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Preface

The present report describes the technique of inelastic neutron scattering and
the application of this technique to the study of the magnetic excitations in rare
earth metals. This work represents some of the most recent measurements
carried out at the Risø Triple-Axis-Spectrometer.
The design of this spectrometer was started in 1961 by L. Passdl and the
author. The construction was completed in 1964, and from that time the spectrometer has been used in inelastic neutron scattering measurements. A list of
publications of the results of this work is given below.
The experiments described in this report were carried out in the period from
the beginning of 1965 to the summer of 1967. Short reports on the mam
experimental results have already been published (III, IV and VI of the list
below).

List of publications on inelastic neutron scattering measurements carried out
the Risø
I.

Triple-Axis-Spectrometer

H. Bjerrum Matter and A. R. Mackintosh
Inelastic Scattering of Neutrons in Cbromium.
Inelastic Scattering of Neutrons. Vol. 1. p 95(1 A. E. A.. Vienna, 1965).

II. H. Bjerrum Meller and A. R. Mackintosh
Observation or Resonant Lattice Modes by Inelastic Neutron Scattering.
Phys. Rev. Letters 15. 623 (1965).
Ill H. Bjerrum IvMkr and J. C. Gylden Houmann
Inelastic Scattering of Neutrons by Spin Waves in Terbium.
Phys Rev. Letters 17,73711966).
IV. H Bjerrum Moller, J. C. Gylden Houmann and A. R. Mackintosh
Magnetic Interactions in Rare Earth Metals from Inelastic. Neutron Scattering.
Phys. Rev. Lettersl», 312(1967).
V. A. R. Mackintosh and H. Bjerrum Matter
Investigations of Localized Excitations by Inelastic Neutron Scattering.
Proceedings of the International Conference on Localized Excitations in Solids,
llrdversiiy of California, Irvine (1967).
VI. H. Bjerrum Maller. J. C. Gylden Houmann and A. R. Mackintosh
Magnetic Interactions in Tb and Tb-10% Ho from Inelastic Neutron Scattering.
Proceedings of the International Congress on Magnetism, Journal of Applied Physics (1968).

I. Introduction

The ions of the heavy rare earth metals generally can; a large magnetic
moment, because the 4f electronic shell is incompletelyfilled.These moments
are highly localized, and there is therefore no appreciable direct wrtwssr
interaction between them in the metal. There ia, however, a strong indirect
interaction between them, established through the medium of the condwiion
electrons. The spatial form of this indirect exchange nrtasaction is determined
primarily by the properties of the conduction electros gas, and it produces
unusual and complex magnetic structures below certain characteristic OTanriag
temperatures.
The correlated thermal motion of the locabxed moments at State uatpcratures can be described in terms of elementary magnetic excitations, which
interact only weakly with each other. These excitations have the form of spin
waves, in which a small smusoidalry varying deviation of the moment trom
the completely ordered state travels through the lattice. The spin wave quantum
is called a magnoo. in analogy with the phonon, which is a lattice wave quantum. The excitation of a single magnon reduces the ordered moment of the
system by one Bohr magneton.
In the approximation in which the magnon interactions are neglected, the
lifetimes of the magnons are infinite and they therefore have a ami defined
energy «(«} ^ 1M«J and momentum 1i«,. where aj and u(<i)are respectively the
wavevector and angular frequency. The relation <(a) between • and a is called
the dispersion relation and is determined primarily by the exchange forces.
Since thermal neutrons may excite or absorb a magnon in a scattering process
in which momentum and energy are conserved, the magnon dispersion
relation may be determined from a study of the change m momentum and
energy of the neutrons in the scattering process. In this way, neutron scattering
may be used to obtain information on the exchange forces.
The interactions of magnons with each other and with phonons, electrons
or impurities in the lattice may limit the magnon lifetime, and hence give rise
to a natural energy width in the neutron groups observed in inelastic neutron
scattering A study of this tinewidth therefore provides information on the
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magnon interactions. These interactions may also perturb the magnon dispersion relation and the nature of the pertui nation provides further information on the form of the interaction.
The present paper describes an experimental investigation of these magnetic
interactions in Tb and an alloy of Tb with l0° o Ho, by the technique of inelastic neutron scattering. As an introduction, we review briefly the relevant
parts of the theory of the magnetism of the rare earth metals and discuss the
various types of neutron scattering processes which may occur. The cross
section for each of these processes is given. Chapter II describes the experimental method, with especial attention to those features of the technique
which allow an accurate determination of the energies and lifetimes of the
magnom. The interpretation of these data is discussed in chapter 111, with
special reference to the relation between the conduction electron band structure
and the indirect exchange interaction between the magnetic ions. The interaction between the magnons and electrons, phonons and impurities is also
considered.
1. Magnetism of Rare Earti; Metals
Neutron diffraction measurements by Koehler et al. 1 ' have shown that
the rare earth metals have interesting and unusual magnetic structures.
Terbium, for instance, has temperature regions of paramagnetic, antiferromagnetic and ferromagnetic ordering. The configuration of the moments in
the ordered phases is shown in Fig. !.
c-dirtction

b-dir*ction

c-dir*ction

b-dir«ction
la}

lb)

lrig. I. The magnetic »tructun in terbium
la) in the ferromagnetic phase T < T<
tb) in the spiral p:.a«Murn angle if TV < T < T s

The crystal structure is hexagonal closed packed with a — 3.599 Å and c =
5.696 Å at 300 K. Bdow the Curie temperature T<- the magnetic structure is
ferromagnetic with all moments aligned along the b-dircction (sec Fig. la).
In the temperature region from T, to the Néel temperature Ts. the magnetic
moments form a spiral structure (see Fig. lb), in which the moments remain
aligned in the plane containing the a- and b-direction (called the basal plane),
but change direction from one layer of atoms to the next by an angle », called
the interplanar turn angle. The spiral structure can be characterized by its
4a i
wavevector Q. defined as a vector in the c-direction of magnitude
c 360
(i is measured in degrees). Above the Néel temperature the magnetic structure
is paramagnetic.
The localized magnetic moments of the rare earth metals are due to the
electrons of the unfilled 4f shell. The radius of the 4f shell is small compared
to the interatomic distances, so overlap between neighboring 4f shells is very
small. The interaction between the localized moments is therefore believed to
be mainly an indirect exchange interaction via the conduction electrons. Each
localized moment produces a spin polarization of the conduction electrons
which in turn interacts with another moment.
The theory of indirect exchange was first studied by Ruderman and Kittel3,
Kasuya* and YosidV. They showed that the exchange Hamiltonian can be
written in the form

H

--Z

J(B,-R„) J, -An

(I)

l>m

where Ji is the total angular momentum operator for the I'th atom and the
indirect exchange parameter J(Ri-Rn) is a long range oscillatory function of
the separation between the atoms.
For a general conduction electron band structure the Fourier transform of
the indirect exchange parameter
J(q) - ^ J ( R i ) e l , ' R '

(2)

I'
is given by an expression of the form"
l,«i
V
W =

2*

U ( k , k - <T r) f(,n(k))

~~

[1-tWO-q-T))]

<-<k ' « • *>-*«

n,n;k
II

where f„(k) is the energy of a Bloch state of wavevector k in band n. U*<k.
k • • q • T) is a slowly varying function and r is a reciprocal lattice vector chosen
so that q lies in the first Brillouin zone. ft.) is the Fermi function

<4»

- W -

tv i

ei»-,,)

kT

(

where i F is the Fermi energy and T the temperature.
Kaplan7 took anisotropy of the exchange interaction into account by adding
the term
- y

Kh,J,iJ„,

(5)

Km
to the exchange Hamiltonian (I), where J,\ is the c-component of Ji The
resulting Hamiltonian is then the most general quadratic function of the
angular moments of two atoms in a structure with hexagonal symmetry.
The anisotropy of the exchange interaction arises because of the orbital
angular momentum, which is not quenched in most of the heavy rare earth
metals. However. Kaplan and Lyons" showed that the anisotropy of the exchange is probably small.
The fact that the rare earth metals have an orbital angular moment, and
therefore a nonsplicnc.il distribution of the 41" electrons, also gives rise to an
anisotropic crystalline field, which is very important in determining their
magnetic structures.
The crystalline field anisotropy energy is discussed by Elliott9 and Miwa
and Yosida1". Its contribution to the Hani..toman can be written phenomenologically as
H„

^

{BJJ

D i',

Yin-'

-G [<J„

iJ,,)'

<J„-iJ,,rj }

(6)

