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ABSTRACT
The critical strain and stress at fracture are systematically investigated for two groups of nearly monodisperse linear polystyrene liquids in
an extensional flow. The samples in group I have similar number of Kuhn segments per entangled strand (Ne) but different number of
entanglements per chain (Z), while the samples in group II have similar Z but different Ne. We found that the critical conditions, especially
the critical stress, are independent of Z but influenced by Ne. The observations indicate that the fracture in entangled polystyrene liquids
occurs at a length scale smaller than an entangled strand. Therefore, the fracture originates more likely from scission of primary bonds in
polymer chains, rather than rapid entanglement slipping. The level of the critical stress also suggests that at fracture, the polymer chains
approach their theoretical maximum stretch ratio, which is equal to

√

Ne.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5108510., s

I. INTRODUCTION

Fracture is a common phenomenon in solid materials. It lim-
its the strength of the material. In general, the initiation of fracture
is related to the effect of local instability. In many solid materials,
this local instability is due to defects in terms of microcracks, and
the biggest pre-existing microcrack determines the fracture stress.1

Since the size of the biggest crack varies, the fracture stress is sel-
dom reproducible. Therefore, fracture stress is not a material prop-
erty for solids. In respect of glassy polymers, it has been found
that the tensile strength is also influenced by the alignment of the
polymer chains during processing.2,3 In a recent paper by Huang
et al.,3 it has been observed that for polystyrene, the larger stress
in the melt stretching gives the larger tensile strength in the solid
state, while the largest stress in the melt stretching is limited by
fracture of the polymer liquid during stretching. This observation
indicates that there is a connection between liquid fracture and
solid fracture for polymer materials. While the explanation based
on pre-existing cracks works for solid fracture, it does not seem
compatible with liquids where such microcracks would close up
by molecular motion.4–6 Thus, understanding why polymers frac-
ture in the liquid state promises to hold the key to understand how

the inherent strength of defect-free materials depends on molecular
parameters.

Entangled polymer liquids such as polymer melts and solu-
tions are known to be viscoelastic materials, meaning that they react
liquidlike in slow deformations and solidlike in fast deformations.
They are able to fracture in a manner similar to solids at sufficiently
high deformation rates in an extensional flow. Fracture in polymer
liquids has been observed in extrusion processes7,8 and in the break-
age of filaments.9,10 It should be noted that the fracture mentioned
here is fundamentally different from the phenomena of flow insta-
bilities such as necking and surface tension-driven breakup (e.g.,
beads-on-a-string)11 that may be described using the basic equa-
tions of fluid mechanics and macroscopic constitutive equations.12

“Edge fracture” in shear deformations is also a phenomenon of flow
instability.13 By contrast, the phenomenon of fracture should rely on
some molecular (i.e., noncontinuum) process for its initiation and
propagation. This may happen in a fast flow with a sudden brittlelike
fracture, which breaks the sample into two pieces with new smooth
surfaces.4–6 Malkin and co-workers10,14,15 proposed a master curve
dividing the behavior of polymer liquids into four zones by plotting
the Hencky strain at the rupture as a function of stretch rate. The
master curve shows that a steady state flow can be observed at very

Phys. Fluids 31, 083105 (2019); doi: 10.1063/1.5108510 31, 083105-1

Published under license by AIP Publishing

https://scitation.org/journal/phf
https://doi.org/10.1063/1.5108510
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5108510
https://crossmark.crossref.org/dialog/?doi=10.1063/1.5108510&domain=pdf&date_stamp=2019-August-20
https://doi.org/10.1063/1.5108510
https://orcid.org/0000-0001-8777-4241
mailto:qh@kt.dtu.dk
https://doi.org/10.1063/1.5108510


Physics of Fluids ARTICLE scitation.org/journal/phf

slow rates in Zone I, while necking instabilities take place at faster
rates in Zones II and III. At very high rates in Zone IV, the mate-
rials fracture in a solidlike fashion. The fracture discussed in this
paper corresponds to the behavior in Zone IV of the Malkin master
curve.

