculate on a

p ossible enhanced added mass e�ect in the pro ximit y of the ground whic h could

mak e buo y an t clouds sta y on the ground. It is p ossible that this could impro v e

the mo del without complicating the mathematical framew ork.

4.7 Concen tration pro�les

The mo del pro vides the plume cross-section area A , a mean concen tration C and

the heigh t of the cen troid Z . W e also ha v e decided the relation b et w een A , Z and

� . Additional assumptions are necessary in order to construct the concen tration

pro�le C ( y ; z ) from these quan tities. The concen tration pro�le of a plumes close

to the ground is con v en tionally mo delled as a sup erp osition of t w o pro�les lo cated

symmetrically with resp ect to the ground, i.e.

C ( x; y ; z ) = C

0

� ( x; y ; z � Z

c

) + � ( x; y ; z + Z

c

) (156)

where
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obtaine d in the UHRAFREP trials. Dashe d line: (1 = 2 + j y j =� )e

� 2 j y j =�

C

0

=

AC
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Z

c

m ust b e adjusted so that the cen troid heigh t is equal to Z . Gaussian pro�les

are b y far the most p opular, i.e.

� ( x; y ; z ) = exp

�

�

y

2

+ z

2

2 �

2

�

(158)

and C

0

= C .

Tw o-dimensional LID AR pro�les obtained during the UHRAFREP trials are

sho wn in �gure 17. The pro�les w ere normalized and in tegrated in the v ertical

direction so the plot sho ws �

y

R

d z c ( x;y ;z )

R

d z d y c ( x;y ;z )

v ersus y =�

y

for x = 100m. Moreo v er

the y -axis w as alligned for eac h LID AR scan so that y = 0 corresp onds to the

plume cen tre. Only smok e data is sho wn, but the HF data are not di�eren t. The

plot is remark ably repro ducible, and similar plot from other exp erimen ts with

di�eren t do wn wind distances lo ok the same. The dotted curv e is the function

1

2

(1 + 2 j y j =�

y

)e

� 2 j y j =�

y

whic h mak es a go o d �t to the data. It is notew orth y that the

tails are exp onen tial rather than Gaussian. Exp onen tial tails ha v e b een observ ed

also in other smok e exp erimen ts (Borex, Madona) and seem to b e a c haracteristic

feature. W e prop ose to use the follo wing t w o dimensional analog to the depth

in tegrated pro�le

� ( y ; z ) = (1 +

p

5

p

y

2

+ z

2

�

) exp

 

�

p

5

p

y

2

+ z

2

�

!

(159)

The depth in tegrated concen tration corresp onding to this pro�le is not m uc h di�er-

en t from

1

2

(1 + 2 j y j =� )e

� 2 j y j =�

. With this pro�le the cen tre concen tration b ecomes

C

0

=

AC

R R

� ( x; y ; z ) d y d z

=

5

3

C (160)

F or an elev ated plume, where A = � ( �

2

z

+ �

2

y

) = 2 � �

2

, the non-Gaussian pro�le

has 89% of the con taminan t is inside A , whic h should mak e A 'reasonably small,

y et large enough to con tain essen tially all con taminan t material' as previously

stated. F or comparison the Gaussian pro�le only con tains 63% inside A . The
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concen tration at the cen tre is almost t wice as high as for the Gaussian pro�le. It

therefore matters a great deal whic h pro�le is c ho osen.

54 Ris�{R{1293(EN)



5 Comparison with �eld measure-

men ts

The URAHFREP �eld campaign is describ ed in Ott and J�rgensen (2001). The

exp erimen ts w ere designed as do wn-scaled releases b ecause of limitations on release

rates imp osed b y en vironmen tal and safet y considerations. Hall (1997) and Hall

and W alk er (1997) sho w that so-called F roud scaling applies. This means that

if lengths are scaled b y the factor S then times should b e scaled b y S

1

2

while

densities, temp erature and h umidit y should b e the same. Th us the release rate

is scaled b y S

5

2

and wind sp eed b y S

1

2

. The Monin-Obukho v length scale gets a

factor S , i.e. the stabilit y is scaled to w ards neutral. Lo w wind sp eeds com bined

with high relativ e h umidities w ere preferred.

Eac h of the HF releases w as follo w ed b y one or more passiv e smok e releases.

This w as done in order to highligh t the in
uence of HF on the plume. A v ertical

cross{section of the plume 100m do wn wind of the source w as scanned at in terv als

of ab out 1.5 seconds with lidar. In addition arra ys of �lter samplers, ligh t-path

instrumen ts (fast concen tration sensors), electro c hemical sensors and thermo cou-

ples w ere placed at v arious distances and meteorology w as monitored b y fully

instrumen ted meteorological mast.

There w as generally no observ able di�erence b et w een HF and smok e at 100m.