T
which is the most general function of the moment of a single atom of order six
and with hexagonal symmetry. That part of the exchange anisotropy for
which I
m in (5) is included in the crystal field anisotropy term. We will
neglect the second and the third term ID
F
0). With positive B and Cj
the crystal field anisolropy energy will be minimized when the moments lie
in the basal hexagonal plane and point in the x-direction.
Yoshimori". Villain12 and Kaplan" then explained the magnetic structures
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ol" Tb (and the other heavy rare earth melais) and the transitions between
different magnetic structures on the basis of the Hamiltonian
H

Ho,

H,

(7)

in terms of the "competition" of the positive interaction between the nearest
atomic neighbors, and of the negative interaction between the next nearest
neighbors from the long range oscillatory indirect exchange interaction.
Yosida and Miwa'4 expressed this in terms of the Fourier transformed exchange parameter J(q). and showed that, if the six fold anisotropy is neglected
(G
0). the spiral structure will be stable with wavevector Q. if J(q> has an
absolute maximum for q
Q. The six fold anisotropy will of course tend to
prevent the formation of a spiral structure by keeping the s,Mn in the x-direct ion
(if G is positive).
Most of the theories'' assume therefore that the transition from spiral
structure to ferromagnetic structure takes place when the six fold anisotropy.
which is strongly temperature dependent, reaches a certain strength.
As may be seen from the expression (3), the maximum in J(q) and hence
the Q of the spiral phase is determined by the band structure. Of especial
importance are terms with a small energy denominator, and these arise when
q spans some dimension of the Fermi surface. From a consideration of the
band structures of the heavy rare earth metals, Williams. Loucks and Mackintosh'6 suggested that the maximum in J(q) is determined by the separation in
k space of flat regions of the Fermi surface.
Niira". Yosida and Miwa14 and others'*" carried out an approximate diagonalization of the Hamiltonian and found expressions for the magnon
dispersion relations. For the »direction the expressions are

r|q)

J [(J(O)-J(q))-

2(B

2iG' 4 XJ(0)-J(q))

72GJ 4 |B

3GJ 4 )]'-'
(8)

'(q)

J { [ J ( Q ) - ' : J ( Q • q > - " ! J < Q - i i J [J(Q)-J(q)

2B]}'2

(9)

for the ferromagnetic and spiral phases respectively. Wc have here used the
double zone representation in which q runs from zero to twice the distance to
the primitive zone boundary in the c-direction, so that the magnon dispersion
relation consists of one continuous branch in this direction.
It is seen from these expressions that measurements of the magnon dispersion
13

relations give detailed information on the indirect exchange interactions. The
primar> object of the present paper is to describe such measurements and
correlate the results with the theory.

.?. Seuiron Sivtierinj!
Thermal neutrons impinging on a crystal may undergo various types of
scattering processes. In a magnetic crystal the scattering may be caused by a
nuclear interaction or by a magnetic interaction. The scattering process may
occur with no change of energy between the incident and scattered neutrons,
or the neutrons may exchange energy with the crystal. These two types of
scattering are referred to as elastic and inelastic neutron scattering, respectively.
Both nuclear and magnetic scattering may be elastic or inelastic. In inelastic
scattering through the nuclear interaction the neutrons create or destroy
phonons. whereas either phonons or magnons may be excited through the
magnetic interaction.
Because of the periodic structure of the lattice, it is possible for the scattered
neutrons to interfere with each other coherently, and produce peaks in the
scattered neutron intensity for certain momentum and energy transfers. Deviations from ideal periodicity, such as differences of the neutron scattering
from equivalent crystallojraphic sites because ol nuclear spin, atomic, magnetic
or isotopk disorder, will act lo destroy the coherent nature of the scattering
and contribute an incoherent background to the coherently scattered neutrons.
The general theory of neutron scattering by crystals was first treated by
WeinstockK and b> Halpern and Johnson11. The neutron scattering cross
sections were calculated in the Bom approximation, using a Fermi pseudopotential"
V<ri

"*-• as Art
m

(10)

to describe the nuclear interaction between the neutron and the nuclei, whereas
the magnetic interaction was calculated as the interaction of the magnetic
field produced by the neutron with the electron current due to the unclosed
shells of the scattering atoms. A list uf sy mbols is given on page 17.
The elastic scattering cross section of an atom per unit solid angle, for
unpolarized neutrons was shown to be
as • (l-eÅiaiiW)
14

(II)

where the magnetic scattering amplitude is
aji(*> -'-jr.; g i f l « )

(12)

The nuclear scattering amplitude ax is independent of*, while the magnetic
scattering amplitude atifx) depends on x through the magnetic formfactor
fix) Since this is essentially the Fourier transform ol the unpaired electron
distribution, it decreases with increasing x.
The neutron cross sections for the various neutron scattering processes have
kiler been derived in a number of papers. Below are g i v « the coherent cross
sections, relevant to this work :
Elastic Nuclear Scattering-'
¥•••**—'
du
2V

*VFI»)**.-»»
—

(13)

Elastic Magnetic Scattering from Ferromagnetic Structure"
dii

^

m?

w

(14)

Elastic Magnetic Scattering from Spiral Structure21
do

1 ;,

S'

<2»)>

„ „

,

F<T>* [<S(x Q-r> - I S ( * - Q - T ) ]

(15)

One-Phonon Creation (through Nuclear Interaction)2'
dUdE

k,*N.v'

2Mfi(,)

\"M)

;F i (x)f2^x-s-T)<S(E-^))

1
(16)

r
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One-Phonon Creation (through Magnetic Interaction)" from Ferromagnetic Structure (Magnetovibratiohal Scattering)
dV
diidE

k.- .
K,

J2n)> „. ,

,

/J(T)V hV|e f,,)-

[n„(q)-l] F^x)3 ^ f l x - q - t X X E - i ^ q ) )

C7|

One-Phonon Creation (through Magnetic Interaction) from Spiral Structure
d-V
dl)dE

W^NA* " -^V"! ) TM,7,r
[n,(q) I]

F,(x) = V i , [ , » x - q - Q - r )

<5(x-q-Q-T)]

<5<E-^(q))

(18)

One-Magnon Creation from Ferromagnetic Structure2'
:

d: "
dlidE

k;

:

(it)'

_. I

r

. .

,, , .

- ,

:F.(x) = 2*x-^-T)rf(E-f;H)l

(19)

One-Magnon Creation from Spiral Structure7'

"> {1(1 e:u)Alq) [<>(x-q-Q-r) <5<x-q Q-t)J
r
• (l-e^lBtqlrtx-q-T) J AE-.-(q))

(20)

where
A<<

"

lft

B(q)

}^(Q)-^ J jr(0-q7- r rjiQ-q)

'2"

lor excitation of magnons in the c-directkm2*.
The following symbols have been used in equations 110> <2I >:
aa
a*
e
en
cy
e =*
E
f(x)
F|r>
F, (x)

magnetic scattering amplitude
nuclear scattering amplitude
unit vector in direction our
component of e in the magnetization direction
component of e along Q
Dcbye-Waller factor
neutron energy transfer. E -—(kT—k?)
magnetic formfactor
"m
geometrical structure factor for elastic scattering
geometrical structure factor for inelastic scattering
3
i ~i r^.
S ( S I ) - U L I)
g
Lande factor, g
J^fTu—
J
total angular momentum of the atoms
J|T),'J relative ordered moment as a function of T
k,
wavevector of incident neutrons
k:
wavevector of scattered neutrons
L
orbital angular momentum of the atoms
m
mass of the neutron
M
mass of the atoms
n,(«i) number of thermally excited magnons or phonons
N,
number of atoms in the crystal
q
magnon or phonon wavevector
Q
wavevector of the spiral structure
r„
electromagnetic radius of the electron. r„ - 2.82- 10 "cm
S
spin angular momentum of the atoms
T
temperature of the crystal
V
volume of the unit cell
7
magnetic moment of neutron in nuclear magnetons. ;• - -1.91J
i:, (q) magnon or phonon energy
x
neutron scattering vector, x k, - k2
'/.
branch of magnon or phonon dispersion relation
U
solid angle of scattering
t9,
unit polarization vector of phonons
a
neutron scattering cross section
r
reciprocal lattice vector
17

The cross sections arc given per atom and per unit solid angle of scattering.
The inelastic cross sections are further per unit energy transfer of the scattered
neutrons. We have assumed pure Heisenberg exchange between the magnetic
ions and neglected magnon and phonon interactions. Only the creation cross
sections have been given, since all measurements were performed with neutron
energy loss, and only one-phonon and one-magnon cross sections are considered, since multiple phonon and magnon processes only contribute a
smoothly varying background to the neutron peaks observed from the above
processes.
The cross sections are expressed in the reciprocal lattice, which is derived
from the real lattice through the relation
r a,

