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1 Introduction

In this report, we present a comprehensive integer programming formulation for the nurse rostering
problem (NRP). This model is the result of a collaboration between DTU Management and the De-
partment of Data and Development Support (DU) at Region Zealand, with financial support from the
Danish Ministry of Health. The work has been conducted in a close collaboration with healthcare
practitioners at Danish hospitals, and the model has been iteratively built up to include all aspects
that are needed to match the real-world problem that practitioners face.

This report is organized as follows: Section 2 briefly introduces the problem this report considers.
Section 3 presents the model, constraint by constraint, divided into subsections based on the charac-
teristics of the constraints. Then, Section 4 describes the generation of conflict cliques, which are used
to reduce the number of constraints, and at last, Section 5 presents concluding remarks.

The appendices provide a summary, with a short description of the different constraints in Ap-
pendix A, an overview of the notation in Appendix B and the full model in Appendix C.

2 Problem description

As in other nurse rostering problems, the main task is to assign nurses to shifts on a given set of days
(i.e., the rostering horizon). To ensure that we produce a feasible roster, we also need to consider some
assignments from the previous rostering horizon, i.e., on the days leading up to the current horizon.

As the nursing staff at Danish hospitals does not only consist of educated nurses, but also assistants,
we will use the more general term employees throughout this report. We classify the employees in two
categories, those that we should assign to shifts on all days of the rostering horizon, and those that we
should only consider occasionally (indicated by the input data).

For shifts, we use two terms: Shift type and Shift set, where the former refers to a single event (e.g.,
work shift or day off) and the latter refers to a set of events (e.g., all work shifts). We note that for
various constraints it is indifferent whether we use shift types or shift sets, but for consistency we will
present these constraints using the notation for shift sets throughout the report.



As the formulation is developed in collaboration with Danish hospitals, Danish legislation applies.
This mainly affects the formulation of days off, as described in Section 3.2.2. In addition to various
general constraints (see Appendix A), the employees also have the option to make a request for every
day of the rostering horizon (e.g., to be assigned to a specific shift). Thus, the model should capture the
individual wants and needs of each employee, along with satisfying numerous general requirements.

3 Model

We now introduce the problem formulation in detail, alongside an integer programming formulation
used to solve it. The formulation consists of 14 hard constraints (H1-H14) and 15 soft constraints (S1-
S15). Constraints H1-H10 and S1-S10 are employee-specific (i.e., ensuring the quality of all individual
rosters), and the remaining constraints ensure that the ward as a whole functions according to the
standards that have been set (e.g., ensuring sufficient staffing). We present the individual constraints
in Section 3.2 and the ward constraints in Section 3.3.

We formulate the problem as a minimization problem with a single weighted objective, where each
soft constraint (S1-S15) has an associated weight. The weight can either be positive, representing a
penalty, or negative, representing a reward. We present the objective function in Section 3.4

3.1 Notation

Throughout the formulation, we use the following notation: £ represents the set of employees that we
should create a full roster for and £ the set of all employees in the ward. An employee e € £4\&
is not scheduled by the model, except when he or she specifically requests a shift. D represents the
set of days in the rostering horizon and DP"¢ is a set of days from the previous rostering horizon.
Additionally, we define D* = DUDP" for all days and W as the set of weeks of the rostering horizon,
along with subsets of days D,, for all weeks w € W.

S represents the set of shift types where we denote the starting and ending times on day d € D
with T34 and T;ﬁld, respectively. Additionally, we define subsets S*°"™* for work shifts and S, 4 for

feasible shift types for employee e € £ on day d € D, and extend it to include previous assignments
for d € DP™¢. We define the set of feasible assignments as A = £4 x D x Se,q, and the extension
Al = gall x pall xS, ; also includes assignments from the previous horizon. Finally, we define the
set of shift sets Z, where we denote the relation between shift type s € S and shift set ¢ € Z with
parameter o5, > 0. If a;, = 0 then the shift type does not belong to the shift set, but if o5 =1
then the shift type fully belongs to the shift set. In addition, a relation oy, € ]0,1[ means that the
shift type partly belongs to the shift set.

We introduce the assignment variables z. 4. s € {0, 1}, to denote whether we assign employee e € gaoll
to shift type s € Sc.q on day d € D. The first soft constraint S1 corresponds to a weight w:j;;g"
associated with each assignment. The weight can either be a penalty or a reward, depending on the
assignment.

We let ajgfdi < €{0,1} denote the (fixed) solution from the previous horizon, i.e., whether employee
e € £ was assigned to shift type s € S on day d € DP™¢. We let Ze,d,s be the extension of x¢ g s to
Eall x DAl x S, 4 by setting Fe g5 = x’;:zs foree £ deDP® and s € S.

When assigning shifts we need to ensure that they do not overlap in time, and that employees
get sufficient rest between them. According to the Danish legislation, employees should generally get
pf™ > 0 hours to rest between work shifts. Nonetheless, the rest may be reduced to p"¢?“ced > ( by
the employee’s request, where preduced < pfull,

3.2 Individual constraints

Most constraints in the model relate to the roster of each individual employee. We present these
constraints in the following categories: Section 3.2.1 presents the basis for creating a feasible roster,



i.e., assigning employees to shifts without any conflicting assignments. Section 3.2.2 presents the
formulation for days off as required by Danish law. Section 3.2.3 and Section 3.2.4 present counter
constraints and series constraints, respectively, following the categorization from previous research.
Finally, Section 3.2.5 presents individual constraints that do not fit any other category.

3.2.1 Assigning shifts

The first hard constraint is H1, stating that we should assign each employee e € £ to at least one shift
type s € S, q for each day d € D. This constraint is given with Equation (1).

Z Teds>1, Vee&,deD (1)

Sesgﬁd

The second hard constraint is H2, stating that we cannot schedule any conflicting assignments. We
define a pair of conflicting assignments as two assignments a1, as € A% where assigning both of them
would lead to an infeasible roster. These conflicts can, for example, occur due to physical restrictions
(e.g., employee cannot work two shifts simultaneously) or due to legislation (e.g., employees should get
sufficient rest).

We define a set of conflict cliques I', where v € I' corresponds to a subset of assignments A, C Adtt)
such that every two assignments in A, are conflicting. Using the conflict cliques, we can express H2
using Equation (2).

Y feas<1, VyeT (2)
(e,d,s)€Ay

In addition to I', we also generate sets of work conflict cliques T'c q for each employee e € £ and
day d € D. We can use these cliques to reduce the number of constraints in the model. We describe
the generation of cliques in Section 4.

3.2.2 Protected days off

According to Danish law, all employees are entitled to protected days off, which are subject to various
constraints. In this section, we describe two specific constraints for protected days off, but note that
some general constraints presented in later sections also apply for protected days off. We let s,y € S
denote the shift type for a protected day off and note that constraints H2, for conflicting assignments,
ensure that if we assign s,f € S, then it is the only shift assigned to that employee on that day. We
define variables pe 4; € {0,1} denoting whether employee e € £ starts a sequence of ¢ € N protected
days off on day d € D*!. We link these variables using Equations (3)-(5).

~ l

> pea =Teds,, Ve€E,deED" ispp€8ea (3)
d’eDa'll,

1€N:
d—i<d' <d

> pes =0, Vee£deD™ sy ¢ S @
d/efDall,

1€N:
d—i<d'<d
Zpe7d7j =+ Z De,d’ i S ]_7 Ve € g, de Dall (5)
jEN d/EDall,

i€N:
d'+i=d

Equations (3)-(4) ensure that the p 4, variable can only be one if we have assigned employee e € £
to the protected day off shift s,y € S on all days from d € D to d +i € D, including both days.