Current theoretical and experimental information on the
mechanism of fracture in polymer liquids is very limited. Pomeau
introduced the idea that thermal fluctuations may play a role in frac-
ture,16 and this idea was first used for viscoelastic materials by Bonn
et al.17 de Gennes suggested a simple viscoelastic trumpet model to
describe crack propagation in viscoelastic fluids.18 However, these
theories have largely remained without experimental verification.
In 2009, Tabuteau and co-workers provided the first pictures of a
crack propagating in the trailing liquid filament behind a falling
drop, using high-speed imaging.4 The images demonstrate that the
fracture in polymer liquids involves crack initiation from the sam-
ple surface and crack propagation, in contrast to the axisymmetric
flow instabilities such as necking and beads-on-a-string. Unfortu-
nately, Tabuteau et al. were unable to control the rate of stretching
of the liquid filament. Therefore, they were unable to investigate how
the fracture process depends on the stretch rate. Recent develop-
ments in extensional rheometers make it possible to stretch liquid
filaments at controlled stretch rates.19 Carefully controlled experi-
ments have shown that the critical stress and strain at the fracture
for polymer liquids are highly reproducible.6 This observation is
nearly impossible in the solid fracture, suggesting that the liquid
fracture must be understood from a fundamentally different frame-
work than classical solid fracture mechanics. This formulates the
following key question: what is the underlying molecular mecha-
nism for liquid fracture? Is it scission of primary bonds or is it
just a very rapid disentanglement process? While there is no clear
answer at this stage, it has been suggested by some research groups
that scission of primary bonds plays the role.20,21 Very recently,
Wagner et al. proposed that liquid fracture should be understood
in terms of entropy.21 However, this idea has been questioned by
Wang.22

Although fracture stops the flow of polymer liquids and should
be understood as a noncontinuum process, the conditions that lead
to fracture, e.g., stretch rate, critical strain, and critical stress, are still
connected to polymer rheology and dynamics. Commonly known
as the tube theory, the seminal developments by de Gennes23 as well
as by Doi and Edwards24 provide the basis for the molecular pic-
ture of the dynamics of entangled polymer liquids. There are two
important molecular parameters in the tube model: the number of
entanglements per chain (Z) and the number of Kuhn segments per

entangled strand (Ne). The significance of Z is that the total frictional
resistance to rapid entanglement sliding must presumably depend
on Z. The significance of Ne is that it controls the maximum stretch
ratio for one entanglement strand.

In this work, we systematically investigate the critical strain and
critical stress for a series of nearly monodisperse entangled polymer
liquids with different Z and Ne. The purpose is to provide clearer
indications for the key questions mentioned above. If the fracture
originates from rapid entanglement slipping, the critical conditions
at the fracture should be dependent on Z. If the polymer chains are
fully stretched at the fracture, the critical conditions should scale
with Ne.

II. MATERIALS AND METHODS
A. Materials

Two groups of polystyrene (PS) samples have been prepared for
this study. The samples are named in the form of PS-X/4k-Y, where
X is the weight average molecular weight of the PS, 4k is the molec-
ular weight of the oligomeric styrene solvent, and Y% is the volume
fraction of the PS in the solution. Group I contains three PS solutions
with similar volume fractions (17%–18%) of the polymer, namely,
PS-1760k/4k-18, PS-864k/4k-17, and PS-576k/4k-17. The samples
have similar values of Ne but different Z. Group II contains three
PS samples with different volume fractions (18%, 33%, and 100%),
namely, PS-1760k/4k-18, PS-864k/4k-33, and PS-285k. The sam-
ples have similar values of Z but different Ne. All the polystyrenes
for making the solutions were purchased from Polymer Standards
Service (PSS). They were separately diluted in a styrene oligomer,
OS-4k. The OS-4k has a short chain far below the entanglement
molecular weight, and is therefore equivalent to a solvent. The pur-
pose of selecting a styrene oligomer as the solvent is to avoid poten-
tial phase separation. The detailed procedure of making the solutions
has been described in Ref. 25. The polystyrene melt, PS-285k, was
synthesized using anionic polymerization. All the samples are nearly
monodisperse, with dispersity below 1.15. Some of the samples have
been used in previous work and the corresponding references have
been listed in Table I. The values of Z and Ne, together with the other
parameters such as the glass transition temperature (Tg), the relax-
ation time of one entanglement strand (τc), the maximum relaxation
time (τm), the plateau modulus (G0