The exception w as T rial 12 whic h w as made under a com bination of high relativ e

h umidit y and v ery lo w windsp eed. In this case the plume cen tre w as raised ab o v e

ground and maxim um concen trations w ere not found ab o v e the ground. It should

b e noted that this b eha viour w as observ ed b oth for the HF plume and for the

smok e plume made immediately after, although the riser of the plume cen tre w as

less for the smok e than for the HF. It is therefore not quite clear whether to what

exten t the b eha viour w as induced b y HF or caused b y the unstable atmosphere.

It is lik ely that b oth factors con tributed to the rise of the HF plume in T rial 12.

Mo del runs w ere made for all HF releases. T ypical examples of output are sho wn

in �gures 18 and 19.

Plume geometry

T able 1. Comp arison of pr e dicte d and observe d c entr oid elevations and plume

widths.

T rial Z Z �

y

�

y

mo del observ ed mo del observ ed

m m m m

HF003 4.8 6.5 8.2 6.8

HF004 5.1 4.9 8.7 8.8

HF005 4.6 5.3 7.8 7.5

HF006 4.8 6.1 8.1 6.6

HF007 5.1 7.0 8.8 6.7

HF008 6.3 8.2 10.9 6.9

HF009 4.8 4.3 8.2 6.1

HF010 5.0 6.1 8.2 7.6

HF011 4.7 6.0 8.0 7.4

HF012 25.1 19.3 10.5 8.4

Plume dimensions at 100m w ere measured b y the lidar and the cen troid elev ation

Z and (mo ving frame) �

y

ha v e b een extracted from the data deduced. The results
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Figur e 18. Mo del pr e dictions of C

0

for T rial 4 (top) and T rial 12 (b ottom).

are compared with the mo del predictions in table 1. The en trainmen t rate has

b een mo deled so as to repro duce passiv e cloud results whic h are similar to these

releases, so it is not surprising that the w orks w ell. The plume width is generally

sligh tly larger than the observ ed v alues. Except for T rial 12 the HF plumes w ere

not more elev ated than the accompan ying smok e plumes. The mo del re
ects this

b eha viour and it do es not predict rise of the cen troid for these releases. In T rial

12 the cen troid w as observ ed to b e elev ated and the plume cen tre (maxim um

concen tration) w as raised ab o v e the ground. The mo del predictions is in agreemen t

with this ev en if the rise is somewhat larger than observ ed.
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Figur e 19. Mo del pr e dictions of T � T

a

for T rial 4 (left) and T rial 12 (right).

Concen trations

Concen trations can b e deduced from the lidar measuremen ts using a mass balance

(Ott and J�rgensen 2001). The data analysis do es not tak e HF dep osition on the

ground in to accoun t, but a comparison with the absolute measuremen ts made b y
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Figur e 20. Comp arison of me asur e d and pr e dicte d values of C

y

=

R

C ( y ; z ; x )d y .

Me asur ements wer e made at height z = 1 : 5m and sensor ar cs at x = 20, 30, 45,

60, 100 and 200 m .

T able 2. Comp arison of pr e dicte d and observe d c entr e c onc entr ations.

T rial C

0

(100m) C

0

(100m)

mo del observ ed

ppm ppm

HF003 260 253

HF004 128 133

HF005 170 144

HF006 148 111

HF007 339 240

HF008 181 188

HF010 259 240

HF012 201 227

�lter samplers sho ws go o d agreemen t and therefore HF dep osition cannot ha v e

led to ma jor reductions of concen trations. The cen tre concen tration C

0

has b een

calculated from data.

Mo del concen trations w ere calculated using the pro�le suggested in section 4.7,

i.e. C

0

=

5

3

C is tak en as the mo del prediction for a grounded plume. The mea-

suremen ts and the corresp onding mo del results are sho wn in T able 2. T rials 9 and

11 w ere mixed HF and iso-butane releases whic h the mo del cannot handle in its

presen t form. F or the remaining pure HF releases the mo del results are in excellen t

agreemen t with the observ ations.

The �lter sampler data are more di�cult to relate one-b y-one to the mo del

results b ecause of the in
uence of the sampling time. The samplers had b een placed

in arcs whic h enables us to mak e the a v erage cross{plume in tegrated concen tration
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C

y

=

R

C ( x; y ; z = 0) d y . C

y

is indep enden t of meandering and can therefore b e

compared to mo del results. This has b een done in �gure 20. C

y

is a decreasing

function of distance. The mo del o v erpredicts b y more than a factor of t w o for T rial

3 and T rial 7 and it underpredicts the near distance v alues for T rial 12. Otherwise

the predicted v alues are in reasonable agreemen t with measuremen ts, in particular

the mo del captures the reduced v alues in T rial 12 reasonably w ell.

