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Abstract
Recent changes, such as the liberalization of the energy sector and the rapid growth of renewable
energy production, have challenged the way the power system is currently operated. In the
meantime, the growing share of combined heat and power plants, heat pumps and prosumers
interfacing heat and electricity systems provides a source of untapped cross-carrier flexibility that
can facilitate the integration of high shares of variable renewable energy sources. In this context,
the objective of this thesis is to propose market-based coordination approaches that appropriately
interface heat and electricity systems, and aim at an optimal and flexible operation of the overall
energy system.
By opposition with fully integrated operational models and market clearing procedures, the soft
coordination approaches adopted respect the sequential order of heat and electricity market clearings.
Adopting a top-down approach, the market-based coordination mechanisms developed focus
on operational models, bid formats and market clearing procedures that ease market access and
coordinate the operation of flexible assets in each energy system and at the interface between
the systems. Additionally, adopting a bottom-up approach, the consumer-centric mechanisms
developed aim at incentivizing direct participation of decentralized actors and impacting their
decisions and interactions towards a social choice.
A comprehensive model of the flexible assets in the heat system and at the interface between
heat and electricity systems can reveal the full operational flexibility of the overall energy system.
Therefore, a special focus is placed on developing mathematical models for the optimal operational
of the integrated energy system. In particular, the district heating network holds an untapped
energy storage capacity. Modeling complex temporal and spatial dynamics of heat transfer in the
pipelines raises computational and optimality challenges, that can be dealt with through convex
relaxation approaches. This operational model provides a basis to design novel bid formats and
market clearing procedures to harness this operational flexibility in a market environment.
In this context, we investigate new market clearing procedures that better account for the interactions
between heat and electricity markets. The proposed electricity-aware heat market clearing model
is shown to improve the coordination between heat and electricity systems by anticipating the
impact of the heat dispatch of combined heat and power plants and heat pumps on the electricity
market clearing. Although this approach is shown to be beneficial for both heat and electricity
systems, in practice information exchange between the market operators, which is needed to
support optimal coordination, might be limited. Therefore, a special focus is placed on revealing
hidden information in electricity markets through statistical inference approaches.
Despite this improved coordination between heat and electricity market clearings, the operational
flexibility of combined heat and power plants, heat pumps and prosumers in the electricity market
is limited by the restricted bid formats allowed. Adequate bid formats should provide a better
representation of the techno-economic characteristics of a wide range of flexible assets, including
xv
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assets at the interface between heat and electricity systems. Acknowledging this limitation, we
propose a novel price-region bid format that facilitates the representation of complex infrastructures
across multiple areas and time periods. This approach eases market access to assets at the interface
between heat and electricity markets, and reveals additional operational flexibility in the power
system.
Additionally, revealing and harnessing the flexibility of decentralized market participants, such
as prosumers, requires a better understanding of their behavior and motivations. Therefore, this
thesis focuses on developing consumer-centric mechanisms aiming at coordinating the energy
consumption and production of a group of prosumers at the interface between heat and electricity
markets. This approach reveals the value of cooperating, in terms of increase in social welfare for
the group of prosumers, and proposes allocation mechanisms that fairly redistribute this value
among the prosumers. By cooperatively exploiting the synergies between different types of loads
this approach yields a soft coordination between heat and electricity systems.

Resumé
Nylige ændringer, såsom liberalisering af energisektoren og den hastige vækst i vedvarerende
energi, har udfordret den næverende drift af el-systemet. I mellemtiden udgør den voksende
del af kraftvarmeværker (KVV’er), varmepumper (VP’er) og prosumere der er forbundet til både
varme og el-systemerne en kilde til uudnyttet fleksibilitet på tværs af energibærerne der kan lette
integrationen af høje andele af variable vedvarende energikilder. I denne sammenhæng, bliver
denne afhandlings formål at foreslå nye markedsbaserede koordineringsmetoder, der på hensigtsmæssig
vis kan koble varme og el-systemerne med henblik på en optimal og fleksibel drift af det overordnede
energisystem.
I modsætning til fuldt integrerede operationelle modeller og procedurer til markedsclearing, respekterer de anvendte bløde koordineringsmetoder, den sekventielle clearing af varme og el-markederne.
Ved at følge en top-down tilgang, fokuserer de markedsbaserede koordinationsmekanismer der er
udviklet i denne afhandling, på operationelle modeller, budformater og procedurer til markedsclearing der letter markedsadgang og kan koordinere driften af de fleksible aktiver i de enkelte
energisystemer samt i systemernes grænseflade. Derudover, ved at følge en en bottom-up tilgang,
sigter de forbruger-centriske mekanismer, der udvikles i denne afhandling, mod at tilskynde
direkte deltagelse af decentrale aktører og påvirke deres beslutninger og interaktioner i retning
mod et socialt valg.
En omfattende model af de fleksible aktiver i varmesystemet samt i grænsefladen mellem varme
og el systemer kan afdække den fulde operationelle fleksibilitet i det samlede energisystem. Derfor
lægges der i denne afhandling særlig vægt på at udvikle matematiske modeller til optimal drift
af det integrerede energisystem. Her har fjernvarmenettet i særlig grad en uudnyttet energilagringskapacitet. Modellering af de komplekse tidslige og rumlige dynamiske sammenhænge der
beskriver varmeoverførsel i rørledningerne giver anledning til udfordringer med både beregning
og optimalitet, der kan håndteres gennem konvekse relakseringer. Den udviklede operationelle
model danner basis for at designe nye budformater og markedsclearingprocedurer der kan udnytte
den operationelle fleksibilitet i et markedsmiljø.
I denne sammenhæng undersøger denne afhandling nye markedsclearingprocedurer, der bedre
tager højde for interaktioner mellem varme- og elmarkederne. Den foreslåede elektricitetsbevidste
markedsclearingmodel for varme har vist sig at forbedre koordineringen af varme- og elsystemer
ved at forudse virkningen af varmeforsyningen af KVV’er og VP’er på clearingen af elmarkedet.
Selv om denne fremgangsmåde vises at være gavnlig for både varme- og elsystemer, kan den
informationsudveksling mellem markedsoperatørerne der er nødvendig for at understøtte optimal
koordinering i praksis være begrænset. Derfor lægges der særlig vægt på at afsløre skjulte
information på elmarkederne gennem statistisk inferens.
På trods af den forbedrede koordinering mellem clearingen af varme- og elmarkedet clearinger er
den driftsmæssige fleksibilitet af KVV’er, VP’er og prosumere på elmarkedet begrænset af restriktioner i de tilladte budformater. Hensigtsmæssige budformater burde give en bedre repræsentation
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af de tekno-økonomiske karakteristika ved en bred vifte af fleksible aktiver, herunder aktiver i
grænsefladen mellem varme og el-systemer. I erkendelse af denne begrænsning foreslår denne
afhandling et nyt prisregion budformat, der faciliterer repræsentationen af komplekse infrastrukturer på tværs af geografiske områder og tidsperioder. Denne tilgang letter markedsadgangen til
aktiver i grænsefladen mellem varme- og elmarkeder og afslører yderligere operationel fleksibilitet
i elsystemet.
For at afdække og udnytte fleksibilitet hos de decentrale markedsaktører, såsom prosumers,
er det nødvendigt med en bedre forståelse af deres adfærd og motivation. Derfor fokuserer
denne afhandling på at udvikle forbrugercentriske mekanismer med henblik på at koordinere
energiforbruget og produktionen af en gruppe prosumere i grænsefladen mellem varme- og
elmarkeder. Denne fremgangsmåde afdækker værdien af at samarbejde, i form af en stigning i social
velfærd for gruppen af prosumere, og foreslår tildelingsmekanismer, der retfærdigt omfordeler
denne værdi blandt prosumerne. Ved på fælles vis at udnytte synergierne mellem forskellige typer
af belastninger, giver denne tilgang en blød koordinering mellem varme- og el-systemer.
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1
Introduction

1.1

From general context to challenges in energy systems and markets

Over the last two decades, both heat and electricity sectors have undergone fundamental transformations that have strengthened the interdependencies between the corresponding systems
[6]. The unbundling of previously vertically integrated utilities has led to the development of
competitive heat and electricity markets [7, 8]. This transformation has shifted the paradigm of
energy systems operation and economics towards greater competition and efficiency [9–11].
In the meantime, other technological, societal and organizational challenges are emerging. In
many countries, prompted by growing environmental concerns, technological advances, and
economic incentives, renewable production is gradually displacing thermal generation in both
heat and electricity systems [12–14]. Additionally, the energy transition towards a sustainable
energy system has been accompanied by a growing social commitment and consumer engagement
[15–18]. This shift towards a renewable-based decentralized energy system has challenged the
traditional top-down operation of energy markets [19, 20]. The stochastic, non-dispatchable and
decentralized nature of renewable energy supply calls for a reorganization of electricity markets
[21]. Although renewable energy has mostly been deployed in the power system, it has also
impacted the operation of the heat system due to the growing interdependencies between both
systems [22]. Indeed, the increasing participation of Combined Heat and Power plants (CHPs),
Heat Pumps (HPs), and prosumers at the interface between both systems have induced strong
physical and economic interactions between the markets that operate them.
It is expected that taking advantage of these interactions can help reveal the full operational
flexibility of the overall energy system, and pave the way towards a sustainable energy future
[23–26]. However, the current sequential and independent organization of heat and electricity
markets in Denmark and most countries does not facilitate access to this untapped operational
flexibility. For instance, in China, the heat-driven dispatch of CHPs has yielded strong constraints
on the electricity system and increased wind curtailment up to 20% in certain regions [5]. In
Denmark, which has long been at the forefront in the development of district heating systems, the
heat system remains myopic to its interactions with the power system, leading to inefficiencies in
both systems [27, 28].
Therefore, two facets of the aforementioned challenges can be identified: on the one hand the
one related to the operation of renewable-based and decentralized energy systems; on the other
hand, the one related to the interdependencies between the systems. In that context, there is an
increasing need to rethink the organization of the markets that operate these energy systems.
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Towards an improved coordination between heat and electricity systems

The aforementioned challenges underline the clear and pressing need for improved coordination
between heat and electricity systems in order to support our path towards a sustainable energy
future. As energy markets interface the physical and economic aspects of each energy system,
this thesis focuses on designing appropriate market-based coordination mechanisms for heat
and electricity systems. From an economic aspect, market-based mechanisms provide adequate
institutions and trading mechanisms that aggregate the individual utilities of the market participants
towards a social choice. From a physical and operational perspective, market-based mechanisms
must take into consideration the underlying physical constraints of each energy system and at
the interface between the systems. As a result, the models developed in this thesis are inspired
by mechanism design [29–32], energy systems economics [33] and engineering [9], operational
research [34] and game theory [35–39]. These models are systematically formulated as mathematical
models, i.e., optimization [40–42] and complementarity models [43, 44].
The research objectives of this thesis can be summarized by three conceptual questions, which
tackle different aspects of the coordination of heat and electricity systems through market-based
mechanisms.
1. What is the value of enhancing the coordination between heat and electricity systems in
short-term operations?
Addressing this research question requires accurately modeling the overall energy system and
its short-term operation. A series of recent models for the optimal operation of the integrated
energy system at the day-ahead stage has been proposed in the literature [5, 45–47]. These studies
highlight the benefits and challenges of accurately modeling the underlying physical constraints of
the district heating network to reveal the full operational flexibility of the energy system. Such
operational models represent an ideal benchmark for the design of novel market environments and
provide a basis to quantify the social value of improving the coordination between the systems.
However, they do not implement adequate institutions and trading mechanisms for a market-based
coordination. This leads us to the second research question.
2. How to coordinate the decisions of different actors in the heat and electricity systems
towards an optimal operation of the overall energy system, in a market environment that
respects existing regulations?
By opposition with fully coordinated approaches, which require radical changes in the current
market regulations, this research question acknowledges the necessity of respecting the sequential
order of heat and electricity markets. Compared to previous studies in the literature, the novelty of
this thesis is to introduce the concept of market-based soft coordination between heat and electricity
systems. Therefore, the proposed models seek to support the decision-making of different actors
in heat and electricity systems in a realistic market environment. Indeed, a series of recent studies
targeting the optimal operation of CHPs [5, 28, 48, 49] and HPs [2, 50, 51] in a market environment
has highlighted the lack of coordination between the two markets, and the resulting inefficiencies.
Adopting a top-down approach, this research objective targets the design of institutions and trading
mechanisms that coordinate the operation of heat and electricity systems. Additionally, in an
increasingly decentralized energy system, this research objective suggests the need for developing a
bottom-up approach, through consumer-centric decision-making tools that coordinate the decisions
of prosumers towards a social choice [52, 53]. Indeed, prosumers act at the interface between heat
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and electricity systems and provide a growing source of operational flexibility. Various studies
outline the value of harnessing this latent flexibility for the overall energy system, in terms of
both social welfare and sustainability [20, 54, 55]. Moreover, the proposed models should support
decision-making in real-life markets with decentralized information. In particular, modeling
the interactions between heat and electricity systems requires improved information exchange
between their respective markets. In the absence of information exchange, a third conceptual
question arises.
3. How can the observable data in heat and electricity markets be utilized to reveal and
characterize the uncertainty on the interactions between the systems?
In an increasingly digitalized energy system, it is becoming crucial to utilize observable data
and develop inference methods to characterize uncertainties on unobservable data. In particular,
Bayesian inference tools provide an adaptive framework to characterize the uncertainty on a hidden
process conditionally on observable data [56–58]. Furthermore, decision-making tools under
uncertainty can deal with this uncertainty via stochastic [42], robust and data-driven optimization
[59]. Therefore, inference methods can be utilized in combination with decision-making tools in
order to facilitate the handling of uncertainty in a market environment, and enable the coordination
of different markets in the absence of information exchange.

1.3

Proposed market-based coordination mechanisms

The scientific contributions of this thesis span the different aspects of the coordination of heat and
electricity systems previously mentioned.
As a basis to evaluate the social value of the coordination between heat and electricity systems,
the first contribution of this thesis is to provide a comprehensive model of the integrated heat
and electricity system, accounting for flexible assets in each system, as well as at the interface
between the systems. A series of recent studies focused on developing Combined Heat and
Power Dispatch (CHPD) models. In particular, [5] and [60] showed that exploiting the sources
of cross-carrier flexibility, i.e. flexible assets at the interface between heat and electricity systems,
could reveal the full operational flexibility of the overall energy system and yield increased
penetration of renewable production. Additionally, [45–47, 61] proposed a model of heat networks
accounting for the underlying physical laws and temperature dynamics in the pipelines. These
studies revealed the untapped energy storage capacity of district heating networks. However, the
temperature dynamics in pipelines, which are modeled by partial differential equations, introduce
non-convexities in the proposed CHPD models. The solution methods proposed in these studies
rely on decomposition techniques [62], which do not guarantee convergence towards a global
optimal dispatch of the integrated energy system. For that purpose, [Paper A] proposes a novel
model of the temperature dynamics and time delays in district heating networks that can be solved
with off-the-shelf solvers. Furthermore, two convex relaxation models of the non-convex heat flow
constraints are introduced. This novel representation of the district heating network is included
in a CHPD model that provides a benchmark for the optimal operation of the integrated energy
system at the day-ahead stage. This work highlights the value of the untapped energy storage
capacity in the district heating network. Moreover, the proposed convex representation of this
flexibility opens up various directions for exploiting it in a market environment. Although this
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operational model violates existing market regulations, it provides a basis to evaluate the efficiency
of different market-based coordination mechanisms.
Building on this work, the following contributions of this thesis introduce novel market-based
mechanisms aiming at coordinating the operation of heat and electricity systems. The proposed
models primarily focus on trading floors with a day-ahead time horizon, where a vast majority of
the energy is traded in European markets. In that context, different aspects of the coordination of
heat and electricity systems are tackled. From a top-down perspective, we focus on the design and
coordination of energy market-clearing procedures, as well as the design of bid formats. From a
bottom-up perspective, we focus on the design and analysis of community-based mechanisms for
prosumers.
Various market-clearing procedures that provide different degrees of coordination between heat and
electricity markets are investigated in [Paper B]. In the literature, two market-clearing procedures
are traditionally considered, namely a sequential market-clearing [28, 48], and a fully integrated
one [5, 46]. The sequential market-clearing, which is similar to existing market regulations
worldwide, provides the least coordination. The integrated one, though providing the highest level
of coordination, requires a simultaneous dispatch of heat and electricity, which goes against the
current market regulations. [Paper B] proposes a novel electricity-aware sequential market-clearing
procedure, that coordinates the operation of heat and electricity markets by explicitly modeling
the bi-directional interactions between the markets. Indeed, in the current sequential market
environment, the heat-driven dispatch of CHPs and HPs has a strong impact on their flexibility
in the electricity market [5]. Moreover, electricity prices directly impact the heat marginal cost
of CHPs and HPs, and thus their competitiveness and market power in the heat market [28].
Therefore, the proposed electricity-aware heat market-clearing anticipates the impact of the heat
dispatch on the electricity market-clearing and endogenously models the impact of electricity
prices on heat marginal costs. Additionally, due to the lack of information exchange between
the markets, the heat market-clearing must account for the uncertainty on the electricity marketclearing. Therefore, the heat market-clearing problem is formulated using a stochastic hierarchical
optimization problem that is recast using a stochastic complementarity model [43]. In order to
deal with the computational complexity of the proposed model, [Paper B] introduces a scalable
solution method based on a novel augmented regularized Benders decomposition algorithm. The
interested reader is referred to [62–65] for an overview of this decomposition method and its
applications to power systems. Furthermore, [Paper B] compares the proposed electricity-aware
market-clearing to the two reference market-clearing procedures. This comparison shows that the
proposed approach provides a trade-off between sequential and fully integrated approaches.
Despite the improved coordination provided by the proposed electricity-aware heat marketclearing, existing bid formats limit the flexibility of CHPs and HPs in the power system due to the
strong linkage between their heat and electricity outputs [5]. Indeed, price-quantity and block
bids in the day-ahead electricity market are not suited to capture the technical and economic
characteristics of these non-conventional flexible assets. Various studies have investigated extended
bid formats designed to better represent specific types of flexibility resources, such as flexible and
deferrable loads [66–68]. In the continuity of these works, [Paper C] proposes an extended linear
bid format that allows for a better techno-economic representation of a wide range of flexible
assets. In fact, the proposed price-region bid format can exactly represent any asset whose operation
is constrained by a set of linear inequalities coupling continuous variables across multiple time

1.3. PROPOSED MARKET-BASED COORDINATION MECHANISMS

5

periods and locations, and whose costs of operation write as a linear combination of these variables.
Price-region bids introduce of a set of state variables, which embed the technical and economic
characteristics of these assets. For instance, such an approach allows district heating utilities to
represent the flexibility of their power injection profile with respect to their heat outputs, which can
be represented by a set of state variables. From the perspective of the electricity market operator,
these state variables have no concrete meaning. In addition, [Paper C] demonstrates that forward
electricity markets accepting price-region bids and using a uniform pricing payment rule satisfy the
same properties as those with price-quantity bids. More precisely, under the assumption of perfect
competition, such a market mechanism guarantees efficiency, incentive compatibility, cost recovery for
the market participants and revenue adequacy for the market operator. These properties are formally
defined and demonstrated in [Paper C]. Additionally, it is shown that price-quantity bids represent
a special case of price-region bids. In that sense, price-region bids can be incorporated into existing
forward electricity markets without disruptive changes. Furthermore, [Paper C] illustrates the
value of the added operational flexibility revealed with this price-region bid format through a
small example.
The aforementioned top-down approaches focus on designing institutions and trading mechanisms
that coordinate the operation of heat and electricity systems. Furthermore, in the increasingly
decentralized energy systems, it is expected that harnessing the operational flexibility of prosumers
at the interface between heat and electricity systems can induce a soft coordination between the
systems [20, 54, 55]. However, [69–71] outline the need for policy-makers and market operators to
better understand the behavior and motivations of prosumers in order to harness their flexibility.
Therefore, top-down solutions must be accompanied by consumer-centric decision-making tools,
which enable prosumers to directly manage their energy consumption and production [52, 72, 73].
In practice, such mechanisms fall into two categories, namely peer-to-peer [74–76] and communitybased mechanisms [77]. The main difference between both paradigms lies in the centralization
of the communication and exchanges among the prosumers. In this context, [Paper D] designs
a novel community-based mechanism, in which prosumers can pool their heat and electricity
production and consumption, and coordinate their participation in heat and electricity wholesale
markets. This work highlights the value of cooperation, which is defined as the increase of social
welfare in the community. The central question that must be addressed is to understand how this
mechanism can affect the outcomes of the interactions among individual prosumers towards a
social choice, and in particular incentivize cooperation among them. Therefore, [Paper D] focuses
on analyzing the properties of the proposed mechanism along with different allocation mechanisms
that redistribute the value of the community among the prosumers, via game-theoretical tools [35].
In particular, the willingness of prosumers to join the community and their satisfaction with the
outcomes of the proposed mechanism are characterized by the fairness (or stability) of the allocation
mechanism [77–80]. [Paper D] demonstrates that the proposed mechanism admits stabilizing
allocations in the general case. It then compares different allocation mechanisms and analyzes
under which conditions they are stabilizing. By modeling and exploiting the synergies between
different types of loads and energy carriers, the proposed mechanism induces a soft coordination
between heat and electricity systems.
The market-based mechanisms developed in this thesis have focused on providing a soft coordination between heat and electricity systems while preserving their sequential and independent
operation. Such approaches rely on an accurate representation of the interactions between the
systems. In particular, the proposed electricity-aware heat market-clearing seeks to maximize the

6

CHAPTER 1. INTRODUCTION

social welfare in the heat system, given an imperfect foresight on the supply and demand curves in
the electricity market. In the absence of information exchange between heat and electricity markets,
characterizing this uncertainty is challenging [81]. In the context of an increasingly digitalized
energy system, it is important to take advantage of the large volumes of market data collected, such
as renewable production, prices and quantities traded, to infer new information on hidden data.
Using observable market data and prior knowledge on the power system, [82] tackled the issue of
revealing the supply curves of participants in electricity markets. However, this study does not
provide a model of the uncertainty on the supply curves, and its applicability in real-life markets is
quite restricted. [Paper E] introduces a novel Bayesian inference algorithm that characterizes the
uncertainty on the aggregate supply curve in an electricity market, conditionally on observable
market data. The proposed particle Gibbs sampler algorithm builds on the literature on Monte Carlo
simulation methods [58, 83–89] to iteratively approximate the hidden aggregate supply curves. In
a broader context, this work provides an adaptive method to characterize the uncertainty on a
hidden process and can be readily used to generate high-quality inputs for decision-making tools
under uncertainty [42, 59, 90].

1.4

Thesis structure

This thesis is structured as follows. Part I is a report introducing the main concepts addressed in
this thesis and summarizing the contributions of the papers published during this Ph.D. project.
Within this part, Chapter 2 provides a brief overview of heat and electricity markets along with the
challenges relates to their coordination. Chapters 3 to 7 outline the contributions of the research
papers included in this thesis. In particular, Chapter 3 focuses on modeling the integrated energy
system with an emphasis on the temperature dynamics in the district heating network and proposes
a CHPD model based on a convex relaxation of the heat flows. Building on this work, Chapters
4, 5 and 6 explore new market-based coordination mechanisms for heat and electricity systems.
More precisely, Chapter 4 compares three market-clearing procedures with different degrees of
coordination. Chapter 5 discusses the design of new bid formats that ease market access to flexible
assets at the interface between heat and electricity markets. Chapter 6 presents a community-based
mechanism for prosumers in heat and electricity markets and analyzes the properties of this
mechanism using game-theoretical tools. Chapter 7 focuses on a Bayesian inference approach to
characterize the uncertainty on the supply curves in electricity markets, conditionally on observable
market data. Finally, Chapter 8 provides conclusions and suggests directions for future work. Part
II contains all the publications that contribute to this thesis:
[Paper A] is a paper presented at the Power Systems Computation Conference (PSCC) in 2018.
This paper provides a combined heat and power dispatch accounting for the energy storage
capacity of district heating networks. A convex relaxation approach is proposed in order to
deal with the non-convexities arising from temperature dynamics in district heating networks.
The model developed is implemented on an integrated 6-bus electricity and 3-node heat
system.
[Paper B] is a paper submitted to the European Journal of Operational Research. It proposes a
novel electricity-aware market-clearing procedure for the coordination of heat and electricity
markets. This proposal is compared to two reference market-clearing procedures, namely
sequential and fully integrated. It also introduces an augmented regularized Benders
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decomposition method in order to deal with the computational complexity of the proposed
market-clearing model. The models developed are implemented on a modified version of
the Institute of Electrical and Electronic Engineers (IEEE) 24-bus reliability test.
[Paper C] is a working paper that introduces a novel bid format for flexible assets at the
interface between heat and electricity markets. It analyzes the properties of the day-ahead
electricity market with this new bid format. The impact of the proposed bid format on the
operational flexibility and social welfare in heat and electricity systems is illustrated in two
numerical examples.
[Paper D] is a working paper that designs and analyzes the properties of a community-based
mechanism for prosumers at the interface between heat and electricity markets. The proposed
mechanism along with different allocation mechanisms are illustrated on a small case study.
[Paper E] is a journal article published in IEEE Transactions on Power Systems. It presents
a novel Bayesian inference algorithm to reveal the aggregate supply curves of electricity
market participants, based solely on the past observations of electricity prices and quantities
traded. The algorithm developed is implemented on a modified version of the IEEE 24-bus
reliability test.
Due to the time gaps between the publication of these papers, discrepancies between the notations
in different papers may arise. For the sake of consistency, certain notations introduced in this thesis
may differ from the notations used in the papers. For clarity, the notations are properly introduced
in each chapter.

CHAPTER

2

Motivation for heat and
electricity systems coordination
Over the last decades, the liberalization of the energy sector gave rise to a decentralized renewablebased energy system, with tight interdependencies between heat and electricity systems. These
changes have challenged the traditional operation of heat and electricity systems and highlighted
the need for better accounting for the interactions between the systems. Furthermore, heat and
electricity systems are operated by separate markets, which eventually need to adapt to these
recent changes.
This chapter provides an overview of the recent and foreseen changes in both heat and electricity
systems and markets. We outline the transition towards a decentralized renewable-based energy
system with tight interdependencies between the heat and electricity systems in Section 2.1. In
that context, we describe the current organization of the electricity and heat markets in Sections 2.2
and 2.3, respectively, along with the challenges they face. Finally, this brings us to address the
challenges related to the coordination of both markets in Section 2.4. As Nordic countries, and
especially Denmark, are pioneers in the development of district heating, most examples are drawn
from the Danish energy system.

2.1

Transitioning towards higher interdependencies between heat and
electricity systems

Over the last two decades, many countries have experienced a profound restructuring of their heat
and electricity sectors. In this section, we outline how the three successive waves of reforms have
led to a decentralized renewable-based energy system with tight interdependencies between heat
and electricity systems [91].

2.1.1

Liberalization of heat and electricity sectors

The first wave of liberalization of the power sector worldwide was characterized by the unbundling
of previously vertically integrated industries. In the early 1980s, the first separation of generation,
transmission, and retail sectors took place in Chile and was followed by many countries in Europe,
America, Australia and New Zealand in the 1990s [7]. These regulatory reforms aimed at promoting
innovation and efficiency in the power sector by introducing competition in the supply and retail
sectors. The second wave of reforms established competitive power markets and focused on
improving the efficiency of these market mechanisms [9–11].
Due to the relatively smaller scale of heat systems, this trend followed a slower pace in this sector.
Yet, in recent years, the growing interactions between heat and electricity systems have pushed the
9
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focus in various countries towards a modernization of the heat sector. In Europe, the expansion of
energy-efficient and cost-effective district heating in urban areas has been identified by the Heat
Roadmap Europe as a cornerstone towards a sustainable energy system [8]. In particular, Denmark
has traditionally heavily relied on district heating for heat consumption, supplied in majority by
Combined Heat and Power plants (CHPs) [3, 92]. In 2017, district heating covered 46% of net heat
load and over 60% in dense urban areas. Over the last decades, Denmark has spearheaded many
initiatives to promote energy efficiency, sustainability, and cost-effectiveness in the heat system.
The recovery and valuation of waste heat from industries, and the deployment of small-scale
CHPs have introduced competition in the supply sector. This diversification of types and scales of
production units, as illustrated in Figure 2.1, has been accompanied by the unbundling of vertically
integrated industries and the introduction of competitive wholesale markets for heat dispatch.

Figure 2.1: Heat production per type (CHPs, industrial waste heat, and heat-only boilers), and
scale (small-scale, large-scale) of production unit. Source: Danish Energy Agency.

The greater Copenhagen area, covering 20 local authorities, was the first region to implement a
wholesale heat market including heat production from CHPs and waste incineration. The district
heating network in the greater Copenhagen area, owned and operated by three transmission
network operators, VEKS, HOFOR, and CTR, supplies over 500, 000 consumers, i.e., buildings.
Figure 2.2 illustrates this network.

2.1.2

Towards a sustainable energy system: The case of Denmark

Meanwhile, we are now experiencing a third wave of reforms in heat and electricity systems,
motivated by growing environmental concerns and technological advances. At the 2015 United
Nations Climate Change Conference (COP21), 23 countries and the European Union (EU) committed
to doubling their budget for clean energy research [93]. This financing announcement reaffirmed
the global commitment to developing a sustainable future and the central role that renewable
energy holds in it [12–14]. In particular, Denmark is on track to fulfill the ambitious objective of
becoming independent of fossil fuels by 2050. A cornerstone of this ambitious environmental
policy is to allow renewable energy to cover 100% of electricity consumption and 50% of total
energy consumption by 2030 [3, 92]. [Paper F] provides an overview of the Danish energy system
and the path towards a 100% renewable energy system.
Denmark relies on a combination of technological and organizational solutions to achieve these
goals. In particular, efforts have focused on facilitating the penetration of wind production in the
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Figure 2.2: District heating network in greater Copenhagen area [1, 2].

power system through interactions with other energy systems, such as district heating and the
transport sector [6, 22–24]. As illustrated in Figures 2.3(a) and 2.3(b), Denmark has experienced a
steady increase of wind production in the power system. In 2017, wind production reached a peak
record of 14.8GWh and covered 43.6% of the electricity consumption. Due to the technical and
economic challenges for storing electricity in a large-scale, this led to over 1,000 hours of excess
wind production.

Figure 2.3: (a) Wind production in Denmark, and (b) wind penetration as a percentage of the
electricity consumption [3].

Although the deployment of renewable energy production has mostly been achieved in the power
system, the district heating system, which has traditionally been dominated by fossil fuels, has
also experienced an increase in renewable energy production, mostly via bio-fuels, as illustrated in
Figure 2.4.
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Figure 2.4: Heat sector energy mix in Denmark, as a percentage of the total consumption [4].

In addition, in recent years large-scale Heat Pumps (HPs) have been deployed in order to take
advantage of excess wind production and low electricity prices [2, 50, 51]. In the meantime,
CHPs, which make up a large share of heat production, have become the largest source of thermal
electricity production in Denmark, as illustrated in Figure 2.5. CHPs and HPs interface heat and
electricity systems. The interdependencies between their heat and electricity outputs and costs
induce strong operational and economic interactions between both systems and markets. As a
result of these growing interdependencies, the full benefits of renewable energy production can
only be harnessed through a better coordination between the systems [6, 12, 22, 23]. Moreover,
both physical and economic aspects of the coordination between heat and electricity systems must
be tackled.

Figure 2.5: Share of district heating and electricity production supplied by CHPs in Denmark.
Source: Danish Energy Agency.

2.1.3

Decentralized heat and electricity systems

The energy transition towards a more environmentally friendly and sustainable energy system has
been accompanied by a fundamental shift from a top-down approach to a bottom-up approach
for energy systems management [19]. Motivated by growing environmental concerns and social
commitment [15, 16], prosumers have emerged as central actors and sources of flexibility in heat
and electricity systems [94–96].
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This increase in consumers involvement, combined with decentralized production in heat and
electricity systems has led to the development of local solutions for the management of energy, in
the form of energy communities and smart energy hubs [20, 97]. Tight interdependencies between
heat and electricity systems arise in these communities. In particular, as prosumers interface heat
and electricity systems, exploiting the synergies between different types of loads, such as heat and
electricity for HPs, is expected to benefit both systems in terms of cost-effectiveness and increased
integration of renewable energy production [20, 54, 55]. However, this shift from a top-down to a
consumer-centric management of energy systems raises various physical and economic challenges
for heat and electricity systems and markets [53]. The two following sections explore the current
structure of heat and electricity markets and the challenges that they face.
Despite the aforementioned growing interactions, in most countries heat and electricity systems are
still operated independently, and their respective markets are cleared sequentially. The following
section details the current organization of these systems and markets, as well as the challenges that
they face.

2.2

Electricity systems and markets

In most countries, electricity markets interface the physical and economic aspects of electricity
systems, by providing institutions and trading mechanisms that ensure the security and costcompetitiveness of supply in the system. Despite regulatory and organizational differences
among countries, these markets follow a common basic structure that reflects the unique features
of electricity. Firstly, electricity is a fungible commodity, thus it can be traded in a market
regardless of the source of production. Secondly, short-term electricity demand is highly inelastic.
Finally, electricity requires continuous balance of production and consumption. Electricity market
mechanisms must take into consideration these characteristics and respect the physical electricity
network. In this section, we introduce the basic structure of electricity markets, with a primary
focus on European markets. In addition, the interested reader is referred to [10, 11, 21] for a
detailed overview of electricity markets and power system economics.

2.2.1

Basic structure of electricity markets

Various organizational models for electricity markets exist around the world, which can be sorted
in two main categories. On the one hand, power pools represent a centrally organized market that
takes into account all the techno-economic characteristics of the power plants, such as start-up
costs or minimum up and down time, and the physical network. In addition, various services are
simultaneously optimized, such as energy and operational reserve. A locational marginal price is
calculated for each node of the electricity network, that is utilized for all settlements and payments
at this node. Due to the difficulties of pricing non-convexities, side payments may be derived to
ensure cost-recovery of all market participants. This electricity market design is commonly found
in the United States. On the other hand, in many European countries, wholesale electricity markets
operate on the principles of a power exchange. Market participants place bids that are dispatched
based on a merit-order and least-cost principle. This economic dispatch does not explicitly describe
the techno-economic characteristic of power plants or physical networks. Market participants can
submit independent hourly price-quantity bids as well as more complex bids (e.g. block orders)
that implicitly embed their techno-economic characteristics. As a result, market-clearing prices are
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derived from matching supply and demand bids when transmission lines are not congested. In
the presence of congestions, zonal prices are derived for the congested areas. Congestion rents
arising from the difference between zonal prices are redistributed among Transmission System
Operators (TSOs). Nowadays, this trading structure is implemented in many European countries,
such as the NordPool spot market in the Nordic and Baltic countries, the UK, and Germany [98].
The conventional operation of electricity markets is based on the sequential clearing of various
trading floors, ranging from long-term financial contracts to the real-time operation of the power
system. Long-term financial products are traded in futures markets allowing market participants to
hedge against uncertainties and volatile prices. The focus of the thesis is on short-term trading
floors, i.e., within a day to actual delivery, as illustrated in Figure 2.6. The vast majority of
power is traded in the day-ahead market, also commonly referred to as spot market, cleared 12 to
36 hours before the actual delivery of electricity. After the day-ahead market-clearing, market
participants who need to adjust their dispatch in light of updated information participate in
intra-day markets. This allows market participants, such as renewable producers, to mitigate
their exposure to penalties for real-time deviations. The liquidity of intra-day markets is highly
variable across European countries, due to significant design variations across the markets. Closer
to real-time operation, any deviation from the day-ahead or intra-day schedule is balanced in the
real-time market. In practice, in the first stage, the TSO acts as a the single buyer for the required
upward or downward regulation provided by flexible sources. The TSO then acts as the single
seller for regulation to the market participants creating the imbalance. The double-price settlement
mechanism applied for upward and downward regulation penalizes unwanted deviations from
market participants who create imbalance in the system [99].

Figure 2.6: Different trading floors in European electricity markets. TSO: Transmission System
Operator.

In complement of energy markets, i.e., day-ahead, intra-day and real-time markets, there also
exists reserve capacity markets to ensure that sufficient flexible and controllable sources are available
for real-time operation. Energy markets refer to the transactions of energy that is injected to or
withdrawn from the system, whereas reserve capacity markets refer to the capacity that is set aside
ahead of time, to be dispatched in real-time. The reserved capacity can be switched on or off by the
system operator in real time. Depending on the market design, it is the capacity reserved and/or
delivered that is remunerated. Reserve capacity markets are organized either as an independent
market or via a simultaneous auction that co-optimizes the procurement of energy and reserves.
The first approach is commonly used in the European context, while the latter is usually employed
in the United States.
More generally, the term ancillary services refers to a variety of services beyond generation and
transmission that are required to maintain reliable operation of the grid, and ensure a stable
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delivery of the energy to consumers. These services generally include frequency and voltage
control [100, 101], spinning and operating reserves. Ancillary services may be procured in an
integrated energy and ancillary services market [102], or independently [103]. Ancillary services
have traditionally been provided by centralized, and fully controllable generators. However, the
integration of intermittent decentralized generation and the development of smart grid technologies
have prompted a shift in the equipment that can be used to provide ancillary services, e.g., flexible
consumers and electricity storages [104–106].

2.2.2

Challenges in electricity market design

Since their creation, electricity markets have been a constantly evolving organizational framework.
Recently, electricity markets have been mainly challenged by the high integration of stochastic
and non-dispatchable renewable power supply, displacing traditional thermal production. The
interested reader is referred to [21, 107, 108] for a broad overview of the operational, regulatory
and economic challenges related to the integration of renewable power supply in electricity
markets, while [109] focuses on societal challenges. In the presence of flexible and fully controllable
resources, electricity markets can cope efficiently with the small fluctuations arising from loads or
equipment failures. However, managing the large fluctuations arising from the growing share of
renewable production in real-time requires a redesign of current market organizations.
Firstly, efficient market mechanisms should ensure that sufficient operational flexibility is available
for the reliable operation of the power system in real-time. The term operational flexibility, or
simply flexibility, is traditionally defined as the capability of a system to modify its output or
state in response to a signal. Various studies have focused on defining the role of operational
flexibility in the power system [25, 110–112], and quantifying the value of operational flexibility
in a market environment [113]. In particular, [114, 115] studied the impact of the penetration
of stochastic renewable energy production on operational reserves requirements in the power
system. In the current paradigm, the day-ahead scheduling is based on a deterministic view of
the real-time operation of the power system. Such a deterministic clearing of the trading floors
is myopic to deviations in real-time and the resulting balancing costs. Various approaches have
been proposed in the literature to improve the coordination between different trading floors,
based on decision-making under uncertainty tools. The interested reader is referred to [90] for an
introduction on decision-making under uncertainty tools applied to electricity markets.
Secondly, an extensive body of literature highlights the need for market mechanisms that provide
adequate economic incentives for the long-term investment and short-term operation of flexible
assets, including thermal generation, transmission infrastructures and energy storage [116–119].
The large penetration of renewable energy production, operating with close to zero marginal
costs, tends to decrease average day-ahead electricity prices. As a result, energy prices may no
longer support these objectives [120]. This insufficient remuneration of a service or commodity is
referred to as the missing money problem [121, 122]. Furthermore, without sufficient flexible sources
available in real-time, renewable production tends to increase price volatility, and thus revenues
uncertainty [123, 124]. These issues can be addressed via price-adders that back-propagate the
value of operational flexibility in real-time operation [116, 117], or via new flexibility-oriented
products, that anticipate the need for operational flexibility in real-time operation [125].
Operational flexibility in the power system can be provided at different scales and time horizons,
through various technologies [113], such as flexible and controllable power generation, flexible
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control of transmission networks [126, 127], energy storage [128], and demand response [105, 129].
In order to avoid inefficiencies, trading mechanisms should reflect the characteristics of these
diverse flexible assets. In particular, motivated by growing environmental concerns and enabled
by recent technological advances, residential demand-response has become a viable solution to
mitigate the variability from renewable production [130, 131], provide operational reserve [132]
and increase market efficiency [53]. In that context, a major challenge for electricity markets is to
better exploit the services provided at the distribution level. References [129, 133–137] provide an
overview of the benefits, as well as the economic, regulatory, technological, and social limitations
of traditional demand response programs.
Furthermore, besides traditional sources of flexibility, interfacing and coordinating with other
energy systems may provide operational flexibility for the power system. In particular, due to its
growing interactions with the power system, the heat system will play a major role in achieving
a sustainable energy system [6, 22, 23]. In that context, a major challenge for electricity market
designs is to facilitate market access to flexible assets at the interface between both systems, in
order to exploit this untapped source of flexibility.

2.3

Heat systems and markets

Heat, i.e., thermal energy in the form of hot water, is a commodity that is widely used for space
heating and hot domestic water supply. Similarly to electricity, it is transported via a physical
network, consisting of pipelines. However, due to their underlying physical laws and dynamics,
the scale of district heating networks is relatively small compared to electricity networks. In Nordic
countries, and especially Denmark, district heating systems are widely spread in urban areas and
operated via wholesale markets. The organization of these markets may vary from one country to
another, or one urban area to another, but they follow certain common characteristics [138]. Firstly,
heat is treated as a partially fungible commodity in markets, i.e., quantities are interchangeable
as long as the temperature and mass flow rates at which they are delivered are within certain
bounds. Secondly, heat markets consider the physical and economic aspects of the systems in their
operation. Thirdly, heat markets and prices are still highly regulated due to the limited competition
on the supply and retail sides. In this section, we briefly introduce the basic structure of heat
markets and discuss the challenges in their designs, with a focus on the Danish energy system.
Additionally, the interested reader is referred to [6, 23, 24, 139, 140] for a comprehensive overview
of heat systems and markets.

2.3.1

Basic structure of heat markets

In Denmark, since the recent liberalization of the heat sector, there exists three main types of actors
in wholesale heat markets, namely heat suppliers, TSOs, and consumers. Suppliers produce heat
from fossil fuels, waste, renewable energy or electricity, and sell it on the wholesale heat markets to
consumers. Heat consumers may be retailers that provide heat to residential consumers, or large
consumers, such as industries. The TSOs operate the networks.
In the greater Copenhagen area, the independent heat market operator Varmelast.dk prepares a
day-ahead heat dispatch based on a merit order and least cost principle [27]. As illustrated in
Figure 2.7, in the first stage all heat producers submit bids for the whole day as cost/quantity
pairs, and the heat market operator decides on daily production for each market participant. Heat
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producers then prepare their preliminary hourly heat plan and communicate their marginal costs1
for each hour. Varmelast.dk prepares the final hourly heat plan, based on the merit order curve,
and performs a hydraulic check to account for bottlenecks in the transmission network.

Figure 2.7: Varmelast.dk day-ahead heat plan process.

Due to the limited scale of district heating networks and the limited competition in heat markets,
heat suppliers are not remunerated based on market-clearing prices. Instead, they are remunerated
based on long-term bilateral contracts that reflect their average production costs over the year.
Once their heat dispatch is fixed, CHPs and HPs can participate in the day-ahead electricity market.
After the day-ahead electricity market-clearing, market participants who need to adjust their heat
dispatch participate in the intra-day heat markets. This allows market participants to adjust their
marginal heat cost and availability in light of new information on electricity prices, and the market
operator to update the hourly heat plan based on these updated bids. Five intra-day heat markets
are cleared daily.

2.3.2

Challenges in heat market design

District heating systems and markets face a number of physical and economic challenges which
threaten the cost-effectiveness and energy efficiency of their operation. First and foremost, the
limited scale of district heating networks and the resulting limited competition in heat markets
have greatly impacted the market designs, and have led to inefficiencies. The analysis of the
Nordic energy system in [28] suggests that the interactions between heat and electricity markets
may increase the market power of large-scale CHPs in the heat market. In addition, the reduction
of heat consumption due to energy efficient buildings threatens to further limit the competitiveness
of heat markets in low heat density areas [141].
Therefore, organizational and technological solutions to promote competition in heat markets
should be investigated. As highlighted in [142], third party access may have little positive effect
on the competition. Instead, extended heat systems and more transparent market mechanisms
could lead to an increased efficient. In the direction of extending the scale of existing heat systems,
[143] provides a socio-economic analyzes of connecting geographically distributed district heating
systems. This work highlights the benefits of increasing the scale of district heating systems, in
terms of social welfare and integration of intermittent renewable energy sources. In addition, the
competitiveness in heat markets can be improved through more transparent trading mechanisms.
1 Note that heat productions costs, which are computed as total production costs minus revenues from electricity sales,
are dependent on expected electricity prices.
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Indeed, the cost-based pricing mechanism in the greater Copenhagen area leads to an inefficient
economic dispatch. Reference [144] shows that marginal pricing has the potential to increase the
competitiveness of heat markets and to provide adequate price signals for the optimal operation
of the heat system throughout the year. Similarly, introducing dynamic tariffs for consumers in
district heating systems could increase the potential for residential demand response and industrial
heat waste recovery [50, 145, 146].
Furthermore, over the last decades, efforts for the modernization of the heat system have led
to the penetration of renewable energy sources and waste-to-energy technologies [147]. The
coordination between heat and municipal waste systems may be challenging due to diverging
objectives. In Denmark, waste incinerators are currently scheduled outside of the markets, which
may lead to inefficiencies in the heat system. Reference [148] proposes an approach to optimize
the usage of waste in a market environment. However, this analysis shows that the scheduling of
waste incinerators in the current heat and electricity market design would reduce the economic
viability of this technology and increase the needed gate-fees. The locational marginal pricing
scheme introduced in [144] has been found to provide more adequate price signals for the optimal
operation of waste incinerators.
Finally, due to the temperature dynamics in the pipelines, the transport of thermal energy in district
heating networks is slower than the transport of electricity. In the current market environment,
these dynamics are simulated during the hydraulic check in order to ensure feasibility of the
dispatch. Integrating a model of the physical network in the economic dispatch could reduce
inefficiencies in the day-ahead schedule and increase security of supply. Indeed, modeling the
underlying physical laws and temperature dynamics in district heating networks in a market
environment reveals an untapped source of energy storage that can benefit both heat and electricity
systems [5, 45, 46]. However, accurate modeling of these physical laws through non-convex
constraints may raise pricing issues in the market.

2.4

Interactions and coordination between heat and electricity systems in a
market environment

The growing interdependencies between heat and electricity systems offer an opportunity to reveal
the full operational flexibility of the overall energy system through improved market coordination.
In this section, we analyze the bi-directional interactions between heat and electricity systems
in a market environment. This analysis highlights a number of challenges and opportunities for
coordinating the physical and economic aspects of heat and electricity markets.
This section discusses different approaches and aspects of market-based mechanisms and their
potential impact on the coordination of heat and electricity systems. Furthermore, we develop the
concept of market-based soft coordination, i.e., aiming at increasing the coordination between heat
and electricity systems while respecting their current sequential and independent operation. This
concept constitutes one of the core contributions of this thesis.

2.4.1

Interactions between heat and electricity systems in a market environment

In the current sequential market environment, heat and electricity systems interact via the
participation of CHPs, HPs, and prosumers in both markets. As illustrated in Figure 2.8, these
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Figure 2.8: Physical and economic interactions between current heat and electricity markets.

interactions can be represented by two coordination variables, namely the heat dispatch of assets
at the interface between heat and electricity markets and electricity prices. We discuss in the
paragraphs below the impact of these variables on the interactions between the markets.
From a physical perspective, as illustrated in Figure 2.9, the linkage between the heat and electricity
outputs of CHPs and HPs induces strong interactions between heat and electricity markets. While
backpressure CHPs produce heat and electricity at a fixed ratio, extraction CHPs produce heat and
electricity according to a variable ratio. Moreover, HPs produce heat from electricity at a coefficient
of performance (COP) depending on their thermal characteristics and outdoor environment. Figure
2.9 illustrates the complex Feasible Operating Region (FOR) of a district heating utility comprising
an extraction CHP, coupled with an HP and a heat storage (water tank) for a given hour. Similarly,
in dense urban environments with existing district heating infrastructures, the synergies between
different types of loads induce a physical linkage at the interface between heat and electricity
markets. Therefore, in a sequential market environment, the heat dispatch of assets at the interface
between heat and electricity markets has a strong impact on their participation in the electricity
market [5].

Figure 2.9: FOR of an extraction CHP, and equivalent FOR of the CHP coupled with an HP and a
heat storage (water tank) for a given hour. The heat storage is assumed not to be constrained by
its maximum or minimum capacity at this specific hour, and can be charged or discharged at its
maximum hourly rate [5]. HWT: Hot Water Tank.
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From an economic perspective, the dependency of the heat marginal costs of CHPs and HPs on
electricity prices implicitly induces interactions between heat and electricity markets. Indeed, the
heat production cost of CHPs is calculated as their total production cost minus revenues from
electricity sales. Therefore, as illustrated in Figure 2.10, the heat marginal cost of CHPs and HPs
can be expressed as a function of electricity prices. As the heat to power ratio of backpressure
CHPs and HPs is fixed, their heat marginal cost represents the additional cost for an extra unit of
heat produced. When electricity prices are low, the optimal operating point of extraction CHPs is
in backpressure mode. But when electricity prices rise above a certain threshold, the heat marginal
cost represents the opportunity loss from electricity sales for each extra unit of heat produced.

Figure 2.10: Heat marginal cost of a backpressure CHP, an extraction CHP and an HP as a function
of electricity prices. The computation of these curves is detailed in [Paper B].

A coordinated dispatch of heat and electricity systems can take advantage of these bi-directional
interactions in a way that is beneficial to both systems. On the supply side, CHPs may be used to
generate heat during periods of high electricity prices, and HPs during periods of excess wind
production and low electricity prices. Additionally, the energy storage capacity in the district
heating system, i.e., in water tanks and pipelines, coupled with CHPs and HPs can provide
flexibility to the power system in the form of virtual electricity storage [5, 45, 46]. On the one
hand, this untapped operational flexibility can facilitate the integration of fluctuating renewable
sources in the power system, while reducing electricity price levels and volatility [22, 26]. On the
other hand, an increase in renewable production in the power system, with close to zero marginal
costs, can reduce both CO2 emissions and production costs in the heat system. Similarly, at the
distribution level, the flexibility of prosumers can be aggregated to provide operational flexibility
in both systems. For instance, exploiting the synergies between district heating loads and electricity
for HPs [149], and the installation of micro CHPs [150, 151] are potential solutions to provide
demand response. Additionally, exploiting the thermal flexibility of buildings can increase the
short-term elasticity of electricity consumption and the potential for demand response in both heat
and electricity markets [149, 152, 153].
However, in the absence of appropriate market structures, these uncoordinated interactions may
be damaging in both systems. For instance, a heat-driven dispatch of CHPs and HPs may impose
strong constraints on the electricity market through minimum production requirements. In China,
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this issue has caused an increase in wind curtailment [5]. In Nordic countries, the market power of
CHPs in the electricity market has impacted electricity prices [154]. Additionally, [28] highlights the
impact of electricity prices on the competitiveness and market power of CHPs in the heat market.
In Nordic countries, where CHPs cover a large share of the heat demand, these interdependencies
may have a negative impact on heat production costs and CO2 emissions in the heat system.

2.4.2

Challenges for market-based coordination mechanisms

Heat and electricity systems are operated by competitive auction-based markets that interface the
technical and economic aspects of each system. In view of the challenges faced by each system,
existing market mechanisms need to evolve to better account for the growing interdependencies
between the systems. Market-based coordination mechanisms must take into consideration the
country-specific regulatory frameworks. Therefore, achieving a market-based soft coordination
between heat and electricity systems requires respecting the sequential and independent operation
of heat and electricity markets, while coordinating the decisions of multiple actors in each system,
i.e., market participants as well as market operators, towards a social choice. Additionally,
market-based mechanisms must interface the technical and economic aspects of the operation
of heat and electricity systems. In particular, achieving an optimal coordination between heat
and electricity systems requires taking into consideration the operational flexibility of district
heating networks [5, 45, 46], CHPs [48], HPs [2, 50, 51], and prosumers [54, 97]. Markets operating
on the principles of power pools rely on an explicit representation of the physical constraints
and costs of operation of the assets in heat and electricity systems. However, the focus of this
thesis is on European markets, which operate on the principles of power exchanges. Therefore,
market-based mechanisms must provide institutions and trading mechanisms that implicitly
embed these techno-economic characteristics through the participation of the different actors in
heat and electricity markets.
Therefore, from a top-down perspective, market mechanisms consist in the design of bid formats
which embed the techno-economic characteristics of market participants, market-clearing models
which seek the optimal dispatch of these bids given the objective of the market operator, and
payment rules that remunerate market participants for their transactions on the market [31]. From
a bottom-up perspective, market-based mechanisms aim at coordinating the individual utilities
and decisions of various market participants, such as prosumers, towards a social choice. A
central question of this bottom-up approach is to analyze the impact of these institutions and
trading mechanisms on the interactions among the individual agents. The theory of mechanism
design [29, 30, 32] and game theory [35–39] provide a theoretical foundation to tackle this issue.
In the following, we discuss how these different aspects of market mechanisms can yield a soft
coordination between heat and electricity systems.
The design of wholesale market-clearing procedures can increase the degree of coordination
between heat and electricity systems. In practice, this coordination can be achieved through the
optimization of two coordination variables, i.e., heat dispatch and electricity prices. As illustrated
in Figure 2.11, currently two main types of coordination approaches exist. The current sequential
market-clearing procedure implicitly accounts for the impact of electricity prices on the heat
market-clearing, through the marginal costs of CHPs and HPs. However, the heat market-clearing
is myopic to the impact of the heat dispatch on the electricity market-clearing. An integrated
market-clearing procedure simultaneously optimizes heat and electricity dispatch and derives heat
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and electricity prices that support this dispatch [5, 45–47, 60, 61]. Despite providing a benchmark
for the optimal operation of the integrated heat and electricity system, this market-clearing
procedure does not respect the current sequential order of heat and electricity dispatch. Therefore,
an improved sequential market-clearing procedure should provide a trade-off between the two
aforementioned market-clearing procedures. More precisely, the heat market-clearing should
anticipate on the impact of the heat dispatch on the electricity market-clearing, and endogenously
model the impact of electricity prices on heat marginal costs. In a game-theoretical framework,
this type of interactions can be represented by a Stackelberg game, in which a leader (heat market)
anticipates on the reaction of a follower (electricity market) [155–158].

Figure 2.11: Three day-ahead market-clearing procedures for heat and electricity systems with
different degrees of coordination – (a) sequential, (b) integrated, and (c) improved sequential
market-clearings.

Furthermore, accurately modeling the bi-directional interactions between heat and electricity
markets in the current sequential market environment requires an improved information exchange
between the markets. Indeed, the heat market operator achieves optimal decisions based on its
imperfect foresight on the electricity market. Despite the increased digitalization of the energy
systems, information on the electricity market may not be directly available. Thus, market
mechanisms must rely on machine learning tools to reveal this hidden information, combined with
decision-making tools under uncertainty [42, 90].
Bid formats embed the techno-economic characteristics of market participants. Therefore, in
the context of heat and electricity markets, adequate bid formats should reveal the interactions
between heat and electricity systems. As highlighted in Figure 2.9, the FOR of a district heating
utility can be represented by a set of linear constraints linking its heat and electricity outputs.
However, as illustrated in Figure 2.12, the current price-quantity bid format in electricity markets
can only provide an approximation of this cross-carrier flexibility. Indeed, this bid format is not
suited to represent the interactions between heat and electricity outputs. In the current sequential
market design, this bid format limits the operational flexibility of CHPs and induces inefficiencies
in electricity markets [5]. This suggests that bid formats in electricity markets should adequately
capture the operational flexibility of assets at the interface between heat and electricity markets in
order to facilitate their operation and value their cross-carrier flexibility in a market environment.
By facilitating market access to assets at the interface between heat and electricity systems, novel
bid formats can induce a soft coordination between the markets.
Additionally, in the increasingly decentralized energy system, integrating the flexibility of prosumers in wholesale markets requires a better understanding of their behavior and motivations
[69–71]. Indeed, besides advances in technology and market organization, consumer engagement and social commitment towards better energy usage may be key to a sustainable energy
future. References [17] and [18] highlight how local energy communities and consumer-centric
mechanisms can increase social acceptance and commitment, by comparison with traditional
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Figure 2.12: FOR of a district heating utility comprising an extraction CHP, HP and heat storage
(water tank), and approximation of this FOR using price-quantity bids.

top-down approaches to demand response. Consumer-centric mechanisms focus on enabling
direct participation of prosumers, and coordinating the outcomes of the interactions among them
towards a social choice [73]. The main benefit of consumer-centric approaches is to take advantage
of otherwise under-utilized sources of flexibility and synergies between prosumers, not unlike the
concept of sharing-economy in other industry sectors [159, 160]. The interested reader is referred to
[52, 72] for an overview of these approaches. By coordinating the decisions of market participants
at the interface between heat and electricity markets, this bottom-up approach is expected to yield
a soft coordination between the markets.

CHAPTER

3

Value of heat and electricity
systems coordination
As discussed in Chapter 2, the growing interactions between heat and electricity systems provide
an opportunity to reveal the full operational flexibility of the energy system and facilitate the
integration of renewable energy production. In particular, district heating networks hold an
untapped energy storage capacity. Quantifying the benefits of improving the coordination between
heat and electricity systems requires an accurate model of the integrated energy system.
A series of recent studies has tackled the issue of the optimal operation of the integrated heat and
electricity system in the day-ahead stage [5, 45–47, 60, 61]. However, such detailed approaches raise
optimality and computational challenges, related to the non-convexity of the proposed models. In
order to address these issues, Section 3.1 introduces a novel model of the heat flows in district
heating networks, accounting for variable time delays and energy storage capacity. Moreover, a
convex relaxation of the operational constraints of the district heating network is described in
Section 3.2. The resulting Combined Heat and Power Dispatch (CHPD) model accounting for
time delays in district heating networks is formulated as a Mixed Integer Linear Program (MILP).
The interested reader is referred to [40, 41, 161–167] for an overview of applications of convex
relaxation methods to energy systems. The impacts of the proposed CHPD model on heat and
electricity systems, in terms of operational costs and renewable penetration, is illustrated in a case
study presented in Section 3.3.
The proposed approach reveals and harnesses the untapped flexibility in the heat system and the
potential synergies with the electricity system. It provides a benchmark for the optimal operation
of the integrated heat and electricity system in the day-ahead stage. Although it does not respect
current market regulations, this operational model provides a basis to design new market-based
coordination mechanisms. The models and results outlined in this chapter are presented in [Paper
A]1 in detail.

3.1

Modeling and operation of integrated energy system

This section provides an accurate model of heat and electricity systems, that is included in a CHPD
operational model. As additional flexibility can be harnessed from the district heating network,
this section focuses on modeling the complex physics laws characterizing the heat flow.
1 For the sake of consistency through this thesis, certain notations used in this chapter do not match the notations in
[Paper A]. All notations are properly introduced in the chapter.
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Heat system modeling

Flows in district heating networks are modeled by non-linear partial differential equations that
describe the temporal and spatial dynamics of the flow [168]. An application of such a model to the
CHPD problem can be found in [45]. This approach provides the most accurate modeling but does
not guarantee convergence towards a global optimum in operational models due to non-convexities.
In this section, various simplifying assumptions are made in order to approximately, but efficiently,
model the flexibility of the district heating network. First, the flows in the district heating network
are modeled as laminar flows. Second, time steps and time delays are discretized to hourly time
steps over a daily planning horizon t ∈ T . Finally, pipelines p ∈ I P are well insulated and thus
thermal losses due to exchange with the outside are neglected [45, 46, 168]. This section describes
the equations modeling the flows in district heating networks. For brevity, all the equations are
expressed for the supply network and omitted for the return network. The interested reader is
referred to [Paper A] for a detailed expression of these equations.
Nodal equations
At each node n ∈ B of the district heating network, Heat Stations (HSs) j ∈ InHS produce
thermal energy through a hot water flow, that is transported to the consumers via the supply
S

pipelines p ∈ I P . At substations, that are usually located at a building location, Heat Exchanger
Stations (HESs) j ∈ InHES extract this thermal energy from the hot water flow. Cold water is
R

reinjected and flows back through the return pipelines p ∈ I P . Thermal energy is denoted qj,t ,
and can represent both the energy produced (q j ≥ qj,t ≥ 0) or consumed (−q j ≤ qj,t ≤ 0). The
decision variables in this system include the thermal energy produced and consumed q, mass flow
rates mf , temperatures T , and pressures pr for each hour of the day, and at different locations in
the system. These variables are bounded. The thermal energy transported by a fluid is a function
of its temperature and mass flow rate, which represents the velocity of a flow. For a HES j at a
node n of the network, the energy extracted qj,t from the hot water at each time step t is a function
of the mass flow rate through the HES mfHES
j,t and the difference of temperatures between supply
S
R
Tn,t
and return Tn,t
pipelines, such that


R
S
qj,t ∝ mfHES
Tn,t
− Tn,t
,
j,t

∀n ∈ B, j ∈ InHES , t ∈ T ,

(3.1)

where the proportionality ratio depends on the technical characteristics of the HES. A minimum
difference of pressure between supply and return networks must be guaranteed in order to ensure
that water flows through the HES.
Similarly, the thermal energy produced qj,t by a HS j located at node n at each time step t, is a
function of the mass flow rate through the HS mfHS
j,t and the difference of temperatures between
supply and return pipelines, such that

S
R
qj,t ∝ mfHS
j,t Tn,t − Tn,t ,

∀n ∈ B, j ∈ InHS , t ∈ T ,

(3.2)

where the proportionality ratio depends on the technical characteristics of the HS j. In addition,
at each node n, water pumps ensure that the water flows through the HS. Their electricity
pump

consumption −pj,t

is proportional to the difference of pressure between supply and return

networks at this node, such that
pump

− pj,t



S
R
∝ mfHS
pr
−
pr
j,t
n,t
n,t ,

∀n ∈ B, j ∈ InHS , t ∈ T ,

(3.3)
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where the proportionality ratio depends on the technical characteristics of the pump.
The operation of the heat system aims at supplying energy to the consumers at each node, which
requires that heat balance equations be enforced at each node and time step. As thermal energy is
a function of temperatures and mass flow rates, heat balance can be represented by the balance of
mass flow rates and temperatures in the supply and return networks. In the supply network, the
balance of mass flow rates at a given node n and time step t, ensures that the difference of mass
flow rates mfPp,t in the pipelines arriving (p ∈ Sn+ ) and leaving (p ∈ Sn− ) this node are equal to the
net flow extracted from this node, such that
X

mfPp,t −

+
p∈Sn

X

mfPp,t =

−
p∈Sn

X

mfHES
j,t −

j∈HESn

X

mfHS
j,t ,

∀n ∈ B, t ∈ T .

(3.4)

j∈HSn

S
The temperatures mixing equation enforces that the supply temperature Tn,t
at a given node n at
out
time t ∈ T is a weighted sum of the outlet temperatures Tp,t
over all the supply pipelines arriving

at this node, such that





out
sump∈Sn+ mfPp,t Tp,t
=


X

S
mfPp,t  Tn,t
,

∀n ∈ B, t ∈ T .

(3.5)

+
p∈Sn

By analogy with (3.4) and (3.5), continuity of mass flow rates and temperatures mixing at each
node must be enforced in the return network.
Heat transmission constraints
District heating networks transport hot water, which is an incompressible fluid, along pipelines.
The water flows in the district heating network are characterized by a set of physics laws that
describe its dynamics. In this subsection, these laws are represented by equations in continuous
time t ∈ R+ , which will be discretized over hourly time steps t ∈ T for operational purposes in the
following subsection. Figure 3.1 illustrates the volume of water in a section of a supply pipeline p
of inner radius Rp and length Lp , at a given time t ∈ R+ . The incompressible water travels along
this pipeline at a variable mass flow rate mfP (p, t). The portion of the pipeline occupied by the
water that entered during a time interval [t, t + dt], is represented by the length
L(p, t) =

mfP (p, t)dt
,
πρRp2

∀p ∈ I P , t ∈ R+ ,

(3.6)

where ρ represents the volumetric mass density of water.
The variable time delay τ (p, t) ∈ R+ is defined as the time it takes the water reaching the outlet
of pipeline p at time t ∈ R+ , to travel along the pipeline. It can be expressed as a function of
the dimensions of the pipeline and the mass flow rates mfP (p, φ) in the pipeline during the time
interval φ ∈ [t − τ (p, t), t], such that
Z

t

L(p, φ) = Lp ,

∀p ∈ I P , t ∈ R+ .

(3.7)

t−τ (p,t)

Assuming constant mass flow rates mfP (p, φ) during the time interval [t − τ (p, t), t], Figure 3.2
illustrates the value of the time delay τ (p, t) as a function of the mass flow rate and the length of
the pipeline.
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Figure 3.1: Mass flows along a section of a supply pipeline.