Furthermore, Equations (5) ensure that two sequences of protected days off are never adjacent, but
instead defined as one longer sequence.

The former constraint for protected days off is H3, stating that a day off can only count as a
protected day off if it satisfies a given minimum number of hours off. This constraint represents a
legal requirement, which is a minimum of either 32 or 35 hours off for a single protected day off or a
minimum of 24 - k + 7 - | k/2] hours off for k consecutive protected days off.

We let TP7¢", and T7%!, denote reference points in time from previous, and upcoming, rostering
horizons. When comparing to these reference values, we round on hours to two decimal places, denoted
with |-]2 in the formulation. The exact values for TP and T/%! are irrelevant, as they are only used

as a baseline to compare different points in time. We define two variables, 7/%* > 0 and 77¢** > 0,

where Té?jt represents the number of hours between TPV and the end of the last work shift employee

e € & has before day d € D and 723“ represents the number of hours between T77% and the start of

the next work shift employee e € £ has after day d € D.

We connect the variables 7/%" using Equations (6)-(7), and 7//6"* using Equations (8)-(9). Finally,

we let p? 7 denote the minimum number of hours off required for ¢ € N consecutive protected days off
and express H3 using Equations (10), where I'. 4 are work conflict cliques as defined in Section 3.2.1.

Tt Y Tt =T, Eedo1s 2 0, VecE,de DU veT.q (6)
Seswnrk:
(e,d—1,s)€A,
ot > Tt Ve e &,d e DY (7)
gt YT - T Feags < T -TPY],, Vee€,de DY yETeq  (8)
seswork,
(e,d+1,5)€A,
Tg;xt < 7'23?1, Vee &, ,de DM
d+1¢cp (9)
Tt o pe < rree, Ve e £,d e D! (10)
€N

When we assign employee e € £ to a work shift s € S*°"* on day d — 1 € D then Equations (6)

ensure that the counter variable Té?;t is updated according to the end of the work shift. Similarly,

Equations (8) ensure that the counter variable T;Z‘rt is updated according to the start of a work shift

on day d + 1 € D¥. Equations (7) and (9) ensure the consistency of the variables on days where we
do not assign a work shift on the previous or subsequent day. Finally, Equations (10) ensure that the
variable p. 4; can only become one when the difference between the counters 7'5** and 77"/ is more
than the required minimum hours for ¢ € N protected days off.

The latter constraint for protected days off is S2, stating that the number of days between two
contiguous sequences of protected days off should be below a maximum, denoted with v?"¢f. We
note that this constraint categorizes as a series constraint. We define variables ve 4 € [0,1] denoting
whether employee e € & exceeds vP"¢/ days without a protected day off from day d € D, and link them
using Equations (11). To avoid violation, the objective function penalizes with weight w?/ > 0 when

Ve,d > 0.

Veat+ Y deas, =1, VecEdeD™:d+v"f €D (11)

d' eD: i
d<d’<d+vPref



3.2.3 Counter constraints

We include five counter constraints in the formulation. The first two are; H4, to not exceed a maximum
when assigning an employee to certain shifts during the rostering horizon, and H5, to assign a fixed
number of certain shifts to an employee during the rostering horizon. We use M!%*"u? and MLoteb-fix,
to denote the maximum, and fixed, total assignments for employee e € £ to shift set ¢ € Z. These
parameters are only defined for a limited subset of £ x Z, as various employees or shift sets do not have
associated upper bounds or targets. We then express H4-H5 using Equations (12)-(13), respectively.

Z Os.o Teds < Méfj“l’“b, Vee o€ Z: Mé?jal’"b defined (12)
deD,

SESeJiﬁO'
Y Ouo - Teas =M, Vee £ o€ Z: M defined (13)

deD,
SESe aNo

The third counter constraint is H6, to assign a fixed number of certain shifts to an employee in a
given week. This counter constraint does not consider the rostering horizon as a whole but as separate
weeks. We use M, é";iﬁf @ to denote the fixed number of assignments for employee e € £ to shift set
o € Z during week w € W, and note that these parameters are only defined for a limited subset of
E x Z x W. We then express H6 using Equations (14).

E s, * Teds = M:’ﬁiﬁ fie | VYee & o€ ZweW: Me“’(ieqf T defined (14)
dED,,,
S$E€ESe,aNo

The fourth counter constraint is S3, stating that we should minimize the deviation between con-
tractual hours and assigned hours. This constraint is global, i.e., not defined for a single rostering
horizon but for a longer reference period. We let T!%"9¢* denote the target hours, i.e., the hours we
should assign to employee e € £ during the rostering horizon, after correcting for deficit or surplus
from previous rostering horizon. In addition, we let Th‘”“’ denote the hours an assignment to shift
type s € S on day d € D counts towards the target for employee e € £. We define variables h. ,, > 0
for the hours assigned to employee e € £ during week w € W, and link them using Equations (15).

We formulate S3 using a two-factor penalty where variables t} € [0, NT], and ¢, € [0, N~], denote
the positive, and negative, deviation from the target hours within a bound N+, and N~. In addition,
we define variables ¢+ > 0, and ¢~ > 0, denoting the deviation exceeding the bounds. We then link
these variables using Equations (16).

> T e =hew, VYe€c&weW (15)
deD.,,
SESe,a

N hew —tF 17—t 17T =TI Ve e € (16)
wew

To penalize for deviating from the contractual hours, we define weights w™ > 0, and w™ > 0, as the
penalties for the positive, and the negative, deviation from the target hours within the bounds N,
and N~. Additionally, we define w** > w™, and w™~ > w™, for penalizing the positive, and negative,
deviation exceeding these bounds.

The fifth counter constraint is S4, stating that we should distribute the hours between weeks
according to weekly targets for each employee. We let T“’“k denote the target hours for employee
e € & during week w € W. Furthermore, we let variables )\+ >0, and A\J, > 0, denote the positive,

e,w —



and negative, deviation from the weekly target and link these variables using Equations (17). The
objective function penalizes with weight w®*®* > 0 when A} Acw > 0.

e,w?

Reyw = Ady + Aoy = T4F, Ve€ E,weW (17)

e,w

3.2.4 Series constraints

In addition to S2 (for protected days off), we include eight series constraints in the formulation. The
first two are H7 and S5, stating that we should not exceed a maximum in a row when assigning an
employee to certain shifts. We let M9’ denote the maximum number of days in a row that we can
assign employee e € & to shift set ¢ € Z, from and including day d € D*, and note that these
parameters are only defined for a limited subset of £ x D% x Z.
As the constraint can either be hard or soft depending on the employee, the day and the shift,
we have parameters (3%, denoting whether it should be hard (8%, = 1) or soft (8;%, = 0). For
eoe = 0, we define variables pea,; > 0 denoting whether employee e € £ is assigned to shift set

o € Z more than M[9", days in a row from day d € D, and extend it to be zero for f/%* = 1. We
then express H7 and S5 using Equations (18). To avoid assigning too many consecutive assignments,
the objective function penalizes with weight w[***"°" > 0 when f 4., > 0.

Z As,o* Teydrs — Pedo < Mg oy, Vee€&,de DU s Z: M55, defined (18)
d,GDa“,

SESe qNo:
dgd/ngrMETf’dﬁ”U

The third series constraint is H8, stating that we cannot exceed a maximum of hours when assigning

certain shifts on consecutive days. We let HS%"2*“ be the maximum hours we can assign to employee
.d,

e € & from shift set 0 € Z on Dg%'>* consecutive days from day d € D and note that these

parameters are only defined for a limited subset of & x D% x Z. We express H8 using Equations (19),
where T!"%"" is as defined in Section 3.2.3.