T emp eratures

T able 3. Comp arison of pr e dicte d and observe d temp er atur e deviations in the plume

c or e.

T rial T � T

a

T � T

a

T � T

a

T � T

a

@5m @5m @25m @25m

mo del observ ed mo del observ ed

K K K K

HF004 5.4 6.6 1.5 1.9

HF005 2.7 5.9 1.0 1.2

HF006 2.4 5.2 0.1 0.8

HF007 -18.3 -21.1 -0.6 -0.5

HF008 -4.0 -27.9 1.6 3.1

HF010 -8.1 -19.4 2.6 2.8

HF012 -12.1 -8.9 3.5 2.6

T able 4. Comp arison of glob al maxima and minima of the temp er atur e deviation.

T rial T � T

a

min. T � T

a

min. T � T

a

max. T � T

a

max.

mo del observ ed mo del observ ed

K K K K

HF004 -40.9 -6.7 6.8 8.0

HF005 -41.2 -6.8 5.9 7.2

HF006 -42.1 -1.5 4.9 7.0

HF007 -44.2 -48.2 1.1 3.2

HF008 -41.6 -44.6 4.2 6.3

HF010 -39.7 -39.2 5.4 7.3

HF012 -38.3 -18.9 6.2 6.3

Figure 19 sho ws predicted cen tre temp eratures. The 'ra w' mo del temp erature T

is sho wn with no attempt to augmen t it with a pro�le. The temp erature measure-

men ts are v ery detailed with sensors (thermo couples) arranged in t w o{dimensional

cross-plume arra ys. Certain in terpretations ha v e to b e made in order to compare

the thermo couple data with the mo del. First, the thermo couples basically mea-

sure their o wn temp erature whic h ma y di�er from the cloud temp erature. Sev eral

factors in
uence the readings suc h as solar radiation and the fact that the sensors

get w et. The solar radiation w as probably not a problem b ecause the prob es w ere

fairly small and b ecause the cloud shielded the sunshine to some exten t. More

uncertain is the e�ect of h ydro
uoric acid on the prob es. F or a prob e p ermanen tly

inside the cloud w e ma y assume thermal equilibrium, but in realit y the prob es

mo v es in and out of the cloud, b ecause of meandering. When the prob e is outside

the cloud the h ydro
uoric acid ma y ev ap orate and cause a temp erature drop in the

prob e. It could also happ en that more moisture condenses on it, whic h w ould raise
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the temp erature. Ho w ev er, the measured temp erature di�erences are so large that

these instrumen tal errors are insigni�can t. Secondly , the mo del v ariable T m ust

b e giv en an in terpretation b efore it can b e compared to measuremen ts. Someho w

T should represen t an a v erage temp erature in the core of the plume, but it is

di�cult to determine where the core is b ecause of the substan tial v ariations of the

measured temp eratures across the plume. The relation b et w een concen tration and

temp erature is highly non-linear. This means that the core can b e either hot or

cold dep ending on the concen tration range, and a cold core will b e surrounded b y

a hot rim. A simple pro cedure w as follo w ed. The measured temp eratures had b een

turned in to temp erature di�erences T � T

a

b y comparing with readings tak en b e-

fore the HF w as released. F or eac h of the sensor arra ys t w o time series w ere made

con taining the highest and the lo w est v alues of the sim ultaneously observ ed tem-

p erature di�erences. In eac h case it w as decided b y insp ection whic h of the t w o

corresp onded to temp eratures in the plume core and that time series w as time a v-

eraged and compared to T � T

a

predicted b y the mo del. The results of this analysis

is sho wn in table 3. There is general agreemen t b et w een mo del and observ ation

with resp ect to the sign (hot/cold core) and some apparan t quan titativ e disagree-

men ts (e.g. T rial 8). Ho w ev er, the predicted temp erature v ariations o v er the �rst

few metres are so large that the mo del is not wrong b y a large distance. This is

also re
ected in the v ery large v ariations of the observ ed temp erature across the

plume (30K or more for the cold core plumes).

An alternativ e analysis is giv en in table 4, where the highest and lo w est temp er-

ature di�erences are compared. The mo del yields a highest and a lo w est temp er-

ature whic h o ccur at certain concen trations determined b y thermo dynamics. The

range of measured temp eratures should lie within the limits, and b ecause thermo-

couples w ere spread o v er a wide range of p ositions and exp osed to a wide range of

concen trations, there should b e a fair c hance for the measured temp eratures to �ll

the range predicted b y the mo del. According to table 4 the agreemen t is relativ ely

go o d for the maxima. The minima are in go o d agreemen t for the cold{core cases

(T rials 7, 8, 10 and 12), but not for the hot{core cases. This m ust b ecause the

temp erature minima w ere attained at distances shorter than 5m, where there w ere

no sensors to record them. This is can b e regarded as a test of the assumption of

homogeneous equilibrium.
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6 A case study

In this section w e mak e a case study whic h could represen t considerations en tering

a risk assessmen t of an HF release. The study has b een inspired b y a similar study

made b y Chhibb er and Kaiser (1996). The question is to what exten t HF thermo-

dynamics reduce ground lev el concen trations and whic h meteorological conditions

are required.