2 *p

(22)

where p is an integer, a, is any of the basis vectors a,.«,. a, of the crystal lattice
»

hfc - kfc- - » ,

(23)

where h. k and I are integers (Miller indices! and T is a vector of the reciprocal
lattice with basis vectors b|.b? and b>.
It follows from (22) that
b, - 2«

hi
a,-*? - a,

2*

», - 2a
a, a :

a,

-—
a, - a , • a,
(24)

The ^-functions in reciprocal space give the directions in which neutrons
scatter coherently.
When the bask unit ceil contains two atoms, there will exist two branches
of the dispersion relation, called acoustic and optical respectively. In an optical
phonon mode of small wavevector a., the two atoms of the unit cell vibrate
against each other, but the centre of mass of the cell is fixed. If the two ions
are oppositely charged a motion of this kind may be excited by the electric
field of a light wave. In the acoustic phonon mode of small a,, the two atoms of
the unit cell move together, as in a sound wave vibration. The energy of the
acoustic mode is zero for q •* 0. with a slope determined from the veiocily of
sound. Optical and acoustic magnon modes are defined in analogy with the
phonon modes, with the lattice displacement replaced by the precession of the
magnetic moment.
The dispersion relations for acoustic and optical phonons each consist of
three branches determined by the polanzalion of the modes (direction of
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vibration relative to •,). For directions of high symmetry, these are one longitudinal and two transverse branches. For magnora there is s o equivalent of
the polarization of phonons. The symbol i is used to label the branch of the
dispersion relation.
Both magnons and phonons are bosons, so that the number »(•,) of thermally
excited magnons or phonons of wavevector a. hi the branch i, at temperature
Tis

%<-)

[«P^-l]'

05)

In a crystal containing two atoms per basic unit cell, the neutrons scattered
from the two subiattices may interfere constructively or destructively. This is
expressed by the geometrical structure factor which, for elastic scattering,
takes the form
IF(»)P = 2 ( I - r c o s r - r )

(26)

where f is the vector between the two atoms in the unit cell.
The geometrical structure factor for inelastic neutron scattering is defined
everywhere in reciprocal space and depends on the branch of the excitation.
For magnon scattering from a ferromagnetic hexagonal closed packed lattice
it can be shown to be"
| FJ«)P = 2cos 1 ';» j - * • P ^ • ( • ) )
(27)
iF„<*)? = 2 s i n 2 \ s { - » • » + • < • ) }
for the acoustic and optical branch, respectively.
Here
cos«*«.) -

! Ii/£!W

where

iw=2 J ( « , ) e *

i

J-<n)

(28)

*''

and the sum extends over all vectors from one atom to all the atoms in the
other suMattke.
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II. Experimental Technique

The expressions for the neutron cross sections show that a necessary condition for elastic coherent neutron scattering (! k, | = j k, j) is that
X

r

(29)

This condition is illustrated by the vector diagram shown in Fig. 2.

Fig- 2. Vector diagram for Bragg scattering.

which gives the Bragg relation17
IT! -- 2!k,|s.n<?

n ---

n/. -- 2d sin 0

(30)

ki

for coherent clastic reflection from lattice planes spaced by the distance
d

. *
T

n is an integer, which enters the expression because nr is also a reciprocal lattice
vector.
Bragg reflection of monochromatic neutrons therefore gives peaks in the
scattered neutron intensity at scattering angles determined from (30).
20

The conditions for inelastic coherent, neutron scattering are
q -- x-t

(32)

and

Mq)-^-(k?-*!)=E
(33)
2m
Thefirstof these conditions (momentum conservation) is illustrated by the
following vector diagram in reciprocal space.

Fig. 3. Vector diagram for the excitation of a magnon (or phono«) of wavc¥Cctor «.

If the second condition (energy conservation) is fulfilled at the same time.
a coherent neutron scattering process will take place, and a peak in the scattered
neutron intensity will be observed.
The natural variables of a neutron scattering experiment are therefore seen
to be the wavevector a, and the energy transfer E, and a measurement of the
dispersion relation «<«j) consists of finding peaks in the scattered neutron
intensity in oj-E-space. Such a series of measurements, in which q and/or E are
varied, and the scattered neutron intensity measured, will be refered to as a
scan in «~E-space.
In order to perform such scans, it is necessary to have control over the
length and direction of the incident and scattered neutron wavevectors and
the orientation of the sample.
The necessary energy selection can be achieved by Bragg reflection from a
single crystal (using (30)). This principle is utilized in the triple-axis-soeclrometer shown schematically in Fig. 4. This type of apparatus wasfirstdeveloped
by Brockhouse" and used primarily in phonon dispersion relation measurements.
21

However, if E,, is small compared to the energy of the scattered neutrons and
:«,! is small compared to, k, > these corrections can be neglected, and the resolution function measured on a Bragg reflection can be assumed applicable
to the inelastic scattering measurements. This was the case Tor most of the
measurements described in this report.

.'. Fncusing
The width of the neutron groups observed in different scans may differ
widely, due to the correlation between q and E in the experimental resolution
function. This phenomenon is known as focusing, and analytical and graphical
methods have been developed to predict the spectrometer conditions that will
give optimum focusing" '-'.
This information and the instrumental width for any scan are however
immediately obtained from knowledge of the resolution ellipsoid defined in
the preceeding section. This is illustrated in Fig. 14.
E
I

E(q)

Wq-fl..E-E0)

-»•Qi

Fig 14. Dispersion surface and resolution ellipsoid for Oj-vcctors in Ihe scattering plane. In constant
4-scans the resolution ellipsoid is moved vertically through the dispersion surface.

32

The surface shown is the dispersion relation E(q) for q lying in the scattering
plane. The resolution ellipsoid is also shown. In a constant q scan the ellipsoid
is moved vertically, and a peak is observed when it crosses the E(q) surface.
Assuming infinite lifetime of the excitations, the width of this peak depends on
the range of E over which the crossing occurs. The width is seen to be minimum
if the constant q-scan is measured with q perpendicular to *<on the positive q,
axis), the width being p if the slope of the dispersion surface at the crossing
point is parallel to the major axis of the resolution ellipsoid. The maximum
width is seen when q is along the negative qx ixis, and the width b is observed
for q parallel tox. These three cases are referred to as focusing, defneusing and
non-focusing scans respectively. Various degrees of focusing and defocusing
exist. The same effects occur in constant E-scans, where the resolution ellipsoid
is moved parallel to the scattering plane.
We conclude therefore that knowledge of the resolution function and the
slope of the dispersion relation allows one to predict the resolution width for
any scan. This is important when choosing the most favorable scan and, in
addition, it allows a determination of the natural width of the neutron groups.

4. Jnlemities
In order to find the observed inelastic neutron scattering cross sections am
we must average the cross section over the resolution function.
With the spectrometer set at q». E„ we find
«*

iiB

j ) > '<5(q-q,,><5<E- f <q„)>R(q-q„, E-E„)dqdE (36)
" " <|™

where the slowly varying proportionality constant B is the factor multiplying
the ^-functions in (16), (17) and (19) for phonon. magnetovibrational and
magnon scattering, respectively. qv, is the wavevector of the excitation (phonon
or magnon) and r(q,-x) its energy. 11 is the solid angle of scattering ( * 5 - 10 4
steradians).
The summation over q™ is transformed to an integration by multiplying by
the density of end points of q^-vectors in reciprocal space
»i„

NV i"
HB •—-- J R(qr»-q,,.f(q,> - E„)dq»

(37)
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k,(P)

T3mnrC*5!°netromotor

anolyiyr.

Fig 4. Schematic diagram of the Iriple-aiiis-spectrometer

The monochromatic incident neutron beam is extracted from the reactor
spectrum by Bragg reflection from a single crystal, the monochromator
crystal. The energy of the monochromatic neutrons (and therefore the length
of the k,-vector) is determined by the angle P. The neutrons scatter from the
sample through the angle Q, and the energy of the scattered neutrons (or the
length of k;> is determined by the angle S. Finally the angle R determines the
orientation of the sample crystal relative to the incident neutron direction.
It is possible with the triple-axis-spectrometer to perform scans in which
one of the natural variables is varied while the other is fixed.
Two such scans are represented in Figs. 5 and 6. where three of the configurations of the spectrometer are shown for each scan. Fig. 6 shows a constant
q-scan in which the q-vector is fixed and the energy transfer varied. Fig. 5
shows a constant E-scan in which the energy and direction of q are fixed and
the magnitude of q varied. The intensity of the scattered neutrons, as a function
of energy transfer and wavevector respectively, shows peaks when (32) and
(33) are simultaneously satisfied. These peaks are superposed on a generally

E conktan!

