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Abstract

Modern power generation technologies, such as organic Rankine cycle power systems, require
turboexpanders operating with high-efficiency and high power density. These features often lead to high-
pressure ratios machines, characterised by the presence of choking and supersonic flow conditions. This
paper proposes a comprehensive methodology for the preliminary design and performance prediction of
radial-inflow turbines operating at high-pressure ratios. A steady-state, mean-line model of a radial-
inflow turbine is developed including real-gas effects and a detailed modelling strategy for the treatment
of choking flow conditions. In addition, a set of loss models tailored to high-pressure ratio radial-inflow
turbines is developed. After a global sensitivity analysis, the model is calibrated by means of a multi-
objective optimisation with a Genetic Algorithm and using the data of six high-pressure ratio turbines
with total-to-total pressure ratios up to 5.8. The calibration method allows a significant reduction in the
overall predicted deviation of the turbine isentropic efficiency and mass flow rate. The design model
yields predicted deviations in isentropic efficiency within £ 3 %-points and the off-design model within
5 %. The methodology and the results are intended to be used as a benchmark for the future development
of radial-inflow turbines in high-pressure ratio applications.

Keywords: radial inflow turbine, validation, mean-line model, high-pressure ratio, organic Rankine
cycle
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1. Introduction

Table 1: RITs designed and tested at pressure ratios above 3 from the open literature.

Author Year Application | Tested pressure ratio [-] Fluid
Hiett and Johnston [1, 2] 1963 GT 1.3-5.0 Air
McLallin and Haas [3] 1980 GT 1.2-4.7 Air
Kidwell and Large [4] 1980 GT 2.0-5.0 Air
Rogo et al. [5] 1984 GT 2.0-7.0 Air
Ribaud and Mischel [6] 1986 GT 2.97-3.8 Air
Rogo [7] 1986 GT 2.0-7.0 Air
Rodgers [8] 1990 TC/GT 3.6,3.9,43 Air
Simonyi et al. [9] 1991 GT 3.0-5.8 Air
Pullen et al. [10] 1993 GT 1.1-4.7 Air
Huntsman et al. [11, 12] 1992, 1994 GT 470 Air
Jones [13] 1994 GT 1.0-9.0 Air




Spence and Artt [14] 1997 RES 1.3-4.0 Air
Atkinson [15] 1998 RES 1.3-3.7 Air
Doran et al. [16] 2001 TC 1.3-3.5 Air
Feng et al. [17] 2005 GT 1.1-3.1 Air
Spence et al. [18] 2007 TC 1.2-3.6 Air
Deng [19] 2007 RES 1.3-4.0 Air
Fu et al. [20, 21] 2012, 2015 GT 1.1-3.1 Air
Ino et al. [22] 1991 CR 7.0-12.0 Helium
Ghosh [23] 2008 CR 1.8-5.9 Air/Nitrogen
Larjola [24] 1988 ORC 10.0" R114
Van Buijtenen et al. [25] 2003 ORC 1205 Toluene
Pei et al. [26] 2011 ORC 710 R123
Kang and Chung [27, 28] | 2011, 2012 ORC 41" R245fa
Han et al. [29] 2014 ORC 320 R245fa
Demierre et al. [30, 31] 2014-2015 ORC 3.144 R134a
Kang [32] 2016 ORC 410 R245fa
Turunen-Saaresti et al. [33] | 2017 ORC 112.8% MDM

GT = Gas Turbines. RES = Research. TC = Turbochargers. CR = Cryogenic systems. ORC = Organic

Rankine cycles. ®) = documented design point only.

Radial-inflow turbines (RITs) are used extensively within many areas of the power generation field.
Conventional applications range from large-scale hydroelectric power plants to small-scale units used
in automotive turbochargers, aircraft auxiliary power units, cryogenic systems, and space power
generation [34]. In all these applications, the radial-inflow configuration features key advantages over
its axial counterpart such as the lower cost and ease of manufacturing, higher efficiency, and reduced
size and number of stages [34, 35]. The specific requirements of the selected applications may result
in a turbine operating at high-pressure ratio (HPR) conditions, usually above 3. This may be
particularly significant in cases where cost and size are limiting factors.

The pressure ratio across the turbine depends on the specifications of the thermodynamic cycle, i.e.
heat source and heat sink temperatures, and on the selected working fluid. In the context of organic
Rankine cycle (ORC) power systems, pressure ratios up to 100-150 [36, 37] can be achieved in
combination with moderate to high heat source temperatures. Such pressure ratios are characterised
by the presence of nozzle and/or rotor choking conditions and supersonic flows. The latter entail the
formation of shock patterns and result in an unsteady nozzle-rotor fluid dynamic interaction which
may compromise the mechanical integrity and the performance of the blade rows. Moreover,
depending on the application, the working fluid operating at high pressure ratios might not behave
like a perfect gas. For organic fluids, the expansion starts close to the critical point and typically ends
far from the saturation line at the turbine outlet. In such conditions, the fluid exhibits a large change in
the thermodynamic properties, making it important to consider real-gas effects. The aforementioned
aspects make the design and performance prediction of HPR turbines significantly different from
those of lower pressure ratio turbines, and therefore require numerical tools and strategies tailored for
high-pressure ratio applications.



Different authors, including Refs. [6, 14, 38—40], pointed out the lack of publicly available and well-
documented data regarding the RIT geometry and internal flow conditions, which hampers the
development of reliable and accurate performance prediction tools. This lack of published stage
performance data is even greater for HPR turbines. A compilation of RITs designed and tested at
pressure ratios above 3 from the open literature is reported in Table 1. In order to fill this gap, Sauret
[41] and Li et al. [42] resorted to aerodynamic investigations with CFD models on specific HPR
turbines tested in the literature.

At the same time, the use of one-dimensional (or mean-line) models is often regarded as the most
important step for the preliminary design and performance prediction of a turbine, and allows for
significant cost and time savings in the whole turbine design process [36] compared to more advanced
design methods. However, preliminary mean-line modelling strategies and validation studies for RITs
operating at HPRs are very limited and the existing methods mostly rely on the data for low-pressure
ratio conditions.

The first mean-line modelling strategies documented in the open literature were based on data of low-
pressure ratio turbines [43—46]. These models did not consider real-gas equations of state as well as
detailed choking considerations in their formulation. Since the 2000s, real-gas equations of state could
be embedded in the numerical models and other models were developed [39, 47, 48]. In recent years,
other authors presented a number of mean-line models for the design and off-design analysis of RITs,
especially for ORC power systems. However, only few authors included choking considerations
which occur in the nozzle and/or in the rotor at high pressure ratios. Rahbar et al. [49], Da Lio et al.
[50], and Mounier et al. [51] developed mean-line models to predict the design efficiency of RITs for
ORC applications. The proposed models included the treatment of choking conditions at the design
point only. Demierre et al. [31] developed a mean-line model of an ORC turbine considering also
choking conditions, however, the authors did not present a detailed modelling strategy for the
prediction of the different possible choking patterns in the turbine.