In order to simplify things w e shall limit the discussion to a con tin uous release

of 10 kg/s of HF through a 2cm diameter horizon tal nozzle lo cated 1m ab o v e the

ground. The surface roughness is 1 cm in all cases. W e tak e the follo wing input

as the 'standard case': L = � 1000m (near neutral stabilit y), am bien t temp erature

T

a

= 20

�

C and windsp eed U = 5m = s. This can b e recognized as the standard

D5 case. Figure 21 sho ws calculated ground lev el concen trations ( C

0

) for �v e

di�eren t relativ e h umidities. A t 50% relativ e h umidit y there are no buo y ancy

e�ects. A t higher h umidities the calculations sho w progressiv ely larger reductions

of the concen tration reac hing one order of magnitude at 95% relativ e h umidit y .

The reduced concen trations are found in a range of concen trations limited lift-o�

and touc h-do wn. Near lift-o� the curv es b end sligh tly up w ards. This is an artifact

of the mo del caused b y the w a y the plume radius is calculated when the plume

has partial con tact with the ground. A more cosmetic pro cedure could ha v e b een

used, but it w ould not c hange the results v ery m uc h.

Figure 22 is similar to �gure 21 except that the am bien t temp erature is 10

�

C.

In terestingly the e�ects are higher at the lo w er temp erature. The plume rise sets

in at sligh tly larger distances, but it is more p ersisten t. The absolute h umidit y

is m uc h lo w er at 10

�

C than at 20

�

C, so less w ater v ap our is a v ailable and one

could therefore exp ect a smaller e�ect. Ho w ev er, the h ydro
uoric acid droplets

are more stable b ecause of the lo w er v ap our pressure and they are so h ygroscopic

that they essen tially drain the air for all its moisture. This con tin ues un til the HF

concen tration in the droplets reac h ab out 30{40%, and then the the w ater v ap our

fraction in the gas phase b egins to rise. With less w ater a v ailable it tak es longer

time to form stable droplets, but once they ha v e formed the con tribution to the

en thalp y budget is ab out the same for an y am bien t temp erature. The v olatilit y ,

on the other hand, dep ends on am bien t temp erature and the droplets ev ap orate

more slo wly the colder they are.

Raising T

a

to 30

�

c (�gure 23) eliminates e�ects ev en at 70% relativ e h umidit y .

This explains the lac k of e�ects in the Gold�sh exp erimen ts where temp eratures

w ere high and relativ e h umidities lo w.

The e�ect of lo w ering the windsp eed to 2m/s (and otherwise k eeping the stan-

dard case) is sho wn in �gure 24. In this case concen trations are reduced consid-

erably , up to ab out t w o orders of magnitude for 95% relativ e h umidit y and up to

ab out one order of magnitude for 70% relativ e h umidit y .

Raising the windsp eed to 10m/s has a large e�ect as can b e seen in �gure 25.

Hardly an y reduction is seen and a closer insp ection rev eals that the cen troid

elev ation is comparable to the plume width, or smaller, so the plume rise could

b e insu�cien t to lift the plume o v er e.g. a tall building.

Finally �gure 26 sho ws the results for U = 2m = s, T

a

= 20

c

ir c C and L = 30m.

This corresp onds to stable conditions (class E to F, sa y), encoun tered for example

during a nigh t with ligh t winds and not to o man y clouds. In this case the rise is

imp eded b y the stable densit y gradien t, but the reductions are still large.

The ground lev el concen tration ha v e b een calculated using the prop osed ex-

p onen tially tailed pro�le, but it should not c hange the result dramatically if a

Gaussian pro�le is used instead. It should b e emphasized that use the assumed

pro�le is one of the least certain asp ects of the mo del, in particular for rising
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plumes, where w e ha v e little exp erimen tal results to build on. It is p ossible that

the mo del is o v erly optimistic with resp ect to reductions of the concen trations

under a rising plume since there migh t b e a de- trainmen t mec hanism that pulls

material out of the plume, in to the am bien t 
o w and sw eeps along the ground.

The Coanda e�ect could also b e men tioned. The cases where there is no or little

e�ect of HF are more certain, since the onset of buo y ancy e�ects dep ends on the

thermo dynamic part of the mo del rather than the disp ersion part.