Fig 5. Diagram ri jvirating a cimtfalM E scan.

22

Intensity
Q constant

A
E(4)
Fig. 6. Diagram illustrating a constant q scan.
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smoothly varying background due to incoherent scattering, multiple phonon
and magnon scattering and other processes.
It is also possible to perform an inelastic neutron scattering experiment on
a spectrometer, where the energy selection is done by use or a neutron chopper
and time-of-flight analysis. However, with such a spectrometer it is not possible
to perform scans in which the direction of q is fixed. It is therefore less suited
for investigations of solids in the form of single crystals, where it is important
to be able to restrict measurements to symmetry directions, because this
simplifies the analysis of the results.
This chapter describes the experimental details of the measurements of
magnons in rare earth metals. The Risø triple-axis-spectrometer used for these
measurements is first described. It is then shown that the experimental resolution function can be measured and that the instrumental width for any scan
can be determined from this resolution function. The instrumental width is
shown to depend very much on the scan so that "focusing" (i. e. narrow width)
may occur for certain types of scan. The cross sections for production of inelastic and elastic neutron groups are calculated from the differential cross
sections and the resolution of the spectrometer. The choice of scan is discussed
and some of the most important sources of disturbing peaks are mentioned.

/. Description of the Triple-Axis-Spectrometer
The triple-axis-spectrometer shown in Figs. 7 and 8 was designed and
constructed at Risø. It is installed at one of the horizontal tangential beam
holes of the DR 3 reactor. The polychromatic neutron beam, incident upon
the monochromator crystal, is obtained from a water scatlcrer placed in the
23
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) iy. 7 The Kiu* inple-ami-spectromcter (horizontal view).
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-tfFig. 8. The Risø tripk-axivspectrometer (vertical view).
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beam tube at the position of maximum thermal neutron flux, approximately
6 - IO"ncnrsec. The neutron scattering cross section of hydrogen for thermal
neutrons is about SO barns, while that for fast neutrons is about 20 bams- It
is therefore possible to obtain a partial discrimination against fast neutrons in
the neutron beam which is reflected to the spectrometer, by proper choice of
the thickness of the water scatterer. This is important because shielding
against fast neutrons is difficult. As the best compromise between high thermal
neutron intensity and low fast neutron intensity, the thickness of the water
scatterer was chosen such that it reflects about 90",, of the thermal neutrons
and about 10",, of the fast neutrons.
A set of multichannel neutron collimators (Soller collimators) defines the
directions of the neutron beam. The collimation of these collimators can be
changed without loss of alignment by removing or adding plates.
Both the monochromator and analyzer are large single crystals of zinc
I ~ 20 cm • 8 cm - 2 cm) with the (002) planes parallel to the large face. They
are mounted with the (002) planes in reflection and a mechanical coupling
(half angle device) ensures that they remain in the reflecting position, when
the scattering angle is varied.
All the four variable angles of the spectrometer (P. Q. R and S from Fig. 4)
are set in position by electric motors and the positions are read to an accuracy
of I minute of arc by means of shaft digitizers. The reproducibility in setting
of the spectrometer is better than 1 minute of arc.
As seen from Figs. 7 and 8 the spectrometer is shielded heavily in order to
bring down the background originating from neutrons which do not scatter
through all the collimators. The heavy shielding is composed of hydrogencous
material (paraffin, pressed wood, polyester resin and concrete) and of lead (as
shown in the figures) in order to shield against fast neutrons and gamma-rays,
respectively. The thermal neutron background is easily shielded by thin sheets
of cadmium ( I mm) or boron plastic (5 mm) which cover the heavy shielding
around the monochromator and analyzer. The count rate of background
neutrons, which penetrate this heavy shielding, is about I count per min.
Another contribution to the background, which cannot be shielded against,
comes from neutrons which scatter through all collimators with an incoherent
scattering process or a multiphonon or multimagnon scattering process in at
least one of the three crystals (monochromator. sample or analyzer), or which
scatter from other material than these three crystals, such as constructional
material in the beam (for instance the cryostat). With the terbium sample in
place, this part of the background is also about I count per min.
For the low temperature measurements the sample was placed in a liquid
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nitrogen cryostat. in thermal contact with a liquid nitrogen bath. Temperatures
above liquid nitrogen temperature could be obtained by applying current to
heating coirs placed around the sample. By means of a thermocouple controlled
feed-back system the temperature of the sample was maintained constant to
approximately O I K .
The spectrometer operation is automatized and governed by punched
tapes. One tape, the program tape, contains the orders, such as the angle
settings and the reading sequence for counters, angles and temperatures. Two
types of scans are used, constant q-scans and constant E-scans. The program
tape is common for all scans of the same type. Another tape, the input data
tape at a second reader, contains the sequence of angles at which the spectrometer should be set in the particular scan. These angles are computed and the
data tape produced by the Rise GIER computer, from complete information
on the desired q-vectors in reciprocal space and the energy transfers. The
results of the measurements are punched on tape, which can be written out.
plotted or used in processing the results.

2. Experimental Resolution
Because of the finite coUimaiions in the triple-axis-spectrometer. there is.
for a fixed position of the spectrometer, a spread of the k, and k; vectors around
their average values k,0 and kio. Also the direction of the r-vector is uncertain
because any real crystal consists of small blocks (mosaic blocks) with slightly
different orientation, so that there will be a spread (mosaic spread) of the rvectors around the average T„. This introduces a finite resolution into the
spectrometer, which is of importance because it influences the width of the
observed neutron groups.
Calculations of the resolution, based on knowledge of the mosaic spreads
and the collimalions, have been performed" "• " However, as we shall show
here, the experimental resolution function can also be measured directly with
better accuracy in many cases.
If the spectrometer is set 10 create excitations of wavevector qo measured
from the reciprocal lattice point r„. by scattering of incoming neutrons of
wavevector kn> to wavevector kn, there will be a distribution of all these vectors
around the average vectors. As a result there will be a finite probability that
the vector q from the endpoint of a r-vector to the endpoint of a neutron
scattering vector * will differ from its average value %,. and that the energy
transfer E will differ from the average energy transfer E«, (see Fig. 9).
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This probability function is called the resolution function
Rtq-q-E-E..)

rig 9. Vector diagram showing how the finite coliimation* ami miiuK spread* introduce an
unccrtaini} in the f-vector. because deviations of all vector* from their a\eragcv tlabelled with
sutttcnp? Ot are fn>\sibtc

It is a four-dimensional function of the natural variables 4 and fi. and will in
general also depend on q,, and E„.
To find the observed intensity Kq„. E.,1 as a function of the settings of the
spectrometer q., and E,.. we have to fold the cross section lor the scattering
process a tq. E> and the experimental resolution function Rtq - q„. E - E,.)
ltq.,.E.,)

jJRlq-q,,.E-E.,)<r(q. E) dqdt

(34)

In particular, if measurements are performed on a Bragg reflection, for
whicha(q,E) * <i|qiiS(E). wefindthe intensity
1'Sq... E,,) * R< -q.,. -E.,)

(35)

The resolution function Rlq. E) can therefore be measured by mapping the
Bragg reflected intensity as a function of the settings of the spectrometer, and
this has been done for various coilimalions and settings of the Rise tripleaxivspectrometcr.
A convenient way of representing the results of measurements of the fourdimensional resolution function is to plot contour lines Tor half peak intensity
as a function ol energy transfer E and wavevector q. forfineddirections of q.
This has been done in Figs. 10 and 11 for three different directions of q and for
two different resolutions of the spectrometer (different collimations and
energy of incident neutrons!.
2)t

Kig. K). Rooiution ellipsoid measured at the (OUC| Brag£ refieclion with neutron energy •*-*»
meV and the coihmaiion-. 30'. JO'. 2V\ 25 counted from reactor to counter. The figure show* the
resolutton tor the Hvouireeiions uf .j in ihe scattennc plane. For % pcrpendkuUr to the scattering
plane the width ni" the resolution function is .,
0.15 A : and no correlation eutts between q
and F

E(meV)

A_J<

02

tf

-002

•—$<A')
002

-0.2

l-i(l. 11. Resolution ellipsoid measured at the J002) Bragg reflection with neutron energy 10 mcV
and ihecollimations.lO". 25'. 15'. 15'counleil from reactor locounter The fuuirconly shows the
resolution for the direction of •, tor whkh correlation between a. and E exists.
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Fie IZ Vccuir dragram illinlratine the eitcntiOR of ihc resolution function in the direction pcrpendh-utar to * . and Ihc correlation between aj and E for
laielaitK-scattering •..
0. fc- 0
i bl inriattK scattering f>, * 0. Iv * 0.
Deviation* of ihc modem neutron »aie»cclot from k>n lo fc, g i « rne lo a In -n>>-*eclor approximatd v nerpendh:- .ar lo ft and a larger encrg> tranvfet Deviations of the scattered neutron wavevector trom kx :o kj have the urne effect M -tnd A arc Ihc reflecting plana of the luonochromalorarid analvjer-crvvtal. mpcctivciv k- - li,« iv parallel lo M and k.. - k& is parallel to A

There is a very striking correlation between «j and E Tor the component of fj
perpendicular t o « , and this can be understood by consideration of Fig. 12(a).
The k, vector in the figure has a smaller Bragg angle in the monochromalor
M than k,» and is therefore on average longer, giving a larger E. If k : o is now
drawn from the cndpoinl of k, it leads to a q vector different from the one the
spectrometer is set at (q..