N), and the maximum stretch ratio
of the polymer chain (λmax), are also listed in Table I. The values of
Ne are calculated from Ne = Ne ,mϕ−1, where ϕ is the volume fraction
of the polymer and Ne ,m = 21.8 is the number of Kuhn segments

TABLE I. Material properties of the polystyrene samples.

Sample Tg (○C) Ne Z τc (s) (at 130 ○ C) τm (s) (at 130 ○C) G0
N (Pa) (at 130 ○C) λmax References

PS-576k/4k-17 89.0 128.2 6.7 0.683 199.4 6 890 11.3
I PS-864k/4k-17 89.0a 128.2 10.2 0.757 926.2 6 690 11.3 6

PS-1760k/4k-18 89.0a 121.1 22.8a 0.661a 12 615a 6 850a 11.0 27
II PS-864k/4k-33 92.0a 66.1 21.0 0.391 5 651 25 942 8.1 6

PS-285k 107.5a 21.8a 21.4a 0.444a 6846a 252 040a 4.7a 25

aValues are directly taken from the corresponding references.
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per entangled strand for the PS melt.25 The values of λmax are calcu-
lated as λmax =

√

Ne. The values of τc, τm, and G0
N are obtained from

fitting the Baumgaertel—Schausberger—Winter (BSW) model26 to
linear viscoelastic characterization data as described in Ref. 25.

B. Linear viscoelastic characterization
The linear viscoelastic properties of the PS samples were

obtained from small amplitude oscillatory shear flow measurements
using an ARES-G2 rheometer from TA Instruments. An 8 mm
plate-plate geometry (with a sample thickness around 0.8 mm) was
used for lower frequencies and a 4 mm plate-plate geometry (with
a sample thickness around 0.5 mm) was used for higher frequen-
cies in the transition to the glassy regime. The measurements were
performed at 5 ○C (for glassy regime), to 80 ○C higher than the cor-
responding glass transition temperatures of the samples. For each
sample, the data were shifted to a single master curve at the reference
temperature of 130 ○C using the time-temperature superposition
procedure.

C. Extensional stress-strain measurements
The stress-strain measurements in a uniaxial extensional flow

were performed using a homemade filament stretching rheometer
(FSR).19 The initial shapes of the samples were cylindrical test spec-
imens with a radius R0 between 2.7 mm and 4.0 mm and a height
L0 between 1.5 mm and 2.0 mm. To avoid sample slipping off the
end plates during stretching, all the cylindrical samples were pre-
stretched to a radius Rp (<R0) at the midfilament plane prior to the
measurements. During the measurements, the force F(t) was mea-
sured by using a load cell and the diameter 2R(t) at the midfilament
plane was measured by using a laser micrometer. The Hencky strain
is defined as 𝜖(t) = −2 ln(R(t)/Rp), and the true stress is calculated
from the measured force divided by the cross-sectional area of the
midfilament plane. An online control scheme19 was employed in the
FSR to control the midfilament diameter during stretching, so that
the local strain rate, 𝜖̇ = d𝜖/dt, was ensured to be constant. It should
be noted that necking instabilities in Zones II and III in the Malkin
master curve10,14,15 can be controlled by the online control scheme
in the FSR. Therefore, the four zones in the Malkin master curve are
reduced to just two states: steady flow and elastic fracture.28 All the
measurements were performed at 120 ○C–130 ○C, and shifted to the
reference temperature of 130 ○C.