The calculations basically con�rm the conclusions dra wn b y applying scaling

la ws to the results of the �eld exp erimen ts, namely that relativ e h umidities higher

than ab out 90% and wind sp eeds b elo w 5m/s are required in order to get an

appreciable plume rise for a 10 kg/s release in near neutral conditions. They also

sho w that plume rise is eliminated b y stable strati�cation.
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Figur e 21. Pr e dicte d gr ound level c onc entr ations. A mbient wind sp e e d is 5m/s and
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Figur e 22. Pr e dicte d gr ound level c onc entr ations. A mbient wind sp e e d is 5m/s and

ambient temp er atur e is 10
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Figur e 23. Pr e dicte d gr ound level c onc entr ations. A mbient wind sp e e d is 5m/s and
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Figur e 24. Pr e dicte d gr ound level c onc entr ations. A mbient wind sp e e d is 2m/s and

ambient temp er atur e is 20
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Figur e 25. Pr e dicte d gr ound level c onc entr ations. A mbient wind sp e e d is 10m/s
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7 Conclusions

An in tegral mo del describing the disp ersion of con tin uous releases of HF has b een

dev elop ed. The w ork naturally falls in to t w o separate parts: thermo dynamics and

disp ersion.

A new thermo dynamic mo del has b een dev elop ed on the basis of a review of

existing data and mo dels. V ery few exp erimen tal in v estigations of HF thermo dy-

namics ha v e b een conducted in the past �ft y y ears, and in particular high qualit y

P{T{V data are scarce. W e sho w ho w P{V{T data can b e used to determine

thermo dynamic prop erties of a real gas via the function P ( f ; T ), the pressure

as a function of temp erature and fugacit y . A simple rings{and{c hains mo del has

b een prop osed. The mo del is v alidated against the results of sev eral indep enden t

exp erimen ts.

The phase equilibria of the HF{w ater{air system is describ ed b y means of exact

relations in v olving fugacities. This asp ect of the mo del has also b een v alidated

against exp erimen ts, including those generated in this pro ject. The lev el of accu-

racy of the thermo dynamical mo del seems to b e more than adequate for disp ersion

calculations.

The mo del has b een used to calculate the buo y ancy of adiabatic mixtures of

HF and h umid air at a n um b er of temp eratures and v alues of the relativ e h umid-

it y . P ositiv e buo y ancy is asso ciated b y the formation of a fog of h ydro
uoric acid

droplets and w e �nd �nd that this is go v erned b y more the relativ e h umidit y than

absolute h umidit y . The explanation for this is that the w ater v ap our pressure of

the droplets is lo w compared to w ater v ap our pressures of ev en in the dry est at-

mosphere. Small concen trations of HF are therefore able to condense nearly all the

w ater v ap our in the air. F or a range of di�eren t am bien t temp eratures, h um udities

and HF concen trations, one mol of HF causes ab out one mol of w ater v ap our to

condense. The maxim um cloud temp erature is reac hed as so on as this amoun t of

w ater is a v ailable, and at that p oin t the released en thalp y of condensation, whic h

is what heats the cloud, is therefore alw a ys ab out the same. The temp erature rise

is faster at larger h umidities simply b ecause there is less dry air to heat. When

the concen tration gets lo w enough, the droplets b egin to ev ap orate. The HF ev ap-

orates faster than the w ater so that the droplets gradually c hange comp osition.

Since v ap our pressures are generally lo w er at lo w er temp eratures, the droplets are

more stable at lo w temp eratures and high relativ e h umidit y and the p erio d of

p ositiv e buo y ancy is therefore longer than at high temp eratures, and this tends

to more than comp ensate the slo w er temp erature rise in the p erio d where there

is condensation.

The disp ersion has b een mo delled in simple w a ys using an in tegral mo del. Al-

though this t yp e of mo del has a foundation in the Na vier-Stok es equations, the

disp ersion pro cess is basically put in 'b y hand'. The �nal set of equations is de-

riv ed from a series of appro ximations and in terpretations whic h, to a large extend,

are based on a phenomenological understanding. This is describ ed in some length.

The concept of relativ e di�usion is a basis for these argumen ts, and the resulting

mo del is relativ e disp ersion mo del, and relativ e di�usion data has b een used to

tune it.

In the UHRAFREP pro ject the plan w as to supplemen t �eld exp erimen ts with

mo del dev elopmen t in order to understand and generalize exp erimen tal �ndings

and to pro duce a to ol for the prediction of HF disp ersion. The mo del has b een

tested against the �eld measuremen ts, and the comparison sho ws reasonable agree-

men t. In all except one the exp erimen ts there w ere no signs of buo y ancy e�ects,

and the mo del agrees. In T rial 12 reduced ground lev el concen trations w ere ob-

serv ed as w ell as an elev ation of the cloud cen troid. This b eha viour is captured
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b y the mo del. The predicted concen trations are v ery close to those deduced from

lidar data, while the plume widths are sligh tly larger than the observ ations.