The mean-line method by Baines [52] is probably the most updated in the field as it has been object of
refinements and improvements, see Refs. [53, 54]. Based on the previous work by Baines [52-54],
Qiu and Baines [2] were the first to propose a mean-line method to compute the turbine flow capacity
for unchoked and choked conditions, and for the subsonic, transonic and supersonic flow regimes.

The authors validated their model using three test cases. Although Qiu and Baines [2] presented a
method which considered choking conditions for HPR turbines, they did not present the details of
their numerical modelling strategy and the geometry and flow data of the test cases are not fully
available in the open literature or come from private communications, respectively.

Another fundamental aspect in the development of a mean-line model is the validation and/or
calibration process with experimental data. Glassmann [55] calibrated his model to the data of six
RITs, of which two were HPR turbines. However, the loss models were evaluated only at the design
point. The study by Qiu and Baines [2] employed loss model correlations that were developed and
calibrated considering the data of low-pressure ratio turbines at the design point, see Refs. [52—54],
and it is arguable whether these are fully representative for HPR turbine applications, especially at
off-design operation.

The objective of this paper is to present a comprehensive method for the performance prediction and
for the validation of RITs operating at HPR conditions based on the existing data sets of HPR turbines
in the open literature. To this end, the paper presents a complete approach for turbine design and off-
design modelling, calibration, validation, and analysis of the results. The work is limited to steady-
state conditions. A mean-line model for the design and off-design analysis of RITs was developed and
different strategies for the treatment of unchoked and choked conditions as well as subsonic and
supersonic flows are presented. The model is conceived to include real-gas equations of state and a
general formulation of the governing equations, in order to adapt the methodology to any working
fluid and operating condition. A global sensitivity analysis based on the Monte Carlo method was
applied to identify the significance level of the calibration coefficients with respect to the choking
mass flow rate and the output isentropic efficiency. Afterwards, the calibration methodology is
presented, where the turbine loss models are calibrated against the data of six HPR nozzled turbines



from the open literature. In order to evaluate the suitability of the model, the results of the calibration
were assessed by validation with two other test cases, one of which is an ORC turbine, whose features
are different from the turbines used in the calibration process.

This paper contains the following novel contributions: (1) it presents in detail a mean-line modelling
strategy for the treatment of choking conditions in the nozzle and the rotor at design and off-design
conditions; (2) it presents an optimisation-based calibration method, which seeks to minimise the
predicted deviation across every measured operating point contained within each of the test cases; (3)
it provides a set of loss models tailored to HPR-RITs. The methodology and the results are intended to
be used as a benchmark for the future development of radial-inflow turbines in high-pressure ratio
applications.

Compared to the work by Baines [52—54] and to the most recent works in the field, i.e. Refs. [31, 50,
51, 56], this paper extends the design and off-design methodology to high pressure ratios.

The paper is structured as follows: Section 2 presents the turbine test cases, the modelling strategies
for design and off-design, and the methods for the sensitivity analysis, calibration and validation.
Section 3 presents the results of the calibration. Section 4 discusses the results. The conclusions are
drawn in Section 5.

2. Methods

2.1. Performance prediction methodology
Figure 1: Schematic of the radial-inflow turbine geometry.

Figure 2: llustration of the possible turbine flow patterns occurring at off-design conditions:
(a) Nozzle and rotor unchoked; (b) rotor choked and nozzle unchoked; (c) nozzle choked and
rotor unchoked; (d) nozzle and rotor choked.

Figure 3: Modelling strategy for high-pressure ratio RITs: (a) preliminary design model; (b)
off-design model.

This work employed a steady-state, mean-line model for the performance prediction of RITs at design
and off-design conditions. The model has been conceived and implemented with the following
objectives: (i) to include a complete and consistent numerical strategy for the design and performance
prediction considering unchoked and choked flow conditions; (ii) to develop a tool which is general,
and can be applicable to any fluid, operating condition or HPR application of interest; (iii) to ensure
numerical robustness, stability and to allow for a short computational time. The model was written in
the MATLAB language [57] and followed a mean-line approach, for which the thermodynamic and
flow conditions were computed at the mean line in the turbine meridional plane, and were
representative of mass-weighted averaged conditions over the whole section. This work focused on
the modelling of the nozzle, the nozzle-rotor interspace, and of the rotor. Figure 1 depicts a schematic
of the radial-inflow turbine highlighting the main stations, the terminology and the symbols used in
this paper.

The thermodynamic and flow conditions in the main modelling stations were computed by the
simultaneous solution of mass continuity, energy balance, and loss equations. The fluid properties
were computed by means of real-gas equations of state using the thermodynamic library CoolProp
[58].

Each blade row can feature two distinguished flow patterns, corresponding to unchoked and choked
flow conditions, respectively. The blade row is choked when the flow reaches sonic conditions at the
point of minimum flow area, identified as the throat. For an isentropic process through a bladed
element in the relative coordinate system, it can be shown that the maximum mass flow rate per unit
area occurs at sonic conditions [34]. Figure 2 illustrates that there are four possible combinations of
the flow patterns, identifying the four physical situations occurring in the turbine: (a) both the nozzle
and the rotor are unchoked, (b) the nozzle is unchoked and the rotor is choked, (c) the nozzle is
choked and the rotor is unchoked, and (d) both the nozzle and the rotor are choked.



Different strategies can be used for design and off-design performance prediction using a mean-line
model, and the reader is referred to Ref. [59] for a general overview of the topic. Figure 3 shows the
modelling modelling strategies adopted in this work.

Figure 3 (a) depicts the workflow of the preliminary design model. The model inputs are the inlet total
temperature T, and pressure p,,, the rotational speed N, the mass flow rate m, and the stage total-

to-static pressure ratio PR . In addition, a set of decision variables needs to be given as an input.

