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Full three dimensional cell models containing a small cavity are used to study the effect of plastic anisotropy on cavitation
instabilities. Predictions for the Barlat-91 model (Int. J. Plast. 7, 693-712, 1991), with a non-quadratic anisotropic yield
function, are compared with previous results for the classical anisotropic Hill-48 quadratic yield function (Proc. Royal Soc.
Lond. A193, 281-297, 1948). The critical stress, at which the stored elastic energy will drive the cavity growth, is strongly
affected by the anisotropy as compared to isotropic plasticity, but does not show much difference between the two models
of anisotropy. While a cavity tends to remain nearly spherical during a cavitation instability in isotropic plasticity, the cavity
shapes in an anisotropic material develop towards near-spheroidal elongated shapes, which differ for different values of
the coefficients defining the anisotropy. The shapes found for the Barlat-91 model, with a non-quadratic anisotropic yield
function, differ noticeably from the shapes found for the quadratic Hill-48 yield function. Computations are included for
a high value of the exponent in the Barlat-91 model, where this model represents a Tresca-like yield surface with rounded
corners.
Keywords: Non-quadratic anisotropic plasticity, finite deformations, cavity shape, cavitation instability.
ity can occur in the metal between fibre ends, dependent on
the material parameters (Tvergaard [10]).
Unstable cavity growth has also been studied for nonlinear elasticity (Ball [11], Horgan and Abeyarathne [12],
Horgan and Poligone [13]) where a cavitation instability
has been interpreted either as a bifurcation from a homogeneously stressed solid with no cavity to a solid containing a
cavity, or as the growth of a pre-existing cavity.
The analyses of Tvergaard and Legarth [6] were numerical studies for a full 3D cell model, as needed in order to find
the cavity shapes that develop during the unstable growth.
Here the plastic anisotropy was represented by the classical
anisotropic quadratic yield function, subsequently denoted
Hill-48 [2, 14]. The purpose of the present study is to investigate the effect on cavitation instabilities when a different anisotropic plasticity model is used. The yield function
considered is proposed by Barlat et al. [15], here denoted
Barlat-91, which allows for a non-quadratic expression, with
an exponent d in the yield function. For d = 8 the coefficients
in this yield function are calculated such that three selected
uniaxial tensile tests (0o , 45o and 90o ) agree with those used
in the studies [6] based on Hill-48. Furthermore, the effect of
using a higher exponent, d = 14, is considered. For these material values it is found that the values of the critical stresses
are not much affected by the different anisotropic plasticity model. But there is a noticeable influence on the cavity
shapes that develop.
The present studies also include analyses where the
main tensile direction relative to the principal directions of
the anisotropy are different from those considered in [6].
Furthermore, a computation is included for a high value
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1 Introduction
For a single cavity in an infinite elastic-plastic solid under tensile loading a cavitation instability is found, if the
stress level and the stress triaxiality are so high that the work
released in the fields around the growing cavity can drive
continued expansion. The phenomenon has been studied by
Hill and coauthors [1, 2] for spherically symmetric conditions, and has also been found for spherical cavities subject
to more general axisymmetric conditions when the remote
hydrostatic tension is sufficiently high [3,4]. The influence of
initially spheroidal cavities, either prolate or oblate, has been
considered by Tvergaard and Hutchinson [5], who found that
for a standard J2 flow theory material these cavities rapidly
approached a spherical shape during cavity growth, so that
after some growth there is little difference from an initially
spherical cavity. However, in the case of anisotropic plasticity it has recently been found (Tvergaard and Legarth [6])
that the final cavity shape develops towards a spheroidal
shape, even if the cavity is initially spherical, and even if
the macroscopic stress state is spherically symmetric.
Stress levels sufficiently high to result in a cavitation
instability can be reached in metal-ceramic systems, where
the constraint on plastic flow in the metal tends to give high
stress triaxiality. Thus, for a thin metal layer bonding two ceramic blocks Dalgleish et al. [7] have observed rapid cavity
growth under tension normal to the layer. For a ceramic reinforced by Al particles a single dominant cavity has been observed in some of the particles crossed by a fracture surface
(Flinn et al. [8]), and similar observations have been made in
model experiments (Ashby et al. [9]). Also in a metal matrix
composite reinforced by ceramic fibres a cavitation instabil-
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;
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;

F̄ = σ̂23
Ḡ = σ̂31
H̄ = σ̂12

(8)