Figure 3.2: Time delay as function of the mass flow rates and length of the pipeline.

The temporal and spatial dynamics of the temperatures T (p, t, z) in a supply pipeline p are modeled
by a linear partial differential equation with variable coefficients [139, 168], such that

∂T (p, t, z) L(p, t) ∂T (p, t, z)
+
+ K(p) T (p, t, z) − T 0 (t) = 0,
∂t
dt
∂z

∀p ∈ I P , t ∈ R+ , z ∈ [0, Lp ],
(3.8)

0

where T (t) represents the outside temperatures, and the constant coefficient K(p) depends on
the characteristics of the pipeline and the water. Equation (3.8) accounts for thermal losses due to
exchange with the outside. As previously mentioned, it is reasonable to neglect those losses. As a
result, the solution to (3.8) without thermal losses relates the outlet temperature T out (p, t) to the
inlet temperature T in (p, t − τ (p, t)) at time t − τ (p, t) [168], such that
T out (p, t) = T in (p, t − τ (p, t)) e−K(p)(p,t−τ (p,t)) ,

∀p ∈ I P , t ∈ R+ .

(3.9)

Furthermore, water traveling along a pipeline can drag on the inside surface of the pipeline and
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dissipate energy intended to push water through the pipe. This energy dissipation results in
a pressure drop along the pipeline, i.e. the outlet pressure will be less than the inlet pressure
[139, 168]. The amount of energy loss is related to the roughness of the inner surface of the pipeline,
the velocity of the water passing over this surface, and the diameter of the pipeline. Indeed,
larger diameter pipelines have a smaller portion of the water passing over the surface, so that
the roughness of the inner pipeline surface has less impact on the same volume of water. The
non-linear Darcy-Weisbach equation [46, 139] provides a relation between the pressure drop and
the mass flow rate in a pipeline p, such that

2
P
out
prin
−
pr
∝
mf
,
p,t
p,t
p,t

∀p ∈ I P , t ∈ T ,

(3.10)

where the proportionality ratio depends on the technical characteristics of the pipeline. This
energy loss is compensated by electric pumps at each node of the district heating network, which
electricity consumption is defined in (3.3).
Control strategies
In Denmark, the operation of the district heating network, and the heat market are decoupled.
The heat market operator matches supply and demand hour by hour on a least cost principle. A
hydraulic check is performed afterward to ensure feasibility of the Economic Dispatch (ED). This
limits the flexibility of the district heating network to adapt to operational challenges in the power
system. In an attempt to bridge that gap, we investigate different control strategies for the district
heating network and how to integrate them in an integrated operational model.
The two types of decision variables traditionally used to control the district heating network are
temperatures and mass flow rates. In China, most control strategies use temperatures as decision
variables, while keeping mass flow rates constant (F-mf /V-T) [46]. Various studies have proposed
control strategies adjusting mass flow rates, while keeping supply and return temperatures within
desired levels (V-mf /F-T) [46]. Such control strategy is used in Danish district heating networks.
Mass flow rates in the pipelines directly impact the time it takes a volume of incompressible liquid
to travel along the pipelines and to reach prosumers. In a control strategy with variable mass
flow rates, the time delays τp,t can be modeled as decision variables too. This allows district
heating transmission system operators to temporally decouple the production and consumption of
heat. However, this control strategy introduces non-convexities in the modeling of water pumps
consumption (3.3), time delays (3.7), temperatures dynamics (3.9), and pressure drop (3.10). A
control strategy with both variable temperatures and mass flow rates (V-mf /V-T) allows the system
operator to optimize the energy stored in the pipelines [45, 47]. Indeed, as illustrated in Figure
3.3, when the energy injected in the network is higher (lower) than the energy extracted, it is
behaving as an energy storage that is charging (discharging). However, this control strategy
introduces additional non-convexities in the modeling of heat production (3.2), consumption (3.1)
and temperature mixing (3.5) at each node.
Table 3.1 summarizes the benefits and challenges of the aforementioned control strategies. While
control strategies with variable mass flow rates (V-mf /F-T and V-mf /V-T) allow higher potential for
flexible operation of the district heating network, they are challenging to integrate in an operational
model. In particular, the main challenge is introduced by the expression of time delays (3.7) and
temperature dynamics (3.9), where the variable time delays τ (p, t) are used as time indexes of
variable mass flow rates and temperatures.
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Figure 3.3: District heating network as an energy storage – (a) energy injected and subtracted from
the district heating network at each time step, and (b) cumulative energy stored in the district
heating network pipelines.

Table 3.1: Benefits and challenges of different control strategies for district heating networks and
heat dispatch. LP: linear program. MINLP: mixed integer non-linear program.

Flexibility
Mathematical
model
Computational
complexity

ED

F-mf /V-T

V-mf /F-T

V-mf /V-T
Variable time delays
and energy storage

No time delays

Fixed time delays

Variable time delays

LP

LP

MINLP

MINLP

Low

Low

High

High

The first contribution of [Paper A] is to propose a novel model of the flows in a district heating
network with both variable temperatures and mass flow rates, that can be implemented as
constraints in a CHPD model and solved with off-the-shelf solvers. We describe below the main
steps of this approach. A Taylor series expansion of the exact solution to the partial differential
equation (3.8) gives an approximate expression of the outlet temperature
T out (p, t) = (1 − Kp τ (p, t)) T in (p, t − τ (p, t)) ,

∀p ∈ I P , t ∈ R+ .

(3.11)

The main challenge is to reformulate (3.11), so that the inlet temperature is no longer indexed by
the decision variable τ (p, t). With discrete time steps t ∈ T and τp,t ∈ {0, ..., τ p,t }, we introduce the
in
auxiliary variables T̃p,t,φ
, and a set of binary auxiliary variables and linear disjunctive constraints

that guarantee
in
T̃p,t,φ


 (1 − K φ) T in
p
p,t−φ
=
 0 otherwise

if φ = τp,t

,

∀p ∈ I P , t ∈ T , φ ∈ {0, ..., τ p,t }.

(3.12)

As a result, (3.11) can be reformulated as a linear expression
out
Tp,t
=

τ p,t
X
φ=0

in
T̃p,t,φ
,

∀p ∈ I P , t ∈ T .

(3.13)
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This linearization relies on the interpretation of the variable time delay τp,t as the first time step at
which the volume of water entering the pipeline at time t − τp,t reaches the outlet of the pipeline,
as illustrated in Figure 3.1.

3.1.2

Electricity system modeling

The power flow in the electricity transmission network can be modeled by the AC power flow
equations that determine the active and reactive power, the losses on each line and the voltages at
each node. These equations are non-convex, resulting in computational and optimality challenges.
As the main focus of this thesis is the district heating network modeling, a linearized lossless DC
approximation is used, based on the work in [169]. We briefly describe the basic assumptions
and formulation. The interested reader is referred to [41, 170, 171] for an extensive overview of
power flow models. The linearized lossless DC approximation is based on the following modeling
assumptions:
1. The linearized lossless DC approximation only models the active power flows, and neglects
reactive power flows in the lines.
2. Line resistances are negligible compared to line reactances, and thus losses are neglected.
3. All nodes n ∈ B have the same voltage amplitude, i.e. |Vn | = 1 p.u..
4. The differences of voltage angles θn,t between two adjacent nodes n ∈ B and m ∈ Bn are small
at all time steps t ∈ T , resulting in the linearization of sinusoidal terms sin(θn,t − θm,t ) ≈
θn,t − θm,t and cos(θn,t − θm,t ) ≈ 1.
Following these assumptions, the AC representation of the active power flow fn,m,t between two
adjacent nodes n ∈ B and m ∈ Bn at each time step t simplifies to
fn,m,t = Bn,m (θn,t − θm,t ) ,

∀n ∈ B, m ∈ Bn , t ∈ T ,

(3.14)

where Bn,m is the susceptance of the line. This approach can be generalized in order to accommodate
more detailed models of electricity transmission networks. Recent developments in the literature
have provided tight convex relaxations of the AC power flow equations [161, 162, 166, 167].
The operation of the electricity transmission network relies on the balance of active power flows at
each node n and time step t, such that
X
X
pj,t +
fm,n,t = 0,
E
j∈In

∀n ∈ B, t ∈ T ,

(3.15)

m∈Bn

where the variables pj,t can represent both the electricity produced (pj ≥ pj,t ≥ 0) and consumed
(−pj ≤ pj,t ≤ 0) by the units j ∈ InE located at this node.

3.1.3

Interface between heat and electricity systems

Combined Heat and Power plants (CHPs) and Heat Pumps (HPs) operate at the interface between
heat and electricity systems. As mentioned in Chapter 2, the linkage between their heat and
electricity outputs (qj,t , pj,t ) creates strong interactions between both systems. References [5]
and [60] showed that modeling these sources of cross-carrier flexibility enables us to harness the
synergies between heat and electricity systems.

32

CHAPTER 3. VALUE OF HEAT AND ELECTRICITY SYSTEMS COORDINATION

The operation of CHPs is constrained by their joint Feasible Operating Region (FOR) [172]. There
are two main types of CHPs. A backpressure CHP j ∈ I bp ⊂ I HS produces heat and electricity at a
fixed ratio rj at all time steps t, such that
pj,t = rj qj,t ,

∀j ∈ I bp , t ∈ T .

(3.16)

The vast majority of CHPs are extraction units, which produce heat and electricity at a varying
ratio. The FOR of an extraction CHP j ∈ I ex ⊂ I HS at a given time step t can be modeled by the
following set of convex inequalities
pj,t ≥ rj qj,t ,

∀j ∈ I ex , t ∈ T

E
Fj,t = ρH
j qj,t + ρj pj,t ≤ F j ,

(3.17a)
∀j ∈ I ex , t ∈ T ,

(3.17b)

where (3.17a) represents their minimum heat to power ratio rj , and (3.17b) their fuel intake Fj,t as
a linear function of their heat and electricity production, with the heat and electricity efficiency
coefficients ρH , and ρE . Additionally, HPs transfer thermal energy to a fluid, using electrical energy.
At each time step t, the heat production qj,t of a HP j ∈ I HP ⊂ I HS is linked to its electricity
consumption by a fixed coefficient of performance COPj , such that
qj,t = −COPj pj,t ,

∀j ∈ I HP , t ∈ T .

(3.18)

Figure 2.9 in Chapter 2 illustrates the FOR of an extraction CHP, coupled with an HP and heat
storage tank.

3.1.4

Combined heat and power dispatch (CHPD)

We adopt an integrated dispatch approach to optimally exploit the sources of flexibility in both
systems. The first benefit of this integrated approach is to exploit the under-utilized flexibility of
the district heating network, in order to provide operational flexibility to the power system and
facilitate the penetration of renewable production. Furthermore, the heat system benefits from
exploiting the synergies with the power system by taking advantage of the renewable production,
with a close-to-zero marginal cost. This will be illustrated in the case study presented in Section
3.3. The proposed CHPD provides a benchmark for the optimal operation of heat and electricity
systems and will be used as a basis to quantify the value of different coordination approaches.
For notational simplicity,
to the operation of
h we introduce the vector of decision variables related
i

the heat system xH = q, mf HES , mf HS , mf P , T S , T R , T in , T out , prS , prR , τ defined over all supply
and return pipelines p ∈ I P , nodes n ∈ B, units j ∈ I H = I HES ∪ I HS , and time steps t ∈ T , and
the vector of decision variables related to the operation of the power system xE = [p, θ, f ] defined
over all nodes n ∈ B, units j ∈ I E , and time steps t ∈ T . The proposed CHPD model defines an
∗

∗

optimal solution xH and xE that maximizes the social welfare F Int (xH , xE ) of the integrated heat
and electricity system, which is defined as the difference between the utility of consumers and the
production costs. It can be formulated in a compact form as

max F Int xH , xE
xH ,xE

s.t.


hH xH = 0

hE xE = 0

g H xH ≤ 0

g E xE ≤ 0

g int xH , xE ≤ 0.

(3.19a)
(3.19b)
(3.19c)
(3.19d)
(3.19e)
(3.19f)
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Constraints 3.19b and 3.19c enforce heat and electricity balance at each node and time step, as
defined in (3.4),(3.5), and (3.15). Furthermore, (3.19d)-(3.19f) represent the operating constraints
in each system, and at the interface between heat and electricity systems, as defined in Sections
3.1.1- 3.1.3. Note that, although the constraints and objective function of this optimization problem
depend on the technical and economic parameters of the producers and consumers, this dependency
is omitted for notational simplicity. Additionally, as the focus of this chapter is to illustrate the
flexibility of the integrated heat and electricity system, we assume inelastic heat and electricity
loads. The heat production cost of HPs is not represented in the objective function since this is
already accounted for through their electricity consumption. A common representation of the
production costs of thermal plants is a convex quadratic function of their fuel consumption Fj,t .
For heat-only and power plants, this results in a quadratic function of their heat qj,t or electricity
pj,t production. The production cost of CHPs can be expressed as a quadratic function of the
fuel consumption defined in (3.17b), as depicted in Figure 3.4. The resulting CHPD (3.19) is a
non-convex2 Mixed Integer Non Linear Program (MINLP).

Figure 3.4: Total (quadratic) production cost of an extraction CHP (EUR).

3.2

Convex relaxation methods

The CHPD proposed in [Paper A] and described above is a non-convex MINLP. This raises
computational and optimality challenges. Solution methods used in the literature for CHPD
include using non-convex solvers, and decomposition techniques [45, 47]. The main disadvantage
of these approaches is that they result in a local optimum, but do not provide any guarantee on the
quality of this solution, i.e. bounds on the global optimum. The second contribution of [Paper
A] is to propose a convex relaxation of the CHPD. This section provides an introduction to the
concept of convex relaxation and its application to the CHPD introduced above.
2 The term non-convex is used here to highlight that the relaxed Non Linear Program (NLP) over continuous variables
would be non-convex.
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3.2.1

Application of convex relaxation methods

General concepts
A commonly used solution method to efficiently solve non-convex optimization problems relies on
finding a global solution to a convex relaxation of the original problem. Without loss of generality,
let us consider the optimization problem
(3.20)

min f (x),
x∈Ω

with a convex objective function f (.), and a non-convex feasible set Ω. The optimization problem
(3.21)

min f (x),
x∈Ω̃

is a relaxation of (3.20) if Ω ⊂ Ω̃. If the relaxed feasible set Ω̃ is convex, it is a convex relaxation of
the original problem. The convexity of the relaxed problem (3.21) guarantees the convergence
of gradient descent algorithms to a global optimum. A global optimum to (3.21) and a feasible
solution to (3.20) provide a lower and upper bound to the global solution of the original problem,
such that
min f (x) ≤ min f (x) ≤ f (x0 ),
x∈Ω̃

x∈Ω

x0 ∈ Ω.

A feasible set Ω ⊂ RK , described by the following equality and inequality constraints

Ω = x ∈ RK , s.t. h(x) = 0, g(x) ≤ 0 ,

(3.22)

(3.23)

is convex if, and only if, the function g(.) is convex, and h(.) is affine. A discrete set Ω ⊂ NK is not
convex. In particular, the CHPD model (3.19) is non-convex due to
• the discrete variables representing the time delays τp,t in the pipelines,
• the bilinear equalities representing heat consumption (3.1) and production (3.2), electricity
consumption of water pumps (3.3), and temperature mixing (3.5),
• and the quadratic equalities representing pressure drop (3.10).
We now describe different types of relaxation methods that are relevant to reformulate this CHPD
model.
Bilinear equalities
Consider a non-convex bilinear equality xy = w, and the bounds xL ≤ x ≤ xU , y L ≤ y ≤ y U . This
expression can be made convex using a McCormick envelope [173, 174]. As depicted in Figure
3.5(a), the bilinear equality can be replaced by a set of linear upper and lower bounding inequalities

w ≥ xL y + xy L − xL y L
U

U

U U

(3.24a)

w ≥ x y + xy − x y

(3.24b)

w ≤ xL y + xy U − xL y U

(3.24c)

U

L

U L

w ≤ x y + xy − x y .

(3.24d)

The McCormick envelope of a bilinear function f : (x, y) 7→ xy defines its convex envelope over
the domain [xL ; xU ] × [y L ; y U ] [174].
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Quadratic equalities
Consider a non-convex quadratic equality x2 = a, with a > 0. It can be made convex using a Second
Order Cone Program (SOCP) relaxation [175, 176]. This equality can be relaxed into a convex
inequality x2 ≤ a as illustrated in Figure 3.5(b). Replacing the bilinear and quadratic equalities
in (3.19) using McCormick and SOCP relaxations yields a Mixed Integer Second Order Cone
Program (MISOCP). The relaxed feasible set ΩMISOCP is not convex due to the integer variables.
Yet, the MISOCP relaxation of the CHPD (3.19) can be solved to optimality by off-the-shelf solvers.
While MISOCP is a rapidly improving class of algorithms, current solvers do not scale to large
problems. In order to address this issue, we introduce a linearization of the convex quadratic
inequalities.
Outer approximation of optimization problems
Consider a convex function g : x ∈ [xL , xU ] 7→ g (x), differentiable over [xL , xU ]. By definition of


convexity, g (x) is guaranteed to be above its tangents at any point xl ∈ xL , xU , such that
g (x) ≥ g 0 (xl ) (x − xl ) + g (xl ) .

(3.25)

Using this principle, we can linearize a convex inequality g (x) ≤ 0, by introducing a set of feasible


points xl ∈ xL , xU for l ∈ {1, ..., L} and underestimating g using its tangent at each point, as
represented in Figure 3.5(c). The convex inequality g (x) ≤ 0 can be replaced by the set of linear
inequalities
g 0 (xl ) (x − xl ) + g (xl ) ≤ 0∀l ∈ {1, ..., L}.

(3.26)

This approach is called an outer approximation because it over-estimates the feasible region defined
by the inequality g (x) ≤ 0.

(a)

(b)

(c)

Figure 3.5: Convex relaxation approaches – (a) McCormick envelopes of bilinear terms, (b) SOCP
relaxation of a quadratic equality, and (b) outer approximation of the convex function.

Replacing the bilinear and quadratic equalities in (3.19) using McCormick relaxation and outer
approximation yields a MILP. The relaxed feasible set ΩMILP is not convex due to the integer
variables. Yet, the MILP relaxation of the CHPD (3.19) can be solved to optimality efficiently by
off-the-shelf solvers.

36

3.2.2

CHAPTER 3. VALUE OF HEAT AND ELECTRICITY SYSTEMS COORDINATION

Feasible solution recovery

The solutions to the MILP relaxation introduced above are not guaranteed to be feasible for the
original MINLP. Indeed, one or multiple non-convex constraints might be violated. In this case, in
order to derive feasible solutions, we fix the binary variables related to time delays, and mass flow
rates and use a linear solver to find a locally optimal solution of the original MINLP problem. This
process may provide a suboptimal solution to the original problem. However, the main advantage
of this solution method, compared to non-convex solvers and decomposition algorithms, is to
provide tight upper and lower bounds on the global optimal solution.

3.3

Numerical example: Value of coordination between heat and electricity
systems

Implementing the proposed model of the district heating network in the proposed CHPD provides
a framework to exploit the synergies between heat and electricity systems and the flexibility of the
district heating network. This provides a basis to quantify the value of the coordination between
heat and electricity systems. Furthermore, the value of the flexibility of the district heating network
is highlighted by comparing the proposed CHPD to a simplified dispatch strategy in which heat
and electricity supply and demand are matched hour by hour, without accounting for district
heating network constraints. Hydraulic checks are performed afterward, in order to guarantee
the feasibility of the heat dispatch. In the absence of bottlenecks in the network, this Combined
Economic Dispatch (CED) is equivalent to a CHPD with a F-mf /V-T control strategy, in which
mass flow rates are fixed to a value that guarantees that time delays are equal to zero (i.e. smaller
than the time steps resolution). In the presence of bottlenecks in the network, the CED may lead to
additional redispatch costs.
In this section, the proposed MILP relaxation of the CHPD model and the traditional CED model
are compared in terms of heat, electricity and total system cost, and the share of the total power
production scheduled at the day-ahead stage that is covered by wind production. The emphasis in
this section is put on analyzing the additional flexibility and the synergies that can be harnessed
between heat and electricity systems.

3.3.1

Case study setup

The relaxed CHPD and CED models are implemented over 24 hourly time steps on an integrated
six-bus electricity and three-node district heating network depicted in Figure 3.6. This integrated
system comprises a conventional electricity generator G1 , a wind producer W1 , an HP HP1 , and
an extraction CHP CHP1 . The location of these producers, as well as the three electricity loads,
D1, D2, and D3, and the heat load HES1 are represented in Figure 3.6.
The wind producer W1 has the lowest electricity marginal cost, equal to zero, whereas CHP1 has
the highest electricity marginal cost. Heat and electricity loads are representative of a typical
winter day in the Danish energy system. Heat demand peak hours occur during the evening and
morning, due to lower ambient temperatures, while electricity demand peak hours occur during
the day. The wind penetration in the power system over this 24 hours horizon represents 93% of
the total electricity demand, with a peak of 136% of the hourly demand at time t = 19. This is
depicted by the net electricity load in Figure 3.7(a). This case study is detailed in [Paper A].
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Figure 3.6: Integrated six-bus electricity and three-node district heating system.

3.3.2

Cross-carrier flexibility

Both CHPD and CED models take advantage of the cross-carrier flexibility offered by CHP 1 and
HP 1. As illustrated in Figure 3.7(a), during periods of high electricity demand or low wind
production, the CHP is used to provide heat and electricity. During periods with high wind
production or low electricity demand, the HP is used to produce heat from excess wind. This
highlights the benefits of modeling and harnessing the cross-carrier flexibility of CHPs and HPs,
in the context of high penetration of renewable electricity production. These synergies provide a
motivation to improve the coordination between heat and electricity systems.

(a)

(b)

Figure 3.7: Results with CHPD and CED models – (a) electricity net load (demand minus available
wind production) and net power injection of CHP1 and HP1, (b) total heat production of CHP1 and
HP1.
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District heating network flexibility

Figure 3.7(a) shows that the profile of power injections with the CHPD model follows more closely
the net electricity load profile than the one with the CED model. This is achieved by exploiting the
flexibility of the district heating network. Indeed, as shown in Figure 3.7(b) the CED matches heat
consumption and production hour by hour, whereas the CHPD temporally decouples consumption
and production by optimizing the time delays in the district heating network. As a result, the
district heating network acts as an energy storage. Note that, in order to compare both models
fairly, an additional constraint is imposed on the CHPD model that ensures that the energy stored
in the district heating network at the end of the optimization horizon is higher than the initial
energy stored. As highlighted by Figures 3.7(a) and 3.7(b), charging periods correspond to high
wind production hours, and discharging periods to high heat demand hours. The flexibility of the
district heating network allows the HP to increase its production in the hours preceding heat peak
load when there is wind production surplus. This results in an increase in wind utilization during
these hours compared to the CED, as observed in Figure 3.8. Thus, the flexibility of the district
heating coupled with the cross-carrier flexibility of CHPs and HPs can act as a virtual electricity
storage for excess wind production. Furthermore, as seen in Table 3.2, exploiting the low marginal
cost of renewable production benefits the heat system, by decreasing the heat production cost.

Figure 3.8: Electricity production from wind with CHPD and CED models.

By modeling and exploiting the cross-carrier flexibility of CHPs and HPs, and the energy storage
capacity of district heating networks, the CHPD improves the total production cost, and wind
penetration in the integrated energy system, as gathered in Table 3.2.
The proposed CHPD model presented in this chapter provides an ideal benchmark of the optimal
operation of the integrated heat and electricity system at the day-ahead stage. Although this
approach is not practical in the current market regulations, it provides the basis to quantify the
value of increasing the coordination between heat and electricity systems. This motivates us to
investigate new market-based coordination approaches for heat and electricity systems, which are
presented in Chapters 4 - 7.
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Table 3.2: Comparison of CHPD and CED models in terms of costs and wind penetration (computed
as the share of the electricity load that is covered by wind production).
Heat cost
Electricity cost
Total cost
Wind penetration

3.3.4

(EUR)
(EUR)
(EUR)
(% of load)

CED
617
18, 660
19, 277
88.35

CHPD
434
18, 236
18, 670
89.88

Relative difference
−29.67%
−2.27%
−3.15%
+1.53

Analysis of the solution method

As the proposed MILP relaxation of the CHPD model (3.19) is not necessarily a tight relaxation
of the original problem, the results presented above are the post feasibility-recovery solutions to
the original problem. This provides an Upper Bound (UB) on the optimal solution to the original
problem, and the solution to the MILP relaxation provides a Lower Bound (LB) on the optimal
solution. The relative difference between those bounds,
=

UB − LB
= 4.47%,
UB

(3.27)

represents the tightness of this relaxation. The tightness of the relaxation could be improved by
implementing advanced relaxation techniques.
The relaxation of the quadratic constraint (3.10) involves two steps. First, the SOCP relaxation
relaxes the equality, by allowing the pressure differences to be greater than the square of the mass
flow rates. However, in the case study presented above violating this constraint is suboptimal,
as it incurs additional costs from the electricity consumption of water pumps. Additionally, the
outer approximation underestimates the SOCP relaxation. In practice, this relaxation worsens the
tightness of the relaxation. However, by decreasing the size of the intervals chosen, the magnitude
of the violation of this constraint can be reduced, with a minimal increase in computational
complexity.
Additionally, McCormick envelopes are used to relax the bilinear equations representing heat
production (3.2) and consumption (3.1), electricity consumption of water pumps (3.3), and
temperatures mixing (3.5). In the case study presented above, it is observed that the McCormick
relaxations of (3.2) and (3.1) worsen the tightness of the relaxation. Indeed, due to the linear
structure of the district heating network, an exact linearization of the temperature mixing has been
implemented, as described in [Paper A], and the consumption of the water pumps is insignificant
compared to other variables and costs. The relaxation of (3.2) either underestimates or overestimates
the heat production level compared to the temperature gradients and mass flow rates, depending
on the profitability of the HS considered at each hour. Furthermore, the McCormick envelopes
of (3.1) underestimate the temperature gradients and mass flow rates compared to the required
heat load at the HES. As increasing the mass flow rates and temperature gradients would incur a
costly production, this is optimal for the relaxed MILP. Tightness of the McCormick envelopes
could be improved by applying piece-wise McCormick relaxations [177–179], at the expense of an
increased number of constraints and integer variables. There is a trade-off to be found between
tightness, and computational complexity of the proposed solution method. Alternatively, tightness
of McCormick relaxations can be greatly improved by tighter bounds for the variables involved in
bilinear terms. However, imposing tighter bounds may restrict the feasible region of the problem,
and thus hinder the potential for flexible operation.

CHAPTER

4

Design of coordinated
market-clearing procedures for
heat and electricity markets
The Combined Heat and Power Dispatch (CHPD) model developed in Chapter 3 highlights
the value of modeling and harnessing the synergies between heat and electricity systems. The
proposed CHPD can be seen as an ideal benchmark for the optimal operation of the integrated
energy system at the day-ahead stage. However, it goes against the current sequential order of heat
and electricity market-clearing. This motivates us to investigate new market-based coordination
mechanisms for heat and electricity systems, aiming at harnessing those synergies while respecting
current market regulations.
To address this core issue, in this chapter we consider three market-clearing procedures for
day-ahead heat and electricity markets with different degrees of coordination, i.e., i) a sequential
market-clearing described in Section 4.1, similar to what traditionally exists in real-life systems,
ii) an integrated market-clearing introduced in Section 4.2, used as an ideal benchmark, and
iii) a so-called electricity-aware market-clearing, described in Section 4.3. The latter, provides a
trade-off between the sequential and integrated market-clearings, by anticipating the impact of
the heat dispatch on the electricity market-clearing, while respecting their sequential order. An
illustrative example is revisited through these three sections in order to illustrate the functioning
of the aforementioned market-clearing procedures. Finally, these market-clearing procedures are
compared across different levels of wind penetration in Section 4.4. This comparison provides
a basis to quantify the value of different market-based coordination mechanisms, in terms of
improvement in social welfare and penetration of renewable energy production in the integrated
energy system. As the emphasis in this chapter is placed on the coordination degree of various
market-clearing procedures, the modeling of heat and electricity networks introduced in Chapter
3, and the flexibility of consumers are neglected. The corresponding formulations of the three
market-clearing models and their solution methods introduced in this chapter are detailed in
[Paper B]1 .

4.1

Sequential market-clearing

Despite the interactions and synergies previously discussed, heat and electricity systems have
traditionally been operated sequentially and independently in many countries, including Nordic
countries and Denmark [27, 28, 48]. This section describes a sequential market-clearing procedure
for heat and electricity systems based on the current practice in Denmark.
1 For the sake of consistency through this thesis, certain notations used in this chapter do not match the notations in
[Paper B]. All notations are properly introduced in the chapter.
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Market organization

As illustrated in Figure 4.1, in the proposed sequential market-clearing procedure, the day-ahead
heat market is cleared first (step 1). Forecast electricity prices are used as inputs by heat producers
to compute their heat marginal costs for each hour of the following day. Once the heat market
has been cleared, Combined Heat and Power plant (CHP) plants and Heat Pumps (HPs) can
participate in the day-ahead electricity market (step 2), along with other electricity producers [98].
This sequential market-clearing does not introduce any feedback between the outcomes of the
day-ahead electricity market and the inputs of the day-ahead heat market. As a result, after the
day-ahead electricity market-clearing, the heat and electricity outputs of CHPs and HPs might
not be in their Feasible Operating Region (FOR). Hence, they can participate in an intra-day heat
market to update their heat dispatch for each hour of the following day. For the sake of brevity, this
step is not detailed in this chapter. Figure 4.1 schematically illustrates this market organization.

Figure 4.1: Sequential market-clearing. Step 1: day-ahead heat market. Step 2: day-ahead
electricity market.

In the remainder of this section, the functioning if the heat and electricity markets is illustrated
through an example. This illustrative example represents an integrated heat and electricity system,
over a single hour, comprising an extraction CHP (CHP1 ), an HP (HP1 ), a wind producer (W1 )
and a thermal power plant (G1 ). Both heat and electricity loads are inflexible, and respectively
E
lH
t = 186MWh and lt = 288MWh. Table 4.1 gathers the technical parameters and price parameters

of these producers, which have been defined in Chapter 3.
Table 4.1: Illustrative example – technical parameters and price parameters of heat and electricity
producers. F , q, and p represent respectively the maximum fuel intakes, heat, and electricity
outputs, ρE and ρH the heat and electricity efficiencies, α the linear cost parameter, r the minimum
heat-to-power ratio of CHPs, and COP the coefficient of performance of HPs.

F
q
p
ρE /ρH
α
r
COP

(MWh)
(MWh)
(MWh)
(EUR/MWh)
-

HP1
150
3.0

CHP1
600
300
2.4/0.25
12.5
0.6
-

W1
198
0
-

G1
150
12.5
-
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Formulation of day-ahead heat market-clearing

Heat market participants j ∈ I H offer independent combinations2 of prices and quantities for
each hour t ∈ T of the following day, represented respectively by the vectors α̃H and q̃. The
vector of day-ahead heat outputs q DA , defined over all heat market participants and hours, may
represent both production (q ≥ q DA ≥ 0) and elastic consumption (−q ≤ q DA ≤ 0). Certain market
participants, such as heat storage units, may act both as producers and consumers. The part of the
heat consumption that is inelastic over all hours is represented by the vector lH .
Under perfect competition, market participants are incentivized to bid their true marginal
production cost, or utility of load, represented by the vector αH over all market participants and
hours [180]. In Nordic countries, due to the historically limited competition in heat systems,
bidding decisions are regulated and supervised [27, 181]. Following the Danish energy system
practices, CHPs and HPs are required to compute their vector of heat marginal cost αH (.) as a
function of the vector of forecast day-ahead electricity prices λ̂E , defined over all hours of the
following day. For low forecast electricity prices, the heat marginal cost of an extraction CHP j
represents the incremental heat production cost at the minimum power-to-heat ratio rj . For high
forecast electricity prices, it represents the opportunity loss of producing an extra unit of heat
without exceeding the maximum fuel consumption, which results in the marginal electricity loss
ρH
j
for heat production E [48]. Similarly, the heat marginal cost of HPs is proportional to the price
ρj
at which they purchase electricity. In the illustrative example considered, assuming a forecast
spot price3 λ̂Et = 30EUR/MWh, the heat marginal cost of CHP1 is lower than the one of HP1 , as
depicted in Figure 4.2(a).

Figure 4.2: Heat market-clearing in sequential market-clearing procedure – (a) heat marginal cost
of CHP1 and HP1 for an expected spot price of 30EUR/MWh, FOR and day-ahead heat dispatch
and electricity output upper and lower bounds of (b) CHP1 and (c) HP1.

Given these hourly price-quantity bids, the heat market operator optimizes the day-ahead heat
dispatch q DA of all market participants for each hour of the following day, by solving the following
2 For simplicity, it is assumed in this chapter that, at a given hour, each market participant offers a single price-quantity
combination. It is straightforward to generalize this to piecewise offers.
3 In order to ensure a fair comparison with other market-clearing procedures, this value is derived from the electricity
market-clearing outcomes in the electricity-aware case that will be introduced in Section 4.3
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Linear Program (LP),
max F H q DA



(4.1a)


hH q DA = lH : λH

g H q DA ≤ 0.

(4.1b)

q DA

s.t.

(4.1c)

The objective of this optimization problem is to maximize the social welfare in the heat system at
the day-ahead stage (4.1a) while ensuring heat balance (4.1b), subject to heat output bounds of all
market participants (4.1c). Day-ahead heat prices λH can be computed as the dual variables of
the heat balance equation (4.1b) for each hour. In the illustrative example considered, as depicted
in Figures 4.2(b) and 4.2(c), CHP1 is dispatched to supply the entire heat consumption in the
day-ahead heat market, due to its low heat marginal cost for the forecast electricity price, and HP1
is not dispatched.
Variables from the electricity market do not appear explicitly in the heat market optimization
problem.
  Instead, CHPs and HPs internalize this dependency through their heat marginal costs
H
α λ̂E . Although it is omitted for notational simplicity, the social welfare in (4.1a) is parametrized
by heat marginal costs and utilities of load αH . This sequential market-clearing procedure only
provides a one-sided model of the interactions between heat and electricity markets. Indeed, the
heat market is myopic to the impact of the heat dispatch on the electricity market-clearing. Thus,
electricity market outcomes are modeled exogenously and implicitly, as forecast values, in the
inputs of the heat market-clearing.

4.1.3

Formulation of day-ahead electricity market-clearing

Once the heat market has been cleared, electricity market participants j ∈ I E , including CHPs
and HPs, can submit their bids for each hour t of the following day, in the form of independent
combinations of prices α̃E and quantities p̃. By analogy with the heat market, the vector of
day-ahead electricity outputs pDA , defined over all market participants and hours, can represent
both electricity production (p ≥ pDA ≥ 0) and elastic consumption (−p ≤ pDA ≤ 0). Certain
market participants, such as electricity storage units and prosumers may act both as producers and
consumers. The part of the electricity consumption that is inelastic over all hours is represented by
the vector lE .
Reference [28] showed that, in the Nordic energy system, the commitment of CHPs in the heat
market may increase their market power on the electricity side, and thus their impact on electricity
∗
∗
prices. In practice, as described in Chapter 3, the minimum p q DA and maximum p q DA
electricity outputs of CHPs over all hours t ∈ T are constrained by their fixed day-ahead heat
∗
∗
dispatch q DA . Similarly, HPs must consume enough electricity lHP q DA to cover their fixed
heat dispatch at each hour t. As depicted in Figure 4.2(b), the day-ahead heat dispatch of CHP1
strongly limits its minimum electricity output in the electricity market.
In order to reflect these operating constraints in their bids to the electricity market, we consider that
CHPs offer their minimum electricity production at the lowest allowed bid α = −500EUR/MWh,
and their excess production at their electricity marginal cost αjE = αj ρEj . HPs offer the maximum
allowed price α = 3, 000EUR/MWh for their minimum electricity consumption. In the illustrative
example considered, due to the constraint on its minimum production, CHP1 enters the electricity
market at the lowest price, as depicted in Figure 4.3(a), and displaces wind producer W1 .
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Figure 4.3: Electricity market-clearing in sequential market-clearing procedure – (a) supply and
demand curves in the electricity market, and (b) dispatch of CHP1 and HP1 in heat and electricity
markets. FOR: Feasible Operating Region.

Given these hourly price-quantity bids, the electricity market-clearing optimizes the electricity
outputs pDA of all market participant for each hour of the following day, by solving the following
LP,
max F E pDA



pDA

s.t.


hE pDA = lE : λE

g E pDA ≤ 0


∗
g Int pDA , q DA ≤ 0.

(4.2a)
(4.2b)
(4.2c)
(4.2d)

The objective of this optimization problem is to maximize the social welfare in the electricity system
at the day-ahead stage (4.2a) while ensuring electricity balance (4.2b), subject to electricity output
bounds of all market participants (4.2c),(4.2d). The electricity output bounds of CHPs and HPs are
represented separately in (4.2d) in order to highlight the dependency on their fixed heat dispatch
∗

q DA . However, in practice, this dependency is internalized by CHPs and HPs. Electricity prices
λE are defined as the dual variables of the electricity balance equation (4.2b) at each hour.
In the illustrative example considered, the outcomes of this electricity market can be derived from
the intersection of the supply and demand curves in Figure 4.3(a). The minimum heat-to-power
ratio of CHP1 limits its flexibility in the electricity market, as depicted in Figure 4.3(b), which
causes 11.1% of available wind production to be curtailed. Furthermore, due to wind curtailment,
the marginal price in the electricity market is λE = 0EUR/MWh, contrary to the forecast electricity
price λ̂E = 30EUR/MWh used in the heat marginal cost calculation. With this realized electricity
price, the heat marginal cost of CHP1 is higher than that of HP1 . However, this sequential
market-clearing procedure failed to anticipate the impact of the heat dispatch of CHP1 on the
electricity price, which resulted in a sub-optimal dispatch in both heat and electricity markets.
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Integrated market-clearing

In an effort to improve the coordination between heat and electricity systems, a series of recent
studies [5, 45–47, 60, 61], as well as Chapter 3.3, have focused on providing mathematical models
for the optimal operation of the integrated heat and electricity system. Motivated by this work, this
section introduces a day-ahead market-clearing procedure for the integrated heat and electricity
system.

4.2.1

Market organization

The proposed integrated market-clearing procedure aims at maximizing the social welfare in the
integrated heat and electricity system at the day-ahead stage. As illustrated in Figure 4.4, in this
market-clearing procedure heat and electricity markets are cleared simultaneously. Thus, this
approach provides a full coordination between heat and electricity systems at the day-ahead stage.

Figure 4.4: Integrated market-clearing procedure.

4.2.2

Formulation of heat and electricity market-clearing

Heat and electricity producers and consumers j ∈ I H ∪ I E participate in the integrated market
by offering for each hour t of the following day independent combinations of prices (α̃H , α̃E )
and quantities (q DA , pDA ). The price bids of CHPs represent their linearized total production
H
E
E
cost defined in Chapter 3, by offering the marginal costs αj,t
= αj ρH
j and αj,t = αj ρj for each

hour. Figure 4.5(a) depicts the total production cost of CHP1 . As the heat production cost
of HPs is already implicitly accounted for through their electricity consumption pDA , it is not
explicitly represented in the objective function of this problem. Additionally, CHPs and HPs can
represent their FOR in their quantity bids, through a set of linear constraints described in Chapter
3. This structure of the bids allows the integrated market-clearing to fully exploit this cross-carrier
flexibility.
Given these hourly bids, the integrated day-ahead market co-optimizes the heat q DA and electricity
pDA outputs of all market participants for each hour of the following day, by solving the following
LP,
min F Int pDA , q DA



pDA ,q DA

s.t.


hH q DA = lH : λH

hE pDA = lE : λE

g H q DA ≤ 0

g E pDA ≤ 0

g Int pDA , q DA ≤ 0.

(4.3a)
(4.3b)
(4.3c)
(4.3d)
(4.3e)
(4.3f)
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(b)

Figure 4.5: Integrated market-clearing – (a) price-quantity bid of CHP1 , and (b) resulting heat and
electricity dispatch of CHP1 and HP1. FOR: Feasible Operating Region.

The objective of this optimization problem is to maximize the social welfare in the integrated heat
and electricity system at the day-ahead stage (4.3a) while ensuring heat and electricity balance
(4.3b)-(4.3c), subject to heat and electricity outputs bounds (4.3d)-(4.3e), and linking constraints of
CHPs and HPs at the interface between heat and electricity systems (4.3f). These linear constraints
have been described in Chapter 3. Day-ahead heat and electricity prices can be computed as the
dual variables of the heat and electricity balance equations (4.3b) and (4.3c), respectively.
In the illustrative example considered, contrary to the sequential market-clearing procedure,
HP1 is dispatched instead of CHP1 to supply the entire heat load, as illustrated in Figure 4.5(b).
This allows the system to utilize the wind production, and avoid curtailment, by exploiting the
cross-carrier flexibility of HP1 .
Although this market-clearing procedure does not respect the sequential order of heat and
electricity dispatch, and thus cannot be implemented in practice, it provides a lower bound for
the total production cost of the integrated energy system, and a basis for quantifying the value of
coordinating heat and electricity systems. As gathered in Table 4.2, the total production cost of the
system is reduced by 51.2% compared to the sequential market-clearing procedure.

4.3

Electricity-aware market-clearing

By opposition with the integrated market-clearing procedure presented in Section 4.2, in this
section we propose a novel market-clearing procedure that improves the coordination between
heat and electricity systems while respecting the current sequential order of heat and electricity
dispatch, as illustrated in Figure 4.6.
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Market organization

As highlighted in Section 4.1, the heat dispatch of CHPs and HPs can impact the dispatch and price
in the electricity market, which in turn impact heat marginal costs. Reference [28] discusses how
the market power of CHPs in the electricity market could displace heat production from heat-only
units to CHPs. Thus, anticipating the impact of the heat dispatch on the electricity market-clearing,
in the heat market-clearing, can improve the coordination between heat and electricity markets.

Figure 4.6: Electricity-aware market-clearing procedure. Step 1: day-ahead heat market, constrained
by scenarios of day-ahead electricity market-clearing. Step 2: day-ahead electricity market, for an
underlying scenario. FOR: Feasible Operating Region.

This represents the premise of a Stackelberg game4 . In this sequential game, a player (leader) tries
to optimize its strategy while anticipating the impact of its action on the decision of the other
player (follower). In turn, the optimal reaction of the follower impacts the profit of the leader. In
that context, the bi-directional interactions between heat and electricity systems can be modeled
as a Stackelberg game, in which the leader is the heat market-clearing, and the follower is the
electricity market-clearing. On the one hand, the action of the leader, i.e the heat dispatch, directly
impacts the decisions of the follower, through the linking constraints of CHPs and HPs (4.2d).
On the other hand, the reaction of the follower, i.e the electricity dispatch and price, impacts the
profit of the leader through the heat costs of CHPs and HPs. Hierarchical (bilevel) programming
provides a mathematical framework to formulate Stackelberg games [43, 183, 184]. This framework
allows the leader to endogenously model the optimal reaction of the follower as a (lower-level)
constraint of its own (upper-level) optimization problem. The outcomes of the lower-level problem
provide a feedback to the upper-level problem. This electricity-aware market-clearing procedure
allows the heat market-clearing to model endogenously the bi-directional interactions between
heat and electricity systems. In contrast to the integrated market-clearing with full coordination,
this approach provides a soft coordination while respecting the current sequential order of markets.
4 Stackelberg game, or Stackelberg competition, refers to a class of static and dynamic non-cooperative games. It was
first introduced in [155], and has found various applications in the control and game theory literature to model hierarchical
decision-making, and strategies in imperfect competition [156–158, 182].

4.3. ELECTRICITY-AWARE MARKET-CLEARING

49

Furthermore, when the day-ahead heat market is cleared, the input parameters of the day-ahead
electricity market, namely supply and demand curves, are still uncertain. The heat market
problem may account for this uncertainty by endogenously modeling a finite number of electricity
market-clearings, i.e., one for each scenario ω ∈ Ξ of uncertain input parameters, as lower-level
problems. In practice, this requires information on the aggregate supply and demand functions of
other participants in the day-ahead electricity market, including renewable production available,
which is not publicly available. Acquiring insight into this hidden information may be challenging
[81]. This issue will be addressed in Chapter 7. Additionally, for a given realization ω ∈ Ξ of
the electricity market-clearing, the day-ahead dispatch of CHPs and HPs may be infeasible with
respect to their FOR. Hence, the heat market-clearing also anticipates the redispatch stage, and the
redispatch costs incurred.
In the following sections, we detail the formulation of the electricity-aware heat market-clearing.
The impact of this market-clearing procedure on the heat and power systems is illustrated through
the same example presented in Section 4.1. For the sake of clarity, in this illustrative example,
the uncertain parameters in the electricity market are assumed perfectly known. The impact of
uncertainty in the electricity market will be further discussed in the case study which will be
presented in Section 4.4.

4.3.2

Formulation of heat market-clearing

Heat producers and consumers j participate in the electricity-aware heat market by offering for
each hour t of the following day independent combinations of prices (α̃H , α̃E ) and quantities
(q DA , pDA ). As the heat market endogenously models the electricity market-clearing, the price bids
of CHPs represent their linearized heat production cost CH
j,t,ω (.) as a function of their day-ahead
DA
E
heat dispatch qj,t
, electricity dispatch pDA
j,t,ω , and electricity prices λt,ω for any scenario ω ∈ Ξ of

electricity market-clearing. Following the Danish energy system regulations, the heat production
cost of CHPs is computed as their total production cost minus the revenues on the electricity
market, such that


DA DA
E
H DA
E DA
E
CH
j,t,ω qj,t , pj,t,ω , λt,ω = αj ρj qj,t,ω + ρj pj,t,ω − λt,ω pj,t,ω .

(4.4)

This heat production cost is depicted in Figure 4.7(a) for CHP1 for three values of electricity price.
Additionally, the heat production cost of HPs represents the price of the electricity purchased, such
that

DA
E
E
DA
CH
j,t,ω pj,t,ω , λt,ω = −λt,ω pj,t,ω .

(4.5)

Given these hourly bids, the heat market-clearing seeks to maximize the expected social welfare
in the heat system at the day-ahead and redispatch stages, constrained by scenarios of electricity
market-clearing. The heat market-clearing solves the following stochastic hierarchical optimization
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(a)

(b)

(c)

Figure 4.7: Heat market-clearing in electricity-aware market-clearing procedure – (a) heat production cost of CHP1 for three values of electricity prices equal to 0, 15 and 30EUR/MWh, day-ahead
heat dispatch and electricity output upper and lower bounds of (b) CHP1 and (b) HP1. FOR:
Feasible Operating Region.

problem,
max

R
Eω FωH q DA , qω
, pω , λEω

s.t.


hH q DA = lH

g H q DA ≤ 0

DA
R
hH
+ qω
= lH , ∀ω ∈ Ξ
ω q

R
gωH q DA + qω
≤ 0, ∀ω ∈ Ξ

DA
R
gωInt pDA
+ qω
≤ 0, ∀ω ∈ Ξ.
ω ,q

(4.6d)

E
pDA
ω , λω

(4.6g)

R ,pDA ,λE
q DA ,qω
ω
ω



∈ arg max{LLω },

(4.6a)

∀ω ∈ Ξ

(4.6b)
(4.6c)

(4.6e)
(4.6f)

In the upper-level optimization problem (4.6a)-(4.6f), the heat market-clearing aims at maximizing
the expected social welfare (4.6a). By analogy with the sequential market-clearing model, at the
day-ahead stage heat balance (4.6b), and heat output bounds (4.6c) are enforced. For each scenario
ω ∈ Ξ of electricity market-clearing, the heat redispatch vector qωR represents the deviations from
the day-ahead heat dispatch q DA for all heat market participants and each hour of the following
day. These deviations ensure that for each scenario ω ∈ Ξ, the heat outputs after redispatch
q DA + qωR satisfy heat balance (4.6d), and are in the FOR of all heat market participants (4.6e),(4.6f).
Furthermore, the upper-level problem is constrained by the lower-level optimization problems LLω
(4.6g), each representing an underlying scenario ω ∈ Ξ of electricity market-clearing, as defined in
(4.2). The linking constraints of CHPs and HPs, and their impact on the electricity market-clearing
are represented endogenously in the lower-level problems. Electricity prices λEω are defined as
the dual variables of the electricity balance constraint for each scenario ω. These prices, and their
impact on the heat production cost of CHPs and HPs are modeled endogenously. The linear
lower-level problems are equivalent to their Karush-Kuhn-Tucker (KKT) conditions, which include
stationarity and complementarity conditions [43]. As the complementarity conditions introduce
non-convexities, computing the day-ahead heat prices from this market-clearing model is not
straightforward.
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In the illustrative example considered, the day-ahead heat dispatch q DA is identical to the one in
the integrated market-clearing procedure. Indeed, as illustrated in Figures 4.7(b) and 4.7(c), solely
HP1 is dispatched to supply the heat demand.

4.3.3

Impact on electricity market-clearing

In this market-clearing procedure, the electricity market-clearing is identical to the one described
in Section 4.1.3 for the sequential market-clearing procedure. Due to the sequential order of heat
and electricity dispatch, the electricity market is constrained by the fixed day-ahead heat dispatch
∗

q DA , which is modeled exogenously and implicitly by CHPs and HPs through their electricity
output upper and lower bounds. Given the day-ahead heat dispatch presented above, CHP1 and
HP1 compute their electricity output bounds as depicted in Figures 4.7(b) and 4.7(c). As CHP1 is
not constrained by its heat dispatch, it can bid its full production at its true electricity marginal
cost. However, HP1 must purchase enough electricity to cover its heat dispatch. Given these
hourly bids, the outcomes of the electricity market can be seen as the intersection of the supply and
demand curves depicted in Figure 4.8(a). The resulting dispatch of CHP1 and HP1 , represented in
Figure 4.8(b), is identical to the ideal benchmark achieved with the integrated market-clearing.

Figure 4.8: Electricity market-clearing in electricity-aware market-clearing procedure – (a) supply
and demand curves in the electricity market, and (b) dispatch of CHP1 and HP1 in heat and
electricity markets. FOR: Feasible Operating Region.

Though simple, the illustrative example considered highlights important properties of the three
market-clearing procedures. The electricity-aware market-clearing procedure improves the
coordination between heat and electricity systems, by modeling the bi-directional interactions
between heat and electricity systems in the heat market-clearing. In this illustrative example, the
heat market-clearing anticipates the high availability of wind production at a low marginal cost
and takes advantage of it by dispatching HP1 instead of CHP1 . As summarized in Table 4.2, this
results in higher wind power utilization and lower heat and electricity production costs, compared
to the sequential market-clearing procedure. The impact of these three market-clearing procedures
on both heat and electricity systems, will be further discussed in an extended case study presented
in Section 4.4.
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Table 4.2: Results of illustrative example across three market-clearing procedures – production
costs and wind power utilization (in % of total wind electricity production).

Total cost
Wind utilization
4.3.4

(EUR)
(%)

Sequential
3936
88.9

Integrated
1920
100.0

Electricity-aware
1920
100.0

Benders decomposition solution method

A commonly used approach to solving stochastic hierarchical optimization problems, such as (4.6),
is to recast them as a single-level Mathematical Program with Equilibrium Constraints (MPEC)
using the KKT conditions of the lower-level problems [43]. The number of auxiliary binary
variables used to linearize the KKT conditions increases proportionally to the number of lowerlevel problems, i.e., scenarios, considered. Thus, this approach can become computationally
intractable. In order to cope with the computational complexity of the stochastic hierarchical
optimization problem (4.6), it is possible to exploit its structure and decompose it into a sequence
of simpler and more tractable problems [62]. In particular, Benders decomposition is an iterative
process that has been extensively applied to stochastic optimization problems with a large number
of scenarios [63–65]. Using this decomposition approach, the original stochastic hierarchical
problem (4.6) can be decomposed into one hierarchical subproblem per scenario, by temporarily
fixing the so-called complicating variables, i.e. the day-ahead heat dispatch variables. At each
iteration, the complicating variables are updated in the so-called master problem (step A), which
only includes the constraints related to the day-ahead heat dispatch. The objective value of the
master problem provides an upper bound for the objective value of the original problem. The
hierarchical subproblems are then solved independently with this fixed value of the complicating
variables (step B). The objective values of the subproblems plus the cost of first-stage decisions
provide a lower bound on the objective value of the original problem. The master problem and
the subproblems exchange information until the upper and lower bounds have converged (step
C1). In traditional Benders algorithms, the sensitivities of each subproblem with respect to the
complicating variables are derived to generate optimality cuts that further constrain the master
problem in the following iterations.
Deriving these sensitivities and optimality cuts is challenging with hierarchical (non-convex)
subproblems. Furthermore, the convergence of Benders decomposition algorithms to a global
optimum cannot be guaranteed for non-convex optimization problems, such as the studied
stochastic hierarchical optimization problem. Despite these challenges, it is observed that a
growing number of scenarios results in a smoother and asymptotically convex objective function.
In such cases, [185] highlighted that increasing the number of scenarios considered may improve
the empirical convergence of Benders decomposition algorithms. In order to overcome these
challenges and to adapt the general structure of Benders decomposition algorithms to the stochastic
hierarchical problem (4.6), [Paper B] developed an augmented regularized Benders decomposition
algorithm, as schematically illustrated in Figure 4.9. The main novelty of the proposed algorithm
is to reformulate the hierarchical subproblems using a primal-dual formulation of the lower-level
optimization problems instead of the commonly used KKT conditions. However, the strong duality
equation introduces bilinear terms, and thus non-convexities, in the subproblems. These terms can
be linearized at each iteration, by solving each subproblem twice and alternatively fixing one of
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the bilinear terms in each auxiliary subproblem (Steps B1 and B2). Sensitivities can be derived
from these linearized auxiliary subproblems.
In addition, we adapt various methods proposed in the literature to improve the convergence of
the proposed Benders algorithm. First, instability due to excessive oscillations of the upper and
lower bounds may lead to a slow convergence [64]. In order to mitigate the oscillations of the lower
bound, we apply a regularization method which ensures that the solutions to the master problem
remain close to the current reference point, by adding a quadratic regularization term to the
objective function [186, 187]. This reference point is updated solely when the decrease in the lower
bound is deemed sufficient (Step C2). Furthermore, as suggested in [188], we introduce a new
set of auxiliary cuts in the master problem, which are only dependent on the value of the primal
variables of the subproblems in the previous iteration. These cuts create an additional feedback
from the subproblems and have been found to accelerate the convergence of the proposed Benders
algorithm. Although the proposed algorithm is not mathematically guaranteed to converge, in the
illustrative example previously discussed, we observed convergence to the optimal solution of the
hierarchical optimization problem for any number of scenarios greater than eight.

Figure 4.9: Structure of proposed augmented regularized Benders decomposition algorithm for
stochastic hierarchical optimization problems. LP: Linear Program. QP: convex Quadratic Program.
UB: Upper Bound. LB: Lower Bound.

4.4

Numerical example: Comparison of three market-clearings

In this section, the three aforementioned market-clearing procedures are compared in terms of
heat, electricity and total social welfare, for varying values of renewable energy penetration. As
loads in the heat and electricity systems are assumed inelastic, the social welfare in each system
reduces to minus the production cost. Rather than analyzing the convergence properties of the
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proposed solution method, this section focuses on the degree of coordination provided by each
market-clearing procedure. The case study and results presented in this section are detailed in
[Paper B] and its appendix.

4.4.1

Description of case study setup

A modified version of the 24-bus Institute of Electrical and Electronic Engineers (IEEE) Reliability
Test System, over a 24-hour scheduling horizon, composes the integrated energy system [189].
Heat and electricity networks are not modeled in the aforementioned market-clearing models.
The integrated heat and electricity system consists of 7 thermal power plants, 6 wind farms, 4
extraction CHPs, one heat-only unit, and inelastic heat and electricity loads. The 4 CHPs account
for 1, 100MW of the total 2, 100MW installed capacity of thermal generation in the heat system,
and for 1, 107MW of the total 2, 864MW in the power system. Additionally, 3 heat storage tanks
with a total storage capacity of 450MWh, and 6 HPs with a total capacity of 750MW are installed.
Scenarios of electricity demand are derived from the NordPool market [98], and wind production
is modeled using available scenarios at [190]. Heat production units and loads are representative of
the greater Copenhagen area, as presented in [191] and [48]. In the following analysis, we compare
the impact of the three market-clearing procedures on this integrated energy system for different
values of installed wind capacity, ranging from 450MW to 1, 800MW, i.e. between 32% and 138%
of the peak demand.
The performance of the electricity-aware market-clearing procedure depends greatly on the
accurate description of the uncertainty in the power system, namely wind production available,
aggregate supply curve, and demand in the day-ahead electricity market. In this simulation, a
large number of scenarios is generated independently for each source of uncertainty, and a scenario
reduction technique is used to limit the computational complexity of the hierarchical optimization
problem (4.6) [192, 193]. As this analysis focuses on the degree of coordination between heat
and electricity systems, the simulation is performed in-sample. An out-of-sample simulation
may provide additional information on the robustness of each market-clearing procedure against
unseen scenarios. The interested reader is referred to [Paper B] for an extended out-of-sample
analysis of the three market-clearing procedures.

4.4.2

Impact of market-clearings on cost-effective operation of heat and electricity
systems

The three aforementioned market-clearing procedures have different constraints and objectives.
On the one hand, the integrated market-clearing aims at minimizing the total production cost5
of the integrated heat and electricity system, for each scenario. Thus, the integrated market
is guaranteed to provide a lower bound of the expected total production cost for all values of
installed wind capacity, as illustrated in Figure 4.10. Furthermore, the expected total production
cost significantly decreases across the three market-clearing procedures when the installed wind
capacity increases. However, as seen in Table 4.3, the relative gap between the integrated and the
two other market-clearing procedures widens. This trend is mainly driven by the evolution of the
expected electricity production costs across the three market-clearing procedures.
On the other hand, in the sequential and electricity-aware market-clearing procedures, the heat
market-clearing first aims at minimizing the expected heat production cost, based on its foresight
5 By

definition, the total production cost (4.3) is not equal to the the sum of heat (4.6) and electricity costs (4.2).
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Figure 4.10: Expected total production cost across the three market-clearing procedures, for
different values of wind penetration.

on electricity market outcomes. The electricity market-clearing then aims at minimizing the
electricity production cost with these fixed heat market outcomes, for each scenario of input
parameters. In the sequential market-clearing procedure, the heat market-clearing is myopic to
the impact of CHPs and HPs on electricity prices. As a result, the sequential market-clearing
procedure achieves the highest expected heat production cost, as seen in Figure 4.11(a). As
expected, by modeling endogenously the participation of CHPs and HPs in the power system,
and accounting for the impact of uncertainty sources on the redispatch cost, the electricity-aware
market-clearing procedure provides a significant improvement in expected heat production cost
compared to the sequential one. However, as highlighted in Table 4.3, this relative gap narrows
for the highest levels of wind penetration. Additionally, an increase in the heat production cost
for installed wind capacities ranging from 450MW to 900MW can be observed across the three
market-clearing procedures. In the sequential and electricity-aware market-clearing procedures,
this increase is due to a decrease in average electricity prices, which results in an increase in
CHPs’ heat marginal costs, as illustrated in Figure 4.2(a). This increase is less pronounced in the
integrated market-clearing procedure as heat and electricity prices are coordinated and both reflect
heat and electricity marginal costs. For higher values of installed wind capacity, HPs become more
profitable than CHPs and the heat system benefits from the decrease in electricity prices across the
three market-clearing procedures.
Furthermore, as expected, the integrated market consistently achieves the lowest expected electricity
production cost, as seen in Figure 4.11(b). Indeed, due to the sequential order of heat and electricity
dispatch in the sequential and electricity-aware market-clearing procedures, the day-ahead heat
dispatch of CHPs and HPs is fixed before the electricity market-clearing. By design, this limits the
flexibility of CHPs and HPs in the electricity market, which can result in a sub-optimal electricity
dispatch. Even though the electricity-aware market-clearing procedure improves the coordination
between heat and electricity systems compared to the sequential one, it still limits the flexibility
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Table 4.3: Relative difference in expected heat, electricity, and total production costs across the
sequential and electricity-aware market-clearing procedures with respect to those in the integrated
market-clearing procedure (expressed in %, with the integrated market-clearing procedure as
reference), for different values of installed wind capacity.
Wind capacity
Electricity cost
Heat cost
Total cost

(MW)
(%)
(%)
(%)

Sequential
450
900 1,800
5.0
7.2
11.9
111.0 48.3 12.6
7.8
10.6 13.3

Electricity-aware
450
900 1,800
5.2
4.8
11.1
−11.16 33.9 12.3
3.5
6.8
9.8

of CHPs and HPs in the electricity market, due to the sequential order of heat and electricity
dispatch. As a result, when installed wind capacity increases, and consequently the level of
variability in wind production, the relative gap in expected electricity production costs between
the electricity-aware and integrated market-clearing procedures grows, as shown in Table 4.3.

Figure 4.11: Expected (a) heat and (b) electricity production costs across the three market-clearing
procedures, for different values of wind penetration.

This case study shows that the novel electricity-aware market-clearing procedure provides a
trade-off between the sequential and fully integrated market-clearing procedures. It induces a soft
coordination between heat and electricity systems, by taking advantage of the synergies between
heat and electricity systems, while respecting the sequential order of their dispatch. Despite these
improvements, the flexibility of CHPs and HPs in the electricity market is still limited due to their
fixed heat dispatch. Therefore, additional market-based coordination mechanisms, focusing on
revealing the untapped flexibility of the heat system in the electricity market, can help bridge the
remaining gap with a fully integrated market-clearing procedure. In particular, novel bid formats
will be introduced in Chapter 5.

CHAPTER

5

Price-region bids for cross-carrier
flexibility
As shown in Chapters 3 and 4, in the presence of adequate market signals, Combined Heat and
Power plants (CHPs), Heat Pumps (HPs) and prosumers interfacing heat and electricity systems
can act flexibly and provide access to an untapped source of flexibility. Efficiently utilizing these
non-conventional flexible assets can minimize the costs of deploying variable and decentralized
renewable energy sources in the power system. However, inadequate bid formats may prevent
these resources from being adequately represented in the electricity market. A series of recent
studies has proposed bid formats designed to better represent specific types of flexibility resources.
For instance, [66] investigates bid types targeted at deferrable, adjustable as well as storage-type
loads, while [67] focuses on a multi-time-period demand bid which allows for flexible time of
consumption. Furthermore, [68] proposes to approximate the flexibility potential of complex
resources, such as aggregate thermostatically controlled loads, through discrete asymmetric block
bids. These approaches can contribute to a better utilization and remuneration of specific types of
flexible resources in electricity markets. However, they are not well suited to represent the physical
and economic aspects of assets at the interface between heat and electricity systems, due to the
underlying interdependencies between heat and electricity outputs.
This chapter proposes an extended linear bid format defined by a set of linear inequalities and
convex piecewise linear cost curves to be used in forward electricity markets1 . These are referred
to as price-region bids and can be viewed as a generalization of existing price-quantity bids. Section
5.1 introduces the preliminaries of existing forward electricity market mechanisms and desirable
properties in market design. The limitations of a forward electricity market with existing pricequantity bids are illustrated through a motivating example. Section 5.2 introduces a formulation of
the proposed price-region bids and a linear market-clearing model with these bids. The proposed
bid format is shown to satisfy desirable properties under common assumptions. The numerical
example presented in Section 5.3 underlines the benefits of our proposal to reveal additional
operational flexibility in forward electricity markets. The mathematical models and proofs of the
propositions outlined in this chapter are detailed in [Paper C]2 .

5.1

Status quo in electricity markets

This section introduces a general formulation of existing forward electricity markets that operate
on the principles of power exchanges. In particular, the bid format, market-clearing procedure
1 Forward

electricity markets refer to markets where contracts, rather than actual energy delivery, are traded.
the sake of consistency through this thesis, certain notations used in this chapter do not match the notations in
[Paper C]. All notations are properly introduced in the chapter.
2 For
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and payment rule in these markets are described. For the sake of self-containment, we introduce
the fundamental properties in market design [31, 194], and discuss which are satisfied by the
existing market mechanisms under common assumptions. Finally, we illustrate the limitations of
existing bid formats in a forward electricity market through a motivating example. This discussion
provides the motivation to design an extended linear bid format.