0). If the incoming wavevector is km and the

scattered waveveclor k ; is taken to go through the collimator as shown in the
tigure. it will on average be shorter, giving the same E and approximately the
same »j-vcclor. This tj-vector is therefore correlated with large E. as is observed.
Mosaic spreads in the monochromalor and analyzer giv« a spread of the
lengths of the k,- and k:-vcelors for fixed directions, and arc seen to give
similar correlation effects.
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Correlation between 4 and E can only occur for the component of the qvcctor in the scattering plane (defined by the kt0 and k^-vectors). since the
energies of the incoming and scattered neutrons ane independent of the components of k, and k; perpendicular to the scattering plane.
We can therefore for many purposes neglect the component o f f perpendicular to the scattering plane and visualize the half value contour surface of the
resolution function as an ellipsoid in the remaining two components of q and
the energy transfer. We will call this ellipsoid, shown in Fig. 13, the resolution
ellipsoid.

E

J?qii
Fig. 13. The resolution clli|XH>Hl.

We have now shown that the resolution function can be measured for q» = 0
and Et, 0. Since the resolution function only depends on the distributions
of k, and k ; around their averages k,« and k», it is a slowly varying function of
4, and Eo. Figure 12(b) illustrates the extension of the resolution function for
an inelastic setting of the spectrometer, and it is seen that the resolution
function is changed relative to the measured resolution function (Fig. 12(a)).
The major axis of (he resolution function is increased a little and is tilted slightly
out of the q^E plane. Further, the angle between the major axis and the E-axis
is decreased slightly.
Experimental information on some of these effects can be obtained from
measurements of the resolution function at different reciprocal lattice points,
and with different neutron energy, and corrections can be made if necessary.
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The cross section for production of a single neutron group AEou, in a
constant q scan is now found by integrating at, over E„
NV
AEo,„ = UB——
i.2nv

(38)

where we have used the normalization condition for the resolution function
j R(q-q,„ E-E„)dqdE

I

Fig. 15 shows the phonon cross section

(39)
AE

a^. magnon cross section

<tn and magnetovibrational cross section
HMV for measurements
U
U
near the (002 J reciprocal lattice point at W K. The phonon cross sections
shown are for the branch for which e • fa«
I. The scattering amplitudes
aM(002)

2.16 10 '2 cm

as

0.76- 10 '-'cm

given by Slclnsvoll el al." have been used.
The corresponding cross sections for production of a Bragg reflected neutron
group AE<rB are easily calculated in a similar way
AE»„

iJ A ~

(40)

where A is the factor multiplying the <S-funciions in (13) and (14) for nuclear
and magnetic scattering respectively. V, is to a good approximation the volume
enclosed by the resolution ellipsoid in reciprocal space (V, 2.7 • 10 • A '
from Fig. 10).
From (40) we find the magnetic and nuclear Biagg cross sections to be
AE
on ((002) magnetic)
-—•• <r„ (1002) nuclear)

14 10' b
1.7 • 10« b

or four or five orders of magnitude larger than the inelastic neutron scattering
cross sections, as also observed in practice.
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Kig. 15. Cross sections per solid angle lor production of neutron groups, from magnon scattering
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An exact comparison of the observed and calculated ratio of the elastic and
inelastic cross sections is difficult because several large uncertain corrections
must be made, such as corrections for
1) extinction arising because of non-uniform illumination of the whole
sample at large cross sections
2) parasitic reflections from competitive elastic reflections by other
lattice planes in the crystal
3) change in geometry taking place when the sample is not spherical,
because the extinction depends on the orientation of the sample in
the neutron beam.
The effect of these (and other) corrections appears to be approximately a
factor of three when the intensity of the (002) nuclear Bragg reflection is compared with the intensity of a magnon neutron group at 6.5 meV.
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5. Choice of Scan
Since the energy of an excitation >;(q) only depends on the wavevector of
the excitation q k | - k . . - r , there are several scans in which the same branch
of the dispersion relation can be measured.
(a) Creation or absorption of the excitations can be employed.
(b) Constant E or constant q scans can be used.
(c) In constant q scans, the energy of either the incident or scattered
neutrons can be fixed < k>
constant or k;
constant).
(d) The value of the fixed energy (in both constant E and constant q
scans) can be chosen.
(e) Ther-vectorcan bechosen.
(f) These may be a choice between several symmetrically equivalent
directions in the sample crystal.
Although such equivalent scans give the same dispersion relation, the
qrality of the observed neutron group may be very different for the different
scans. Since the inelastic scattering cross sections are small, and counting
times therefore long, it is extremely important to choose the best scans. We
will therefore discuss how to choose the scan in order to optimize the intensity,
width and shape of the neutron groups, and background conditions.
(a) Creation or absorption scans
The magnon creation cross section is proportional to n;lq) • I. where the
population factor n.lql is

w Kis?-.]whereas the magnon absorption cross section is proportional to n>(ql. For >;(q)
£ kT. which condition was generally satisfied in these experiments, n;(q) < I
and magnon creation gives an appreciably larger intensity. Magnon creation
was therefore used in. all cases.
(b) Constant f or constant q scans
Whether a constant E or constant q scan gives a narrower neutron group
depends on the slope of the resolution ellipsoid relative to the slope of (he
dispersion relation. If the dispersion relation is very steep, a constant E scan
is better, while constant q scans give the better results for the flat parts of the
disper ion relation.
For very small energy transfers, the constant E scan gives a more constant
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background, since the part of the background originating from incoherent
scattering depends strongly on the energy transfer at which the spectrometer
is set.
Both constant E and constant q scans were therefore used.
(c) Fixed j k, J or fixed j k3
The monochromatic neutron beam intensity and the efficiency of the
analyzer depend on the incoming and scattered neutron energies respectively.
This dependence of the intensity of the scattered neutrons on the incoming
and scattered neutron energies can, however, be avoided by fixing the energy
of the scattered neutrons (so that the efficiency of the analyzer is constant) and
determining the counting time by a thin monitor counter in the monochromatic neutron beam The inverse velocity dependence of the monitor counter
cancels the — dependence of the cross section",
k,
This means that the neutron groups will be symmetric and that their relative
intensity can be calculated from the cross section, without corrections for the
changes of the monochromatic neutron beam intensity and the efficiency of
the analyzer.
Furthermore, since the scattering angle in the analyzer in this case is constant, it is possible to shield the analyzer very efficiently, and this was found to
be extremely important in reducing background.
For these reasons, fixed scattered neutron energy was used in all measurements.
(d) Choice of the fixed eneigy of the scattered neutrons
The monochromatic neutron intensity as a function of neutron energy is
shown in Fig. 16. The range of magnon energies is from 0 meV to about 15
meV. Since we have fixed the scattered neutron energy, it means that, in an
experiment with neutron energy loss, we use monochromatic neutrons in the
range from the fixed scattered neutron energy to about 15 meV higher.
To optimize intensity this energy range should be chosen around the peak
of the distribution in Fig. 16. However the resolution of the spectrometer is
best at low neutron energies.
As a compromise, a scattered neutron energy of 18,6 meV vas generally
chosen. For a typical magnon wc then use neutrons of incident energy around
25 meV. At this energy we have half of the maximum intensity at 50 meV but
the width of the neutron groups is also smaller than it would be at 50 meV.
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Fig. 16. Intensity of fir« order neutrons from the monochronulor. as a function of neutron energy
measured with the use of a quartz filter". The spikes are due to parasitic reflections in the monochromator crystal.