> TIG  Geq,s < HEPS, Vee&,de DM o€ Z:
d<d'<d+DSopsec—1,
SEUQSe,d/
Homsee and DEose defined. (19)

The fourth and fifth series constraints are H9 and S6, referring to patterns of assignments on
consecutive days that we either forbid (H9) or penalize (S6). We let ) denote the set of patterns and
for each pattern y € ) we let [, denote the length in days and B?’J"” denote whether the pattern is
forbidden (65‘” = 1) or penalized (55‘” = 0). Furthermore, each pattern y € ) represents a series of
shift sets (o1,...0y,) with o; € Z, Vi € {1,...,1,}. For /* =0, we define variables 7. 4, € [0,1]
denoting a violation of pattern y € ) for employee e € & starting on day d € D, and extend it to
be zero for ﬁé’“t = 1. As we can relax some patterns by request, we let Il. 4, denote whether pattern
y € Y should be active for employee e € £ starting on day d € D. We then express H9 and S6 using
Equations (20). The objective function penalizes with weight w?** > 0 when 7, 4, > 0.

Z Tedti-1,8 < ly — 14 Te,dy, Vee &, de Dall’y ey:

i€{1,...,ly},
5;€0;NSe,dti—1

d + ly - 1 € DaHe,d,y = 1 (20)

The sixth series constraint is S7, stating that we should restrict the number of assignments to
different shifts for an employee on consecutive days. We let Z%/f C Z be the set of shift sets we



restrict, and n®/f be the maximum of different assignments on D%/f consecutive days. We define
variables ke 4.5 € [0,1] denoting whether we assign employee e € £ to o € Z4IF on DU consecutive
days from day d € D*. Furthermore, we define variables ke'g ¢ = 0 denoting how much we exceed
n%lf for employee e € £ on D¥f/ consecutive days from d € D*. We bind the variables using
Equations (21)-(22). The objectieve function penalizes with weight w?// > 0 when £""¢ > 0.

fe,d/,s Sne,d,oa veegadepallad/E{da"'ad+Ddiff71}7U€Zdiff7
sco:d+DW"W/ —1eD (21)
> kedo—n®T <k Vee€,deD™:d+ DM —1eD (22)
ocZdiff

The seventh series constraint is S8, stating that we should not assign work sequences (i.e., consec-
utive work days) shorter than a minimum number of days, denoted with m®¢4. We define variables
gstart ¢ 0,1] denoting whether employee e € & starts a work sequence on day d € D | Similarly we

define 927’}1‘{ € [0,1] for the end of a work sequence. We link these variables using Equations (23)-(24),
respectively, where I'; 4 are work conflict cliques as defined in Section 3.2.1. Additionally, we define
variables d. 4 > 0, used to penalize for the deviation from m?®°? if employee e € £ has a shorter work
sequence than preferred ending on day d € D. We connect these variables using Equations (25). The

objective function penalizes with weight w®¢?**® > 0 when de,a > 0.

> Geds— > Fed-ts <glart. VYee E,de D™,y ey (23)
seswerk; seSwork
(e,d,s)e Ay

~ ~ end all .

Y Feds— Y Fedirs <0, Vee&deDU,yeT.g:d+1€D  (24)
seswork, seSwork
(e,d,s)€Ay
(m*? —d+d — 1) (0 + 0519t — 1) < 6.4, VeeE,deD,d eDU:

d—m*9 <d <d (25)

Equations (23) force 923‘3” to be one if employee e € € has a work shift on day d € D but not
on day d — 1 € D and similarly Equations (24) force 9:7’(‘# to be one if employee e € £ has a work
shift on day d € D but not on day d + 1 € D¥. Finally, Equations (25) consider work sequences
shorter than preferred and bind the penalty variable d. 4 to be the square of the deviation from m?°?,
to ensure that extremely short sequences, e.g., single work days, are heavily penalized.

At last, the eight series constraint is S9, stating that the number of work sequences containing
certain shifts should not exceed a maximum for an employee on consecutive days. We let Z7¢¢ C Z
represent the set of shift sets that we restrict for employee e € £, and let )., denote the maximum
number of work sequences, containing shift set o € Z7°¢, that we should assign to employee e € £ on
D%} consecutive days.

We define variables (bztj’: € [0, 1] denoting whether employee e € £ starts a work sequence con-

taining o € Z2¢7 on day d € D!, Similarly we define ¢2T§1‘fo € [0, 1] for the end of a sequence. We link
these variables using Equations (26)-(27), respectively. Additionally, we define variables ¢<%=* > 0
denoting the number of sequences, exceeding xe,o, on D¢ consecutive days from d € D where we
assign employee e € £ to o0 € Z¢9 . We connect these variables using Equations (28). The objective

function penalizes with weight w?¢9¢°"#¢¢ > ( when (;Sg?;fgt > 0.

start end tart il il
Teudas T 047 — S 0 1 < @24t Ve e £,.dy € DU, dy € DU o € 25,

deD:
dy <d<ds



ERS Se,d2 No: d1 S d2 (26)

end start end all all se
Le,dy,s + ae,dg - E : 06,d -1< e,ds,0 Ve € 87d1 €D 7d2 €D S Ze q’
deD:

di<d<ds
ENS Se,dl No:dy <ds (27)

> St Xew S OGN Vee £,de DU o€ 239 d+ D3 € D (28)

d/ eDall .
d<d’'<d+D:°}

Equations (26) consider all days from the start and to the end of a sequence, including both days,
and check whether we assign e € £ to shift set ¢ € Z7°? on any of those days. If so, then we force
qbztgg to be one for the start day d € D of the sequence. Equations (27) work similarly for the end
of a sequence. Finally, Equations (28) count the number of sequences including shift set o € Z57 that
we have assigned to employee e € £ on D;%! consecutive days, and forces the penalty variable (;Sg‘,’é‘;t

to be positive if we exceed the preferred number x. ..

3.2.5 Other individual constraints

In addition to the constraints presented in previous sections, we include two individual constraints
that do not fit any category.

The first constraint is H10, stating that we can only schedule certain assignments for a given
employee in combination with other assignments. We let Lgy” ”s;’i};hgz € {0,1} denote whether we
only assign employee e € £ to shift set o1 € Z on day d; € D in combination with assigning shift
set 0o € Z on day dy € D and vice versa. Similarly, L oy € 10,1} denotes whether we
only assign employee e € £ to shift set 01 € Z on day d; € D in combination with assigning shift
set 0y € Z on day do € D, but not necessarily the other way around. We then express H10 using

Equations (29)-(30). We will present similar constraints on a ward level in Section 3.3.1.

Z fe,dl,s = Z Zz'e,d275, Ve € 5, dl,dg S Da”701,02 cZ: Lemp,both =1 (29)

e,d1,d2,01,02
8E€Se,dy N1 8E€ESe,dyN0o2

Y Fews < D, Feds Ve€&didy €D oy,00€ ZILIPN =1 (30)

= e,dy,d2,01,02
5656741 No1 5656~d2 No2

The second constraint is S10, stating that employees working some periods should get the sur-
rounding days off. We define Q. as the set of periods where we should assign surrounding days off to
employee e € &£ if he or she is working during the period. Each period ¢ € Q. is an interval of days
[¢°, ¢°] where we should assign ¢° days off before and ¢® days off after. We let Ocq C Swork . pall
denote the set of assignments that overlap with ¢ € Q. and let %4, 4,.5,,5, be the number of full days
between shift type s; € S on day d; € D and shift type s, € SY"™F on day dy € D, where
di; < ds.