5.1.1

Forward electricity market mechanisms

Forward electricity markets take the form of auction-based markets, where market participants (also
referred to as “actors”) declare the technical and economical characteristics of their assets in a
simplified form, as allowed by pre-defined bid formats or market products. Contrary to power pools,
the bid formats in power exchanges do not explicitly describe the techno-economic characteristic
of market participants. For simplicity, we similarly refer to demand-side and supply-side offers
as bids. These bids are for a set of time periods and locations, which depend on the market
temporal and spatial resolution. For instance in Europe, the most common temporal resolution is
hourly (over 24-hour periods), while there are around 30 bidding zones over which prices may
geographically vary. When all bids are collected at gate closure, the market operator clears the
market with the aim of maximizing social welfare, eventually obtaining the dispatch for all bids.
Based on this information, the market operator clears the market by dispatching these bids over a
set of locations and time periods, and defining a payment rule at which the transactions are settled.
Settlement is then based on a payment rule that may rely in practice on the original price offers
of the market participants (pay-as-bid) or using the equilibrium price from the market-clearing
(uniform pricing).
From bids to market-clearing procedure
The injection/withdrawal locations in the power system and time steps for which bids can be
placed are referred to as price areas, denoted by the index n ∈ {1, ..., N }. They may refer to nodes
in an electricity network or to larger zones, depending on the market spatial resolution. The time
periods for which a bid can be placed are denoted by the index k ∈ {1, ..., K}, and depend on the
market temporal resolution. For instance, a day-ahead market may clear bids for 24 hourly periods
covering the following day. The bids submitted to the market operator are denoted by the index
s ∈ {1, ..., S}.
Let us define the injection profile vector ps ∈ RN K associated to a bid s, whose entries ps,n,k ∈ R
denote an amount of energy associated to a bid s, at a price area n and a time period k. The vector
p ∈ RSN K represents the injection profiles over all bids. By convention, when ps,n,k is positive,
it represents an injection of energy from location n at time k. When it is negative, it represents a
withdrawal of energy at location n and time k. In the most general case, we define a bid s by the pair

Ωs , FsE . The set Ωs describes the set of feasible injection profiles ps for the actor placing the bid.
The function FsE : Ωs → R describes the price bid associated with each feasible injection profile
ps ∈ Ωs . By convention, when FsE (ps ) is negative, it represents the amount of money an actor is
willing to pay for a certain profile ps . When FsE (ps ) is positive, it represents the compensation an
actor is willing to receive for a certain profile ps .
Based on the submitted bids, the electricity market operator defines prescriptions for a set of
optimal injection profiles that maximize the social welfare of the system. The market-clearing
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procedure can be described by the following optimization problem:
min
p

s.t.

S
X

FsE (ps )

(5.1a)

ps = 0N K : λE

(5.1b)

s=1
S
X
s=1

p s ∈ Ωs ,

∀s ∈ {1, ..., S},

(5.1c)

where 0N K represents a vector of N K zeros. By convention, objective function (5.1a) is defined
as minus the social welfare of the system. Constraint (5.1b) enforces the balance of the injections
and withdrawals of energy at all locations and time periods, and (5.1c) ensures that the injection
profiles are feasible for all actors with respect to their bids. Note that transmission constraints can
be represented in (5.1b) and (5.1c), with ps,n,k the net energy flowing from area n to neighboring
areas during a time period k.
Settlement and market properties
An optimal injection profile over all bids is denoted by the vector p∗ ∈ RSN K , and also referred to
as optimal dispatch. After solving the market-clearing problem, the market operator is responsible
for the settlement process, i.e., for the determination of a payment rule P (p∗ ) ∈ RS for the quantities
dispatched. By convention, when this payment is positive (Ps (p∗ ) ≥ 0), it represents the revenue
associated with the profile p∗s . When it is negative (Ps (p∗ ) ≤ 0), it represents the payment
associated with the profile p∗s . Therefore, the outcomes of the market-clearing procedure are
represented by the pair (p∗ , P(p∗ )). Although these outcomes are functions of the submitted bids,
this dependency is omitted for the sake of concision. Short-term forward electricity markets in
Europe typically rely on a pay-as-bid or uniform pricing payment rule [194, 195]. Other payment
rules, such as the Vickrey-Clarke-Groves (VCG) payment have been proposed in the literature for
electricity markets [196, 197].
The design of competitive markets aims at defining institutions and trading mechanisms that
impact the interactions among the market participants towards a social choice [31, 35]. In other
words, the outcomes of the market should satisfy the following desirable properties:
Property 1 (Existence). There exists a feasible solution to the market-clearing problem, i.e. the feasible

region Ω = p ∈ RSN K | (5.1b) − (5.1c) is non-empty.
This fundamental property is guaranteed under the sufficient assumption that the injection
profile ps = 0N K is feasible for each bid s. Additionally, a market-clearing model which accepts
continuous cost functions FsE defined over a compact and non-empty feasible region admits a
global optimum and an optimal solution p∗ . Uniqueness of the optimal solution can be guaranteed
under further assumptions on the shape of the bids, such as convexity of the feasible region and
strict convexity of the cost functions [40, 44, 198].
Additionally, market mechanisms aim at aggregating the private utilities of the market participants
towards a social choice. This property is referred to as market efficiency.
Property 2 (efficiency). Based on the information from the submitted bids:
(i) social welfare is maximized, and
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(ii) markets participants have no incentive to deviate unilaterally from the optimal dispatch prescribed by
the market-clearing.
Note that this property is defined with respect to the submitted bids. Therefore, in order to
maximize the true social welfare of the system, the market mechanism must also be incentive
compatible.
Property 3 (Incentive compatibility). Market participants are incentivized to bid truthfully.
This property ensures that it is optimal for the agents to truthfully represent their technical and
economic parameters through their bids.
Furthermore, the outcomes of the market should not induce financial losses both for the market
participants and for the market operator. These fundamental properties are referred to as cost
recovery and revenue adequacy, respectively.
Property 4 (Cost recovery). Market participants recover the costs announced in their bids, i.e., Ps (p∗ ) ≥
FsE (p∗s ).
Property 5 (Revenue adequacy). All transactions in the market can be settled without incurring a
PS
financial loss for the market operator, i.e., s=1 Ps (p∗ ) ≤ 0N K .
With a finite number of market participants, the desirable Properties 2-5 cannot be met altogether
without further assumptions [199, 200]. Therefore, market mechanisms must find a trade-off
between different properties, i.e., to decide which properties are the most important to keep, at
the cost of relaxing other properties. As uniform pricing is the most commonly-used payment
rule in short-term electricity markets, we restrict the scope of this chapter to a market-clearing
with a uniform pricing payment rule. We define the vector λE ∈ RN K whose entries λEn,k represent
the Lagrange multiplier of constraint (5.1b) at price area n and time period k. The optimal values
∗

E
λn,k
represent the uniform prices associated with the optimal dispatch p∗ . Each profile p∗s is thus
∗ >
remunerated λE
p∗s . Note that, a forward electricity market which is cleared by (5.1a)-(5.1c)

and uses a uniform pricing payment rule guarantees revenue adequacy for the market operator
(Property 5) in the general case3 . However, other properties require additional assumptions. In the
general case with a finite number of agents, this market is not incentive-compatible and efficient
(Properties 2 and 3) [194, 204]. Indeed, market participants have incentives to misreport their true
technical and economic characteristics in order to manipulate the outcomes of the mechanism
∗
p∗ , λE and increase their profits. Therefore, in order to maintain efficiency and incentive
compatibility, perfect competition is commonly assumed, i.e., all market participants are price
takers [180, 205, 206].

5.1.2

Limitations of existing bid formats

Different bid formats are found in existing markets, each allowing the expression of a certain class
of physical and economic characteristics. This section discusses two commonly-used bids, namely
price-quantity bids and block bids.
3 This property directly arises from the expression of the balance equation (5.1b). Note that, in the presence of network
constraints, the budget surplus of the market operator is redistributed to Transmission System Operators (TSOs) or
transmission right owners [118, 201–203].
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Existing bid formats
The most basic bid format found in short-term European markets is the price-quantity bid.
Definition 1. A price-quantity bid s at location n and time period k is defined as a set of
parameters (ps , ps , αs ), so that:
• the feasible region Ωs of the injection profile ps of a bid s is given by
n
o
Ωs = ps | ps,n,k ∈ [ps , ps ], ps,n0 ,k0 = 0 ∀(n0 , k 0 ) 6= (n, k) ,

(5.2a)

• the cost associated with a feasible profile ps writes as
FsE (ps ) = αs ps,n,k .

(5.2b)

The parameters ps and ps denote lower and upper bounds for energy injection/withdrawal, while
αs denotes a bidding price. Figure 5.1(a) shows an example of a single price-quantity bid. Multiple
price-quantity bids can be placed simultaneously by an actor so as to cover multiple price areas
and/or time periods, as well as to represent convex piecewise linear cost functions [207]. However,
these bids can only describe box feasible regions and additively separable cost functions, as defined
below.
Definition 2. A feasible region Ωs is a box if there exists a convex region Ωs,n,k for all n, k so that
ps ∈ Ωs ⇔ ps,n,k ∈ Ωs,n,k ∀n, k.
Definition 3. A cost function FsE is additively separable in its arguments ps if for any n ∈ {1, ..., N } and
P
E
E
k ∈ {1, ..., K} there exists a function Fs,n,k
so that FsE (ps ) = n,k Fs,n,k
(qs,n,k ).
A wide range of electricity markets accept multiple price-quantity bids. For instance, they are
referred to as price-dependent hourly orders in the NordPool day-ahead market, Elspot, where they
represent the vast majority of the energy exchanged [208]. Figure 5.1(b) shows an example in two
dimensions (ps,n,k , ps,n0 ,k0 ), with two independent price-quantity bids placed for each dimension.
Although price-quantity bids are used by a wide variety of actors, including flexible thermal power
plants and renewable producers, they are not suited to represent feasible regions with bounds that
are coupled across multiple times periods or locations, or cost functions which are not separable
along these different quantities. These limitations will be illustrated by an example in section 5.1.2.
Forward electricity markets also commonly accept block bids, which allow the coupling of injection
profiles over multiple time periods, and the expression of a discontinuous feasible region. The
specific constraints allowed in a block bid depend on specific design choices. For example, the
NordPool day-ahead market [208] accepts the following bid formats: regular block orders are
all-or-nothing bids for a constant injection profile over a given period of time; curtailable block
orders add the possibility to curtail the block down to a chosen ratio; profile block orders allow
for setting a non-constant injection profile; flexi orders let the market operator decide of the
starting point of the block activation period. Because of their discontinuous characteristics, block
bids are particularly suited to represent unit commitment constraints and costs. However, the
non-convexities introduced by these discontinuous bids induce pricing issues [209, 210]. As a
result, cost recovery cannot be guaranteed for all market participants, and uplift payments may be
necessary to recover non-convex costs [211].
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Figure 5.1: Illustrative example of (a) a cost function and feasible region represented by a single
price-quantity bid and (b) a cost function (colored surface) and feasible region (black surface)
represented by a set of four independent price-quantity bids. The black surface is the projection of
the colored surface.

Limitations of existing bid formats: Motivating example
In electricity markets operating on the principle of power exchanges, the market-clearing process
does not directly account for the technical and economic characteristics of market participants.
However, these characteristics are inevitably embedded in the bids submitted by market participants.
Therefore, the format of the bids has an impact on the ability of certain actors to represent their
technical and economic characteristics. In the following, we use a stylized example to illustrate the
participation of a district heating utility in the forward electricity market and discuss the impact
of the aforementioned bid formats on the revealed flexibility of this infrastructure. The district
heating utility interacts with the electricity system via electrical boilers which consume electricity
to produce heat.
Let us consider a district heating utility participating in a forward electricity market over two
(hourly) time periods {k1 , k2 }. Let the indexes {n1 , n2 } denote two price areas where the utility is
connected to the power system. As illustrated in Figure 5.2, this infrastructure includes:
• Two identical electrical boilers with an energy conversion efficiency of 100% and a capacity
of 5MW, respectively connected to price areas n1 and n2 ,
• A woodchip boiler with a capacity of 3MW connected to price area n1 , with a fuel cost
αH = 100EUR/MWh,
• A heat load, which expects to receive 5MWh at hour k2 , with the value of lost load, i.e., the
value attributed to unsupplied energy, VoLL = 300EUR/MWh,
• A hot water pipeline, which can transport heat energy from price area n1 to price area n2
with a delay of one hour, and without losses.
We recall that ps denotes the electricity injection profile of the district heating utility over the
locations and time periods. Additionally, let us introduce a state variable xs representing the heat
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Figure 5.2: Simple district heating infrastructure connected to two price areas in a power system.

output of the woodchip boiler in hour k1 . The physical constraints of the utility can be formulated
as
xs − ps,n1 ,k1 − ps,n2 ,k2 ≤ 5,

(5.3a)

ps,n1 ,k2 = 0,

(5.3b)

ps,n2 ,k1 = 0,

(5.3c)

−5 ≤ ps,n1 ,k1 ≤ 0

(5.3d)

−5 ≤ ps,n2 ,k2 ≤ 0

(5.3e)

0 ≤ xs ≤ 3.

(5.3f)

The heat load in hour k2 can consume heat produced in the same hour by the electrical boiler at
node n2 , as well as heat produced in the previous hour by the boilers at node n1 and transported
in the pipeline. Equation (5.3a) states that the heat energy consumed is bounded by the inflexible
load capacity, but can be lower if the load is curtailed. Equations (5.3b)-(5.3c) state that the heat
production of the electrical boiler must be zero when there is no load to dissipate it. Equations
(5.3d)-(5.3f) enforce the production bounds of the three boilers. Additionally, the cost of operation
of the district heating utility is defined as
F H (ps , xs ) = 300 (5 + ps,n1 ,k1 + ps,n2 ,k2 − xs ) + 100xs .

(5.4)

Based on these technical and economic characteristics, the utility derives4 its willingness to pay
−F E (ps ) for an electricity withdrawal profile ps , and its feasible region of withdrawal profiles
ps ∈ Ωs . For a given electricity withdrawal profile ps , the utility seeks to minimize its cost of
operation, which is defined as

∗
F H (ps ) = min F H (ps , xs ), s.t. (5.3a) − (5.3f) .
xs

(5.5)

4 Intermediate steps for the formulation of the willingness to pay and feasible region of the utility are provided in
[Paper C].
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Therefore, the willingness to pay of the utility represents the opportunity cost, which is formulated
as
∗

∗

−F E (ps ) =F H (04 ) − F H (ps )
n
o
= max 300(−ps,n1 ,k1 − ps,n2 ,k2 ) + 200xs − 600, s.t. (5.3a) − (5.3f)
x
s
 300 (−p
s,n1 ,k1 − ps,n2 ,k2 ) , if − ps,n1 ,k1 − ps,n2 ,k2 ≤ 2
=
 100 (−p
−p
) + 400, otherwise.
s,n1 ,k1

(5.6a)
(5.6b)
(5.6c)

s,n2 ,k2

Given (5.6c), the willingness to pay can be expressed as a function of the total electricity withdrawal
−ps,n1 ,k1 − ps,n2 ,k2 , as illustrated in Figures 5.3(a) and 5.3(b). As the woodchip boiler cannot cover
the entire load, the utility is willing to pay for a minimum electricity consumption at the value of
lost load (300EUR/MWh). Additionally, the electrical boilers have enough capacity to cover all the
load, but if electricity prices are higher than the woodchip boiler fuel cost (100EUR/MWh), they
can be substituted for the woodchip boiler.

Total electricity withdrawal (MWh)

Total electricity withdrawal (MWh)

Figure 5.3: Marginal and total willingness to pay.

The willingness to pay is defined over the feasible region of withdrawal profiles, which is
characterized as
n
o
ps ∈ Ωs ⇔ ∃xs ∈ R | (ps , xs ) is feasible to (5.3a)-(5.3f)


 ps,n1 ,k1 ≥ 0, ps,n2 ,k2 ≥ 0


⇔
ps,n1 ,k2 = ps,n2 ,k1 = 0



 p
+p
≤ 5.
s,n1 ,k1

(5.7a)

(5.7b)

s,n2 ,k2

This feasible region is represented in Figure 5.4(a) as the projection of the cost function F E (ps ) on
the plane (ps,n1 ,k1 , ps,n2 ,k2 ).
Constraints (5.7a)-(5.7b) link the electricity withdrawals across multiple time periods and price
areas, and thus do not form a box feasible region, and the willingness-to-pay function (5.6c) is not
additively separable. These technical and economic characteristics can thus only be approximated by
price-quantity bids, as shown in Figure 5.4(b). This approximation underestimates the operational
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flexibility of the district heating utility, which may induce inefficiencies in the forward electricity
dispatch and reduce the revenues of the district heating utility. Furthermore, while block bids
allow the coupling of withdrawal quantities over time, they do not allow the coupling of quantities
in different price areas.

Figure 5.4: (a) Cost function (transparent colored surface) and feasible region (gray surface) of the
district heating utility. (b) Approximation of the cost function as an additively separable piecewise
linear cost function (solid colored surface) defined over a box feasible region (black rectangular
surface).

This illustrative example provides a motivation to design a novel extended bid format that allows a
better representation of the technical and economic characteristics of a wide class of flexible assets
across multiple locations and time periods. From the perspective of the electricity market operator,
this approach aims at revealing and exploiting additional flexibility from non-conventional assets
in the power system. From the perspective of market participants, this approach aims at facilitating
market access and revealing the value of their operational flexibility. Therefore, in the case of
a district heating utility, this approach yields a soft coordination between heat and electricity
systems.

5.2

Proposed price-region bid format

The motivating example in Section 5.1.2 highlighted the limitations of price-quantity bids as
well as block bids to represent the technical and economic characteristics of non-conventional
flexibility providers. This section introduces a novel price-region bid format in forward electricity
markets. This bid format allows a wide range of actors to represent their techno-economic
characteristics through a linearly-constrained feasible region and convex piecewise linear cost
function. Additionally, the properties of forward electricity markets accepting this type of bids are
analyzed under common assumptions.

5.2.1

Definition of price-region bids

Recall that the injection profile associated with a bid s ∈ {1, ..., S} is described by a vector ps ∈ RN K .
In addition, we introduce the vector xs = [x1 , ..., xLs ] ∈ RLs whose entries xs,l for l ∈ {1, ..., Ls }
are state variables associated with a bid s.

66

CHAPTER 5. PRICE-REGION BIDS FOR CROSS-CARRIER FLEXIBILITY

Definition 4. A price-region bid s is defined as a pair As ∈ RJs ×(N K+Ls +1) , bs ∈ R1×(N K+Ls ) , so that:
the feasible region Ωs of the injection profile ps of a bid s is given by:





1





Ls
Ωs = ps | ∃xs ∈ R so that As  ps  ≤ 0Js ,




xs

(5.8)

the cost associated with a feasible profile ps writes as:

FsE (ps ) = min
xs







"
bs

ps
xs

#



1













, s.t. As  ps  ≤ 0Js − min bs

 xs 

xs

"

0
xs

#



1









, s.t. As  0  ≤ 0Js .


xs
(5.9)

The matrix As characterizes a set of linear constraints coupling the different variables in ps and xs .
The vector bs characterizes the economic value associated with each variable or combination of
variables, i.e., the bidding prices. Equation (5.9) computes an opportunity cost, i.e., the difference
between (1) the cost associated with a profile ps given that the state variables xs are set to their
optimal values, and (2) the cost associated with no electricity injection/withdrawal given that the
state variables xs are set to their optimal values. Figure 5.5 provides an example of a cost function
and a feasible region that can be represented by a price-region bid.

Figure 5.5: Example of a cost function (colored surface) defined over a linearly-constrained feasible
region (black surface).

Unlike price-quantity bids, a price-region bid does not require the cost function to be additively
separable. In fact, expressions (5.8) and (5.9) can describe any convex piecewise linear cost
function defined over a linearly-constrained feasible region, without conditions of separability.
This property is demonstrated in [Paper C]. It results directly from this property that price-region
bids are a straightforward generalization of price-quantity bids. Note that price-region bids can
also be used by actors with non-linear characteristics, in which case the price-region bid can only
approximate the technical and economic characteristics of the actors.
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The state variables xs are introduced in order to linearly represent the physical and economic
characteristics of the bid. Therefore, this approach provides a more natural way for a wide range
of market participants to characterize their feasible region and cost function. For instance, in the
motivating example presented in Section 5.1.2, the heat outputs of the boiler can be represented
as state variables of the district heating utility. In this example, the technical and economic
characteristics of the utility can exactly be represented by a price-region bid. Other useful examples
are the case of aggregated thermostatically controlled loads, where the indoor temperatures of the
prosumers can be modeled as state variables or an electricity storage whose states of charge can be
represented by state variables. However, from the perspective of the forward electricity market
operator, these state variables have no concrete interpretation. The following section will describe
a market-clearing that accepts these bids.

5.2.2

Market-clearing model with price-region bids

The following introduces a forward electricity market cleared by (5.1a)-(5.1c) that allows priceregions bids along with other general bid formats and uses a uniform pricing payment rule. Such
a market is a direct extension of the forward electricity market introduced in Section 5.1.1. Let
ΩPR ⊂ {1, ..., S} denote a set of price-region bids. Recall that p ∈ RSN KPis the vector of all injection

profiles associated with the bids s ∈ {1, ..., S}. Additionally, x ∈ R

s∈ΩPR

Ls

is a vector whose

entries xs,l for l ∈ {1, ..., Ls } denote the state variables associated with a price-region bid s. This
forward electricity market is cleared by solving the following optimization problem:
#
"
X
X
ps
bs
+
FsE (ps )
min
p,x
x
s
s∈ΩPR
s∈Ω
/ PR
s.t.

S
X

ps = 0N K :

(5.10a)

λE

(5.10b)

∀s ∈ ΩPR

(5.10c)

s=1





1



As  ps  ≤ 0,
xs

∀s ∈
/ ΩPR ,

ps ∈ Ωs ,

(5.10d)

where (5.10a) represents the minimization of minus the social welfare. Constraint (5.10b) enforces
the balance of injection profiles at each location and time period, and constraints (5.10c) and (5.10d)
ensure the feasibility of the injection profiles ps for price-region bids and other types of bids,
respectively. Similarly to the market-clearing problem in (5.1a)-(5.1c), the dual multipliers λEn,k are
∗

used to issue uniform prices. With (p∗ , λE ) an optimal primal-dual solution to (5.10a)-(5.10d),
∗ >
each profile p∗s is remunerated λE
p∗s by the market operator. Intermediate steps for the
reformulation of a clearing problem with price-region bids are provided in [Paper D].

5.2.3

Properties of forward electricity markets with price-region bid format

In the following, we analyze the properties of the forward electricity market cleared by (5.10a)(5.10d) which accepts price-region bids as well as other bid formats, and uses a uniform pricing
payment rule. The properties introduced below are demonstrated in [Paper C]. In order to derive
properties under common assumptions, we restrict the bid formats accepted to subsets of priceregion bids. This includes the existing multiple price-quantity bids. Indeed, it is straightforward to
see that a price-quantity bid (Definition 1) is a special case of a price-region bid. This assumption
is formulated in Assumption 1 below.
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/ ΩPR , there exists a pair (As , bs ) which exactly represents the bid (Ωs , FsE ) as a
Assumption 1. For all s ∈
price-region bid.
It results from this assumption that the market-clearing model (5.10a)-(5.10d) is linear in the
continuous variables ps and xs , and therefore convex. Additionally, the market-clearing model
(5.10a)-(5.10d) does not necessarily admit a feasible solution p. Let us assume that each bid s
admits the vector ps = 0N K as a feasible injection profile.
Assumption 2. Each bid s ∈ {1, ..., S} admits ps = 0N K as a feasible injection profile.
In practice, Assumption 2 implies that any load or production bid can be curtailed. This assumption
is sufficient to ensure that the market-clearing problem (5.10a)-(5.10d) admits a feasible solution.
Proposition 1. Under Assumption 2, there exists at least one feasible solution to the market-clearing
problem (5.10a)-(5.10d), i.e., Property 1 (Existence) is satisfied.
Moreover, a reasonable assumption on the format of the bids is to consider compact, i.e., closed
and bounded, feasible regions. When the bids represent physical assets, the quantities traded
are naturally bounded. Under the aforementioned assumptions, the market-clearing problem
(5.10a)-(5.10d) is represented by a convex objective function defined over a compact and non-empty
feasible region. Therefore, this market-clearing problem admits a global optimum [40]. We denote
∗

(p∗ , λE ) an optimal primal and dual solution to the market-clearing problem (5.10a)-(5.10d). As
discussed in Section 5.1.1, uniqueness cannot be guaranteed without further assumptions.
In the following, we analyze the fundamental market properties (Properties 2-5) satisfied by an
∗

optimal solution (p∗ , λE ) under the aforementioned assumptions.
Proposition 2. All actors participating in the market cleared by (5.10a)-(5.10d) recover their announced
costs, i.e., Property 4 (Cost recovery) is satisfied, under Assumption 1.
Additionally, we recall that revenue adequacy (Property 5) is guaranteed for a forward electricity
market with a uniform pricing payment rule in the general case introduced in Section 5.1.1.
Therefore, it is also guaranteed in this special case with price-region bids.
∗

Proposition 3. A pair (p∗ , λE ) of optimal primal and dual solutions of the market-clearing problem
(5.10a)-(5.10d) guarantees budget balance for the market operator, and thus satisfies Property 5 (Revenue
adequacy).
Propositions 2 and 3 guarantee that when the market is cleared, the market participants and
the market operator do not incur financial losses. Furthermore, it is known that no market
mechanism can satisfy the fundamental Properties 2-5 without further assumptions. The proposed
forward electricity market with price-region bids suffers from the same limitations as the existing
price-quantity bid format. Indeed, producers have incentives to misreport their true technical and
economic parameters in order to influence the outcomes of the market and increase their profits
[199]. However, under the additional assumption of perfect competition, i.e., all market participants
are price-takers, we demonstrate that a forward electricity market that is cleared by (5.10a)-(5.10d)
is efficient and incentive compatible.
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∗

Proposition 4. A pair (p∗ , λE ) of optimal primal and dual solutions of the market-clearing problem
(5.10a)-(5.10d) satisfies Property 2 (Efficiency) under Assumptions 1 and 2 and if the market is perfectly
competitive.
Proposition 5. The actors participating in the market cleared by (5.10a)-(5.10d) are incentivized to bid
truthfully, i.e., Property 3 (Incentive compatibility) is satisfied under Assumption 1 and if the market is
perfectly competitive.
Propositions 1-5 show that forward electricity markets that accept price-region bids satisfy the
same properties as the ones that only accept price-quantity bids under common assumptions.
Furthermore, forward electricity markets with price-region bids can be cleared efficiently as
linear problems. This suggests that existing forward electricity markets can readily incorporate
price-region bids without disruptive changes.

5.3

Numerical Example: Efficient use of flexibility resources

This section illustrates the benefits of price-region bids in a forward electricity market, in terms
of revealed operational flexibility and production cost. This case study highlights the value of
harnessing the operational flexibility of the heat system in a market environment.

5.3.1

Case study setup

Let us consider the stylized two-node heat and electricity system illustrated in Figure 5.6. Each node
of the system constitutes a price area. The physical and economic characteristics of the different
actors are all based on linear models. Mathematical formulations and numerical parameters are
provided in provided in [Paper C]. At the interface between heat and electricity systems, an HP
and an electrical boiler consume electricity to produce heat. On the power system side, generation
includes a wind power producer, fully flexible base-load and peaking power plants, and the loads
include an inflexible industrial load and load-serving entity. The two nodes in the power system
are connected by an electricity transmission line which can be modeled by linear equations, as
discussed in Chapter 3. The heat system comprises a woodchip boiler, fixed and flexible (deferrable)
loads. For simplicity, we assume that the heat system is operated by a district heating utility which
participates in the electricity market as a single entity. The two nodes of the district heating system
are connected by a double-pipe district heating network. The network is operated with variable
temperatures and constant mass flow rates, i.e., the speed at which water mass travels along the
pipelines is fixed. This is a simple control framework which allows the modeling of heat flows
using linear equations [46]. Chapter 3 provides a detailed expression of these physical constraints.
Furthermore, the variability of temperatures in the district heating network, and time delays in
heat transfer result in an energy storage capacity in the pipelines.
In order to demonstrate the effect of price-region bids on the efficient utilization of flexibility
resources at the interface between heat and electricity systems, this case study simulates the
participation of the district heating utility on a day-ahead electricity market under different
coordination approaches.
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Figure 5.6: Case study – Heat and electricity system.

Case 1: As the most inflexible case, once the heat dispatch of all assets has been decided, the
district heating utility bids an inflexible withdrawal profile in the electricity market. The
profile is computed by the utility prior to the electricity market-clearing by maximizing
the expected social welfare in the heat system for a set of electricity price scenarios.
Details on the generation of price scenarios are provided in [Paper C]. This case is used
as a benchmark, providing a higher bound for the total system cost.
Case 2: Following the current practice in electricity markets, the district heating utility submits
multiple price-quantity bids. Using the same set of price scenarios as in Case 1, the
utility finds an optimal withdrawal quantity for each price level, at each time period
and node. The expression of these bids is detailed in [Paper C].
Case 3: As proposed in this paper, the district heating utility places a price-region bid in the
electricity market which represents the full feasible region and the willingness to pay of
the heat system. This strategy does not rely on electricity price forecasts. The expression
of this bid is detailed in [Paper C].
Case 4: As an ideal case, the electricity and heat systems are co-optimized. The linear physical
constraints and piecewise linear cost functions of each asset are exactly represented.
This case is used as a benchmark, providing a lower bound for the total system cost.
In each case, we simulate the operation of heat and electricity systems for each hour of the following
day. Cases 1 and 4 are used as reference cases. Indeed, Case 1 represents a traditional sequential
market-clearing procedure, as introduced in Chapter 4. This inflexible case is similar to current
practices in China [5], Denmark [1] and other Nordic countries [28]. Case 4 represents an ideal
integrated market-clearing procedure, as introduced in Chapter 4. Although it is incompatible
with current market regulations, this approach highlights the potential value that can be harnessed
by improving the coordination between heat and electricity systems. Note that, in Case 4, the
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information available to the integrated market operator is equivalent to the expression of the
feasible region and the cost function of the district heating utility in the electricity market-clearing
in Case 3.

5.3.2

Results

The market-clearing outcomes in the four cases show that the representation of the techno-economic
characteristics of the heat system in the electricity market greatly impacts the efficient utilization of
this source of flexibility. As illustrated in Figures 5.7 and 5.8, price-quantity bids do not capture the
full operational flexibility of the district heating utility, whereas price-region bids allow for a full
representation of this operational flexibility. Figures 5.8(a) and 5.8(b) represent projections of the
feasible regions onto specific pairs of hourly withdrawal quantities, while Figure 5.7 represents the
feasible regions for the aggregate withdrawal at each node. The region described by price-quantity
bids is an inner approximation of the full feasible region, which restricts the operational flexibility
of the utility in the day-ahead electricity market. Figure 5.7 highlights that the full feasible region
cannot be exactly represented by price-quantity bids.

Figure 5.7: Total electricity withdrawal of district heating utility over the 24-hour horizon in Cases
1-3

Furthermore, as illustrated in Figures 5.7 and 5.8, the optimal electricity withdrawals in the Cases
1-3 greatly differ due to this approximation. Indeed, Figure 5.8(a) shows that the optimal electricity
withdrawal in Case 3 is infeasible with respect to the approximate feasible region described by
price-quantity bids in Case 2. Additionally, in Figure 5.8(b), even though the optimal withdrawal in
Case 3 is feasible with respect to the approximate feasible region in Case 2, the optimal withdrawal
in case 2 differs. This is due to approximations over the cost function of the utility. This shows that
the approximation introduced by the price-quantity bids induces inefficiencies in the electricity
market. Table 5.1 gathers the system costs in the four cases, which include variable costs from
electricity suppliers, variable costs from heat-only production in the district heating system, and
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Figure 5.8: Electricity withdrawal of district heating utility in Cases 1-3 at (a) hour 20 and (b) hour
21.

costs of load curtailment5 . We measure the value of coordination as the difference between the
system costs in Cases 1 and 4, which amounts to 1.800EUR. Allowing price-region bids in the
electricity market (Case 3) harnesses 100% of this value. This confirms that the flexibility from the
heat sector is truly valued in the electricity market when the district heating utility participates with
price-region bids. On the other hand, when only price-quantity bids are allowed in the electricity
market (Case 2), only 39% of this value is harnessed. This suggests that allowing price-region bids
in a forward electricity market leads to reduced system costs compared to existing price-quantity
bids, due to a better utilization of the flexible resources.
Table 5.1: Operational cost in four cases and value of coordination harnessed, with Case 1 as a
base-case and Case 4 as a benchmark.

System cost
Cost relative to Case 1
Value harnessed

(EUR)
%
(%)

Case 1
(Inflexible)
5.2
0

Case 2
(Price-quantity)
4.5
−14
39

Case 3
(Price-region)
3.4
−35
100

Case 4
(Integrated)
3.4
−35
100

Note that, the underlying assumption in Cases 1-3, i.e., the district heating utility gathers the
feasible operating region of all the assets in the heat system and directly participates in the electricity
market, may not be realistic in a real-life large-scale heat system. However, small-scale utilities,
smart energy hubs or local energy communities can cooperate by gathering their operational
flexibility when participating in the electricity market. Furthermore, individual assets at the
5 Load

curtailment solely occurs in the power system in Case 1.
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interface between heat and electricity systems may benefit from offering their flexibility in the
forward electricity market through price-region bids. In that sense, the proposed bid format
eases market access to actors at the interface between heat and electricity systems and yields
a soft coordination between these systems. However, harnessing the operational flexibility of
decentralized actors, such as prosumers, also requires a bottom-up approach that gives a better
insight into their motivation and behavior. This challenge is addressed in Chapter 6.

CHAPTER

6

Consumer-centric mechanisms for
heat and electricity systems
The market-based coordination mechanisms introduced in Chapters 3 and 4 proposed new
institutions and trading mechanisms aiming at achieving an optimal coordination of the overall
energy system. These top-down approaches facilitate market access to the assets at the interface
between heat and electricity markets and reveal the economic benefits of harnessing their operational
flexibility. In particular, in this increasingly decentralized energy system, prosumers have emerged
as important actors and flexibility providers at the interface between heat and electricity markets
[19]. It is expected that harnessing their operational flexibility can induce a soft coordination
between heat and electricity systems [20, 53–55]. However, as outlined in [69–71], policy-makers
and market operators need to better understand the behavior and motivations of prosumers in
order to exploit their flexibility. Therefore, the aforementioned top-down approaches must be
accompanied by consumer-centric decision-making tools, which enable direct participation of
prosumers [52, 72].
This chapter focuses on designing a community-based mechanism, in which prosumers can pool
their heat and electricity production and consumption, and coordinate their participation in heat
and electricity wholesale markets. A central research question that is addressed in this chapter,
is to understand how this mechanism can affect the interactions among individuals towards a
social choice, and in particular incentivize cooperation among prosumers. In other words, we are
interested in analyzing the properties of the proposed community-based mechanism. The theory
of mechanism design and game-theoretical tools provide a theoretical framework to address this
research question. Section 6.1 lays down the theoretical background for this analysis. The proposed
community-based mechanism is detailed in Section 6.2, and a thorough game-theoretical analysis
of the properties of this mechanism is presented in Section 6.3. Finally, Section 6.4 illustrates the
impact of this mechanism on the social welfare and the individual utilities of a group of prosumers
in a small case study. The formulation of the models and proofs of the properties introduced in
this chapter are detailed in [Paper D].

6.1

Background on mechanism design and game-theoretical analysis tools

For the sake of self-containment, this section introduces general concepts of mechanism design
and game theory, applied to the design and analysis of a community-based mechanism in heat and
electricity systems. First, the general structure of a community-based mechanism is introduced.
The desirable properties of such a mechanism are then detailed. Finally, game-theoretical tools
to reformulate and analyze those properties are introduced. The proposed mechanism will be
detailed in Section 6.2.
The interested reader is referred to [29–32] for an introduction to the theory of mechanism design,
and to [35–39] for an overview of game-theoretical concepts.
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Community-based mechanism design for energy management

Contrary to centralized demand-response mechanisms, consumer-centric mechanisms provide a
framework in which prosumers can directly interact, and cooperate in order to manage their energy
consumption and production. Therefore, a consumer-centric approach must be designed in a way
that ensures that all the agents are willing to participate. Indeed, consumer engagement and social
commitment towards better energy usage are key to harness this latent potential source of flexibility
[15–17]. [52, 72] provide an overview of different consumer-centric mechanisms. Consumer-centric
approaches can broadly be divided into peer-to-peer and community-based mechanisms, as illustrated
in Figure 6.1. On the one hand, in a peer-to-peer mechanism, prosumers communicate directly with
one another and trade their energy via bilateral contracts and agreements [74–76]. This approach
raises issues of communication and convergence towards a social choice. On the other hand, in
a community-based mechanism, the information privately held by all prosumers is gathered by a
so-called community manager that tries to maximize the social welfare of the community, i.e., the
sum of the individual utilities of all agents [77]. Energy exchanges within the community are
pooled via a coordinating node.

Figure 6.1: Organization of consumer-centric mechanisms – (a) peer-to-peer, and (b) communitybased.

This chapter focuses on designing a community-based mechanism that coordinates the consumption,
production, and exchange of heat and electricity in a group of prosumers. Each prosumer j ∈ N
joining the energy community is rational and self-interested and holds private information on
its true preferences which includes load utilities, production costs, and technical characteristics
on their assets. The community manager elicits information from individual prosumers on their
preferences. The matrix of revealed preferences is denoted by B = [B1 , ..., BN ] ∈ RK1 ×N , where
each column Bj ∈ RK1 ×1 represents the vector of preferences of a prosumer j ∈ N . For notational
simplicity, the dimension K1 represents the length of the vector of preferences of the prosumers
over all hours t ∈ T of the day. Given these revealed preferences, the community manager
∗

determines the energy management strategy X N (B) ∈ RK2 ×N that maximizes the social welfare
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of the community with respect to the revealed preferences B, where each column XjN (B) ∈ RK2 ×1
represents the vector of optimal decisions of a prosumer j ∈ N . For notational simplicity, the
dimension K2 represents the length of the vector of decision variables of the prosumers, which
includes their energy dispatch, exchanges with the grid and within the community, and state of
their system over all hours t ∈ T of the day. This matrix and its dimensions are detailed in [Paper
D]. Finally, given the optimal energy management strategy and the revealed preferences, the


∗
∗
community manager calculates the payment rule P X N (B) ∈ RN , whose entries Pj X N (B)


∗
∗
represent the revenue (if Pj X N (B) ≥ 0) or payment (if Pj X N (B) ≤ 0) of each prosumer

∗
∗
j ∈ N . The outcomes of this mechanism are represented by the pair X N (B) , P X N (B)
associated to the revealed preferences B.
The proposed consumer-centric mechanism must take into consideration the physical and economic
characteristics of the prosumers through their bids B. Additionally, the outcomes of the proposed

∗
∗
mechanism X N (B) , P X N (B) must guarantee certain desirable properties in order to
ensure cooperation among the prosumers. These properties are introduced in the subsection below.
Additionally, the structure of the bids B, the energy management problem of the community

∗
manager, and the form of the payment rule P X N (B) will be detailed in Section 6.2.

6.1.2

Desirable properties for community-based mechanisms

The central question that must be addressed when designing a mechanism, is how the proposed
rules and institutions impact the interactions among the agents. In other words, what properties
should the proposed mechanism satisfy? We describe below a number of desirable properties in
the context of the proposed community-based mechanism with decentralized information.
As by design the proposed mechanism seeks to maximize the social welfare of the energy community,
it should satisfy the fundamental efficiency property1 , which ensures that the outcomes of the
mechanism maximize the social welfare of the agents, and no agent desires to unilaterally deviate
from it. This property is essential to guarantee that the community as a whole, benefits from
cooperating. Furthermore, the true social welfare of the community is maximized in case the agents
are truthful, i.e., reveal their true preferences. As the agents hold private information on their true
preferences, designing a mechanism that incentivizes the agents to be truthful is a major challenge
for the community manager. Such property is referred to as incentive compatibility. In addition to
these properties, the community manager seeks to derive payments that guarantee that it does
not incur any financial loss. This property of mechanism design is referred to as revenue adequacy.
In particular, budget balance is a stronger property that requires that the community manager has
neither financial deficit nor financial excess. The budget balance property is particularly important in
this context as it guarantees that the energy manager is non-profit. The aforementioned properties
have been discussed in detail in Chapter 5.
Furthermore, in order to ensure social acceptance, a consumer-centric mechanism should ensure
that all agents are willing to participate in the proposed mechanism and satisfied with its outcomes.
From the perspective of the individual agents, this can be translated by the following three
properties. First, no agent should incur financial losses when participating in the mechanism.
In other words, this cost recovery property states that the utility of all agents should be positive
when participating in the mechanism. A slightly more refined condition to ensure voluntary
1 Note

that the concept of efficiency is defined with respect to the revealed preferences rather than the true preferences.

78

CHAPTER 6. CONSUMER-CENTRIC MECHANISMS

participation in the mechanism, referred to as individual rationality, states that the utility of all
agents when participating in the mechanism should be equal to or greater than the one they would
earn by dropping out of the mechanism. This property ensures that each individual agent benefits
from participating in the proposed mechanism. This is a fundamental property to ensure that the
agents are willing to join the community and to cooperate. However, it is not sufficient to ensure
that all agents are satisfied with the outcomes of the mechanism. For that purpose, an essential
property, referred to as group rationality, requires that no subgroup of agents should benefit from
jointly splitting from the community.
A mechanism satisfying these properties ensures that the private utilities of the agents are aggregated
to achieve a social choice. In the context of the proposed community-based mechanism, these
properties incentivize prosumers to collaborate to maximize the social welfare of the community.
However, a fundamental result of mechanism design states that no mechanism with decentralized
information can guarantee simultaneously efficiency, incentive compatibility, revenue adequacy,
cost recovery and group rationality [199, 200, 212]. Thus, a major design challenge that is addressed
in this chapter is to find the links and the trade-off between these properties.

6.1.3

Game-theoretical analysis of mechanism properties

Analyzing the properties of a given mechanism requires modeling the outcomes of this mechanism,
as well as the behavior of the agents and the interactions between them. The literature on
mechanism design relies on cooperative and non-cooperative game-theoretical tools to do so.
The main distinction between cooperative and non-cooperative game theory is in the modeling
technique that is used. Non-cooperative game theory provides an explicit model of the behavior and
interactions among the agents, whereas cooperative game theory provides an abstract representation
of the agents through the outcomes and payoffs that they can reach. Although cooperative and
non-cooperative game-theoretical tools rely on different modeling techniques, they are both used
to answer the same central question, i.e., what is the impact of the institutions and rules imposed
by a mechanism on the behavior and interactions among the agents. Therefore, this section
revisits the properties introduced in Section 6.1.2 under both cooperative and non-cooperative
game-theoretical frameworks.
Cooperative game theory
The starting point of a cooperative game-theoretical analysis of a mechanism is to define the value
v S (B) with respect to the revealed preferences B, which can be achieved by forming a coalition
of agents S ∈ 2N . In particular, in the community-based mechanism considered, the value of a
coalition is defined as the increase in social welfare, compared to the case where all agents in
the coalition optimize their energy management strategy alone. The coalitional game form of
a mechanism is defined by the pair (N , v (B)), where N is the grand-coalition of all agents and
v (B) : 2N → R+ is a super-additive function.
Definition 5 (Coalitional game form). The pair (N , v (B)), defines a cooperative game if and only if
v (B) satisfies
1. v ∅ (B) = 0, and
2. super-additivity: for any coalitions S ∈ 2N , V ∈ 2N , such that S ∩ V = ∅, v S (B) + v V (B) ≤
v S∪V (B).
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Super-additivity implies that the value of any coalition cannot be improved by splitting it into
smaller coalitions. In practice, this guarantees that overall it is beneficial to form the grand-coalition
N , rather than collaborating in smaller coalitions S ∈ 2N , or standing alone. However, it does not
guarantee that all agents benefit individually from joining the grand-coalition, and are satisfied
with the outcomes of the proposed mechanism.
This raises the issue of a fair redistribution of this value through the design of an allocation


∗
∗
mechanism2 π X N (B) ∈ RN , whose entries πj X N (B) represent the share of the value
v N (B) allocated to an agent j ∈ N . Various definitions of fairness in mechanism design have been
used in the literature. In this thesis, it is used in the sense of an allocation mechanism that ensures
that all agents are voluntarily participating in this mechanism and satisfied with the outcomes.
Reference [79] links the social acceptance of a consumer-centric mechanism to these properties,
using behavioral economy theory.
In this cooperative game-theoretical framework, the budget balance property of the proposed
community-based mechanism rewrites

X 
∗
πj X N (B) = v N (B) ,

(6.1)

j∈N

and is commonly referred to as the efficiency3 of the allocation mechanism. This ensures that the
entire value of the coalition, i.e., the increase in social welfare, is allocated to the agents. Similarly,
in this game-theoretical framework, the individual rationality property can be formulated as

∗
πj X N (B) ≥ v {j} (B) = 0, ∀j ∈ N . This formulation guarantees that the allocation that each
agent receives when participating in the mechanism is greater than or equal to its value when
standing alone.

∗
The satisfaction of the agents and coalitions S ∈ 2N with respect to an allocation π X N (B) can


P
∗
∗
be measured by the excesses S π X N (B) = v S (B) − j∈S πj X N (B) , ∀S ∈ 2N \ {N , ∅}.
By construction, the excess of the grand-coalition or an empty coalition would be equal to zero
for any efficient allocation, but this is not necessarily true for other coalitions S ∈ 2N \ {N , ∅}. In

∗
fact, if S π X N (B) > 0, the agents in the coalition S can achieve higher profits by breaking
off from the grand-coalition N . In that context, a cooperative game-theoretical interpretation of
the group rationality property is the set of allocations that guarantee non-positive excesses for
all coalitions S ∈ 2N \ {N , ∅}. Let us define the revealed core C (N , v (B)) of the cooperative game
N , v (B) as the set of efficient allocation mechanisms that respect group rationality, i.e., such that
Definition 6 (Revealed core). The revealed core C (N , v (B)) of a cooperative game is defined with respect
to the revealed preferences B as the set of efficient allocations such that no coalition S ∈ 2N \ {N , ∅}


N
∗
∗
has a positive excess with respect, i.e., C (N , v (B)) = {π X N (B) ∈ R2 | (6.1), S (π X N (B) ) ≤
0,

∀S ∈ 2N \ {N , ∅}}.

This property indeed guarantees that all agents are satisfied with the outcomes of the mechanism and
that the grand-coalition N is stable. Thus, a so-called core-selecting mechanism that systematically
selects an allocation that is in the revealed core of the cooperative game is considered fair by the
agents participating in this mechanism, and is referred to as a stabilizing mechanism [213].
2 The allocation mechanism of a cooperative game can be directly expressed as a function of the payment rule of the
corresponding mechanism. Therefore, the notions of allocation and payment, though different, can be equivalently used to
describe the outcomes of a mechanism and its properties.
3 This cooperative game-theoretical concept which refers to an allocation mechanism should not be confused with the
fundamental property of efficiency which refers to a mechanism.
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Definition 7 (Core-selecting mechanism). A core-selecting mechanism selects a dispatch X N (B), and

∗
an allocation π X N (B) in the revealed core C (N , v (B)) of the cooperative game (N , v (B)).
Note that, the main concepts of cooperative game theory are defined with respect to the revealed
preferences B. However, cooperative game-theoretical tools do not provide an explicit model of
the decisions of individual agents. Therefore, non-cooperative game theory can expand the scope
of this analysis and provide a framework to study the incentive compatibility of the proposed
mechanism.
Non-cooperative game theory
Non-cooperative game theory provides tools to analyze the decisions of agents and their interactions,
within a given mechanism. In a game-theoretical framework, the vector of revealed preferences
Bj of any agent j ∈ N is also referred to as its strategy. The most commonly used concept in
non-cooperative game theory is the Nash equilibrium, which guarantees that the strategy Bj of
each agent j ∈ N is optimal with respect to the strategies B−j of the other agents k ∈ N \ {j}, i.e.,
no agent can benefit from unilaterally deviating from the equilibrium outcome [214]. Therefore,
the efficiency property introduced in Section 6.1.2 can be interpreted as the existence of a Nash
equilibrium that coincides with the maximum social welfare, i.e., a Pareto efficient Nash equilibrium.
A stronger concept is the dominant-strategy equilibrium, which guarantees that the strategy of
each agent is optimal, regardless of the strategies of the other agents. The strongest degree of
incentive compatibility referred to as dominant-strategy incentive compatibility states that there exists
a truth-revealing dominant-strategy equilibrium. In other words, this guarantees that no agent can
benefit from manipulating the outcomes of the mechanism by misreporting its true preferences.
Link between stability, efficiency, and incentive compatibility
The notion of revealed core in cooperative game theory has a clear interpretation in non-cooperative
game theory and equilibrium. Indeed, [215] shows that a core-selecting mechanism is coalition-proof,
in the sense that it prevents shill bidding, i.e., bidding under multiple identities, and collusion. In
other words, the notion of revealed core is directly linked to the coalition-proof Nash equilibrium
concept introduced in [216, 217], which ensures that a Nash equilibrium is immune not only to
individual deviations but also to self-enforcing coalitional deviations.
Furthermore, while it is known that there exists no dominant-strategy incentive-compatible,
efficient, and stabilizing mechanism [212], [213] investigates the trade-off between these three
properties by introducing a weaker version of the dominant-strategy incentive compatibility
property, called incentive-optimality, which minimizes incentives to deviate from a truth-revealing
strategy.
Definition 8 (Incentive profile). The incentive profile µπ (B) ∈ RN of a core-selecting mechanism

∗
∗
X N (B) , π X N (B) at the revealed preferences B, defines the maximum
each agent j ∈ N

 gain for
from unilaterally deviating from this strategy, i.e., µπj (B) = supB̂j πj X N

∗

B̂j , B−j

,

∀j ∈ N .

Definition 9 (Incentive optimality). A core-selecting mechanism (X, p) provides optimal incentives at
the revealed preferences B if there exists no other core-selecting mechanism (X, p̂) that has a lower incentive
profile at B, i.e., such that µπ̂j (B) ≤ µπj (B) ,

∀j ∈ N , with a strict inequality for at least one agent

j ∈ N . In particular, a core-selecting mechanism is incentive-optimal if it provides optimal incentives at
any revealed preferences B.
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A fundamental theorem introduced by [213] states that a core-selecting mechanism is incentive
∗
optimal if and only if for any revealed preferences B it chooses an allocation π X N (B) that
is Pareto efficient for the individual agents. In other words, if there is no other allocation in the

∗
revealed core π̂ (B) ∈ C (N , v (B)) that dominates it, i.e., such that π̂j (B) ≥ πj X N (B) , ∀j ∈ N
with strict inequality for at least one prosumer.

6.2

Proposed community-based mechanism for energy management in heat
and electricity systems

In the proposed community-based mechanism, a group of prosumers can pool their heat and
electricity production and consumption, and coordinate their participation in heat and electricity
wholesale markets, over each hour of the following day. This section introduces the different
steps of the proposed mechanism. First, the individual agents, i.e., prosumers in the community,
and their private information are described. We then introduce the mathematical formulation
of the optimal energy management problem solved by the community manager, based on the
revealed information on the preferences of the agents. Finally, different payment rules and
allocation mechanisms are presented. For brevity, this section introduces a compact form of these
models. The mathematical models representing the operating constraints of the prosumers, and
the optimization problem of the community manager are detailed in [Paper D].

6.2.1

Model of individual agents with private information

Individual agents participating in the proposed mechanism are prosumers at the interface between
heat and electricity systems. As illustrated in Figure 6.2, for each prosumer j ∈ N , we can
distinguish four main types of variable loads over all hours t ∈ T of the day, namely space
heating, domestic hot water consumption, electricity consumption of Heat Pumps (HPs), and
other electrical appliances. In order to model the flexibility of space heating loads, the temperature
dynamics of the buildings are represented through a set of linear equations detailed in [Paper D]
[218]. The utility derived from space heating is defined with respect to a vector of temperature
up

∈ RT+×1 preferences. It can
comfort level Tjset ∈ RT ×1 and flexibility range uj ∈ RT+×1 , udown
j
be supplied by district heating, electricity (via HPs), or heat storage tanks. By modeling and
exploiting the synergies between different types of loads and energy carriers, prosumers induce a
soft coordination between heat and electricity systems.
At each hour of the following day, these loads may be supplied by heat and electricity exchanged
with the grids or within the community, as well as by production from thermal generation,
renewable energy, HPs, or storage units, as illustrated in Figure 6.2. These represent the space
of decision variables of each prosumer in the community. Furthermore, a set of state variables,
including the state of charge of heat and electricity storage units, the temperatures of the buildings,
and upward and downward deviations from indoor temperature comfort levels at each hour of
the following day, represents the state of the prosumer and may influence its utility. This set of
variables for all prosumers in the community j ∈ N and over all hours t ∈ T of the day is denoted
by the matrix X = [X1 , ..., XN ] ∈ RK2 ×N , where each column Xj ∈ RK2 ×1 represents the decision
and state variables of a prosumer j ∈ N over all hours t ∈ T of the day.
Each prosumer j ∈ N holds private information that represents its load utilities and production
costs, for all hours t ∈ T of the day, and the thermal characteristics of its building and the assets
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Figure 6.2: Detailed model of an individual prosumer in the energy community.

it owns. This set of true private preferences is denoted by B̃j ∈ RK1 ×1 . Prosumers are rational
and self-interested, i.e., seeking to maximize their individual utilities, through their interactions
with the rest of the community within the institutions of the proposed mechanism. For that, each
prosumer j ∈ N submits bids to the community manager representing its revealed preferences,
also referred to as strategy, and denoted by Bj ∈ RK1 ×1 . The structure of the bids Bj ∈ RK1 X1
impacts how the prosumers can represent and communicate their preferences. As outlined in [66],
adequate bid formats must represent the physical and economic characteristics of non-conventional
flexibility assets, such as prosumers at the interface between heat and electricity systems. Therefore,
in this community-based mechanism, the economic characteristics of the prosumers are represented
by a matrix Qc = [Qc1 , ..., QcN ] ∈ RK4 ×N , whose columns Qcj ∈ RK4 ×1 represent the vectors of
variable load utilities and production costs of a prosumer j ∈ N over all hours t ∈ T of the day.
Additionally, the technical characteristics of the prosumers are represented by the set of matrices
(0)

Q(0) ∈ RK3 ×N and Q(1) ∈ RK2 ×N , whose columns Qj

(1)

∈ RK3 ×1 and Qj

∈ RK2 ×1 represent the

vectors of technical parameters of a prosumer over all hours of the day. For notational simplicity,
the dimensions K3 and K4 represent the lengths of the vectors of preferences of the prosumers
over all hours of the day, such that K1 = K2 + K3 + K4 . These matrices can be derived from the
compact and detailed expressions of the energy management problem, which are presented in
[Paper D]. Contrary to basic price-quantity bids, this generalized bid format allows the prosumers
to model their cross-carrier flexibility and the synergies between different types of loads by a
combination of linear constraints. This approach is similar to the generalized price-region bid
format introduced in Chapter 5. These matrices and their dimensions are detailed in [Paper D].
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Energy management problem
∗

The community manager chooses the optimal energy dispatch X N (B) that maximizes the social
welfare of the community with respect to the submitted bids B. The linear objective function of the
energy management problem is denoted by H (X, Qc ). This objective function is separable, with

respect to each prosumer j ∈ N . Additionally, we can differentiate the components Fj Xj , Qcj
of the objective function which depend on the bids Qcj of the prosumers, representing the load
utilities minus production costs, and the additional revenue Gj (Xj ) from exchanges with the grids.
As a result, the social welfare of the community can be expressed as
H (X, Qc ) =

X

 X

Hj Xj , Qcj =
Fj Xj , Qcj + Gj (Xj ) .

j∈N

(6.2)

j∈N

The community manager ensures that heat and electricity consumption and production are
balanced, by enforcing the following constraints
f E 1N ×1 = 0T ×1

(6.3a)

f H 1N ×1 = 0T ×1 ,

(6.3b)

where the matrices f E ∈ RT ×N and f H ∈ RT ×N represent the electricity and heat exchanges,
respectively, within the community. The feasible space of any coalition of prosumers S ∈ 2N with
respect to the submitted bids B is represented by a set of linear equations
n


o
S
ΩS (B) = X ∈ RK2 ×N | (6.3a) − (6.3b), Q(2) X ◦ Q(1) ≤ Q(0) ,

(6.4)

where ◦ represents the Hadamard product, and the matrix Q(2) ∈ RK3 ×K2 represents the shape
of the operating constraints defined by the community manager. Additionally, the matrix Q(0)
S

(0)

S

(0)

S
indexed by the coalition S ∈ 2N is defined as Q(0) = [Q1 δ1S , ..., QN δN
], where the Dirac delta
(0)

function δjS ensures that the column Qj

S

= 0K2 ×1 for any prosumer j ∈
/ S. Note that, this feasible

set is non-empty, because 0K2 ×T is always feasible, and compact, because it includes upper and
lower bounds on all the variables. A feasible solution with respect to the revealed preferences
B is denoted by X S (B) ∈ ΩS (B). In particular, this definition of the feasible set of a coalition
guarantees that a feasible solution XjS (B) for any prosumer j ∈
/ S is fixed to zero.
The energy management problem of any coalition S ∈ 2N with respect to the revealed preferences
B can be expressed as the following linear program
max H (X, Qc ) .
X∈ΩS (B)

(6.5)

This optimization problem has a linear objective function and is defined on a convex, non-empty,

∗
and compact feasible set, hence it attains a global optimum θS (B) = H X S (B) , Qc at an optimal
solution
∗

X S (B) ∈ arg max H (X, Qc ) .
X∈ΩS (B)

(6.6)

∗

Note that an optimal solution X S (B) of (6.5) and the optimal value θS (B) are dependent on the
bids of the prosumers in the coalition. In particular, the individual energy management problem is
a special case of (6.5) for the coalition S = {j}. The individual problem represents a base-case that
we use for comparison purposes against the coalitional energy management problem.
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In the proposed mechanism, the value v S (B) of a coalition S ∈ 2N with respect to the revealed
preferences B is defined as the increase in social welfare by joining the coalition, such that
X
v S (B) = θS (B) −
θ{j} (B) .
j∈S

(6.7)

The revealed utility of a prosumer j ∈ N in this mechanism, which is defined as the utility with
∗

respect to its revealed preferences Bj evaluated at the outcomes X N (B), can be formulated as








∗
∗
∗
∗
uj X N (B) , B = Pj X N (B) + Fj XjN (B) , Qcj = πj X N (B) + θ{j} (B) , ∀j ∈ N .
(6.8)
By opposition, the true utility uj X

N∗

(B) , B̃j , B−j



of a prosumer is defined as the utility with
∗

respect to its true preferences B̃j evaluated at the outcomes X N (B). This highlights the direct
relationship between the payment rule of a mechanism and the allocation mechanism of the
coalitional game form associated with this mechanism. As a result, the outcomes of the proposed
mechanism with respect to the revealed preferences B can equivalently be given by the pair of

∗
∗
optimal dispatch and payment rule X N (B) , P X N (B) , or optimal dispatch and allocation

∗
∗
mechanism X N (B) , π X N (B) .

6.2.3

Payment rules and allocation mechanisms

This section introduces different types of payment rules and allocation mechanisms that are commonly used in mechanism design. The properties of the proposed community-based mechanism
associated with these payments and allocation mechanisms will be studied in Section 6.3.
Uniform pricing
In the energy management problem (6.5), prosumers exchange heat and electricity within the
community. Thus, by analogy with wholesale electricity markets, a payment rule that can be
implemented to remunerate exchanges within the community is based on uniform pricing. The
revenues of each prosumer from exchanges within the community and with the grids are defined
as

  N∗
> N ∗
 N∗
> N ∗
∗
∗
Pjλ XjN (B) , λN (B) = λE (B) fjE (B) + λH (B) fjH (B)


∗
+ Gj XjN (B) , ∀j ∈ N ,
where f E

N∗

(B) and f E

N∗

(6.9)

(B) represent the values of electricity and heat exchanges within the
∗

N
community,h at an optimal solution
i X (B) of (6.5). Additionally, the vector of uniform prices
∗
N∗
N∗
λN (B) = λE (B) , λH (B) ∈ R2T represents the optimal value of the dual variables of

(6.5) associated with the balance equations (6.3a) and (6.3b) associated with the optimal solution
∗

X N (B). Note that the value of both the primal and dual variables at optimality are dependent on
the submitted bids B.
Vickrey-Clarke-Groves (VCG)
Another payment rule that has recently received increasing interest in the literature on electricity
markets is the Vickrey-Clarke-Groves (VCG) payment rule with the Clarke pivot rule [219–222].
The revenue of each prosumer with this payment rule is defined as



 

∗
∗
PjVCG X N (B) = −Fj XjN (B) , Qcj + θN (B) − θN \{j} (B) ,

∀j ∈ N .

(6.10)

This payment rule represents the marginal contribution of each prosumer to the social welfare of
the community.
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Shapley value
An allocation mechanism commonly used in cooperative game theory is the Shapley value, where
each prosumer receives an allocation



X (|S| − 1)! (N − |S|)! 
∗
πjs X N (B) =
v S (B) − v S\{j} (B) δjS ,
N!
N

∀j ∈ N .

(6.11)

S∈2

Note that the sum of the coefficients in the left-hand side of (6.11) is equal to one, i.e.,
X (|S| − 1)! (N − |S|)!
δjS = 1.
N
!
N

(6.12)

S∈2

Therefore, this allocation mechanism associates to each prosumer j ∈ N its average marginal
contribution to the values of all coalitions S ∈ 2N . It is worth mentioning that the payment rule
based on Shapley value requires computing the outcomes of the mechanism over all the coalitions
in the community, which is computationally intensive.
Nucleolus
Finally, a well-known allocation mechanism in cooperative game theory is the nucleolus allocation

∗
π n X N (B) ∈ RN ×1 , which is defined as the efficient allocation that minimizes the dissatisfaction
of the prosumers with respect to the revealed information B. In other words, the nucleolus is
defined as the lexicographical maximum of the vector of excesses  (.) over all efficient allocations,
i.e.,
 

∗
S π n X N (B) ≤ S (π̃ (B)) ,

∀π̃ (B) ,

∀S ∈ 2N \ {N , ∅}.

(6.13)

The nucleolus allocation of a cooperative game always exists and is unique [223]. However, its

computation requires solving a sequence of O 2N linear programs, which is computationally
intensive.

6.3

Properties of proposed community-based mechanism

This section analyzes the properties of the proposed community-based mechanism along with
different payment rules and allocation mechanisms. We first demonstrate the super-additivity of
the value function associated with the proposed mechanism. This property guarantees the benefits
of cooperation for the community as a whole. We then demonstrate the existence of stabilizing
allocations for the proposed mechanism, which ensures that individual prosumers are willing to
participate in the proposed mechanism and satisfied with its outcomes. In addition, we show
that a trade-off between efficiency, incentive compatibility and stability can be achieved in this
mechanism. We then discuss the properties of specific payment rules and allocation mechanisms
in the proposed community-based mechanism. In particular, we demonstrate the stability of the
uniform pricing payment rule under the assumption of perfect competition. The proofs of these
novel properties are provided in [Paper D]. For the sake of self-containment, other well-known
properties are also mentioned.
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Value of cooperation and stability

It results directly from the definition of the value function in (6.7) that v {i} (B) = v ∅ (B) = 0 ∀j ∈ N .
In order to define the pair (N , v (B)) as a coalitional game form, the value function must be
super-additive.
Proposition 6. The value function v S (B) defined in (6.7) is super-additive, and the pair (N , v (B)) defines
a coalitional game form associated with the proposed community-based mechanism.
The proof of Proposition 6 is provided in [Paper D]. This property guarantees that there is a benefit
in cooperating and forming the grand-coalition N .
Despite this, it is common for practical cooperative games to have an empty core. The notion of
balanced game is essential in cooperative game theory, as a cooperative game has a non-empty core
if and only if it is balanced [80]. The interested reader is referred to [36] for a formal definition of
balancedness. An interesting property of the proposed community-based mechanism is that, for
any revealed preferences B, the cooperative game defined by the pair (N , v (B)) is balanced, and
thus has a non-empty revealed core.
Proposition 7. For any preferences B, the cooperative game defined by the pair (N , v (B)) defined is
balanced.
The proof of Proposition 7 is provided in [Paper D]. As a result of this proposition, there exists

∗
∗
a core-selecting mechanism X N (B) , π X N (B) that redistributes the value of the energy
community among the agents in a fair way, with respect to the revealed preferences B.
Furthermore, the outcomes of the energy management problem (6.5) maximize the social welfare of
the community with respect to the revealed preferences B. In order to guarantee that the true social
welfare of the energy community is maximized, an allocation mechanism should provide incentives
for agents to bid truthfully. Hence, the issue of modeling the behavior of the producers is central.
[Paper D] demonstrates an important linkage between the stability and incentive compatibility
properties of the proposed cooperative game.
∗

∗

Proposition 8. Any core-selecting mechanism X N (B) , π X N (B)



of the cooperative game (N , v (B))

defined in (6.7) is bidder optimal.
This property ensures that a core-selecting mechanism for the cooperative game (6.7) selects an
allocation that is Pareto efficient for the agents, and maximizes the incentives for the agents to
bid truthfully [213]. This property directly arises from the structure of the energy procurement
problem and the expression of the efficient allocation property in (6.1).