Since there are indications that T rial 12 is a limiting case, it seems that the

mo del is capable of predicting the onset of HF induced e�ects. More doubt can b e

cast on the mo dels abilit y to predict the b eha viour of a rising HF plume. This has

nev er b een observ ed and hence there are no data to compare the mo del with. Re-

duced ground lev el concen trations w ere observ ed for passiv e plumes in the Prairie

Grass exp erimen t. W e ha v e in terpreted this as a result of the creation of thermals,

although dep osition on the ground also ma y ha v e con tributed. The mo del should

b e able to repro duce this b eha viour un til the p oin t where the plume/thermal b e-

gins to rise from the ground. The subsequen t rise is di�cult with this t yp e of

mo del b ecause the thermal ma y extend wider than the plume. In the same w a y a

buo y an t HF plume ma y b e the seed of a thermal whic h ma y extend wider than

the plume. The mo del do es not tak e suc h a collectiv e motion of the surrounding

air in to accoun t and ma y therefore underpredict plume rise in these situations.

The mo del simply turns o� the heating when the plume lo oses con tact with the

ground, where in realit y heating ma y con tin ue to generate hot rising air b elo w

it. The e�ects of up-drafts and do wn-drafts ma y also add considerable random-

ness to the plume tra jectories, but probably only v ery strong con v ection w ould

b e able to send a rising HF plume do wn again. W e ha v e indicated some simple

w a ys to tak e this in to accoun t. Th us the in tro duction of a random v ertical v elo cit y

comp onen t of the en trained air could b e considered. An analysis of the en thalp y

ballance for a grounded plume also indicates that temp erature di�erences in the

plume somewhat larger than h T w i =u

�

are required in order to comp ete with the

am bien t con v ection. Ho w ev er, due to the deterministic nature of the mo del, it not

w ell suited for strong con v ection. In near neutral or mo derately stable conditions

there should b e less concern.

A case study of a 10kg/s release has b een made in order to determine the

conditions necessary for HF induced buo y ancy to ha v e an e�ects on ground lev el

concen trations. W e �nd that e�ects increase with decreasing am bien t temp erature,

but the v ariations are relativ ely small. Buo y ancy e�ects decrease with increasing

windsp eed, as exp ected. The mo del predicts considerable reductions of the ground

lev el concen trations for high h umidities and 2m/s windsp eed, while there is v ery

little plume rise at a windsp eed of 10m/s. Plume rise is somewhat imp eded b y

stable strati�cation but not eliminated. It should b e noted that the predicted

ground lev el concen trations rely hea vily on the assumed pro�le, whic h is not a

w ell tested asp ects of the mo del.

Buo y ancy is the driving force in plume rise and all other forces acting on the

plume will tend to opp ose it. In case the mo del has not tak en all of these in to

accoun t, it is deemed to o v erpredict plume rise. Con v ersely , there is no reason

to exp ect plume rise if equilibrium thermo dynamics forbids it, and therefore the

mo del should b e trust w orth y in cases where plume rise is not predicted.
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A More on added mass

In this app endix w e sp eculate further on added mass. Some of the considerations

are somewhat sp eculativ e and ha v e not b een implemen ted in the mo del, mainly

b ecause w e wish to k eep it as simple as p ossible.

In the simple example in section 4.5 the ground w as neglected. Belo w w e will

try to incorp orate the e�ect of the ground in an appro ximate w a y . F or simplicit y

w e k eep the am bien t 
o w �eld uniform and th us assume that the ground is ideally

smo oth. W e use the y -axis as ground so that the disk mo v es in the half-plane

x > 0.

As a �rst appro ximation w e tak e (145) and then mak e successiv e 'repair'. The

free solution (145) resp ects the b oundary conditions on the surface of the disk,

but not on the y -axis. The �rst repair is to mak e � an tisymmetric with resp ect to

the y -axis b y adding a mirrored p ole lo cated at � c . This leads to

� � a

2

_c

�

�

1

z � c

+

1

z + c

�

(A.161)

This unfortunately sp oils the b oundary condition on the disk, hence the second

repair consists of adding a p ole at c � b

1

of strength s

1

a

2

_c to comp ensate for the

e�ect of the p ole in � c , viz

� � a

2

_c

�

�

1

z � c

+

1

z + c

+

s

1

z � c + b

1

�

(A.162)

This can b e ac hiev ed b y c ho osing b

1

= a

2

= 2 c and s

1

= a

2

= 4 c

2

. No w the problem

is that the b oundary conditions on the y -axis are not righ t. Therefore w e add

another p ole in � c + b

1

and a comp ensating p ole in c � b

2

etc. The �nal solution

is

� =

1

X

p =0

a

2

_c

�

s

p

z � c + b

p

�

s

p
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(A.163)

where

b
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=

a

2

2 c � b

p

s
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p
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2
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2
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(A.164)

and b

0

= 0 and s

0

= 1. It can b e sho wn that the kinetic energy of the 
uid is

equal to

E

kin ; 
uid

=

1

2

�

a

� a

2

� ( c=a ) (A.165)

where

� ( c=a ) = 1 + 2
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�
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4