III. RESULTS AND DISCUSSIONS
A. Linear viscoelasticity

Figure 1(a) shows the storage modulus G′ and loss modulus
G′′ as a function of the angular frequency ω at the reference temper-
ature 130 ○C for the three samples in group I, while Fig. 1(b) plots
the phase angle δ as a function of the complex modulus G∗, which
is known as the van Gurp-Palmen plot.29 The samples in group I
are supposed to have similar values of Ne but different values of Z.
This can be checked in the figures. In Fig. 1(b), it is clear that the
minimum of δ for the three samples appears at a similar value of
G∗, meaning that they have the similar plateau modulus G0

N .30 Since
G0

N ∝ M−1
e , where Me is the entanglement molecular weight, the

similar G0
N also means that the samples have the similar Me, hence

FIG. 1. (a) The storage modulus G′ and loss modulus G′′ as a function of the
angular frequency ω at 130 ○C for group I. (b) The van Gurp-Palmen plots (phase
angle vs complex modulus) for group I. The three black crosses (δ = 45○) corre-
spond to the three crossover points (G′ = G′′) for each sample in Fig. 1(a) [the
part of G∗

> 3 × 105 Pa in Fig. 1(b) is not shown in Fig. 1(a)].

the similar Ne. The three black crosses (at δ = 45○) in Fig. 1(b) cor-
respond to the three crossover points (G′ = G′′) for each sample in
Fig. 1(a) [the third crossover is not shown in Fig. 1(a)]. The part
in between the second and third crosses in Fig. 1(b) for the three
samples overlaps each other, also showing that the samples have the
similar Ne.31 The different values of the minimum δ in Fig. 1(b)
show that the samples have different Z.30 This is also confirmed in
Fig. 1(a), where the horizontal distance between the first and second
crossover points is different.25,31

Figure 2 shows the same plots as Fig. 1 but for the three sam-
ples in group II. These samples are supposed to have similar values
of Z but different values of Ne. In Fig. 2(b), the minimum of δ
for the three samples appears at different G∗, meaning that they
have different G0

N , hence different Ne. This is also confirmed in
Fig. 2(a), where the horizontal distance between the second and
third crossover points is different for the three samples. The similar
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FIG. 2. (a) The storage modulus G′ and loss modulus G′′ as a function of the angu-
lar frequency ω at 130 ○C for group II. The inset shows the nondimensional form
of the data, in which the same horizontal distance between the first and second
crossover points is clearer. (b) The corresponding van Gurp-Palmen plots (phase
angle vs complex modulus).

values of the minimum δ in Fig. 2(b) show that the samples have
similar values of Z. This is also confirmed in Fig. 2(a), where the
horizontal distance between the first and second crossover points is
similar.

The plots of G′ and G′′ up to the frequency of the sec-
ond crossover point have been previously published for PS-285k,
PS-864k/4k-33, PS-1760k/4k-18, and PS-864k/4k-17 (see Table I for
references). Here, these data have been remeasured and they agree
with the published data. The G′ and G′′ data up to the second
crossover point have been fitted with the BSW model26 for all the
samples, following the same procedure as described in Refs. 25 and
27. The fitted values of τc, τm, and G0

N are listed in Table I. The details
about the meaning of the BSW parameters and their relation to tube
model parameters are explained in Ref. 25. The values of Z in Table I
are obtained from the relation τm/τc ∝ Z3.4.25,27 The Rouse time for
each sample is estimated as τR = Z2τc.25 Figure 1(b) also plots the

contribution of the oligomer solvent OS-4k. It acts as a solvent up to
G∗

≈ 3 × 105 Pa.