This set often consists of non-dimensional variables related to the turbine geometry and turbine
loading conditions, which allows expressing the design in a more general formulation. The reader is
referred to Refs. [60, 61] for examples of possible sets of design variables. The strategy shown in
Figure 3(a) applies to a predefined set of input variables, and a dedicated optimisation procedure
needs to be applied in order to determine the optimal set of inputs. For a set of input decision
variables, the design modelling strategy starts by identifying where choking occurs since the
maximum turbine flow capacity is limited by the mass flow rate at choking conditions (Step 0). The
mass continuity, energy balance, and loss equations for the nozzle are expressed, respectively, as

C. = m
? ol -cos(ocz)-A2 (I—BFZ)

Q)

1
h(pzaTz) =h,, _Ecg )

Dyogses

ZAhloss,n_h(p2:T2)+h(p2,Sl):O (3)

n=1
where p,, a,, A,, C,, p, are the density, flow angle, flow area, absolute velocity, and static

pressure at the nozzle outlet, respectively. In Eq. 1, the blockage factor BE, may be introduced to

account for reduction in effective area due to the metal blockage and boundary layer effects. The term
h denotes the specific enthalpy, and h,, and s, are the total specific enthalpy and the specific entropy

computed at the nozzle inlet, respectively. The term Ah represents the specific loss contribution

loss,n
in the blade row, which is calculated with an empirical correlation, see Sec. 2.2. For unchoked flow
conditions, the nozzle exit flow angle was computed using an empirical correlation, see Sec. 2.2. For
given nozzle inlet conditions, the solution strategy adopted above allows expressing the left-hand side
of Eq. 3 as a function of p, and m, as illustrated in Figure 4.

Figure 4: Identification of the choking point for a blade row.

For a given value of mass flow rate, the function at the left hand side of Eq. 3 is non-monotonic with a
concave shape and a single peak. In the methodology presented in this work, the condition at which
the maximum of this function crosses the abscissa was identified as the choking condition. For small

values of m, when the peak is above the abscissa, there exist two values of p, which satisfy Eq. 3.

The larger value corresponds to subsonic flow conditions, whereas the smaller value relates to
supersonic flow conditions. By increasing the mass flow rate, the maximum of the curve shifts
downwards, and eventually intersects the abscissa. Therefore, choking occurs when the subsonic and
supersonic solutions coincide. When the mass flow rate exceeds the choking value, the curves in
Figure 4 show that there is no solution to the system of equations. In this case, a different set of input
design variables needs to be provided as an input in order to allow for a higher design mass flow rate.

If the nozzle is unchoked, the model solves the set of nozzle Eqs. 1-3 (Step 1) and the mass continuity,
the energy balance, the momentum balance and the loss equation in the nozzle-rotor interspace (Step
2), respectively, as follows:



m
C4 = (4)
p,-cos(a,)-A, (1-BE,)

1
h(p4,T4) =h,, —ECi &)

. : 2
Csina; 1, N 27Cp,Cysina, (r3 —r3r4)

- 6
Csina, m ©)
Ahvs,loss _h(p47T4)+h(p4,S3)=0 (7)
where Ah | is the vaneless space loss and C, is the friction factor, which can be estimated with

empirical models. The formulation of Eq. 6 was based on the analysis by Stanitz [62], as reported by
Whitfield and Baines [63]. The system of Eqs. 4-7 was solved using a trust region solver in MATLAB

[57] for a given set of guess values for &, and p,. Afterwards, the model evaluates whether the rotor

is choked (Step 3). To this end, the mass continuity, the energy balance and the loss equations in the
rotor were solved in its relative coordinate system, as follows:

m
W, = ®)
ps-cos(f;)-As (1-BE)

1 1
h(p59T5)214 _EWSZ +EU§ (9)

Dioss

ZAhloss,n_h(p59T5)+h(p5’s4):O (10)
n=1

where I, =h, +0.5W; —0.5U;, is the rothalpy term. In the design mode, the pressure at the rotor
exit, p, , was specified by the required stage pressure ratio, and the flow angle S, was determined in

order to match p; . In the off-design mode, under unchoked conditions, the rotor exit pressure was

unknown, and the rotor exit flow angle was computed using an empirical correlation, see Sec. 2.2. Eq.
10 was expressed as a function of the rotor throat density p., showing a trend similar to that in Figure

4. However, in this case, the loss equation was also dependent on the turbine rotational speed.
Similarly to the nozzle modelling, if the rotor was already choked, the design routine ended.
Alternatively, the rotor equations were solved and the turbine design was completed by the post-
processing of the data.

Figure 3(b) shows the off-design modelling strategy. In this case an existing turbine design, or
calculated as in Figure 3(a), was the input and turbine performance maps were generated as the
output. The model inputs were the same as those of the design model, except that the full turbine
geometry was given as well. The mass flow rate m was provided as an input for the generation of
performance maps when the turbine was not choked. If the turbine is choked, the mass flow rate is
constant, and the outlet pressure can assume an infinitude of values. Hence, in this case, the static
pressure at the turbine outlet was also specified. The workflow of Figure 3(b) applies to a single speed
line, and an iterative process was implemented to generate the full performance maps.

The off-design modelling strategy started by evaluating whether, for the given input conditions, the
nozzle or the rotor is the first to choke (Step 0). The set of Eqgs. 1-3 is used for the nozzle. In Step 0,
the nozzle choking mass flow rate is found by determining the zero of the locus of maxima of Eq. 3.
Afterwards, the algorithm evaluates whether the rotor was already choked at the nozzle choking mass
flow rate by solving Eq. 4-10. Like in the design strategy, the off-design methodology evaluates
whether the rotor choking mass flow rate is smaller than the nozzle choking mass flow rate, and
follows two different paths according to the result. Steps 1a-3a in Figure 3(b) relate to the



configurations 1) and 2) of Figure 2, where the rotor chokes first. Steps 1b-4b in Figure 3 relate to the
configurations 1), 3) and 4) of Figure 2, where the nozzle chokes first. If the rotor choked first, the
choking mass flow rate and the choking density were found by determining the zero of the locus of
maxima of Eq. 10 (Step 1a). Conversely, if the nozzle chokes first, the algorithm identifies the rotor
choking point occurring at higher values of stage expansion ratio (Step 1b). A numerical search
method was used to find the zero of Egs. 8-10 by changing the rotor inlet pressure. The corresponding
values of nozzle and stage pressure ratio were then recorded and used in the subsequent steps.

Nozzle and rotor unchoked (Steps 2a and 2b). The performance maps were generated by
varying the mass flow rate up to the choking point. Equations 1-10 were sequentially solved
for each value of mass flow rate, finding the corresponding value of pressure ratio.