+

3

32

�
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c
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+ : : : (A.166)

The metho d con v erges for c = a . F or the limiting case c = a , where the disk

touc hes the ground, the series can b e summed with the result � (1) =

�

2

3

� 1 � 2 : 29,

whic h is considerably larger that the v alue � = 1 obtained for a free disk. The

sharp increase of � near the ground m ust b e due to 
uid b eing squeezed b et w een

the disk and the ground. A real plume is not rigid, it w ould itself b e squeezed b y
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the pressure and adjust its shap e. Therefore the sharp rise of � near the ground

should b e replaced b y a more mo derate b eha viour of whic h w e mak e a b old guess.

If the plume is allo w ed to deform as it approac hes the ground, the restriction

c > a is no longer necessary and � could b e de�ned ev en for c < a . In that case c

can b e de�ned as the cen tre of mass of the plume, and a can b e de�ned so that

� a

2

is the area (i.e. constan t a ). A simple w a y to deform the cloud w ould b e to

let it b e a circular shap e with the part that b elo w ground cut o�. Unfortunately

the repair sc heme sk etc hed ab o v e do es not to w ork for this problem, and w e will

not pursue a n umerical solution. It is noted that a disk mo ving parallel with the

ground has the same added mass function mu . F or this problem w e �nd � = 1 for

a semicircle sliding on the ground (note that the solution (145) is symmetric). By

analogy one w ould therefore exp ect � = 1 for a rising (and con tracting) semicircle.

This indicates that � has a maxim um around c = a . W e therefore suggest

� ( c=a ) = 1 +

1

2

1

�

a

c

�

c

a

�

2

+ 


(A.167)

where 
 is an adjustable constan t. This form has the righ t asymptotic limit �

1 +

1

2

( a=c )

2

and allo ws for adjustmen t of the maxim um. With � v arying with

p osition the dynamic equation b ecomes sligh tly more complicated
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Th us spatial v ariation of � giv es rise to a force term. When � has a maxim um, the

force is do wn w ard near the ground, whic h will resist lift-o� of a buo y an t plume.

This is similar to the Coanda e�ect, the phenomena that jets follo w surfaces.

Added mass could therefore con v enien tly sim ulate the Coanda e�ect, ev en if added

mass ma y not fully explain it.

Go v erning equations

W e pro ceed with a deriv ation of a set of dynamic equations for a plume taking

added mass in to accoun t.

W e con tin ue to assume a uniform wind �eld, and use a reference frame at rest

with resp ect to the wind. W e also p ostp one en trainmen t un til later and let � b e

�xed, while the cross-section area A ( s ) is v ariable. It is con v enien t to express the

plume cen treline as a map m ! X = ( X ; Z ) where m = �

_

M t +

R

s

0

�Ads . Th us m

is the mass (not coun ting added mass) con tained in the plume b et w een X and the

source min us the mass injected b y the plume (

_

M is the source strength). De�ned

in this w a y m is a Lagrangian co ordinate, since a giv en v alue of m sp eci�es a

mo ving slice of the plume. W e de�ne a time v ariable t

0

to go with m . The meaning

of t

0

is that t

0

= t , but @ =@ t

0

should denote the partial deriv ativ e with resp ect to

time for �xed m . Since @ =@ t

0

is the Lagrangian time deriv ativ e w e can also write

it as d = d t . Note that @ =@ t

0

comm utes with @ =@ m .

The plume is completely sp eci�ed b y the function X ( m; t

0

) and w e ma y express

other v ariables in terms of it. The v ariables that w e shall use are: the v elo cit y U ,

the plume mass p er unit length A� , the distance from the source measured along

the cen treline s , the unit v ector k = (cos � ; sin � ) tangen t to the cen treline, and

the e�ectiv e plume radius a . Expressed in terms of X ( m; t

0

) these quan tities are

U =

@ X

@ t

0

(A.169)

Ris�{R{1293(EN) 69



A� =

�

�

�

�

@ X

@ m

�

�

�

�

� 1

(A.170)
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(A.172)

a =

p

A=� (A.173)

The added mass only a�ects the kinetic energy corresp onding to the transv erse

v elo cit y comp onen t

^

k � ( U � u

a

), where

^

k = ( � sin � ; cos � ). Th us the kinetic energy

of a plume slice is giv en b y

d E
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Note that U need not b e parallel with k . The Lagrangian of the system then

b ecomes

L =

Z
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where � U = U � u

a

and E

p ot

= g Z ( � � �

a

) =� for a buo y an t plume. The added

mass function � is a function of Z and � . In order to use (A.167) w e m ust decide

what c to use. F or a horizon tal plume ( � = 0) w e eviden tly m ust use c = Z . F or

inclined plumes the 
o w around it is not really t w o-dimensional, but a v alue of c

b et w een Z and Z = cos � seems plausible, and it probably do es not matter m uc h

whether w e include the cos � since � can b e exp ected to b e small for a rising plume.