The superposed hat denotes stresses referring to the principal
axes of anisotropy, which will further be described later. For
θ̄ = 0 or θ̄ = π in Eq. (7) the derivatives in Eq. (3) are
singular. For these particular cases Eq. (4) reduces to

(3)
d
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where the magnitude of the effective plastic strain rate is
denoted φ̇ and Np are the normals to the yield surface formulated in terms of the symmetric Cauchy stress tensor, σ,
which then gives the direction of the plastic strain increments, Dp . The reference strain rate is ε̇0 , m is a strain rate
sensitivity parameter, g is a deformation dependent powerlaw hardening function and J is the value of the effective
stress according to a yield function.
For comparison, a few results will be given using the
classical anisotropic quadratic yield function proposed by
Hill [2, 14], subsequently denoted as Hill-48. However, the
main focus here is the non-quadratic anisotropic yield function proposed by Barlat et al. [15], which subsequently will
be denoted Barlat-91. A comparison study of Hill-48 and
Barlat-91 as well as two more yield surfaces can be found in
elsewhere [20]. The effective stress of Barlat-91 is evaluated
as J = (Φ/2)1/d with
Φ = [S1 − S2 ]d + [S2 − S3 ]d + [S1 − S3 ]d

I3



tN
Ā = σ̂22 − σ̂33
B̄ = σ̂33 − σ̂11
C̄ = σ̂11 − σ̂22

(2)

Here, C are the isotropic elastic moduli determined by E
and ν . The plastic strain rates, Dp , are formulated in a viscoplastic setting as

+( b̄B̄ − āĀ)(h̄H̄)2

(6)

with

rip

▽

φ̇ = ε̇0



(c̄C̄ − b̄B̄)(āĀ − c̄C̄)(b̄B̄ − āĀ) + f¯ḡh̄F̄ ḠH̄

− 1 (c̄C̄ − b̄B̄)( f¯F̄)2 + (āĀ − c̄C̄)(ḡḠ)2

0 ≤ θ̄ = arccos

▽

;

1
54

6

where the superscripts e and p denote the elastic and plastic parts, respectively. The objective rate with respect to

Dp = φ̇Np
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( f¯F̄)2 + (ḡḠ)2 + (h̄H̄)2
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(āĀ − c̄C̄)2 + (c̄C̄ − b̄B̄)2 + (b̄B̄ − āĀ)2
+ 54
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I2 =

(1)

ω, ( ), of the symmetric Kirchhoff stress, τ, is introduced
as [19]

(5)

(4)

for θ̄ = 0

Φ = 2 · 3d I22

or

θ̄ = π

(9)

which are then directly used to evaluate the strain increments.
If the coefficients of anisotropy, ā, b̄, c̄, f¯, ḡ and h̄, are chosen to be unity and the exponent is d = 2 or d ≫ 2, this
criterion reduces to the isotropic Mises yield function or an
isotropic Tresca-like yield function with rounded corners, respectively.
The deformation dependent hardening function, g in
Eq. (3), is taken as g(εp ) = σ0 (1 + εp /ε0 )n where σ0 is the
initial uniaxial yield stress in the x1 direction, ε0 = σ0 /E,
n is the hardening exponent and the accumulated effective
plastic strain, εp , is
ε =
p

Z

ε̇ dt
p

;

ε̇ = φ̇
p

r

2 p p
N :N
3

(10)

The deformation history will be calculated in a linear incremental manner. In order to increase the stable time step,
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2 Material Model
The elasto-plastically anisotropic material model used
accounts for small elastic but finite plastic deformations. The
elastic deformations are assumed to be linearly isotropic and
governed by Hooke’s law through Young’s modulus, E, and
Poisson’s ratio, ν .
The time derivatives with respect to time, t, are denoted by a superposed dot. The components of the secondorder velocity gradient tensor, L, are then determined by
∂u̇i
= u̇i , j , where the velocity field components for the
Li j = ∂x
j
material are u̇i and ui is the displacement field. The symmetric part of L is the strain rate, D, and the antisymmetric part
is the continuum spin tensor, ω, such that [16–18]

where the exponent d is typically eight for FCC-crystal structures, but is generally yet another fitting parameter. Also

Co
p

of the exponent d, where the Barlat-91 model represents a
Tresca-like yield surface with rounded corners.
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∆t, the rate tangent modulus method is used [21]. This is a
forward gradient method based on an estimate of the plastic
strain rate in the interval between t and t + ∆t defined by
ρ ∈ [0; 1]. The time step for the next increment is adaptively
adjusted according to (ε̇p )max · ∆t ≤ 10−5 , where (ε̇p )max
is the maximum effective plastic strain rate in any material
point.
The final form of the constitutive relations can then be
written as [19, 22]

x2
L3

x̂2

θ0

with

n1

x1
▽

τ= C̃ : D − P
ξ
(C : Np ) ⊗ (Np : C)
C̃ = C − h(1+ξ)

∂φ̇
∂εp

ρ ∈ [0; 1]
  −1 q
t

∂φ̇
∂J t

Fig. 1.