Nozzle unchoked and rotor choked (Step 3a). When the rotor choking point was reached, the
mass flow rate was kept constant, and the nozzle operation was fixed since any further
expansion dowstream the rotor could not affect the conditions upstream the throat [34]. In
this case, the rotor choking mass flow rate as well as the total-to-static pressure ratio of the
stage were provided as inputs to the turbine model, and any further expansion was allowed by
means of a post-expansion process after the throat. The value of choking density, previously
calculated in Step la, was used to determine the values of the thermodynamic and flow
conditions at the throat by applying mass continuity and the energy balance, Egs. 8 and 9.
The rotor exit density, p;, after the post-expansion was found by solving the energy and

mass balances and the post-expansion loss equation between the rotor throat and the exit as
follows:

Wéz\/Z-(h—h(Psope))"'Ué (11)
ﬂ6 =—cos! ':mch,rot /(p6W6A5 (1 _BFS ))} (12)

Ahpe,rot_h(p67p6)+h(p6385):0 (13)

where Ah represents the post-expansion loss, s; is the entropy at the throat, and m

pe,rot

is the

ch,rot

value of rotor choking mass flow rate.

Nozzle choked and rotor unchoked (Step 3b). The thermodynamic and flow parameters at the
choked throat were found by applying mass and energy balances between the nozzle inlet and
the throat. When the pressure ratio was larger than the choking value, a post-expansion was
allowed at the nozzle outlet. In order to determine the conditions after the post-expansion, the
energy and mass balances and the post-expansion loss equation, were solved, respectively, as
follows:

C3=\/2-(h01—h(p3,p3)) (14)
a; = cos” |:mch,noz /(p3C3A2 (I_BFz ))} (15)

Ahpe,noz_h(p3’p3)+h(p3’s2):0 (16)

In this case, Ah

m

represents the post-expansion losses, s, is the specific entropy at the throat, and

pe,noz

is the rotor choking mass flow rate.

ch,rot

Both nozzle and rotor choked (Step 4b). When both the nozzle and the rotor were choked, any
further expansion downstream the rotor exit was allowed by means of a post-expansion after
the rotor throat using Eqs. 14-16.



2.2. Empirical models for losses and flow deviation

The sets of equations described in Sec. 2.1 require the use of empirical models for the losses and the
exit flow angles for each blade row. Typically, the information on possible blockage effects in the
blade rows is provided empirically and depends on the specific test case. In this work, the best
agreement with the experimental data was found using BF =0 and, consequently, the blockage
effects were neglected.

The loss correlations were based on the formulations by Baines [52], however some modifications
were introduced. In contrast to the axial turbine field, for radial turbines there is a deep lack of
techniques used to predict nozzle losses based on geometry and flow conditions [59]. In the literature,
nozzle losses have been often neglected or considered of a much lower entity than the rotor losses
[52]. However, experimental works [3, 64] on high-pressure turbines and numerical studies [65, 66]
on very high-pressure ratio RITs suggest that a proper nozzle model, and associated losses, are
paramount to obtain meaningful results.

In this work, three types of nozzle losses were considered: the passage loss, the trailing edge loss, and
the post-expansion loss. Among the few available nozzle passage loss formulations, those by Rodgers
[46] and Rohlik [67] appear to be the most reliable in the literature [68]. The formulation by Rodgers
[46] was preferred since it directly relates the loss to geometry and flow parameters without resorting
to the use of the boundary layer parameters, which are less straightforward to estimate. The nozzle
passage loss correlation by Rodgers [46] assumes that the trailing edge and shock losses are
negligible, provided that the trailing edge to chord ratio is less than 2 % and that Mach numbers are
lower than 1.2.

In order to fully represent HPR conditions, the losses associated to the trailing edge blockage and to
high Mach numbers at the blade outlet were included in the present model. The trailing edge loss was
modelled using the formulation by Glassman [55], which, according to Refs. [55, 69, 70], is based on
the actual blade blockage and provides a more physical formulation than that based on the meridional
velocity component adopted by Baines [52]. The post-expansion loss is based on the work by Aungier
[39].

The vaneless space loss uses a conventional pipe-flow correlation by Khastner and Bhinder [43] often
employed in the literature, see Refs. [59, 63, 69]. The friction factor in the interspace between nozzle
and rotor was estimated using the following correlation proposed by Japikse [71]:

1.8-10° )"
C, =k (17)

Re,

Equation 17 was developed from the experimental measurements on a number of diffusers for
centrifugal compressors and shows that the friction factor in unguided swirling flows decreases with
the average Reynolds number at the exit of the vaneless space. Equation 17 was used to model the
interspace loss in RITs following Whitfield and Baines [63]. Japikse [71] noted that the coefficient k
in Eq. 17 varied between 0.005 and 0.02 in different applications and recommended to use the value
0.01.

The rotor model included the evaluation of losses internal and external to the blade passages. The
internal losses were modelled with the passage loss, clearance loss and incidence loss correlations by
Baines [52]. Moreover, rotor trailing edge and post-expansion loss models were introduced in a
similar way as those of the nozzle modelling. The external losses included the effect of the rotor disc
friction, and these were modelled as a sudden enthalpy drop at constant static pressure following
Whitfield and Baines [63], and were predicted according to the method suggested by Daily and Nece
[72].

Table 2: Loss correlations.

Loss Loss model Referenc
mechanis ©
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. 2
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Rotor Zt, 2 | Glassma
trailing Ah, . = r W2 Y(*) n [55]
edge ’ ”(rés T L )COS:B6
Rotor . 2 Aungier
post- A, = Mg =My Ly L 39]
expansion ’ Mg 2 6( )
Rotor disc 3.2 Daily and
friction Ahdf =0. 25K ,DU4 4 where ,5 = M Re4 = % Nece
m Hy [72]

if Re, <3-10° K, =3.7(g,/b,)" Re;™

if Re, >3-10° K, =0.102(¢, /b,)" Re;™

*) Y3:[1+k32 lMi} ‘ ;Y6={1+k2 lMérel}

Table 2 shows the final set of loss models. The coefficients K, K ,, K ., K

pl> “*p2> “Tp3>

and K, =were

initially selected for calibration in this work, although the final set for cahbratlon was selected after a

dedicated sensitivity analysis, see Sec. 2.3.




Unlike within the axial-flow turbine field, there is a lack of well-established and reliable correlations
for the deviation angle in RITs. The exit flow angle at unchoked conditions for the nozzle and the
rotor was predicted using the cosine rule, where o is the throat opening and s is the vane spacing.

a, =cos ™ (0,/s,) B =cos™ (05 /sy) (18)

If the nozzle or the rotor operates at supersonic flow conditions, the off-design modeling strategy
solves the post-expansion equations and determines the exit flow angle according to Eqgs. 11-13 or
Egs. 14-16.