6.3.2

Redistribution of the value: comparison of payment rules and allocation
mechanisms

Uniform pricing
The literature on the properties of uniform pricing is profuse and has been discussed in Chapter 5.
In particular, the balance equations in (6.3a) and (6.3b) ensure budget balance for the community
manager [194]. Additionally, this payment rule has been proved to guarantee cost recovery
for each agent [194, 224]. However, as discussed in Chapter 5, the proposed mechanism with
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uniform pricing is not efficient and incentive-compatible in the general case. It is known that in
order to maintain efficiency and incentive compatibility, perfect competition must be assumed
[180, 205, 206].
In addition, we demonstrate in [Paper D] that under the assumption of perfect competition this
allocation mechanism is a core-selecting mechanism.
Proposition 9. Under the assumption of perfect competition, the payment rule P λ based on uniform
pricing is a core-selecting mechanism.
Hence, under the assumption of perfect competition, this allocation mechanism is stabilizing.
However, the assumption of perfect competition is seldom verified in practice [225, 226], and is
not realistic for energy communities with a limited number of agents [199].
VCG
The main appeal of the VCG mechanism is that it is dominant-strategy incentive-compatible and
efficient [30, 196, 197, 215, 227–229]. Furthermore, it directly results from the super-additivity of
the value function that this payment rule ensures individual rationality.
However, a major limitation of this payment rule is that revenue adequacy is not guaranteed, i.e.,
the community manager may incur financial losses [230, 231]. Additionally, group rationality is
not guaranteed in the general case. As a result, this payment rule is not stabilizing. In fact, [215]
shows that the VCG allocation mechanism is in the revealed core of a game if and only if the
objective value θN (B) of this game is submodular, i.e., has decreasing differences, which does not
apply to the proposed community-based mechanism. The shortcomings of the VCG mechanism
are explained in detail in [196, 231].
Shapley value
By construction, the Shapley value guarantees individual rationality4 for each agent and budget
balance for the community manager. Furthermore, the Shapley value is the only budget-balanced
allocation that satisfies the following desirable properties [36, 232]:
1. Symmetry: two agents with the same contribution to any coalition are attributed the same
allocation.
2. Dummy axiom: an agent that does not improve any coalition is attributed an allocation
equal to zero.
3. Additivity: by remodeling two different cooperative games as a single game, the agents
allocations are the sum of their allocations under the two separate games.
4. Strong monotonicity: the allocations only depend on the marginal contributions of the
agents, and this dependency is monotone.
Due to these desirable properties, the Shapley value is often used in the literature as a benchmark
to define the fairness of an underlying allocation. Despite this, there is no guarantee that the
Shapley value is in the revealed core of a cooperative game, even if when this set is non-empty. In
the case of the proposed community-based mechanism, the case study in Section 6.4 shows that
the Shapley value is not in the core of the cooperative game.
4 This

directly results from the super additivity of the value function.

88

CHAPTER 6. CONSUMER-CENTRIC MECHANISMS

Nucleolus
The main advantage of this allocation mechanism is that it is always in the core of a cooperative
game if the core is non-empty, i.e., if the game is balanced. As the nucleolus allocation defines
a core-selecting mechanism, it is a coalition-proof mechanism [215]. Furthermore, Proposition
8 guarantees that it is an incentive-optimal mechanism. This property limits the benefits that
prosumers can derive by deviating from truthful bidding. Additionally, it is practically hard for a
prosumer to form a strategy that can impact the excess over all coalitions, which is the basis of the
proposed mechanism. Hence, the nucleolus allocation mechanism is defined in such a way that
makes it practically difficult for agents to deviate from a truth-telling strategy.
Furthermore, the nucleolus allocation satisfies the symmetry and dummy axiom, but not the strong
monotonicity property [233]. In fact, no core-selecting mechanism can achieve strong monotonicity
in the general case [232]. This is a disadvantage for this mechanism by comparison to the Shapley

value. Moreover, computing the nucleolus allocation requires solving O 2N linear problems,
which limits its applicability in large-scale communities.

6.4

Numerical example: Impact of proposed mechanism and payment rules

In this section, the concepts and properties previously introduced are illustrated through a simple
case study. This illustrative example shows in practice the value that can be achieved by a group
of prosumers through cooperation and discusses briefly how this value arises from the synergies
between different types of loads. Furthermore, this case study highlights the impact of each
allocation mechanism on different types of prosumers, in terms of revenues and satisfaction. This
case study setup and the results introduced in this section are detailed in [Paper D].

6.4.1

Individuals in the community

We consider an energy community with four prosumers, namely Christos, Anna, Vladimir, and
Andrea. These prosumers wish to design a community-based mechanism to exchange their
local energy production and coordinate their energy procurement from the grid. The two main
challenges to motivate these prosumers to join the community are to demonstrate the value of
cooperating and redistribute fairly the value created.
In this community, each prosumer has a different type of energy usage and flexibility, as gathered
in Table 6.1. Christos owns an electricity storage and rooftop solar panels, which production is
assumed perfectly known, and at a zero marginal cost. Anna provides cross-carrier flexibility
via an HP and owns a heat storage. Vladimir and Andrea have neither production units nor
storage. However, Andrea has flexible indoor temperatures whereas Vladimir. In this case study,
we model an asymmetric utility function for the deviations from the indoor temperature set-point,
i.e., downward deviations are more penalized than upward deviations. Moreover, for simplicity,
solely space heating loads and electricity consumption of HPs are assumed flexible. The electricity
consumption of other electrical appliances and domestic hot water loads is considered inelastic
and perfectly known for all prosumers.
These prosumers can exchange heat and electricity within the community, and with the grid. The
import and export prices with the grid are modeled as hourly tariffs, of which the import price is
systematically higher than the selling price in order to account for grid tariffs. Heat and electricity

6.4. NUMERICAL EXAMPLE

89

Table 6.1: Flexible assets and loads of prosumers in the community.
Solar panel
Electricity storage
Heat storage
Heat pump
Electrical appliances
Domestic hot water
Space heating load

Christos
Yes
Yes
No
No
Inelastic
Inelastic
Elastic

Anna
No
No
Yes
Yes
Inelastic
Inelastic
Elastic

Vladimir
No
No
No
No
Inelastic
Inelastic
Inelastic

Andrea
No
No
No
No
Inelastic
Inelastic
Elastic

export prices are proportional to the import prices, with a coefficient of 0.9, in order to reflect the
effect of grid tariffs on end-users.
For the sake of clarity and simplicity, we assume that the prosumers reveal their true preferences
(though this is a dominant strategy under the VCG mechanism). Based on the true preferences
of the prosumers, we solve the individual and community-based energy procurement problems
for all hours of the following day. The results of this case study illustrate the impact of the
community-based dispatch, and the different payment rules and allocation mechanisms on all four
prosumers.

6.4.2

Value of cooperation

In this section, the impact of the community-based dispatch on the community as a whole. The
community-based dispatch is compared to the individual dispatch, in which each prosumer
optimizes its energy procurement from the grids on its own. The difference in social welfare of
the community between these two cases represents the value of cooperating as defined in (6.7).
As reported in Table 6.2, the social welfare of the community is increased by 0.88EUR, i.e., 93%,
compared to the individual case. This represents the value of cooperating for the community as a
whole. This is achieved by exploiting the synergies between the prosumers and different types
of loads. In particular, during the day, the community-based mechanism is able to exploit the
synergies between the cross-carrier flexibility offered by the heat pump belonging to Anna, and
the excess electricity production from solar panels belonging to Christos. Additionally, during the
night and evening, when electricity prices are low and heat demand is high, the community-based
mechanism is able to exploit the temperature flexibility of the prosumers, due to the heat pump
belonging to Anna. These sources of flexibility and their synergies are under-utilized in the
individual case.
Table 6.2: Absolute and relative difference in social welfare between the individual and communitybased cases (in EUR, and %). The value of cooperation is calculated as the absolute difference in
social welfare.
Individual
Community-based

Social welfare
−0.95EUR
−0.07EUR

Value of cooperation
−
+0.88EUR

Relative difference
−
+93%
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Payment rules and allocation mechanisms

This section discusses the impact of the different allocation mechanisms on individual agents.
Table 6.3 summarizes how the different allocation mechanisms redistribute the increase in social
welfare among the four prosumers. As expected, the Shapley value, nucleolus, and uniform pricing
mechanisms are efficient allocations, i.e., they are budget-balanced. However, the VCG mechanism
incurs losses for the community manager, as the total allocation attributed to the prosumers
exceeds the value of the community. This is a significant shortcoming for this mechanism, and an
ex-post redistribution is required [230]. Furthermore, the four allocation mechanisms considered
are individually rational in this example, i.e., the allocations to all prosumers are positive. This
guarantees that the prosumers are willingly participating in the proposed mechanisms.
Table 6.3: Value of the community, and allocation of this value attributed to each prosumer in the
community (in EUR), with different allocation mechanisms.
Uniform pricing
VCG
Shapley value
Nucleolus

Christos
0.15
0.19
0.17
0.11

Anna
0.64
0.71
0.53
0.69

Vladimir
0.01
0.01
0.07
0.01

Andrea
0.08
0.08
0.11
0.07

Value of community
0.88
0.88
0.88
0.88

Furthermore, the added value of each prosumer in the community can be analyzed through their
marginal contributions to all coalitions. In this case study, Anna is the prosumer who has the highest
marginal contribution to all coalitions. Christos has the second highest contribution, Andrea
the third, and Vladimir the fourth. As the Shapley value is strongly-monotone, the allocations
attributed to each agent monotonically follows their marginal contributions, as illustrated in Table
6.3.
In order to ensure fairness of the redistribution mechanism and satisfaction of all the prosumers,
the allocation mechanisms should be stabilizing, i.e., in the core of the cooperative game. Table 6.4
summarizes the maximum excess over all coalitions under the different allocation mechanisms.
An allocation mechanism guarantees group rationality if and only if this maximum excess is
non-positive. As expected, the nucleolus mechanism guarantees group rationality and is stabilizing.
In this example, the Shapley value is not in the core of the cooperative game because all coalitions
that contain Anna have a positive excess. Therefore, these coalitions have an incentive to split
from the energy community to increase their social welfare. Furthermore, despite guaranteeing
group rationality, the VCG mechanism is not in the core of the cooperative game because it is not
an efficient allocation.
Table 6.4: Group rationality and stability of the different payment rules and allocation mechanisms.
Maximum excess
Group rationality
Stability

(EUR)

Uniform pricing
−0.001
Yes
Yes

VCG
−0.01
Yes
No

Shapley value
0.07
No
No

Nucleolus
−0.007
Yes
Yes

The theoretical and applied contributions presented in this chapter show that it is beneficial for the
community as a whole to cooperate. However, it is known that no mechanism can satisfy stability,
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incentive compatibility, and efficiency in the general case [212]. Therefore, the four payment
rules and allocation mechanisms studied only achieve certain of these fundamental mechanism
properties. In particular, despite its computational complexity, the nucleolus allocation is the only
allocation that can guarantee stability in the general case. Furthermore, we demonstrate that it
provides an interesting trade-off between stability, incentive-optimality, and efficiency.

CHAPTER

7

Unveiling hidden information in
electricity markets
The market-based mechanisms developed in thesis have focused on improving the coordination
between heat and electricity systems by taking into consideration the physical and economic
interactions between the markets. As highlighted in Chapter 4, an electricity-aware marketclearing procedure can improve the coordination between heat and electricity systems via a
better representation of the bi-directional interactions between the markets. In practice, this
approach requires improved information exchange between heat and electricity markets, in order
to represent accurately these interactions. In particular, the heat market-clearing seeks to maximize
the social welfare in the heat system, given imperfect foresight on the supply and demand curves
in the electricity market. Despite the increasing digitalization of the energy system, access to this
information is often limited due to privacy concerns, and in an attempt to limit strategic behaviors
and market manipulation. As mentioned in [81], modeling the uncertain behavior of other market
participants, i.e., their supply and demand curves, is a valuable piece of information both for
market regulators and strategic market participants. A gap remains in the literature to reveal this
hidden information, with the exception of the inverse optimization approach proposed in [82].
However, this approach does not provide a model of the uncertainty on the supply curves, and its
applicability is quite restricted.
In order to compensate the lack of information exchange between heat and electricity markets and
to support efficient decisions in each system, this chapter tackles the issue of unveiling hidden
information in electricity markets, with a focus on the aggregate supply curve, based on observable
market data. In particular, Bayesian inference provides a natural framework to update a prior
knowledge on a hidden process, as new observations become available [56–58]. The main appeal
of this approach is that it takes advantage of observable market data and provides a flexible and
adaptive method to model the uncertainty on a hidden process.
A model of the dependencies between the hidden and observable data in electricity markets is
introduced in Section 7.1. A custom Bayesian inference algorithm based on iterative sampling and
resampling is presented in Section 7.2. The performance of the proposed algorithm is illustrated in
a simple case study presented in Section 7.3. The utilization of these results in operational models
is also discussed. The methods and results described in this chapter are detailed in [Paper E]1 .

7.1

From general framework to problem statement

This section provides a background to formulate the inference problem aiming at revealing the
hidden supply curves in electricity markets. First, a general description of a day-ahead electricity
1 For the sake of consistency through this thesis, certain notations used in this chapter do not match the notations in
[Paper E]. All notations are properly introduced in the chapter.
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market-clearing is introduced. The conditional dependencies between the hidden and observable
data in this market are then presented. This lays the background to formulate the problem in
a Bayesian inference framework, which enables us to unveil the hidden information based on
observable data.

7.1.1

A general model of electricity markets clearing

Let us consider a simplified day-ahead electricity market which solely accepts price-quantity bids
and uses a uniform pricing payment rule. Without loss of generality, we consider a single price area
in which network constraints are not modeled. As illustrated in Figure 7.1(a), market participants
j ∈ I E submit their supply or demand bids to the market operator for each hour t ∈ T of the
following day d ∈ {1, .., D}, in the form of Sj independent price-quantity bids. These bids are
represented by a combination of prices α̃j,s,d,t and quantities p̃j,s,d,t ≥ 0, for s ∈ {1, ..., Sj }. Each
market participant updates its bid from one day to the following, using a so-called introspection
process. This introspection process represents the underlying formation and dynamics of the
bidding decision of market participants. Information on the introspection process and actual bids
of individual participants is often hidden. In perfectly competitive markets, market participants
are incentivized to bid their true preferences, but strategic producers with market power can
increase their profits by deviating from truthful bidding [180, 205]. This work does not require any
assumption for the behavior of market participants.
Given these bids, the electricity market is cleared daily by choosing the optimal electricity dispatch
that maximizes the social welfare of the system. The outcomes of this market-clearing for all
hours t of a given day d are the uniform electricity prices λEd,t and the electricity dispatch pDA
j,s,d,t
defined over the bids s ∈ {1, ..., Sj } of all market participants j ∈ I E . The electricity dispatch
DA
may represent an electricity injection (p̃j,s,d,t ≥ pDA
j,s,d,t ≥ 0) or withdrawal (−p̃j,s,d,t ≤ pj,s,d,t ≤ 0).

In practice, publicly available market data may vary depending on the transparency policies of
specific market operators. For instance, in [82] it is assumed that hourly electricity prices λEd,t and
electricity dispatch pDA
j,s,d,t can be observed. This assumption is too restrictive in real life markets.
DA
However, in most markets, the uniform prices λEd,t and the total energy traded Pd,t
, defined as

DA
Pd,t

=

Sj
XX

max

j∈I E s=1



pDA
j,s,d,t , 0

=−

Sj
XX


min pDA
j,s,d,t , 0 ,

∀t ∈ T , d ∈ {1, .., D},

(7.1)

j∈I E s=1

DA
can be observed. Let us denote the vector PdDA ∈ RT , whose entries Pd,t
represent the total energy

traded at each hour t of a given day d, and the vector λEd ∈ RT , whose entries λEd,t represent
the uniform price at each hour t of a given day d. As illustrated in Figure 7.1(a), in the market


mechanism described above the vector yd = λEd , PdDA ∈ R2T of observable market data can be
interpreted as the intersection of the offered supply and demand curves over all hours t of a given
day d. Thus, although individual bids are not directly observable, the vectors of observable data
y1:D represent points of the hidden aggregate supply curve over all the days of the observation
period d ∈ {1, .., D}.

7.1.2

Model of hidden processes and conditional dependency on observable data

The main goal of this work is to reveal information on the hidden aggregate supply curve, solely
based on this observable data. Without information on the individual market participants, the
aggregate supply curve at each hour t and each day d of the observation period can be discretized
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into independent blocks s ∈ {1, ..., S} of arbitrary sizes. Each block is represented by a cost function
SCs,d,t (ps,d,t ) and arbitrary size pSC
s . As illustrated in Figure 7.1(b), a Linear Supply Function
Equilibrium (LSCE) model is used to represent each arbitrary block of the aggregate supply curve
[234], such that

SC
SC
 SC
s,d,t (ps,d,t ) = αs,d,t ps,d,t + βs,d,t
,
 0≤p
≤ pSC
s,d,t

∀s ∈ {1, ..., S}, d ∈ {1, .., D}, t ∈ T ,

(7.2)

s

SC
SC
ST
where αs,d,t
and βs,d,t
are unknown dynamic price parameters. We introduce the vectors αSC
d ∈R
SC
SC
and βdSC ∈ RST whose entries represent the price parameters αs,d,t
and βs,d,t
over all blocks s and

hours t of a specific day d. Additionally we introduce the aggregate vector of price parameters
SC
SC
2ST
λSC
. Hence, our aim is to build a model of the uncertainty upon the hidden
d = [αd , βd ] ∈ R

price parameters λSC
1:D , conditionally on the observable market outcomes y1:D over the observation
period d ∈ {1, .., D}. As illustrated in Figure 7.1(b), the observed market outcomes are points of
the aggregate supply curve (7.2).

Figure 7.1: Representation of the electricity market-clearing outcomes (a) as intersection of offered
supply and demand curves, and (b) as an observation of the LSCE model of the aggregate supply
curve.

For a given day d of the observation period, the price parameters over all generation blocks and
hours can be modeled as a random vector ΛSC
d . The dynamic price parameters of each independent
generation block are updated from one day to the following using an introspection process which
is unknown. Thus, we model the dynamic stochastic process ΛSC
1:D over the observation period
d ∈ {1, .., D} as a first-order Markov process, i.e. the probability of attaining a state λSC
d is only
SC
dependent on the previous state attained λSC
d−1 . Our prior knowledge on the hidden process Λd
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and its introspection process is summarized by the following initial density:


SC
µθ λSC
= P ΛSC
1
1 = λ1 | Θ = θ ,

(7.3)



SC
SC
SC
SC
= P ΛSC
fθ λSC
d+1 | λd
d+1 = λd+1 | Λd = λd , Θ = θ ,

(7.4)

and transition function:

where θ ∈ RK1 is a vector of unknown static parameters2 that characterizes the introspection
process over the observation period. For instance, these static parameters may reflect the true
production costs of the generation blocks or the variance of the submitted bids over the observation
period. The static parameters for this specific inference problem will be defined in Section 7.3. As
these static parameters are unknown, they are also modeled as a random vector Θ with a prior
density π(θ) = P (Θ = θ) representing our prior knowledge on them. The selection of adequate
prior densities or this specific inference problem will be discussed in Section 7.3.
SC
The realizations λSC
1:D and θ of the hidden process Λ1:D and static parameters Θ cannot be observed

directly. However, we can refine our prior knowledge through observations y1:D of the realizations
of the random vectors Y1:D over the observation period d ∈ {1, .., D}. The conditional dependency
of the observable random vectors Yd on the hidden processes ΛSC
d and static parameters Θ is
modeled through a so-called observations likelihood, such that


SC
Lθ yd | λSC
= P Yd = yd | ΛSC
d
d = λd , Θ = θ ,

∀d ∈ {1, .., D}.

(7.5)

The challenges related to providing an analytical expression of the observations likelihood in the
case of an electricity market-clearing will be addressed in detail in Section 7.2.2.
The prior densities and the observations likelihood defined represent the conditional dependencies
of the hidden and observable states in the electricity market, as schematically illustrated in Figure
7.2. This model pertains to the large class of Hidden Markov Model (HMM) [235–237]. This
provides a general background to formulate the inference problem of the hidden states and
parameters of the system.

7.1.3

Problem statement in a Bayesian inference framework

Bayesian inference provides a range of flexible tools to update the prior knowledge on the hidden
states of the electricity market, as new information is acquired through the observations of the
market outcomes [56–58]. This updated knowledge is represented by the joint posterior density of
the hidden states ΛSC
1:D and static parameters Θ conditionally on the observations Y1:D over the
observation period d ∈ {1, .., D}, such that


SC
SC
SC
pΛ1:D ,Θ λSC
1:D , θ | y1:D = P Λ1:D = λ1:D , Θ = θ | Y1:D = y1:D .

(7.6)

This posterior density is unknown. However, Bayes formula provides an expression of it as a
function of the observations likelihood and prior densities, up to a normalizing constant, such that
D

Y


SC
SC
SC
pΛ1:D ,Θ λSC
,
θ
|
y
∝
π
(θ)
µ
λ
Lθ yd | λSC
fθ λSC
.
1:D
θ
1:D
1
d
d+1 | λd

(7.7)

d=1
2 K represents the dimension of this vector in the general case. It is explicitly defined in the case study presented in
1
[Paper E].
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Figure 7.2: Graphical representation of the structure of the uncertainty in the electricity market.
Solid line edges represent the conditional dependency, or influence, of a random vector on another
one.

This formula defines the updated knowledge on the hidden states and static parameters provided
by new observations. Thus, our aim is to design an inference algorithm to estimate this posterior
density. Since exact inference methods are often computationally intractable [235, 238], we focus
on approximate inference
Inoparticular, stochastic inference methods aim at iteratively
n methods.
SC(m)
(m)
building a large sample λ1:D , Θ
for m ∈ {1, ..., M }, approximately distributed according
to the distribution of interest (7.6). The main advantage of these methods is to provide an estimate
of the distribution of interest, which we can sample from. These stochastic inference methods and
their application to our specific inference problem will be introduced in Section 7.2.

7.2

Proposed stochastic inference algorithm

In this section, we propose a novel stochastic inference algorithm targeting the joint posterior
density of the hidden states and static parameters in an electricity market-clearing, conditionally on
the observations of market outcomes. We first introduce the general concepts and existing stochastic
inference algorithms. The challenges to adapt these existing algorithms to our specific inference
problem are then addressed, and the proposed algorithm is described. Finally, computational
challenges are addressed.

7.2.1

General concepts and overview of existing stochastic inference algorithms

As previously mentioned, the aim of stochastic inference algorithms is to build a large sample,
approximately distributed according to the distribution of interest. In the following, we introduce
the general principles of two stochastic inference methods, namely Markov Chain Monte Carlo
(MCMC) algorithms [85, 87, 239] and Sequential Monte Carlo (SMC) approximations [88, 89, 240–
242]. These existing algorithms are presented in the context of our specific inference problem, and
the implementation challenges arising are highlighted.
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Markov Chain Monte Carlo (MCMC) algorithms
SC

As the joint posterior density of interest pΛ1:D ,Θ (. | y1:D ) is unknown, it is not possible to sample
directly from it. However, Bayes’ formula provides an expression of the posterior density in
function of the observations likelihood and prior density, up to a normalizing constant (7.7). In
that case, MCMC algorithms
allow us to approximate
n
o this target density by generating a correlated
sequence of samples

(m)

(m)
λSC
: m = 1, ..., M
1:D , θ

iteration m ∈ {1, ..., M } the updated states

using a Markov process. That is, at each

(m)
(m)
λSC
1:D , θ

of the Markov chain are drawn from a

transition function only depending on the previous states, such that


(m)
(m−1)
(m)
λSC
∼ f MCMC . | λSC
, θ (m−1) ,
1:D , θ
1:D

∀m ∈ {1, .., M }.

(7.8)

This transition function must be designed such that we can sample from it, and the Markov chain
3
admits the target density
as stationary distribution
n
o . As a result, after a transient phase m ≥ M0 ,
(m)

(m)
the realized states λSC
: m = M0 , ..., M
1:D , θ

of the Markov chain mimic samples drawn

from the target density.
The main challenge of MCMC algorithms is to design appropriate transition functions f MCMC (.),
especially for high dimensional target densities. The most commonly used class of MCMC
algorithms is derived from the Metropolis-Hastings algorithm [83] and the Gibbs sampler algorithm
[84] illustrated in Figure 7.3. At a given iteration m, the Gibbs sample alternatively updates the
parameters and hidden states, by sampling from their respective posterior densities4 , such that


(m−1)
θ (m) ∼ pΘ . | λSC
, y1:D
1:D


(m)
SC
λSC
∼ pΛ1:D . | y1:D , θ (m) .
1:D

Figure 7.3: Standard Gibbs sampler algorithm.

3 Sufficient
4 These

conditions on the transition function are detailed in [87].
posterior densities have a smaller dimension than the target joint posterior density.

(7.9a)
(7.9b)
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SC

By construction, this Markov chain admits the joint posterior density pΛ1:D ,Θ (. | y1:D ) as stationary
distribution. Thus, assuming that we can sample from the posterior densities in (7.9), the Gibbs
sampler algorithm iteratively builds a sequence of samples approximately distributed according to
the joint posterior density.
Sequential Monte Carlo (SMC) approximation


(m−1)
In most cases, it is easy to sample directly from the posterior density pΘ . | λSC
,
y
in
1:D
1:D
(7.9a). However, for a given value θ (m) of the static parameters, it is generally not possible to

SC
sample directly from the posterior density pΛ1:D . | y1:D , θ (m) in (7.9b). A solution described in
[86] is to approximate this posterior density, at each iteration m of the Gibbs sampler algorithm,
using a sequential Monte Carlo (SMC) algorithm.
The general principle
SMC algorithms
is to build iteratively a large cloud of equallyn behind
o
SC(i)
weighted particles λ1:D : i = 1, ..., N , approximately distributed according to the posterior

SC
density pΛ1:D . | y1:D , θ (m) [88, 89, 241, 242]. For that, the algorithm divides the task by

SC
iteratively approximating the lower-dimensional densities pΛ1:d . | y1:d , θ (m) for d ∈ {1, ..., D}.
At
given step d ∈o{1, ..., D} of the SMC algorithm, the cloud of equally-weighted particles
n a (i)
SC
λ1:d : i = 1, ..., N is considered approximately distributed according to the posterior density

(i)
ΛSC
p 1:d . | y1:d , θ (m) . Each particle λSC
is then propagated to the following step d + 1 using
1:d
an importance sampling-resampling mechanism, as illustrated in Figure 7.4 [243]. This method
(i)

consists in generating a large sample of candidates λSC
d+1 for i ∈ {1, ..., N } using an importance
function, such that


(i)
SC(i)
(m)
λSC
∼
q
.
|
λ
,
y
,
θ
,
d+1
d+1
d

∀i ∈ {1, ..., N }.

(7.10)



(i)
Each candidate is assigned a relative importance weight w λSC
d+1 , representing how well it
scored with respect to the target density, i.e.,



(i)

w λSC
d+1

∝

SC(i)

pΛ1:d



SC(i)
(i)
(m)
pΛ1:d+1 λSC
|
y
,
θ
1:d+1
1:d+1

 
,
(i)
(i)
SC(i)
(m) q λSC
λSC
, yd+1 , θ (m)
1:d | y1:d , θ
d+1 | λd

where the proportionality coefficient is a normalizing factor ensuring that

PN

i=1

(7.11)



(i)
w λSC
= 1.
d+1

Among these weighted candidates,nN equally-weightedoparticles are resampled. The resampled
(i)
cloud of equally-weighted particles λSC
1:d+1 : i = 1, ..., N is considered approximately distributed

SC
according to the posterior density pΛ1:d+1 . | y1:d+1 , θ (m) .
n
o
(i)
For a given value θ (m) , this SMC algorithm iteratively builds a large sample λSC
:
i
=
1,
...,
N
1:D

SC
approximately distributed according to the posterior density pΛ1:D . | y1:D , θ (m) . The appeal
of this algorithm is that it provides an estimator of the posterior density from which it is easy to
sample, denoted
N



SC
1 X
(m)
p̂Λ1:D λSC
|
y
,
θ
=
δλSC(i) λSC
1:D
1:D
1:D ,
N i=1 1:D

(7.12)

where δλSC(i) (.) represents the Dirac delta function, such that
1:D

δλSC(i)
1:D

λSC
1:D




 1
=
 0

(i)

SC
if λSC
1:D = λ1:D

otherwise.

(7.13)
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Figure 7.4: Step d of an SMC algorithm.

However, a naive Particle Gibbs Sampler (PGS) algorithm, combining a Gibbs sampler and the
SMC approximation described above at each iteration m of the Gibbs sampler, does not converge
towards the target density. Instead, we use a conditional SMC algorithm which generates a cloud of
(m)

particles conditionally on the reference trajectory λSC
1:D

that is ensured to survive all the sampling

and resampling steps. This conditional PGS improves the convergence of the SMC algorithm by
guiding the particles to a relevant region of the probability space, and has been proved to admit the
SC

target density pΛ1:D ,Θ (. | y1:D ) as stationary distribution [86, 244]. Furthermore, this conditional
SMC algorithm cannot be implemented as such to the specific inference problem considered.
Indeed, the main obstacles are the design of an appropriate importance sampling function (7.10),
and the computation of the importance weights (7.11). This challenge will be addressed in the
following section.

7.2.2

Application to inference of aggregate supply curves in electricity markets

This section describes how to apply the general Gibbs sampler and conditional SMC algorithms
introduced above, to our specific inference problem. The novelty of the proposed algorithm is to
introduce a simulation step in the SMC algorithm. The resulting simulation-based PGS algorithm
provides a flexible and adaptive tool to infer both the hidden states and parameters in HMMs.
Implementation challenges
As previously mentioned, a challenging step to implement efficient SMC algorithms is to design
appropriate transition functions (7.10), which we can sample from. As suggested in [86], using the
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transition function of the hidden Markov chain fθ(m) . | λSC
as importance function provides
d
satisfactory performance. As a result, the relative importance weights defined in (7.11) only depend
on the observations likelihood, such that




(i)
SC(i)
w λd+1
∝ Lθ(m) yd+1 | λSC
,
d+1

∀d ∈ {1, .., D}, i ∈ {1, ..., N }.

(7.14)

However, this approach relies on the assumption that the observations likelihood Lθ(m) (.) can be
expressed analytically and computed point-wise. As the observations in the inference problem
considered are the market outcomes, the likelihood function Lθ(m) (.) is difficult to express
analytically. Designing a very uninformative likelihood function would greatly reduce the
efficiency of the resampling step in the SMC algorithm. Thus, a custom SMC algorithm must be
developed, that can be applied to a wide class of inference problems.
Proposed simulation-based particle Gibbs sampler (PGS)
In order to avoid selecting a very uninformative observations likelihood, the novelty of the
proposed PGS algorithm relies on a simulation-based expression of the observations likelihood and
importance weights (7.14) at each resampling step of the SMC algorithm, inspired by [245, 246].
As illustrated in Figure 7.5, at each step d of the SMC algorithm, a theoretical market-clearing is
(i)

simulated taking the candidate particles λSC
as inputs. This way, the observations likelihood and
d
(i)
importance weights are defined conditionally on the simulated candidate markets outcomes yd ,
(i)

rather than the candidate particles λSC
. Additionally, power balance equations are enforced for
d
each simulated market-clearing. Hence, we can express the observations likelihood and importance
(i)

weights solely conditionally on the simulated candidate electricity prices λEd , such that






(i)
(i)
(i)
w λSC
∝ Lθ(m) yd | λSC
≈ Lθ(m) λEd | λEd
.
d
d

(7.15)

Figure 7.5: Proposed simulation-based conditional SMC algorithm.

Based on the Gibbs sampler and simulation-based conditional SMC algorithms described above, we
SC

propose a simulation-based PGS algorithm targeting the joint posterior density pΛ1:D ,Θ (. | y1:D )
by iterative sampling, as illustrated in Figure 7.6. At each iteration m of the Gibbs sampler, the static
parameters are updated using their posterior density, according to (7.9a). For the updated value
θ (m) , a simulation-based conditional SMC algorithm, with conditional sampling and resampling,
is run to approximate the posterior density of the hidden states, as described in Sections 7.2.1
(m)

SC
and 7.2.2. The updated hidden states λ1:D

are drawn from the SMC estimator defined in
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n
o
(m)
(m)
(7.12). After a transition phase m ≥ M0 , the realized states λSC
: m = M0 , .., M of
1:D , θ
this Markov process are considered approximately distributed according to the target density
(7.6). This simulation-based PGS can be adapted to a wide class of inference problems, where the
observations likelihood is hard to express analytically.

Figure 7.6: Proposed simulation-based PGS algorithm.

7.2.3

Computational issues and convergence

The main drawback of the proposed approach is its computational complexity, which greatly
depends on the dimension of the inference problem. Indeed, the Gibbs sampler is an algorithm of
linear computational complexity O(2ST + K1 ), where 2ST + K1 is the dimension of the vector
space of the hidden states λSC
1:D and static parameters θ [58]. In addition, at each iteration of the
Gibbs sampler, a simulation-based SMC approximation is run. The computational complexity
and accuracy of the SMC algorithm greatly depend on the size N of the cloud of particles. In
particular, the resampling step is a bottleneck of the SMC algorithm, but [247] proposed an efficient
resampling algorithm that takes O (N ).
Furthermore, although Gibbs sampler algorithms are guaranteed to converge asymptotically, at a
given iteration m > 1 there is no clear indication on whether they have converged. Providing tight
bounds for the convergence rate of these algorithms can be challenging, but [248–250] showed
that under mild assumptions the convergence rate is polynomial in the dimension 2ST + K1 of
the problem. As a result, a trade-off must be found between the computational complexity and
accuracy of the proposed PGS algorithm. On the one hand, increasing the length of the observation
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period, reducing the size of the arbitrary blocks of the aggregate supply curve, and increasing the
size of the cloud of particles can improve the accuracy of the proposed algorithm. On the other
hand, these parameters directly influence the dimension of the inference problem, and thus the
computational complexity of the PGS algorithm.

7.3

Numerical example: Performance of proposed algorithm

In this section, we illustrate the performance of the proposed PGS algorithm in a controlled
environment. As data on real supply curves is not available, we build the case study by
simulating market participants bids and day-ahead market-clearings over thirty days. Based on the
observations on spot prices and total electricity traded over this thirty-day observation period, we
then try to infer the aggregate supply curve of this system. The outputs of the PGS algorithm are
compared to the simulated bids in order to assess the performance of the algorithm. To conclude,
we discuss how these results can improve information exchange between heat and electricity
systems, and ultimately support market-based coordination mechanisms. The implementation of
the proposed algorithm and the results presented in this section are detailed in [Paper E].

7.3.1

Case-study setup and implementation of algorithm

We consider a modified version of the IEEE 24-bus system presented in [189], with twelve thermal
generators, and six wind farms of 200MW each. For each market participant j, we generate
SC
SC
randomly the price parameters αj,d,t
and βj,d,t
over each hour t of the thirty-day observation

period from independent normal distributions. Figure 7.7 depicts the resulting hourly aggregate
supply curves (7.2) over the simulation period. In addition, we use historical wind production
factors from the NordPool market [251]. Finally, using these data we simulate a day-ahead
market-clearing over thirty days.
We assume that solely hourly electricity prices and total electricity traded on the market are
observed. For the sake of simplicity, wind production over the simulation period, which can be
estimated using historical meteorological data, is assumed perfectly known. Thus, we only focus
on estimating the posterior distribution of the net aggregate supply curve, divided into S = 10
blocks of arbitrary size 210MW each. The prior knowledge on the hidden aggregate supply curves
is defined by the prior densities of the dynamic price parameters. There is no systematic approach
in the literature to select prior densities. When no information is available, it is recommended
to set an uninformative prior density that covers the whole range of possible values. A scheme
commonly used in the literature is to model the initial densities and transition functions of the
hidden states as independent normal distributions. Therefore, the static unknown parameters
θ represent the covariance matrices and initial mean vectors of these normal distributions. The
prior knowledge on the unknown parameters is modeled using independent Normal-Gamma
distributions. The main advantage of using this prior density scheme is that at each iteration
 m of
(m−1)

the PGS algorithm the posterior densities of the static parameters pΘ . | λSC
1:D

, y1:D can be

expressed analytically, and sampled from. The initial guess on the average aggregate supply curve,
defined as the mean value of the prior densities of the static parameters, is depicted in Figure
7.8. Finally, the observations likelihood (7.15) is represented as a normal distribution, with a fixed
covariance matrix representing the observations error.
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Figure 7.7: Hourly aggregate supply curves and average aggregate supply curve over the thirty-day
simulation period.

Figure 7.8: True and initial guess of the average aggregate supply curve over the thirty-day
simulation period.

7.3.2

Estimate and confidence interval of hidden states and static parameters

The proposed simulation-based PGS algorithm is implemented in the case study described above
SC

Λ1:D ,Θ
to infer the joint posterior density of the hidden
(. | y1:D ).
n states and static parametersop
(m)

(m)
After a transient phase, the correlated sequence λSC
: m = M0 , ..., M
1:D , θ

generated by the

PGS sampler algorithm is approximately distributed according to the target density.
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(m)

The MCMC states of the hidden process λSC

provide information on the historic supply

curves over the observation period, while the MCMC states of the static parameters θ (m) provide
information on the introspection process of these dynamic hidden states. As depicted in Figure
7.9, the average static price parameters can be used to accurately represent the average aggregate
supply curve over the observation period. Furthermore, the 95% confidence interval on these
static parameters depicted in Figure 7.9 provides a good representation of the evolution of the
hidden supply curves over the observation period. This simple case study shows that the PGS
algorithm is able to accurately reveal the realizations of the aggregate supply curves, with no prior
information on market participants. However, few observations are available for net loads lower
than 420MWh and higher than 1850MWh, i.e., the generation blocks in this region of the aggregate
supply curve are rarely marginal. As a result, this region of the aggregate supply curve cannot be
revealed accurately with the available observations.

Figure 7.9: PGS estimate of the aggregate supply curve – average and 2σ confidence interval.

The main advantage of this approach is that it provides an estimate of the posterior density of
interest from which we can sample, or derive a confidence interval on the hidden process. Thus,
the outputs of this algorithm may be readily integrated in operational models and decision-making
tools under uncertainty [42, 59, 90]. Furthermore, this inference approach provides valuable inputs
for supply function prediction tools, relying on multi-agent-based models and neural networks
[252–254]. In the context of heat and electricity markets, the ability to infer this hidden information
and to integrate it in operational models is a valuable tool that enables a soft coordination between
heat and electricity markets. In a broader context, such inference approaches take advantage of
the digitalization of the energy sector, and the increasing volume of data available. Therefore, the
methods described in this chapter have a broader scope and can be adapted to a wide range of
inference problems to support informed decisions.

CHAPTER
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Conclusion and future work
This thesis addressed three main research questions related to the coordination of heat and
electricity systems. The first research question focused on quantifying the value of improving the
coordination between the systems, by identifying and exploiting the synergies between the systems.
This operational approach provided the basis to investigate new market-based mechanisms to
harness these synergies and provide a soft coordination between the systems while respecting
existing market regulations. Finally, these market-based coordination mechanisms underlined the
lack of information exchanged between heat and electricity markets. This led us to examine how
to reveal hidden information in electricity markets, in order to enable the soft coordination of heat
and electricity systems in practice.

8.1

Overview of contributions

Numerous novel contributions to the state of the art were presented in this thesis, each aiming to
improve the coordination between heat and electricity systems in a market environment. These
contributions include mathematical models for the operation of the integrated energy system,
market-clearing procedures, bid formats, and consumer-centric mechanisms, as well as Bayesian
inference algorithms for revealing hidden information in electricity markets.
An accurate model of the heat system and its underlying physical laws was developed in order
to reveal additional flexibility from the heat system and exploit its synergies with the electricity
system. This model was integrated into a combined heat and power dispatch in order to achieve
an optimal operation of the integrated energy system at the day-ahead stage. In particular, the
district heating network holds an untapped energy storage capacity. Utilizing this operational
flexibility requires modeling the temporal and spatial dynamics of heat transfer in the pipelines,
which are represented by partial differential equations. However, such detailed modeling raises
computational and optimality challenges, due to the non-convexity of these equations, as well
as market design issues related to the pricing of heat and electricity. To overcome these issues,
we proposed a convex relaxation approach to approximate the heat flows, which results in a
tractable mixed-integer linear program. The proposed combined heat and power dispatch model
was found to efficiently utilize the energy storage capacity of the district heating network. When
coupled with the cross-carrier flexibility of combined heat and power plants and heat pumps, this
virtual electricity storage capacity provides operational flexibility to the power system, and yields
increased penetration of renewable energy production. However, this approach cannot readily be
adopted by market operators since it does not respect the sequential order of heat and electricity
dispatch. Despite these limitations, the proposed combined heat and power dispatch provides a
basis to quantify the value of coordination between heat and electricity systems.
Harnessing these flexible resources while respecting the sequential order of heat and electricity
dispatch, requires developing novel market-based coordination mechanisms. By studying dayahead heat and electricity market-clearing procedures under different coordination mechanisms,
107
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we were able to identify potential inefficiencies in the dispatch of the two systems, and ways
to address them. More specifically, we examined three different market-clearing procedures
for the coordination of heat and electricity systems, namely a traditional sequential marketclearing, an ideal integrated market-clearing, and an electricity-aware sequential market-clearing.
The sequential market-clearing provides the lowest degree of coordination. Indeed, the heat
market-clearing is myopic to the impact of the heat dispatch on the electricity market. Due to
the bi-directional interactions between heat and electricity systems, this introduces inefficiencies
in both heat and electricity dispatches. The integrated market-clearing addresses these issues
by simultaneously dispatching heat and electricity systems, which offers a full coordination.
Acknowledging that this market-clearing procedure is not a practical solution, we introduced
a novel electricity-aware market-clearing procedure. In our proposal, the heat market-clearing
endogenously models the bi-directional interactions between heat and electricity markets, resulting
in an electricity-aware heat dispatch. This market-clearing procedure was found to reduce
inefficiencies and improve social welfare in each system compared to the traditional sequential one
while respecting existing market regulations. In that sense, it yields a soft coordination between
heat and electricity systems.
Despite the improved coordination provided by an electricity-aware heat dispatch, the sequential
order of heat and electricity markets limits the flexibility of combined heat and power plants
and heat pumps in the electricity market. Additionally, in the power system, increasing the
availability of flexible assets in the day-ahead and balancing markets is crucial in order to mitigate
the large fluctuations of renewable production. Introducing a novel bid format, aiming to facilitate
market access to non-conventional sources of flexibility, can address both these issues. The
proposed price-region bid format provides a better representation of the technical and economic
characteristics of a wide range of flexible assets. Any market participant with a linearly-bounded
operating region of power injections and a convex piecewise linear cost function can exactly be
represented by a price-region bid. From the perspective of market operators, the proposed bid
format was found to increase the availability of flexible assets, while preserving existing market
properties. Moreover, as it is a generalization of price-quantity bids, it can readily be implemented
in existing forward electricity markets. From the perspective of market participants, the proposed
bid format eases market access and reveals the value of their flexibility. In particular, by revealing
the flexibility of assets at the interface between heat and electricity markets, this approach induces
a soft coordination between the systems.
Furthermore, in the context of increasingly decentralized energy systems, the aforementioned
market-based mechanisms must be accompanied by consumer-centric decision tools that coordinate
the decisions of prosumers towards a social choice. The community-based mechanism proposed
in this thesis allows prosumers to pool their heat and electricity production and consumption
and coordinates their participation in heat and electricity wholesale markets. This approach
quantifies the value of cooperation, which is formally defined as the increase of social welfare in
the community. Furthermore, we investigated different allocation mechanisms aiming at fairly
redistributing this value among the individuals in the community. Through a game-theoretical
approach, we examined the desirable properties satisfied by these mechanisms. This approach
highlighted the trade-offs between efficiency, incentive-compatibility, and stability of mechanisms
with decentralized information. By harnessing the synergies between different types of loads, this
approach provides a soft coordination between heat and electricity systems at the consumer level.
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Finally, the market-based coordination mechanisms developed in this thesis provide decision tools
for market operators and participants, enabling the alignment of their interests with the optimal
operation of the integrated heat and electricity systems. The main barrier to this soft coordination
approach in practice is that it requires improved information exchange between different actors.
In the case of the electricity-aware market-clearing procedure, the heat market-clearing seeks to
maximize the social welfare in the heat system, given its imperfect foresight of the electricity
market-clearing. In practice, this requires information on the hidden supply and demand curves
in the electricity market. In order to compensate the lack of information exchange, this thesis
proposed a novel approach to reveal hidden information solely based on observable market data.
The proposed Bayesian inference method is a flexible and adaptive tool that allows the heat market
operator to update its prior knowledge on the hidden supply curves as new observation becomes
available. Over a given observation period, this updated knowledge is represented by the posterior
density of the hidden supply curves conditionally on the observations. The proposed algorithm
iteratively builds a sequence of samples that is approximately distributed according to the posterior
density of interest. The novelty of this algorithm is that it simulates an electricity market-clearing
for all sampled supply curves, resampling them based on how well they explain the observations.
The proposed algorithm can be adapted to a wide class of inference problems in order to acquire
information on hidden processes in energy markets. The main appeal of this approach is that it
provides information that can readily be used as inputs in decision-making tools under uncertainty.
In particular, in the context of an electricity-aware heat market-clearing, we can sample from the
outputs of this algorithm or derive confidence intervals to model the uncertainty on the aggregate
supply curve in the electricity market. In a broader context, such information may be valuable for
strategic market participants, or market regulators.

8.2

Perspectives for future work

The work conducted in this thesis raised several research questions to address in the future.
Future research directions include proposing novel mathematical models for more accurate
representation of the different components of the systems, redesigning the markets towards a
better coordination between different energy systems and market floors, and facilitating market
access to non-conventional flexibility providers. Moreover, these new research directions will take
place in the context of even greater penetration of renewable energy sources and an increasingly
decentralized energy system. Developing the work in this thesis in the direction of bringing
additional operational flexibility in heat and electricity systems, future research directions should
also account for the interactions and synergies with other energy systems. In particular, modeling
the interactions of the natural gas system with the heat and electricity systems, via power-to-gas
facilities, gas-fired power plants, and combined heat and power plants, can reveal additional
flexibility and pave the way towards a sustainable energy future. In Nordic countries, e.g. Denmark,
where all three energy infrastructures interact, this research area is particularly promising.
The combined heat and power dispatch model developed in this thesis highlighted the need for a
more accurate representation of district heating and electricity networks in a market environment.
Therefore, a detailed representation of the networks would reveal additional operational flexibility,
create financial opportunities for harnessing this flexibility in a market environment, and reduce
inefficiencies in the operation of heat, electricity and natural gas systems. Accurately accounting
for the underlying physics of the networks through advanced non-convex mathematical models is
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especially critical for real-time operation, but raises major computational and pricing issues due to
non-convexities in a market environment. In short-term markets, a convex relaxation model of
network constraints can reduce inefficiencies in energy dispatch while allowing price derivation
by preserving convexity of the mathematical models. Firstly, building on the mathematical models
introduced in this thesis, an interesting research direction would be to further improve the tightness
of the proposed relaxation of heat flows and accurately account for line-pack in natural gas
networks and the AC representation of the electricity networks. In particular, the tightness of the
bounds of each variable in the McCormick envelopes has been found to have a great influence on
the tightness of the relaxation. Ad-hoc tight bounds for each variable of the McCormick relaxation
can usually be derived by examining historical operating conditions. This approach could be
generalized by integrating the proposed relaxation into a data-driven security-constrained optimal
heat flow model. In this direction, we should aim for a trade-off between optimality of the solutions,
security of supply, and computational tractability of the solution method. Secondly, in order to
integrate such comprehensive operational models in a market environment while preserving the
separate organization of heat, electricity and natural gas markets, decentralized optimization tools,
based on Lagrangian relaxation and consensus-based alternate direction of multipliers methods,
can provide an appropriate market-clearing procedure. In order to limit the organizational changes
required and guarantee convergence to an optimal dispatch of the integrated energy system,
asynchronous updates of the local markets should be investigated. Such advanced mathematical
models for day-ahead operation and market-clearing would reveal financial opportunities for
non-conventional flexibility providers, including prosumers, network operators and flexible assets
at the interface between different energy markets.
Additionally, while this thesis mainly focused on operation in the day-ahead stage, economic
incentives in energy markets should also support long-term investment and short-term operation
of flexible generation to ensure a reliable energy supply in real time. In particular, an efficient
day-ahead dispatch should ensure that there is enough flexible generation in the system to
manage the increasingly variable renewable production in real-time in a cost-effective manner.
This requires introducing an uncertainty-aware view of the real-time operation of the system in
day-ahead markets. Two promising research directions can be investigated in order to improve
the coordination between day-ahead and real-time market floors. Firstly, following the recent
studies on flexibility pricing under scarcity conditions in energy-only markets, heat, electricity
and natural gas price signals could be adjusted to reflect the value of operational flexibility in
the context of high penetration of renewable energy production. Coordinated price-adders may
provide appropriate day-ahead signals to flexible assets at the interface between different energy
markets, and result in an improved day-ahead scheduling of the coordinated energy system,
in view of future uncertainties. Secondly, flexibility-oriented products that reveal the value of
operational flexibility in real-time, can efficiently supplement energy-only markets. However,
existing products, such as operational reserve capacity or flexible ramping products, are ill-suited to
represent non-conventional flexibility providers and their complex temporal and spatial dynamics.
An interesting direction for future research, using these flexible products as a starting point, would
be to investigate flexibility-oriented products that better represent the operational reserve of market
participants across multiple time steps, geographical areas and energy carriers. More specifically,
policy-based reserve products, which model the coordinated reaction of market participants to
deviations in heat, electricity and natural gas systems as linear decision rules would provide a
promising framework.

8.2. PERSPECTIVES FOR FUTURE WORK
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The aforementioned organizational changes may create adequate economic incentives and ease
market access to non-conventional flexible assets, including flexible consumers and prosumers.
In an increasingly decentralized energy system, these flexible actors will play an important role
to provide operational flexibility and guarantee a reliable operation of the energy system. Thus,
market operators and policy-makers must better understand the motivations and behavior of
these actors in order to aggregate their flexibility towards a social choice. The literature on
behavioral economics provides an interesting research direction by challenging the assumption of
perfect rationality and modeling consumers and other market participants as agents with bounded
rationality. Integrating this model of prosumers in energy policy and mechanism design could
help improve the cost-effectiveness of existing institutions. In particular, the properties of existing
and novel wholesale markets and consumer-centric mechanisms should be studied in that context.
Moreover, in order to enhance participation in demand response schemes, privacy concerns must be
addressed. The design of differentially private peer-to-peer and community-based mechanisms is
a promising research direction. The properties of these mechanisms and the trade-off they provide
between stability, efficiency, and incentive compatibility should be studied theoretically. In addition,
a series of recent works has provided interesting results on the convergence of differentially private
decentralized optimization algorithms. These approaches, relying on Lagrangian relaxation with
differentially private updates, could be investigated to support decentralized decision-making in
peer-to-peer and community-based mechanisms.
In the broader context of an increasingly decentralized and digitalized energy system, the
aforementioned research directions highlight the increasing value of data and information exchange
for decision-making. In order to take advantage of the large volumes of energy data becoming
available, machine learning approaches may be used in combination with data-driven optimization
models. In particular, Bayesian inference algorithms provide powerful and adaptive tools to
update the prior knowledge on hidden processes as new data becomes available. An interesting
research direction would be to integrate the proposed Bayesian inference algorithm into data-driven
decision-making tools, e.g. for deriving optimal bidding strategies or an electricity-aware heat
dispatch. Furthermore, the digitalization of the energy sector has been accompanied by increasing
concerns about privacy. An important research direction is to incentivize different market actors to
share private information that may be valuable for the system as a whole. A promising research
direction would be to investigate market designs for data that provide financial incentives reflecting
the value of privately held information. Such mechanisms have a wide variety of applications in
energy systems and markets, ranging from improving renewable energy production forecasts to
consumer-centric mechanism design.
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Abstract—Coupling heat and electricity systems can improve
the overall flexibility of the energy system and facilitate the
large-scale penetration of renewable energy sources. In order
to optimally exploit the operational flexibility of District Heating
Networks (DHN), we introduce a novel mixed integer nonlinear
formulation of the combined heat and power dispatch, accounting
for pipeline energy storage. To cope with the non-convexities
and computational complexity of this model we propose mixed
integer convex quadratic and mixed integer linear relaxations.
The proposed model is implemented on a six-bus electricity
and three-node district heating network and compared to a
conventional economic dispatch model, in order to evaluate the
impact of the DHN on the power system.
Index Terms—integrated energy systems, power system flexibility, convex relaxation, mixed integer second order cone
programming, mixed integer linear programming
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I. I NTRODUCTION

The rapid growth of renewable production has increased
the need for flexibility in power systems. This issue can
be partially addressed by coupling different energy systems,
such as natural gas, transportation, and district heating [1].
In particular, in systems with a high share of Combined Heat
and Power (CHP) plants and Heat Pumps (HP), harnessing the
flexibility from the District Heating (DH) system can play a
major role in renewable integration [2], [3].
Heat and electricity systems have traditionally been operated
sequentially. Due to the strong linkage between heat and
electricity outputs, the flexibility of CHPs and HPs is limited
when participating in electricity markets [4]–[6]. This lack of
flexibility in the power system can result in a decrease of
wind power utilization [7]. The authors in [8] showed that a
Combined Heat and Power Dispatch (CHDP) can increase the
flexibility of CHPs and facilitate the large-scale penetration
of renewable energy sources. Additionally, Refs. [9] and [10]
introduced a CHPD model accounting for time delays of
temperature changes in District Heating Networks (DHNs).
These papers showed that the energy storage capacity of
DHNs can provide operational flexibility to the overall energy system. However, modeling complex dynamics in DHNs

remains a major challenge. Assuming constant mass flow
rates, the authors in [9] introduced a Mixed Integer Linear
Programming (MILP) formulation of the CHPD. However, in
practice most DHNs are operated using varying mass flows to
meet the demand. The CHPD model proposed in [10] exploits
the energy storage capacity of DHNs by allowing varying
mass flow rates and time delays. Due to the non-convexities
introduced by the time delays, the resulting Mixed Integer
Nonlinear Problem (MINLP) is computationally intensive and
challenging to solve using commercial solvers. The authors in
[10] introduced a Benders decomposition algorithm to solve
the CHPD. However, for non-convex problems, this approach
does not guarantee convergence to a global optimum.
An alternative approach to efficiently solve non convex
optimization problems is convex relaxation. While the Benders
decomposition approach introduced in [10] is a heuristic
method, iteratively converging to a local optimum of the
original MINLP, our approach provides a global optimum
of of a convex relaxation of the original problem. Ref. [11]
and [12] summarize recent advances in convex relaxation of
optimal power flow problems. Two approaches are introduced,
Semidefinite Programming and Second-Order Cone Programming (SOCP) relaxations. The authors in [13] introduced a set
of new convex quadratic relaxations for MINLPs applied to
power systems. Furthermore, the authors in [14] proposed a
Mixed Integer Second-Order Cone Programming (MISOCP)
relaxation of a natural gas expansion problem, based on
McCormick relaxations for bilinear functions [15]. To date,
convex relaxation has not been applied to DHNs.
In view of the state of the art, the contributions of this paper
are threefold:
• We first introduce a novel formulation of the CHPD
problem, accounting for the energy storage capacity of
pipelines. In order to optimally exploit the flexibility
from DHNs we consider both temperatures and mass
flow rates as decision variables. Contrary to the CHPD
described in [10], we introduce a Taylor series expansion
of the solution of the heat propagation equation, resulting
in a bilinear mixed integer optimization problem. This
approach is consistent with small time delays and reduces
the computational complexity of the optimization problem.
• To cope with the non-convexities of the proposed model,
we introduce MISOCP and MILP relaxations of the
original bilinear mixed integer optimization problem.
• We validate our approach by comparing it with a conventional economic dispatch on a small case study.
This paper is organized as follows. We introduce the novel
CHPD model in Section II and the two relaxations in Section
III. In Section IV, we implement the proposed CHPD model
on a simple case study. We conclude in Section V.
II. C OMBINED H EAT AND P OWER D ISPATCH
A. District Heating Network
We consider a double-pipe network with supply and return
pipelines. Figure 1 shows a section of the DHN. In practice, the
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where M represents a big-enough constant. As a result, time
delays can be expressed as
S

prRn2t , TRn2t

S
τpt

τp


X
=
φ uSpφt − uSp(φ−1)t
φ=1

Figure 1. General structure of nodes and double-pipe DHN

control strategies in most DHNs adjust mass flow rates to meet
heat demand, while keeping supply and return temperatures
within desired levels. These bounds are adjusted depending
on ambient temperatures to limit thermal losses and reduced
heat demands. In order to optimally exploit the energy storage
capacity of DHNs, we consider both temperatures and mass
flow rates as decision variables.
Mass flow rates in supply and return networks are constrained by
S

R

≤ mfR
mfSpt ≤ mfSpt ≤ mfpt , mfR
pt ≤ mfpt
pt

∀p ∈ I P t ∈ T .
(1)
Pressure loss due to friction along the pipes can be expressed
as
2

R 2
R
prSn1 t − prSn2 t = νp mfSpt , prR
n2 t − prn1 t = νp mfpt
N

∀n1 , n2 ∈ I , p ∈

SnP1+

∩

SnP2− , t

(2)

∈T.

The inlet temperatures of the pipes are defined as
S,in
S
Tpt
= Tnt
R,in
Tpt

=

R
Tnt

∀n ∈ I N , p ∈ SnP + , t ∈ T
N

∀n ∈ I , p ∈

SnP − , t

∈T.

(3)
(4)

The main challenge is to model the temperature dynamics
in the pipelines, and express the outlet temperatures and
time delays. Ref. [16] provides an exact solution of the heat
propagation equation, which can be approximated using a first
order Taylor series expansion:


2µp S
S,out
S,in
Tpt
= Tp(t−τ
τ
∀p ∈ I P , t ∈ T . (5)
1
−
S
pt )
cρRp pt
S
The discrete time delays τpt
are defined as


t
S


X

mf
pk
S
∆t ≥ Lp
τpt
= min φ ∈ 0, ..., τ Sp , s.t.
2


πRp ρ
k=t−φ

∀p ∈ I P , t ∈ T ,

∀p ∈ I P ,

(6)

and the maximum time delays τ Sp can be computed using the
pipelines’ physical characteristics.
Eq. (6) represents the time that it takes for the hot water
to travel along the pipelines. In order to reformulate this

∀p ∈ I P , t ∈ T .

(8)

Eq. 5 expresses the outlet temperature of the pipelines, in
S
function of the inlet temperature at time t−τpt
. This constraint
S,in
S
and the
is non convex due to the bilinear terms Tp(t−τ S ) τpt
pt

S
presence of the varying time delays τpt
as time indexes. In
order to linearize this equation, we introduce the variables
S,in
S
T̃pφt
and the binary variables vpφt
, such that

S,in
S
S
− M vpφt ≤ T̃pφt ≤ M vpφt ∀p ∈ I P , φ ∈ 0, ..., τ Sp ,

(9)
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S
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S
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It results from (9)-(12) that vpnt
 6= 0 if and

2µp
S,in
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S
only if τpt
= φ. In that case, T̃pφt
= Tp(t−φ)
1−
φ .
cρRp
An equivalent linear formulation of Eq. 5 is given by
τS

S,out
Tpt

=

p
X
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φ=0

∀p ∈ I P , t ∈ T .

(13)

We can similarly model temperature dynamics and time delays
in return pipelines. However, we omit this step for concision.
B. Nodal Constraints
For incompressible water flows, net mass flow rates at each
node are equal to zero, such that
X
X
X
mfSpt +
mfHS
mfSpt + mfHES
,
jt =
nt
P−
p∈Sn

X

HS
j∈Sn

mfR
pt

P−
p∈Sn

+

X

HS
j∈Sn

N

P+
p∈Sn

mfHS
jt

=

X

HES
mfR
pt + mfnt

P+
p∈Sn

∀n ∈ I , t ∈ T .

(14)

Supply and return pressures at each node are bounded by
R
≤ prR
prSnt ≤ prSnt ≤ prSnt , prR
nt ≤ prnt
nt

∀n ∈ I N , t ∈ T .
(15)

Supply and return temperatures at a node are a mix of the
outlet temperatures of the pipes arriving at this node
X
X
S,out
S
Tnt
mfSpt =
mfSpt Tpt
∀n ∈ I N , t ∈ T (16)
P−
p∈Sn

R
Tnt

X

P−
p∈Sn

mfR
pt =

P+
p∈Sn

X

P+
p∈Sn

R,out
mfR
∀n ∈ I N , t ∈ T , (17)
pt Tpt

and should be kept within desired bounds
S

R

S
R
N
T Snt ≤ Tnt
≤ T nt , T R
nt ≤ Tnt ≤ T nt ∀n ∈ I , t ∈ T . (18)

Observe that for nodes with a single pipe arriving or departing, Equations (16) and (17) can be replaced by the linear
constraints
S,out
S
Tnt
= Tpt
R
Tnt

=

∀n ∈ Ĩ N − , p ∈ SnP − t ∈ T

R,out
Tpt

∀n ∈ Ĩ

N+

,p ∈

SnP + , t

∈T.

(19)
(20)

Heat Exchanger Stations (HES) are modeled as heat loads

HES
S
R
LH
Tnt
− Tnt
∀n ∈ I N , i ∈ SnHES , t ∈ T .
it = cmfit
(21)
The mass flows rates are bounded by
HES

∀i ∈ I HES , t ∈ T .

(22)

and pressure differences between supply and return networks
at HESs have to be greater than a threshold in order to ensure
that mass flows:
HES
prSnt − prR
nt ≥ pri

∀n ∈ I N , i ∈ SnHES , t ∈ T .

(23)

D. Heat Stations
Heat Stations (HS) represent heat production units, such as
CHPs, heat-only units, and HPs. The heat production of a HS
is defined as

S
R
Qjt = cmfHS
Tnt
− Tnt
j ∈ I HS , t ∈ T ,
(24)
jt
and bounded by

0 ≤ Qjt ≤ Qjt

∀j ∈ I HS , t ∈ T .

(25)

The mass flow rates are also bounded by
HS

mfHS
≤ mfHS
jt ≤ mfjt
jt

∀n ∈ I N , j ∈ SnHS , t ∈ T .

(26)

The power consumption of a water pump located at HS j
is proportional to the pressure difference between supply and
return networks, such that

mfHS
prSnt − prR
jt
nt
pump
Ljt
=
∀n ∈ I N , j ∈ SnHS , t ∈ T .
ρηjpump
(27)
The joint feasible operating region of an extraction CHP
links its heat and electricity outputs, such that
Pjt ≥ rj Qjt

∀j ∈ I CHP , t ∈ T

H
0 ≤ ρE
j Pjt + ρj Qjt ≤ F j

∀j ∈ I CHP , t ∈ T .

Qjt = COPjt LHP
jt

(28)
(29)

∀j ∈ I HP , t ∈ T .