Co
p

:C:

Np −

;


a2 n3

x3 ≡ x̂3
a3

Geometry of spheroidal cavity with coordinate systems. Il-

w1 = a2 /a1 = 2.0 and w3 = a2 /a3 =
L2 /L1 = L2 /L3 = 1.0 .
lustrated for

2
3

given by L1 , L2 and L3 , see Fig. 1. To impose the stress
ratios, κ1 and κ3 , the stresses are first evaluated for ∆1 , ∆2 and
∆3 separately. Then the ∆-values giving the required stress
ratios are calculated by using the combined finite element
and Rayleigh-Ritz procedure as proposed by Tvergaard [23].
Another possible method has been proposed in [24].
The principal axes of anisotropy, x̂i , with the orthogonal
base vectors ni are also depicted in Fig. 1. They are shown
for an initial angle, θ0 , rotated around the x3 -axis alone, such
that x3 ≡ x̂3 . The initial base vectors can then be given as

rip

where the subscript t denotes that the derivatives are taken at
the start of the increment. Throughout the paper ρ = 1 will
be used. It is noted, that tr(D) = tr(De ) ≃ 0 due to plastic
incompressibility where tr(Dp ) = tr(Np ) ≡ 0.

1
2 as well as

ot

h = Np

(12)

n2
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φ̇t
(C : Np )
P = 1+ξ
 
ξ = ρ∆t ∂∂Jφ̇ h
t

a1

di

(11)

ye

σ̇ = τ +ωσ + σω − σ tr(D)
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3 Problem Formulation and Numerical Procedure
The spheroidal cavity studied is illustrated in Fig. 1,
where the cavity is highly magnified as the initial cavity volume fraction in the computations is taken to be 5 · 10−7 (corresponding to a2 /L2 ≃ 0.01 for an initially spherical cavity). The shape is defined by the three initial half axes,
a1 , a2 and a3 , aligned with the sides of the cell. The cavity shape will subsequently be characterized by w1 = a2 /a1
and w3 = a2 /a3 . Fig. 1 also shows the reference Cartesian
coordinate axes used, xi , which are aligned with the sides of
the domain analyzed. The load is characterized by the three
average true normal stress components, Σ1 , Σ2 and Σ3 , acting in the three coordinate directions, xi (load not shown in
Fig. 1). Taking x2 as the primary loading direction, the stress
components are related such that Σ1 = κ1 Σ2 and Σ3 = κ3 Σ2 ,
where κ1 and κ3 are prescribed ratios. The boundary conditions are expressed in terms of the displacement rates, u̇i , and
the surface traction rates, Ṫi , as
u̇1 = 0
u̇2 = 0
u̇3 = 0
u̇1 = ∆1
u̇2 = ∆2
u̇3 = ∆3

;
;
;
;
;
;

Ṫ2 = Ṫ3 = 0
Ṫ1 = Ṫ3 = 0
Ṫ1 = Ṫ2 = 0
Ṫ2 = Ṫ3 = 0
Ṫ1 = Ṫ3 = 0
Ṫ1 = Ṫ2 = 0

at
at
at
at
at
at

x1 = 0
x2 = 0
x3 = 0
x1 = L1
x2 = L2
x3 = L3

(13)

where ∆1 , ∆2 and ∆3 are prescribed displacement quantities
used to introduce the load at the external deformed boundary




 

 cos(θ0 ) 
 − sin(θ0 ) 
0
cos(θ0 )
n1 = sin(θ0 )
n2 =
n3 = 0
(14)



 