I From (30) it is seen that the energy resolution of the monochromator system
is proportional (o E, col (ht »E T J 2). The peak count rale is therefore about
the same but a sharper peak is observed.
At still lower neutron energies the peak count rate begins to decrease. In a
few cases where extreme resolution was necessary, namely for very small
energy transfers, a scattered neutron energy of 10 meV was used, in order to
separate the magnon peak from the elastic peak, and in order (o measure the
widths of the magnon neutron groups.
A better resolution can also be obtained by better collimation. The collimations used at 18.6 and 10 meV were respectively 30', 40'. 20'. 25' and 30'.
25'. 15'. 15' counted from the reactor outwards. To increase these collimations
further would result in loss of neutron intensity because of the thickness of
the plates of (he Soller collimators and the decrease of the solid angle of scatter-
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ing. and furthermore would not improve the vertical resolution, in contrast to
the situation when the neutron energy is lowered.
(e) Choice of r-vecte»
Since the magnetic scattering amplitude au(x) is a strongly decreasing
function of x . it is necessary to choose reciprocal lattice vectors r with low
Miller indices.
In addition the geometrical structure factor F(K) depends on the choice of r.
As seen from (27) the geometrical structure factor is a continuous function
o f « . For the three reciprocal lattice points of lowest Miller indices, the geometrical structure factor for acoustic and optical magnons calculated from
(27) is given in Table I.

r

[100]
[1101
[002)

F.<x = r)

1/2
2
2

Fo<K = T)

3/2
0
0

TABLE I
Geometrical structure factors for inelastic neutron scattering

Scans around [100] were therefore used to measure the optical branches,
whereas the acoustic branches were measured in scans around [HOJand [002].
(f) Choice between equivalent directions
The direction of the magnon wavevcclor q relative to r is very important for
the width or the neutron groups, and scans in directions for which focusing is
obtained should be chosen if possible. From Fig. 10 it is seen that the width in
a focusing scan may be an order of magnitude less than the width in a defocusing scan, the integrated intensity being the same.
From Fig. 15 it is seen that the magnetovibrational and phonon cross
sections increase faster than the magnon cross section with decreasing energy.
At low energies the phonon peaks may therefore disturb the measurement of
the magnons. if they fall at about the same energies. By choosing a scan for
which |e - « V F - 0 for the disturbing branch, it is however possible to eliminate
the disturbing peak.
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6. Disturbing Ptuks
Peaks in the scattered neutron intensity may arise from other sources than
onemagnon and one phonon scattering, and may therefore disturb the measurements seriously. Such peaks arise from neutrons which have been scattered in
the monochromator. sample and analyzer before being counted Because the
inelastic neutron scattering cross sections are small (4 or 5 orders of magnitude
smaller than elastic cross sections). Bragg scattering in two of the three crystals
is sufficient to produce a peak of the same magnitude as a magnon or phonon
peak. Examples of such spurious peaks arc
(11 Bragg scattering in the monochromalor and analyzer, and incoherent
elastic scattering in the sample.
Since higher order Bragg reflections lake place, peaks due to these processes will be observed whenever
n, E;

n; E :

n,
I. 2. 3 . .. and n:
I. 2. 3 .. . are the older of reflection and E, and
t: arc the first order energies of the monochromator and analyzer respectively. Kor E;
IK.6 meV. peaks in the scattered neutron intensity
»ill therefore be seen for energy transfers!) meV (I order in monochromator
and I order in analyzer) 25.25 meV (2 order in monochromator and 3 order
in analyzer) 55.X meV (I order in monochromator and 2 order in analyzer).
Reflections of higher than 3 order are weak because there are few
neutrons of such a high energy (see Fig 16).
Since the magnon energies range from 1 15 meV. only the peak at
0 meV may be disturbing. However, if constant E scans are used for low
energy transfer measurements, the background from this process is constant.
(2) Bragg scattering in the monochroiiiator ind analyzer and Bragg scattering
in the sample, seen for "inelastic" settings of the spectrometer due to the
shape of the resolution function.
Eig. )7 illustrates how they arise in a focusing constant q scan.
In this scan the resolution ellipsoid is moved on the vertical line shown.
When the extension of the major axis of the resolution ellipsoid goes through
q I). E 0 a peak in the scattered neutron intensity will be observed due to
clastic scattering. Since this peak will arise fur "inelastic settings" of the
spectrometer it might be mistaken for a magnon reflection. Its intensity
will depend on E.„ being larger at lower energies, just as the magnon rc40

E

Jf

-O
q.
- 1"V Diagram showing how. spuriou- peak* m the scattered neutron inten>tt> may anre when
the evemion of the major au* of he resolution ellipsoid goes through q
0. E
0.

flections would be (due to lie population factor). It will give rise to a
spurious linear "dispersion curve". It will not. however, arise in nonfocusing or defocusing scans In several cases, these spurious reflections
ruined a focusing scan becau * thxy were not separated from the magnon
reflections, so that a non-focusing scan had to be used. For instance, all
measurements of the dispersion relation in the c-direclion were performed
with non-focusing scans.
[M Bragg scattering in the monochromator. incoherent elastic scattering in
the analyzer (or vice versa) anc Bragg scattering in polycrystalline material
around the sample.
These peaks arise when the scattering angle and incident (or scattered)
neutron energy are such that the Bragg Law is satisfied for a set of planes
in the polycrystalline material around the sampie. Since they only occur
for combinations of scattering angle and neutron energy determined by
the distance between the planes in the polycrystalline material, they can be
readily identified. They can be avoided by changing to a scan where such
combinations of scattering angle and neutron energy do not occur in the
region of the magnon neutron group.
(4) Second order Bragg reflections in monochromator and analyzer and
magnon or phonon scattering in the sample.
The magnon or pbonon excited will have wavevector 2q,.whcie q, isthe
wavevector the spectrometer is set to excite in first order (see Fig. 18).
Its energy will be E: (from the dispersion relation), but it will be seen for
an energv setting of the spectrometer of E2. As a result it will give rise to
4
a peak in the scattered neutron intensity which generally will fall at lower
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Fig. 18. Diagram showing h o * second order neutrons ma* produce a spurious peak in the scattered
neutron »tensity, generally at lover energies than the one arising from first order retleclions.

energies than the wanted peak, and therefore not disturb the measurement.
Second order neutrons can be removed by neutron filters, or higher energy
neutrons can be used. As shown in Fig. 19 the second order fraction decreases strongly with increasing neutron energy.
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M
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NEUTRON ENERGY (m*V)
Fig W Second order fraction or neutrons in the monochromatic neutron
beam, measured with the use of a quartz filler.
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First order Bragg reflection in the monochromator and second order
Bragg reflections in the analyzer (or vice versa) leads to energy transfers
much larger than the magnon energies and will therefore not produce
disturbing peaks.
Because of the possibility of such spurious peaks and also to check the consistency of the measurements, all branches of the dispersion relation were
checked using at least two geometrically different scans.
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III. Results and their Interpretation

This chapter gives the results of measurements of inelastic neutron scattering
from Tb and Tb-10",, Ho. anj the interpretation of these results in terms of
the magnetic interaction in rare earth metals.
Tb was chosen for these experiments because it is one of the few rare earth
metals whi'.li does not have a very high thermal neutron absorption cross
secticii. so that a sufficient intensity of inelastically scattered neutrons can be
obtained to give satisfactory information on the magnon dispersion relations.
Further, since the properties of Tb are typical of those of the heavy rare earth
metals, it is hoped that a careful investigation of the magnetic excitations may
give information on the whole series of rare earth metals. For measurements
in the spiral temperature region, an alloy of Tb-10°„ Ho gave belter experimental results, because the addition of 10",, Ho to Tb increases the tendency towards spiral ordering and makes the spiral structure stable over a larger
temperature region (For Tb: T(216 K. TN
226 K and for Tb-10"„ Ho.
Tr
l9J-K,Ts * 220 K).
The measurements of the dispersion relation in ferromagnetic Tb are first
described. Fourier transformed exchange parameters and interplanar exchange parameters are derived from these measurements. From measurements
of the temperature dependence of the magnon energies in ferromagnetic
terbium it is shown that the exchange forces scale roughly as the ordered
moment, in accordance with the random phase approximation. The Fourier
transformed exchange parameter J(q) for Tb-I0"„ Ho in the spiral phase is
found lo have two maxima for q
Q (the wavevector of the spiral) and q
r - Q. The former of these peaks is responsible for the stability of the spiral
structure. The Fourier transformed exchange parameter is related to the
Fermi surface, and the abrupt flattening of the peak in J(q) at the ferromagnetic
transition is ascribed to the splitting of the different spin bands by the ferromagnetic exchange interaction. From measurements of the width of the inelastically scattered neutron groups in the ferromagnetic phase as a function
of temperature and magnon wavevector. it is shown that the magnon lifetimes
are primarily determined by their interaction with the conduction electrons.
A rapid decrease in the width observed at low magnon wavevectors is ascribed
to the splitting of the spin-up and spin-4pwn Fermi surfaces in the ferro44