B. Critical strain and stress for group I (similar N e and
different Z )

Figure 3 shows the transient true stress during stretching as a
function of Hencky strain at different stretch rates at 130 ○C for one
of the samples (PS-1760k/4k-18) as an example. For the rates faster
than 1.0 s−1, the measurements were originally performed at 125 ○C
or 120 ○C, and shifted to 130 ○C. It can be seen that for the measure-
ments at low stretch rates, steady stress is achieved at high Hencky
strain values, as shown by the plots with closed symbols in the fig-
ure. For these measurements, the samples did not fracture during
stretching. The reason for terminating the measurements was that
the diameter of the stretched filament was too thin to be measured
accurately. By contrast, at high stretch rates, the samples fractured
during stretching and thus terminated the measurements, as shown
by the plots with open symbols in the figure.

Figure 4(a) plots the critical Hencky strain at the fracture as a
function of stretch rates at 130 ○C for all the three samples in group
I. At very low rates in which the samples did not fracture, the critical
Hencky strain is infinite, and thus not plotted in the figure. It seems
that when the stretch rate is high enough, the critical Hencky strain
is the same for the three samples, meaning that it is independent of
Z. At lower stretch rates, it seems that the critical Hencky strain is
Z-dependent. If the fractures in this regime were due to rapid entan-
glement slipping, we would expect the sample with the lowest Z (PS-
576/4k-17) to be the easiest to fracture. However, the figure shows
the opposite case: PS-576/4k-17 requires a higher stretch rate to frac-
ture. This is probably because the relaxation time for PS-576/4k-17
is smaller.

We therefore replot the critical Hencky strain as a function of
the normalized stretch rates in Fig. 4(b). The normalized stretch rate
is expressed in terms of the Weissenberg number, WiR = 𝜖̇τR, where
τR is the Rouse time obtained from τR = Z2τc. It can be seen now
that for all the rates measured, the critical Hencky strain is almost

FIG. 3. The true stress as a function of Hencky strain for PS-1760k/4k-18 at dif-
ferent stretch rates at 130 ○C. The plots for the stretch rates from 0.001 s−1 to
0.06 s−1 are taken from Ref. 27.
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FIG. 4. (a) The critical Hencky strain
at the fracture as a function of stretch
rates at 130 ○C for group I. (b) The
critical Hencky strain as a function of
Rouse time based Weissenberg num-
ber for group I; the dashed line shows
the value of ln λmax . (c) The critical
stress and steady stress as a function
of Rouse time based Weissenberg num-
ber for group I; the dashed line shows
the value of 5λ2

max . The steady stress for
PS-1760k/4k-18 is taken from Ref. 27.

independent of Z. We further plot the critical stress at the fracture
as a function of the Weissenberg numbers for the three samples in
Fig. 4(c) (shown as the open symbols). The steady stresses at lower
WiR are also plotted in the figure (shown as the closed symbols).
Here, all the stresses are normalized by the plateau modulus G0

N ;
keep in mind, however, that the three samples have similar G0

N . The
values of Z range from 6.7 to 22.8 for the samples. If the fracture
occurs due to disentanglement, we would expect the sample with the
lowest Z is the easiest to disentangle, which leads to the lowest crit-
ical stress at the fracture. However, it is clear in Fig. 4(c) that the
critical stress is independent of Z. Figures 4(b) and 4(c) suggest that
the fracture happens at a length scale shorter than the entanglement
strand, indicating that it originates from chain scission rather than
rapid entanglement slipping. It should be noted that Z is an average
value and in the sample there are chains that have fewer entangle-
ments than Z. The initiation of fracture could be triggered by such
“weakest links” leading to disentanglement. But the major mecha-
nism leading to fracture is probably not disentanglement since the
critical strain and stress are not influenced by Z as mentioned above.