We define variables B. ; > 0 and A, , > 0, denoting the number of days off we assign to employee
e € & before and after period g € Q., respectively. We bind these variables using Equations (31)-(33),
and the objective function rewards with weights w” < 0 when B, , > 0 and w® < 0 when A, , > 0.

Beg+ @ (Fedyss + Tedysn) < 20"+ Vay o510, VEEE,qE Qeydy € [q® — ¢ q - 1],
81 € Se.qy NSV dy €D,
89 € Seqy NSV 1 dy < do,
(51,d1) & Oe g, (52,d2) € Oc g,
0 < Py a1, < & (31)



Acg + 0% (Ze,dy,sr + Terda,sn) < 207 + Uy dyys1s0, VEEE,qE Qe,da € [¢°+1,¢°+ q%],
51 € Seqy NSV dy € DU,
89 € Seqy NSV 1 dy < do,
(51,d1) € Oc g, (s2,d2) & Oc g,

0 S ¢d1,d2751782 < qa (32)
(qb + qa) ’ Z Teds = Beg+ Ae,qv Vee&,qe Qe (33)
dEDall,
sESe,dﬁS“’”k:
(5,d)€EOc,q

Equations (31) ensure that if we assign employee e € £ to shift s, € S¥°"* during the period q € Q.
and also to shift s; € S¥°"F less than ¢” days before the period, then the variable B, 4 is bounded
from above by the number of full days off between the two assignments. Similarly, Equations (32)
ensure that if we assign employee e € £ to shift s; € S¥°"% during the period ¢ € Q. and also to shift
59 € SWork less than ¢ days after the period, then the variable A 4 is bounded from above by the
number of full days off between the two assignments. Finally, Equations (33) ensure that the variables
B, 4 and A, 4 can only be positive if we assign a work shift to employee e € £ during period g € Q.

3.3 Ward constraints

The remaining constraints consider the interaction between employees required to make the ward
function as a whole. We present these constraints in the following three categories: Section 3.3.1
presents coverage constraints and Section 3.3.2 presents constraints that balance the workload between
employees. Finally, Section 3.3.3 presents constraints for chaperoning and employees that should be
working together.

3.3.1 Coverage constraints

We let C denote the set of coverage constraints, ensuring that we assign employees to work shifts
according to pre-defined staffing requirements. In general, we have two types of coverage constraints;
H11, stating that we should assign a minimum number of employees to a given coverage, and H12,
stating that we can not exceed a maximum number of employees for a given coverage. For a coverage
j € C and day d € D we denote the minimum with c;’fén, and the maximum with ¢}'j*, and note that
at least one needs to be defined for each coverage constraint. Without loss of generality we assume
that every coverage j € C has an associated shift set o; € Z.

We let ﬂjf feat Jenote whether we allow (ﬂjf feat — 1) or forbid (BJf foat — () float nurses for coverage
j € C. For ﬁ]f foat 1, we define variables f; 4 € Ny denoting the number of float nurses we assign to
coverage j € C on day d € D, and extend it to be zero for ﬁjﬂoat = 0. The objective function penalizes

with weight w;laat >0 for f;q > 0.

Additionally, we define Z; as the set of skills with the competences required for coverage j € C,
where £, represents the skill of employee e € £, We then express H11-H12 using Equations (34)-(35),
respectively.

E Qspo; * Teds + fia > c}’?j", VielC,deD: c}’fj" defined (34)
ecgll,
s€o;:
E€E;

Z Qs,o; " Tedys + [0 < g™, VjieC,deD:c)'f” defined (35)

eegall
sEo‘Hj:
fee:g



An additional constraint for the coverage is H13, stating that we can only schedule certain assign-
ments in combination with other assignments. This constraint is similar to H10 from Section 3.2.5.

We let L?jﬁgjig‘igg € {0,1} denote whether we only assign shift set oy € Z on day d; € D% in
ward,one

combination with assigning shift set oo € Z on day dy € D, and vice versa. Similarly, L dy.ds 01,0

{0,1} denotes whether we only assign shift set oy € Z on day d; € D! in combination with assigning
shift set o9 € Z on day dy € D™, but not necessarily the other way around. We then express H13
using Equations (36)-(37).

~ ~ 1l . rward,both __
E Tedy,s = E Te, ds,ss le,dQ e D¢ ,01,09 € Z: Ld17d2,01702 =1 (36)
ccet, ccelt
SESe,dl No1 SESe,de‘I(TQ
5 =, all . rward,one __
E Tedy,s < E Te,dy,sy Vdi,dp € D 01,00 € Z: Ldl,dz,m,az =1 (37)
ecgtt ecgatt
SE€S8e,ayNo1 SESe,d,No2

In addition to the constraints presented in this section, we have one soft constraint related to
the coverage constraints. The constraint is S12, stating that for some coverage constraints we should
penalize for not reaching the maximum number of employees allowed. The objective function penalizes
with weight wi?"™* > 0 for the difference between the maximum number of employees allowed and
the actual number that is assigned.

3.3.2 Balancing constraints

We include two constraints that balance the work load between employees. First is S13, stating that
we should balance the excess we assign to a given coverage throughout the rostering horizon. This
constraint only considers coverage constraints that include all set of skills, i.e., we only balance the
number of employees but not the distribution between different types of employees.

We let variables cj > 0, and ¢; > 0, denote the highest, and the lowest, number of employees
exceeding c;-’?é” assigned to coverage j € C on any day d € D. If a coverage j € C either has a
maximum number of employees ¢}';* defined for all days d € D or has a restriction regarding skills
(e, 25 # U.cgan &), then we set C;L and c¢; to be zero. In other cases, we link the variables using

Equations (38)-(39). The objective function penalizes with a weight w”® > 0 for the difference between
+ —

c’ and c; .
J J

Qs.o; " Teds+ fja—ch <Mt VjeCdeD:E; = £
J J 75

ecgoll ecgall
s€0T;
cgnj" defined, ¢'q* not defined (38)
Y oy Teas+ fra—c; 2" VjieC,deD:E= | &
ecgatt ecgall
s€o; ’
"™ defined, ¢J'¢* not defined (39)

Second is S14, stating that we should spread the assignments to some shifts evenly between the
employees, relative to employee specific restrictions. We let M(Lf?j“l’“b be the extension of M[ofehub ag
defined with (40), where T!%"9¢ is the total hours we should assign to employee e € £ (as defined
in Section 3.2.3) and 19" is the standard length of a shift type. Therefore, ]\;[etf’jal’"b represents a
maximum number of assignments for all employees e € £ and shift sets o € Z.

total,ub total,ub
ML if M; ;4 defined,

Mg?atal’Ub = { [Tga'r'get

40
%7—‘ otherwise. (40)
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We let ZsPreed C Z represent the set of shift sets where we prefer to spread the assignments
evenly between the employees. We define variables (7% > 0, and (" > 0, denoting the maximum,
and minimum, assignments to o € Z*P7¢% for any employee e € &£ relative to ]\Z/g?j“l’“b. We bind
the variables using Equations (41)-(42), respectively. The objective function penalizes with a weight
wPread > ( for the difference between ¢; and ¢; .

Z Oso* Teds — Méf’;al’“b (T >0, Yec &, o ZoPread (41)

deD,
sE€o

Z Os o Teds — Met)ojal’“b LMt <0, Yee &, o€ Zopread (42)

deD,
sE€o

3.3.3 Chaperoning constraints

This section includes two constraints related to employees in training (referred to as trainees). We
define the chaperoning shift, s. € S, as a shift type dedicated to planning and evaluating the progress
of a trainee’s education.