(30)

The COP depends on supply and return temperatures. However, it can be assumed to be a known parameter at each time
step, in which case Eq. (30) is linear.
E. Power System
As the focus of this study is to model the flexibility provided
by DHNs, we model the power transmission network using the
standard linearized power flow. The power balance equations
at each bus n are
X
X pump
LE
LHP
Ljt
nt +
jt +
HP
j∈Sn

=

C. Heat Exchanger Stations

≤ mfHES
≤ mfit
mfHES
it
it

The power consumption and heat production of HPs are related
by the Coefficient Of Performance (COP), such that

X

Pjt +

E
j∈Sn

X

HS
j∈Sn

B
m∈Sn

Bnm (θmt − θnt )

∀n ∈ I B , t ∈ T ,

(31)

where power flows between two nodes are bounded by
−f nm ≤ Bnm (θmt − θnt ) ≤ f nm ∀n ∈ I B , m ∈ SnB , t ∈ T ,
(32)
and the power outputs of electricity generators are bounded
by
0 ≤ Pjt ≤ P jt ∀j ∈ I E , t ∈ T .
(33)
This approach can be generalized in order to accommodate
more detailed models of electricity transmission networks,
including convex relaxations.
F. Production Costs
We approximate the production cost of CHPs as a linear
function of the fuel consumption, such that

H
Cost (Pjt , Qjt ) = αj ρE
∀j ∈ I CHP , t ∈ T .
j Pjt + ρj Qjt
(34)
Similarly, production costs of heat-only units and electricity
generators are assumed to be linear.
As a result, the objective of the CHPD is to minimize the
production cost of the overall energy system:
X X
X
αj Pjt +
αj Qjt
t∈T

j∈I E

+

X

j∈I HS \{I CHP ∪I HP }

αj

j∈I CHP

ρE
j Pjt

+

ρH
j Qjt




,

(35)

subject to DHN (1)-(4), temperature dynamics (7)-(13), nodal
(14)-(20), HES (21)-(23), HS (24)-(30), and power system
(31)-(33) constraints, over the set of optimization variables
Ω ={P, Q, LHS , Lpump , mfHS , mfHES , mfS , mfR , T S , T R ,
T S,in , T S,out , T R,in , T R,out , T̃ S,in , T̃ R,in , τ S , τ R , uS ,
v S , uR , v R , B, θ}.

III. C ONVEX R ELAXATIONS
In the CHPD model presented above, non-convexities arise
from the bilinear equality constraints (16), (17), (21), (24) and
(27), and the quadratic equality constraints (2).
A. McCormick Envelopes
We linearize the bilinear terms in Eqs. (16)-(17), (21), (24),
and (27) using a McCormick relaxation approach [15]. For
each bilinear term we introduce a set of linear upper and lower
bounding functions. The McCormick relaxation of a bilinear
function f : (x, y) 7→ xy defines its convex envelope over
the domain [xl , xu ]x[y l , y u ] [17]. The McCormick envelopes
of the bilinear terms in (21) and (16) are presented in [18].
We do not detail this step for other constraints because the
procedure is well-covered in the existing literature.

There is no known method to analytically characterize the
gap between the solution of the relaxed problem and the global
optimum of the original MINLP. Comparing the solutions of
the relaxed problem and the derived feasible solution of the
original MINLP provides a bound on this gap. However this
numerical analysis is extremely case-dependent.
IV. C ASE S TUDY
A. Case Study Setup
The proposed CHPD model is implemented on an integrated
six-bus electricity and three-node district heating network
described in Fig. 2. This system comprises a conventional

B. Convex Quadratic Programming
The pressure loss constraints in (2) can be made convex
using a convex quadratic relaxation, a special case of SOCP
[13], such that
2

R
R 2
prSn1 t − prSn2 t ≥ νp mSpt , prR
n2 t − prn1 t ≥ νp mpt
∀n1 , n2 ∈ I N , p ∈ SnP1+ ∩ SnP2− , t ∈ T .

(36)

As a result, the original MINLP is relaxed into an MISOCP
and can be solved by commercial solvers. While MISOCP is
a rapidly improving class of algorithms, current solvers do not
scale to large problems. In order to address this issue, we next
introduce an MILP relaxation.
C. Outer Approximation
The constraints representing pressure loss in pipes can be
linearized using an outer approximation
 approach [19]–[21].

S,l
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,
pr
for l =
n1 t
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1, ..., L and use a Taylor’s series expansion to linearize (2)
around these points, such that
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√

2 µp
S,l
2 µp prS,l
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Figure 2. Integrated heat and electricity system

electricity generator G1 , a wind producer W1 , a HP and an
extraction CHP. The technical characteristics of the networks
and generation units are derived from [10], and detailed in
[18]. The CHPD is tested over 24 hourly time steps. We use
wind production data from [22]. Heat demand peak hours
occur during the evening and morning, due to lower ambient
temperatures, while electricity demand peak hours are during
the day [23]. Heat and electricity loads and available wind
production are represented in Fig. 3.

∀n1 , n2 ∈ I N , p ∈ SnP1+ ∩ SnP2− , t ∈ T , l ∈ {1, ..., L}. (37)

We similarly use an outer approximation for the constraints
representing pressure loss in the return network. As a result
the original CHPD model is relaxed into an MILP and can be
solved efficiently with commercial solvers.
D. Deriving Feasible Solutions
The solutions to the MISOCP and MILP relaxations introduced in Section III are not always feasible for the original
MINLP model in Section II. Indeed the non convex constraints
(16)-(17),(2),(21),(24),(27) might be violated. When this happens, in order to derive feasible solutions, we fix the binary
variables related to time delays and mass flow rates and use
an NLP solver to find a local optimal solution of the original
problem.

Figure 3. Case study setup: (a) Electricity load and available wind power (b)
heat load

In order to assess the impact of the DHN on the power
system, the proposed CHPD is compared to a Conventional
Economic Dispatch (CED). The CED is a co-optimization
model for heat and electricity, in which the DHN is not
modeled. The equations representing DHN (1)-(13), nodal

(14)-(20), HS (24),(26)-(27) and HES (21)-(23) constraints are
replaced by the following heat balance equations
X
X
Qjt ∀t ∈ T .
(38)
LH
it =
i∈I HES

j∈I HS

Since water pumps located at heat stations are not modeled,
the power balance equation (31) is replaced by
X
X
X
Bnm (θmt − θnt ) ,
Pjt +
LHP
LE
jt =
nt +
HP
j∈Sn

E
j∈Sn

B
m∈Sn

(39)
and other power system constraints (32)-(33) remain unchanged. This optimization model is detailed in [18]. Both
CHPD and CED models are implemented on the integrated
heat and electricity system presented above. The solutions of
the CHPD are obtained by solving the MILP relaxation in
Section III. When these solutions are infeasible for the original
MINLP, we derive feasible solutions as discussed in Section
III-D.
B. Results
Fig. 4 represents the electricity dispatch with the CHPD
and CED models, and Fig. 5 the heat dispatch. In order to
comparable the results for both models, we did not include
electricity consumption from water pumps in this figure. With

Figure 5. Heat dispatch of (a) HP and (b) CHP

the DHN provides operational flexibility to the energy system
by temporally decoupling heat production and consumption
(see Fig. 6(a)). This allows the HP to increase its production
in the hours preceding heat peak load and when there is a wind
surplus. As a result, an increase in wind utilization during these
hours can be observed in Fig. 4(a). Although wind curtailment
occurs in both models during electricity off-peak hours, and
especially at night, the CHPD increases the wind utilization
by 100.8MWh, or 1.65%.
As shown in Fig. 6, the DHN acts as an energy storage.
During charging periods, the energy injected in the pipes is

Figure 6. Storage capacity of the DHN: (a) heat production and consumption
(b) average temperatures and total energy stored in pipelines

Figure 4. Electricity dispatch of (a) wind producer (b) conventional generator
and (c) CHP

the CED model, the heat production from the HP and CHP
balances the demand at each time period. In the CHPD model,

higher than the energy consumed. During discharging periods,
the heat system consumes more energy that what is produced.
We exploit this flexibility by controlling both inlet temperatures and mass flow rates in the pipelines. Charging periods
correspond to high wind production hours, and discharging
periods to high heat demand hours.
Fig. 4(b) shows that the conventional generator is used to
cover electricity peak loads. With the CHPD, we observe a
decrease in its utilization during discharging periods, thanks
to the flexible operation of the HP. And during periods with
low wind production, the CHP is dispatched to cover both heat
and electricity demands, as seen in Fig. 4(c).
The production costs of the CHPD and CED models are
respectively 18600$ and 19277$. The CHPD improves the
operating cost of the system by 3.51%. This simulation shows
that the CHPD model improves the economic efficiency of
the overall energy system and increases wind utilization by
exploiting the flexibility of the DHN.
Finally, the dispatch obtained with the CED model is
not guaranteed to be feasible in practice because it neglects

temperature dynamics in the pipes. An additional hydraulic
check and, when necessary, a redispatch should be performed.
V. C ONCLUSION
The CHPD introduced in this paper models the temperature
dynamics in pipelines and accounts for the energy storage
capacity of DHNs. By allowing both temperatures and mass
flow rates to vary, this model exploits the flexibility of the
DHN. In order to solve the resulting MINLP, two convex
relaxations are proposed. The small case study presented in
Section IV shows the benefits of the CHPD model compared
to a conventional economic dispatch, in terms of wind power
utilization and production costs.
This work opens up several options for market design
in support of renewable integration. First, in order to deal
with the increased uncertainty from renewable energy
sources, optimization under uncertainty approaches should
be investigated. In Ref. [24], co-optimization of energy
and reserves is proposed, via robust optimization and
linear decision rules. This general framework could be
applied to a CHPD model in order to link the uncertainties
from the electricity system with the flexibility from the
DHN, and co-optimize energy and reserves. Furthermore,
a CHPD is not directly applicable in the current energy
market framework. Indeed heat and electricity markets
are still operated sequentially [6]. However, decentralized
optimization approaches for markets coordination, such as
the Alternating Direction of Multipliers Method (ADMM),
could be investigated [25], [26].
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N OMENCLATURE
Sets and Indexes
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/mfjt
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I CHP
I HP
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Ĩ
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IP
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SnHS
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SnHP
SnE
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Set of time periods
Set of heat stations
Set of heat exchanger stations
Set of combined heat and power plants
I CHP ⊂ I HS
Set of heat pumps I HP ⊂ I HS
Set of electricity generators
Set of nodes in the district heating network
Set of nodes with a single pipe arriving
Ĩ N − ⊂ I N
Set of nodes with a single pipe departing
Ĩ N + ⊂ I N
Set of electricity buses
Set of heat pipelines
Set of pipes starting/ending at node n
Set of heat stations connected to node n
Set of heat exchanger stations connected
to node n
Set of heat pumps connected to node n
Set of electricity generators connected to
bus n
Set of electricity buses connected to bus
n

ρ
νp
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ηjpump
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mfHES
/mfit
it

R

/mfpt
mfR
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αj
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Fj
LE
nt
LH
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Bnm
P jt

Input Parameters
Rp /Lp
µp

mfSpt /mfpt

Radius/Length of pipe p (m)
Thermal loss coefficient in pipe p
(J.m−2 .s−2 .K−1 )
Density of water (kg.m−3 )
Pressure loss coefficient in pipeline p
Specific heat capacity of water
(J.kg−1 .K−1 )
Efficiency of water pump in heat station
j
Time intervals (s)
Minimum/maximum mass flow rates at

f nm
COPjt

heat exchanger station i (kg/s)
Minimum/maximum mass flow rates at
heat station j (kg/s)
Minimum/maximum mass flow rates in
the supply network (kg/s)
Minimum/maximum mass flow rates in
the return network (kg/s)
Supply temperature bounds at node n (K)
Return temperature bounds at node n (K)
Pressure bounds at node n in the supply
network (Pa)
Pressure bounds at node n in the return
network (Pa)
Minimum pressure difference at heat exchanger station i (Pa)
Maximum heat output of heat station j
(W)
Marginal cost parameter of heat station
or electricity producer j ($/Wh)
Heat/electricity fuel efficiency of CHP j
Heat and electricity outputs ratio of CHP
j
Maximum fuel consumption of CHP j
(W)
Electricity load at bus n (W)
Heat load at heat exchanger station i (W)
Susceptance of line connecting buses n
and m (S)
Maximum power output of electricity
generator j (W)
Maximum flow in line connecting buses
n and m (W)
Coefficient of performance of heat pump
j

Decision variables
S,in
S,out
Tpt
/Tpt
R,in
R,out
Tpt
/Tpt

Inlet/outlet temperatures in the supply
network (K)
Inlet/outlet temperatures in the return network (K)

Supply/return temperatures at node n (K)
Mass flow rate in the supply/return network (kg.m−3 )
Mass flow rate at heat station j (kg.m−3 )
Mass flow rate at heat exchanger station
i (kg.m−3 )
Pressure at node n in the supply/return
network (Pa)
Time delay in the supply/return network
(h)
Heat production of heat station j (Wh)
Electricity production of electricity generator or CHP j (Wh)
Electricity consumption of heat pump j
(Wh)
Electricity consumption of water pump in
heat station j (Wh)
Voltage angle at bus n (rad)

S
R
Tnt
/Tnt
S
mfpt /mfR
pt

mfHS
jt
mfHES
it
prSnt /prR
nt
S
R
τpt
/τpt

Qjt
Pjt
LHP
jt
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θnt

A PPENDIX A: M C C ORMICK R ELAXATIONS
each HES,
we relax the bilinear terms
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bounding and lower bounding linear functions
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The products in (2)-(3) can be linearized using a McCormick
envelopes
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The temperature mixing equations at each node can be reformulated as
X

−
p∈Sn

For supply and return temperature mixing equations at each
S
R
node, we introduce the auxiliary variables wpt
and wpt
such
that
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A PPENDIX B: C ASE S TUDY DATA
As shown in Fig. 1, the integrated heat and electricity
system considered comprises a conventional thermal generator,
a wind producer with an installed capacity of 500MW, n
extraction CHP plant and a HP. The technical characteristics
of these units are detailed in Table I.

TABLE IV
DHN NODAL PARAMETERS
n1

n2

n3 (HES1 )

-

-

50

-

-

300

30

30

30

60

60

60

C

90

90

90

C

120

mfHES

kg/s

HES

mf

kg/s

TR

C

R

C

TS
S

T
T

120

120

prS /prR

kPa

0

0

0

prS /prS

kPa

100

100

100

Figure 1. Integrated heat and electricity system

TABLE I
G ENERATION UNITS PARAMETERS
G1

W1

CHP1

P

MW

180

500

-

-

Q

MW

-

-

250

150

kg/s

-

-

300

300

HS

mf

We consider a specific heat capacity of water of
1.17Wh.kg−1 .K−1 and a water density of 988kg.m−3 through
the whole DHN. And the time interval considered for optimization is δt = 3600s.

HP1

F

MW

-

-

250

-

COP

-

-

-

-

2.5

r

-

-

-

0.6

-

ρE

-

-

-

2.4

-

ρH

-

-

-

0.25

-

η

-

-

-

0.9

0.9

α

$/MWh

11

0

12.5

-

Heat and electricity loads and available wind production are
represented in Fig. 2 and Table V shows the repartition of the
electric loads at each bus.

The technical parameters of the power transmission network
and DHN are presented in Tables II, III, and IV.
TABLE II
E LECTRICITY TRANSMISSION NETWORK PARAMETERS
l12

l23

l34

l45

l56

l16

l35

f

MW

400

200

200

200

200

200

200

X

10−1 Ω

1.70

0.37

2.58

1.97

0.37

1.40

0.18

Figure 2. Case study setup: (a) Electricity load and available wind power and
(b) Heat load

TABLE III
DHN PARAMETERS
p12

p23

R

m

0.80

0.80

L

m

500

500

µ

W.m−2 .K−1

20

20

ν

(10−3 )

1.93

1.93

kg/s

50

50

kg/s

300

300

mfS /mfR
S

R

mf /mf

TABLE V
E LECTRIC LOADS AT EACH BUS

% of load

b1

b2

b3

b4

b5

b6

0

0

20

40

40

0

A PPENDIX C: C ONVENTIONAL E CONOMIC D ISPATCH
The Conventional Economic Dispatch (CED) is formulated
as follows
X
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Abstract
The large penetration of stochastic and non-dispatchable renewable energy production increased
the need for flexibility in the power system. Aligning the existing interactions and synergies between
heat and electricity systems can provide operational flexibility to the overall energy system. Yet, in
the current sequential and decoupled market framework, the heat market is myopic to the impacts
of its outcomes on the electricity market. A fully integrated market framework, though providing
the maximum coordination, would go against the current market regulations. This motivates us to
investigate how to increase the coordination between heat and electricity systems, while respecting
the current market regulations. Consequently, we propose a hierarchical market framework that
provides a trade-off between the traditional sequential framework and the fully integrated one. By
providing insight into the impact of the heat market outcomes on the power system, this approach
yields significant improvements in heat and electricity dispatch, while respecting their sequential
order. However, the computational complexity of this hierarchical optimization problem under
uncertainty limits its ability to consider a large number of scenarios. To solve this scalability issue,
we develop an augmented regularized Benders decomposition algorithm. Finally, we illustrate the
impacts of the aforementioned market frameworks and the convergence properties of the Benders
algorithm on an integrated energy system considering a large number of scenarios. This comparison
provides a basis to assess the value of heat-side flexibility for renewable penetration in the power
system.
Keywords: OR in energy Integrated energy system; Stochastic programming; Hierarchical
optimization; Regularized Benders decomposition

1. Introduction
Prompted by growing environmental concerns, technological advances and economic incentives,
renewable energy production has experienced an unparalleled growth (Chu & Majumdar, 2012).
∗
This research was partially supported by the Danish Energy Development Programme (EUDP) through the
EnergyLab Nordhavn project (EUDP 64015-0055). Pierre Pinson was additionally supported by IF through CITIES
project (DSF- 1305-00027B), while Jalal Kazempour was also supported by EUDP through the CORE project
(12500/EUDP).

Corresponding author. Email address lemitri@elektro.dtu.dk (L. Mitridati)
Preprint submitted to European Journal of Operational Research

August 17, 2018

There is a broad consensus in the research community that the stochastic, non-dispatchable and
decentralized nature of these sources challenges the way power systems and markets have traditionally been operated. A broad overview of the challenges related to renewable energy integration
is available in Taylor et al. (2016) and Ackermann (2005). The optimal operation of power systems with a high share of renewables can be facilitated by an increase in flexible and controllable
generation to cope with the uncertainty and the fluctuation of renewable production (Morales
et al., 2013). Beyond flexibility in the power system, the growing interactions between different
energy systems, e.g. electricity, gas and heat, bring us to adopt a more holistic approach to further
accommodate renewable energy in the power system. In particular, the participation of flexible
sources, such as Heat Pumps (HP), and Combined Heat and Power (CHP) plants, in both heat
and electricity markets provides an opportunity for increasing the flexibility of the overall energy
system (Lund, 2005; Lund et al., 2010; Meibom et al., 2013; Wang et al., 2017; Pinson et al.,
2017). Traditionally, day-ahead heat and electricity markets have been operated sequentially and
independently. Consequently, the flexibility of HPs and CHPs in the day-ahead electricity market
is limited by their heat dispatch. Chen et al. (2015) and Ummels et al. (2007) showed that in
systems with a high penetration of CHPs and wind power, the heat-driven dispatch of CHPs may
limit wind penetration in electricity markets. Similarly, Virasjoki et al. (2018) showed that in the
Nordic energy system, CHPs’ market power could impact prices and CO2 emissions in both district heating and power systems. Additionally, Kumbartzky et al. (2017) showed that the growing
uncertainty in electricity markets challenges CHPs’ operation and profitability when participating
in day-ahead and balancing markets, while maintaining a stable heat supply. Therefore, improving
the coordination between heat and electricity markets is essential in order to increase the flexibility
of the overall energy system, and support renewable energy integration.
The issue of heat and electricity market coupling has mostly been addressed in the literature
using co-optimization approaches. The integrated market for heat and electricity by Chen et al.
(2015) increased wind penetration in the power system by exploiting the operational flexibility
of CHPs, combined with electric boilers, HPs, and heat storage tanks. Additionally, in Li et al.
(2016b) and Li et al. (2016a) flexibility from district heating transmission networks is included.
These papers showed that the flexibility of the overall energy system can be greatly improved by
jointly dispatching heat and electricity at the day-ahead stage and exploiting flexibility sources in
the district heating system. Additionally, uncertainties from supply and demand are accounted for,
using a stochastic optimization framework (Chen et al., 2015) or a robust approach (Zugno et al.,
2016). However, an integrated day-ahead heat and electricity market is complex to implement in
practice due to current market regulations.
Mitridati & Pinson (2016) focused on an alternative approach for heat and electricity market
coupling that respects the sequential clearing framework of heat and electricity markets. The heat
market operator minimizes the expected heat production cost, while endogenously modeling the
day-ahead electricity market as a constraint of its optimization problem. The authors argue that
this formulation of the day-ahead heat market facilitates wind penetration by anticipating the
impact of CHPs’ participation on the day-ahead electricity market. However, the authors do not
provide a rigorous comparison of the proposed model with other market frameworks. Besides, the
impact of this market framework on an integrated energy system for different values of renewable
energy penetration is not studied.
Building on the existing literature, we focus on developing new market mechanisms for optimal
coupling of heat and electricity systems. This motivates us to answer two main technical ques2

tions. First, how to increase the coordination between power and heat systems, while respecting
the current market regulations, which enforce dispatching heat and electricity systems sequentially? Second, what is the value of heat-side flexibility for power systems with high penetration of
renewables? To answer these questions, we consider three different market frameworks for clearing
day-ahead heat and electricity markets, i.e., i) sequential and decoupled as traditionally exists in
real-life systems, ii) integrated (co-optimization) used as an ideal benchmark, and iii) hierarchical.
The first model, though simple, provides the least coordination since the heat dispatch framework
is myopic to the impacts of its outcomes on electricity market. The second framework, though
providing the maximum coordination, requires a simultaneous dispatch of heat and electricity systems, which goes against the current market regulations. The third framework provides a trade-off,
i.e., it increases the coordination between two systems while respecting the sequential dispatch of
heat and electricity systems. Eventually, we use an illustrative example to discuss the potential
synergies between heat and electricity markets, and the basic features of these three market models.
This comparison indeed provides a basis to derive the social value of increasing the coordination
between electricity and heat systems.
One challenge for the proposed hierarchical model is that it is computationally hard to solve.
The reason for this is that this model requires solving a hierarchical optimization problem, which
eventually yields a complementarity model. This model becomes even more challenging to solve
if the potential sources of uncertainty, namely renewable generation, electricity demand, and rival
participants’ price offers, are embedded within this model using a large number of scenarios. In
Mitridati & Pinson (2016), uncertainties in the day-ahead electricity market resulting from wind
participation, electricity demand and rival participants’ offers are modeled. However, the implementation is limited to a small system, with few uncertainty sources and scenarios. In practice, as
the efficiency of stochastic optimization problems relies on the accurate modeling of uncertainty
sources, this restricts its application to systems with a low penetration of renewable energy sources.
As the proposed hierarchical heat market model is reformulated as a Mixed-Integer Linear Problem (MILP), the number of binary variables introduced and the computational complexity increase
greatly with the number of scenarios. Therefore, it is essential to provide a tractable reformulation
of this hierarchical heat market model, in order to study its impact on integrated energy systems
with a high penetration of renewable energy sources. This motivates us to answer a methodological question: how do we enable the hierarchical model of heat and electricity dispatch to consider
many scenarios and solve it in an efficient and tractable manner?
In order to cope with the computational complexity, scenario reduction techniques are convenient to trim down the number of considered scenarios while retaining the most of the uncertainty
description embodied within the original scenario set (Gabriel et al., 2009; Morales et al., 2009).
However, in energy systems with a large number of independent uncertainty sources this might
not be sufficient. Additionally, it is possible to exploit the structure of the original optimization
problem in order to decompose it into a sequence of simpler and more tractable problems. In particular, Benders decomposition has been extensively applied to multi-stage stochastic optimization
problems with a large number of scenarios (Rahmaniani et al., 2017; Castillo et al., 2006; Geoffrion,
1972). However, in the case of hierarchical optimization problems, Benders cuts are difficult to
derive from the subproblems. Indeed, traditional Benders algorithms generate cuts based on the
dual variables arising from the subproblems. This approach is not directly applicable to the MILP
formulation in Mitridati & Pinson (2016). Various approaches have been proposed in the literature
to tackle this issue. Wu & Conejo (2017) proposed an alternative method to generate Benders
3

cuts based on the primal variables of the subproblems. However, this method requires generating
a large number of cuts at each iteration, which potentially becomes overwhelming if the algorithm
does not converge after a small number of iterations. Alternatively, Kazempour & Conejo (2012)
proposed introducing auxiliary subproblems to obtain the optimal value of the bilinear terms in
a mathematical program with equilibrium constraints including the Karush-Kuhn-Tucker (KKT)
conditions. The drawback of these methods is that it requires solving a large number of MILPs
at each iteration. In this paper, we avoid this issue by reformulating the hierarchical optimization
problem using a primal-dual formulation of the lower-level problems instead of the KKT conditions.
The bilinear subproblems are then solved sequentially as two Linear Problems (LPs). Additionally, we apply a bundle regularization method introduced by Ruszczyński (1986) and Ruszczyński
& Świtanowski (1997), and an augmented master problem formulation proposed by Nasri et al.
(2016) in order to improve the convergence speed of the proposed algorithm. We implement this
augmented regularized Benders algorithm in order to study the impact of the hierarchical heat and
electricity market framework on an integrated energy system with a large number of scenarios, and
discuss its convergence properties.
The remainder of this paper is organized as follows. Section 2 provides details about the
potential synergies between heat and electricity systems and the challenges to align them. These
different issues are illustrated in an example. The three following sections present the different
market frameworks considered. Section 3 describes the deterministic sequential heat and electricity
market framework, while Section 4 provides the formulation for the integrated market, and Section
5 introduces the stochastic hierarchical market framework and Benders decomposition algorithm.
Additionally, the illustrative example introduced in Section 2 is revisited through these three
sections in order to discuss the functioning of the aforementioned market frameworks. Section 6
compares more extensively these three models on an integrated energy system with varying values
of renewable energy penetration, and discusses the performance of the Benders algorithm for a
large number of scenarios. Section 7 concludes the paper with suggestions for future work. Finally,
the notation used throughout the paper is listed in the Appendix.
2. Heat and Electricity Systems Synergies
Heat and electricity systems have traditionally been operated independently and sequentially.
However, due to the large penetration of CHPs and HPs, economic and operational interactions
exist between both systems. In this section, we present these existing interactions and the challenges
they raise for the optimal operation of heat and electricity systems. We illustrate the potential
synergies between heat and power systems through an illustrative running example.
2.1. Sources of Uncertainty
Following the Danish energy system, the day-ahead heat market is cleared prior to the dayahead electricity market. Therefore, when the heat system is dispatched, electricity market outcomes are still unknown. We can identify three sources of uncertainty related to the day-ahead
electricity market: available generation from renewable energy sources, electricity demand, and
rival participants’ price offers. These sources of uncertainty are related the day-ahead dispatch,
rather than to the real-time operation. In practice, one should consider all renewable energy sources
and their specific dynamic uncertainties, for which extensive literature exists on how to model and
forecast (Pinson, 2013; Morales et al., 2013). In order to simplify the exposition of the paper, we
restrict ourself to a single source of renewable energy, i.e. wind energy. We consider the sources
4

of uncertainty independently and model them via a finite number of scenarios. For notational
simplicity, we use a single scenario index ν ∈ X to refer to all sources of uncertainty. Accordingly,
E of wind and conventional producthe maximum dispatchable generation P jtν and price offer αjtν
ers j ∈ I E at time t ∈ T , electricity demand LE
tν , as well as the resulting day-ahead electricity
market outcomes, i.e electricity dispatch Pjtν and spot price λE
tν , are indexed by a scenario ν ∈ X .
However, the day-ahead heat dispatch Qjt of CHPs j ∈ I CHP , HPs j ∈ I HP , and heat-only units
j ∈ I H is independent of the scenarios ν ∈ X . This heat-driven dispatch limits the operational
flexibility of CHPs and HPs when participating in the electricity market.
On the contrary, in an integrated day-ahead market framework, such as the one that will be
introduced in Section 4, heat and electricity are dispatched simultaneously after the realization of
the uncertainty. Consequently, day-ahead heat dispatch Qjtν of CHPs, HPs and heat-only units is
also dependent on the scenarios ν ∈ X . This enables us to fully exploit the operational flexibility
of CHPs and HPs.
2.2. Joint Feasible Operating Region (FOR)
There is a strong linkage between heat and electricity production due to the technical characteristics of CHPs and HPs. Indeed, CHPs’ heat and electricity outputs, Qjtν and Pjtν , are constrained
by their joint Feasible Operating Region (FOR) (Lahdelma & Hakonen, 2003). The majority of
CHPs are extraction units. Their FOR is modeled by the minimum heat to power ratio rj , the
maximum heat production Qj , and the maximum fuel intake F j , expressed as a linear function of
E
heat and electricity production with parameters ρH
j and ρj , such that
Pjtν ≥ rj Qjtν , ∀j ∈ I CHP , t ∈ T , ν ∈ X
ρH
j Qjtν

+

ρE
j Pjtν

≤ F j , ∀j ∈ I

CHP

,t ∈ T ,ν ∈ X

0 ≤ Qjtν ≤ Qj , ∀j ∈ I CHP , t ∈ T , ν ∈ X .

(1a)
(1b)
(1c)

Equation (1a) models the minimum heat to power ratio, (1b) enforces the maximum fuel intake,
and (1c) restricts the maximum heat output. Additionally, HPs’ heat production Qjtν is linked to
their electricity consumption LHP
jtν by their Coefficient Of Performance COPj , such that
HP
Qjtν = COPj LHP
,t ∈ T ,ν ∈ X
jtν , ∀j ∈ I

0 ≤ Qjtν ≤ Qj , ∀j ∈ I HP , t ∈ T , ν ∈ X ,

(2a)
(2b)

where I HP represents the set of HPs.
CHPs and HPs are at the interface between heat and electricity systems, and they can provide
flexibility to the integrated energy system. However, in the current sequential and decoupled market
framework, this strong linkage between heat and electricity outputs may limit their flexibility. In
the Danish energy system, heat dispatch is cleared by an independent market operator before the
electricity market (Varmelast, 2018). As a result, in the day-ahead electricity market, extraction
CHPs are constrained by their day-ahead heat dispatch Qjt , such that their minimum power output
P j (Qjt ) is defined as
(3)
P j (Qjt ) = rj Qjt , ∀j ∈ I CHP , t ∈ T ,
and their maximum power output P j (Qjt ) is computed as
P j (Qjt ) =

F j − ρH
j Qjt
ρE
j
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, ∀j ∈ I CHP , t ∈ T .

(4)

Finally, HPs must purchase enough electricity to cover their heat production Qjt , such that their
minimum electricity consumption LHP
j (Qjt ) is given by
LHP
j (Qjt ) =

Qjt
.
COPj

(5)

This heat-driven dispatch limits the flexibility of CHPs and HPs in the power system. Therefore,
when clearing the heat market, it is essential to anticipate the impact of heat dispatch on the
electricity market by accurately modeling the participation of CHPs and HPs in the day-ahead
electricity market.
2.3. Heat and Electricity Marginal Costs
In an integrated day-ahead heat and electricity market, for a given realization of the uncertainty
ν ∈ X , the total production cost of CHPs Γj (Pjtν , Qjtν ) can be approximated by a linear function
of the fuel consumption as

H
CHP
Γj (Pjtν , Qjtν ) = αj ρE
,t ∈ T ,ν ∈ X.
(6)
j Pjtν + ρj Qjtν , ∀j ∈ I

However, in a deterministic sequential market framework, CHPs and HPs must compute their
heat production cost before the electricity market has been cleared. Due to the linkage between
heat and electricity outputs of CHPs, the cost allocation for heat and electricity production is not
straightforward. And, as the heat system is dispatched before the electricity system, day-ahead
electricity dispatch Pjtν and electricity prices λE
tν are still uncertain, and indexed by scenarios
ν ∈ X . As a result, in the current sequential market
framework, CHPs compute their expected day
E as total day-ahead production cost minus revenues
ahead heat production cost ΓH
P
,
Q
,
λ
jtν
jt tν
j
from sales in the day-ahead electricity market, i.e.,
 X 


E
H
E
CHP
ΓH
P
,
Q
,
λ
πν αj ρE
,t ∈ T .
(7)
jtν
jt
j
tν =
j Pjtν + ρj Qjt − λtν Pjtν , ∀j ∈ I
ν∈X

E
In practice, heat market participants use a deterministic forecast
 of electricity prices λ̂t as input.
For low forecast electricity prices, the heat marginal cost αjH λ̂E
of extraction CHPs represents
t
the incremental heat production cost at the minimum power-to-heat ratio rj . However, for high
forecast electricity prices, it represents the opportunity loss of producing an extra unit of heat at
ρH
j
a ratio E , such that
ρj




E r + ρH − λ̂E r , if λ̂E ≤ α ρE , ∀j ∈ I CHP , t ∈ T

α
ρ
j
j
j j
t j
t
j
j
  
H
E
H
αj λ̂t =
ρj
E
E
CHP , t ∈ T .

 λ̂E
t E , if λ̂t ≥ αj ρj , ∀j ∈ I
ρj

(8)

Similarly, as HPs produce heat from electricity purchased in the day-ahead electricity market LHP
jtν ,


H
HP
E
their expected heat production cost Γj Ljtν , λtν can be expressed as
 X
HP E
HP
HP
ΓH
L
,
λ
πν λE
,t ∈ T .
j
jtν
tν =
tν Ljtν , ∀j ∈ I
ν∈X
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(9)

And, since their power toheat
 ratio is considered fixed and given by their COP, the expected heat
H
E
marginal cost of HPs αj λ̂t can be expressed as a function of forecast electricity prices λ̂E
t , such
that
 
λ̂E
t
, ∀j ∈ I HP , t ∈ T .
(10)
αjH λ̂E
=
t
COPj

The above heat marginal cost calculation method allows CHPs and HPs to implicitly account for
interdependencies between heat and electricity markets. However, as the heat market is cleared
before the electricity market, electricity dispatch and prices are uncertain. CHPs and HPs must
anticipate the electricity dispatch and spot prices in order to compute accurately their expected
heat marginal cost. Forecast errors can influence the heat cost and thereby the merit order of
different heat producers. In addition, this approach does not account for the impact of CHPs and
HPs’ participation in the electricity market.
Furthermore, when participating in the electricity market CHPs’ power output is constrained by
their day-ahead heat dispatch Qjt . Subsequently, they offer their minimum electricity production
P j (Qjt ) at the lowest possible price α, and offer their excess production up to P j (Qjt ) − P j (Qjt )
HP
at their true electricity marginal cost αjE = αj ρE
j . HPs’ electricity consumption Ljtν is also constrained by their day-ahead heat dispatch. Thus, they offer the maximum allowed price α for their
minimum consumption LHP
j (Qjt ).
2.4. Illustrative Example of Synergies Between Heat and Electricity Systems
In order to illustrate the potential synergies between heat and electricity systems, we consider a
small system representing a reduced version of the Danish energy system. This illustrative example
will be revisited in Sections 3, 4, and 5 to illustrate the impact of the different market frameworks on
the heat and power systems. The power system comprises two conventional electricity generators,
G1 and G2 , and a wind producer W1 . An extraction CHP and a HP are at the interface between
heat and electricity systems. Additionally, we consider a centralized Heat Storage (HS) tank and a
heat-only unit (HO). The technical characteristics of the networks and generation units are detailed
in Table 1. Figure 1 depicts the FOR of the extraction CHP, and the equivalent FOR of the CHP
Table 1: Generation units’ parameters

P
Q
F
S
COP
r
ρE /ρH
ρ+ /ρ−
α

(MW)
(MW)
(MW)
(MWh)
(e /MWh)

G1
150
11

G2
200
33

W1
500
0

CHP
300
600
0.6
2.4/0.25
12.5

HP
200
3.0
-

HS
50
150
1.1/0.9
-

HO
500
0/1
30

coupled with a HP and a heat storage tank, assuming that the storage is charged at 50%. Heat
and electricity loads are derived from Madsen (2015), and are seen as representative of the Danish
energy system. Wind production for a sample day is derived from Bukhsh. As illustrated in the
left-hand side plot of Figure 2, heat and electricity systems in Denmark have different peak hours
7

Figure 1: Equivalent FOR of the extraction CHP, coupled with the HP and the HS (inspired by Chen et al. (2015))

during the day. Indeed, heat demand peak hours occur during the evening and morning due to
lower ambient temperatures, while electricity demand peak hours are during the day. Figure 2

Figure 2: Electricity and heat loads (left plot), and wind production (right plot) in a sample day

displays the excess wind production during certain hours, especially during the night. The heat
system can provide flexibility to the power system in two ways. First, the HP can supply heat with
excess wind production. Second, the extraction CHP can supply heat and electricity during the
electricity peak hours. Additionally, heat storage can provide inter-temporal flexibility by storing
excess heat production from HPs and CHPs. In an integrated market, this flexibility is exploited
by co-dispatching heat and electricity sources. However, in a sequential market framework, the
interaction between heat and power systems is captured by the way CHPs and HPs compute their
heat marginal costs.
 
As explained in Section 2.3, in order to compute their heat marginal costs αjH λ̂E
t , CHPs
8

and HPs need to forecast electricity prices λ̂E
t . Table 2 demonstrates how the forecast electricity
prices influence heat marginal costs and thereby the merit order in the heat market. The values for
the forecast electricity prices are derived from the heat and electricity dispatch of the hierarchical
model in Section 5. During the electricity peak hours, electricity prices are expected to be high.
Table 2: Estimated electricity spot prices and heat marginal costs (e/MWh)

t00 − t03
t04 − t06
t07 − t08
t09
t10 − t11
t12

λ̂E
12.5
0
12.5
30
12.5
30

H
αCHP
13.6
21.1
13.6
3.1
13.6
3.1

H
αHP
4.2
0
4.2
10
4.2
10

t13
t14
t15 − t16
t17 − t18
t19 − t20
t21 − t23

λ̂E
12.5
30
12.5
0
30
12.5

H
αCHP
13.6
3.1
13.6
21.1
3.1
13.6

H
αHP
4.2
10
4.2
0
10
4.2

In this case, the CHP has a lower heat marginal cost than the HP. During the night and hours
with excess wind production, electricity prices are expected to drop, and the HP has a lower heat
marginal cost. In Table 2, the CHP and the HP use the same value of the forecast electricity prices
to derive their heat marginal cost, which is a strong assumption. Subsequently, in a sequential
market framework, small forecast errors on electricity spot prices can have a remarkable influence
on the merit order in the heat market, and thereby on the heat dispatch. In addition, heat marginal
costs in Table 2 do not reflect the fact that the participation of CHPs and HPs in the electricity
market may influence electricity prices.
3. Sequential Heat and Electricity Market Framework (Seq.)
Despite the interactions discussed above, heat and electricity systems have traditionally been
operated sequentially and independently. In this section, we present a sequential market framework
for heat and electricity dispatch, inspired by the Danish energy system, and we illustrate the basic
features of this market framework using the illustrative example introduced in Section 2.4. As
depicted in Figure 3, CHPs and HPs first participate in the day-ahead heat market (step 1), by
computing their heat marginal cost based on expected day-ahead electricity prices as expressed in
(8) and (10). Once the heat system has been dispatched, CHPs can participate in the day-ahead
electricity market (step 2), by computing their minimum and maximum electricity production,
as formulated in (3)-(4). Finally, after the day-ahead electricity market clearing CHPs’ heat and
electricity outputs might not be in their FOR. Hence, a heat redispatch (step 3) might be performed.

3.1. Step 1: Day-Ahead Heat Market
The heat market operator seeks to minimize
 the day-ahead heat production cost based on the
H
reported expected heat marginal costs αj λ̂E
of CHPs and HPs over the set of optimization
t
n
o
−
variables ΩH = Qjt , Sjt , Q+
jt , Qjt , including the day-ahead heat dispatch Qjt of CHPs, HPs, and
+
heat-only units, the state of charge Sjt , charge Q−
jt , and discharge Qjt variables of the centrallyoperated heat storage tanks. The day-ahead heat market optimization problem can be formulated
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Figure 3: Sequential heat and electricity market framework. Step 1: CHPs and HPs participate in the Day-Ahead
(DA) heat market by offering their expected heat marginal cost, step 2: DA electricity market for a given realization of
the uncertainty, step 3: heat redispatch for a given realization of the uncertainty. Dotted lines represent the expected
value of the uncertainty sources, and solid lines represent information exchange between market participants and
market operators.

as follows:
min
ΩH

X X
t∈T

s.t. LH
t =

j∈I H

αj Qjt +
X

X

αjH

j∈I HP ∪I CHP

Qjt +

j∈I HP ∪I CHP ∪I H



X 

j∈I HS

λ̂E
t



Qjt




−
Q+
−
Q
jt
jt , ∀t ∈ T

0 ≤ Qjt ≤ Qj , ∀j ∈ I H ∪ I HP ∪ I CHP , t ∈ T

−
+ +
HS
Sjt = Sj(t−1) + ρ−
,t
j Qjt − ρj Qjt − lj , ∀j ∈ I
+
HS
,t ∈ T
0 ≤ Q−
jt ≤ Qj , 0 ≤ Qjt ≤ Qj , ∀j ∈ I
HS
S j ≤ Sjt ≤ S j , ∀j ∈ I , t ∈ T

Sj(t=|T |) ≥ Sjinit , ∀j ∈ I HS .

(11a)
(11b)
(11c)
∈T

(11d)
(11e)
(11f)
(11g)

The objective of this optimization problem is to minimize the day-ahead heat production cost (11a),
subject to hourly heat balance (11b), heat production bounds (11c), and operating constraints of
heat-storage tanks (11d)-(11g). However, the day-ahead heat prices cannot be directly derived
as the dual variables of the heat balance equations (11b). Indeed, heat marginal costs and heat
prices depend on the realization of electricity prices. In practice heat prices are calculated ex-post
and fixed in bilateral contracts. The centrally operated heat storage units can be heat producers
−
(Q+
jt > 0) when discharging, or consumers (Qjt > 0) when charging. Although (11d) allows
simultaneous charging and discharging, this type of operation is not optimal when prices are
+
positive due to the charging (0 < ρ−
j < 1) and discharging (ρj > 1) loss coefficients. Additionally,
a constraint on the charging state of the storage in the last time period is imposed in (11g), so that
it is not discharged completely over the optimization period. Alternative approaches could be used
for the final state of storage problem, in the form of hard and soft constraints, or modification of
the objective function.
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3.2. Step 2: Day-Ahead Electricity Market
Once the heat system has been dispatched, CHPs and HPs can participate in the day-ahead
electricity market. The electricity market operator seeks to minimize
n the day-ahead electricity
o
HP , P
0 , P + , repproduction cost over the set of primal optimization variables ΩE
=
L
,
P
jtν
ν
jtν
jtν
jtν
resenting the day-ahead electricity production Pjtν of electricity generators, minimum production
0 and excess production P + of CHPs, and electricity consumption LHP of HPs. For a given
Pjtν
jtν
jtν
realization of the uncertainty ν ∈ X , the day-ahead electricity market clearing is formulated as
follows:


X
X
+
E
0
+ αjE Pjtν
(12a)
α̃jtν
Pjtν +
− αLHP
min
αPjtν
jtν
ΩE
ν

j∈I E ,t∈T

s.t. LE
tν +

X

j∈I HP

j∈I CHP ,t∈T

LHP
jtν =

X

j∈I E

Pjtν +

X 

+
0
Pjtν
+ Pjtν

j∈I CHP



0
0 ≤ Pjtν
≤ P j (Qjt ) : µjtν , µjtν , ∀j ∈ I CHP , t ∈ T

: λE
tν , ∀t ∈ T

+
0 ≤ Pjtν
≤ P j (Qjt ) − P j (Qjt ) : µjtν , µjtν , ∀j ∈ I CHP , t ∈ T

0 ≤ Pjtν ≤ P jtν : µjtν , µjtν , ∀j ∈ I E , t ∈ T

HP
HP
,t ∈ T .
0 ≤ LHP
jtν ≤ Lj (Qjt ) : µjtν , µjtν , ∀j ∈ I

(12b)
(12c)
(12d)
(12e)
(12f)

The objective of this optimization problem is to minimize the day-ahead electricity production
cost (12a), constrained by hourly electricity balance (12b), and production bounds (12c)-(12f). To
be consistent with the European market framework, we do not include transmission constraints,
ramping, and minimum production constraints. We also neglect block offers linking different hours
of the day. We assume that wind producers offer their expected production at a zero marginal
cost. The dual variables are noted in front of their corresponding constraints, and electricity prices
λE
of electricity balance
constraints (12b). The set of dual
tν are defined as the dual variables
n
o
E
E
0
0
optimization variables is Ξν = λtν , µjtν , µjtν , µjtν , µjtν .
3.3. Step 3: Heat Redispatch

For a given realization of the uncertainty ν ∈ X , CHPs and HPs might not be dispatched
at their minimum level P j (Qjt ) and LHP
j (Qjt ) in the electricity market. As a result, their dayahead heat (Qjt ) and electricity (Pjtν ,LHP
jtν ) outputs might not be in their joint FOR expressed
in (1)-(2). In this case, the heat market operator performs a redispatch of heat sources, in
which it seeks to minimize the heat redispatch cost over the set of optimization variables ΩR
ν =
↑
↓
−
{Qjtν , Q↑jtν , Q↓jtν , Sjtν , Q+
,
Q
}.
The
variables
Q
and
Q
represent
the
upward
and
downjtν
jtν
jtν
jtν
ward production adjustment of the CHPs, HPs and heat-only units, associated with the redispatch
↑
↓
costs αjtν
and αjtν
. Their heat production after redispatch is denoted as Qjtν = Qjt + Q↑jtν − Q↓jtν .
−
The variables Sjtν , Q+
jtν , Qjtν represent the state of charge, discharge, and charge variables of the
centrally-operated heat storage tanks after redispatch. For a given realization of the uncertainty
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ν ∈ X , the heat redispatch is formulated as follows:


X
↑
↓
min
αjtν
Q↑jtν − αjtν
Q↓jtν
ΩR
ν

j∈I H ∪I HP ∪I CHP

X

s.t. LH
t =

Qjtν +

j∈I H ∪I HP ∪I CHP

X 

j∈I HS

(13a)


−
Q+
jtν − Qjtν , ∀t ∈ T

(13b)

Qjtν = Qjt + Q↑jtν − Q↓jtν , ∀j ∈ I H ∪ I HP ∪ I CHP , t ∈ T

(13c)

0≤

(13d)

Q↑jtν ,

0≤

0 ≤ Qjtν ≤ Qj

(1) − (2)

Q↓jtν ,

H

∀j ∈ I ∪ I

∀j ∈ I H , t ∈ T

Sjtν = Sj(t−1)ν +

−
ρ−
j Qjtν −
HS

S j ≤ Sjtν ≤ S j , ∀j ∈ I
0≤

Q−
jtν

HP

≤ Qjt , 0 ≤

Q+
jtν

+
ρ+
j Qjtν

,t ∈ T

∪I

CHP

(13e)
(13f)
− lj , ∀j ∈ I

≤ Qjt , ∀j ∈ I

Sj(j(t=|T |)ν ≥ Sjinit , ∀j ∈ I HS .

,t ∈ T

HS

,t ∈ T

(13g)
(13h)

HS

,t ∈ T

(13i)
(13j)

The objective of this optimization problem is to minimize the heat redispatch cost (13a), subject
to hourly heat balance (13b), heat production bounds (13e)-(13c), CHPs’ FOR constraints (13f),
and heat storage tanks’ operating constraints (13g)-(13j). For simplicity, in the rest of this paper
we consider the following redispatch costs for CHPs and heat-only units:
(
↑
CHP ∪ I H , t ∈ T , ν ∈ X
αjtν
= 1.1 αj ρH
j , ∀j ∈ I
(14)
↓
CHP ∪ I H , t ∈ T , ν ∈ X ,
αjtν
= 0.9 αj ρH
j , ∀j ∈ I
and for HPs:
↑
↓
αjtν
= αjtν
=

λE
jtν
, ∀j ∈ I HP , t ∈ T , ν ∈ X .
COPj

(15)

3.4. Limitations of Sequential Market Framework
In order to illustrate the challenges raised by the sequential market framework introduced
above, we implement it on the illustrative example presented in Section 2.4. Figure 4 shows the
resulting heat and electricity dispatch.
Due to the large penetration of wind in the power system, wind curtailment occurs during the
night (left-hand side plot). Additionally, wind utilization is decreased during certain hours due to
the lack of flexibility of CHPs and HPs when participating in the electricity market. Furthermore,
the right-hand side plot of Figure 4 highlights the linkage between heat and electricity outputs
of the CHP alone, and the equivalent heat and electricity outputs of the CHP combined with
the HP and the heat storage tank. For example, at hour t = 14, the heat marginal cost of the
CHP is expected to be lower than the one of the HP, and the CHP is dispatched instead of the
HP in the heat market. As a result, the HP does not participate in the electricity market and
the CHP’s minimum electricity production causes wind curtailment. In larger power systems this
curtailed wind energy can be exported when the transmission capacity is sufficient, or can be stored.
However, in the case of a large scale penetration of renewable energy sources these solutions may
require additional investment costs. A better coordination between heat and power systems can
increase the flexibility of the integrated energy system, which eventually helps the power system
to integrate higher shares of renewable energy generation.
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Figure 4: Electricity and heat dispatch in the sequential market framework (left plot: hourly electricity dispatch,
middle plot: hourly heat dispatch, right plot: hourly dispatch of CHP, HP, and HS based on their FOR)

4. Integrated Heat and Electricity Market Framework
As shown in Section 3.4, the traditional sequential market framework may fail to properly
anticipate the impact of CHPs and HPs in the electricity market. An optimal approach to couple
heat and electricity systems and to fully exploit the flexibility of CHPs and HPs in the day-ahead
is to co-dispatch heat and electricity sources (Chen et al., 2015). In this section, we present a fully
integrated heat and electricity market framework, and we discuss its benefits using the illustrative
example introduced in Section 2.4.
4.1. Market Formulation
The aim of the integrated day-ahead market operator is to minimize the total day-ahead productionncost, by co-dispatching heat and
o electricity sources. The set of optimization variables
+
−
HP , S
ΩInt
=
P
,
Q
,
L
,
Q
,
Q
jtν
jtν
jtν
ν
jtν
jtν
jtν includes the day-ahead electricity production Pjtν of electricity generators and CHPs, the electricity consumption LHP
jtν of HPs, the heat production Qjtν of
+
CHPs, HPs, and heat-only units, the state of charge Sjtν , charge Q−
jtν , and dicharge Qjtν variables
of heat storage tanks. CHPs participate in this integrated market by offering their total production cost given in (6). Additionally, CHPs and HPs communicate their joint FOR, as modeled in
(1)-(2), allowing for the market operator to fully exploit this operational flexibility. For a given
realization of the uncertainty in the power system ν ∈ X , the integrated market can be formulated
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as follows:
min
ΩInt
ν

X

j∈I CHP ,t∈T

s.t. LE
tν +

X

X


H
αj ρE
j Pjtν + ρj Qjtν +

j∈I HP

LH
t =

X

LHP
jtν =

X

j∈I E ∪I CHP

Qjtν +

j∈I HP ∪I CHP ∪I H

αj Qjtν +

j∈I H ,t∈T

Pjtν : λE
tν , ∀t ∈ T

X 

j∈I HS

X

E
α̃jtν
Pjtν

(16a)

j∈I E ,t∈T


−
H
Q+
jtν − Qjtν : λtν , ∀t ∈ T

(16b)
(16c)

0 ≤ Pjtν ≤ P j , ∀j ∈ I E , t ∈ T ,

(16d)

(1) − (2)

(16f)

0 ≤ Qjtν ≤ Qj , ∀j ∈ I H , t ∈ T
Sjtν = Sj(t−1)ν +

−
ρ−
j Qjtν −
HS

S j ≤ Sjtν ≤ S j , ∀j ∈ I

(16e)

+
ρ+
j Qjtν

,t ∈ T

− lj , ∀j ∈ I HS , t ∈ T

+
HS
0 ≤ Q−
,t ∈ T
jtν ≤ Qj , 0 ≤ Qjtν ≤ Qj , ∀j ∈ I

Sj(t=|T |)ν ≥

Sjinit ,

∀j ∈ I

HS

.

(16g)
(16h)
(16i)
(16j)

The objective of this optimization problem is to minimize the total day-ahead production cost
(16a), subject to hourly electricity and heat balance (16b)-(16c), production bounds (16d)-(16e),
HPs’ and CHPs’ FOR constraints (16f), and heat storage tanks’ operating constraints (16g)-(16j).
Electricity and heat day-ahead prices are defined as the dual variables of the electricity and heat
balance equations (16b) and (16c).
4.2. Benefits of Fully Integrated Market Framework
We implement this model to the illustrative example described in Section 2.4. Figure 5 displays
the heat and electricity dispatch for the entire day.
The integrated market provides an ideal benchmark for the dispatch of heat and electricity
systems by optimally exploiting the operational flexibility of the CHP and the HP. For example, at
hour t = 14, the CHP is not dispatched and heat is covered by the HP in order to integrate wind
production, as highlighted in the right-hand side plot of Figure 5. Subsequently, wind curtailment is
reduced compared to the sequential model (left-hand side plot). Additionally, the total energy cost
is decreased by 19.5% compared to the sequential market model. Although this market framework
goes against current market regulations, it provides a lower bound for the total production cost
of the integrated energy system, and a basis for quantifying the social value of coupling heat and
electricity systems.
5. Hierarchical Heat and Electricity Market Framework (Hier.)
As discussed above, an integrated day-ahead heat and electricity market is able to exploit the
maximum potential operational flexibility of CHPs and HPs, increase wind utilization and decrease
social cost. However, introducing a single market might not be feasible in practice because of
current regulations. Therefore, we propose here a novel approach for day-ahead heat and electricity
market coupling that respects current market regulations, i.e. the sequential dispatch of heat and
electricity. We use the illustrative example introduced in Section 2.4 to show how this market
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Figure 5: Heat and electricity dispatch in the integrated market framework (left plot: hourly electricity dispatch,
middle plot: hourly heat dispatch, right plot: hourly dispatch of CHP, HP, and HS based on their FOR)

model can improve the coordination between heat and power systems compared to the traditional
sequential market framework.
5.1. Market Framework
The proposed market framework builds upon the preliminary work of Mitridati & Pinson (2016),
in which heat and electricity market operators are modeled as two sequential players trying to minimize their own cost. As the heat market is cleared before the electricity market, it is modeled
as the leader in a single-leader multi-follower Stackelberg game (Gabriel et al., 2012). The followers are electricity market clearings under different scenarios. The objective of the leader (heat
market operator) is to minimize the heat system cost, while anticipating the impacts of heat-side
dispatch on the followers (electricity market under different scenarios). For given heat dispatch
decisions, each follower (electricity market operator) minimizes the electricity system cost under
the underlying scenario.
This game-theoretical problem can be formulated as a hierarchical (bi-level) optimization problem, by modeling electricity market-clearing problems as constraints of the heat market-clearing
problem. In the upper-level optimization problem to be solved by the leader, the heat market
aims at minimizing the day-ahead heat production cost and expected redispatch cost, subject
to heat operating constraints and optimality conditions of the lower-level optimization problems,
which represent the day-ahead electricity market clearing for different realizations of the uncertainty. The lower-level optimization problems are constrained by the day-ahead heat dispatch of
CHPs and HPs, determined in the upper-level problem. Additionally, they provide feedback to
the upper-level problem by modeling electricity dispatch and prices as decision variables. These
variables impact the heat costs in the upper-level optimization problem. This approach allows the
heat market operator to endogenously model the participation of CHPs and HPs in the day-ahead
electricity market. Figure 6 schematically illustrates this exchange of information (feedback) between the upper- and lower-level problems. As depicted in Figure 6, CHPs and HPs communicate
their joint FOR, as expressed in (1)-(2), and their heat production cost as a function of electricity
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dispatch and spot prices, as formulated in (7) and (9), to the day-ahead heat market operator (step
1).

Figure 6: Hierarchical heat and electricity market framework. Step 1 : DA heat market (upper-level), constrained by
DA electricity market scenarios (lower-level), step 2: DA electricity market for a given realization of the uncertainty,
step 3: heat redispatch for a given realization of the uncertainty. Dotted lines represent exchange of information
(feedback) between the upper- and lower-level problems in step 1. Solid lines represent information exchange between
market participants and market operators.

The day-ahead electricity market (step 2) and heat redispatch (step 3) are identical to those
mechanisms within the sequential market framework presented in Sections 3.2 and 3.3 and hence
not described again here.
5.2. Day-Ahead Heat Market Formulation (Step 1)
The upper-level optimization problem, representing the heat market operator’s problem, is
constrained by the lower-level problems. For a given day-ahead heat dispatch, each lower-level
problem LLν represents the day-ahead electricity market clearing under the underlying scenario
ν ∈ X , as formulated in problem (12). The heat market operator seeks to minimize the expected
day-ahead
heat production cost and redispatch cost over the set of optimization variables ΩUL =
S
ΩH ν∈X ΩR
ν , representing day-ahead heat dispatch and redispatch variables. As the electricity
E
dispatch Pjtν and LHP
jtν of CHPs and HPs, and electricity prices λtν are modeled endogenously as
lower-level variables, we can directly express the expected heat production cost of CHPs and HPs
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using (7) and (9). The hierarchical heat market can be formulated as follows:
X
X
X


E
E
αj Qjt +
αj ρH
min
πν
j Qjt + ρj Pjtν − λtν Pjtν
ΩU L

ν∈X ,t∈T

j∈I H

+

j∈I CHP

X

j∈I CHP ∪I H

s.t. (11b) − (11g)



↑
αjtν
Q↑jtν

−

↓
αjtν
Q↓jtν



+

X

j∈I HP

HP
λE
tν Ljtν



(17a)
(17b)

(13b) − (13j)

(17c)

E
{Pjtν , LHP
jtν , λtν } ∈ arg min{LLν }, ∀ν ∈ X .