0
0
1

where the instantaneous orientation is given by the evolution
law ṅi = ωni . No remote shear loads will be applied to the
cell sides and for θ0 = 0o and θ0 = 90o this then leads to no
rotation of ni at the sides. Within the interior of the cell shear
stresses may develop throughout the load history, and rotations may occur. However, symmetries along the boundaries
will remain and only one-eighth of the unit cell needs to be
analyzed even for the spheroidal cavity. In general cases, periodical boundary conditions on a cell containing the full cavity is needed, leading to a heavily increased computational
effort as eight times as many elements are needed in addition
to a large number of Multiple-Point-Constraints destroying
the bandwidth of the equations to solve [25].
For the special case of a symmetric geometry in the x1 −
x2 plane, L2 /L1 = 1.0 and wo1 = 1.0, symmetric loading in the
x1 −x2 plane, κ1 = 1.0, and material properties with θ0 = 45o
the same unit cell, Fig. 1, and boundary conditions, Eq. (13),
are sufficient. This follows from the fact that considering the
full, eight times larger unit cell, both geometry, the loading

Downloaded from https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/doi/10.1115/1.4044955/5433973/jam-19-1351.pdf by Technical University of Denmark user on 03 October 2019

d

L1

Journal of Applied Mechanics. Received July 10, 2019;
Accepted manuscript posted September 20, 2019. doi:10.1115/1.4044955
Copyright © 2019 by ASME

d

S

x2

ce
pt
ed

Ma
nu

sc

x3

4 Numerical Results
Two different plastic anisotropies labeled II and IV, previously studied in [28] using Hill-48, are considered here.
They are related to the experiments by Moen et al. [29] on
aluminum alloy as previously discussed by the authors [6].
The coefficients of plastic anisotropy used in Eq. (6) are

Isotropy
II
IV

Ac

Cavity

Fig. 2. Example of mesh for spheroidal cavity. A zoom of the mesh
near the cavity is also shown.

ā

b̄

c̄

f¯ = ḡ = h̄

1.000
0.265
2.072

1.000
1.355
0.886

1.000
0.525
1.105

1.000
0.906
2.173

Furthermore, two exponents will be considered, i.e. d = 8
and d = 14, see Eq. (4). The coefficients are obtained by
fitting Barlat-91 with d = 8 to the initial yield stresses in
three selected uniaxial tensile tests (0o , 45o and 90o ) as well
as the Lankfords r-value (ratio of width to thickness plastic strains) in the 0o -direction. The latter then represents the
slope of the yield surface in the point of uniaxial tension in
the 0o -direction. The yield surfaces are presented in Fig.
3(a) together with the angular variation of the yield stress
for the x1 -direction in Fig. 3(b). For anisotropy II the smallest yield stress is at θ = 0o , whereas the smallest yield stress
for anisotropy IV is for θ ≃ 50o . It is noted, that the angular yield stress variation in the primary loading direction, the
x2 -direction, is similar to that of the x1 -direction, but simply
mirrored about θ0 = 45o . Thus, the smallest uniaxial yield
stress in the x2 -direction is at θ0 = 90o for anisotropy II and
θ0 ≃ 40o for anisotropy IV. The three yield stresses used for
calibration are marked by open circles in Fig. 3(b). For comparison Fig. 3(a) shows the two anisotropies represented by
Hill-48 as well. It is clearly seen, that both Barlat-91 and
Hill-48 intersect the same point at the two axes, reflecting
the yield stresses in 0o and 90o . It is also seen (most easily for anisotropy II) that the slope of the yield surfaces are
the same at σ22 = 0 reflecting the same Lankford r-value in
the 0o -direction. Similarly, for σ11 = 0 the slope of Hill-48
is clearly lower than that of Barlat-91, as Lankfords r-value
in the 90o -direction has not been used for calibration. For
d = 14 a small deviation is seen at the points of intersection. This is due to the fact, that the parameter estimation for Barlat-91 is based on d = 8 but the yield surface is
shown with the same values for d = 14. Lastly, the isotropic
Mises yield surface and the isotropic Tresca-like (d = 20) are
shown. For the isotropic cases no angular yield stress varia-

rip

where V is the volume and S is the surface, Ti = σi j n j are
the tractions, δDi j , δLi j and δu̇i are the virtual strains, velocity gradients and velocities, respectively, all referred to the
current deformed configuration. The bracketed terms in Eq.
(15) vanish if the current state satisfies equilibrium. However, due to numerical errors the solution tends to drift away
from the true equilibrium path, and including the bracketed
terms in Eq. (15) as an additional load term, prevents such
drifting.
For the numerical finite element solution the cell is discretisized using iso-parametric, quadratic 20-node brick ele-

x1

te
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V

ye

S

(15)
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τ i j δDi j − σi j (2Dik δDk j − Lk j δLki ) dV =
V
Z