The first constraint for chaperoning is H14, stating that we can only assign the chaperoning shift
to a chaperone when we also assign it to a corresponding trainee, and vice versa. We define the set of
chaperones £"%7 C £9 and the set of trainees for each chaperone £7%" C £%, Yc € £°"P. Then we
express H14 using Equations (43).

Z Teds. = Teds,, Ve€EP deD (43)

ecgirain

The second constraint is S15, stating that we prefer some employees to work together. We define
EG C £xEM as the set of employees we prefer to assign work together and let Zt°9¢ther C Z denote the
set of shift sets where we consider employees to be working together. We define variables g, ;.40 €
[0,1] denoting how much employees (e1,e) € £F work together when assigned to o € Zte9ether on
day d € D. We link the variables using Equations (44)-(45), which ensure that g, e, 4, can only be
positive if we assign both employees (e1,e3) € £ to shift set ¢ € Z on day d € D. The objective

function then rewards with weight w!29ther < 0 for ge, c,.a,0 > 0.

Gei,es,d,o S Zas,o' *Tey,d,ss V(@l, 62) S gG’ de Da o c Ztogether (44)
seo

Gei,es,d,o S Zas,a *Tegy,d,s, v(617 62) S gGa de Da (S Ztogether (45)
se€o

3.4 Objectives

The objective function is a a linear combination of penalties and rewards related to the violation or
satisfaction of soft constraints S1-S15, as presented with Equation (46). The weights for different
constraints should represent their relative importance.

. assign
min E Wegs *Tedst E wPf “Ve.d

(e,d,s)eA e€é,
dGDa”
+Y (Wt et ot w0 )
ee&
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+ Z wweek . (/\:,w+>‘;w) + Z w;nazrow e.do

ecé, ecé&,
weW dE'Da”,
oEZ
t di 1
+ E wy™ - Tedy + E wit T mere + E P
e€f, ect, ecét,
deD!, deD*" deD
yey
seqconsec count b a float
+ E w? “Pedo T E (w Be g+ w”- Ae,q) + § : wj “fj.d
e€s, e€g, jec,
deDM, q€Q deD
ocez:

nonmax maxr __ . bal (. + _ —
DI GiT = D Oy Teas | £ WM (] — )

jec, ecg, jec
deD 8€Se,aNo;
§ spread | (,rmax __ »~min 2 together
+ wa’ (Ca CO’ ) + wel,eg g(il,&Q,d,U (46)
sEeZspread (e1,e2)€EC,
deD,
Jeztogeth,eT

4 Clique generation

This section describes the automatic generation of cliques, which are used to reduce the size of the
model. We represent each assignment as a triple (e, d, s) of an employee, a day and a shift type. We let
A denote the set of feasible assignments for the rostering horizon and let A% be the natural extension
to previous rostering horizon.

To generate the set of conflict cliques I', we construct a conflict graph where each node represents an
assignment (e, d, s) € A%, For each conflicting pair of assignments ((eq,d1, s1), (€2, dz, 52)) € A% x A,
we add an edge to connect the two corresponding nodes. We choose the set I' to be a clique cover
of the graph, meaning that for every conflicting pair of assignments at least one clique contains both
assignments. To generate the cliques, we use the heuristic by Kou et al. (1978), producing a clique
cover while trying to minimize |T'|.

In addition to I', we also generate sets of work conflict cliques I'; 4 for each employee e and day d
of the rostering horizon. We employ these cliques in constraints H3 and S8, both reducing the number
of constraints needed and strengthening the formulation.

We generate these cliques using Algorithm 1, where we first iterate over all v € T" to create cliques
I'. ¢ with all work assignments in A, that correspond to e € £ and d € D. Afterwards, we try to
reduce [T, 4] by iterating through I'%¢5¢, defined as a descending ordering of the cliques v € T 4 W.1.t.
the number of conflicting assignments |A,|. For d € DP™°, we define one v € I'¢ 4 such that A, only
includes the assignment that employee e € £ got on day d € DP",

To further clarify the generation of work conflict cliques we provide a simple example in Table 1,
where we generate work conflict cliques for day d € [. We let sp, sg and sy denote day, evening and
night shifts, respectively. Furthermore, s. (the chaperoning shift) is categorized as a work shift, while
spr and Sor¢ are not. At last, d — 1 indicates that the shift is positioned on the day before, and d + 1
on the day after, as a clique v € I' does not have to be confined to a single day.

Table 1 presents the first step in generating the work conflict cliques, namely identifying the relevant
cliques (71-74) and extracting the work assignments. In each column, the blue shift types make up an
item in T'. 4 after line 6 (Algorithm 1).

We sort these cliques in a descending order, namely 73, 72, 71, 4. After initially marking all
conflicting pairs of assignments as uncovered (lines 7-11), we go through the cliques in the descending
order. In -3 we have four shift types, corresponding to six conflicting pairs that we mark as covered.

12



Algorithm 1 Generation of work conflict cliques
Feq=0 VYee&,deD
: for vy €T do
foreec £,d €D do
Teg+TeaU{(e,d,s)e A | =end =dnse Sk}
end for
end for
: for (61, dy, 51), (62, ds, 52) € Ado
if 3y eI : {(e1,d1,51), (e2,d2,52)} C A, then
((e1,d1,51), (ea,da, s2)) marked as uncovered
end if
: end for
forec &,deDdo
for v € I‘g)edsc do
if 3(er, d1, s1), (e2,d2, s2) € Ay ((e1,d1, $1), (€2, d2, s2)) marked uncovered then
for (e1,d1,s1), (e2,d2,52) € A, do
((e1,dq,51), (€2,dz, s2)) marked as covered
end for
else
Lea+ Tea\{7}
end if
end for
: end for

© X NP TR wh

L I R e T T e e
M2 QO X JIPTRN R

Table 1: The first step in generating work conflict cliques.

7 V2 3 V4
SE (d*l) SN (d*l) Soff SN
SD Spf spf Spr (d+1)
Sc SD SD
Sc Sc
SE SE
SN

When moving through the remaining cliques, all pairs have been marked as covered and thus we can
remove those cliques from the set of cliques. As a result, only one clique remains in the set of work
conflict cliques, namely I'c g = {73}

5 Concluding remarks

This report has introduced an integer programming formulation for the nurse rostering problem under
Danish legislation. The model has been developed in collaboration with practitioners, with the focus
of practical applicability. Thus, the model is very comprehensive in the constraints that it includes and
simultaneously flexible regarding their usage. Currently, the model has replaced manual scheduling in
two wards in two Danish hospitals, and we aspire to spread it to a larger scale. As a supplement to
this report, Bodvarsdottir et al. (2019) presents 12 datasets from these two wards.
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A

Constraints

This Appendix summarizes the constraints presented in the report. The hard constraints are as follows:

H1:
H2:
H3:
H4:

H5:
H6:
H7:
HS:
H9:

H10:

H11:

H12:

H13:

H14:

For each day of the rostering horizon, we should assign at least one shift type to each employee.
For any conflicting pair of assignments (e.g., due to physical infeasibility), we can at most assign one of them.
A protected day off needs to fulfill some minimum number of hours off between the adjacent work shifts.

The total assignments for an employee to given shifts must be below an upper bound during the rostering
horizon.

The total number of assignments for an employee to given shifts should be fixed during the rostering horizon.
The total number of assignments for an employee to given shifts should be fixed for a given week.