In Fig. 4(c), the level of the critical stress is over 500 times
higher than the plateau modulus, meaning that the polymer chains
are highly stretched. In the elastic limit, the critical true stress at the
fracture can be calculated as σc = 5G0

Nλ2
c ,21 where λc is the critical

stretch ratio of the polymer chains at the fracture. In Fig. 4(c), the
dashed line shows the level of 5λ2

max, where λmax = 11.3 for the sam-
ples in group I (see Table I). It can be seen that all the steady stresses

are below the dashed line, while the critical stresses are of the same
level, or slightly higher. This observation suggests that at the fracture
the critical stretch ratio of the polymer chains, λc, approaches the
theoretical maximum stretch ratio, λmax. The slightly higher stresses
above the dashed line are probably due to glassy contribution; keep
in mind that, here, we completely omit the contribution from the
solvent OS-4k. The dashed line in Fig. 4(b) is calculated from 𝜖c
= ln λmax. It shows the limit of affine deformation when λmax is
approached.

C. Critical strain and stress for group II (similar Z and
different N e)

Figure 5 shows the same plots as Figs. 4(b) and 4(c) but for
the three samples in group II. For the melt PS-285k, at Weissenberg
numbers of about 60–300, steady stress seemed to be approached for
about one Hencky strain unit, but then the samples ruptured. This
might be due to the fact that the stretch rate is in the transition from
necking to fracture, and necking may happen too fast to be con-
trolled by the online control loop. It is therefore not clear whether
such a rupture is due to elastic fracture or a failure of the online
control scheme19 leading to fast necking. To clarify this point would
require high-speed imaging to check the rupture process, which is
not performed in this work. The strain and stress at such a rup-
ture are plotted with the gray star symbols in Figs. 5(a) and 5(b). In
Fig. 5(a), PS-864k/4k-33 and PS-285k seem to have the same critical
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FIG. 5. (a) The critical Hencky strain as a function of Rouse time based Weis-
senberg numbers for group II; the dashed lines show the values of ln λmax for each
sample. (b) The critical stress and steady stress as a function of Rouse time based
Weissenberg numbers for group II; the dashed lines show the values of 5λ2

max for
each sample. The steady stress of PS-1760k/4k-18 and PS-285k is taken from
Refs. 27 and 25, respectively; the steady stress of PS-900k/4k-33 in Ref. 27 is
used here to represent the steady stress of PS-864k/4k-33. For PS-285k at WiR of
60–300, it is not clear whether the sample at the rupture is due to elastic fracture
or failure of the online control scheme leading to fast necking. Such points are
presented in gray stars in both panels.

Hencky strain, while PS-1760k/4k-18 has a slightly higher critical
Hencky strain. Therefore, it is not very clear whether the critical
strain is Ne-dependent. By contrast, the critical stress in Fig. 5(b)
shows a clear difference compared to the case in Fig. 4(c), meaning
that it is indeed influenced by Ne. The dashed lines in Fig. 5(b) show
the level of 5λ2

max for each sample, which match the level of the crit-
ical stresses. This again suggests that the polymer chains approach
their theoretical maximum stretch ratio λmax at the fracture. The
dashed lines in Fig. 5(a) show the limit of affine deformation for each
sample when λmax is reached. At high Weissenberg numbers, the
two polystyrene solutions seem to approach the affine deformation,
while the melt is still far away from the limit of affine deformation.
This is probably due to the effect of more friction reduction for the

melt compared to the solutions,32–34 which leads to faster relaxation
for the polymer chains in the melt.

IV. CONCLUSIONS
We have investigated the critical conditions at the fracture for

two groups of nearly monodisperse linear polystyrene liquids in an
extensional flow. We found that the dependence of critical strain on
Ne is not very clear, probably due to the complicated relationship
between the macroscopic strain and the microscopic chain stretch.
By contrast, the critical stress at the fracture is clearly independent of
the number of entanglements per chain, but influenced by the num-
ber of Kuhn segments per entanglement strand. The observation
indicates that the fracture in entangled polystyrene liquids originates
more likely from chain scission, rather than rapid entanglement
slipping.

However, the stress-strain measurements provide indirect
information only; to confirm chain scission, other methods, e.g.,
with fluorescence,35 are required. The stress level at the fracture sug-
gests that the polymer chains are highly stretched and approach the
theoretical maximum stretch ratio. However, neutron scattering is
needed to provide more direct information on how much the chain
is stretched when fracture happens.
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