Z
Z
∆t Ṫi δu̇i dS −
σi j δDi j dV − Ti δu̇i dS

ot

Z 
▽

tN

∆t

ments with three translational degrees of freedom per node.
Reduced 2×2×2 Gauss integration is adopted. Fig. 2 shows
an example of a mesh. The elements are stretched, such
that the elements are smaller near the cavity, but still fairly
elongated in the radial direction. This will accommodate the
large deformations expected while the cavity expands.
Once the cavitation instability starts the remote load
and/or displacement increment may become negative. Here,
the combined finite element and Rayleigh-Ritz procedure
in [23], makes it possible to follow the equilibrium path during such instability.
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and the material properties posses four-fold symmetry about
the four planes x1 = 0, x2 = 0, x1 = x2 and x1 = −x2 , and
then also the solutions have these symmetries. A few results
will be presented for this when wo1 = wo3 = κ1 = κ3 = 1.0
(spherical cavity under hydrostatic load).
The problem has been solved using an updated Lagrangian formulation [19, 26] based on the principle of virtual work in terms of the Kirchhoff stress, τi j = τ ji , [27]
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where S is the surface in the current deformed geometry. The
stress triaxiality, T , can then be defined as
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Fig. 3. Different initial yielding behavior. a) Initial yield surfaces
shown in the (σ11 , σ22 )-plane for σ33 = σ12 = σ13 = σ23 = 0.

Two different anisotropies represented by Hill-48 and Barlat-91 (with
d = 8 and d = 14) are shown together with a Tresca-like (d = 20)
isotropic yield surface and the isotropic Mises yield surface. b) The

tion is seen, Fig. 3(b).
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corresponding angular uniaxial yield stress variations for Barlat-91
(d = 8) and isotropy.
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Results are presented for the material parameters
σ0 /E = 0.002 , ν = 1/3 , ε̇0 = 0.001 s−1 , m = 0.01 and
n = 0.1 . The effect of the rate-sensitivity parameter, m, is a
lowered stress level for lower values of m [6]. Curves of normalized macroscopic average true stress in the x2 -direction,
Σ2 /σ0 , versus the normalized current cavity volume, V /V0 ,
will be shown. The initial cavity volume is denoted V0 and
all computations are aborted at V /V0 = 60 . The current cavity volume, V , is found by numerical integration of the volume of the cavity. The average true stresses on the sides of
the domain analyzed are computed by integration of surface
tractions, such that the primarily stress, Σ2 , is

Σ2 =

1
L1 L3

Z L1 Z L3
0

0

[T2 ]x2 =L2 dx1 dx3

(16)

(17)

with the effective stress taken as Σe = max(|Σ2 − Σ1 |, |Σ1 −
Σ3 |, |Σ2 − Σ3 |) . Very high triaxialities are required for cavitation instability to occur. The first results (Figs. 4-7) will
focus on the stress ratios κ1 = κ3 = 0.9 giving a triaxiality of
T = 28/3. Results of pure hydrostatic load, κ1 = κ3 = 1.0,
giving an infinitely high triaxiality are shown in Figs. 8-10.
Fig. 4 shows the case of an initially spherical cavity,
wo1 = wo3 = 1.0, represented by Barlat-91 with d = 8 in Eq.
(4), by Hill-48 and by the isotropic Mises and Tresca-like
yield surfaces. The curves for Hill-48 and Mises are repeated from [6] and the results of Mises serve as a reference case throughout the paper. Fig. 4(a) gives the normalized overall true stress, Σ2 /σ0 , as function of the evolving normalized cavity volume, V /V0 . For a cavity volume
larger than approximately 10 times the initial cavity volume,
V /V0 & 10, an almost constant stress level is obtained for all
cases. This indicates an unstable growth of the cavity driven
by the stored elastic energy in the material. For the isotropic
results of the Mises and Tresca-like yield surfaces, the stress
plateaus are Σ2 /σ0 ≃ 6.51 and Σ2 /σ0 ≃ 6.46, respectively,
such that the Tresca-like yield surface results in a marginally
smaller maximum stress. The effect of representing the plastic anisotropy either by Hill-48 or Barlat-91 is seen to be
vanishing small, as the maximum stress for anisotropy II
is Σ2 /σ0 ≃ 8.28 and Σ2 /σ0 ≃ 8.31, respectively, and for
anisotropy IV the maximum stress by Hill-48 or Barlat-91
is Σ2 /σ0 ≃ 4.08 and Σ2 /σ0 ≃ 4.06, respectively. As for the
isotropic results no significant difference in stress level is
seen. Figs. 4(b) and (c) provide the corresponding evolutions
in the cavity shape described by w1 = a2 /a1 and w3 = a2 /a3 .
As expected, the initial spherical cavity remains spherical
for the two isotropic cases, but with a small numerical deviation between the Mises and Tresca-like yield surfaces. A
much larger effect is, however, seen for anisotropy II, where
the Hill-48 representation predicts both a larger w1 and a
larger w3 compared to Barlat-91. The values for Hill-48 and
Barlat-91 at V /V0 = 60 are w1 = 1.34 and w1 = 1.22, respectively, as well as w3 = 1.32 and w3 = 1.19, respectively.
For anisotropy IV the differences between the Hill-48 and
Barlat-91 representations are smaller. At V /V0 = 60 the values are w1 = 0.78 and w1 = 0.82 for Hill-48 and Barlat-91,
respectively, whereas w3 = 0.98 and w3 = 1.01 for Hill-48
and Barlat-91, respectively. Hence, similarly to isotropy, the
cavity of anisotropy IV expands equally in the x2 - and x3 directions.
Fig. 5 shows the same case as in Fig. 4, i.e,
wo1 = wo3 = 1.0 and Barlat-91 with d = 8 in Eq. (4), but a
higher exponent is also considered, d = 14 . In Fig. 5(a)
it is seen, that the normalized overall true stress, Σ2 /σ0 , is
practically unaffected by d. This holds for both anisotropies.
However, studying the cavity shape reveals a strong effect of