(17d)

The objective of the upper-level problem is to minimize the expected day-ahead heat production
cost and expected redispatch cost (17a), subject to heat operational constraints and heat balance
at day-ahead (17b) and redispatch stages (17c), and constrained by electricity market-clearing
problems (17d). Equations (17a)-(17c) represent the upper-level objective function and constraints,
and (17d) represents the lower-level problems, one per scenario.
A common approach to recast this hierarchical optimization problem into a single-level optimization problem is to replace the linear lower-level optimization problems by their sufficient
and necessary KKT conditions. The complementarity conditions can be linearized by introducing
HP
E
auxiliary binary variables. In addition, the bilinear terms λE
tν Ljtν and λtν Pjtν in the objective
function of the upper-level problem can be reformulated as a linear expression by using the strong
duality theorem (Gabriel et al., 2012). It results that this hierarchical optimization problem can
be eventually solved as an MILP. The KKT conditions and the equivalent MILP formulation of
(17) are provided in an online Appendix available at Mitridati et al. (2018).
5.3. A Trade-Off Between Sequential and Integrated Market Frameworks
We implement the hierarchical market framework in the illustrative example introduced in
Section 2.4. Figure 7 shows the heat and electricity dispatch for 24 hours.
The hierarchical model allows the heat market operator to anticipate the impact of CHPs and
HPs in the electricity market, and exploit their operational flexibility. For example, at hour t = 14,
the CHP is not dispatched and heat is covered by the HP in order to reduce wind curtailment. The
right-hand side plot of Figure 7 highlights the heat and electricity dispatch at this specific hour of
the day. Subsequently, wind curtailment is reduced compared to the sequential model.
Table 3 compares the total system cost and wind curtailment across the three market frameworks. While the integrated market achieves the lowest cost, the hierarchical market framework
manages to substantially reduce both the wind curtailment and the total system cost compared to
those in the sequential market framework.
Table 3: Total system cost and wind curtailment across the three market frameworks

Total system cost
Wind curtailment

(e)
(MWh)

Sequential
50, 683
254
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Integrated
41, 216
95

Hierarchical
41, 264
95

Figure 7: Electricity and heat dispatch in the hierarchical market framework (left plot: hourly electricity dispatch,
middle plot: hourly heat dispatch, right plot: hourly dispatch of CHP, HP, and HS based on their FOR)

5.4. Scalability Strategy: A Benders Decomposition Approach
A straightforward approach to solve this hierarchical optimization problem is to recast it as
a single-level MILP problem, such as described in the online Appendix available at Mitridati
et al. (2018). However, the number of auxiliary binary variables used to linearize the complementarity conditions increases proportionally to the number of scenarios considered, i.e. as
2 |X | |T | I CHP ∪ I HP ∪ I E . In order to cope with the computational complexity, it is possible to
exploit the structure of the original stochastic hierarchical optimization problem in order to decompose it into a sequence of simpler and more tractable problems. By using a Benders decomposition
algorithm, the original stochastic hierarchical optimization problem can be decomposed into |X |
subproblems, one per scenario ν ∈ X , by temporarily
fixing the so-called
complicating variables,
n
o
+
−
H
i.e. the day-ahead heat dispatch variables Ω = Qjt , Sjt , Qjt , Qjt .
This method is an iterative process. At each iteration, the complicating variables are updated
in the so-called master problem (step A), which only includes the constraints related to the dayahead heat dispatch (17b). The objective value of the master problem provides a lower bound
for the objective value of the original problem (17). The subproblems, one per scenario, are then
solved independently with the fixed value of the complicating variables (step B). The objective
values of the subproblems provide an upper bound on the objective value of the original problem
(17). The master problem and the subproblems exchange information until the upper and lower
bounds converge (step D). In traditional Benders algorithms, the sensitivities of the subproblems
with respect to the complicating variables are derived to generate optimality cuts that further
constrain the master problem in the following iterations. These optimality cuts represent a linear
under-estimator of the subproblems’ objective function at each iteration.
As the subproblems are still hierarchical optimization problems, we design an augmented regularized Benders algorithm to derive these sensitivities. The specificity of the proposed Bender
decomposition algorithm is to reformulate the hierarchical subproblems using a primal-dual formulation of the lower-level optimization problems instead of a traditional MILP formulation. However,
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the strong duality equation introduces bilinear terms in the subproblems. Each bilinear term is in
fact a product of a complicating variable (say Qjt ) and a dual variable (say µjtν ). At a given iteration (θ), in order to linearize these terms, each subproblem is solved in two steps. We first solve
a linear auxiliary subproblem (aux-SUBν ), in which the complicating variables Qjt are treated as
(θ)
parameters and fixed to the values Qjt obtained in the master problem, and not as variables fixed
to given values (step B1). These auxiliary subproblems provide the optimal values for dual variables µjtν , but do not give sensitivities required for generating cuts. In the second step, the dual
(θ)

variables µjtν are treated as parameters and fixed to those values µjtν obtained in Step B1, and
subproblems SUBν treat complicating variables Qjt as variables. However, the fixing constraints
(θ)
enforce the complicating variables Qjt to take the values Qjt coming from the master problem.
The dual variables of these fixing constraints provide sensitivities with respect to the complicating
variables (step B2).
Benders decomposition algorithms are assured to converge as long as the objective function of
the original problem is convex with respect to the complicating variables. The proposed hierarchical
optimization problem is non-convex, but an increasing number of scenarios results in a smoother
and asymptotically convex objective function with respect to complicating variables. Bertsekas
& Sandell (1982) analyze the theoretical foundation of this behavior. Hence, by increasing the
number of scenarios considered a successful implementation of Benders decomposition is possible.
Additionally, instability due to excessive oscillations of the upper and lower bounds is a major
drawback of Benders decomposition algorithms (Rahmaniani et al., 2017). In the case of nonconvex optimization, this may lead to a slow convergence or even convergence to a suboptimal
solution. In order to mitigate the oscillations of the upper bound, we apply the so-called bundle
method, introduced by Ruszczyński (1986), and extended by Ruszczyński & Świtanowski (1997).
This approach adds a quadratic regularization term to the objective function of the master problem
to ensure that the solutions remain close to the current reference point. This reference point and
the upper bound are updated at a given iteration if the decrease in the expected objective value
of the subproblems is deemed significant (step C). This approach potentially reduces the number
of iterations for the Benders decomposition algorithm to converge. Although this increases the
computational complexity of the master problem, given that the main computational burden resides
in solving the large number of subproblems at each iteration, empirical results show that the overall
computational cost is reduced (Ruszczyński & Świtanowski, 1997).
Finally, as suggested by Nasri et al. (2016), at each iteration we introduce a new set of auxiliary
cuts in the master problem, creating an additional feedback from the subproblems. This new set of
constraints only depends on the value of the (primal) variables of the subproblems in the previous
iteration. Figure 8 schematically illustrates the structure of the proposed Benders decomposition
algorithm. The formulation of each step is provided in the online Appendix available at Mitridati
et al. (2018).
Although the proposed Benders algorithm is not mathematically guaranteed to converge, in the
illustrative example previously discussed, we observed convergence to the optimal solution of the
hierarchical optimization problem for any number of scenarios greater than eight. This is validated
by comparing the solutions of original and decomposed models for those cases that have a tractable
solution for the original non-decomposed model.
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Figure 8: Augmented regularized Benders decomposition algorithm flowchart (LP: linear program; QP: quadratic
program; LB: lower bound; UB: upper bound)

6. Results
In this section we compare the impact of the three aforementioned market frameworks, namely
sequential, integrated and hierarchical, on an integrated energy system for varying values of wind
penetration. In order to model accurately the uncertainty from the power system, a large number
of scenarios is considered. The hierarchical heat dispatch optimization problem is solved using the
Benders algorithm described in Section 5.4. The simulations are implemented in Python 3.5, using
Gurobi 7.0.2 solver, on a Processor Intel Core i5-6200U CPU @ 2.30 GHz (8.00 GB RAM). All
codes and input data are available online at Mitridati et al. (2018).
6.1. Description of Simulation Setup and Experiments
A modified version of the 24-bus IEEE Reliability Test System composes the integrated energy
system. It consists of 7 thermal power plants, 6 wind farms, 4 extraction CHPs, and one heatonly unit. The 4 CHPs account for 1100MW of the total 2100MW installed capacity of thermal
generation in the district heating system, and for 1107MW of the total 2864MW in the power
system. Additionally, 3 heat storage tanks with a total storage capacity of 450MWh, and 6 HPs
with a total capacity of 750MW are installed. Data for the power system is derived from the
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24-bus IEEE Reliability Test System provided by Ordoudis et al. (2016). Scenarios of price offers
E for each electricity producer are generated from this data, assuming a normal distribution.
α̃jtν
Electricity demand scenarios are derived from Nordpool market data for January 2018, available
at Nordpool (2018). Wind power uncertainty is modeled by a set of scenarios with temporal and
spatial correlation, which are available at Bukhsh. Data for the heat system and heat demand
are derived from the greater Copenhagen area, whose data is presented by Madsen (2015) and
Zugno et al. (2016). This integrated energy system, heat demand, price offers, electricity load,
and available wind generation scenarios are detailed in the online Appendix, available at Mitridati
et al. (2018).
In the following analysis, we compare the impact of the three underlying market frameworks on
the integrated energy system described above, over a 24-hour scheduling horizon. The performance
of the proposed stochastic hierarchical optimization problem depends greatly on the accurate description of the uncertainty in the power system. However, the computational complexity of this
model increases with the number of scenarios. Therefore, we must find an appropriate trade-off between uncertainty representation and computational complexity. We first generate 15 independent
scenarios per source of uncertainty, namely wind production, electricity loads and supply functions
(i.e., 3, 375 scenarios in total). We then use a scenario reduction technique to merge similar scenarios (Gabriel et al., 2009; Morales et al., 2009). Figure 9 illustrates the profile of the expected
heat cost, standard deviation of heat costs and CPU time of the Benders algorithm, depending
on the number of scenarios selected. It shows that the proposed Benders algorithm provides a
tractable solution method for the proposed stochastic hierarchical optimization problem, whereas
the non-decomposed MILP formulation is computationally intractable for this case study with the
number of scenarios higher than two. Additionally, both the expected heat cost and the standard
deviation remain stable for a number of scenarios higher than 200. Thus, 216 scenarios are selected
for this study. We assign the same probability for each scenario.
We use those 216 representative scenarios to describe the uncertainty sources in the stochastic
hierarchical heat market in problem (17), which is solved using the augmented regularized Benders
algorithm introduced in Section 5.4. As this simulation is performed in-sample, we then clear
the day-ahead electricity market (step 2) and heat redispatch (step 3) for the same scenarios.
Similarly, after the sequential heat market framework is cleared (step 1), the day-ahead electricity
market (step 2) and heat redispatch (step 3) are cleared for all scenarios. In the integrated market
framework, heat and electricity are simultaneously dispatched for each scenario.
Additionally, in the sequential market framework, CHPs and HPs require forecast
  electricity
E
H
prices λ̂t as input parameters to compute their expected heat marginal cost αj λ̂E
t . For that
purpose, we first simulate the heat and electricity dispatch (steps 1 and 2) in the hierarchical market
framework with a single trajectory, representing the expected value of the original 3, 375 scenarios.
The resulting spot prices are used as input parameters in the sequential market framework, and the
resulting day-ahead heat dispatch is used to initialize the Benders algorithm described in Section
5.4. We carry out this analysis for different values of installed wind capacity, ranging from 450MW
to 1, 800MW, i.e. between 32% and 138% of the peak demand.
6.2. Comparison of the Three Market Frameworks
Figure 10 depicts the profile of expected heat and electricity costs across the three aforementioned market frameworks for different values of installed wind capacity. The expected heat cost is
computed as the summation of the day-ahead heat production cost in (11a) and the redispatch cost
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Figure 9: Proposed hierarchical heat market model (Benders algorithm): expected heat cost and standard deviation
of heat cost (top plot), and CPU time (bottom plot) as a function of the number of scenarios

in (13a) accounted for all scenarios. In the integrated market, the redispatch cost is always zero.
The expected electricity cost is computed as CHPs and electricity generators’ production costs
accounted for all scenarios. This method is the most common way to allocate CHPs and HPs’
costs in practice. However, the expect total system cost, which is computed as the production
cost of the integrated energy system in (16a) accounted for all scenarios, is not equal to the the
sum of expected heat and electricity costs. The left-hand side plot of Figure 10 demonstrates that,

Figure 10: Expected electricity (left-hand side plot) and heat (right-hand side plot) production costs across the three
market frameworks: sequential, integrated, and hierarchical (Benders algorithm)
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in the integrated market framework, the electricity production cost decreases steadily, whereas
in the right-hand side plot the heat production cost remains relatively stable. A slight increase
of the heat production cost can be noticed for installed wind capacities ranging from 450MW to
1, 050MW, due to a decrease in average electricity prices, resulting in an increase in CHPs’ heat
marginal costs. For higher values of the installed wind capacity, HPs become more profitable and
the heat system benefits from the decrease in electricity prices. Heat costs in the sequential and
hierarchical market frameworks follow a similar behavior, but for wind capacities between 450MW
and 1, 050MW the increase is more pronounced.
The sequential heat market is myopic to the impact of CHPs and HPs on electricity prices, and
thus to their impact on heat marginal costs and the merit order in the heat market. As a result,
the sequential market framework results in the highest heat production cost. As expected, the
hierarchical market framework always achieves a lower expected heat production cost compared to
that in the sequential one. This improvement is achieved by modeling endogenously the participation of CHPs and HPs in the power system, and accounting for the impact of uncertainty sources
on the redispatch cost. However, there is no such guarantee regarding the expected electricity and
total system costs. The in-sample columns in Table 5 give the relative difference in expected heat,
electricity and total system costs between the hierarchical and sequential market frameworks. It
shows that the expected heat cost in the hierarchical market framework is significantly lower than
that in the sequential one for all values of installed wind capacity. However, as wind penetration increases, and thus electricity prices and HPs’ heat marginal costs decrease, this relative gap
shrinks.
Furthermore, in the sequential and hierarchical market frameworks, the day-ahead heat dispatch of CHPs and HPs, and thus their capability for producing electricity, are fixed before the
electricity market clearing. This heat-driven approach limits the flexibility of CHPs and HPs in
the electricity market, resulting in a sharp increase in expected electricity cost with respect to that
in the integrated market, as presented in Table 4.
Table 4: Difference in expected electricity, heat, and total system costs across the sequential and hierarchical market
frameworks with respect to those in the integrated market framework for different values of installed wind capacity
(expressed in %, with the integrated market framework as reference)

Wind capacity
Electricity cost
Heat cost
Total system cost

(MW)
(%)
(%)
(%)

Sequential
450
900 1, 800
5.0
7.2
11.9
111.0 48.3 12.6
7.8
10.6 13.3

Hierarchical
450
900 1, 800
5.2
4.8
11.1
−11.1 33.9 12.3
3.5
6.8
9.8

As the integrated market seeks to minimize the total system cost for each scenario, contrary
to the two other market frameworks, it is guaranteed to always provide a lower bound for the
expected total system cost. However, there is no such guarantee regarding the expected electricity and heat production costs. Figure 11 depicts the profile of the expected total system cost
across the three market frameworks for different values of installed wind capacity. As expected,
the integrated market framework consistently achieves the lowest expected total system cost for all
values of wind penetration. The sequential market framework, due to its lack of foresight on the
impact of the heat market outcomes on the power system, results in a sharp increase in expected
total system costs. As seen in Table 4, the relative gap in expected total system costs between
the sequential and integrated market frameworks widens when wind penetration increases. This
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Figure 11: Expected total system cost across the three market frameworks: sequential, integrated, and hierarchical
(Benders algorithm), computed as the total production cost in (16a)

is mostly driven by the growing gap in expected electricity cost, and by the increasing heat redispatch cost. Interestingly, the hierarchical market framework provides a significant improvement in
expected total system cost compared to the sequential one, as exhibited in Table 4. Even though
the hierarchical market framework improves the coordination between heat and electricity systems
compared to the sequential one, it still provides a limited flexibility due to the sequential dispatch
of heat and electricity systems. On the contrary, in the integrated market framework heat and
electricity systems are dispatched simultaneously, allowing the market operator to fully exploit
the operational flexibility of CHPs and HPs. Therefore, when the level of uncertainty from wind
production increases, the relative gap in expected total system costs between the hierarchical and
integrated market frameworks grows, as shown in Table 4.
6.3. Out-of-Sample Analysis
This subsection presents an out-of-sample analysis to provide a more rigorous comparison of the
performance of the three market frameworks against unseen scenarios. To this purpose, we generate
1, 000 new scenarios from the same distributions that we generated in-sample scenarios from. Wind
and electricity demand scenarios are presented in the online Appendix available at Mitridati et al.
(2018). Fixing the day-ahead heat dispatch to those obtained in the in-sample simulations, we
run a day-ahead electricity market and then a heat redispatch, as well as an integrated heat and
electricity market for each out-of-sample scenario. Figures 12 and 13 depict how the expected
heat, electricity and total system costs evolve considering out-of-sample scenarios for increased
wind capacity.
As expected, the sequential and hierarchical markets’ expected heat, electricity and total system costs increase compared to those in the in-sample simulation, due to the impact of unseen
scenarios on expected electricity and heat redispatch costs. The integrated market still provides a
lower bound for the expected total system cost, while the hierarchical market framework consistently achieves a lower expected heat system cost compared to that in the sequential one. In fact,
the relative gap in expected heat cost between the hierarchical and sequential market frameworks
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Figure 12: Expected out-of-sample electricity (left-hand side plot) and heat (right-hand side plot) production costs
across the three market frameworks: sequential, integrated, and hierarchical (Benders algorithm)

Figure 13: Expected out-of-sample total system costs across the three market frameworks: sequential, integrated,
and hierarchical (Benders algorithm)

increases compared to the in-sample simulation, as exhibited in Table 5. This is achieved by a better representation of the uncertainty sources and their impact on redispatch costs in the stochastic
hierarchical heat market. Furthermore, the hierarchical market framework still achieves a significant improvement in the expected total system cost compared to the sequential one. However, the
relative gap in expected total system cost between hierarchical and sequential market frameworks
decreases compared to that in the in-sample simulations, as presented in Table 5.
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Table 5: Difference in expected electricity, heat, and total system costs in the hierarchical market framework with
respect to those in the sequential market framework for different values of installed wind capacity, with in-sample
and out-of-sample scenarios (expressed in %, with the sequential market framework as reference)

Wind capacity
Electricity cost
Heat cost
Total system cost

(MW)
(%)
(%)
(%)

In-sample
450
900 1, 800
+0.3 −2.3 −0.7
−57.9 −9.7 −0.2
−4.0 −3.4 −3.0

Out-of-sample
450
900
1, 800
+1.4
−0.7
+0.4
−62.3 −26.6 −0.3
−2.9
−1.5
−1.7

7. Conclusions
This paper deals with the coordination of heat and electricity systems via market-based mechanisms, in the context of a large share of renewable energy production. Our study used two
reference market models: on the one hand, a traditional sequential market framework; and on the
other hand, a fully integrated market framework. The sequential market’s heat-driven dispatch
limits the flexibility of CHPs and HPs participating in both markets. The fully integrated market,
though providing an ideal benchmark for heat and power dispatch, goes against the current market
regulations.
To bridge this gap we introduced a novel market framework based on a hierarchical optimization model, that endogenously models electricity market clearing as a constraint of the heat market
optimization problem. Our analysis prompts two fundamental conclusions. First, there is room
for significant improvement in heat and electricity market coordination, while respecting current
market regulations. Indeed, the proposed hierarchical market framework provides a trade-off between the traditional sequential market and a fully integrated one, by giving insight to the heat
market operator into the impact of heat dispatch on the power system. Second, the proposed
stochastic hierarchical market framework can be solved in an efficient and tractable manner using
an augmented regularized Benders algorithm developed in this study. This allows us to model the
sources of uncertainty from the power system, using a large number of scenarios, without loss of
tractability.
This work shows that a coordinated operation of heat and electricity systems can provide flexibility to the overall energy system in order to accommodate more stochastic and non-dispatchable
energy sources. This opens up various directions for future work. This study focuses on the issue of coordination between energy systems at the day-ahead market stage, however it does not
account for real-time uncertainty. One way to achieve this would be to readily account for coordinated heat and electricity reserve requirements at the day-ahead stage. Warrington et al. (2013)
and Darivianakis et al. (2017) introduced policy-based reserve products, defined as affine policies.
This approach could provide an appropriate framework to model the flexibility of CHPs, HPs,
and consumers at the interface between heat and power systems, and coordinate their response to
disturbances from both systems.
Finally, while this study targets market design, other approaches could be investigated to
improve the coordination between heat and power systems within the existing market framework.
In particular, developing flexible products can provide a soft link between energy systems. Li et al.
(2016a) showed that the inter-temporal flexibility of district heating networks, coupled with CHPs
and HPs at the interface between heat and power systems, could be modeled as a virtual electricity
storage. Hence, a promising direction is to generalize the concept of financial and physical storage
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rights developed by Taylor (2015) and Muñoz-Álvarez & Bitar (2017), to allow heat systems to
quantify and offer their flexibility to the power system, in the form of a virtual electricity storage.
Appendix: Nomenclature

Sets and Indexes
T Set of time periods
X Set of day-ahead scenarios
I H Set of heat-only units
I HS Set of heat storage tanks
I CHP Set of CHPs
I HP Set of HPs
I E Set of electricity conventional generators and wind producers
ΩH Set of optimization variables of day-ahead sequential heat market
ΩE
ν Set of primal optimization variables of day-ahead electricity market for underlying scenario ν
ΞE
ν Set of dual optimization variables of day-ahead electricity market for underlying scenario ν
ΩR
ν Set of optimization variables of redispatch heat market for underlying scenario ν
ΩInt
Set of optimization variables of integrated heat and electricity market for underlying scenario
ν
ν
ΩUL Set of optimization variables of the upper-level problem in the hierarchical heat market

Input Parameters
πν Probability of scenario ν
Qj Maximum heat output of CHPs, HPs, heat-only, and heat storage tanks (MW)
E
ρH
j ,ρj Heat and electricity fuel efficiency of CHP

rj Heat to electricity ratio of CHP
F j Maximum fuel consumption of CHP (MW)
COPj Coefficient of performance of heat pump
S j Maximum heat stored in heat storage tanks (MWh)
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S j Minimum heat stored in heat storage tanks (MWh)
Sjinit Initial heat stored in heat storage tanks (MWh)
+
ρ−
j ,ρj Heat storage tanks charging and discharging efficiencies

lj Heat storage losses (MWh)
LE
tν Electricity load scenario (MW)
LH
t Heat load (MW)
P jtν Maximum power output of conventional generators and wind producers (MW)
α,α Minimum and maximum price offer in the day-ahead electricity market; respectively −500e/MWh
and 3000e/MWh
αj Marginal cost parameter of CHPs and heat-only units (e/MWh)
E Marginal price offer of conventional generators and wind producers in day-ahead electricity
α̃jtν
market (e/MWh)

αjE Electricity marginal cost of CHPs (e/MWh)
αj↑ ,αj↓ Up and down redispatch costs of CHPs, HPs, and heat-only units (e/MWh)
λ̂E
t Forecast electricity price (e/MWh)

Decision variables
Qjt Day-ahead heat dispatch of CHPs, HPs, and heat-only units (MWh)
+
Q−
jt ,Qjt Charging and discharging of heat storage tanks in day-ahead market (MWh)

Sjt Heat stored in heat storage tanks in day-ahead market (MWh)
Q↑jtν ,Q↓jtν Upward and downward heat production adjustment of CHPs and heat-only units (MWh)
Qjtν Heat production of CHPs and heat-only units after redispatch (MWh)
−
Q+
jtν ,Qjtν Charging and discharging of heat storage tanks after redispatch (MWh)

Sjtν Heat stored in heat storage tanks after redispatch (MWh)
Pjtν Day-ahead electricity dispatch of conventional generators, wind producers, and CHPs (MWh)
0 Electricity production of CHPs below P (Q ) (MWh)
Pjtν
jt
j
+
Pjtν
Electricity production of CHPs over P j (Qjt ) (MWh)

LHP
jtν Electricity consumption of HP (MWh)
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µjtν ,µjtν ,µ0jtν ,µ0jtν Dual variables of the lower-level problems
λE
tν Day-ahead electricity prices
λH
tν Day-ahead heat prices

Functions
Γj (.) Total production cost of CHPs, depending on electricity prices, heat and electricity production (e)
ΓH
j (.) Expected heat cost of CHPs and HPs, depending on electricity prices, heat and electricity
production (e)
αjH (.) Expected heat marginal cost of CHPs and HPs, depending on electricity prices (e/MWh)
P j (.) Maximum power output of CHPs depending on heat output (MW)
P j (.) Minimum power output of CHPs depending on heat output (MW)
LHP
j (.) Minimum power output of CHPs depending on heat output (MW)
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Abstract
In this Appendix we present the reformulation of the hierarchical heat market model introduced in
Section 5.2 of the supporting paper into a single-level optimization problem. We then describe the
steps of the proposed augmented regularized Benders algorithm introduced in Section 5.4. Finally,
we provide the input data for the case study in Section 6 of the supporting paper.
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1. Nomenclature

Sets and Indexes
T Set of time periods
X Set of day-ahead scenarios
I H Set of heat-only units
I HS Set of heat storage tanks
I CHP Set of CHPs
I HP Set of HPs
I E Set of electricity conventional generators and wind producers
ΩH Set of optimization variables of day-ahead sequential heat market
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ΩE
ν Set of primal optimization variables of day-ahead electricity market for underlying scenario ν
ΞE
ν Set of dual optimization variables of day-ahead electricity market for underlying scenario ν
ΩR
ν Set of optimization variables of redispatch heat market for underlying scenario ν
ΩInt
Set of optimization variables of integrated heat and electricity market for underlying scenario
ν
ν
ΩUL Set of optimization variables of upper-level problem in hierarchical heat market

Input Parameters
πν Probability of scenario ν
Qj Maximum heat output of CHPs, HPs, heat-only, and heat storage tanks (MW)
E
ρH
j ,ρj Heat and electricity fuel efficiency of CHP

rj Heat to electricity ratio of CHP
F j Maximum fuel consumption of CHP (MW)
COPj Coefficient of performance of heat pump
S j Maximum heat stored in heat storage tanks (MWh)
S j Minimum heat stored in heat storage tanks (MWh)
Sjinit Initial heat stored in heat storage tanks (MWh)
+
ρ−
j ,ρj Heat storage tanks charging and discharging efficiencies

lj Heat storage losses (MWh)
LE
tν Electricity load scenario (MW)
LH
t Heat load (MW)
P jtν Maximum power output of conventional generators and wind producers (MW)
α,α Minimum and maximum price offer in the day-ahead electricity market; respectively −500e /MWh
and 3000e/MWh
αj Marginal cost parameter of CHPs and heat-only units (e/MWh)
E Marginal price offer of conventional generators and wind producers in day-ahead electricity
α̃jtν
market (e/MWh)

µαj Mean value of marginal price offers’ distribution (e/MWh)
σαj Standard deviation of marginal price offers’ distribution (e/MWh)
2

αjE Electricity marginal cost of CHPs (e/MWh)
αj↑ ,αj↓ Up and down redispatch costs of CHPs, HPs, and heat-only units (e/MWh)
λ̂E
t Forecast electricity price (e/MWh)

Decision variables
Qjt Day-ahead heat dispatch of CHPs, HPs, and heat-only units (MWh)
+
Q−
jt ,Qjt Charging and discharging of heat storage tanks in day-ahead market (MWh)

Sjt Heat stored in heat storage tanks in day-ahead market (MWh)
Q↑jtν ,Q↓jtν Upward and downward heat production adjustment of CHPs and heat-only units (MWh)
Qjtν Heat production of CHPs and heat-only units after redispatch (MWh)
−
Q+
jtν ,Qjtν Charging and discharging of heat storage tanks after redispatch (MWh)

Sjtν Heat stored in heat storage tanks after redispatch (MWh)
Pjtν Day-ahead electricity dispatch of conventional generators, wind producers, and CHPs (MWh)
0 Electricity production of CHPs below P (Q ) (MWh)
Pjtν
jt
j
+
Pjtν
Electricity production of CHPs over P j (Qjt ) (MWh)

LHP
jtν Electricity consumption of HP (MWh)
µjtν ,µjtν ,µ0jtν ,µ0jtν Dual variables of the lower-level problems
λE
tν Day-ahead electricity prices
λH
tν Day-ahead heat prices

Functions
Γj (.) Total production cost of CHPs, depending on electricity prices, heat and electricity production (e)
ΓH
j (.) Expected heat cost of CHPs and HPs, depending on electricity prices, heat and electricity
production (e)
αjH (.) Expected heat marginal cost of CHPs and HPs, depending on electricity prices (e/MWh)
P j (.) Maximum power output of CHPs depending on heat output (MW)
P j (.) Minimum power output of CHPs depending on heat output (MW)
3

LHP
j (.) Minimum power output of CHPs depending on heat output (MW)

Benders algorithm indexes, variables and parameters
θ Iterations of Benders algorithm, in {1, ..., θmax }
ΩMP Set of optimization variables of master problem
ΩSUB
Set of optimization variables of subproblem SUBν for underlying scenario ν
ν
 Positive tolerance parameter
Q,(θ)

Sensitivity of subproblem SUBν with respect to complicating variable Qjt at iteration θ

S,(θ)

Sensitivity of subproblem SUBν with respect to complicating variable Sjt at iteration θ

ηjtν
ηjtν

Q+ ,(θ)

Sensitivity of subproblem SUBν with respect to complicating variable Q+
jt at iteration θ

Q− ,(θ)

Sensitivity of subproblem SUBν with respect to complicating variable Q−
jt at iteration θ

ηjtν

ηjtν

SUB,(θ)

zν

Objective value of SUBν at iteration θ

z MP,(θ) Objective value of master problem at iteration θ
UB(θ) Value of upper bound at iteration θ
LB(θ) Value of lower bound at iteration θ
X (ref) Reference point
τ (ref) Penalization parameter
m Regularization parameter (0 < m < 1)
X Vector of complicating variables
β Decision variable of master problem
2. Single-Level Reformulation of the Hierarchical Market Model
The hierarchical heat market introduced in Section 5.2 of the supporting paper cannot be solved
directly by traditional solvers. In this section we introduce various methods to reformulate this
hierarchical (bi-level) optimization problem as single-level optimization problem.
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2.1. Mathematical Problem with Equilibrium Constraints (MPEC) Formulation
The hierarchical optimization problem (17) in the supporting paper can be reformulated as a
single-level optimization problem by replacing each linear lower-level optimization problem LLν by
its equivalent Karush-Khun-Tucker (KKT) conditions:
E
αjtν + µtν − µjtν − λE
tν = 0, ∀j ∈ I , t ∈ T

CHP
α + µ0tν − µ0jtν − λE
,t ∈ T
tν = 0, ∀j ∈ I

E
CHP
αjtν ρE
,t ∈ T
j + µtν − µjtν − λtν = 0, ∀j ∈ I

HP
,t ∈ T
− α + µtν − µjtν + λE
tν = 0, ∀j ∈ I

X
X
X 
+
HP
0
LE
+
L
=
P
+
P
+
P
: λE
jtν
tν
jtν
jtν
tν , ∀t ∈ T
jtν
j∈I HP

j∈I E

0≤

0≤

⊥

0
Pjtν

(1b)
(1c)
(1d)
(1e)

j∈I CHP

0 ≤ µjtν ⊥ Pjtν ≥ 0, ∀j ∈ I E , t ∈ T

0 ≤ µjtν ⊥ P jtν − Pjtν ≥ 0, ∀j ∈ I E , t ∈ T
µ0jtν
µ0jtν

(1a)

CHP

≥ 0, ∀j ∈ I
,t ∈ T

0
⊥ P j (Qjt ) − Pjtν
≥ 0, ∀j ∈ I CHP , t ∈ T

+
0 ≤ µjtν ⊥ Pjtν
≥ 0, ∀j ∈ I CHP , t ∈ T


+
≥ 0, ∀j ∈ I CHP , t ∈ T
0 ≤ µjtν ⊥ P j (Qjt ) − P j (Qjt ) − Pjtν

HP
0 ≤ µjtν ⊥ LHP
,t ∈ T
jtν ≥ 0, ∀j ∈ I

HP
HP
0 ≤ µjtν ⊥ LHP
,t ∈ T .
j (Qjt ) − Ljtν ≥ 0, ∀j ∈ I

(1f)
(1g)
(1h)
(1i)
(1j)
(1k)
(1l)
(1m)

Equation (1a)-(1d) represent the stationarity conditions, and (1e)-(1m) represent the primal and
dual constraints, and complementarity conditions. By replacing each lower-level problem LLν by
its equivalent KKT conditions, the hierarchical optimization problem (17) in the supporting paper
is recast as Mathematical Problem with Equilibrium Constraints (MPEC). Due to the non-convex
complementarity conditions, MPECs are challenging to solve and few solvers (e.g. KNITRO,
NLPEC) support them. Another approach is to reformulate the complementarity conditions by
introducing SOS variables or auxiliary binary variables, as will be detailed in Section 3.
2.2. Primal-Dual Formulation
Additionally, as the lower-level problems LLν of the hierarchical optimization problem (17) in
the supporting paper are linear in the continuous variables ΩE
ν , strong duality applies. Therefore,
the hierarchical optimization problem can be reformulated as a single-level optimization problem
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by replacing each lower-level problem LLν by the following equivalent primal-dual formulation:


X
X
+
E
0
α̃jtν
Pjtν +
+ αjE Pjtν
αPjtν
− αLHP
jtν
j∈I E ,t∈T

=

X
t∈T

−

j∈I CHP ,t∈T

−

X

j∈I HP

X

j∈I CHP

µjtν

HP

µjtν Lj (Qjt ) −

µ0jtν P j (Qjt )

j∈I CHP


 X
E E
P j (Qjt ) − P j (Qjt ) −
µjtν P jtν + λtν Ltν

(1a) − (1d)
X
LHP
LE
jtν =
tν +
j∈I HP

X

(2a)

j∈I E

X

j∈I E ∪I CHP

Pjtν : λE
tν , ∀t ∈ T

0
0 ≤ Pjtν
≤ P j (Qjt ) : µjtν , µjtν , ∀j ∈ I CHP , t ∈ T

+
0 ≤ Pjtν
≤ P j (Qjt ) − P j (Qjt ) : µjtν , µjtν , ∀j ∈ I CHP , t ∈ T

0 ≤ Pjtν ≤ P jtν : µjtν , µjtν , ∀j ∈ I E , t ∈ T

HP
HP
0 ≤ LHP
,t ∈ T
jtν ≤ Lj (Qjt ) : µjtν , µjtν , ∀j ∈ I

µjtν , µ0jtν , µjtν , µ0jtν ≥ 0, ∀j ∈ I E ∪ I CHP ∪ I HP , t ∈ T .

(2b)
(2c)
(2d)
(2e)
(2f)
(2g)
(2h)

Equation (2a) represents the strong duality theorem, (2b) stationarity conditions, (2c)-(2g) primal
feasibility, and (2h) dual feasibility. The strong duality
condition (2a) is non-convex due to the

0
bilinear terms µjtν P j (Qjt ), µjtν P j (Qjt ) − P j (Qjt ) , and µjtν LHP
j (Qjt ). As a result, this primaldual formulation is challenging to solve directly using traditional solvers. To address this issue, we
will introduce a solution method based on Benders decomposition in Section 4.
3. Mixed Integer Linear Problem (MILP) Formulation
The MPEC introduced in Appendix 2.1 can be reformulated as a Mixed Integer Linear Problem
(MILP). First, the complementarity conditions (1f)-(1m) can be linearized using the well-known
Fortuny-Amat linearization (Gabriel et al., 2012; Fortuny-Amat & McCarl, 1981). Additionally,
the bilinear terms in the objective function (17a) in the supporting paper can be exactly linearized,
using the complementarity conditions (1f)-(1m) and the strong duality theorem (2a) (Gabriel et al.,
2012), such that:
X
X
X

HP
E
λE
λE
αjtν Pjtν + µjtν P jtν − λE
(3)
tν Ljtν −
tν Pjtν =
tν Ltν , ∀t ∈ T , ν ∈ X .
j∈I HP

j∈I CHP

j∈I E

This MILP problem can be readily solved with traditional solvers. However, the number of auxiliary
binary variables used to linearize the complementarity conditions increases proportionally to the
number of scenarios considered, i.e. as 2 |X | |T | I CHP ∪ I HP ∪ I E . In order to cope with the
computational complexity, we will introduce a decomposition-based method below.
4. Augmented Regularized Benders Decomposition Algorithm
In this section we detail the steps of the proposed augmented regularized Benders algorithm,
introduced in Section 5.4 of the supporting paper.
6

4.1. Benders Decomposition Structure
By using a Benders decomposition algorithm, the original stochastic hierarchical optimization problem can be decomposed into |X | subproblems, one per scenario ν ∈ X , by temporarily
complicating variables, i.e. the day-ahead heat dispatch variables ΩH =
n fixing the so-called
o
−
Qjt , Sjt , Q+
jt , Qjt . This method is an iterative process. At each iteration, the complicating variables are updated in the so-called master problem (step A), which only includes the constraints
related to the complicating variables, optimality cuts, and auxiliary cuts derived from the subproblems at previous iterations. The objective value of the master problem provides a lower bound for
the objective value of the original problem. The subproblems, one per scenario, are then solved
independently with the fixed value of the complicating variables (step B). The hierarchical subproblems are reformulated as single-level problems using the primal-dual formulation introduced
in Section 2.2 and solved in two steps (steps B1 and B2). If the decrease in the expected objective
value of the subproblems is deemed sufficient, it provides a new upper bound on the objective
value of the original problem, and a new reference point (step C). The master problem and the
subproblems exchange information until the upper and lower bounds converge (step D).
4.2. Subproblems (Step B)
At iteration θ ≥ 1, each subproblem SUBν , one per scenario ν ∈ X , is a hierarchical opE
E
= Ω H ∪ ΩR
timization problem. The set of optimization variables ΩSUB
ν
ν ∪ Ων ∪ Ξν includes the
complicating variables, the redispatch variables, as well as the primal and dual lower-level variables
for the corresponding scenario ν ∈ X . This hierarchical optimization problem is reformulated as a
single-level optimization problem using a primal-dual formulation of the lower-level problem, such
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that:
min πν

ΩSUB
ν

X X
t∈T

αj ρE
j Pjtν +

j∈I CHP

+

X

j∈I CHP ∪I H

s.t.

X

LH
t =



X

j∈I E
↑
αjtν
Q↑jtν

↓
αjtν
Q↓jtν

X 

Qjtν +

j∈I H ∪I HP ∪I CHP

−


E
αjtν Pjtν + µjtν P jtν − λE
tν Ltν

j∈I HS



(4a)


−
Q+
−
Q
jtν
jtν , ∀t ∈ T

(4b)

Qjtν = Qjt + Q↑jtν − Q↓jtν , ∀j ∈ I H ∪ I HP ∪ I CHP , t ∈ T

(4c)

+
0
Pjtν = Pjtν
+ Pjtν
, ∀j ∈ I CHP , t ∈ T

(4d)

0 ≤ Q↑jtν , 0 ≤ Q↓jtν , ∀j ∈ I H ∪ I HP ∪ I CHP , t ∈ T

(4e)

0 ≤ Qjtν ≤ Qj , ∀j ∈ I CHP ∪ I HP ∪ I H , t ∈ T
Pjtν ≥ rj Qjtν , ∀j ∈ I

CHP

(4f)

,t ∈ T

(4g)

E
CHP
ρH
,t ∈ T
j Qjtν + ρj Pjtν ≤ F j , ∀j ∈ I

Qjtν =

COPj LHP
jtν ,

∀j ∈ I

HP

(4h)

,t ∈ T

(4i)

−
+ +
HS
Sjtν = Sj(t−1)ν + ρ−
,t ∈ T
j Qjtν − ρj Qjtν − lj , ∀j ∈ I

S j ≤ Sjtν ≤ S j , ∀j ∈ I

HS

(4j)

,t ∈ T

(4k)

+
HS
0 ≤ Q−
,t ∈ T
jtν ≤ Qjt , 0 ≤ Qjtν ≤ Qjt , ∀j ∈ I

(4l)

Sj(j(t=|T |)ν ≥ Sjinit , ∀j ∈ I HS ,

(2a) − (2h)
(θ)

Qjt = Qjt

(θ)

Sjt = Sjt

−(θ)

Q−
jt = Qjt

(4n)

Q
: ηjtν
, ∀j ∈ I CHP ∪ I HP ∪ I H , t ∈ T

(4o)

S
: ηjtν
, ∀j ∈ I HS , t ∈ T

+(θ)

Q+
jt = Qjt

(4m)

(4p)

Q+

: ηjtν , ∀j ∈ I HS , t ∈ T

(4q)

−

Q
: ηjtν
, ∀j ∈ I HS , t ∈ T .

(4r)

The objective of the subproblem is to minimize the weighted cost (4a) for the underlying scenario
ν ∈ X , subject to heat redispatch constraints (4b)-(4m), the primal-dual formulation of the lowerlevel problem LLν (4n), and the constraints fixing the complicating variables
(4o)-(4r).

0
Due to the bilinear terms µjtν P j (Qjt ), µjtν P j (Qjt ) − P j (Qjt ) , and µjtν LHP
j (Qjt ) in (2a),
the subproblems are non-convex. Therefore we solve this subproblem in two steps. Each bilinear
term is in fact a product of a complicating variable (say Qjt ) and a dual variable (say µjtν ). At a
given iteration (θ), in order to linearize these terms, each subproblem is solved in two steps. We
first solve a linear auxiliary subproblem (aux-SUBν ), in which the complicating variables Qjt are
(θ)
treated as parameters and fixed to the values Qjt obtained in the master problem, and not as
variables fixed to given values (step B1). These auxiliary subproblems provide the optimal values
for dual variables µjtν , but do not give sensitivities required for generating cuts. In the second
(θ)

step, the dual variables µjtν are treated as parameters and fixed to those values µjtν obtained
in Step B1, and subproblems SUBν treat complicating variables Qjt as variables. However, the
8

(θ)

fixing constraints enforce the complicating variables Qjt to take the values Qjt coming from the
+

−

Q
S , η Q , η Q , provide
master problem. The dual variables of the fixing constraints (4o)-(4r), ηjtν
, ηjtν
jtν
jtν
sensitivities with respect to the complicating variables (step B2). These sensitivities are derived
from the subproblems at each iteration in order to generate optimality cuts that further constraint
in the master problem in the following iteration.
In order to initialize the Benders algorithm we propose to solve the original non-decomposed
hierarchical optimization problem for a single scenario, representing the expected value of each
uncertainty parameter. We use the solutions
problem to derive the initial
n of this optimization
o
+
−
H
values of the complicating variables Ω = Qjt , Sjt , Qjt , Qjt . We then solve the subproblems at
(θ)

(θ)

+(θ)

iteration θ = 1 for this value of the complicating variables Qjt , Sjt , Qjt

−(θ)

, Qjt

.

4.3. Augmented Regularized Master Problem (Step A)
At each iteration the master problem seeks to update the set of complicating variables ΩH , using
information from the previous iterations of subproblems. For notational simplicity, we introduce
h
iT
−
the vector of complicating variables X = Qjt , Sjt , Q+
,
Q
. The set of optimization variables
jt
jt

ΩMP = ΩH ∪ {β} includes the complicating variables, and the auxiliary variable β representing
the current linear estimate of the objective function of the subproblems. As a result, at iteration
(θ + 1), the following master problem is solved to update the values of the complicating variables
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of the Benders algorithm:
min
ΩMP

X

X

ν∈X ,t∈T

αj Qjt +

j∈I H

αj ρH
j Qjt

j∈I CHP

X

s.t. LH
t =

X

Qjt +

j∈I HP ∪I CHP ∪I H

X 

j∈I HS



+β+

X − X (ref)

2

τ (ref)


−
Q+
−
Q
jt
jt , ∀t ∈ T

(5b)

0 ≤ Qjt ≤ Qj , ∀j ∈ I H ∪ I HP ∪ I CHP , t ∈ T

(5c)

−
+ +
HS
Sjt = Sj(t−1) + ρ−
,t ∈ T
j Qjt − ρj Qjt − lj , ∀j ∈ I

0≤

Q−
jt

Q+
jt ≤
HS

≤ Qj , 0 ≤

S j ≤ Sjt ≤ S j , ∀j ∈ I
Sjinit ,

Sj(t=|T |) ≥
∀j ∈ I
X
zνSUB,(k) +
β≥
ν∈X

X

+

j∈I HS ,t∈T



ν∈X

ρE
j

(θ)

X

ν∈X

Qjt +

(θ)
πν Pjtν

X

ν∈X

+



S,(k)
ηjtν

Qjt +

(5f)
(5g)

X

Q,(k)

ηjtν

+,(k)

Qjt


X

ν∈X

ρH
j

(5e)

HS

Q+ ,(k)

ηjtν

β ≥ −M
πν Pjtν ≥ rj

,t ∈ T

(5d)

,t ∈ T

j∈I H ∪I CHP ∪I HP ,t∈T

+

X

Qj , ∀j ∈ I

HS

Qjt +

(k)
Sjt



(k)

Qjt − Qjt






Q− ,(k)
−,(k)
−
− Q+
+
η
Q
−
Q
jt
jtν
jt
jt

 
− Sjt
, ∀k ∈ [1, ..., θ]
!



↑,(θ)
↓,(θ)
πν Qjtν − Qjtν
, ∀j ∈ I CHP , t ∈ T

X

ν∈X

(5a)

πν



↑,(θ)
Qjtν

−

↓,(θ)
Qjtν



!

≤ F j , ∀j ∈ I CHP , t ∈ T



X
↑,(θ)
↓,(θ)
HP,(θ)
πν Qjtν − Qjtν ≥ COPj
πν Ljtν , ∀j ∈ I HP , t ∈ T .

(5h)
(5i)
(5j)
(5k)
(5l)

ν∈X

The master problem aims at minimizing the day-ahead heat cost plus the current linear estimate of
X − X (ref) 2
the objective function of the subproblems β, while the quadratic penalization term
τ (ref)
(ref)
in (5a) ensures that the solutions remain close to the current reference point X
. The update of
the reference point is detailed in Section 4.4. Efficient heuristic methods have been introduced to
update the penalization parameter τ (ref) , that result in an accelerated convergence of the bundle
method (Rey & Sagastizábal, 2002; Bonnans et al., 2006). The constraints of the master problem
include all the constraints from the non-decomposed problem involving solely the complicating
variables (5b)-(5g). Additionally, two sets of cuts are added to the master problem at each iteration. First, the optimality cuts (5h) are linear under-estimators of the objective function of the
subproblems at previous iterations k < θ. At each iteration a single optimality cut is added. Second, the set of auxiliary cuts (5j)-(5l) represent some of the primal constraints of the subproblems
at previous iteration θ, and create an additional feedback from the subproblems.
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4.4. Bounds and Reference Point Update (Step C)
At each iteration (θ + 1), the solutions of the subproblems provide a new upper-bound of the
objective value, and a reference point for the Benders algorithm. If the decrease in the expected
objective value of the subproblems is significant, then the upper-bound is updated, in which case
the step is called non-null. Otherwise it remains at the same value, in which case the step is called
null. More precisely, for a given parameter 0 < m < 1,


(
P
SUB,(θ+1)
(θ)
(θ)
(θ)
(θ)
MP,(θ+1) +
UB
,
if
z
z
≥
ub
−
m
UB
−
LB
ν∈X ν
UB(θ+1) =
(6)
P SUB,(θ+1)
MP,(θ+1)
z
+ ν zν
, otherwise.

Similarly, if the step is non-null we update the value of the current reference point of the Benders
algorithm, such that:
h
i
(θ+1)
(θ+1)
+,(θ+1)
−,(θ+1) T
(7)
X (ref) = Qjt , Sjt , Qjt
, Qjt

The choice of the parameter m influences the size of the Benders steps, and hence the frequency
of the update of the upper-bound. However, for convex problems the bundle method has been
proved to converge for any value 0 < m < 1 (Rey & Sagastizábal, 2002; Bonnans et al., 2006).
Additionally, the objective value of the master problem z MP,(θ+1) provides a lower-bound for the
solution of the Benders algorithm, such that LB(θ+1) = z MP,(θ+1) .
4.5. Convergence Check (Step D)
Finally, we consider that the Benders algorithm has converged when the upper and lower bounds
have converged.More precisely, for an arbitrarily small tolerance parameter  > 0, the algorithm
has converged when UB(θ) − LB(θ) ≤ .
5. Case Study
5.1. Heat and Electricity Systems
A modified 24-bus IEEE Reliability Test System composes the integrated energy system. It
consists of 7 thermal power plants, 6 wind farms, 3 CHPs, and 1 heat-only unit. Data for the
power system is derived from the 24-bus IEEE Reliability Test System provided by Ordoudis et al.
(2016). Data for the heat system and heat demand are derived from the greater Copenhagen area,
and data presented by Madsen (2015) and Zugno et al. (2016). Tables 1-3 summarize the technical
parameters, and marginal cost parameters of these units. Additionally, a heat-only peak unit,
Table 1: Electricity System: generation units’ parameters

P
µα
σα

(MW)
($/MWh)
($/MWh)

G1
76
13.32
1.3

G2
76
13.32
1.3

G3
175
20.7
2.1

G4
30
26.11
2.6

G5
200
6.02
0.6 -

G6
200
5.47
0.5

G7
1000
100
0

with a maximum capacity of 1, 000MW and a marginal cost of 100$/MWh is considered.
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Table 2: Heat System: generation units’ parameters

Q
F
COP
r
ρE
ρH
α

(MW)
(MW)
0.5
2.1
0.25
($/MWh)

CHP1
300
600
0.5
2.1
0.21
5

CHP2
300
600
0.5
2.1
0.25
7.5

CHP3
300
600
0.5
2.4
0.21
10

CHP4
400
600
2.8
12.5

HP1
250
3.1
-

HP2
250
2.5
-

HP3
250
-

-

Table 3: Heat storage tanks parameters

S
Q
ρ+
ρ−
S init

(MWh)
(MW)
1.1
0.9
(MW)

HS1
150
50
1.1
0.9
100

HS2
150
50
1.1
0.9
100

HS3
150
50

100

5.2. Scenarios Generation
Scenarios of supply functions are generated from data in 1, assuming a normal distribution o
fmean µαj and standard deviation σαj for each participants’ offers, such that:
E
α̃jtν
∼ N µαj , σαj



(8)

Electricity demand scenarios are derived from market data from Nordpool for January 2018,
available at Nordpool (2018). Wind power uncertainty is modeled by a set of scenarios with
temporal and spatial correlation, which are available at Bukhsh. We first generate 15 independent
scenarios per source of uncertainty, namely wind production, electricity loads and supply functions.
We then use a scenario reduction technique to merge similar scenarios (Gabriel et al., 2009; Morales
et al., 2009). Figure 1 illustrates the scenarios for wind production and electricity demand, before
and after the scenario reduction.
Finally, we carry out an out-of-sample analysis to provide a more rigorous comparison of the
performance of the three market frameworks against unseen scenarios. To this purpose, we generate
10 new scenarios per source of uncertainty, namely wind production, electricity loads and supply
functions, from the same distributions that we generated in-sample scenarios. Figure 2 shows the
out-of-sample scenarios for wind production, and electricity demand.
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and practical aspects. Springer Science & Business Media.
Bukhsh, W. (). Data for stochastic multiperiod optimal power flow problem. URL: http://sites.google.com/
site/datasmopf/.
Fortuny-Amat, J., & McCarl, B. (1981). A representation and economic interpretation of a two-level programming
problem. Journal of Operational Research Society, 32 , 783–792.

12

Figure 1: Original 15 scenarios and scenario reduction (6 scenarios) of (a) wind production (ratio of total installed
wind capacity) and (b) electricity load (MWh)

Gabriel, S. A., Conejo, A. J., Fuller, J. D., Hobbs, B. F., & Ruiz, C. (2012). Complementarity Modeling in Energy
Markets. Springer.
Gabriel, S. A., Zhuang, J., & Egging, R. (2009). Solving stochastic complementarity problems in energy market
modeling using scenario reduction. European Journal of Operational Research, 197 , 1028–1040.
Madsen, H. (2015). Time series analysis. course notes. URL: http://www.imm.dtu.dk/~hmad/time.series.
analysis/assignments/index.html.
Morales, J. M., Pineda, S., Conejo, A. J., & Carrion, M. (2009). Scenario reduction for futures market trading in
electricity markets. IEEE Transactions on Power Systems, 24 , 878–888.
Nordpool (2018).
Market data - consumption.
URL: https://www.nordpoolgroup.com/Market-data1/
Power-system-data/Consumption1/Consumption/ALL/Hourly1/?view=table.
Ordoudis, C., Pinson, P., Morales, J. M., & Zugno, M. (2016). An updated version of the IEEE RTS 24-bus
system for electricity market and power system operation studies - DTU working paper (available online). URL:
http://orbit.dtu.dk/files/120568114/An.
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Abstract
Electricity markets are to evolve to accommodate the inherent variability and uncertainty brought
in by renewable energy generation, but also to adequately handle all potential sources of flexibility
needed in power system operation. With that objective in mind, we propose a generalised linear bid
format defined by a set of linear inequalities and state-dependent cost curves to be used in forward
electricity market mechanisms. These are referred to as price-region bids since generalizing the
price-quantity bids that exist today. It is shown that price-region bids allow market participants
to communicate a broad range of physical and economic characteristics to the market operator,
in line with the flexibility characteristics of e.g. transmission assets, demand response and other
energy infrastructure like heating systems. We formulate a market-clearing as a linear program
with price-region bids, which is shown to be compatible with existing market-clearing procedures,
while satisfying desirable properties under common assumptions. A number of numerical examples
underlines the limitations of existing bid formats in forward electricity market mechanisms, then
allowing to illustrate the benefits from our proposal.

1

Introduction

Growing concerns about climate change, as well as energy independence, have supported the
sustained deployment of large shares of renewable sources of electricity such as wind and solar
power [1]. The inherent variability and limited predictability of those energy sources have, however,
also unveiled a pressing need for additional flexibility in power system operation. While assets such
as dispatchable power plants, transmission lines between areas with complementary resources, or
storage systems have traditionally fulfilled this role, un-tapped cost-efficient flexibility potentials
can be found in existing systems and infrastructures. These include electricity end-users [2–7] as
well as district heating infrastructures [8–10] and gas infrastructures [5,11,12], whose networks are
often strongly coupled with electricity networks. For example, in the presence of adequate market
signals, large district heating systems can act flexibly and (1) choose between different alternatives
for generating heat (combined heat and power plants, gas boilers, heat pumps, etc.), (2) store
energy in hot water storages, (3) activate flexible demand, and (4) adjust temperatures and mass
flows in hot water pipelines.
∗
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Following the deregulation of the electric power sector in many countries, pool-based competitive markets are today playing a central role in the operation of electric power systems, for the
optimal dispatch of production and consumption as well as pricing. These electricity markets ought
to evolve to accommodate both the substantial amounts of renewable energy generation, as well
as the increased needs for flexibility in power system operation. In those auction-based markets,
specific types of offers and bids are allowed, according to local market design specifics. Based on
the information revealed by market participants, the market operator issues prescriptions for each
participant’s injection or withdrawal of electricity. As electricity markets were initially conceived
for systems with large shares of fuel-based power plants, unconventional sources of flexibility can
face difficulties in participating efficiently in electricity markets. In particular, inadequate offering
and bidding formats may prevent these resources from being truly valued in the market. As an
example, for the case of battery storage in the PJM region, Eastern USA, the results in [13] show
an under-utilisation of the flexibility resource of about 10-15% when electricity prices are estimated
using a backcasting approach.
This paper aims at improving the representation of a range of flexibility resources in pool-based
markets for electrical energy, so as to increase their efficient utilisation, and thus to minimise the
costs of deploying renewable energy sources on a large scale in deregulated electricity sectors.
With a similar objective, some authors have proposed bid formats designed to better represent
specific types of flexibility resources. For example, [14] proposes a multi-time-period demand bid
which allows for flexible time of consumption, by including bounds for the consumption at each
time period as well as for the total energy consumption. The authors in [15] propose additional
bid types targetted to deferrable, adjustable as well as storage-type loads, and show that a spot
market which clears these bids retains efficiency and incentive-compatibility properties. These bid
formats are linear. In contrast, the authors in [16] propose a discrete bid format in the form of
asymmetric block offers and discuss its application to aggregate collections of thermostatic loads.
Other authors have suggested to treat storage assets as system assets, alike the way transmission
systems are traditionally treated in spot markets [17–19]. In that case, the operational constraints
of storage assets are directly incorporated in the spot market operator’s market-clearing program.
Finally, some authors propose to approximate the flexibility potential of complex resources, such
as aggregate loads, by performing an inner approximation of their feasible region of operation.
For example, the authors in [20] derive sufficient conditions on the parameters of a storage model
so that its feasible region is included in that of a collection of deferrable loads, while the authors
in [21] propose a method to select asymmetric block offers within the feasible region of a collection
of thermostatic loads.
These propositions can contribute to a better valuation of specific types of flexibility resources
in electricity markets. However, flexible infrastructures such as district heating systems or natural
gas networks feature complex operational constraints and link multiple power system nodes. These
characteristics are not well represented by the mechanisms (bid formats and system asset models)
found in existing markets and in the literature, which prevents these resources from being truly
valued in the market. This paper instead shows how an abstract, general-purpose bid format
can improve the representation of a broader range of complex flexibility resources in electricity
markets. This paper defines a price-region bid format which serves this purpose without perturbing
the working of common market mechanisms in place in existing electricity markets, and without
introducing computational or communication challenges.
This paper makes a number of contributions. The price-region bid format defined in this paper
allows market participants to exactly represent any linearly-constrained feasible region of operation
and convex piece-wise linear cost function. To the best of our knowledge, no bid format was
proposed to cover this range of characteristics. The price-region bid format includes an arbitrary
number of state variables, so that bids can be straightforwardly derived from linear models of
operations. We show that adding price-region bids to a market which clears special cases of priceregion bids (such as price-quantity bids) does not perturb the working of the mechanisms in place,
and that important market properties hold: the market-clearing procedure ensures efficiency of the
2

dispatch, cost recovery for the market participants, revenue adequacy for the market operator, as
well as incentive compatibility under the assumption of perfect competition. The market-clearing
program for price-region bids is linear, which ensures computational tractability to a large extent.
A case study exemplifies the added value of price-region bids in a forward electricity market
dispatching bids from complex flexibility resources.
This paper is organized as follows. Section 2 describes the status quo in current electricity
markets, also allowing to cover preliminaries. For that, we introduce a general market setup
with current bid formats and the corresponding market clearing. The limitations from employing
existing bid formats are unveiled through a motivating example. Section 3 introduces the novel
price-region bid format, while formulating a market clearing as a linear program for price-region
bids and deriving a number of analytical results. Section 4 illustrates the workings of priceregion bids through numerical examples, by revisiting our motivating example and considering an
additional case study. Finally, Section 5 gathers conclusions and perspectives for future work. The
proofs of the propositions formulated throughout the paper are provided in Appendix A, while
modelling details for the case study are presented in Appendix B.

2

Status quo in electricity markets

We concentrate on electricity markets where forward mechanisms, e.g. day-ahead, are based on
pools. This allows us to introduce relevant notations, concepts and properties in such forward
electricity markets, while uncovering some of their limitations when it comes to adequantly accommodating flexibility sources through a motivating example.

2.1

Forward electricity market mechanisms

Forward electricity markets take the form of auctions, where market participants (also referred
to as “actors”) declare the technical and economical characteristics of their assets in a simplified
form, as allowed by pre-defined bid formats or market products. For simplicity, we similarly refer to
demand-side and supply-side offers as bids. These bids are for a set of time periods and locations,
which depend on the market temporal and spatial resolution. For instance in Europe, the most
common temporal resolution is hourly (over 24-hour periods), while there are around 30 bidding
zones over which prices may geographically vary. When all bids are collected at gate closure, the
market operator clears the auction with the aim of maximizing social welfare, eventually obtaining
the dispatch for all market participants as well as an equilibrium price. Settlement is then based
on a payment rule that may rely in practice on the original price offers of the market participants
(pay-as-bid) or using the equilibrium price from the market-clearing (uniform pricing).

2.2

From bids to market clearing

Let the index s ∈ {1, ..., S} denote a bid, the index n ∈ {1, ..., N } a location, and the index
k ∈ {1, ..., K} a market time period. Consequently we write qsnk ∈ R the amount of energy
associated with bid s, location n and time period k. When qsnk is positive, it represents an
injection of energy at location n and time k. When it is negative, it represents a withdrawal of
energy from location n at time k. Q is then the set of variables qsnk , ∀s, n, k.
Definition 1. The injection profile associated with a bid s is defined as a vector qs ∈ RN K
containing the variables qsnk , n ∈ {1, ..., N }, k ∈ {1, ..., K}, so that qsnk is the (k + K(n − 1))th
element in qs .
Definition 2. A bid s is characterised by a pair (Fs , Cs ). The set Fs describes all injection profiles
qs which are feasible for the actor placing the bid. The function Cs : Fs → R describes the cost
associated with each feasible injection profile qs ∈ Fs .
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In order to retain generality of the results, we use the term “cost” both to refer to a positive or
a negative value. When the cost Cs (qs ) is positive, Cs (qs ) represents the compensation an actor is
willing to receive for a certain profile qs . When Cs (qs ) is negative, −Cs (qs ) represents the amount
of money an actor is willing to pay for a certain profile qs .
Based on those definitions, at gate closure the market operator solves the market clearing as a
generic social welfare maximization problem, i.e.,
min
Q

S
X

Cs (qs )

S
X

qsnk = 0

s=1

(1a)

s.t. qs ∈ Fs
s=1

∀s ∈ {1, ..., S},

(1b)

∀n ∈ {1, ..., N }, k ∈ {1, ..., K}.

(1c)

In practice, social welfare maximization is obtained by minimizing the total costs over feasible
dispatchs Q. Constraints (1b) ensure that the injection profiles qs ∈ Q are feasible for all bidders
according to their individual feasible regions. Constraints (1c) ensure that the dispatch is feasible
from the system perspective, i.e. the injection and withdrawal of energy for the different actors
is balanced in each price area at all times following a flow-based coupling approach. Note that
transmission constraints are not explicitly represented in (1a)-(1c). However, the transmission
network can be modelled as a feasible region of operation Fs , with qsnk the net energy flowing
from location n to neighbouring locations during a time period k. These locations may refer to
nodes in an electricity network, or to larger zones, depending on the spatial resolution in the
market program. An example using a DC load flow model is provided in Appendix A.9.1. The
cost function associated with the transmission network is then Cs (qs ) = 0, ∀qs ∈ Fs . Other
system assets, such as storage systems, can also be represented in (1a)-(1c) as a special case of a
bid (Fs , Cs ) with Cs (qs ) = 0, ∀qs ∈ Fs . In this paper, we consider that system assets are modelled
in this way for concision.
Note that, for an optimal solution to the market-clearing problem to exist, the set of feasible
solutions must be compact and non-empty, and the objective function must be continuous. These
conditions can be guaranteed, for example, by enforcing individual bids to have compact feasible
regions and continuous cost functions, and to admit an empty injection profile as a feasible dispatch,
i.e. [0, ..., 0]> ∈ Fs , ∀s. Uniqueness of the optimal dispatch and payments to market participants
are also important concerns, which can be guaranteed under conditions on the cost functions (see
e.g. [22]). When the uniqueness conditions are not met, markets implement rules to choose among
multiple solutions (see e.g. [23, 24]).

2.3

Settlement and market properties

Let Q? denote an optimal solution to (1a)-(1c). The profiles q?s in Q? are the prescriptions from the
market operator to each market participant, and Q? is referred to as the optimal dispatch. After
solving the market-clearing problem, the market operator is responsible for the settlement process,
i.e., for the determination of payment and revenues for the quantities dispatched. Different market
designs rely on different payment rules, e.g. uniform pricing, pay-as-bid, or Vickrey-Clarke-Groves
(VCG). The design of competitive markets seeks to meet the following properties [25–27]:
Property 1 (Efficiency). Based on the information from bid parameters:
(i) social welfare is maximised, and
(ii) no market participant has incentives to deviate unilaterally from the optimal dispatch.
Property 2 (Cost recovery). Market participants recover the costs announced in their bids.
Property 3 (Incentive compatibility). Market participants are incentivised to bid truthfully.
4

Property 4 (Revenue adequacy). All transactions prescribed can be settled without incurring
a shortfall for the market operator.
With a finite number of market participants, Properties 1-4 cannot be met altogether without
further assumptions [28, 29].
The paper concentrates on uniform pricing, i.e., the case where prices are determined based on
the marginal value of electricity at any given location and time. The injection/withdrawal locations
for which bids can be placed are referred to as price areas. These price areas may refer to nodes in
an electricity network, or to larger zones, depending on the market spatial resolution. Note that,
when transmission network nodes are used as price areas, uniform prices are often referred to as
locational marginal prices (LMPs) or nodal prices. Markets using uniform pricing as payment rule
only meet Properties 1 and 3 under the assumption of perfect competition, i.e. when all market
participants are price-taker [30–32].
In the remaining of this paper, let λnk denote the Lagrange multiplier of constraint (1c) for each
n, k. Let λ ∈ RN K be a vertical vector containing the variables λsnk , n ∈ {1, ..., N }, k ∈ {1, ..., K},
so that λnk is the (k + K(n − 1))th element in λ. The values λ?nk in vector λ? are used as uniform
prices, i.e. the price at which transactions are settled in each price area n and time period k. The
actor which placed a bid s is thus paid λ?> q?s ∈ R by the market operator for the prescribed profile
q?s . Note that if this amount is negative, the actor pays |λ?> q?s | for this profile.

2.4

Existing bid formats

Forward electricity markets allow their participants to place bids following specific formats1 . Different bid formats are found in existing markets, each allowing the expression of a certain class of
physical and economic characteristics. This section starts by describing the basic price-quantity
bid format and its limitations, before reviewing other bid formats used in practice.
Definition 3. A price-quantity bid s is defined as a set of parameters (Qs , Qs , Ps , Ns , Ks ),
where Qs and Qs denote lower and upper bounds for energy injection/withdrawal in price area Ns
and time period Ks , while Ps denotes a bidding price, i.e.:
• the feasible region Fs of injection profiles qs is given by:
o
n
Fs = qs qsNs Ks ∈ [Qs , Qs ], qsnk = 0 ∀(n, k) 6= (Ns , Ks ) ,

(2a)

• the cost associated with a feasible profile qs writes as:

Cs (qs ) = Ps · qsNs Ks .

(2b)

Figure 1 shows an example of cost function which can be represented by a single price-quantity
bid. Multiple price-quantity bids can be placed simultaneously by an actor so as to cover multiple
price areas and/or time periods, as well as to represent convex piecewise linear cost functions [34].
However, sets of price-quantity bids can only describe box feasible regions (see Definition 4) and
additively separable cost functions (see Definition 5).
Definition 4. A feasible region Fs is a box if there exists a convex region Fsnk for all n, k so
that qsnk ∈ Fsnk ∀n, k ⇔ qs ∈ Fs .
Definition 5. A cost function Cs is additively separable in its arguments
qs if for any n ∈
X
{1, .., N } and k ∈ {1, ..., K} there exists a function Csnk so that Cs (qs ) =
Csnk (qsnk ).
n,k

1

Some markets are instead based on explicit models of the participating assets. These cost-based clearing mechanisms are however only preferred in markets which are sensitive to market power [33]. This paper focuses on bid-based
markets only.
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Cost (€)

Qs
Qs

qsNsKs

(MWh/h)

Figure 1: Example of cost function in a single price-quantity bid

Cost (€)

Figure 2 shows an example with two dimensions (qsNs1 Ks1 , qsNs2 Ks2 ), with Ns1 6= Ns2 and/or Ks1 6=
Ks2 . Four price-quantity bids are placed (one for each plane section). Altogether, they describe a
box feasible region (Figure 2, black surface) and an additively separable, convex, piecewise linear
cost function (Figure 2, coloured surface).

qsNs2Ks2

qsNs1Ks1

(MWh/h)

(MWh/h)

Figure 2: Cost function Cs : Fs → R (coloured surface) and feasible region Fs (black surface) for
a given set of four price-quantity bids. The black surface is the projection of the coloured surface
on the (qsNs1 Ks1 , qsNs2 Ks2 ) plane. The hue of the coloured surface carries the same information as
the vertical axis.
Price-quantity bids are used by a broad range of actors, such as flexible conventional generators
with piecewise linear cost functions, renewable generators such as wind power producers, loadserving entities, or storage owners who based their offering strategies on price forecasts. Note,
though, that some markets accept directly piecewise linear cost functions without referring to
them as multiple price-quantity bids (see, e.g., price-dependent hourly orders in the NordPool
day-ahead market [35]).
Forward electricity markets also commonly accept block bids, which allow the coupling of injection quantities over multiple time periods, and the expression of a discontinuous feasible region.
The specific constraints allowed in a block bid depend on specific design choices. For example,
the NordPool day-ahead market [35] accepts the following formats: regular block orders are all-or6

nothing bids for a constant injection profile over a given period of time; curtailable block orders
add the possibility to curtail the block down to a chosen ratio; profile block orders allow for setting
a non-constant injection profile; flexi orders let the market operator decide of the starting point
of the block activation period. Because of their discontinuous characteristics, block bids are particularly suited to actors with a discontinuous feasible region of operation or a discontinuous cost
function, e.g. due to unit commitment constraints and costs.

2.5

Motivating example

Consider a district heating utility participating in a forward electricity market with an hourly time
resolution. Let the index s denote its bid. Let the indices {n1 , n2 } denote two price areas where
the utility is connected to the power system. Let the indices {k1 , k2 } denote two hours the utility
is placing a bid for. The infrastructure is represented on Figure 3 and includes:
• Two electrical boilers, both with an energy conversion efficiency of 100% (for concision) and
a capacity of 5 MW, respectively connected to price areas n1 and n2 .
• A woodchip boiler with a capacity of 3 MW and a fuel cost of 100 e/MWh, connected to
price area n1 .
• A heat load, which expects to receive 5 MWh of heat energy in hour k2 . The load can be
involuntarily curtailed and the value of lost load is 300 e/MWh.
• A hot water pipeline, which can transport heat energy from price area n1 to price area n2
with a delay of one hour, and without losses.
price area n1

price area n2

Electrical
boiler

Electrical
boiler

Hot water pipeline

Heat
load

Woodchip
boiler

Figure 3: Simple district heating infrastructure connected to two price areas in a power system.
Let qs denote the electricity injection profile of the district heating utility from price areas
{n1 , n2 } over hours {k1 , k2 }. Additionally, let xs denote a state variable representing the woodchip
boiler heat output in hour k1 . The operational constraints of the utility can be formulated as
(3a)-(3f) below:
xs − qsn1 k1 − qsn2 k2 ≤ 5,

(3a)

qsn1 k2 = 0,

(3b)

qsn2 k1 = 0,

(3c)

−5 ≤ qsn1 k1 ≤ 0

(3d)

0 ≤ xs ≤ 3.

(3f)

−5 ≤ qsn2 k2 ≤ 0
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(3e)

The heat load in hour k2 can consume heat produced in the same hour by the electrical boiler
at n2 , as well as heat produced in the previous hour by the boilers at n1 and transported in
the pipeline. Equation (3a) states that the heat energy consumed by the load is bounded by
its capacity, but can be lower if the load is curtailed. Equations (3b)-(3c) state that the heat
production of the electrical boilers at other times must be zero as there is no load to dissipate it.
Equations (3d)-(3f) enforce the three respective production limits of the boiler.
For a given electricity withdrawal profile, the utility is expected to minimise its costs of operations. Let c? (qs ) denote the minimum costs with a profile qs . With a value of lost load of
VOLL = 300 e/MWh and a woodchip fuel cost of C w = 100 e/MWh, it writes:
n
o
c? (qs ) = min (5 + qsn1 k1 + qsn2 k2 − xs )VOLL + xs C w , s.t. (3a)-(3f) .
(4)
xs

The utility is willing to pay for electrical energy according to the opportunity cost of not withdrawing this quantity. Let WTP(qs ) denote the willingness to pay of the injection profile. With
04 = [0 0 0 0]> , this function writes:
WTP(qs ) = c? (04 ) − c? (qs )
n
o
= max 300(−qsn1 k1 − qsn2 k2 ) + 200xs − 600, s.t. (3a)-(3f)
xs

300(−qsn1 k1 − qsn2 k2 )
if (−qsn1 k1 − qsn2 k2 ) ≤ 2,
=
100(−qsn1 k1 − qsn2 k2 ) + 400 if (−qsn1 k1 − qsn2 k2 ) > 2.