2.3. Sensitivity analysis

A sensitivity analysis was applied to the off-design turbine model in order to achieve the following: i)
identify the most sensitive calibration coefficients with respect to the output mass flow rate and
isentropic efficiency; ii) remove the calibration coefficients which resulted to be less sensitive to the
changes in mass flow rate and efficiency, reducing the computational requirements of the simulations;
iii) identify the range of values for which the calibration coefficients fulfil the choking conditions
required by the test cases.

A global sensitivity analysis based on the Monte Carlo method [73] was employed. Compared to a
local sensitivity analysis method, the global sensitivity analysis takes into account the mutual
interactions between the different calibration coefficients. Since the Monte Carlo method is based on a
probabilistic approach, the results of the sensitivity analysis were analysed in terms of their
probability distribution. The Monte Carlo method was applied using a numerical model written in the
MATLAB language [57], which is documented in Ref. [74]. A uniform probability distribution
without correlation control was used for the input calibration coefficients. A study on the effects of
increasing sampling size up to 1000 samples for each coefficient and operating point in the turbine
map was performed. A number of 500 samples was selected since it provided a reasonable trade-off in
terms of accuracy of the results and required computational time. Each speed line was divided into 50
points, corresponding to 25000 samples per speed line generated by the Monte Carlo method. The
sensitivity analysis was applied to the turbine model using the test cases described in Sec. 2.4.

2.4. Calibration method
Table 3: Data of the HPR turbines selected for calibration.

Test Meitner and McLallin | Simonyi Simonyi Rogo Atkinson
case Glassman et al. rotor 1 rotor 2
Ref. | [75] [3] [9] (9] [7] [15]
Input conditions
T, K] 377.778 3222 477.78 477.78 394 418
Do [Pa] 38610.6 137900 333706.3 | 333706.3 | 164000 | 354550
N [rpm] | 29550;17730 9437- 17927- 15138- 12751- 26277-
34602 21911 22708 15939 40795
Stator
b, [m] 0.0147 0.0109 0.021 0.021 0.015 0.008
b, [m] 0.015 0.008 0.012 0.012 0.015 0.008




r, [m] 0.073 0.097 0.224 0.224 0.251 0.111
r, [m] 0.060 0.084 0.194 0.194 0.194 0.092
Z, [-] 14 29 36 36 15 17
t, [m] 0.001 0.001 0.0003 0.0003 0.003 0.0012
ay, [°] 72.47 76 70 70 77 76
0, [m] 0.0073 0.0036 0.0091 0.0092 0.0174 0.0095
Rotor
b, [m] 0.015 0.008 0.012 0.012 0.016 0.0077
r, [m] 0.058 0.075 0.185 0.185 0.177 0.0867
I [m] 0.041 0.047 0.118 0.118 0.114 0.0609
. [m] 0.014 0.023 0.076 0.076 0.051 0.0261
i [°] 0 0 0 0 0 0
i [°] -56.86 -58 -55.3 -53.86 -60 -60
Z, [-] 22 12 14 14 13 14
tg [m] 0.0002 0.004 0.001 0.001 0.00076 | 0.0024
0, [m] 0.0048 0.0065 0.02 0.02 0.01706 | 0.0223
1, [m] 0.040 0.04572 0.046 0.043 0.107 0.0399
g, [m] 0.0003 0.0003 0.0005 0.0002 0.0004 0.00075
&, [m] 0.0004 0.0003 0.0002 0.0004 0.0004 0.0004
g, | [m] 0.0003 0.0003 0.0003 0.0003 0.0009 0.00075

The methodology presented in Sec. 2.1 was applied to six test cases of HPR turbines operating with
air found in the literature. These test cases were selected from the list provided in Table 1 according to
the following criteria: 1) they present reliable and well-documented data; 2) they include turbine
performance maps at HPR conditions; 3) they have similar geometric features, i.e. only nozzled
turbines without volute and diffuser. Table 3 lists the employed geometry and input data for the test
cases. All test cases used air as working fluid.

The calibration method consists in fitting of the loss models against the mass flow rate and efficiency
maps of the selected experimental test cases. Each set of calibration coefficients can be expressed by
the array

X={K

K ,,K

pl> T p2> " Tp3>

Kinc’Kvs} (19)
where Kpl,K K

The objective of the calibration was to minimise the overall relative root mean square error (RRMSE)
in terms of mass flow rate and efficiency. The optimisation function, f, is expressed as

K,,. and K are the calibration coefficients in the loss models respectively.

p2 > ™p3>




1 N Lo
f = min {H—ZRRMSE(UM (X)),— > RRMSE(r, (X))} (20)

t i=1 t i=l

—\\2

n
1 L nis,exp,j - 77is,mod,j (X)

RRMSE(7,) =, |— 21
np JZ—I: Uis,exp,j
N . . (X) 2
P m .— N .
RRMSE ()= iz S (22)
n m

p J=l exp, j

where 77, and m indicate the isentropic efficiency and mass flow rate for 1=1,..,n, test cases and
j=1...,n , points in the performance map. The subscripts exp and mod refer to the experimental and

mean-line model data, respectively. The multi-objective optimisation was performed by means of a
genetic algorithm using 150 generations. When the optimisation is performed, the calibration
coefficients are changed in order to provide the best possible agreement with the experimental data.
Despite being mathematically consistent, this rationale does not necessarily ensure that the physics of
the problem is fully respected. For this reason, two different optimisation cases were considered. In
the first case, the optimisation was unconstrained, meaning that there are no specified boundaries on
the calibration coefficients and that the optimiser sought the best solution from the mathematical
viewpoint. In the second case, the calibration coefficients were constrained by lower and upper
bounds, ensuring the correct identification of the choking point. In this case, the optimiser found a
solutions which is consistent from both the mathematical and the physical viewpoints. The upper and
lower bounds of the calibration coefficients for the constrained optimisation were found by applying
the sensitivity analysis approach to identify the boundaries in which the choking point is correctly
predicted in all the speed lines of the test case data.

Figure 5: Significance level of the calibration coefficients: (a) on the turbine total-to-static
isentropic efficiency; (b) on the mass flow rate. The bars indicate the standard deviation from
the mean value. The analysis employed the test cases listed in Table 3.

2.5. Validation method

In order to assess the suitability of the loss coefficients obtained after calibration, a validation of the
design and off-design models was performed.

The design model was first validated using the test cases which were used for the calibration of the
off-design model. Afterwards, its resultes were compared with the mean-line and CFD results at the
design point for an ORC turbine operating with the fluid R134a documented in Ref. [76]. This test
case was selected for validation due to the presence of sufficient information regarding turbine
geometry and flow conditions. The results of Ref. [76] were obtained using two commercially-
available software: RITAL (Concepts NREC) for the mean-line design, and Axcent and ANSYS-CFX
for the 3D geometry and CFD, respectively. The comparison of results was performed by assigning
the same design specifications as in the commercial mean-line software in terms of inlet
thermodynamic and flow conditions, turbine geometry and stator outlet Mach number.