d

Mises

Σh
Σ1 + Σ2 + Σ3
1
Σ2
=
= (κ1 + 1 + κ3 )
Σe
3Σe
3
Σe
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shapes or values of d, Fig. 6(a). As expected, it can be seen
from Fig. 6(b) and Fig. 6(c) that the curves for anisotropy
IV are fairly flat indicating that the final shape of the cavity is similar to the initial one. However, for anisotropy II
a tendency towards slightly larger final w1 and w3 values
compared to the initial ones, i.e. w1 ≃ 1.35 > wo1 = 1.2 and
w3 ≃ 1.32 > wo3 = 1.2 . It is also seen, that the change in
w1 and w3 continues all the way up to V /V0 ≃ 30, whereas
nearly constant values of w1 and w3 were obtained much earlier for initially spherical cavities, Fig. 5(b) and Fig. 5(c).
The effect of d is vanishing small even for anisotropy II,
which showed a large effect in Fig. 5.
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Fig. 5. Effect of yield surface exponent in Barlat-91, d in Eq. (4),
when an initially spherical cavity, wo1 = wo3 = 1.0, is loaded by κ1 =
κ3 = 0.9 . Isotropic Mises reference curve is shown for comparison.
(a) Normalized stress in the primary load direction versus current
normalized cavity volume. (b) Evolution of w1 . (c) Evolution of w3 .
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d for anisotropy II, as a smaller value of both w1 and w3 is
obtained for d = 14 . At V /V0 = 60 one has w1 = 1.22 for
d = 8, but only w1 = 1.12 for d = 14 as well as w3 = 1.19 for
d = 8, but only w3 = 1.10 for d = 14 . For anisotropy IV w1
shows a visible effect of d , but w3 seems to remain almost
constantly near unity in the load range investigated.
Fig. 6 shows cases similar to those illustrated in Fig.
5 but for cavities having the initial shapes similar to the expected final shapes, i.e wo1 = wo3 = 1.2 for anisotropy II and
wo1 = 0.85 and wo3 = 1.0 for anisotropy IV (see Fig. 5). Results for both d = 8 and d = 14 are shown. The macroscopic
stress level is hardly affected by these different initial cavity
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gated in the x2 -direction. This agrees with the expectations,
as θ0 = 90o effectively means interchanging the x1 - and x2 axes, see Fig. 1. It is also noted, that completely by chance,
the evolutions of w1 and w3 for anisotropy II with θ0 = 0o are
quite similar to anisotropy IV with θ0 = 90o and that w3 for
anisotropy II with θ0 = 90o is very similar to anisotropy IV
with θ0 = 0o . Results for d = 14 for both anisotropies show
only a minor difference from those with d = 8 in Fig. 7.
This holds true for both the macroscopic stresses as well as
the cavity shapes. Therefore, these results will not be shown
here.
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Fig. 7. Effect of initial orientation of plastic anisotropy, θ0 , when an
initially spherical cavity, wo1 = wo3 = 1.0, is loaded by κ1 = κ3 =
0.9 . Isotropic Mises reference curve is shown for comparison. (a)
Normalized stress in the primary load direction versus current normalized cavity volume. (b) Evolution of w1 . (c) Evolution of w3 .
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As described in Sec. 3 the one-eighth cell used here is
capable of handling other initial orientation, θ0 , of plastic
anisotropy, Fig. 1, than that of θ0 = 0o . For d = 8 Fig. 7
shows results for θ0 = 90o in comparison with the previous
results for θ0 = 0o . The stress curves in Fig. 7(a) show very
little influence of θ0 , but the cavity shape is very much affected, Fig. 7(b) and Fig. 7(c). For anisotropy II with θ0 = 0o
w1 ≃ 1.22 and w3 ≃ 1.19 but for θ0 = 90o w1 ≃ 0.69 and
w3 ≃ 0.98 . Hence, the cavity is elongated in the x2 -direction
for θ0 = 0o while for θ0 = 90o the cavity is elongated in the
x1 -direction. For anisotropy IV the cavity is elongated in the
x1 -direction for θ0 = 0o while for θ0 = 90o the cavity is elon-
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direction versus current normalized cavity volume. (b) Evolution of
w1 . (c) Evolution of w3 .