magnetic phase. Finally the observations of a magnon-phonon interaction
and of a resonant magnon mode are described.
Short reports on these measurements have been published" J '. A more detailed treatment will be given here.
1. Dispersion Relation for Mag/ions in Tb at 90 K
The magnon dispersion relations for Tb at 90 K along all the symmetry
lines in the Bhllouin zone are shown in Fig. 20. Most of the observed neutron
groups are well defined with a peak intensity of typically 10 counts per min.
and a background of 2 counts per min. From the accuracy in determining the
center of the neutron groups and the spread of these obtained in different
scans (indicated by different symbols on Fig. 20), the uncertainty of the
measured magnon energies is estimated to be ±0.1 meV.
A degeneracy of the acoustic and optical branches of the dispersion relation is observed along the line K-H. Such degeneracies can be predicted by
group theoretical arguments"- " using the magnetic space group, which takes
into account the symmetry of the Hamiltonian. Assuming the Hamiltonian
(7). with isotropic exchange, the observed degeneracy is consistent with the
group theoretical arguments. This Hamiltonian. which is the simplest which
can account for the magnetic structure of the rare earth metals, is used in
interpreting all the experimental results.
With this Hamiltonian. the dispersion relation in the ferromagnetic phase
for an arbitrary direction is17
M«l>

J {r*, 2(B-r 2IGJ 4 )fi - 72GJ4(B - 3GJ 4 )}' 2

f,(q)

J | 0 ) - J ( q ) • J'(())'. ( - i ) i | J ' ( , ) l

/. - 1,2 (43)

where
1

(44)

The values I and 2 of the subscript '/. refer to the acoustic and optical branch,
respectively.
We have introduced two Fourier transformed exchange parameters

J|,l

I«)^"

1

R,
(45)
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where the sums in (45) are over all vectors from one atom to other atoms in
the same.sublattice (Ri) and over all vectors to atoms in the other sublattice
<R,<) respectively.
From (43) we find

« I'M

r(B-15GJ4)-

-(B-21GJ4)

(46)

(the other solution, with a minus sign on the square root, is seen to be false,
since it cannot give f,(0)
0 with positive B and G)
From (44) we get
J(0) - J(q)
J'(0) - ! J'lq)

' ; ! {f,(<l) - f,(q).- f,(0))
' : jf,(q) - f:(q) • f2(0)j

(47)

J(0> - !J'(q)h '.', |-f,(q) - tiW * f3(0)|
The c-direction has a particularly high symmetry. For this direction the
atoms of the two sublattices form alternate planes perpendicular to the cdirection, separated by the distance ' ,c.
Since further J'(q)>0 for 0 < q < —
c

and

J'(q)<0 for - < q < —
c
c

we find
f,(q> J(O)-Jlq). J'(0)-;J'(q)l

J(0) J'(0)-J(q)-J'(q)

Osqs —

f,«|)

J(0). J'(0)-J(q)-J'(q)

"<q$2*

(48)
J(0)-J(q). J'(0)- !j'(q);

c

c

so that the dispersion relations for the c-direction can be regarded as a single
acoustic branch extending twice as far as the first Brillouin zone boundary, if
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the points of the optical branch are moved from q to — — 4. If this re rrangement is carried out. we get from (45)

J|0> - J'lq)

2 \

J,'„(I - c o s ' ; mcq)

I.- 2 * < q < 2")

149)

m I
so h> Fourier inversion of J(0) - J' iq). it is possible to determine the interplanar exchange parameter Ji,, (m odd gives inlerplanar exchange parameters
between planes in different sublattices).
Also for the a-direction J'lq) is real, but all planes perpendicular to the adircction contain atoms of both sublattices. so we cannot consider the dispersion relation as a single acoustic branch, in contrast to thec-direction.
From (45) we get lor the a-direction

J(0) - J'(q)

: /

.ClI - c o s ' ,m;ui)

( - ?? < q < - )
a

£—4

a

m I
(50)
t
J •(«) - J ;,iql

2 / J,;, (I - c o s ' . maq)
^—*
m 1

(- - '" < q < 2r't
a
a

For the b-direction J'lq) is complex and we get from (45)
1

JKM

J'lql

2 > J,',', (I
*~
m I

cosX

}

-

maq)

| - :" 5 q <
\ v ?a

2
V

* \
'3a/
(51)

J'«» :

4tt

J'"(q):

^
y ! ' , ( l - c o s V , 3 paq) (
^—
\
P I

2
" < q < 2* \
\ 3a
\ .la/

where
x
/

m

r

m ' m |>

—x

From measurements of the dispersion relation r;(q) it is thus possible to
determine the Fourier transformed exchange parameters from (46) and (47)
if the anisotropy constants B and G are known. Having determined the Fourier
transformed exchange parameters, it is then possible using (49). (SO) and (51)
to determine the interptanar exchange parameters.
The two-fold crystal field anisotropy constant B was determined from the
q-dependence of the neutron group intensities for the Tb-IO"„ Ho crystal at
110 K. (The alloy was used rather than pure Tb because it was considerably
larger, and therefore gave higher neutron group intensities. The addition of
10 "„ Ho to Tb was assumed not to change the anisotropy significantly). Lindgård et al.'* have shown that there is an additional factor

n

i/TT/Af . ii
[

\'Wj

(52)

Hq)

in the formula for the magnon cross section (19) if two-fold anisotropy is taken
into account. The intensities of the neutron groups therefore increase faster
than n;(q) • I as the magnon energies decrease. Fig. 21 shows how this is used
to determine B. The integrated intensities are rather uncertain, particularly
for low magnon energies where the background subtraction is difficult, because
of large contribution to the background from the elastic reflection. Considering
this, the values of the two fold anisotropy are remarkably consistent. The
average value. B 0.25 meV, ion, was therefore chosen. The fact that the qdependence of the intensity agrees so well with calculations assuming Hcisenherg exchange and two- and six-fold single ion crystal field anisotropy. indicates
that the anisolropy of the exchange interaction is small.
From the expression for the dispersion relation (43) it is seen that the acoustic
branch docs not go to zero for q 0. There is an energy gap J A of the size
JA

J v / 72GJ i (Bi'~3GJ 4 )

(53)

For Tb-I0"„ Ho an energy gap of 0.75 meV was*observed at 110 K (sec
later). This value for the energy gap together with B
0.25 mcV ion gives
from (53) that GJ'
8.7 • 10 ' meV ion at 110 K. The two-fold anisotropy
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scattered neutron group*, n n the ratio of the observed integrated intensity tthe upper curve! and
n«(() - I (the limer curve) calculated from 423).

constant B is in fair agreement with torque measurements of Rhyne anil Clark "
who find B 0)J meV ion al 110 K for Tb. Our six-fold anisolropy constant,
however, is much larger than the value Rhyne and Clark deduce from magnetostriction measurement (a factor of six larger). This comparison is based on
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Fig. 22. Temperature dependence of the anisotropy parameters, obtained from magnetization
measurements of Rhyne and Clark", but normalized to our neutron resujls at 110 K.

the classical relations" between the macroscopic and microscopic anisotropy
parameters
K2=±BJ!

K? i GJ»

A quantum mechanical treatment or the macroscopic anisotropy parameters40, taking into account the dependence or the zero-point magnon
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energy on magnetization, substantially modifies both relations, however, and
this ma> account lor the discrepancy. In interpreting our results, we have
used the amsotropy constants derived from our neutron measurements at
110 K. but scaled with temperature according to the results of Rhync and
Clark". The temperature dependence of the anisotropy constants determined
in this way is shown in fig. 22.
Jig. 2? shows the Kouncr transformed exchange parameters. The points
are calculated from average values of the measured nwgnon energies ' Jig. 20)
using (46) and |47f and the amsotropv constants in lig. 22.
The accuracy- of these points depends on the accuracy of the experimental
dispersion relation, the accuracy of the measured energy gap. and the uncertainty of the estimated iwo-foid anisoliopy B.
hor simplicity let us consider tiw determination of J|0) Jfq» for the cdircction in the fem-.ma^nciic phase, from (43) we find
52

J,
J;
J,
J.
K
J,
J,
J.'
V
J,"

a-direction

b-direction

c-directiop

0.200
0.120
0.045
0.020
0.005

0.240
0.040
0.010
0.1)05

0.305
0.075
0.005
-0.0.15

0.195
-0.005
0.050
0.015
0.010

0.050
0.050
0.010
0.010

TABLfc ]|
Interptanar exchange parameter*
AH ate gi\en in meV except the / for the b-direciiun.
which are ;;i taeV*. ACCUTM\ • 0.1)1)5 meV

J(0) - Jlq;

ftql s I

|

r I

(••?)'