The suitability of the off-design model to different geometries and operating conditions was assessed
by selecting two specific experimental test cases which were not included among the test cases used
for calibration. The first test case is a 2 kW ORC turbine which was documented and tested by
Demierre et al. [31,30]. This test case was selected since it contains the full details of an ORC radial
turbine geometry as well as off-design operating data. The turbine operates with the refrigerant R134a
in the range of rotational speeds 147000-206000 rpm and pressure ratios 3.1-4.4. This test case is
different to those used for calibration in the sense that it has a diffuser. In the validation, the diffuser
was modelled using the equations described by Moustapha et al. [59] using a total pressure recovery
coefficient of 0.55. The second test case is the Ricardo C80 turbine documented in Refs. [1, 2], which



was tested up to pressure ratios of 5.0. The geometry differs from those of the calibration test cases by
the presence of a volute. In this case, it was assumed that the losses in the volute were small and could
be incorporated in the nozzle losses. Moreover, the throat opening was not provided in the original
data, and was therefore estimated using a formulation by Li et al. [42]:

0, = 2r,sin (g) cos (g—%b —%) (23)

Equation 23 assumes a wedge shape for the vane trailing edge with included angle y = 11° for the
Ricardo C80 turbine and € =27/ Z_ as the center angle in the radial plane.

3. Results

3.1. Sensitivity analysis

Figure 5 shows the results of the global sensitivity analysis on the efficiency and the mass flow rate.
In the sensitivity analysis with respect to the isentropic efficiency, the calibration coefficient K, ,
associated to the friction losses in the rotor passage, appears to be the most significant parameter with
mean values of standardised regression coefficients between approximately 0.76 and 0.98. The
calibration coefficients related to the nozzle passage loss, K, , and the rotor incidence loss, K, ,
appear to be the second most significant ones in some cases. The turbine efficiency results to be less
sensitive to the calibration coefficient associated with the rotor secondary flows passage loss, Kp3 .

Finally, the interspace loss calibration coefficients, K __, shows very low values of mean and standard

vs ?

deviation, suggesting that its impact on the efficiency is insignificant. The sensitivity analysis of the
calibration coefficients with respect to the mass flow rate indicates that, in most cases, K 02 has the

largest influence on the mass flow rate. In this case, however, sz presents lower mean values and a

larger scatter, which suggests that it has a smaller influence on the mass flow rate compared to the
turbine efficiency. It is also noted that K | has the strongest influence on the mass flow rate in the

last test case, suggesting a stronger impact of the nozzle losses in this case. The relatively high
standard deviation observed in some test cases (especially for K | ,K ,,K; ) indicates that the
significance level of the calibration coefficients varies across the operating points of the turbine map
and depends on the different flow conditions in the turbine. Moreover, the sensitivity analysis
highlights that the significance level of the coefficients depends on the test case. At the same time, the

coefficient K appears to be the least significant from a statistical viewpoint and, henceforth, it was

not included as a decision variable in the optimisation. This simplification allows a reduction of the
simulation time without compromising significantly the accuracy of the results.

The sensitivity analysis was also applied to identify the range of values for which the calibration
coefficients could ensure the identification of the choking point in accordance with the test cases.

3.2. Calibration
Figure 6 shows the results of the multi-objective optimisation process with respect to the RRMSE in
isentropic efficiency and mass flow rate, namely RRMSE, and RRMSE _, for the cases of

unconstrained and constrained optimisation. The optimal pareto front represented in Figure 6 was
found after approximately 120 generations. In the uncostrained optimisation, the optimal solutions

range between 2.05 % and 2.17 % in RRMSE, , and between 1.45 % and 1.56 % in RRMSE, . The

constrained optimisation used bounds to ensure a suitable identification of the choking point, and
reduced the solution space, resulting in higher values of RRMSE, , between 2.13 % and 2.8 %.

Similar values of RRMSE_ were found for the constrained and unconstrained optimisations. Each



point in the pareto front corresponds to a set of optimal calibration coefficients, which can then be
selected according to the key-decision criteria set by the designer. In order to select a final set of
optimal coefficients in the pareto fronts of Figure 6, an equal weight for the two objective functions
was applied. The selected coefficients are listed in Table 4. A comparison of the calibrated
coefficients with those of Baines [52] indicate that a 40% higher nozzle loss coefficient is required to
provide a better match with the test cases, as well as lower rotor primary, secondary and incidence
loss coefficients.

Table 4: Optimal set of calibration coefficients for an equal weight of RRMSE, and
RRMSE  in the pareto front.

unconstrained | constrained
1.3881 1.4152
pl
0.637 0.5903
p2
03 0.1042 0.4036
K, 0.8952 0.8754

Figure 6: Optimal pareto fronts from the unconstrained and constrained multi-objective
optimisations. The colours indicate the evolution of the pareto front from the initial (o) to the

final (o) generations.

Figure 7 shows a comparison of the values of RRMSE  and RRMSE = for the baseline,
unconstrained and constrained optimisation cases. Before calibration of the loss coefficients, the
maximum deviation in the single test cases higher, and the overall deviation is approximately 5.88 %
in the efficiency and 2.38 % in the mass flow rate. After the optimisation, the overall RRMSE , 18
reduced to 2.11 % and 2.04 % for the constrained and unconstrained optimisations, respectively. At
the same time, the overall RRMSE  is decreased to 1.54 % and 1.33 %, respectively. Moreover,
only a small difference was found between the constrained and unconstrained test cases, as the
optimal set of coefficients have also similar values, see Table 4.

Figure 7: Comparison of RRMSE values for the different test cases before and after the
optimisation process: (a) RRMSE in isentropic efficiency; (b) RRMSE in mass flow rate.

The Figures 8 and 9 show a visual comparison of the performance maps before and after the
calibration process for three exemplary test cases.

Figure 8: Exemplary isentropic efficiency maps before (a,c,e) and after (b,d,f) the multi-
objective optimisation: (a,b) Metiner and Glassmann [75] test case; (c,d) McLallin [3] test case;
(e,f) Rogo [7] test case.

Figure 9: Exemplary mass flow rate maps before and after the multi-objective optimisation:
(a,b) Metiner and Glassmann [75] test case; (c,d) McLallin [3] test case; (e,f) Rogo [7] test case.

Table 5: Comparison of the turbine design model with commercial mean-line and CFD tools
presented in Ref. [76].