The number of assignments in a row for an employee to given shifts must be below an upper bound.

The assignments on consecutive day for an employee to certain shifts cannot exceed a maximum of hours.

We forbid some patterns of shift assignments on consecutive days. This constraint is general, and each pattern
can be represented as a series of shift sets (o1,...0,), where assigning all shift sets in the given order on
consecutive days is forbidden.

For a given employee, we can only schedule some assignments in combination with another assignment. This
constraint is general, and can be represented with two tuples (dy, 1), (da, 02) of days and shift sets, where the
employee cannot be assigned to one tuple without the other (and sometimes vice versa).

We require a minimum number of employees for a given coverage constraint, in correspondence to pre-defined
staffing requirements.

We allow a maximum number of employees for a given coverage constraint, in correspondence to pre-defined
staffing requirements.

For the ward as a whole, we can only assign schedule some assignments in combination with another assignment.
This constraint is similar to H10, but is represented with two tuples (e1,d1,01), (e2,ds, 02) of employees, days
and shift sets.

We can only assign a chaperoning shift to a chaperone at the same time as a corresponding trainee, and vice
versa.

Furthermore, the soft constraints are as follows:

S1:
S2:

S3:
S4:
S5:

S6:
ST:
S8:

S9:

Every assignment has an associated weight, reflecting how desired or unwanted it is.

The number of days between two contiguous sequences of protected days off for an employee should be below
an upper bound.

The hours we assign to an employee should not deviate from their contractual hours.
The hours we assign to an employee each week should be close to their weekly target.

The number of assignments in a row for an employee to given shifts should be below a given upper bound. This
constraint is a soft version of H7.

We penalize some patterns of shift assignments on consecutive days. This constraint is a soft version of H9.
An employee should not exceed a maximum number of different shifts on consecutive days.

The length of a work sequence (i.e., the number of consecutive work days) for an employee be above a lower
bound.

The number of work sequences containing given shifts for an employee should be above an upper bound on
consecutive days.
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S10:

S11:
S12:
S13:
S14:
S15:

An employee working in a given period of the rostering horizon should get the time off on the days surrounding
the period. Each period can be represented as an interval of days [¢°, ¢°] where we should assign ¢® days off
before and ¢ days off after.

We should minimize the number of float nurses assigned to meet the minimal staffing requirements.

We penalize for not reaching the maximum number of employees allowed for some coverage constraints.

We should balance the number of employees exceeding the minimum required throughout the rostering horizon.
We should spread the assignments to some shifts evenly between the employees.

We should assign some employees to work together.

16



B Notation

This Appendix summarizes the notation we have presented in the report, in the order that it appears.

Table 2: Sets used in compact model

Set Description

& Employees for whom we should create a full schedule.

gall All employees in the ward, including those that the model generally does not schedule.

D Days of the planning horizon.

prre Days from the previous horizon.

patl All days D = D U DP™® that we consider,

W Weeks of the planning horizon.

Duw Days D,, C D of week w € W.

S Shift types.

Swork Work shift types S¥°™* C S.

Se.d Shift types S, C S that are feasible for employee e € £ on day d € D, or the shift
types that were assigned if d € DP™®.

A Feasible assignments for the planning horizon A = £% x D x Se.d-

Aatl Feasible assignments including those that were assigned during previous horizon A =
gall X Dall % Se,d-

Z Shift sets.

r Conflict cliques.

Ay Subset of assignments A, C A belonging to conflict clique v € T..

| Work conflict cliques for employee e € £ on day d € D

y Patterns that we forbid or penalize (see constraints H9 and S6).

Zatf Subset of shift sets Z4/f C Z which we consider when restricting the assignments to
different shift sets on consecutive days (see constraint S7).

234 Subset of shift sets Z7°¢ C Z where we restrict the number of sequences on consecutive
days containing certain shifts (see constraint S9).

Q. Periods where we prefer to assign surrounding days off if employee e € £ is working in
the period (see constraint S10).

Ocq Assignments O, , C ¥ x D! that overlap with period ¢ € Q, for employee € € £.

C Coverage constraints (see constraints H11 and H12).

= Positions with competences for coverage j € C.

Zspread Subset of shift sets ZP7¢%d C Z for which we should spread the assignments evenly
among the employees.

gehap Chaperons £°her ¢ g9,

Elrain Trainees 74" C £ with chaperone ¢ € £MP.

EC Pairs of employees £¢ C £ x £ that we should assign work together.

Ztogether | Qubset of shift sets Z1°9¢t"eT C Z where employees assigned to the same set are considered
working together.

Fgf"dsc An descending ordering of the cliques v € I'¢ 4 with respect to the number of conflicting
assignments |A,|.

Table 3: Parameters used in compact model
Parameter Description
Tt The starting time of shift type s € S on day d € D"
:’Zd The ending time of shift type s € S on day d € D,
O, The relation between shift set 0 € Z and shift type s € SNao.
s A binary parameter denoting whether employee e € £*! had shift type s € S on

day d € DP"¢ in the previous schedule.

Continued on next page
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Table 3: Parameters used in compact model

Parameter Description
plult The minimum time required for full rest between assignments.
pred The minimum time required for reduced rest between assignments.
TPrev A reference point in time from previous planning horizon.
Tfut A reference point in time from upcoming planning horizon.
oY 4 The minimum number of hours off for ¢ € N consecutive protected days off.
vPref The maximum distance between two contiguous protected days off.
;?jalvub The maximum number of assignments employee e € £ should get from shift set

total, fix
Me)g )

M'week,fiac

e,o,w

target
Te

norm
e,d,s

N+
Tweek
e,w
row
e,d,o
row
e,d,o
consec
e,d,o

consec
e,d,o

ly

Bgat
e a,y
ndiff

DAiff

msed

Xe,o
seq
De,a

emp,both
e,d1,d2,01,02

emp,one
e,d1,d2,01,02

o0 € Z during the planning horizon.

The fixed number of assignments employee e € £ should get from shift set 0 € Z
during the planning horizon.

The fixed number of assignments to shift set ¢ € Z employee e € £ should get in
week w € W.

The number of hours we should assign to employee e € £ during the planning
horizon.

The number of hours that assigning shift type s € S on day d € D counts towards
the target for employee e € £.

The maximum positive deviation from the target hours before penalizing heavier
in two-factor penalty.

The maximum negative deviation from the target hours before penalizing heavier
in two-factor penalty.

The number of hours we should assign to employee e € £ during week w € W.
The maximum number of days in a row from day d € D we should assign
employee e € £ to shift set 0 € Z.

A binary parameter denoting whether the maximum assignments in a row from
day d € D for employee e € £ to shift set ¢ € Z should be a hard or a soft
constraint.

The maximum number of hours we can assign employee e € £ to shift set 0 € Z
on Dg%'2¢¢ consecutive days from day d € D.

The number of consecutive days when restricting the number of hours assigned to
employee e € £ from shift set o € Z from day d € D.

The length of pattern y € ) in days.

A binary parameter denoting whether pattern y € ) should be a hard or a soft
constraint.

A binary parameter denoting whether pattern y € ) should be active for employee
e € &€ from day d € D.

The maximum number of different shift sets from Z%/f we should assign on D9/
consecutive days.

The number of consecutive days when restricting the number of different shift sets.
The minimum length of a work sequence in days.

The maximum number of work sequences including shift set o € Z7°? we should
assign to employee e € £ on D% consecutive days.

The number of consecutive days when restricting the number sequences including
the same shift set.