(5)
(6)

Intermediate steps are provided in Appendix A.1. Given expression (6), Figure 4 displays
the marginal and total willingness to pay for electrical energy as a function of the total energy
withdrawn over the two hours, i.e. − qsn1 k1 −qsn2 k2 (recall that qsn1 k2 = qsn2 k1 = 0). The left-hand
figure indicates that the utility is not willing to pay for electricity at higher prices than the value of
lost load (300 e/MWh). The electrical boiler has enough capacity to cover the entire load, but if
electricity prices are higher than the woodchip fuel cost (100 e/MWh), it may be more economical
to use the woodchip boiler to cover part of the load. Note that only up to 60% of the load can
be covered by the woodchip boiler, due to limited capacity. If electricity prices are lower than
100 e/MWh, the utility is ready to substitute some of the woodchip-based energy with electrical
energy.

Total electricity withdrawal (MWh)

Total electricity withdrawal (MWh)

Figure 4: Marginal and total willingness to pay.
The willingness to pay of the utility can be expressed through a negative cost function Cs =
−WTP. Both functions are defined over a domain corresponding to the feasible region of withdrawal profiles, denoted by Fs . This region is characterised by equation (7).
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qs ∈ Fs ⇔

⇔

n
o
∃ xs ∈ R so that (qs , xs ) is feasible to (3a)-(3f)

qsn1 k1 ≥ 0,






qsn1 k2 = 0,

(7)
(8a)
(8b)

qsn2 k1 = 0,



qsn2 k2 ≥ 0,




qsn1 k1 + qsn2 k2 ≤ 5.

(8c)
(8d)
(8e)

The constraints (8a)-(8e) do not form a box feasible region, and the willingness-to-pay function
(6) is not additively separable. These characteristics can thus only be approximated by pricequantity bids (see Figures 5 and 6 for an example of inner approximation). Existing block bids do
allow the coupling of injection quantities over time, but only under specific constraints, and they
do not allow the coupling of quantities in different price areas. To the best of our knowledge, no
bid format in existing markets or in the literature allows the coupling of injection quantities in
different price areas, nor allows the definition of linearly-constrained feasible regions and convex
piece-wise linear cost functions. In order to improve the representation of flexibility resources and
their efficient utilisation in electricity markets, this paper proposes a novel price-region bid format,
and shows that it can exactly represent these characteristics. A case study in Section 4 suggests
that, in a market with large shares of renewable energy, improving the representation of flexibility
resources increases social welfare.
Cost (€)
0

0

Cost (€)

-300

-300
-600

-900

-600

0
1
2

qsn1k1

(MWh/h)

3
4
5

0

2

1

3

4

qsn2k2

(MWh/h)

5
-900

Figure 5: Cost function Cs = −WTP (transparent coloured surface) and feasible region Fs (grey
triangular surface) of the district heating utility. The grey surface is the projection of the coloured
surface on the (qsn1 k1 , qsn2 k2 ) plane. The hue of the coloured surface carries the same information
as the vertical axis.
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Cost (€)
0

0

Cost (€)

-300

-300
-600

-900

-600

0
1
2

qsn1k1

(MWh/h)

3
4
5

0

2

1

3

4

5

qsn2k2

(MWh/h)

-900

Figure 6: Inner approximation of (Cs , Fs ) using price-quantity bids, as an additively separable
piecewise linear cost function (solid coloured surface) defined over a box feasible region (black
rectangular surface). The black surface is the projection of the solid coloured surface on the
(qsn1 k1 , qsn2 k2 ) plane. The hue of the coloured surface carries the same information as the vertical
axis. The transparent coloured surface and the grey surface are the original characteristics (see
Figure 5).

3

Price-region bids

In this section, we define the novel price-region bid format and its basic properties. We then
consider the clearing of price-region bids in a forward electricity market. Special cases of priceregion bids, i.e. for specific assets, are finally discussed.

3.1

Price-region bid format

Recall that an injection profile is described by a vector qs ∈ RN K . Furthermore, let xs =
[xs1 , ..., xsLs ] ∈ RLs be a vector of state variables xsl , l ∈ {1, ..., Ls } associated with bid s ∈
{1, ..., S}. Let As be a matrix of real numbers with (N K + Ls + 1) columns, ∀s. Let Js denote
the number of lines in As . Let Bs be a horizontal vector of (N K + Ls ) real numbers, ∀s. Let 0
be a vector of N K zeros.
Definition 6. A price-region bid s is defined as a pair (As , Bs ), so that:
• the feasible region Fs of injection profiles qs is given by:




1


Fs = qs ∃ xs ∈ RLs so that As  qs  ≤ 0 ,


xs

10

(9a)

• the cost associated with a feasible profile qs writes as:



1
 
qs
, s.t. As  qs
Cs (qs ) = min Bs
xs 
xs
xs



 
0
, s.t. As 
− min Bs
xs 
xs



≤0







1

0 ≤0 .

xs

(9b)

The matrix As characterises a set of linear constraints coupling the different variables in qs
and xs . These constraints describe an (N K + Ls )-dimensional polytope. The (N K)-dimensional
feasible region Fs is computed in (9a) by projecting that polytope on the N K dimensions qs .
The vector Bs characterises the economic value associated to each variable, i.e. the bidding
prices. Equation (9b) computes an opportunity cost, i.e. the difference between: (a) the cost
associated with a profile qs given that the state variables xs are set to their optimal values, and
(b) the cost associated with no electricity injection/withdrawal given that the state variables xs
are set to their optimal values.
Unlike price-quantity bids, a price-region bid does not require the cost function to be additively
separable or the feasible region to be a box. Figure 7 provides an example of a non-separable,
convex, piece-wise linear cost function defined over a linearly-constrained feasible region. Such
characteristics can be described by a price-region bid where:
• a single state variable xs1 represents the cost function of bid s, i.e. Ls = 1 and Bs = [0 ... 0 1],
• for each piece of the cost function (six in Figure 7), a row in matrix As constrains xs1 to be
above the corresponding hyperplane, and
• for each facet of the feasible region (five in Figure 7), a row in matrix As constrains qs to
be within the region.
This insight is formalised in Proposition 1 below.

qsn'k'

Cost (€)

(MWh/h)

Proposition 1. Any convex piece-wise linear function defined over a linearly-constrained feasible
region can be exactly represented as a price-region bid.

qsnk

qsn'k'

(MWh/h)

(MWh/h)

qsnk (MWh/h)

Figure 7: Left: example of a non-separable, convex, piece-wise linear cost function (coloured
surface) defined over a linearly-constrained feasible region (black surface). The black surface is
the projection of the coloured surface on the (qsnk , qsn0 k0 ) plane. The hue of the coloured surface
carries the same information as the vertical axis. Right: same figure seen from above.
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Note that any actor whose operations are constrained by a set of linear inequalities coupling
continuous variables (including electricity injection variables as well as internal variables, e.g. a
storage state-of-charge, temperature setpoints, etc.), and whose costs of operation write as a linear
combination of these variables, can exactly represent its characteristics in a forward electricity
market using a price-region bid. While a single state variable xs is sufficient to describe a piecewise linear cost function without condition of separability, a larger number of state variables may
be used so as to model the internal variables of the bidder, and thus derive a price-region bid
straightforwardly from a linear operation model. Their physical meaning is known by the bidder
only.
Price-region bids can also be used by actors with non-linear characteristics, in which case the
price-region bid can only approximate the characteristics of the actors. The approximation may
however be less restrictive than by using, for example, price-quantity bids, as price-quantity bids
are special cases of price-region bids (see Remark 1 below).
Remark 1. A price-quantity bid (Qs , Qs , Ps , Ns , Ks ), as in Definition 3, can write as a special
case of a price-region bid (As , Bs ) with:


h
i
−Qs 0 ... 0 1 0 ... 0
, Bs = 0 ... 0 Ps 0 ... 0 .
(10)
As =
0 ... 0 -1 0 ... 0
Qs
↑

3.2

↑

column

column

(Ns − 1)K + Ks + 1

(Ns − 1)K + Ks

Price-region-based market-clearing

We model a forward electricity market which allows market participants to submit price-region bids.
Let ΩPR ⊂ {1, ..., S} denote the set of actors who place price-region bids. The market is cleared by
solving the optimisation problem (1a)-(1c), with Fs defined as in (9a) and Cs defined as in (9b),
∀s ∈ ΩPR . Let X denote the set of all price-region bid state variables, i.e. xs ∈ X ∀s ∈ ΩPR . The
market-clearing problem (1a)-(1c) reformulates as the linear program (11a)-(11d). Intermediate
steps are provided in Appendix A.2.

min
Q,X

X

Bs

s∈ΩPR



qs
xs




1
s.t. As  qs  ≤ 0
xs



+

X

s∈Ω
/ PR

Cs (qs )

(11a)

qs ∈ Fs
S
X

(qsnk ) = 0

: λnk

s=1

∀s ∈ ΩPR ,

(11b)

∀s ∈
/ ΩPR ,

(11c)

∀n ∈ {1, ..., N }, k ∈ {1, ..., K}.

(11d)

The objective function (11a) minimises the total cost of a feasible dispatch Q. Constraints
(11b) and (11c) ensure that the injection profiles qs ∈ Q are feasible for all actors according to
their individual feasible regions. Constraints (11d) ensure that the dispatch is feasible from the
system perspective. The dual multipliers λnk are used to derive uniform market prices. With
(Q? , λ? ) an optimal primal-dual solution to (11a)-(11d), each profile q?s is paid λ?> q?s ∈ R by the
market operator.
Propositions 2-6 below explain that, when introducing price-region bids to a perfectly competitive market whose mechanisms in place are special cases of price-region bids, the market properties
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described in Section 2.3 hold, and the market-clearing problem is computationally tractable to a
large extent due to linearity. The proofs of these propositions are provided in Appendices A.3-A.8.
Proposition 2. The market-clearing problem (11a)-(11d) is linear if, for all s ∈
/ ΩPR , the bid
(Fs , Cs ) can rewrite as a price-region bid.
Proposition 3. The pair (Q? , λ? ) from the optimal primal-dual solution of the market-clearing
problem (11a)-(11d) satisfies Property 1 (Efficiency) if the market is perfectly competitive and if,
for all s ∈
/ ΩPR , the bid (Fs , Cs ) can rewrite as a price-region bid.
Proposition 4. All actors participating in the market cleared by (11a)-(11d) recover their costs,
i.e. Property 2 (Cost recovery) is satisfied, if each bid admits qs = [0, ..., 0]> as a feasible injection
profile and if, for all s ∈
/ ΩPR , the bid (Fs , Cs ) can rewrite as a price-region bid.
Proposition 5. The actors participating in the market cleared by (11a)-(11d) are incentivised
to bid truthfully, i.e. Property 3 (Incentive compatibility) is satisfied if the market is perfectly
competitive and if, for all s ∈
/ ΩPR , the bid (Fs , Cs ) can rewrite as a price-region bid.
Proposition 6. The pair (Q? , λ? ) from the optimal primal-dual solution of the market-clearing
problem (11a)-(11d) guarantees budget balance for the market operator and thus satisfies Property
4 (Revenue adequacy)2 .
Recall that perfect competition is a common assumption for the satisfaction of efficiency and
incentive compatibility under uniform pricing [30–32]. This implies that price-region bids are
compatible with forward electricity markets based on special cases of price-region bids, in the
sense that these markets can incorporate price-region bids without disrupting existing practices.
Price-quantity bids and linear models of system assets are special cases of price-region bids (see
Remark 1 for the case of price-quantity bids, and Appendix A.9 for the case of transmission and
storage assets). Market designs including price-region bids may incorporate these mechanisms as
price-regions bids or in their traditional formats.
Note that other common mechanisms, such as discrete block bids, do not meet this condition.
This condition is sufficient but not necessary, and while these cases are not studied in this paper,
price-region bids may also be compatible with markets which feature mixed-integer or non-linear
bid formats.

4

Numerical examples

This section provides numerical examples to demonstrate applications of price-region bids. Section
4.1 shows the parameters of a price-region bid which exactly represents the system described in
this motivating example. Section 4.2 presents a case study which illustrates how price-region bids
support the efficient use of complex flexibility resources.

4.1

Application to our motivating example

Let the district heating utility described in Section 2.5 place a price-region bid (As , Bs ) defined
as follows:
2
Note that, in some markets based on uniform pricing, the transmission system operators are not remunerated
directly from market prices, which implies a budget surplus for the market operator. This surplus is non-negative [36],
and may instead be used to remunerate owners of financial transmission rights [37–39]. Conditions on the quantity of
rights awarded in long-term auctions guarantee that the surplus is sufficient to cover the payments to right owners.
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With the matrix As defined above, this feasible region (see Equation (9a) in Definition 6) exactly
represents the feasible region of utility (see Equation (7) in Section 2.5). With the vector Bs defined
above, this cost function (see Equation (9b) in Definition 6) exactly characterises the willingness
to pay of the utility (see Equation (5) in Section 2.5). Thus, the price-region bid (As , Bs ) exactly
represents the physical and economic characteristics of the utility.

4.2

Case study

In order to demonstrate the effect of price-region bids on the efficient utilisation of flexibility
resources, this case study simulates the participation of a district heating utility on a day-ahead
market under different conditions. Section 4.2.1 provides an overview of the integrated power and
heat system under study. The different conditions for market participation are then described in
Section 4.2.1. Finally, Section 4.2.3 provides key simulation results.
4.2.1

System description

We simulate the clearing of a day-ahead market for a two-node power system, where each node
constitutes a price area. The market horizon is divided in 24 hourly time periods. The power
system is composed of a set of actors which participate in the day-ahead market (see Figure 8). A
transmission line allows power to be transferred between the two nodes.
POWER TRANSMISSION LINE
WIND POWER PRODUCER

BASELOAD POWER PLANT

PEAKING POWER PLANT
LOAD-SERVING ENTITY

INDUSTRIAL POWER LOAD

node 1

node 2

Heat pump
Woodchip boiler

Electrical boiler
HOT & COLD
WATER PIPELINES

Fixed heat load
Flexible heat load

DISTRICT HEATING

Figure 8: Overview of the integrated power and heat system.
A district heating system connected to both nodes is operated by a district heating utility which
participates in the electricity market as a single entity. The two nodes of the district heating system
are connected by a pair of water pipelines which allow the transfer of heat energy. The pipelines
are operated with constant mass flows, i.e. the speed at which water mass travels in the pipelines is
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fixed. This is a simple operational approach which allows the modelling of heat transport dynamics
using linear equations [40].
The physical and economic characteristics of the different actors are all based on linear models.
Mathematical formulations and numerical parameters are provided in Appendices B.1 and B.2.
4.2.2

Conditions of market participation

Four cases are considered:
Case 1: As the most inflexible case, the district heating utility bids an inflexible withdrawal profile in the electricity market. The profile is computed by the utility prior to market
participation, and maximises the expected economic surplus that can be derived from a
set of electricity price forecast scenarios. Details on the generation of price scenarios are
provided in Appendix B.3. All other actors are able to represent exactly their characteristics using traditional bid formats. This case is used as a benchmark, providing a higher
bound for the total system cost.
Case 2: Following the current practice in electricity markets, the district heating utility submits
price-quantity bids. Using the same set of price forecast scenarios as in Case 1, the
utility finds an optimal withdrawal quantity for each price level, at each time period
and node. For each time period and node, the price-quantity pairs are gathered into a
piecewise linear demand curve. The bid quantities are constrained to ensure that the
demand curve is non-increasing, which is a necessary condition for representing it with
price-quantity bids. As in Case 1, all other actors are able to represent exactly their
characteristics using traditional bid formats.
Case 3: As proposed in this paper, the district heating utility places a price-region bid in the
electricity market, directly derived from its linear model of operation. This strategy does
not rely on electricity price forecasts. In this case, all actors are able to represent exactly
their characteristics in the market.
Case 4: As an ideal case (but incompatible with current market regulations), the electricity and
heat sectors are co-optimised, based on linear models of the different assets. This case
is used as a benchmark, providing a lower bound for the total system cost. Note that
the information available to the central coordinator in this case is equivalent to the
information available to the electricity market operator in Case 3.
4.2.3

Results

Simulations show that the level of representation of the district heating characteristics in the
electricity market has implications for the efficient utilisation of flexibility resources. Table 1
displays the system costs in the different cases, which include: variable costs from electricity
suppliers, variable costs from heat-only production in the district heating system, and costs of
load curtailment. Load curtailment is occurring in the power system in Case 1, where the bid from
the district heating utility is most inflexible. In Case 2, the district heating system provides some
flexibility to the power system, and reduces system costs by 14%. In Case 3, the flexibility from the
district heating system is used more efficiently, and system costs are reduced by 35% as compared
to Case 1. This suggests that allowing price-region bids in an electricity market with intermittent
sources of renewable energy leads to increased social welfare, due to a better utilisation of flexibility
resources. Case 3 performs as well as the benchmark Case 4 as the information available to the
electricity market operator in Case 3 is equivalent to the information available to the central
coordinator in Case 4. This confirms that the flexibility from the heat sector is truly valued in the
electricity market when the district heating utility participates with price-region bids.
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Table 1: Comparison of system costs
Case
1
2
3
4

System cost (ke)
5.2
4.5
3.4
3.4

Cost relative to Case 1 (%)
-14
-35
-35

Figures 9(a)-9(c) illustrate how the feasible region of the district heating utility described by
price-quantity bids (areas delimited by red dashes in the figures) shrinks the full feasible region
described by a price-region bid (areas delimited by a solid black line). Note that the feasible
regions are defined in 48 dimensions. Figures 9(b) and 9(c) represent projections of the feasible
regions onto pairs of hourly withdrawal quantities, while Figure 9(a) represents feasible regions for
the aggregate withdrawal at each node. The region described by price-quantity bids is an inner
approximation of the full feasible region. Figure 9(a) highlights how the full feasible region cannot
be well approximated by a box region. It also shows that the solution from Case 3 (black circle)
is not feasible to the approximate region, and thus differs from the conservative solution in Case 2
(red cross). Figures 9(b) and 9(c) show how these solutions deviate substantially from each other
when looking at the dispatched quantities in individual hours.

5

Conclusion

Existing bid formats in current forward electricity markets cannot truly value certain types of
flexibility resources. While price-quantity bids only allow the expression of box feasible regions
and separable cost functions, we propose a generalised price-region bid format which allows the
expression of any linearly-constrained feasible region of operation and convex piece-wise linear cost
function. As shown with a motivating example, a price-region bid can be straightforwardly derived
from a linear operations model including continuous state variables.
The price-region bid format generalises existing bid formats such as price-quantity bids, as well
as linear models of system assets, and is shown to be compatible with markets that rely on these
mechanisms. We show that a market-clearing program based on price-region bids writes as a linear
program, and that important market properties hold under common assumptions.
Price-region bids derived directly from operation models may feature a large number of state
variables and constraints. Despite linearity, a market-clearing problem including bids with high
dimensionality may be challenging to solve. Therefore, in practice, price-region bids may need to
meet requirements fixed by the market operator, such as limits on the number of constraints or
the number of state variables used in the bid. In those conditions, methods for price-region bid
dimension reduction would be of interest, so that market participants with complex characteristics
can derive optimal bids under dimension restrictions. In some cases, methods which reduce the
bid’s dimension without losing information may be sufficient: at most one state variable is sufficient
to represent any convex piecewise linear function, while some constraints may be superfluous.
In cases where only few constraints are allowed, the flexibility characteristics may need to be
approximated, e.g. using inner approximation of the feasible region.
The price-region bid format proposed in this paper is a generalised linear bid. Extensions to
mixed-integer linear, or convex non-linear bid formats are also of interest. The formulation of
mixed-integer linear price-region bids may not need to differ greatly from this paper’s formulation.
Allowing the use of discrete state variables would readily enable price-region bids to generalise
mixed-integer common bid formats such as discrete block bids (such those in [16, 35]). However,
non-convexity of a mixed-integer market-clearing problem poses challenges as uniform pricing
cannot straightforwardly be applied [41–44].
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Full feasible region (Case 3)
Price-quantity feasible region (Case 2)
Dispatch from price-region bid (Case 3)
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Figure 9: District heating feasible region and optimal dispatch in Cases 1-3.
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Appendices
A

Proofs

A.1

Intermediate steps for Equation (6)

Equation (4) can rewrite as
n
o
c? (qs ) = min xs (C w − VOLL) + (qsn1 k1 + qsn2 k2 )VOLL, s.t. (3a)-(3f)
xs
n
o
= min − 200xs + 300(qsn1 k1 + qsn2 k2 ), s.t. (3a)-(3f)
xs
n
o
= − max 300(−qsn1 k1 − qsn2 k2 ) + 200xs − 600, s.t. (3a)-(3f) .
xs

Equation (4) also implies that
n
o
c? (04 ) = min xs (C w − VOLL), s.t. 0 ≤ xs ≤ 3 and xs ≤ 5
xs

= − 600.

It follows that
WTP(qs ) = c? (04 ) − c? (qs )
n
o
= max 300(−qsn1 k1 − qsn2 k2 ) + 200xs − 600, s.t. (3a)-(3f) .
xs

A.2

Price-region-based market-clearing reformulation

For a given pair (As , Bs ), let Vs0 be a scalar defined as





1
 

0
, s.t. As  0  ≤ 0 .
Vs0 = min Bs
xs 
xs

xs
It follows that the cost function expressed in (9b) may be rewritten as






1
 

qs
Cs (qs ) = min Bs
, s.t. As  qs  ≤ 0 − Vs0 .
xs 
xs

xs

Let a market receive a set of price-region bids ΩPR ⊂ {1, ..., S}. Note that






1


X
X
X
(13)
qs


Cs (qs ) =
min Bs
, s.t. As qs
≤0 −
Vs0
xs 
x

s
xs
s∈ΩPR
s∈ΩPR
s∈ΩPR




 X

X
qs
= min
Bs
, s.t. (11b) −
Vs0 .
x

X 
s
PR
PR
s∈Ω

s∈Ω
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(13)

It then follows that
(1a)-(1c)
( S
)
X
≡ min
Cs (qs ), s.t. (1b)-(1c)
Q

≡
≡

≡

s=1
 X



n
o
Cs (qs ) +
Cs (qs ), s.t. qs ∈ Fs , ∀s ∈ ΩPR , (11c)-(11d)
min

Q 
s∈ΩPR
s∈Ω
/ PR


(




X
X
qs
Cs (qs ),
, s.t. (11b) +
min min
Bs
xs

Q  X
PR
PR
X

s∈Ω
/

s∈Ω

min
Q,X


 X


Bs

s∈ΩPR



qs
xs



n
o
s.t. ∃ X feasible to (11b) , (11c)-(11d)

+

X

s∈Ω
/ PR

Cs (qs ), s.t. (11b)-(11d)

≡ (11a)-(11d).

A.3




)



Proof of Proposition 2

If all bids s ∈
/ ΩPR can rewrite as special cases of price-region bids, i.e. ∀s ∈
/ ΩPR there exists a
price-region bid (As , Bs ) which perfectly represents (Fs , Cs ), then the problem (11a)-(11d) rewrites
as (14a)-(14c), i.e.,
min
Q,X

S
X
s=1

Bs





qs
xs




(14a)

1
s.t. As  qs  ≤ 0
xs
S
X
(qsnk ) = 0

: λnk

s=1

∀s = 1, ..., S

(14b)

∀n = 1, ..., N, k = 1, ..., K

(14c)

The problem (14a)-(14c) is linear. 

A.4

Proof of Proposition 3 – part I

A profit-maximising actor participates in the market so as to maximise the economic surplus it can
derive from it. For a given market equilibrium (Q, λ), let ESs (qs , λ) denote the economic surplus
of the actor placing bid s. It is defined as the difference between its income from market prices λ
and the cost associated with the profile qs . It writes
ESs (qs , λ) = λ> qs − Cs (qs ).

(15)

Let SW(Q, λ) denote the effect of a market equilibrium (Q, λ) on social welfare. SW(Q, λ) is
formulated as the sum of individual economic surpluses as defined in (15). This yields
SW(Q, λ) =

S 
X
s=1

λ> qs − Cs (qs )
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If (Q, λ) is a feasible solution to (11a)-(11d), maximising SW(Q, λ) is equivalent to minimising the
objective function of (11a)-(11d), thanks to the following relation
!
S X
N X
K
S
S
S
X
X
X
X
(14c)
SW(Q, λ) =
λnk
qsnk −
Cs (qs ) = −
Cs (qs )
s=1 n=1 k=1

s=1

s=1

s=1

This proves the first item of Property 1, i.e. the optimal solution to (11a)-(11d) maximises social
welfare. 

A.5

Proof of Proposition 3 – part II

As shown in Appendix A.3, if all bids s ∈
/ ΩPR can rewrite as special cases of price-region bids, then
the problem (11a)-(11d) is equivalent to (14a)-(14c). For all s, note µs the Lagrange multipliers
of constraints (14b). With As,j,i the term in j th line, ith column of matrix As , and Bs,p the
pth term in Bs , the Karush-Kuhn-Tucker (KKT) conditions for optimality of (14a)-(14c) write as
{(14b)-(14c), (16a)-(16d)}, i.e.,
Bs,(K(n−1)+k) +

Js
X
j=1

Bs,(KN +l) +

Js
X

(µs,j As,j,(K(n−1)+k+1)) ) − λnk = 0
∀ s = 1, ..., S, n = 1, ..., N, k = 1, ..., K

(16a)

∀s = 1, ..., S, l = 1, ..., L

(16b)

∀s = 1, ..., S

(16c)

∀s = 1, ..., S

(16d)

(µs,j As,j,(KN +l+1) ) = 0

j=1

µs ≥ 0





1

µs ◦ As qs  = 0
xs

Let λ? denote the optimal value of λ in (14a)-(14c), i.e. the vector of market-clearing prices.
Let the optimisation problem (17) search, for an bid s, the feasible transaction qs ∈ Fs which
maximises the economic surplus ESs for a given price series λ? ,
max {ESs (qs , λ? ), s.t. qs ∈ Fs }
qs

(17)

The problem may be rewritten as
n
o
(15)
(17) ≡ max λ?> qs − Cs (qs ), s.t. qs ∈ Fs
qs

≡
(9b)

≡

(9a)

≡

n
o
min Cs (qs ) − λ?> qs , s.t. qs ∈ Fs
qs






1
 

qs
min min Bs
, s.t. As  qs  ≤ 0 − λ?> qs
qs
xs 
xs

xs
o
s.t. qs ∈ Fsbid
n

(




qs
min Bs
− λ?> qs
qs ,xs
xs


)
1
s.t. As  qs  ≤ 0 .
xs

(18a)

(18b)
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Let µs denote the Lagrange multipliers of constraint (18b). The KKT conditions for optimality of
(18a)-(18b) write as
J
X

B(K(n−1)+k) +

j=1

B(KN +l) +

(µs,j As,j,(K(n−1)+k+1)) ) − λ?nk = 0
∀ n = 1, ..., N, k = 1, ..., K

J
X
(µs,j As,j,(KN +l+1) ) = 0

∀l = 1, ..., L

j=1

µs ≥ 0



(18c)
(18d)
(18e)



1
µs ◦ As  qs  = 0
xs

(18f)

The following steps prove that the optimal solution to (14a)-(14c) maximises, given the market
prices, the economic surplus of each market participant:
1. Let us define {Q? , X ? , λ? , µ? } solution to {(14b)-(14c), (16a)-(16d)}.
2. For any s ∈ {1, ..., S}, {q?s , x?s , λ? , µ?s } is then solution to {(14b), (16a)-(16d)}.
3. By analogy, {q?s , x?s , λ? , µ?s } is solution to (18b)-(18f), ∀s ∈ {1, ..., S}.
4. Thus, with (Q? , λ? ) an economic market equilibrium, there exists {x?s , µ?s } for every s ∈
{1, ..., S} so that {q?s , x?s , λ? , µ?s } is an optimal solution to (18a)-(18b).
5. As a consequence, q?s is an optimal solution to (17), which implies the following relation:,
which proves the second item of Property 1:
ESs (q?s , λ? ) ≥ ESs (qs , λ? )

∀qs ∈ Fs , ∀s ∈ {1, ..., S}

(19)

Under the assumption of perfect competition, the market prices are not affected by the injection
profile of a single market participant, i.e. λ(qs ) = λ(q?s ) = λ? ∀s. Equation (19) can then be
rewritten as:
∀qs ∈ Fs , ∀s ∈ {1, ..., S}
(20)
ESs (q?s , λ(q?s )) ≥ ESs (qs , λ(qs ))

This implies that the profiles in Q? form a Nash equilibrium, i.e. no market participant has
incentives to deviate unilaterally from the optimal dispatch Q? . This proves the second item of
Property 1. 

A.6

Proof of Proposition 4

As shown in Appendix A.5, if all bids s ∈
/ ΩPR can rewrite as special cases of price-region bids,
Equation (19) holds. If all bidders allow an empty withdrawal profile as a feasible solution, i.e.
0 ∈ Fs ∀s, then Equation (19) implies, for all s ∈ {1, ..., S},
(15)

ESs (q?s , λ? ) ≥ ESs (0, λ? )

⇔ ESs (q?s , λ? ) ≥ λ?> 0 − Cs (0)
⇔ ESs (q?s , λ? ) ≥ 0

This verifies Property 2, i.e. the market participants recover the costs announced in their bids. 
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A.7

Proof of Proposition 5

When all bids s ∈
/ ΩPR can rewrite as special cases of price-region bids, Appendix A.5 shows that,
based on the information from bid parameters, Q? maximises the economic surplus of each market
participant given the market prices λ? . If an actor believes that its bid cannot meaningfully alter
the market prices, i.e. the actor is price-taker, then it has all the reasons to bid its true parameters.
If the market cleared by solving (11a)-(11d) is perfectly competitive, all its participants are pricetaker, thus the market is incentive compatible, i.e. Property 3 is satisfied. 

A.8

Proof of Proposition 6

Let (Q? , λ? ) denote an optimal solution to the market-clearing problem (11a)-(11d).
PS The?>net?
?
?
income of the market operator from the transactions prescribed by (Q , λ ) writes as s=1 λ qs
and, given (11d), is always equal to zero. It follows that the market operator is budget balanced,
thus revenue adequate, i.e. Property 4 is satisfied. 

A.9
A.9.1

Special cases of price-region bids
Transmission network

Let the price areas covered by the market be connected by an AC transmission network. Let
βnm denote the susceptance of a transmission line between areas n and m, in Ω−1 , and Tnm the
transmission capacity between areas n and m, in MW. Let βnm = Tnm = 0 when there is no
transmission line between n and m. With s̄ an index associated with the entire transmission
network, let xs̄nk denote the voltage angle in n at time k, and xs̄ a vector which contains all
voltage angle variables. Let qs̄nk (in MWh/h) denote the net energy flowing from area n to
neighbouring areas during time period k. Using a lossless linearised load flow model (DC load
flow), the operational constraints of the transmission network write as
N
X

∀n ∈ {1, ..., N }, k ∈ {1, ..., K},

(21a)

βnm (xs̄nk − xs̄mk ) ≤ Tnm

∀n, m ∈ {1, ..., N }, k ∈ {1, ..., K},

(21b)

xs̄1k = 0

∀k ∈ {1, ..., K}.

(21c)

qs̄nk =

m=1

βnm (xs̄mk − xs̄nk )

These constraints can be written in the market-clearing problem (11a)-(11d) as a bid (Fs̄ , Cs̄ ), with
n
o
Fs̄ = qs̄ ∃ xs̄ ∈ RN so that (qs̄ , xs̄ ) is feasible to (21a)-(21c) ,
Cs̄ (qs̄ ) = 0.

More specifically, given that (21a)-(21c) is a set of linear constraints on qs̄ and xs̄ , and that Cs̄ is
a constant function, there exists a pair (As̄ , Bs̄ ) which rewrites (Fs̄ , Cs̄ ) as a price-region bid by
satisfying


1
As̄  qs̄  ≤ 0 ⇔ (21a)-(21c),
Bs̄ = 0>
N (K+1) .
xs̄

The entire transmission network which the market covers is modelled here as a single price-region
bid, thus keeping the state variables xs̄ independent from other bids. It however does not imply
that the network is managed by a single operator. An individual transmission system operator
may be responsible for only a subset of the constraints (21a)-(21c).
Note that, once the market is cleared, the sum of money λ?> q?s will be attributed to the
price-region bid s. In the transmission case, this is referred to as a congestion rent. Some market
operators may allocate this rent to the transmission network operators, while others will use it to
remunerate owners of financial transmission rights [37–39].
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A.9.2

Electricity storage as a system asset

Consider an electricity storage indexed by s, located in a price area Ns , managed as a system
asset. Let Ps denote its charging/discharging capacity, in MW, and ηs its charging/discharging
efficiency. Let Es denote its energy capacity, and Es0 its initial energy content, both in MWh. Let
−
x+
sk and xsk respectively denote the energy charged in and discharged from the storage at time k,
−
in MWh/h, and xs a vector which contains the variables x+
sk , xsk ∀k. Let Vs denote the economic
value of stored energy at the end of the horizon, in e/MWh. For each s, the storage operation
constraints write as
qsNs k = ηs x−
sk −

x+
sk
ηs

0 ≤ x+
sk ≤ Ps
0≤

x−
sk

≤ Ps

0 ≤ Es0 +

k
X
t=1


−
x+
sk − xsk ≤ Es

∀k ∈ {1, ..., K},

(22a)

∀k ∈ {1, ..., K},

(22b)

∀k ∈ {1, ..., K},

(22c)

∀k ∈ {1, ..., K}.

(22d)

These constraints can be written in the market-clearing problem (11a)-(11d) as a bid (Fs , Cs ), with
n
F s = qs

o
∃ xs ∈ RN so that (qs , xs ) is feasible to (22a)-(22d) ,

Cs (qs ) = Vs

K
X

qsnk .

k=1

More specifically, given that (22a)-(22d) is a set of linear constraints on qs and xs , and that Cs is
a linear function of qs , there exists a pair (As , Bs ) which rewrites (Fs , Cs ) as a price-region bid by
satisfying


1
h
i
As  qs  ≤ 0 ⇔ (22a)-(22d),
Bs = 0 ... 0 Vs ... Vs 0 ... 0 .
| {z }
xs
columns
(Ns − 1)K + 1 to Ns K

B
B.1

Case study models
District heating utility model

As shown on Figure 8, the district heating system is composed of multiple elements. This section
characterises the physical characteristics of the district heating utility as a set of linear constraints.
It then describes its bidding strategy on the day-ahead market.
Let n1 , n2 denote the two price areas in the power system, and s denote the bid from the
district heating utility.
hp
el
Let hwc
k , hk and hk denote the heat production in time period k of the woodchip boiler,
the electrical boiler and the heat pump, respectively. Their unit is GJ/h. Let H wc = 37.5 GJ/h,
H el = 5 GJ/h and H hp = 30 GJ/h denote the maximum heat production of these units. Let αel = 3
GJ/MWh and αhp = 5 GJ/MWh denote the power-to-heat conversion ratio of the electrical boiler
and the heat pump, respectively. Equations (23a)-(23b) relate the withdrawal of electrical energy
from n1 and n2 to the heat production by the heat pump and the electrical boiler. Equations
(23c)-(23e) set bounds to the heat production of the different units.
hp
hel
k = −α qsn1 k

∀ k ∈ {1...K},

hp
0 ≤ hhp
k ≤H

∀ k ∈ {1...K},

hel
k

el

= −α qsn2 k

0≤
0≤

∀ k ∈ {1...K},

el
hel
k ≤H
wc
hwc
k ≤H

∀ k ∈ {1...K},
∀ k ∈ {1...K}.
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(23a)
(23b)
(23c)
(23d)
(23e)

Let Dkfix denote the heat demand of the inflexible load in time period k, in GJ/h. The inflexible
load follows the demand profile displayed in Figure 10. Let dflex
denote the heat energy supplied
k
to the flexible load in time period k, in GJ/h. Let E flex = 150 GJ denote the total energy the
flexible load requires over the horizon, and Rflex = 10 GJ/h the maximum rate at which it can be
supplied. Equations (23f)-(23g) describe the flexible load constraints.
K
X

dflex
= E flex ,
k

(23f)

k=1

0 ≤ dflex
≤ Rflex
k

∀ k ∈ {1...K}.

(23g)

Heat demand (GJ/h)
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5
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Figure 10: Demand profile of inflexible heat load.
The hot water pipelines are operated using constant mass flows, i.e. the speed at which
water mass travels in the pipelines is fixed. Figure 11 provides a schematic representation of
the supply-and-return pipelines system. Energy is injected from the left-hand side by increasing
the temperature of the water flowing from the return pipe outlet to the supply pipe inlet at a
fixed flow rate. Energy is withdrawn from the right-hand side by cooling down the temperature
of the water flowing from the supply pipe outlet to the return pipe inlet at the same fixed flow
rate. In this case study, it is assumed that it takes exactly one time period for the water mass
to travel from one end to the other end of a pipe. This means that, in a given time period, the
temperature of the water at the outlet of a pipe is equal to the temperature at the inlet of the
denote the water temperature in the inlet of the supply
pipe in the previous time period. Let tsup
k
that
of
the
return pipe, in ◦C. The initial temperatures are set to
pipe at time period k, and tret
k
◦
= 70 ◦C, tret
tsup
0 = 50 C, and temperatures in the end of the horizon are enforced to reach the
0
same value (see Equations (23h)-(23i)) so that operations in the next day are not compromised.
Equations (23j)-(23k) enforce lower and upper bounds for temperatures, resp. T min = 30 ◦C and
T max = 90 ◦C. Equations (23l)-(23m) enforce that the temperatures in the return pipe are never
higher than in the supply pipe.
sup
tsup
K = t0 ,

(23h)

ret
tret
K = t0 ,
T min ≤ tret
k
sup
max
tk ≤ T
sup
tret
k−1 ≤ tk
sup
tret
k ≤ tk−1

(23i)
∀ k ∈ {1...K},

(23j)

∀ k ∈ {1...K},

(23k)

∀ k ∈ {1...K}.

(23m)

∀ k ∈ {1...K},

(23l)

Let αpipe = 1.5 GJ/◦C denote the specific energy of the mass of water that travels the pipelines
in one time period. The energy injected from area n1 into the pipelines in a time period k writes
24

Supply water pipe
(water travels accross the pipe in one time period)

Caloriﬁc energy
is harvested

Water is
heated up

(water travels accross the pipe in one time period)

Return water pipe

Figure 11: Supply and return district heating pipelines.
ret
αpipe (tsup
k − tk−1 ). The energy withdrawn from the pipelines in area n2 in a time period k write
sup
pipe
α (tk−1 − tret
k ). Equations (23n)-(23o) respectively describe the conservation of energy in areas
n1 and n2 .
hp
pipe sup
hwc
(tk − tret
∀ k ∈ {1...K},
(23n)
k + hk = α
k−1 )
pipe sup
fix
flex
hel
(tk−1 − tret
k +α
k ) = Dk + dk

∀ k ∈ {1...K}.

(23o)

Let qs denote the injection profile of the utility, and let a vector xs include all variables {hwc
k ,
hp flex sup ret
el
hk , hk , dk , tk , tk , k = 1...K}. The feasible region of electricity injection Fs writes as:


Ls
Fs = qs ∃ xs ∈ R so that (qs , xs ) satisfies (23a)-(23o)
The district heating system in this case study has only one variable cost component: the fuel
cost of the woodchip boiler, C wc = 40 e/GJ. The cost function of the district heating utility thus
writes as:
(K
)
X
wc wc
(C hk ), s.t. (23a)-(23o)
Cs (qs ) = min
xs

k=1
(K
X

− min
xs

B.2

)

(C wc hwc
k ), so that (0, xs ) satisfies (23a)-(23o)

k=1

Characteristics and bids of other market participants

This section describes the other actors from the case study and their participation on the day-ahead
market.
The transmission line is a system asset, modelled by the market operator based on physical
characteristics communicated by the transmission system operator. It is modelled as a lossless
transmission line, with a limited transmission capacity of 5 MW.
The wind power producer has a variable electricity supply capacity in a range between 0 and
25 MWh/h. The available power is assumed to be well-known by the wind power producer a day
ahead of delivery. It offers energy in the market by placing price-quantity bids with bidding prices
set to zero.
The load-serving entity has a variable electricity demand in a range between 5 and 15 MWh/h.
The demand profile is assumed to be well-known by the load-serving entity a day ahead of delivery.
It bids for energy in the market by placing price-quantity bids with bidding prices set to a value
of lost load of 1000 e/MWh. This is a relatively high value so that the demand can be met even
when electricity supply is scare.
The peaking power plant has a flexible power output. Its variable cost of operation is positive
and increases as the power output increases, following a piecewise linear function. This actor offers
energy in the market by placing price-quantity bids.
The baseload power plant has a constant, predictable supply capacity of 10 MWh/h with no
variable costs of operation. It offers this energy in the market by placing price-quantity bids with
bidding prices set to zero.
25

Demand from indus. load (MWh/h)

The industrial load has a predictable inflexible demand for electrical energy following the profile
from Figure 12. It bids for this energy in the market by placing price-quantity bids with bidding
prices set to a value of loss load of 1000 e/MWh.
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Figure 12: Demand for electrical energy from the industrial load.

B.3

Generation of price scenarios

Cases 1 and 2 rely on a set of electricity price forecast scenarios. These are generated by simulating
different outcomes of the market-clearing program, using slighty different wind power and load
profiles. The intention is to obtain representative price series for the system under study, accounting
for a certain degree of uncertainty in wind power and load. Figures 13 and 14 below display the
set of wind power and load profiles that are used to generate different scenarios. Combining
the different profiles leads to 27 different scenarios. In Figures 13 and 14, the profiles that are
highlighted correspond to the realised profiles in the day-ahead market.

Available wind power (MWh/h)
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Figure 13: Set of likely available wind power profiles.
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Figure 14: Set of likely load profiles (load serving entity).
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Abstract
In an increasingly decentralized energy system with tight interdependencies with heat and electricity markets, prosumers at the interface between the markets are becoming important flexibility
providers. Policy-makers and market operators need a better understanding of the motivations
and behavior of prosumers in order to harness their underlying flexibility. Therefore, traditional
top-down market-based approaches must be accompanied by consumer-centric decision-making
tools which enable direct participation of prosumers and cooperation among them towards a social
choice. This work focuses on designing a community-based mechanism, in which prosumers can
pool their heat and electricity production and consumption, and coordinate their participation in
heat and electricity wholesale markets. This analysis shows that it is beneficial for the community
as a whole to cooperate. A central research question that is addressed, is to understand how this
mechanism can affect the outcomes of the interactions among individuals towards a social choice,
and in particular incentivize cooperation among prosumers. Game-theoretical tools are used to
analyze the properties of the proposed mechanism with different allocation mechanisms, namely
uniform pricing, Vickrey-Clarke-Groves, Shapley value, and nucleolus. Although no mechanism
can satisfy all the fundamental desirable properties, the proposed mechanism based on a nucleolus allocation can provide an interesting trade-off between the stability, efficiency, and incentive
compatibility. Finally, the concepts and properties discussed in this work are illustrated in a case
study.

1. Introduction
1.1. Motivations
Worldwide, the energy transition towards a more environmentally friendly and sustainable
energy system has lead to an unprecedented share of the generation mix being covered by renewable
production (Chu & Majumdar, 2012; Lund, 2007; Chu et al., 2017). Managing these large shares of
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decentralized, stochastic, and non-dispatchable production has increased the need for operational
flexibility in the power system (Morales et al., 2013).
Beside traditional sources of flexibility, such as dispatchable thermal power plants and electricity
storage, flexibility in the power system may come from the interfacing and coordination with other
energy systems, in particular the heat system (Lund, 2005; Lund et al., 2010, 2014; Meibom
et al., 2013; Münster et al., 2012; Lund et al., 2015a; Wang et al., 2017c). At the wholesale level,
harnessing this operational flexibility requires the design of new markets and trading mechanisms
that model and exploit the interactions between the systems (Mitridati & Pinson, 2016; Pinson
et al., 2017).
In the meantime, a more profound and fundamental shift is happening in heat and electricity
systems due to a change from a top-down energy system management approach to a decentralized
approach (Bouffard & Kirschen, 2008). Motivated by growing environmental concerns and social
commitment (Goulden et al., 2014; Gangale et al., 2013), prosumers have emmerged as central
and proactive participants in energy markets. In dense urban areas, where electricity and district
heating infrastructures cohabit, prosumers interface both energy systems. It is expected that harnessing their operational flexibility can induce a soft coordination between the systems and benefit
the overall energy system, in terms of social welfare and sustainability (Wang et al., 2017b; Geidl
et al., 2007; Lund et al., 2015b). Kirschen (2003) provides an overview of the potential benefits
of better accounting for demand-side flexibility in future wholesale market designs. In addition,
(O’Connell et al., 2016; Liu et al., 2015; Bobo et al., 2018) highlight the need for new trading
mechanisms, such as flexibility-oriented products and extended bid formats, that facilitate market
access to prosumers, and reveal the value of their operational flexibility in a market environment.
However, policy-makers and market operators need a better understanding of the motivations and
behavior of prosumers to effectively and efficiently integrate them into electricity markets (Stern,
1992; Allcott & Mullainathan, 2010; Gyamfi et al., 2013). Therefore, the aforementioned top-down
market solutions must be accompanied by consumer-centric decision-making tools, which enable
prosumers to directly manage their energy consumption and production. Parag & Sovacool (2016)
and Sousa et al. (2018) identify and discuss different potential consumer-centric market mechanisms. By opposition with top-down demand-response programs, consumer-centric mechanisms
focus on motivating direct participation from the prosumers, and provide a framework that coordinates the outcomes of interactions among them towards a social choice (Haring et al., 2016).
The motivation behind this approach is to take advantage of under-utilized sources of flexibility
and synergies between prosumers, not unlike the concept of sharing-economy in other industry
sector (Kalathil et al., 2017; Heinrichs, 2013). Kalkbrenner & Roosen (2016) and Klein & Coffey
(2016) highlight how local energy communities can increase social acceptance and motivation to
participate in demand response programs, compared to traditional top-down approaches.
1.2. Research questions and state of the art
This increasingly decentralized energy system highlights the need for consumer-centric mechanisms aiming at harnessing the flexibility of prosumers across multiple energy carriers, namely
heat and electricity. The design and analysis of such mechanisms raises two conceptual research
questions.
First, what value can be achieved by a group of prosumers in a market environment,
by exploiting the synergies between different types of loads and prosumers? As an efficient community-based mechanism aims at coordinating the energy production and consumption of
a group of prosumers towards a social choice, the term of value is understood in a game-theoretical
2

context as the increase in social welfare that a group of prosumers can achieve by cooperating
rather than standing alone (Peters, 2015). This value represents the benefits for the community
as a whole when prosumers collaborate. Designing a mechanism that achieves this value requires
modeling the physical and economic aspects of the operational flexibility of individual prosumers,
and exploiting the potential synergies between them. In particular, fuel-shift technologies, such
as heat pumps (HPs), and micro combined heat and power plants (CHPs), in heat and electricity
markets has been shown to be an important source of cross-carrier flexibility (Wang et al., 2017a;
Alimohammadisagvand et al., 2016; De Paepe et al., 2006; Houwing et al., 2011). In addition,
modeling and exploiting the thermal storage capacity of buildings greatly increases the operational
flexibility of prosumers and their ability to provide demand response in both heat and electricity
systems (Good & Mancarella, 2017; Alimohammadisagvand et al., 2016; Dominković et al., 2018).
From an economic aspect, valuing the flexibility of different types of loads, such as district heating
and electricity consumption of heat pumps, requires modeling their synergies. Various studies have
proposed community-based control strategies for the energy management of building that model
these technical and economic aspects (Brahman et al., 2015; Good & Mancarella, 2017; Wang et al.,
2018; Darivianakis et al., 2015, 2017b). In particular, Shaikh et al. (2014) and Klein et al. (2012)
propose control strategies for buildings based on the utility that prosumers derive from the indoor
temperature, rather than the energy carrier consumed. These top-down approaches highlight the
potential benefits of cooperating and provide operational models to achieve that value (Alam et al.,
2013; Wang et al., 2017a). However, they do not provide a proper quantification of the value of
a group of prosumers. In addition, consumer-centric mechanisms must provide institutions and
trading mechanisms for prosumers in order to enable interactions among them. This raises a second
conceptual question.
Which consumer-centric mechanism is able to incentivize prosumers to collaborate
towards a social choice? In other words, this research question focuses on analyzing the properties of the proposed consumer-centric mechanism. Addressing this question requires modeling
the outcomes of this mechanism, as well as the behavior and interactions among the agents. The
field of mechanism design relies on game-theoretical tools to do so (Roth, 2000; Peters, 2015; Saad
et al., 2009; Osborne & Rubinstein, 1994; Nisan et al., 2007). The interested reader is referred
to Hurwicz (1973), Silva et al. (2001), Vulkan et al. (2013) and Hurwicz & Reiter (2006) for an
introduction to the theory of mechanism design. In particular, a consumer-centric approach must
ensure that prosumers are voluntarily participating in the proposed mechanism. Beyond the concept of value of the community as a whole, this raises the issue of the fair redistribution of this
value among the prosumers. Various definitions of fairness in mechanism design have been used in
the literature. In this study, it is used in the sense of a stable allocation mechanism that ensures
that all agents are voluntarily participating in this mechanism and satisfied with the outcomes.
Tushar et al. (2018) links the social acceptance of a consumer-centric mechanism to this property,
using behavioral economy theory.
A series of recent studies has adopted a consumer-centric approach for prosumers in electricity
markets (Morstyn et al., 2018a; Sorin et al., 2018; Haring et al., 2016; Moret & Pinson, 2018), but
has failed to provide a thorough analysis of the properties of these mechanisms. Han et al. (2018)
and Tushar et al. (2018) propose a cooperative game-theoretical analysis of a community-based
mechanism for energy management. However, the decentralization of the information is not in
the scope of these studies, which assume complete information on the preferences of each agent
(Hurwicz, 1972). In addition, the design of mechanisms with decentralized information raises the
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issue of revealing the true preferences of agents with privately known preference, i.e., the incentivecompatibility of the proposed mechanism. A gap remains in the literature, which corresponds
to studying the link between efficiency, stability, and incentive compatibility of consumer-centric
mechanisms. Furthermore, the aforementioned mechanisms have not been generalized to multicarrier energy systems, such as heat and electricity systems.
1.3. Contributions and organization of the paper
Given the research questions and literature survey presented in the previous subsection, a gap
remains in the literature to design consumer-centric mechanisms for energy management in heat and
electricity systems, and provide a rigorous analysis of their properties. The main objective of this
work is to design a consumer-centric mechanism that motivates prosumers in a multi-carrier energy
system to collaborate to optimize the energy management of the community. This work makes
several applied and theoretical contributions to the state of the art. From an applied perspective, we
design a novel community-based mechanism in which prosumers can pool their heat and electricity
production and consumption, and coordinate their participation in heat and electricity wholesale
markets. The proposed mechanism provides adequate institutions and trading mechanisms to
reflect the physical and economic aspects of the flexibility of prosumers at the interface between heat
and electricity systems. From a theoretical perspective, we analyze the properties of the proposed
mechanism along with different allocation mechanisms, through a game-theoretical formulation
of the proposed mechanism. We first formally quantify the value of cooperating and joining the
community and demonstrate that there exists stabilizing allocations for the proposed mechanism.
We then demonstrate that the proposed mechanism provides an interesting trade-off between the
properties of efficiency, stability, and incentive compatibility. Finally, we analyze the properties of
different allocation mechanisms, namely uniform pricing, Vickrey-Clarke-Groves (VCG), Shapley
value, and nucleolus. While it is known that, among these allocations, solely the nucleolus allocation
provides a stabilizing mechanism in the general case, we demonstrate that, under the assumption
of perfect competition among the prosumers, the uniform pricing allocation is also stabilizing. We
then illustrate through an example that the VCG and Shapley value allocations are not stabilizing
in the proposed mechanism.
The remainder of this paper is organized as follows. Section 2 introduces the general framework
and theoretical background for the design and analysis of consumer-centric mechanisms. Section 3
presents in details the proposed mechanism, along with different allocation mechanisms. Section 4
analyzes the properties of the resulting mechanisms. Section 5 illustrates the theoretical findings
of this work using a case study. Finally, Section 6 presents the conclusions and discussions.
2. General framework for consumer-centric mechanism design
For the sake of self-containment, this section introduces general concepts of mechanism design
and game theory, applied to the design and analysis of a community-based mechanism in heat and
electricity systems. First, the general structure of a community-based mechanism is introduced.
The desirable properties of such a mechanism are then detailed. Finally, game-theoretical tools to
reformulate and analyze those properties are introduced. The proposed mechanism will be detailed
in Section 3.

4

2.1. Community-based mechanism
Contrary to centralized demand response mechanisms, in which a profit-maximizing aggregator
controls a group of loads via prices or direct signals, decentralized mechanisms, also referred to
as consumer-centric approaches, provide a framework in which consumers act cooperatively to
exchange energy, and aggregate their flexibility (Haring et al., 2016). Parag & Sovacool (2016)
provides an overview of different consumer-centric mechanisms. Consumer-centric approaches can
broadly be divided into peer-to-peer and community-based mechanisms, as illustrated in Figure 1.
In a peer-to-peer mechanism, prosumers communicate directly with one another, and trade their
energy via bilateral contracts and agreement (Morstyn et al., 2018b). This approach raises issues
of communication and convergence towards a social choice. In community-based mechanisms,
the information from all prosumers is gathered by a so-called community manager that seeks to
maximize the social welfare of the community, i.e., the sum of the individual utilities of all agents
(Moret et al., 2018; Morstyn et al., 2018a; Sorin et al., 2018).

Figure 1: Organization of consumer-centric mechanisms – (a) peer-to-peer, and (b) community-based.

This study focuses on designing a community-based mechanism, in which prosumers can pool
their heat and electricity production and consumption, and coordinate their participation in heat
and electricity wholesale markets. Each prosumer j ∈ N in this community holds private information on its true preferences. The community manager elicits information from the prosumers,
and based on this information, aims at maximizing the social welfare of the community by solving
an energy management problem. Once an optimal strategy for the community has been identified,
the community manager computes the value of this cooperation, and derives a payment rule that
redistributes this value. The community manager in this mechanism complies with the following
three general steps:
1. Elicit information from individual agents, i.e., prosumers in the community, on their preferences, represented by the matrix B = [B1 , ..., BN ] ∈ RK1 ×N , where each column Bj ∈ RK1 ×1
5

represents the vector of preferences of a prosumer j ∈ N . For notational simplicity, the
dimension K1 represents the length of the vector of preferences of the prosumers, which includes their load utilities, production costs, and technical parameters of their building and
assets over all hours t ∈ T of the day. This matrix and its dimensions will be detailed in
Appendix B.
∗
2. Determine the optimal energy dispatch and procurement strategy X N (B) ∈ RK2 ×N that
maximizes the social welfare of the community with respect to the revealed preferences B,
∗
where each column XjN (B) ∈ RK2 ×1 represents the vector of optimal decisions of a prosumer
j ∈ N . For notational simplicity, the dimension K2 represents the length of the vector of
decision variables of the prosumers, which includes their energy dispatch, exchanges with the
grid and within the community, and state of their system over all hours t ∈ T of the day.
This matrix and its dimensions will be detailed in Appendix B.
3. Given the optimal energy management strategy and the revealed preferences, derive the
payment rule P (B) ∈ RN , whose entries Pj (B) represent the revenue (if Pj (B) ≥ 0) or
payment (if Pj (B) ≤ 0) of each prosumer j ∈ N .

∗
The outcomes of this mechanism are represented by the pair X N (B) , P (B) with respect to the
revealed preferences B.
The proposed consumer-centric mechanism must provide institutions and trading mechanisms
that take into consideration the physical and economic characteristics of the prosumers at the
interface between heat and electricity systems. These characteristics can be represented
by the

∗
N
bids B. Additionally, the outcomes of the proposed mechanism X (B) , P (B) must guarantee
certain desirable properties in order to ensure cooperation among the prosumers. These properties
are introduced in the subsection below. Additionally, the structure of the bids B, the energy
management problem of the community manager, and the form of the payment rule P (B) will be
detailed in Section 3.
2.2. Desirable properties
The central question that must be addressed when designing a mechanism, is how the proposed
rules and institutions impact the interactions among the agents. In other words, what properties
does the proposed mechanism satisfy? We describe below a number of desirable properties in the
context of the proposed community-based mechanism with decentralized information.
As by design the proposed mechanism seeks to maximize the social welfare of the energy
community, it should satisfy the fundamental efficiency property1 .
Definition 1 (Efficiency). The social welfare of the agents participating in the mechanism, with
respect to the revealed preferences B, is maximized, and no agent desires to deviate unilaterally
from its dispatch. In other words, the outcomes of social welfare maximization align with profitmaximization of agents.
This property is essential to guarantee that the community as a whole, benefits from cooperating. Indeed, it guarantees that the outcomes of social welfare maximization align with the
maximization of the private utilities of the agents. Furthermore, the true social welfare of the
community is maximized, and the true value of cooperating is achieved in case the agents are
1
Note that the concept of efficiency is defined with respect to the revealed preferences rather than the true
preferences.
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truthful, i.e., reveal their true preferences. As the agents hold private information, they might
have incentives to misreport their true preferences in order to manipulate the outcomes of the
community management problem and increase their profits, or for privacy concerns. Thus, designing a mechanism that motivates the agents to be truthful is a major challenge for the community
manager. Such a property is referred to as incentive compatibility.
Definition 2 (Incentive compatibility). Every agent can maximize its utility by acting according
to its true preferences.
In addition to these properties, the community manager seeks to derive payments that guarantee
that it does not incur any financial loss. This property of mechanism design is referred to as revenue
adequacy.
Definition 3 (Revenue adequacy). The community manager never incurs a financial deficit. In
particular, budget balance is a stronger property that requires that the energy manager has neither
financial deficit nor financial excess.
The budget balance property is particularly important in this context as it guarantees that the
energy manager is non-profit.
Furthermore, in order to ensure social acceptance, a consumer-centric mechanism should ensure
that all agents are willing to participate in the proposed mechanism and satisfied with its outcomes.
This can be translated by the cost recovery, individual rationality, and group rationality properties.
Definition 4 (Cost recovery). The utility of all agents when participating in the mechanism should
be non-negative.
This property guarantees that no agent incurs financial losses when participating in the proposed mechanism. Individual rationality is a slightly more refined condition to ensure voluntary
participation in the mechanism.
Definition 5 (Individual rationality). The utility of all agents when participating in the mechanism
should be equal to or greater than the one they would earn by dropping out of the mechanism.
This property is also referred to as voluntary participation, as it ensures that each individual
agent benefits from participating in the proposed mechanism. However, it is not sufficient to ensure
that the agents are satisfied with the outcomes of the mechanism. Indeed, for that purpose, an
essential property is group rationality.
Definition 6 (Group rationality). No group of agents can benefit from splitting from the community. This property will be formally defined in Section 2.3, within the conceptual framework of
cooperative game theory.
As no individual agent or group of agents wishes to split from the community, this property
guarantees that the outcomes of the mechanism are stable.
A mechanism satisfying these properties ensures that the private utilities of the agents are
aggregated to achieve a social choice. In the context of the proposed community-based mechanism, these properties incentivize prosumers to collaborate to maximize the social welfare of the
community. An in-depth analysis of these properties for different mechanisms will be provided in
Section 4. However, a fundamental result states that no mechanism with decentralized information can guarantee simultaneously efficiency, incentive compatibility, revenue adequacy, and cost
recovery Hurwicz (1972); Myerson & Satterthwaite (1983). Thus, a major design challenge which
is addressed in this chapter is to identify the links and the trade-off between these properties.
7

2.3. Game-theoretical interpretation
Analyzing the properties of a given mechanism requires modeling the outcomes of this mechanism, as well as the behavior of the agents and the interactions between them. The literature on
mechanism design relies on cooperative and non-cooperative game-theoretical tools to do so. The
main distinction between cooperative and non-cooperative game theory is in the modeling technique that is used. Non-cooperative game theory provides an explicit model of the behavior and
interactions among the agents, whereas cooperative game theory provides an abstract representation of the agents through the outcomes and payoffs that they can reach. Although cooperative and
non-cooperative game-theoretical tools rely on different modeling techniques, they are both used
to answer the same central question, i.e., what is the impact of the institutions and rules imposed
by a mechanism on the behavior of the agents and interactions between them. Therefore, this section revisits the properties introduced in Section 2.2 under both cooperative and non-cooperative
game-theoretical frameworks.
2.3.1. Cooperative game theory
The starting point of a cooperative game-theoretical analysis of a mechanism, is to define the
value v S (B) with respect to the revealed preferences B, that can be achieved by a group of agents
forming a coalition S ∈ 2N , where 2N represents the set of all coalitions included in the grandcoalition N . In particular, in the community-based mechanism considered, the value of a coalition
is defined as the increase in social welfare, compared to the case where all agents in the coalition
optimize their energy management strategy alone. The coalitional game form of a mechanism is
defined as follows.
Definition 7 (Coalitional game form). The pair (N , v (B)) defines a cooperative game if and only
if the value function v (B) : S ∈ 2N 7→ v S (B) ∈ R+ satisfies
1. v ∅ (B) = 0, i.e., the value of an empty coalition is null.
2. For any two selected coalitions S ∈ 2N , V ∈ 2N , such that S ∩ V = ∅ super-additivity holds,
i.e., v S (B) + v V (B) ≤ v S∪V (B).