W e therefore c ho ose c = Z b ecause this yields the simplest equations.

W e no w turn to the principle of least action in order to deriv e the dynamic

equation. The action in tegral is giv en b y

S =

t

0

2

Z

t

0

1

L d t

0

(A.176)

The solution is obtained b y minimizing S with resp ect to the function X ( m; t

0

)

for �xed v alues of X ( m; t

0

1

) and X ( m; t

0

2

). If � X is a v ariation of X then

� U =

@ � X

@ t
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(A.177)

� k = A�
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@ m
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k (A.178)

These expressions are used in the standard pro cedure where t w o in tegrations b y

part are used to turn � S = 0 in to the form

R

dt

0

R

� X � F = 0. Since this should

hold for an y p erturbation � X , w e end up with the go v erning equation ( F ) = 0. In

our case the follo wing equation is obtained
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where r = ( @ =@ X ; @ =@ Z ). As a c hec k of this equation w e deriv e an energy equa-

tion from it. This is most con v enien tly done in a frame of reference in rest with

resp ect to the am bien t 
o w. W e could ha v e c hosen this from the start, in whic h

case U w ould b e the same as � U . Hence w e tak e the v ector pro duct with � U on

b oth sides of (A.179) and rearrange terms. Using the iden tit y

^
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@ � U

@ m
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1

�A

^

k �

@ k

@ t

0

the follo wing equation is obtained
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The left hand side represen ts the rate of c hange of the total mec hanical energy of

a plume slice. Eviden tly energy is not conserv ed separately for eac h plume slice,

since the righ t hand side of the equation represen ts an in teraction with the rest of

the plume. There is nothing wrong with that as long as the rate of c hange of the

energy of a �nite plume segmen t only dep ends on con tributions at the endp oin ts.

In other w ords, the righ t hand side of the equations m ust b e of the form @ J =@ m ,

whic h it actually is.

F or a time indep enden t plume w e ma y no w mak e use of the fact that U is

parallel with k , e.g. � U = U k � u

a

. In the stationary case it is con v enien t to use

s instead of t

0

and m , whic h is e�ected b y the substitutions @ =@ t

0

= U d = d s and

@ =@ m = ( �A )

� 1

d = d s . F rom (A.179) w e then get the follo wing t w o equations b y

pro jecting along k and

^
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Abstract (Max. 2000 c har.)

This rep ort describ es the dev elopmen t of an in tegral mo del for the disp ersion of

HF clouds, whic h is part of the w ork done b y Ris� in the URAHFREP pro ject.

The main ob jectiv e has b een to mo del the p ossible in
uence of HF thermo dynam-

ics on the disp ersion of atmospheric HF clouds. Both negativ e buo y ancy (hea vy

gas) e�ects and p ositiv e buo y ancy e�ects are p ossible dep ending on concen tration,

h umidit y and other factors. A main question is under whic h conditions these ef-

fects are strong enough to dominate naturally o ccurring 
uctuations and pro duce

plume lift-o�.

HF can form p olymers in the gas phase and it forms highly non-ideal liquid mix-

tures with w ater. It is demonstrated that the HF thermo dynamics needed for the

disp ersion mo del can b e describ ed b y exact thermo dynamical relations. Existing

exp erimen tal data are scarce and of v arying qualit y . The b est data ha v e b een

selected and analysed in order to obtain prop erties on the saturation curv e. A

relativ ely simple rings{and{c hains mo del for the self-asso ciation in the gas phase

is prop osed, and it is demonstrated that the mo del is capable of repro ducing the

en thalp y and the anomalous sp eci�c heat of HF v ery satisfactory . A simple four

parameter mo del for the mixture is prop osed and successfully tested.

The disp ersion mo del is a standard in tegral mo del with some additional features.

The ideas and assumptions of in tegral mo dels is explained and the v arious scaling

regimes for cloud gro wth are discussed. Re-analyzing the Prairie Grass data set

it is found that the heigh t of the b oundary la y er has no direct impact on lift-o�.

The mo del is successfully tested against data from the URAHFREP �eld trials.

A case study is made in order to determine the conditions necessary for HF in-

duced buo y ancy to ha v e an e�ects on ground lev el concen trations. Added mass is

discussed the app endix.
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