For κ1 = κ3 = 1.0 a hydrostatic load is applied and the
triaxiality, T in Eq. (17), is not defined as the effective stress
in the denominator is zero (T is approaching infinity). The
remaining results will focus on this load case for an initially
spherical cavity, wo1 = wo3 = 1.0 .
Fig. 8 shows the effects of two different values of the
exponent in Eq. (4) for θ0 = 0o , see also Fig. 5. The
macroscopic stress plateau of Fig. 8(a) is slightly lowered
at this higher triaxiality, but still unaffected by the value of
the exponent d . For anisotropy II the stress level reduces
from Σ2 /σ0 ≃ 8.31 to Σ2 /σ0 ≃ 7.85 and for anisotropy IV
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Fig. 9. Effect of initial orientation of plastic anisotropy, θ0 , when an
initially spherical cavity, wo1 = wo3 = 1.0, is loaded hydrostatically,

κ1 = κ3 = 1.0 . Isotropic Mises reference curve is shown for comparison (with κ1 = κ3 = 0.9). (a) Normalized stress in the primary
load direction versus current normalized cavity volume. (b) Evolution
of w1 . (c) Evolution of w3 .

from Σ2 /σ0 ≃ 4.06 to Σ2 /σ0 ≃ 3.85 . The higher triaxiality
causes the cavity to deform more severely. As also seen for
κ1 = κ3 = 0.9 in Fig. 5 a large growth in both w1 and w3 is
seen for anisotropy II from the very beginning, but now the
growth does not stagnate as early as for anisotropy II with
d = 14 in Fig. 5. Under the hydrostatic load the growth in
both w1 and w3 for anisotropy II continues throughout the
load range considered here, such that the shape at V /V0 = 60
is given by w1 ≃ 1.39 and w3 ≃ 1.37 for d = 8 and slightly
lower for d = 14 . Most likely, the final shape parameters are
marginally higher than this, but the computations have not
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Studying the evolution of the cavity shapes through w1 and
w3 , Fig. 9(b) and Fig. 9(c), clearly shows that the θ0 = 45o
cases deform in the same manner in the x1 - and x2 -directions
as w1 = a2 /a1 remains constantly unity throughout the load
history, Fig. 9(b). This is not the case for w3 = a3 /a1 in
Fig. 9(c). For anisotropy II w3 grows to w3 ≃ 1.93 (the cavity turns into an oblate in the x1 − x2 -plane). For anisotropy
IV w3 decreases to w3 ≃ 0.70 (the cavity turns into a prolate
in the x1 − x2 -plane). In all cases the mesh becomes rather
distorted in the radial direction, where the surface elements
become very thin, but for the anisotropic cases the distortion
is more pronounced. For two different levels of deformation
corresponding to V /V0 ≃ 15 and V /V0 ≃ 46 in Fig. 9, the
deformed cavities for anisotropy II are shown in Fig. 10.
For V /V0 ≃ 15 only the deformed geometry is shown by the
dashed line in Fig. 10(a), but for V /V0 ≃ 46 contours of effective plastic strain, εp in Eq. (10), are included as well. Fig.
10(b) shows the results in the x1 − x2 plane for V /V0 ≃ 46
only. The oblate shaped cavity is clearly seen when shown in
perspective, Fig. 10(a), and the symmetric deformation field
in the x1 − x2 -plane around the x1 = x2 plane (red dashed line
in Fig. 10(b)) is also recognized from the deformed mesh
shown by black dashed lines in Fig. 10(b). At the surface of
the cavity very large plastic deformations occur, but rapidly
the magnitude decays away from the cavity. It is noted that
the evolution of the cavity shape is given for cases by w1 and
w3 in the sub-figures (b) and (c) of Figs. 4-9.
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Initial and deformed geometries with contours of effective