B; -

A;

~ B

(54)

since B > > 2IGJ-'.
Krom (54) »c lind
dl'lq)

1

dHq)

J

'<q>
J
1 " / / >(q>V

—.<
...

l'(-r)' «•

&!

1

1

J

6

so that the uncertainty of 0.1 meV in the measurement of rtq) introduces an
uncertainty of less than • 0.02 mcV in the determination ofJ(O)-Jlq).
Differentiating (54) with respect to A we find
dftqS;
dA

A
^ A
llq) • B < B

6

0.75
0.25

o s
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With an uncertainty ol' - 0.1 meV in the determination o f the energy gap J A
w e therefore get an uncertainty of less than : 0.5 • •• -0.1 5

; 0.01 meV in the

determination o f J ( 0 ) - Jlq).
Finally we differentiate with respect to B and find
dflq)

t(q)

dB

f«l)-B

B can therefore deviate

1.2
12

0.02

-

0.25

0.8

: 0.025 meV. or

oTs

;

10",, from the value used

without introducing additional uncertainty in the determination of J(0) - J(q)
Fig. 23 also shows a least-squares fit o f expressions (49), (50) and (51) to the
data, and the interplanar exchange parameters thus obtained are given in
Table II
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Fig. 24 shows the standard deviation of the least-squares lit as a function of
the number of Fourier components (interplanar exchange parameters). It is
seen that after four or five Fourier components, the standard deviation does
not change significantly. This number of interplanar exchange parameters
therefore tits the data within the experimental accuracy.
It is seen that the exchange interaction is long range (reaches at least S planes
away) and oscillatory (some of the interplanarexchangeconstantsare negative),
as expected from an indirect exchange interaction.
The oscillatory long range nature of the interaction is also seen from the
"interlinear" exchange parameters and "interatomic" exchange parameters
calculated from our experimental measurements by Stringfellow and Windsor"
and Goodings". respectively.
It should be noted that J(0)- J(q) for the c-direction is everywhere positive,
which satisfies the sufficient condition for stability of the ferromagnetic
structure.

2. Temperature Dependence of Magnon Energies in Th
The results of measurements of the dispersion relation for magnons propagating in the c-direction are shown in Fig. 25 for four temperatures in the
ferromagnetic phase of Tb.
The magnon energies are seen to decrease with increasing temperature. The
most important effect contributing to this temperature dependence is probably
due to interactions among spin waves. The effect of these interactions on the
spin wave energies is often referred to as spin wave renormalization. This effect
simply results from the fact that, when there is a sufficient number of spin
waves present to cause an appreciable misalignment of the spins, it takes less
energy to create a spin wave than when there are few waves present".
It is useful to distinguish between those interactions originating in the exchange terms and those from the crystal field terms of the Hamiltonian, referring to the corresponding effects as exchange renormalization and crystal
field renormalizalion.
Brooks et al.4* have shown that the effect of crystal field renormalization is
to introduce a temperature dependence of the crystal field anisotropy parameters similar to that shown in Fig. 22.
The effect of exchange renormalization can therefore be found by comparing
the Fourier transformed exchange parameters obtained from the experimental
dispersion relation, using (8). and the crystal field parameters from Fig. 22.
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This is done in Fig. 26(a). trom which it is seen that the effect of the exchange
rcnormalization is to weaken the exchange interaction. This is in qualitative
agreement with theoretical predictions" ' '

according to which the effective

exchange parameters should scale as the ordered moment in the high temperature limit (where the random phase approximation is valid). Fig. 26(b)
therefore shows the Fourier transformed exchange parameters from 26(a)
divided by tfie ordered moment < J , > . The ordered moment was taken from
neutron diffraction measurements of Dietrich and Als-Niclsen". There is an
approximate proportionality between the exchange constants and the moment,
but the detailed form of J(q) changes with temperature, and this reflects the
change in energy band structure with ordering, as well as the limitations of
the theory.
At all the temperatures. J | 0 ) - J(ql is seen to have no other minimum than
for q

0. and this is consistent with the fact that the ferromagnetic structure

is stable. It is. however, in disagreement with those theories'' which assume a
maximum of J(U) - J(q) at q

Q for all temperatures, and explain the stability

of the ferromagnetic structure at low temperatures by the effect of the strongly
temperature-dependent six-fold anisotropy.
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(hi Jf0) - J(4) divided by the ordered moment in the ferromagnetic phase of Tb.

J. Magmms in the Spiral Phase ofTb-IO"„ Ho
As seen from the magnon cross section Formula (20) for the spiral structure,
in general three inelastic neutron groups are observed in constant q or constant
E scans in the spiral phase. In constant E scans they are separated by the distance
Q. the wavevector of the spiral. By choosing scans in which the scattering
vector is parallel to thec-axis it is possible to eliminate the middle peak, making
the resolution of the remaining two peaks easier.
Such scans were used to measure the magnon dispersion relation in the
spiral phase. Fig. 27 shows the results of a constant E scan for Tb-10",, Ho at
200 K. The double peak observed can easily be decomposed into two peaks,
separated by the correct distance (2Q
0.278 A '). The wavevector of the
spiral Q is known very' accurately from the position of the magnetic Bragg
reflections which, as seen from (15). fall as satelites on the nuclear Bragg
reflection at a distance : Q.
The dispersion relation shown in Fig. 28(a) is obtained from a series of such
constant E scans. The points are those experimentally measured and Ibe solid
curve is the least squares 111 of expression (9) to the experimental points, taking
six Fourier components of J(0)-J(q). In the least squares Tit. the various
experimental points have been weighted according to the accuracy of the
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Dansk resumé
af
Magnoncr i sjældne jordarter undersøgt
ved hjælp af uelastisk neutronspredning.
Den foreliggende rapport beskriver en eksperimentel undersøgelse af de magnetiske vekselvirkninger i Tb og i en 90% Tb-10% Ho legering ved hjælp af
uelastisk neutronspredning.
I indledningen gives en beskrivelse af de relevante dele af teorien for magnetisme i sjældne jordarter. Desuden omtales de forskellige typer af neutronspredning, som kan forekomme.
Kapitel II behandler den eksperimentelle teknik. Først beskrives Risøs
Ire-aksc-spektrometer. som blev anvendt til malingerne. Denuest vises det. at
den eksperimentelle optøsningsfunktion kan males, og at den instrumentelle
bredde af toppen i den observerede intensitet kan bestemmes ud fra kendskabet til denne optøsningsfunktion. Det påvises, it den instrumentelle bredde
afhænger af mileproceduren. og at »fokusering«, resulterende i smalle toppe,
kan opnas under visse betingelser. Ud fra de differentielle tværsnit beregnes
ved hjælp af opløsningsfunktionen tværsnittene for uelastisk og elastisk neutronspredning. Endelig diskuteres valg af måleprocedure, og nogle af de vigtigste kilder til forstyrrende reflektioner omtales.
Resultaterne afmålingerne og interpretationen af disse gives i kapitel III.
Først omtales målinger af dispersionsrdationeme for magnoncr i symmetriretninger udført over et stort temperaturområde i ferromagnetisk Tb, samt i
den ferromagnetiske fase og spiralfasen i Tb-I0"„ Ho. Den indirekte vekselvirkning afledt heraf henføres til Fermiovcrfladen. Ud fra målinger af bredden
af toppene i den uelastisk spredte neutronintensitet som funktion af magnonbølgcvektoren påvises, at magnonlevetiderne hovedsagelig er bestemt af
vekselvirkningen med ledningsevneelcktroncnie. Det bratte fald i bredden
for små magnon-bølgevektorer skyldes sandsynligvis opsplitningen af spinop og spin-ned Fermioverflademe i den ferromagnetiske fase. En anomali i
dispersionskurven for c-retningen i Tb-10% Ho tilskrives en kraftig vekselvirkning mellem magnoncr og fortoner i området, hvor magnon- og fonondispersionskurverne skærer hinanden, med resulterende blandede magnonfonon tilstande. Endelig omtales en resonans-magnon-tilsland observeret i
Tb-10% Ho. Denne tilstand opstår, fordi Ho atomernes magnetiske momenter
er koblet relativt svagt til Tb-atomernes momenter.
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