A binary parameter denoting whether we can only assign employee e € £ to shift
set 01 € Z on day d; € D in combination with assigning him to o2 € Z on day
ds € D, and vice versa.

A binary parameter denoting whether we can only assign employee e € £ to shift
set 01 € Z on day d; € D in combination with assigning him to o2 € Z on day
ds € D, but not necessarily the other way around.

The first day of period q € Q. for employee e € .

The last day of period ¢ € Q. for employee e € £.

The number of days employee e € £ should have off before working in period

q € Q..

Continued on next page
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Table 3: Parameters used in compact model

Parameter Description
q® The number of days employee e € £ should have off after working in period q € Q..
Wy do,s1,59 The number of full days between shift type s; € S¥°"% on day d; € D and shift
type so € S on day do € D, where d; < ds.
;";” The minimum number of employees required for coverage j € C on day d € D.
g’ The maximum number of employees allowed for coverage j € C on day d € D.
ﬂjf foat A binary parameter denoting whether a float nurse is allowed for coverage j € C.
e The position of employee e € £
ward,both

di,d2,01,02

ward,one
dy,d2,01,02

[gen

\rtotal,ub
Meﬁ ’

A binary parameter denoting whether we can only assign any employee to shift
set o1 € Z on day dy € D in combination with assigning any employee to o9 € Z
on day ds € D, and vice versa.

A binary parameter denoting whether we can only assign any employee to shift
set 01 € Z on day dy € D in combination with assigning any employee to o, € Z
on day ds € D, but not necessarily the other way around.

The standard length of a shift type in hours.

An extension of M-t defined for all e € £ and 0 € Z

Table 4: Variables used in compact model

Variable Description

Ted,s € {0,1} Denotes whether we assign employee e € £ to shift type s € Sc 4 on day
d € D, i.e. whether we schedule assignment (e, d, s) € A.

Zeas € {0,1} Extension of z. 4 that includes the (fixed) assignments m’e’f(;s from previous
horizon.

Pe,di € {0,1} Denotes whether we assign employee e € £ to i € N consecutive protected days
off starting at day d € D.

rlast > The number of hours from the reference point 77"V to the end of the last work

7 shift employee e € £ has before day d € D.

723” >0 The number of hours from the start of the first work shift employee e € £ has
after day d € D to the reference point 774,

Ve g € [0,1] Denotes whether employee e € £ has no protected day off from day d € D
to day d + v*°¥ ¢ D, including both days.

hew >0 The number of hours we assign to employee e € £ during week w € W.

tr e[0,NT] The number of hours we assign to employee e € £ above the target hours,
within a bound N*.

tHt >0 The number of hours we assign to employee e € £ above the target hours,
exceeding Nt.

t; €[0,N7] The number of hours we assign to employee e € & below the target hours,
within a bound N~.

t.- >0 The number of hours we assign to employee e € £ below the target hours,
exceeding N .

/\;:w >0 The number of hours we assign to employee e € £ during week w € W above
the weekly target.

Aew >0 The number of hours we assign to employee e € £ during week w € W below
the weekly target.

te,do >0 It 579", = 0, this denotes whether we assign employee e € £ to shift set 0 € Z
on more than M;%" days in a row, starting on day d € Dl

Te,dy € [0,1] If B;’“t = 0, this denotes whether we violate pattern y € ) starting on day
d € D for employee e € £.

Ke.do € [0,1] Denotes whether we assign employee e € £ to shift set o € Z%/f on any day

d €{d,...d+ D% —1} for d € D,

Continued on next page
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Table 4: Variables used in compact model

Variable Description
Ke'g © >0 The number of shift sets from Z%// we assign to employee e € £ on any day
d €{d,...d+ D% —1} for d € D exceeding the maximum n®//.
Hgfg” €[0,1] Denotes whether employee e € £ has a work sequence starting on day d € D,
gend € [0,1] Denotes whether employee e € £ has a work sequence ending on day d € D,
5e;d >0 The square of the violation of minimum work sequence when employee e € £
has a sequence below the minimum that ends on day d € D.
start € [0,1] Denotes whether employee e € £ starts a work sequence including shift set
h o € Z:° on day d € D
¢2Z{f0 € [0,1] Denotes whether employee e € £ ends a work sequence including shift set
o € 2% on day d € D
gbgf’(%t >0 The number of work sequences exceeding ., that we assign to employee e € £
on D%} consecutive days from d € D that include o € Z2¢9.
B.q,>0 The number of days off we assign to employee e € £ before period ¢ € Q if the
employee is assigned work during the period.
Aeg >0 The number of days off we assign to employee e € £ after period g € Q if the
employee is assigned work during the period.
fi.a € No If ﬂjﬂoat = 1, this denotes the number of float nurses assigned to coverage j € C
on day d € D.
c;r >0 The highest number of employees exceeding c’ﬁj” that we assign to coverage
j €ConanydaydeD.
¢; 20 The lowest number of employees exceeding c;’?é” that we assign to coverage
1€ C on any day d € D.
>0 The maximum assignments to shift set 0 € Z°P7¢%? for any employee, relative
to employee specific restrictions.
¢min > () The minimum assignments to shift set ¢ € Z*P"%? for any employee, relative
to employee specific restrictions.
Geres,do € [0,1] Denotes how much employees (e1,es) € EF assigned to shift set o € Ztosether
on day d € D are working together.
Table 5: Weights used in compact model
Weight Constraint Description
oa” S1 Penalty or reward for assigning employee e € & to shift s € S on day d € D.
wP S2 Penalty for exceeding the maximum distance between two contagious pro-
tected days off.
wt S3 Penalty for a positive deviation from the target hours, within the bound
NT.
wt™ S3 Penalty for a positive deviation from the target hours, exceeding Nt .
w” S3 Penalty for a negative deviation from the target hours, within the bound
N—.
w™~ S3 Penalty for a negative deviation from the target hours, exceeding N .
wweek S4 Penalty for deviation from the weekly targets.
wrarrow S5 Penalty for exceeding the number of maximum assignments in a row for
employee e € £.
wgat S6 Penalty for assigning non-preferred pattern y € ).
wtf S7 Penalty for the number of shift sets exceeding the preferred we assign on
D#f consecutive days.
weealen S8 Penalty for violating the minimum sequence.
wseqeonsec | 59 Penalty for exceeding the maximum number of sequences including a certain
shifts on consecutive days.

Continued on next page
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Table 5: Weights used in compact model

Weight Constraint Description

w® S10 Reward for scheduling surrounding days off before a period where it is pre-
ferred.

w? S10 Reward for scheduling surrounding days off after a period where it is pre-
ferred.

w]teat S11 Penalty for assigning a float nurse to coverage j € C.

whonmar S12 Penalty for not hitting the maximum target for coverage j € C.

what S13 Penalty for not balancing the excess personnel.

wspread S14 Penalty for not spreading assignments to shift set ¢ € Z*Pm¢?? relatively
equally between the employees.

wtegether 1§15 Reward for assigning employees (e1, ez) € £ work together.
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C Compact model

This Appendix gives a compact overview of the model, using the same numbers for each equation as in the report.