plastic strain, εp in Eq. (10), for anisotropy II with θ0 = 45o and an
initial cavity shape of wo1 = wo3 = 1.0, loaded by κ1 = κ3 = 1.0,
see also Fig. 9. a) V /V0 ≃ 15 (black dashed line) and V /V0 ≃ 46

with contours. b) V /V0

≃ 46 with contours in x1 − x2 plane.

5 Discussion
Full detailed 3D numerical analyses of cavitation instability have been conducted in order to investigate the influence of a non-quadratic anisotropic yield surface denoted
Barlat-91.
A cavitation instability happens at very high stress triaxialities and the current work focuses on a triaxiality close
to hydrostatic tension and full hydrostatic tension. Previous work on cavitation instability has assumed isotropy or
in few cases anisotropic plasticity in which the stresses enter
quadratically through a yield surface, such as Hill-48.
Two sets of plastic anisotropies have been investigated
here and they are labeled II and IV. All computations have
been truncated when in the initial volume of the cavity has
increased a factor of 60. However, in most cases the critical stress level at instability has been reached much sooner.
The critical stress is found to be highest for anisotropy II and
lowest for anisotropy IV. This is in accordance with previous finding of the authors using Hill-48 and a direct comparison shows that essentially the same stress level is predicted if Hill-48 or Barlat-91 with two different exponents
are adopted. Even if the principal axes of anisotropy is rotated 90o the stress level remains nearly the same. If full
hydrostatic tension is considered a slightly reduced stress
level is observed. For a 45o rotation of the principal axes
of anisotropy the stress level reduces by 7% for anisotropy
II, Fig. 9.
The shape of the cavity has been investigated as well.
The effect of Barlat-91 versus the classical Hill-48 is a less
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been continued further to obtain these values. For anisotropy
IV the difference between d = 8 and d = 14 is small and the
evolution in both w1 and w3 has saturated at V /V0 ≃ 30.
Fig. 9 shows results for different values of the initial
orientation of plastic anisotropy, given by θ0 , see Fig. 1.
As a hydrostatic load is introduced remotely for a spherical
cavity, the special case of θ0 = 45o can also be analyzed as
discussed previously. The macroscopic stress level reaches
the same value for θ0 = 0o and θ0 = 90o , i.e. Σ2 /σ0 ≃ 7.84
for anisotropy II and Σ2 /σ0 ≃ 3.85 for anisotropy IV, Fig.
9(a). As discussed in relation to Fig. 3(b) the yield stress
for uniaxial tension in the primary loading direction, the x2 direction, is a simple mirroring around θ0 = 45o of the curves
in Fig. 3(b). Thus, the yield stress for θ0 = 45o decreases
for anisotropy II but slightly increases for anisotropy IV. For
θ0 = 45o with anisotropy II the stress plateau in Fig. 9(a) also
decreases to Σ2 /σ0 ≃ 7.29, whereas it increases only slightly
for anisotropy IV to Σ2 /σ0 ≃ 3.98 . It is, however, not at all a
uniaxial stress state in Fig. 9, and the large differences seen
in Fig. 3 for both anisotropies when θ0 = 0o and θ0 = 90o ,
are apparently not affecting the macroscopic stress levels.
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profound cavity elongation for Barlat-91, Fig. 4. Anisotropy
II shows this effect most clearly. Generally, anisotropy II
seems to be more affected by the difference between the two
exponents considered. For the 45o rotation under full hydrostatic tension it was confirmed, that the cavity expands the
same amount in the two directions of the plane perpendicular
to the axis of rotation, Fig. 10, as follows from the symmetry
about the x1 = x2 plane.