Parameter | Units | RITAL | CFD present mean-line | deviation (RITAL) | deviation (CFD)

Global variables

Poi/Pos [-] 2.544 | 2.509 2.54 0.0% 1.4%




. [-] 76.8 83.5 81.72 4.92 pp -1.78 pp
n, [-] 79.8 87.6 86.68 6.88 pp -0.92 pp
P [kKW] 393.6 421.5 414.83 5.4% -1.6%
Stator inlet
h,, [kJ/kg] | 499.2 501 499.24 0.0% -0.4%
Por [kPa] 4989.6 | 4849.85 | 5000.00 0.2% 3.1%
Rotor inlet
M, [-] 0.88 0.94 0.88 0.1% -6.3%
Pos [kPa] 4886.5 | 4717 4822.70 -1.3% 2.2%
T [K] 412.2 411.9 411.71 -0.1% 0.0%
Rotor outlet
M, [-] 0.363 0.364 0.33 -8.3% -8.6%
Dos [kPa] 1961.4 | 1933.1 1964.80 0.2% 1.6%
T 6 [K] 370.2 367.1 369.25 -0.3% 0.6%
h [kJ/kg] | 476.4 476.3 475.18 -0.3% -0.2%

pp = %-points

3.3. Validation

Figure 10 depicts the results of the validation of the design model with the experimental test cases.

N n 7 deviatio
PR m U/C, n
Test Ref | No (-] [ke/s] [rpm] (-] [-] [-] [%]
case
Meitner | [75 | 1 1.54 0.260 29550 0.700 0.89 | 0.889 | 0.10%
and ] 0| (tt)
t)
Glassma
n
Mc [3] | 2 3.23 0.187 31456 0.609 0.78 | 0.790 | -0.49%
Lallin 5(-| (t-s)
s)
Rogo [71| 3 4.54 1.044 16400 0.655 0.85 | 0.878 | -2.83%
0 0 (t- (t-t)
t)
Simonyi | [9] | 4 4.99 2.361 19919 0.674 0.88 | 0.886 | -0.48%
rotor 1 L(t- | (t-t)
t)




Simonyi | [9] 5 4.99 2.350 18923 0.641 0.89 | 0.896 | -0.10%
rotor 2 50| (tY)

t)
Atkinso [15 6 3.50 0.850 39000 0.700 0.82 | 0.840 | -1.68%
n 1 3(¢- | (t-8)

s)

(t-t) = total-to-total efficiency; (t-s) = total-to-static efficiency
Figure 10: Validation of the turbine design model with experimental data.

The results show that the deviation in efficiency between the model and the experimental data is
between 0.1 %-points and 2.83 %-points. The largest deviation is seen for the test case by Rogo [7].
This deviation can also be seen in Figure 8, which shows that the optimiser found the best data fit by
compromising some percentage points in efficiency for the line at 100 % speed. Table 5 reports the
comparison between the design results of the present mean-line model and those obtained with two
commercial software for the ORC turbine documented in Ref. [76]. The present mean-line model
provides power and efficiency predictions closer to the CFD code, with up to 1.6 % and 1.78 %-points
of deviation, respectively. For the same total-to-total expansion ratio as RITAL, a maximum deviation
of 8.3 %-points is reported for the rotor exit Mach number conditions. The lower flow velocity at the
rotor exit suggests a higher work extraction in the rotor, possibly due to a higher rotor efficiency. This
consideration is in agreement with the higher values of power output and isentropic efficiency seen in
Table 5 compared to RITAL.

Figures 11(a) and 11(b) show the results of the validation of the off-design model with the test case by
Demierre et al. [30, 31]. The mean-line model predicts the mass flow rate within less than 1 % in all
operating conditions. The total-to-static efficiency appears to be overpredicted in almost all operating
points. The predicted values show a deviation up to 5 % compared to the measured values. However,
this deviation is within the uncertainty range of the experimental data.

Figures 11(c) and 11(d) show the results of the validation of the off-design model with the Ricardo
turbine C80. In this test case, the choking point is governed by the nozzle. A good agreement, with a

value of RRMSE  of 1.75 % shown in Figure 11(d), is achieved by estimating the throat opening

with Eq. 23. It is worth noting that the use of the simple cosine rule to estimate value of the nozzle
throat yields a 20 % lower mass flow rate. This suggests that a more detailed knowledge of the
geometry in proximity of the blade throat is essential to predict the correct values of mass flow rate. In
terms of efficiency, the results indicate that the model predicts good agreement for low values of

rotational speed and velocity ratio U/C ,, while at higher speeds the losses increase, and the maximum

point is shifted towards lower values of U/C ; of about 0.55.

Figure 11: Validation of the off-design turbine model: (a,b) turbine by Demierre et al. [30,
31]; Ricardo C80 turbine [1, 2]. The error bars represent the uncertainty in the experimental
measurements.

4. Discussion

In this work, the optimal values of the loss coefficients were identified by the best possible match in
the values of mass flow rate, pressure ratio and turbine isentropic efficiency. The model may be
employed for the preliminary design and performance prediction of the turbine. However, it was not
the objective of this work to assess the suitability of the loss models with respect to the correct
prediction of the internal flows in the turbine. In this respect, further conclusions should be drawn
only after a detailed comparison with measurements or high-fidelity CFD computations [36]. Detailed
CFD studies [64, 66, 77] on high-pressure ratio turboexpanders indicate that unsteady Reynolds-
Averaged Navier Stokes (URANS) simulations can provide a reliable performance estimation.




Another important aspect concerns the accuracy in the obtained results. The optimal calibration
coefficients predicted turbine efficiencies within £ 2.1 %, and there are limited works in the literature
that could be used for comparison. Glassman [55] calibrated the turbine losses using the data of three,
low-pressure ratio turbines, showing a deviation within 1 %-point. Rodgers [46] validated a RIT
model to an accuracy of £ 2 % in efficiency. Baines [52, 54, 59] validated a set of loss correlations
using the data of about 30 turbines, showing an overall RRMSE of approximately 5.80 % at the best
efficiency points, corresponding to 3.20%-points. This number has the same order of magnitude as
that obtained in this work before the optimisation including all the off-design operating points, see
Figure 7. These examples indicate that the accuracy obtained by different performance prediction
models is in the range from 1 %-point to 3.8 %-points, suggesting that that the + 2.1 % accuracy in
the efficiency of the present model is acceptable.