min Y Wl mea+ Y W vea Y (Wt bwT s ot T )

e,d,s
(e,d,s)eA e€g, ec&
depat!
week + — mazxrow at
+ Z w ! ()‘e,w + Ae,w) + Z We : ;u'(i,d,d + Z UJZ *Te,d,y
ecé, e€’, e€g,
weEW dE'Da”, dE'Da”,
c€Z yey
+ wdiff . K/mgre + wseqlen . 5? a+ wieaconsec | codunt
§ : e, § 25 E : e,d,o
eck, eef, ecf,
depall deD deD*,
ocez:°

b float
+ z : (w ’ Beﬂ] + w? - AG’Q) + § :wj : fj»d + § w;wnmaw : C;'T,Ldaz - E as,aj *Te,d,s

e€E, Jjec, Jec, el
qeQ deD deD SE€S,,aNa;
bal - d i h
+y W )+ Y W (=) Y Wl ey e (46)
jec cEZopread (e1,e2)€EC,
deD,
Ueztogether
St Y Teds > 1, Vec&,deD (1)
SESe,d
> deds <1, VyeT (2)
(e>d1s)€A’Y
Z Pe,d’ i = -i'e,d,spfy Ve € 57 de Da” S Spf S Se,d (3)
d/E'Da”,
i€N:
d—i<d' <d
> Peari —0, Vec&de D s,; ¢ Soq (4)
d,E'Da”,
i€N:
d—i<d' <d
> beajt Y, Pea <1, Ve e &, d e Dall (5)
JjeN d'eDt,
1€N:
d'+i=d
gt = Y T = TP, B 20, Vee &, de D y el (6)
eswor}c:
(872,1’5)€A7
Téf‘dst > Té?jﬁl, Ve € £,d € D (7)
Tgfg’l}t o Z LT;izialfi _ Tfut'l2 Tedt1s < I_Tf“t _ T;Drev'|2 . Vecé&,de 'Da”,’y €l (8)
Ses'work:
(e,d—1,s)€Ay
T < T, Vee£,de D" :d+1eD™ (9)
Tt o pea < rrer, Ve e £,de D (10)
€N
Ved+ Y, Feas, > 1, Vec&,de D :d+ "¢/ e D (11)
d' €D:

d<d’'<d+vP7el

22



E As o * Te,d,s
E Qs o Teyd,s
E Qs o Teyd,s

d€D,,,
sE€ESe aNo

hour
E Te,d,s *Le,d,s

d€D,,,
SESe,q

+ - ++ ——
D hew —t&+t; —tFT 41
wew
Pew — AL + Al
e, w e,w e,w
Z Qs o * -’ie,d’,s — Me,d,o
d/GDall

SESe gNo:
d<d' <d+M[%",

hour A,
E Te,d/,s “Te,d,s

dgd/§d+D§:’£Z‘ic—l,
s€oNS, 4

E i'e,d-i-i—Lsi

et iy,
8i€0;NSe,d+i—1

Te,d s

> " edo —ntT

ceZdiff

§ i’e,d,s - § {ﬁe,d—l,s
seswork, scSwork
(e,d,s)€Ay

E Te,d,s — E Le,d+1,s
SGSwOTk: Seswork
(e,d,s)€Ay

(m*et —d+d = 1) - (07 + 0213

tart d
Tedsis + 0287 = Y 0 1
deD:
dy <d<d2

_1)

total,ub
< Me,a ’
_ total, fix
= M. ,

_ Mweek,fiz

e,o,w )

= he,wv

__ mtarget
= Te

_Tweek
- Tew »

< row
e,d,o

consec
S He,d,o )

< ly -1+ Te,d,ys

< Re,d,o

more
< Keq

start
S oe,d )

end
S 967d )

< 5e,d7

start
S e,d1,0

23

Veec,0€Z: Méf’j“l’“b defined

(12)

Vee o€ Z: Msf’;’“l’fir defined (13)

Veec o€ Z,weW:

MP5 T defined

e,o,w

Vee E,we W

Vee &

Vee E,weW
Vee&,de DM oe Z:

M7, defined

€

VeeE,de DM gec Z:

consec consec
edo ~and Do defined.

VeeE,deD¥ yecy:

d+1l,—1€D, M, q, =1
Veec &,de DM o e 24T
deld,...,d+ D% 1},
sco:d+D%W _1eD
Ve e &, de D :

d+ D% _1eD
Vee &,de DU ~eTl, 4

Vec&,deD yeT.y:

d+1€D
Vee&,deD,d e DM :
d—m® <d <d

Ve € £,dy € DM, dy € D,

o€ 2 s€Seq,No:di <dy

(19)

(20)

(24)

(25)

(26)



end E start
x67d175 + 95,(12 - oe,d -1

deD:
dy <d<d
end § start
e,d,oc + e, d o0 Xe,o
d ep*i;
d<d’'<d+D:°t

§ i’e,dl,s

seSe,dl Noy

§ Te,dy,s

5636141 No1

b ~
Be,q +q - (x€7d1751 + $€7d2,82)

Ae,q + qa ! (j€7d1,51 + xe,d2,52)

(qb + qa) : Z -'z‘e,d,s

dE'Da”
SESe,qNS™WOTk:
(5,d)€Oc,q

§ As.0; " Te,d,s + fj,d
ecg™,
s€o;:
£c€EE;

E as,aj *Te,d,s + fj,d
ecget
SEO’j:
€

§ ie,dl,s
e,

Sese,dl No1

E Te,dy,s

ecgt
SGSe,dl No1

+
E as,aj *Te,d,s + fj,d - C]‘

eegall
s€o;

end
= Ye,d2,0

count
S e,d,o

- ¥

SESE,dQ Noa

Te,dy,s»

< D

SGSe)dz No2

Te,dy,s»

b
S 2q + ¢d1,d2,81,827

S 2qa + wd17d2,817827

§ Te,dy,s»

ecgll,
SESe,a,No2

S

eegall’
Sesﬁ,d2 Noa

Te,dy,ss
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Ve € £,d, € DM, dy € D,

o€ 25 s€Seq, No:dy <dy
Veec &,de DU o€ 25 .

d+ D5 eD
Ve € 5,d17d2 € Dall701,02 € Z:

emp,both -1
e,d1,d2,01,02

Ve € £,dy,ds € Da”,O'l,O'g € Z:

emp,one -1
e,d1,d2,01,02

Veec &,q€ Q.,
dy € [qs —qb,qs—l] ,da € D,
$1 € Seay, NS,
859 € Seqy NSYH
(51,d1) & Oe g, (52,d2) € Oc g,
di < d,0 < Vay dgsy,s0 < @
Vec &,q€ Q.,
dy € [¢° +1,¢° + ¢, dy € DV,
51 € Se.q, NSV
859 € Seqy NSWH
(51,d1) € Oc g, (52,d2) ¢ Oc g,
di1 < d2,0 < Yy dy,s1,80 < q*
Vee &,q€ Q.

Viel,deD: c;-’ﬁ” defined

Vj€C,deD:cf'y" defined

Vdy,dy € D 01,00 € Z :

ward,both -1
di,d2,01,02

le,dg S Da”,0'1,0'2 S

ward,one  __ 1
di,d2,01,02

Viel,deD: c??j" defined,
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Z Us,o; " Le,d,s + fj,d — Cj_

ecgall
)
s€o;

Crtotal,ub  rmax
Z s,o* Teyd,s — Mey (T

deD,
seo

“rtotal,ub  rmin
Z Qs,o* Teyd,s — Me'y (T

deD,
seo

Z $€7d7sc

eegéruin

Yei,ez,d,0

Gei,ez2,d,0

= Ted,seo

S Zas,a *Tey,d,ss

sco

<D o Terds

sco
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¢j'3® not defined (38)

Viel,deD: C}'fé" defined,

4" not defined (39)
Ve € 5’ oc Zspread (41)
Ve € £, 0 € Zread (42)
Ve € £ d € D (43)

V(61,62) € gG’ de D’ o e Ztogether

(44)

V(61762) € CC/‘G, de D’ = th)gether

(45)