If additional datasets become available in the literature, other methods such as artificial neural
networks may be employed to fit the model. Previous studies [78—80] indicate that neural networks
are an effective tool for empirical modelling and optimisation, especially for non-linear systems.
However, neural networks require a sufficient amount of training data to ensure a good fit and avoid
overfitting [81]. In case the datasets could be extended with a sufficient amount of data, response
surface methods could be used to select the datasets for training the neural network [82]. If the
available datasets are limited , as in this work, the optimization method presented in this paper is the
best option for refitting the calibration coefficients.

The method presented in this paper was calibrated using high-pressure ratio turbines with
conventional design features, i.e. radial blade at the rotor inlet, absence of a volute and a diffuser, with
rotor tip diameters between 116 and 370 mm, and using air. The same level of accuracy cannot be
expected for turbines with different characteristics. The validation with the turbine by Demierre et al.
[30, 31], which has a tip diameter of 18 mm, uses a refrigerant as the working fluid, and has a
diffuser, showed to provide a deviation up to 5 %-points in efficiency. The second case of validation
was the Ricardo C80 turbine, which differed from the other turbines with a higher (80 degrees) nozzle
exit angle and by the presence of a volute. It is highlighted that the exact knowledge of the throat
geometry is essential to identify the correct values of mass flow rate, and a suitable correlation, as Eq.
23, should be employed wherever possible.

This work considered only converging nozzle profiles. Reference works in the literature [36, 83]
indicate that the use of converging blade profiles is preferable up to an exit Mach number of 1.4,
resulting in a supersonic post-expansion from the throat to the exit. For higher values of Mach
number, strong shock waves and a large supersonic flow deviation occur at the blade exit, producing a
dramatic drop in the turbine efficiency. In this case, converging-diverging blade profiles should be
considered [36]. The loss correlations presented in this work were developed considering converging
profiles blades. For this reason, it is recommended to use them up to the limit Mach number of 1.4 for
the reliable application of this steady-state mean-line model.

Finally, it needs to be stressed that the model presented in this paper is subject to the limitations of all
steady-state, mean-line models. The model does not attempt to reproduce the full details of the
complex three-dimensional flow in the turbine and the corresponding losses. High-fidelity CFD
solvers, such as unsteady Reynolds-Averaged Navier Stokes simulations [64, 66, 77], are required to
capture the details of the complex flow field within the turbine. In this respect, the integration of
mean-line methods and CFD simulations is paramount for the complete fluid-dynamic design of the
turbine [36, 84].

5. Conclusions

This paper presented for the first time a comprehensive methodology for the preliminary design and
performance prediction of radial-inflow turbines for high-pressure ratio applications. A single-stage,
radial-inflow turbine model for preliminary design and off-design operation was developed, including
consistent modelling strategies for the treatment of choking flow conditions.

A global sensitivity analysis was applied to the model to identify the significance level of the
calibration coefficients in the turbine losses with respect to the isentropic efficiency and mass flow



rate. The turbine loss coefficients were calibrated by minimising the deviation between predicted and
measured data for the isentropic turbine efficiency and the mass flow rate across all the off-design
data range of six well-documented turbines available in the open literature. The calibration method
employed a multi-objective optimisation based on a genetic algorithm, which resulted in a significant
reduction in the deviation between the numerical model and the experimental data compared to the
baseline case (no calibration). Specifically, the RRMSE across the range of turbine operating
conditions decreased from 5.9 % to 2.1 % in the prediction of isentropic efficiency and from 2.4 % to
1.5 % in the prediction of the mass flow rate.

Using the calibrated coefficients, the design model was validated against the turbine data used for
calibration, and showed a maximum deviation of 2.83 %. The off-design model was validated against
the data of an ORC turbine and a turbine using air, both operating at high-pressure ratio conditions.
Considering the experimental data uncertainty, the model provided good agreement with the ORC
turbine, with less than 1 % deviation in mass flow rate and about 5 % deviation in efficiency. The
validation with the air turbine provided good results and it was noted that a careful estimation of the
blade throat, based on the detailed characteristics of the nozzle geometry, is paramount to obtain the
correct values of the mass flow rate.

The developed turbine design and off-design prediction methodology is applicable to HPR turbines
operating with any working fluid in the gas phase. The design and performance prediction models can
be expected to provide results within the range of accuracy of the calibrated model for nozzled
turbines with geometrical and loading characteristics similar to those used for calibration. A lower
accuracy is expected for turbines with different characteristics. In particular, it is important to use or
estimate accurate values of throat opening in order to correctly predict the maximum turbine mass
flow rate.
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Nomenclature

Symbols Greek
letters
A Area [m’] |« Absolute flow [°]
angle
b Blade width [m] S Relative flow []
angle
BF Blockage factor [-] p Density [kg / m’]
Absolute velocity [m/s] & Clearance gap [m]
o Spouting velocity [m/s] n Turbine isentropic | [-]
efficiency
c, Rotor chord [m] Y Nozzle wedge [°]
included angle
D, Hydraulic diameter [m] 0 Nozzle center [°]
angle
m Mass flow rate [kg/s] Subscripts




h Specific enthalpy [J/kg] 0 Total
Ah Enthalpy drop [J/kg] 1 Nozzle inlet
I Rothalpy [J/kg] 2 Nozzle throat
k Specific heat ratio [-] 3 Nozzle exit
K,, K,, K, Coefficients in Tab. 2 | [-] 4 Interspace exit
Kpl , sz , Kp3 , Calibrgtion [-] 5 Rotor throat
K K. coefficients
1, Rotor axial length [m] 6 Rotor exit
L, Hydraulic length [m] a Axial
M Mach number [-] b Blade
N Rotational speed [rpm] c Clearance
0 Throat opening [m] ch Choking
p Static pressure [Pa] h Hub
PR Pressure ratio [-] inc Incidence
n,noz Nozzle
r Radius [m] pe Post-expansion
Re Reynolds number [-] pl Passage
RRMSE Relative Root Mean | [-] opt Optimal
Square Error
Specific entropy [J/(kgK)] | rel Relative
t Trailing edge [m] r Radial
thickness
T Temperature K] rot Rotor
U Peripheral velocity [m/s] s Shroud
w Relative velocity [m/s] t Trailing edge
Number of blades [-] ts Total-to-static
Abbreviation and acronyms tt Total-to-total
HPR High-Pressure Ratio \& Interspace

ORC Organic Rankine
Cycle
RIT Radial-Inflow

Turbines
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Highlights

e A mean-linemodel for high-pressureratioradial-inflowturbines is presented.

e Modellingstrategies for the treatment of choking conditions aredetailed.

e The loss models arecalibrated with the experimental data of six turbines.

e The calibration allowed reducing the deviation with the experimental data.

e The mean-line model is validated with other two test cases within5 % accuracy.