Super-additivity implies that the value of any coalition cannot be improved by splitting it into
smaller coalitions. In practice, this guarantees that overall it is beneficial to form the grand-coalition
N , rather than collaborating in smaller coalitions S ∈ 2N , or standing alone. However, it does not
guarantee that all agents benefit individually from joining the grand-coalition, and are satisfied
with the outcomes of the proposed mechanism. This raises the issue of a fair redistribution of this
value through the design of an allocation mechanism. The allocation mechanism of a cooperative
game can be directly expressed as a function of the payment rule of the corresponding mechanism.
Therefore, the notions of allocation and payment, though different, can be used equivalently to
describe the outcomes of a mechanism and its properties. The vector of allocations π (B) ∈ RN ,
whose entries πj (B) represent the share of the value v N (B) allocated to an agent j ∈ N .
In this cooperative game-theoretical framework, the budget balance property of the proposed
community-based mechanism introduced in Definition 3 rewrites
X
πj (B) = v N (B) ,
(1)
j∈N

and is commonly referred to as efficiency of the allocation mechanism π (B). This ensures that the
entire value of the coalition, i.e., the increase in social welfare, is allocated to the agents. Similarly,
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in this framework, the individual rationality property introduced in Definition 5 can be formulated
as
πj (B) ≥ v {j} (B) , ∀j ∈ N .
(2)
This formulation guarantees that the allocation that each agent receives when participating in
the mechanism is equal to or greater than its value alone. An allocation π (B) is defined as
an imputation π (B) ∈ I (v (B)) if and only if it respects the individual rationality and efficient
allocation properties.
An imputation is not necessarily considered as a fair allocation mechanism by the agents, and
does not guarantee stability of the grand-coalition. In order to measure the satisfaction of agents
in the grand-coalition, with respect to an imputation π (B), we define the excess of a coalition as
follows.
N −2

Definition 8 (Excess). The excess  (π (B)) ∈ R2

is a vector whose entries
X
S (π (B)) = v S (B) −
πj (B) ,

(3)

j∈S

represent the dissatisfaction of the coalition S ∈ 2N \ {N , ∅} with respect to the imputation π (B),
arranged in a decreasing order.
By construction, the excess of the grand-coalition or an empty coalition would be equal to
zero for any imputation π (B) ∈ I (v (B)), but this is not necessarily true for other coalitions
S ∈ 2N \ {N , ∅}. In fact, if S (π (B)) > 0, the agents in the coalition S ∈ 2N \ {N , ∅} can achieve
higher profits by leaving the grand-coalition N . In that context, a cooperative game-theoretical
interpretation of the group rationality property defines the revealed core of the cooperative game
(N , v (B)) as the set of stabilizing imputations, with respect to the revealed preferences B.
Definition 9 (Revealed core). The revealed core C (N , v (B)) of a cooperative game is defined as
the set of imputations such that no coalition S ∈ 2N \ {N , ∅} has a positive excess with respect to
any of those imputations, i.e., C (N , v (B)) = {π (B) ∈ I (v (B)) , such that S (π (B)) ≤ 0, ∀S ∈
2N \ {N , ∅}}.
This property indeed guarantees that all agents are satisfied with the outcomes of the mechanism, and that the grand-coalition N is stable. Thus, a so-called core-selecting mechanism that
systematically selects an imputation that is in the revealed core of the cooperative game is considered fair by the agents participating in this mechanism (Day & Milgrom, 2008).
Definition 10 (Core-selecting mechanism). A core-selecting mechanism (X, π) selects, for any
∗
revealed preferences B, a dispatch X N (B) and an imputation π (B) in the revealed core C (N , v (B))
of the cooperative game (N , v (B)).
Note that, the main concepts of cooperative game theory are defined with respect to the revealed
preferences B. However, cooperative game-theoretical tools do not provide an explicit model of
the decisions of individual agents. Therefore, non-cooperative game theory can expand the scope
of this analysis and provide a framework to study the incentive compatibility of the proposed
mechanism.
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2.3.2. Non-cooperative game theory
Non-cooperative game theory provides tools to analyze the decisions and interactions among
the agents in a mechanism. In a game-theoretical framework the vector of revealed preferences
Bj of any agent j ∈ N is also referred to as its strategy. The most commonly used concept in
non-cooperative game theory is the Nash equilibrium, which guarantees that the strategy Bj of
each agent j ∈ N is optimal with respect to the strategies B−j of the other agents k ∈ N \ {j},
i.e., no agent can benefit from unilaterally deviating from the equilibrium outcome (Maskin, 1999).
Therefore, the efficiency property introduced in Definition 1 can be interpreted as the existence of
a Nash equilibrium that coincides with the maximum social welfare, i.e., a Pareto efficient Nash
∗
equilibrium. Note that in the proposed mechanism, the dispatch X N (B) is chosen to maximize
∗
the social welfare, with respect to the revealed preferences. Thus, X N (B) is Pareto efficient.
However, the outcomes may not coincide with a Nash equilibrium.
A stronger concept is the dominant-strategy equilibrium, which guarantees that the strategy
of each agent is optimal, regardless of the strategies of the other agents. Any dominant-strategy
equilibrium is a Nash equilibrium. The strongest degree of incentive compatibility is dominantstrategy incentive compatibility. It states that there exists a truth-revealing dominant-strategy
equilibrium, i.e each agent can achieve its optimal objective, regardless of what the others do,
by revealing its true preferences. In other words, this guarantees that no agent can benefit from
manipulating the outcomes of the mechanism by misreporting its true preferences. A weaker
definition of incentive compatibility, the so-called incentive-optimality property introduced in Day
& Milgrom (2008), guarantees that the mechanism minimizes the incentives to deviate from a
truth-revealing strategy.
2.3.3. Link between stability, efficiency, and incentive compatibility
The notion of revealed core in cooperative game theory has a clear interpretation in noncooperative game theory and equilibrium. Indeed, Karaca et al. (2018) shows that a mechanism
is coalition-proof, in the sense that it prevents shill bidding, i.e., bidding under multiple identities,
and collusion, if and only if it is a core-selecting mechanism. In other words, the notion of revealed
core is directly linked to the coalition-proof Nash equilibrium concept introduced in Bernheim et al.
(1987) and Bernheim & Whinston (1987), which ensures that a Nash equilibrium is immune not
only to individual deviations but also to self-enforcing coalitional deviations.
Furthermore, while it is known that there exists no dominant-strategy incentive compatible,
efficient, and stabilizing mechanism (Roth, 1982), Day & Milgrom (2008) investigates the trade-off
between these three properties by introducing a weaker version of the dominant-strategy incentive
compatibility property, called Incentive optimality, which minimizes incentives to deviate from a
truth-revealing strategy.
Definition 11 (Incentive profile). The incentive profile µπ (B) ∈ RN of a core-selecting mechanism (X, π) at the revealed preferences B, defines the maximum
 gain for
 each agent j ∈ N from
π
unilaterally deviating from this strategy, i.e., µj (B) = supB̂j πj B̂j , B−j , ∀j ∈ N .

Definition 12 (Incentive optimality). A core-selecting mechanism (X, p) provides optimal incentives at the revealed preferences B if there exists no other core-selecting mechanism (X, p̂) that has
a lower incentive profile at B, i.e., such that µπ̂j (B) ≤ µπj (B) , ∀j ∈ N , with a strict inequality
for at least one agent j ∈ N . In particular, a core-selecting mechanism is incentive-optimal if it
provides optimal incentives at any revealed preferences B.
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A fundamental theorem introduced by Day & Milgrom (2008) states that a core-selecting mechanism is incentive-optimal if and only if for any revealed preferences B it chooses an imputation
π (B) that is Pareto efficient for the agents. In other words, if there is no other imputation in the
revealed core π̂ (B) ∈ C (N , v (B)) that dominates it, i.e., such that π̂j (B) ≥ πj (B) , ∀j ∈ N with
strict inequality for at least one prosumer.
3. Proposed community-based mechanism for energy management in heat and electricity systems
In the proposed community-based mechanism, a group of prosumers can pool their heat and
electricity production and consumption, and coordinate their participation in heat and electricity
wholesale markets, over each hour of the following day. This section introduces the different steps
of the proposed mechanism. First, the individual agents, i.e., prosumers in the community, and
their private information B are described. We then introduce the mathematical formulation of the
optimal energy management problem solved by the community manager. Finally, different payment
rules and allocation mechanisms are presented. For brevity, this section introduces a compact form
of these models. The mathematical models representing the operating constraints of the prosumers,
and the optimization problem of the community manager are detailed in Appendix B.
3.1. Model of individual agents with private information
Individual agents participating in the proposed mechanism are prosumers at the interface between heat and electricity systems. As illustrated in Figure 2, for each prosumer j ∈ N , we can
distinguish four main types of flexible loads over all hours t ∈ T of the day, namely space heating,
domestic hot water consumption, electricity load of heat pump, and other electrical appliances. In
order to model the flexibility of space heating loads, the temperature dynamics of the buildings
are represented through a set of linear equations detailed in Appendix B. The utility derived from
space heating is defined with respect to a vector of temperature comfort level Tjset ∈ RT ×1 and
T ×1
down ∈ RT ×1 preferences. It can be supplied by district heating,
flexibility range uup
+
j ∈ R+ , uj
electricity (via heat pumps), or heat storage tanks.
At each hour of the following day t ∈ T , these loads may be supplied by heat and electricity
exchanged with the grids or within the community, as well as by production from thermal generation, renewable energy, heat pumps, or storage units, as illustrated in Figure 2. These represent
the space of decision variables of each prosumer in the community. Furthermore, a set of state
variables, including the state of charge of heat and electricity storage units, the building’s fabric
temperatures, and upward and downward deviations from the indoor temperature comfort level at
each hour of the following day t ∈ T , represents the state of the prosumer and may influence its
utility. This set of variables for all prosumers in the community j ∈ N and over all hours t ∈ T
of the day is denoted by the matrix X = [X1 , ..., XN ] ∈ RK2 ×N , where each column Xj represents
the decision and state variables of a prosumer j ∈ N over all hours t ∈ T of the day.
Each prosumer j ∈ N holds private information that represents its load utilities and production
costs, for all hours t ∈ T of the day, and the thermal characteristics of its building and the assets
it owns. This set of true private preferences is denoted by B̃j ∈ RK1 ×1 . Prosumers are rational
and self-interested, i.e., seeking to maximize their individual utilities, through their interactions
with the rest of the community within the institutions of the proposed mechanism. For that,
each prosumer submits bids to the community manager, denoted by the vector Bj ∈ RK1 ×1 . The
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Figure 2: Detailed model of an individual prosumer in the energy community.

structure of the bids Bj ∈ RK1 ×1 impacts how the prosumers can represent and communicate their
preferences. As outlined in Liu et al. (2015), adequate bid formats must represent the physical and
economic characteristics of non-conventional flexibility assets, such as prosumers at the interface
between heat and electricity systems. Therefore, in this community-based mechanism the economic
characteristics of the prosumers are represented by a matrix Qc = [Qc1 , ..., QcN ] ∈ RK4 ×N , whose
columns Qcj ∈ RK4 ×1 represent the vectors of variable load utilities and production costs of a
prosumer j ∈ N over all hours t ∈ T of the day. Additionally, the technical characteristics of the
prosumers are represented by the set of matrices Q(0) ∈ RK3 ×N and Q(1) ∈ RK2 ×N , whose columns
(0)
(1)
Qj and Qj represent the vectors of technical parameters of a prosumer over all hours of the
day. For notational simplicity, the dimensions K3 , and K4 represent the lengths of the vectors of
preferences of the prosumers over all hours of the day, such that K1 = K2 +K3 +K4 . These matrices
can be derived from the compact and detailed expressions of the energy management problem,
which will be detailed in Appendix B. Contrary to basic price-quantity bids, this generalized bid
format allows the prosumers to model their cross-carrier flexibility and the synergies between
different types of loads by a combination of linear constraints. These technical and economic
parameters are detailed in Appendix B.
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3.2. Energy management strategy of the community manager
∗
The community manager chooses the optimal energy dispatch X N (B) that maximizes the social welfare of the community with respect to the submitted bids B. The linear objective function
of the energy management problem is denoted by H (X, Qc ). This objective function is separable, with respect
to each prosumer j ∈ N . Additionally, we can differentiate the components

c
Fj Xj , Qj of the objective function which depend on the bids Qcj of the prosumers, representing
the load utilities minus production costs, and the additional revenue Gj (Xj ) from exchanges with
the grids. The expression of these functions will be detailed in Appendix B. As a result, the social
welfare of the community can be expressed as
X
 X


H (X, Qc ) =
Hj Xj , Qcj =
Fj Xj , Qcj + Gj (Xj ) .
(4)
j∈N

j∈N

The community manager ensures that heat and electricity consumption and production are
balanced, by enforcing the following constraints
f E 1N ×1 = 0T ×1

(5a)

f 1N ×1 = 0T ×1 ,

(5b)

H

where the matrices f E ∈ RT ×N and f H ∈ RT ×N represent the electricity and heat exchanges,
respectively, within the community. The feasible space of any coalition of prosumers S ∈ 2N with
respect to the submitted bids B is represented by a set of linear equations

o

n
S
(6)
ΩS (B) = X ∈ RK2 ×N | (5a) − (5b), Q(2) X ◦ Q(1) ≤ Q(0) ,

where the operator ◦ represents the Hadamard product, and the matrix Q(2) ∈ RK3 ×K2 represents
the shape of the operating constraints defined by the community manager. Additionally, the
S
matrices Q(0) ∈ RK3 ×N and Q(1) ∈ RK2 ×N represent the bids of the prosumers. The matrix Q(0)
(0)S
is indexed by the coalition S, which ensures that the column Qj
= 0K2 ×1 for any prosumer
j ∈
/ S. Operations on matrices indexed by coalitions are defined in Appendix A. In particular,
S
(0)
(0) S
Q(0) = [Q1 δ1S , ..., QN δN
], where the Dirac delta function is defined as
(
1 if k ∈ S
δ S : k ∈ N 7→ δkS =
.
(7)
0 otherwise
A feasible solution with respect to the revealed preferences B is denoted by X S (B) ∈ ΩS (B). In
particular, this definition of the feasible set of a coalition, which included upper bounds on all the
variables, guarantees that a feasible solution XjS (B) of any prosumer j ∈
/ S are fixed to zero.
N
The energy management problem of any coalition S ∈ 2 with respect to these revealed
preferences B can be expressed as the following linear program
max H (X, Qc ) .

X∈ΩS (B)

(8)

This optimization problem has a convex objective function, and is defined on a convex and compact
∗
feasible set, hence it attains a global optimum θS (B) = H X S (B) , Qc at an optimal solution
∗

X S (B) ∈ arg max H (X, Qc ) .
X∈ΩS (B)
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(9)

∗

Note that an optimal solution X S (B) of (8) and the optimal value θS (B) are dependent on the
bids of the prosumers in the coalition. In particular, the individual energy management problem is
a special case of (8) for the coalition S = {j}. The individual problem represents a base-case that
we use for comparison purposes against the coalitional energy management problem. The detailed
formulation of this mathematical problem is presented in Appendix B.
As previously mentioned, in the proposed mechanism the value v S (B) of a coalition S ∈ 2N is
defined as the increase in social welfare between the individual problems of all prosumers j ∈ S
and the coalitional problem, with respect to the revealed preferences B, such that
X
v S (B) = θS (B) −
θ{j} (B) .
(10)
j∈S

The revealed utility of a prosumer j ∈ N in this mechanism, which is defined as the
 utility
∗
N
with respect to its revealed preferences Bj evaluated at the outcomes X (B) , P (B) , can be
formulated as




∗
∗
uj X N (B) , P (B) , B = P (B) + Fj XjN (B) , Qcj = πj (B) + θ{j} (B) , ∀j ∈ N .
(11)



∗
By opposition, the true utility uj X N (B) , P (B) , B̃j , B−j
of a prosumer is defined as the util
∗
∗
ity with respect to its true preferences B̃j evaluated at the outcomes X N (B) , P X N (B) , B .
This highlights the direct relationship between the payment rule of a mechanism and the allocation mechanism of the coalitional game form associated with this mechanism. As a result, the
outcomes of the proposed mechanism with respect to the revealed preferences
 B can equivalently
∗
N
be given by the pair of optimal dispatch and
 payment rule X (B) , P (B) , or optimal dispatch
∗
and allocation mechanism X N (B) , π (B) .
3.3. Payment rule and allocation mechanism
This section introduces different types of payment rules and allocation mechanisms that are
commonly used in mechanism design. The properties of the proposed community-based mechanism
associated with these payments and allocation mechanisms will be studied in Section 4.

3.3.1. Uniform pricing
In the energy management problem (8), prosumers exchange heat and electricity within the
community. Thus, by analogy with wholesale electricity markets, a common payment rule that can
be used for exchanges within the community is based on uniform pricing. The revenues of each
prosumer from exchanges within the community and with the grids are defined as

  N∗
> N ∗
 N∗
> N ∗
∗
∗
Pjλ XjN (B) , λN (B) = λE (B) fjE (B) + λH (B) fjH (B)
(12)


N∗
+ Gj Xj (B) , ∀j ∈ N ,
N∗

N∗

where f E (B) and f E (B) represent the value of electricity and heat exchanges within the
∗
N∗
community, at an optimal solution X N (B) of (8). Additionally, the uniform prices λE (B)
N∗
and λH (B) represent the optimal value of the dual variables of (8) associated with the balance
∗
equations (5a) and (5b) at the optimal solution X N (B). Note that the value of both the primal
and dual variables at optimality are dependent on the submitted bids B. For notational simplicity,
N∗
N∗
∗
we introduce the vector λN (B) = [λE (B) , λH (B)] ∈ R2T ×1 .
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3.3.2. Vickrey-Clarke-Groves (VCG)
Another payment rule that has recently received increasing interest in the literature on electricity markets is the VCG payment rule with the Clarke pivot rule (Vickrey, 1961; Clarke, 1971;
Groves, 1973; Green & Laffont, 1979). The revenue of each prosumer with this payment rule is
defined as



 

N∗
N∗
c
N \{j}
N
pVCG
X
(B)
,
B
=
−F
X
(B)
,
Q
+
θ
(B)
−
θ
(B)
, j ∈ N.
(13)
j
j
j
j

This payment rule represents the marginal contribution of each prosumer to the social welfare of
the community. A series of recent studies has proposed VCG mechanisms applied to electricity
markets Karaca et al. (2018); Karaca & Kamgarpour (2017); Sessa et al. (2017).
3.3.3. Shapley value
An allocation mechanism commonly used in cooperative game theory is the Shapley value,
where each prosumer receives an allocation



X (|S| − 1)! (N − |S|)! 
∗
πjs X N (B) , B =
v S (B) − v S\{j} (B) δjS ,
N!
N
S∈2

∀j ∈ N .

(14)

Note that the sum of the coefficients in the left-hand side of (14) is equal to one, i.e.
X (|S| − 1)! (N − |S|)!
δjS = 1.
N
!
N

(15)

S∈2

Therefore, this allocation mechanism associates to each prosumer j ∈ N its average marginal
contribution to the values of all coalitions S ∈ 2N . It is worth mentioning that the payment rule
based on Shapley value requires computing the outcomes of the mechanism over all the coalitions
in the community, which is computationally intensive.
3.3.4. Nucleolus
Finally, a well known allocation mechanism in cooperative game theory is the nucleolus allocation π n (B) ∈ RN ×1 , which is defined as the imputation that minimizes the dissatisfaction of the
prosumers with respect to the revealed information B. In other words, the nucleolus is defined as
the lexicographical maximum of the vector of excesses  (.) over all imputations, i.e.
S (π n (B)) ≤ S (π̃ (B)) ,

∀π̃ (B) ∈ I (v (B)) ,

∀S ∈ 2N \ {N , ∅}.

(16)

The nucleolus allocation always exists and is unique (Schmeidler, 1969). However, its computation
requires solving a sequence of O 2N linear programs, which is computationally intensive. In
practice, we compute the nucleolus of the cooperative game (N , v (B)) defined in (10) by following
steps (Guajardo & Jörnsten, 2015; Han et al., 2018):
1. We generate a complete list of the values v S (B) by solving the energy management problem
(8) for all coalitions S ∈ 2N .
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2. We solve the following linear problem (LP1 ), which determines the maximum excess 1 among
all potential coalitions:
1 = min 

(17a)

,π∈RN

N
X

s.t.

πj = v N (B)

(17b)

j=1

πj ≥ 0,

∀j ∈ [1, ..., N ]
X
v (B) −
πj ≤ , ∀S ∈ 2N \ {N , ∅},
S

(17c)
(17d)

j∈S

where (17b) enforces the efficient allocation property, (17c) imposes the individual rationality
property, and (17d) ensures that the excess of any coalition is lower than or equal to the
maximum excess 1 . LP1 gives us the set of coalitions Ψ1 such that (17d) is binding. However,
the nucleolus allocation has not yet been computed.
3. At any iteration l > 1, we solve a linear program (LPl ) which determines the maximum
excess l over all the coalitions that are not binding in the previous iterations k < l:
l = min 

(18a)

,π∈RN

s.t.

(17b) − (17c)
X
v S (B) −
πj ≤ k ,
j∈S

S

v (B) −

X
j∈S

πj ≤ ,

(18b)
∀S ∈ Ψk , ∀k ∈ [1, ..., l − 1]
N

∀S ∈ 2

\ {N , ∅,

l−1
[

k=1

Ψk },

(18c)

(18d)

where (18c) imposes that the excesses of all the coalitions S ∈ Ψk that are binding at iteration
k < l are lower than or equal to the maximum excess k , which is defined as the optimal
value of (LPk ) at iteration k < l. Additionally, (18d) enforces that all the excesses of the
coalitions that are not binding in the previous iterations are lower than or equal to l . LPl
gives us the set of coalitions Ψl such that (18d) is binding.
4. When a unique optimal solution is found, the solution π n (B) is the nucleolus allocation.
4. Properties of proposed community-based mechanism and payment rules
This section analyzes the properties of the proposed community-based mechanism along with
different payment rules and allocation mechanisms. We first demonstrate the super-additivity and
balancedness of the proposed mechanism, which illustrates the value of cooperation and the existence of stabilizing allocation mechanisms. In addition, we show that a trade-off between efficiency,
incentive compatibility and stability can be achieved in these mechanisms. We then discuss the
properties of specific payment rules and allocation mechanisms in the proposed community-based
mechanism. In particular, we demonstrate the stability of the uniform pricing payment rule under the assumption of perfect competition. The proofs of these novel properties are provided in
Appendix C. For the sake of self-containment, other well-known properties are also discussed.
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4.1. Value of cooperation and stability of cooperative game
It results directly from the definition of the value function in (10) that v {i} (B) = v ∅ (B) =
0, ∀j ∈ N . In order to define the pair (N , v (B)) as a coalitional game form, the value function
must be super-additive.
Proposition 1. The value function v S (B) defined in (10) is super-additive, and the pair (N , v (B))
defines a coalitional game form associated with the proposed community-based mechanism.
The proof of Proposition 1 is provided in Appendix C. This property guarantees that the
prosumers can benefit by forming the grand-coalition N .
Despite this, it is common for practical cooperative games to have an empty core. The notion
of balanced game is essential in cooperative game theory, as a cooperative game has a non-empty
core if and only if it is balanced (Scarf, 1967).
P
S
Definition 13 (Balanced map). A map α : 2N → [0; 1] is balanced if
S∈2N α (S) δj = 1,
∀j ∈ [1, ..., N ].
Definition 14 (Balanced game). A cooperative game (N , v (B)) is balanced if for any balanced
map α,
X
α (S) v S ≤ v N .
(19)
S∈2N

An interesting property of the proposed community-based mechanism is that, for any revealed
preferences B, the cooperative game defined by the pair (N , v (B)) is balanced, and thus has a
non-empty revealed core.
Proposition 2. For any preferences B, the cooperative game defined by the pair (N , v (B)) is
balanced.
The proof of Proposition 2 is provided in Appendix
C. As a result of this proposition, there exists

∗
a core-selecting mechanism X N (B) , π (B) that redistributes the value of the energy community
among the agents in a fair way, with respect to the revealed preferences B.
∗
Furthermore, the outcomes X N (B) of the energy management problem (8) maximize the social
welfare of the community with respect to the revealed preferences B. In order to guarantee that the
true social welfare of the energy community is maximized, an allocation mechanism should provide
incentives for agents to bid truthfully. Hence, the issue of modeling the behavior of the producers
is central. We demonstrate an important linkage between the stability and incentive compatibility
properties of the proposed cooperative game.

∗
Proposition 3. Any core-selecting mechanism X N (B) , π (B) of the cooperative game (N , v (B))
defined in (10) is Pareto efficient for the agents.
This property ensures that a core-selecting mechanism for the cooperative game selects an imputation that is Pareto efficient for the agents. Thus, as previously mentioned, finding a core-selecting
mechanism for the cooperative game maximizes the incentives for the agents to bid truthfully (Day
& Milgrom, 2008). This property arises from the structure of the energy procurement problem and
the expression of the efficient allocation property in (1).
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4.2. Payment rules and allocation mechanisms
4.2.1. Uniform pricing
The literature on the properties of uniform pricing is profuse. In the absence of network
constraints or by redistributing congestion rents to transmission owners, the balance equations in
(5a) and (5b) guarantee the budget balance of the community manager (Schweppe et al., 1988). In
the case of the proposed consumer-centric mechanism, this ensures that the sum of the payments
of the prosumers exactly covers the energy procurement cost from the grids. Additionally, this
payment rule has been proved to guarantee the cost recovery of each agent (Schweppe et al., 1988;
Morales et al., 2012).
However, the proposed mechanism with uniform pricing may not be efficient. Indeed, although
the community manager seeks to maximize the social welfare of the community, Tang & Jain
(2013) shows that a Nash equilibrium may not exist. In addition, in the general case with a finite
number of agents, the proposed mechanism with uniform pricing is not incentive compatible. It is
known that in order to maintain efficiency and incentive compatibility, perfect competition must
be assumed (Wilson, 1977; Hobbs et al., 2004; Kazempour
et al., 2018). Otherwise, the outcomes

∗
∗
∗
N
λ
N
N
of the mechanism X (B) and p X (B) , λ (B) can be manipulated by the strategies B of
individual agents. Additionally, Roberts & Postlewaite (1976) shows that incentive compatibility
is achievable in the limit, as the number of agents grows to infinity. In such an ideal condition,
this payment rule converges towards the VCG mechanism.
Furthermore, we demonstrate in Appendix C that under the assumption of perfect competition
this allocation mechanism is a core-selecting mechanism.
Proposition 4. Under the assumption of perfect competition, the payment rule pλ based on uniform
pricing is a core-selecting mechanism.
Hence, under the assumption of perfect competition, this allocation mechanism is stabilizing.
However, the assumption of perfect competition is seldom verified in practice (Wolfram, 1997;
Joskow & Kahn, 2001), and is not realistic for energy communities with a limited number of agents
(Hurwicz, 1972).
4.2.2. VCG
The main appeal of the VCG mechanism is that it is dominant-strategy incentive compatible
and efficient (Hobbs et al., 2000; Silva et al., 2001; Zou et al., 2015; Xu & Low, 2017; Sessa
et al., 2017; Karaca & Kamgarpour, 2017; Karaca et al., 2018). It directly results from the superadditivity property of the value function considered that this payment rule ensures individual
rationality.
However, the main limitation of this payment rule is that revenue adequacy is not guaranteed,
i.e., the community manager may incur financial losses (Cavallo, 2006; Ausubel & Milgrom, 2006).
Additionally, group rationality is not guaranteed in the general case. As a result, this payment
rule is not stabilizing. In fact, Karaca et al. (2018) shows that the VCG mechanism is in the core
of a game if and only if the objective value θN (B) is submodular, i.e., has decreasing differences,
which does not apply to the proposed community-based mechanism. The shortcomings of the VCG
mechanism are explained in detail in Ausubel & Milgrom (2006); Sessa et al. (2017).
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4.2.3. Shapley value
By construction, the Shapley value guarantees individual rationality2 for each agent, and budget
balance for the community manager. Thus, the Shapley value is in the imputation set of the
cooperative game. Furthermore, the Shapley value is the only budget-balanced allocation that
satisfies the following desirable properties (Peters, 2015; Young, 1985):
1. Symmetry: two agents with the same contribution to any coalition are attributed the same
allocation.
2. Dummy axiom: an agent that does not improve any coalition is attributed an allocation
equal to zero.
3. Additivity: by remodeling two different cooperative games as a single game, the agents
allocations are the sum of their allocations under the two separate games.
4. Strong monotonicity: the allocations only depend on the marginal contributions of the
agents, and this dependency is monotone.
Due to these desirable properties, the Shapley value is often used in the literature as a benchmark
to define the fairness of an underlying allocation. Despite this, there is no guarantee that the
Shapley value is in the revealed core of a cooperative game, even when this set is non-empty, i.e.,
the game is balanced. In the case of the proposed community-based mechanism, the case study in
Section 5 shows that the Shapley value is not in the core of this game.
4.2.4. Nucleolus
The main advantage of this allocation mechanism is that it is always in the core of a cooperative
game if the core is non-empty, i.e., if the game is balanced. As the nucleolus allocation defines a
core-selecting mechanism, it is a coalition-proof mechanism (Karaca et al., 2018). Furthermore,
Proposition 3 guarantees that it is an incentive-optimal mechanism. This property limits the
benefits that prosumers can derive by deviating from truthful bidding. Additionally, it is practically
hard for a prosumer to form a strategy that can impact the excess over all coalitions, which is the
basis of the proposed mechanism. Hence, the nucleolus allocation mechanism is defined in such a
way that makes it practically difficult for agents to deviate from a truth-telling strategy.
Furthermore, the nucleolus allocation satisfies the symmetry and dummy axiom, but not the
strong monotonicity property (Maschler et al., 1979). In fact, no core-selecting mechanism can
achieve strong monotonicity in the general case (Young, 1985). This is a disadvantage for this
mechanism by comparison
to the Shapley value. Moreover, computing the Nucleolus allocation

N
requires solving O 2
linear problems, which limits its applicability in large-scale communities.
5. Illustrative case study: Impact and performance of the proposed mechanisms in a
small community

In this section the concepts and properties previously introduced are illustrated through a case
study. This illustrative example shows in practice the value that can be achieved by a group of prosumers through cooperation, and briefly discusses how this value arises from the synergies between
different types of loads. Furthermore, this case study highlights the impact of each payment rule
and allocation mechanism on different types of prosumers, in terms of revenue and satisfaction.
This case study setup and results are detailed in Appendix D.
2

This directly results from the super additivity of the value function.
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5.1. Individuals in the community
We consider an energy community with four prosumers, namely Christos, Anna, Vladimir
and Andrea. These prosumers wish to design a community-based mechanism to exchange their
local energy production, and coordinate their energy procurement from the grid. The two main
challenges to motivate these prosumers to join the community are to demonstrate the value of
cooperating and redistribute fairly the value created.
In this community, each prosumer has a different type of energy usage and flexibility, as gathered
in Table 1. Christos owns an electric storage and rooftop solar panels, which production is assumed
perfectly known, and at a zero marginal cost. Anna provides cross-carrier flexibility via a heatpump, and owns a heat storage. Vladimir and Andrea have neither production units nor storage.
However, Andrea has flexible indoor temperatures whereas Vladimir does not. In this case study,
we model an asymmetric utility function for the deviations from the indoor temperature set-point,
i.e., downward deviations are more penalized than upward deviations. Moreover, for simplicity,
solely space heating loads and electricity consumption of heat pumps are assumed flexible. The
electricity consumption of other electrical appliances and domestic hot water loads are considered
inelastic and perfectly known for all prosumers.
Table 1: Flexible assets and loads of prosumers in the community.

Solar panel
Electricity storage
Heat storage
Heat pump
Electrical appliances
Domestic hot water
Space heating load

Christos
Yes
Yes
No
No
Inelastic
Inelastic
Elastic

Anna
No
No
Yes
Yes
Inelastic
Inelastic
Elastic

Vladimir
No
No
No
No
Inelastic
Inelastic
Inelastic

Andrea
No
No
No
No
Inelastic
Inelastic
Elastic

These prosumers can exchange heat and electricity within the community, and with the grid.
The import and export tariffs with the grid are modeled as hourly tariffs, of which the import
price is systematically higher than the export price in order to account for grid tariffs. Heat and
electricity export prices are proportional to the import prices, with a coefficient 0.9, in order to
reflect the effect of grid tariffs on end-users.
For the sake of clarity and simplicity, we assume that the prosumers reveal their true preferences
(though this is a dominant strategy under the VCG mechanism). Based on the true preferences of
the prosumers, we solve the individual and community-based energy procurement problems for all
hours of the following day. The results of this case study illustrate the impact of the communitybased dispatch, and the different payment rules and allocation mechanisms on all four prosumers.
5.2. Value of cooperation
In this section, the impact of the community-based dispatch on the community as a whole and
on individual prosumers is discussed. Furthermore, the contribution of each prosumer j ∈ N to
the community is analyzed through their marginal contribution, defined as v S∪{j} (B) − v S (B) for
any coalition S ∈ 2N \ {j}.
The community-based dispatch is compared to the individual dispatch, in which each prosumer
optimizes its energy procurement from the grids on its own. The difference in social welfare of
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the community between these two cases represents the value of cooperating as defined in (10). As
reported in Table 2, the social welfare of the community is increased by 0.88e, i.e., 93%, compared
to the individual case. This represents the value of cooperating for the community as a whole.
This is achieved by exploiting the synergies between the prosumers and different types of loads.
In particular, during the day, the community-based mechanism is able to exploit the synergies
between the cross-carrier flexibility offered by the heat pump belonging to Anna, and the excess
electricity production from solar panels belonging to Christos. Additionally, during the night and
evening, when electricity prices are low and heat demand is high, the community-based mechanism
is able to exploit the temperature flexibility of the prosumers, due to the heat pump belonging to
Anna. These sources of flexibility and their synergies are under-utilized in the individual case.
Table 2: Absolute and relative difference in social welfare between the individual and community-based cases (in e,
and %). The value of cooperation is calculated as the absolute difference in social welfare.

Individual
Community-based

Social welfare
−0.95e
−0.07e

Value of cooperation
−
+0.88

Relative difference
−
+93%

5.3. Payment rules and allocation mechanisms
This section discusses the impact of the different allocation mechanisms on individual agents.
Table 3 summarizes how the different allocation mechanisms redistribute the increase in social
welfare among the four prosumers. As expected, the Shapley value, nucleolus, and uniform pricing
mechanisms are efficient allocations, i.e., they are budget-balanced. However, the VCG mechanism
incurs losses for the community manager, as the total allocation attributed to the prosumers exceeds
the value of the community. This is a significant shortcoming for this mechanism, and an ex-post
redistribution is required (Cavallo, 2006). Furthermore, the four allocation mechanisms considered
are individually rational in this example, i.e., the allocations to all prosumers are positive. This
guarantees that the prosumers are willingly participating in the proposed mechanisms.
Table 3: Value of the community, and allocation of this value attributed to each prosumer in the community (in e),
with different allocation mechanisms.

Uniform pricing
VCG
Shapley value
Nucleolus

Christos
0.15
0.19
0.17
0.11

Anna
0.64
0.71
0.53
0.69

Vladimir
0.01
0.01
0.07
0.01

Andrea
0.08
0.08
0.11
0.07

Value of community
0.88
0.88
0.88
0.88

Furthermore, the added value of each prosumer in the community can be analyzed through
their marginal contributions to all coalitions. In this case study, Anna is the prosumer that has
the highest marginal contribution to all coalitions. Christos has the second highest contribution,
Andrea the third, and Vladimir the fourth. As the Shapley value is strongly-monotone, the allocations attributed to each agent monotonically follows their marginal contributions, as illustrated
in Table 3.
In order to ensure fairness of the redistribution mechanism and satisfaction of all the prosumers,
the allocation mechanisms should be in the core of the cooperative game. Table 4 summarizes the
maximum excess over all coalitions, under the different allocation mechanisms. As expected, the
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nucleolus mechanism is stabilizing. In this example, the Shapley value is not in the core of the game
because all coalitions that contain Anna have a positive excess. These coalitions have an incentive
to split from the energy community to increase their social welfare. In order to ensure fairness
of the redistribution and satisfaction of all the prosumers, the allocation mechanisms should be
stabilizing, i.e., in the core of the cooperative game. Table 4 summarizes the maximum excess
over all coalitions under the different allocation mechanisms. An allocation mechanism guarantees
group rationality if and only if this maximum excess is non-positive. As expected, the nucleolus
mechanism guarantees group rationality and is stabilizing. In this example, the Shapley value is
not in the core of the cooperative game because all coalitions that contain Anna have a positive
excess. Therefore, these coalitions have an incentive to split from the energy community to increase
their social welfare. Furthermore, despite guaranteeing group rationality, the VCG mechanism is
not in the core of the cooperative game because it is not an efficient allocation.
Table 4: Group rationality and stability of the different payment rules and allocation mechanisms.

Maximum excess
Group rationality
Stability

(EUR)

Uniform pricing
−0.001
Yes
Yes

VCG
−0.01
Yes
No

Shapley value
0.07
No
No

Nucleolus
−0.007
Yes
Yes

6. Conclusion and future research directions
The community-based mechanisms developed in this work provides a promising framework to
coordinate the energy management of prosumers in local multi-carrier energy markets. This work
highlights the value of harnessing the synergies between different types of loads and prosumers.
The theoretical and applied contributions presented in this paper show that it is beneficial for
the community as a whole to cooperate. However, it is known that no mechanism can satisfy
stability, dominant-strategy incentive compatibility, and efficiency in the general case (Roth, 1982).
Therefore, the four payment rules and allocation mechanisms studied only achieve certain of these
fundamental mechanism properties. In particular, the nucleolus allocation is the only allocation
that can guarantee stability in the general case. Furthermore, we demonstrate that it provides
an interesting trade-off between stability, incentive-optimality, and efficiency. However, its main
limitation is its computational complexity.
This work opens up various directions for future research, directed at consumer-centric mechanism designers, as well as wholesale market operators and regulators. Firstly, uncertainty on the
states of the system and exogenous perturbations should be accounted for in the optimal energy
management of the community. Various studies have proposed robust control approaches for communities of buildings in multi-carrier energy systems via linear decision rules (Rey et al., 2018;
Darivianakis et al., 2017a,b). Such approaches model the coordinated response of prosumers to
exogenous deviations both from the grids, e.g. price signals or reserve activation, and outside
conditions, e.g. renewable energy production of the community and temperatures. This approach
would allow a better coordination between day-ahead scheduling and real-time operation of the
flexible assets of the community, and reveal financial opportunities for this operational flexibility.
For that purpose, wholesale market mechanisms should evolve in order to integrate prosumers and
other decentralized flexibility assets, such as micro CHPs, energy storage, across multiple energy
systems. Novel trading mechanisms facilitating market access to these non-conventional sources of
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flexibility must be developed. In particular, a promising research direction consists of affine reserve
policies, that model the coordinated response of flexible assets to deviations across multiple energy
systems, time horizons and time scales (Warrington et al., 2013).
Furthermore, privacy concerns should be accounted for in the design of peer-to-peer and
community-based mechanisms. A widely used approach to preserve privacy is differential privacy,
which protects sensitive information by adding systematic noise to the revealed preferences of the
agents (Dwork et al., 2014; Dwork, 2008). An interesting extension to this work would be to investigate differentially-private consumer-centric mechanisms. From a theoretical perspective, a number
of recent studies in mechanism design have focused on the properties of differentially-private mechanisms. In addition to the intrinsic benefit of preserving private information, McSherry & Talwar
(2007) shows that differentially private mechanisms can reduce the effect of the agents on the outcomes of the mechanism, and thus limit their incentives to misreport. Moreover, Forges & Minelli
(2001) and Forges et al. (2001) study the relationship between incentive compatibility, stability,
and efficiency of differentially private mechanisms. An alternative research direction to preserve
privacy in decentralized optimization problem and mechanism designs, is to allow prosumers to
communicate endogenous uncertainty sets of their preferences to the community. Building on the
work by Darivianakis et al. (2018) and Zhang et al. (2017) the properties of a consumer-centric
mechanism with adjustable uncertainty sets should be investigated. From a technical perspective,
the convergence and the trade-off between optimality and privacy of differentially-private decentralized optimization algorithms should be studied (Huang et al., 2015; Nozari et al., 2018; Bellet
et al., 2017; Vanhaesebrouck et al., 2017).These algorithms, based on Lagrangian relaxation and
the alternating direction of multipliers methods, may facilitate decentralized decision-making over
peer-to-peer networks, while preserving privacy over sensitive information. However, they may fail
to converge to a global optimal solution.
Finally, in order to fully exploit the potential of these decentralized flexibility assets, consumercentric mechanism designers, market operators and regulators need a better understanding of
the motivations and behavior of prosumers and market participants. In particular, the field of
behavioral economy and prospect theory (Kahneman & Tversky, 2013) provides an promising
research direction by challenging the assumption of perfect rationality of agents in markets (Arthur,
1994; Sargent et al., 1993; Simon, 1997; Gigerenzer & Selten, 2002). In particular, such models
have been applied to analyze the behavior of prosumers in energy markets (Stern, 1992; Sanstad
& Howarth, 1994; Jaffe & Stavins, 1994; Wilson & Dowlatabadi, 2007; Gyamfi et al., 2013). Thus,
integrating the notion of bounded rationality in community-based mechanism design, and analyzing
the properties of these mechanisms under this assumption would be an interesting extension of the
work presented (Ming & Xie, 2014). Moreover, the effect of bounded rationality on wholesale
markets and energy systems should be studied. Indeed, accounting for bounded rationality in the
response of agents to demand response programs in energy policy and market design may help
increase the cost-effectiveness of existing organizations (Allcott & Mullainathan, 2010).
Appendix A. Notations
This appendix summarizes the main notations and conventions used in this study.
Appendix A.1. Nomenclature

23

Sets and indexes
T Set of T time periods, typically the 24 hours of a day
N Grand-coalition of N prosumers
2N Set of all coalitions in the grand-coalition N
S,V Coalitions of prosumers in the grand-coalition N
B̃ True preferences of the prosumers in the community, in RK1 ×N
B Revealed preferences of prosumers in the community, in RK1 ×N
ΩS (B) Feasible region of the energy management problem of coalition S, given the bids B of prosumers

Parameters
Qc Matrix of revealed price preferences, in RK4 ×N
Q(0) Matrix of revealed technical parameters, in RK3 ×N
Q(1) Matrix of revealed technical parameters, in RK2 ×N
Q(2) Matrix representing the constraints of the energy management problem, in RK3 ×K2
cb,H Vector of heat import prices, in RT ×1 (e/Wh)
cb,E Vector of electricity import prices, in RT ×1 (e/Wh)
cs,H Vector of heat export prices, in RT ×1 (e/Wh)
cs,E Vector of electricity export prices, in RT ×1 (e/Wh)
cg,H Matrix of heat production costs, in RT ×N (e/Wh)
cg,E Matrix of electricity production costs, in RT ×N (e/Wh)
cE Matrix of elasticity parameters of electricity consumption, in RT ×N (e/Wh)
cHW Matrix of elasticity parameters of hot water consumption, in RT ×N (e/Wh)
cup Matrix of elasticity parameters of upward temperature deviations, in RT ×N (e/°C)
cdown Matrix of elasticity parameters of upward temperature deviations, in RT ×N (e/°C)
COP Matrix of coefficient of performance of heat pumps, in RT ×N
T set Matrix of set points of indoor temperatures, in RT ×N
enE,0 Matrix of initial charging state of electricity storage, in RT ×N (Wh)
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E

ρch

Matrix of charging efficiency coefficients of electricity storage, in RT ×N

ρdis,E Matrix of discharging efficiency coefficients of electricity storage, in RT ×N
enH,0 Matrix of initial charging state of heat storage, in RT ×N (Wh)
ρch,H Matrix of charging efficiency coefficients of heat storage, in RT ×N
ρdis,H Matrix of discharging efficiency coefficients of heat storage, in RT ×N
ρE Matrix of electricity efficiency coefficients of thermal units, in RT ×N
ρH Matrix of heat efficiency coefficients of thermal units, in RT ×N
r Matrix of minimum heat to power ratios of thermal units, in RT ×N
E

b

Matrix of upper bounds for electricity import from the grid, in RT ×N (Wh)

sE Matrix of upper bounds for electricity export to the grid, in RT ×N (Wh)
H

b

Matrix of upper bounds for heat import from the grid, in RT ×N (Wh)

sH Matrix of upper bounds for heat export to the grid, in RT ×N (Wh)
E

Matrix of upper bounds for electricity exchange within the community, in RT ×N (Wh)

H

Matrix of upper bounds for heat exchange within the community, in RT ×N (Wh)

E

Matrix of upper bounds for electricity production from thermal generation, in RT ×N (Wh)

H

Matrix of upper bounds for heat production from thermal generation, in RT ×N (Wh)

f
f

Φ
Φ
Φ

ENR

Matrix of upper bounds for electricity production from renewable energy, in RT ×N (Wh)

F Matrix of upper bounds for fuel consumption from thermal generation, in RT ×N (Wh)
HP

L

Matrix of upper bounds for electricity consumption of heat-pump, in RT ×N (Wh)

enE Matrix of upper bounds for state of charge of electricity storage, in RT ×N (Wh)
enH Matrix of upper bounds for state of charge of heat storage, in RT ×N (Wh)
E

Matrix of upper bounds for charging of electricity storage, in RT ×N (Wh)

H

Matrix of upper bounds for charging of heat storage, in RT ×N

E

Matrix of upper bounds for charging of electricity storage, in RT ×N (Wh)

H

Matrix of upper bounds for charging of heat storage, in RT ×N (Wh)

ch
ch

dis
dis

uup Matrix of upper bounds for upward indoor temperature deviations, in RT ×N (°C)
udown Matrix of upper bounds for downward indoor temperature deviations, in RT ×N (°C)
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E

L

Matrix of upper bounds for bounds of electrical appliances consumption, in RT ×N (Wh)

HW

Matrix of upper bounds for hot water consumption, in RT ×N (Wh)

L

HP

Matrix of upper bounds for electric consumption of heat pump, in RT ×N (Wh)

SH

Matrix of upper bounds for space heating consumption, in RT ×N (Wh)

L

L

Primal variables of energy management problem
X Matrix of primal variables of the energy management problem, in RK2 ×N
bE Matrix of electricity import, in RT ×N (Wh)
sE Matrix of electricity export, in RT ×N (Wh)
bH Matrix of heat import, in RT ×N (Wh)
sH Matrix of heat export, in RT ×N (Wh)
f E Matrix of electricity exchange within the community, in RT ×N (Wh)
f H Matrix of heat exchange within the community, in RT ×N (Wh)
LE Matrix of electrical appliances consumption, in RT ×N (Wh)
LHW Matrix of hot water consumption, in RT ×N (Wh)
LHP Matrix of electricity consumption for heat pump, in RT ×N (Wh)
LSH Matrix of space heating consumption, in RT ×N (Wh)
T a Matrix of indoor temperature, in RT ×N (°C)
T s Matrix of buildings’ fabric temperature, in RT ×N (°C)
uup Matrix of upward deviations from indoor temperature set points, in RT ×N (°C)
udown Matrix of downward deviations from indoor temperature set points, in RT ×N (°C)
ΦE Matrix of electricity production from thermal generation, in RT ×N (Wh)
ΦH Matrix of heat production from thermal generation, in RT ×N (Wh)
ΦENR Matrix of electricity production from renewables, in RT ×N (Wh)
chE Matrix of charging of electricity storage, in RT ×N (Wh)
disE Matrix of discharging of electricity storage, in RT ×N (Wh)
enE Matrix of state of charge of electricity storage, in RT ×N (Wh)
chH Matrix of charging of heat storage, in RT ×N (Wh)
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disH Matrix of discharging of heat storage, in RT ×N (Wh)
enH Matrix of state of charge of heat storage, in RT ×N (Wh)

Functions
H(.) Objective function of the energy management problem, representing the social welfare of the
community (e)
Fj (.) Utility of loads minus production cost of each prosumer j ∈ N (e)
Gj (.) Revenue of each prosumer j ∈ N from exchanges with the grids (e)
P(.) Vector of payment rules, whose entries Pj (.) are the revenues of each prosumer j ∈ N (e)
v(.) Value function defined over the set of coalitions 2N (e)
π(.) Vector of allocations for a cooperative game (N , v), whose entries πj (.) are the allocation of
each prosumer j ∈ N (e)
(.) Vector of excesses, whose entries S (.) are the excess of each coalition S ∈ 2N (e)
u(.) Vector of utilities, whose entries uj (.) are the individual utilities of each prosumer j ∈ N (e)
The dual variables of the energy management problem are not detailed in this nomenclature.
However, they will be introduced in Appendix B, along with the constraints that they are associated
with.
Appendix A.2. Conventions
In this paper we use the following conventions and mathematical operators. For any matrix
A = [A1 , .., AJ ] ∈ RI×J , we denote the column Aj ∈ RI×1 for any j ∈ [1, ..., J]. We define
A> ∈ RJ×I the transpose matrix, such that A>
∀i ∈ [1, ..., I], ∀j ∈ [1, ..., J]. We define
j,i = Ai,j ,
T ×1
th
Aj ∈ RI×1 the vector of the j column, and (A)i
∈ RJ×1 the vector of the ith line. The operators
≤, ≥, =, and ⊥, are used element-by-element. For instance, for A ∈ RI×J and B ∈ RI×J , the
inequality A ≤ B is understood as Ai,j ≤ Bi,j , ∀i ∈ [1, ..., I], ∀j ∈ [1, ..., J].
The Euclidean inner product between A ∈ RI×K and B ∈ RK×J , is defined as (AB)i,j =
PK
k=1 Ai,k Bk,j , for i ∈ [1, .., I] and j ∈ [1, ..., J]. In particular, the right-side product of matrix
A ∈ RI×T with the column vector of ones 1T ×1 represents a sum over the rows of the matrix
A ∈ RI×T , and the left-side product with the row vector of ones 11×I represents a sum of the
columns of the matrix A ∈ RI×T .
We denote ◦ as the Hadamard product between two matrices of the same dimensions A, B ∈
RI×J , such that A ◦ B = (Ai,j Bi,j )1≤i≤I,1≤j≤J . By extension we define the Hadamard product
h
→
−
→
−
→
−
→
−i
between a matrix A ∈ RI×J and a column vector B ∈ RI×1 as A ◦ B = A1 ◦ B , ..., AJ ◦ B ∈
RI×J .
Furthermore, a matrix Z = [Z1 , ..., ZN ] ∈ RM ×N , with the columns Zj ∈ RM ×1 for j ∈ [1, ..., N ],
S ]. Following this definition, we
indexed by a coalition S ∈ 2N is defined as Z S = [Z1 δ1S , ..., ZN δN
introduce the summation operation of the coalition superscripts.
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Definition 15 (Coalition summation). For a matrix Z = [Z1 , ..., ZN ] ∈ RM ×N , and the coalitions
Sk ∈ 2N , and ak ≥ 0 for j ∈ [1, ..., 2N ] is defined as:


2N
2N
P2N
X
X
Sk 
ak Z1 δ1Sk , ...,
ak ZN δN
.
(A.1)
Z k=1 ak Sk = 
k=1

k=1

From (A.1), we can derive the following:
Z

P2N

k=1

ak Sk

N

N

N

k=1

k=1

k=1

2 h
2
2
i X
X
X
Sk
=
=
ak Z1 δ1Sk , ..., ak Zk δN
Z ak Sk =
ak Z Sk .

(A.2)

In particular, for S ∈ 2N , V ∈ 2N such that S ∩ V = ∅, we have δjS + δjV = δjS∪V , ∀j ∈ [1, ..., N ].
Hence, Z S + Z V = Z S∪V .
Appendix B. Mathematical formulations
This Appendix details the mathematical models representing the dynamics and constraints of
the prosumers, and the energy management problem of the community manager.
Appendix B.1. Temperature dynamics of buildings
We introduce the following additional notations representing the technical characteristics of the
buildings in the community:
Cja Thermal capacity of the indoor air of a building j ∈ N (J/°C)
Cjs Thermal inertia of the fabric of a building j ∈ N (J/°C)
e External outdoor air temperatures of a building j ∈ N at time t ∈ T (°C)
Tt,j

Tjg Ground temperature of a building j ∈ N (°C)
v Ventilation supply air temperature of a building j ∈ N at time t ∈ T (°C)
Tt,j

Hjae Sum of the infiltration heat capacity flow and windows heat conductance (W/°C)
Hjas Sum of heat conductance in the solid wall and convection on the surface (W/°C)
Hjag Floor heat conductance (W/°C)
Hjav Ventilation air heat capacity flow (W/°C)
Hjse Sum of heat conductance in the solid wall and convection on the surface (W/°C)
ΦR
t,j Total heating power from solar radiation, and internal heat gains of a building j ∈ N at time
t ∈ T (W)
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e and T g , which depend on
Note that every parameter depends on the building type except for Tt,j
j
the location of the building. The parameter ΦR
depends
on
the
location
and
the building type.
t,j
Based on the set of differential equations introduced in (Alahäivälä et al., 2017) representing the temporal dynamics of the ambient room temperatures T a ∈ RT ×N , the building’s fabric
temperatures T s ∈ RT ×N , we can derive the following linear model:
a
a
0
s
αj3 Tt,j
− Tt−1,j
= αt,j
+ αj1 Tt,j
+ αj2 LSH
t,j ,

s
βj2 Tt,j

−

s
Tt−1,j

=

0
βt,j

+

a
,
βj1 Tt,j

∀j ∈ N , t ∈ T

∀j ∈ N , t ∈ T ,

(B.1a)
(B.1b)

where the parameters are defined as

∆t  ae e
ag g
av v
R
H
T
+
H
T
+
H
T
+
Φ
j
t,j
j
t,j
t,j ,
j
j
Cja
∆t
αj1 = a Hjas , ∀j ∈ N
Cj
∆t
αj2 = a , ∀j ∈ N
Cj

∆t 
αj3 = 1 + a Hjae + Hjas + Hjag + Hjav
Cj
∆t
e
0
, ∀j ∈ N , t ∈ T
βt,j
= s Hjse Tt,j
Cj
∆t
βj1 = s Hjas , ∀j ∈ N
Cj

∆t
βj2 = 1 + s Hjas + Hjse , ∀j ∈ N ,
Cj

0
αt,j
=

∀j ∈ N , t ∈ T

(B.2a)
(B.2b)
(B.2c)
(B.2d)
(B.2e)
(B.2f)
(B.2g)

where ∆t represents the discretization of the time steps (in seconds). Equations (B.1) can be
reformulated in a compact form as
a

0

T =A +
T s = B0 +

T
X

k=1
T
X
k=1

M

(k)

s

T ◦A

1,k

+

M (k) T a ◦ B 1,k ,

T
X
k=1

M (k) LSH ◦ A2,k

(B.3a)

(B.3b)

where the matrices A0 ∈ RT ×N , A1,k ∈ RT ×N , A2,k ∈ RT ×N , B 0 ∈ RT ×N , and B 1,k ∈ RT ×N are
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defined by
A0t,j =

T
X

0
ατ,j
1
a,0
 t+1−τ +  T Tj ,
τ =1 αj3
αj3

A1,k
t,j = 

A2,k
t,j

0
Bt,j

αj1
k ,
αj3

αj2
=  k ,
αj3

=

T
X
τ =1

1,k
Bt,j



(B.4a)

∀j ∈ N , ∀k ∈ T , ∀t ∈ T

(B.4b)

∀j ∈ N , ∀t ∈ T

(B.4c)

0
βτ,j
1
s,0
t+1−τ +  T Tj ,
2
2
βj
βj

βj1
=  k ,
βj2

∀j ∈ N , ∀t ∈ T

∀j ∈ N , ∀t ∈ T

∀j ∈ N , ∀k ∈ T , ∀t ∈ T ,

(B.4d)

(B.4e)

and, for any k ∈ [1, ..., T ] the lower-triangular matrix M (k) ∈ RT ×T is defined as
(
1 if i = j − 1 + k
(k)
Mi,j =
0 otherwise ,
P
such that M (k) = IT ×T is the identity matrix, and Tk=1 M (k) = 1↓T ×T is the lower triangular
matrix which lower coefficients are all equal to 1. The left-side product of a matrix with the matrix
M (k) represents the selection of the elements of that matrix at time T − k.
Appendix B.2. Energy management problem: extended formulation
In this section we introduce an extended formulation of the energy management problem of the
community manager introduced in Section 3.
Appendix B.2.1. Decision variables
For each prosumer j ∈ N , we distinguish three main types of variable loads over all hours
t ∈ T of the day, depending on the utility that is derived from them, rather than the energy carrier
(district heating or electricity) consumed:
T ×1 is the energy needed at each hour to heat a building. This load
1. Space heating: LSH
j ∈R
can be supplied by district heating, or electricity (via heat pumps). In order to model the
flexibility of space heating loads, the temperature dynamics of each building are represented
through a set of linear equations detailed in Appendix B (Alahäivälä et al., 2017). The utility
derived from space heating is defined with respect to a vector of temperature comfort level
T ×1
down ∈
Tjset ∈ RT ×1 , and vectors of upward and downward deviation range uup
j ∈ R+ , uj
T ×1
R+
.
2. Domestic hot water: LHW
∈ RT ×1 is the energy needed at each hour in the form of
j
domestic hot water. This load can be supplied either by district heating, assuming that the
district heating supply temperature is sufficient, or by electricity (via heat pumps).
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3. Heat pumps: LHP
∈ RT ×1 designates the electricity consumption of heat pumps.
j
T ×1 designates all electrical loads that do not serve the
4. Electrical appliances: LE
j ∈ R
purpose of supplying one of the two aforementioned loads, i.e., heat pumps are not included.
The space of decisions for each prosumer j ∈ N over all hours of the following day, includes
T ×1
T ×1
T ×1
E
H
their import and export of heat and electricity from the grids bH
j ∈ R+ , bj ∈ R+ , sj ∈ R+ ,
T ×1
H
T ×1 , f E ∈ RT ×1 ,
sE
j ∈ R+ , the exchange of heat and electricity within the community fj ∈ R
j
flexible loads, electricity production from renewable energy ΦENR
∈ RT ×1 , heat and electricity
j
T ×1
T ×1
E
production from thermal units ΦH
j ∈ R+ , Φj ∈ R+ , charging and discharging of the heat and
T ×1
T ×1
T ×1
T ×1
E
H
H
electricity storage units chE
j ∈ R+ , disj ∈ R+ , chj ∈ R+ , disj ∈ R+ , as illustrated in
Figure B.3. For notational simplicity, we assume that each prosumer has at most one of each type
of generation or storage units. Furthermore, a set of state variables defined over all hours t ∈ T of
T ×1
T ×1
H
the day, including the state of charge of heat and electricity storage units enE
j ∈ R+ , enj ∈ R+ ,
the indoor and fabric temperatures of the building Tja ∈ RT+×1 , Tjs ∈ RT+×1 , upward and downward
T ×1
down ∈ RT ×1 , represents the state of
deviations from the temperature comfort level uup
+
j ∈ R+ , uj
the prosumer and may influence its utility. This set of variables for all prosumers in the community
and over all hours of the planning horizon is denoted by the matrix X = [X1 , ..., XN ] ∈ RK2 ×N ,
where each column

up down
E H E H E
H
E
SH
HW
H
Xj = bH
, LE
, Tjs , Tja , enE
j , bj , sj , sj , fj , fj , Φj , Φj , Lj , Lj
j , uj , uj
j , enj ,
(B.5)

E
H
H
H
K2 ×1
chE
j , disj , enj , chj , disj ∈ R
represents the decision variables of a prosumer j ∈ N over all hours of the following day.
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Figure B.3: Decision variables of an individual prosumer in the energy community.
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Appendix B.2.2. Community manager problem
The energy management problem of a coalition S ∈ 2N solved by the community manager with
respect to the revealed preferences B can be formulated as

max 11×T LE ◦ cE + LHW ◦ cHW − uup ◦ cup − udown ◦ cdown − ΦH ◦ cg,H


E
g,E
s,E> E
s,H> H
b,E> E
b,H> H
(B.6a)
−Φ ◦c
+c
s +c
s −c
b −c
b 1N ×1
λE , λH

s.t. (5a) − (5b) :

(B.6b)

ΦENR + ΦE − LE − LHP + disE − chE = f E + sE − bE :
H

HP

Φ +L

S

T a = A0

SH

HW

T =T

H

H

H

(B.6c)
H

◦ COP − L − L
+ dis − ch = f + s − b : γ
T
×1

 TX


X
a
+
M (k) T s ◦ A1,k +
M (k) LSH ◦ A2,k : γ T
k=1

a

H

γE

setS
S

+u

T s = B0 +

k=1

(B.6d)
(B.6e)

k=1

up

T
X

H

down

−u

:

γ

T set



M (k) T a ◦ B 1,k :

γT

(B.6f)

s

(B.6g)



E
S
enE = enE,0 + 1↓T ×T chE ◦ ρch,E − disE ◦ ρdis,E : γ en


H
S
H
dis,H
: γ en
−
dis
◦
ρ
enH = enH,0 + 1↓T ×T chH ◦ ρch,H
j
S

0

H,0S

en,H0

(B.6h)
(B.6i)

E,0
: µen,E
enE
T ≥ enT

enH
T ≥ enT

:µ

(B.6k)
S

H
ΦE ◦ ρE + ΦH
j ◦ρ ≤F :

E
ΦH
j ◦r ≤Φ :

ES
HS

0T ×N ≤ bH ≤ b
−f

µF

(B.6l)

µr

0T ×N ≤ bE ≤ b
ES

(B.6j)

≤ fE ≤ f

0T ×N ≤ ΦE ≤ Φ

(B.6m)
S

E

E

E

E

, 0T ×N ≤ sE ≤ sE :

µb , µb , µs , µs

, 0T ×N ≤ sH ≤ sH :

µb , µb , µs , µs

S

ES

ES

, −f

ENRS

upS

0T ×N ≤ uup ≤ u
0T ×N ≤ LE ≤ L

0T ×N ≤ LHW ≤ L
0T ×N ≤ enE ≤ en
0T ×N ≤ chE ≤ ch

≤ fH ≤ f

HS

, 0T ×N ≤ ΦH ≤ Φ

0T ×N ≤ ΦENR ≤ Φ
ES

HS

:

µ

ΦENR

HS

,µ

H

(B.6o)

µf,E , µf,E , µf,H , µf,H

:

µΦ , µΦ , µΦ , µΦ

E

E

(B.6p)

H

H

uup

udown

(B.6q)
(B.6r)

, 0T ×N ≤ udown ≤ udown :

ES

H

:

S

HWS

HPS

, 0T ×N ≤ LSH ≤ L

µ

uup

E

,µ

E

µL , µL , µL

:
SHS

HS

:

µ

LHW

enE

,µ

enE

,µ

HP

HP

LHW

LSH

,µ

enH

µ

, 0T ×N ≤ chH ≤ ch

:

µch , µch , µch , µch

HS

, 0T ×N ≤ disH ≤ dis
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,µ

E

:

,µ

E

E

,µ

H

E

,µ

(B.6u)
(B.6v)

H

H

(B.6s)
(B.6t)

LSH

enH

:

HS

,µ

udown

, µL

, 0T ×N ≤ enH ≤ en

ES

0T ×N ≤ disE ≤ dis

H

ΦENR

, 0T ×N ≤ LHP ≤ L

ES

H

(B.6n)

(B.6w)
H

µdis , µdis , µdis , µdis .

(B.6x)

The dual variables are denoted in front of the constraints they are associated with. Equation
(B.6b) represents the heat and electricity balance for the community, and the associated dual
variables represent the heat and electricity uniform prices introduced in Section 3. Equations (B.6c)
and (B.6d) represent the heat and electricity balance of individual prosumers in the community,
(B.6e)-(B.6g) model the temperature dynamics of the buildings, (B.6h)-(B.6k) model the dynamics
and state of charge of the heat and electricity storage units, and (B.6n)-(B.6x) represent the
upper bounds for all the decision variables. Furthermore, (B.6l) and (B.6m) represent a general
formulation of the linking constraints between the heat and electricity outputs of thermal units,
which encompass extraction CHPs, heat-only, and thermal power plants. In particular, (B.6l)
represents the maximum fuel consumption, as a function heat and electricity outputs, and (B.6m)
represents the minimum heat to power ratio of thermal units.
This linear optimization problem may be reformulated in the compact form (8) by introducing
the matrix Qc = [Qc1 , ..., QcN ] ∈ RK4 ×N , which columns represent the load utilities and production
costs of the prosumers over all hours t ∈ T of the day, i.e.
h
i
HW up down g,E g,H
Qcj = cE
, cj , cj
, cj , cj
∈ RK4 ×1 , ∀j ∈ N ,
(B.7)
j , cj
and the matrices Q(0) ∈ RK3 ×N , Q(1) ∈ RK2 ×N , Q(2) ∈ RK3 ×K2 which represent the feasible region
of the decision variables X ∈ RK2 ×N over all hours t ∈ T of the day. These matrices of technical
parameters can be directly derived from the expression of the constraints (B.6c)-(B.6x).
Furthermore, the objective function (B.6a) can be separated for each prosumer j ∈ N into the
element that depend on their bids Qcj , i.e.
Fj Xj , Qcj




up
E
HW
down
= 11×T LE
◦ cHW
− uup
◦ cdown
j ◦ cj + Lj
j
j
j ◦ cj − uj

g,H
g,E
− ΦH
− ΦE
, ∀j ∈ N ,
j ◦ cj
j ◦ cj

(B.8)

and the additional revenue from exchanges with the grid, i.e.
>

>

>

>

s,H H
b,H H
Gj (Xj ) = cs,E
sE
sj − cb,E
bE
bj ,
j − cj
j + cj
j
j

∀j ∈ N .

(B.9)

Appendix B.3. Energy management problem: Karush-Kuhn-Tucker (KKT) conditions
In the following we provide a detailed expression of the KKT conditions of the energy management problem (B.6). This formulation will be used to demonstrate the equivalence between this
optimization problem and an equilibrium problem, where each (price-taker) agent tries to maximize
its own profit in the community.
As the energy management problem (B.6) is linear in the continuous variables X ∈ RK2 ×N , it
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is equivalent to its KKT conditions,which can be expressed as
∂L
fE
E
fE
= −λE
t,j + γt,j − µt,j + µt,j = 0,
E
∂ft,j

∀j ∈ N , t ∈ T

(B.10a)

∂L
fH
H
fH
= −λH
t,j + γt,j − µt,j + µt,j = 0,
H
∂ft,j

∀j ∈ N , t ∈ T

(B.10b)

∂L
E
E
E
= cb,E
− γt,j
− µbt,j + µbt,j = 0,
t
E
∂bt,j

∀j ∈ N , t ∈ T

(B.10c)

∂L
bH
bH
H
+ µt,j
= 0,
= cb,H
− γt,j
− µt,j
t
H
∂bt,j

∀j ∈ N , t ∈ T

(B.10d)

∂L
E
sE
sE
= −cs,E
t + γt,j − µt,j + µt,j = 0,
E
∂st,j

∀j ∈ N , t ∈ T

(B.10e)

∂L
H
sH
sH
= −cs,H
t + γt,j − µt,j + µt,j = 0,
H
∂st,j

∀j ∈ N , t ∈ T

(B.10f)

∂L
E
ΦE
ΦE
F E
r
= cg,E
j − γt,j − µt,j + µt,j + µt,j ρt,j − µt,j = 0,
E
∂Φt,j

∀j ∈ N , t ∈ T

∂L
H
H
H
F H
r
= cg,H
− γt,j
− µΦ
+ µΦ
t,j + µt,j ρt,j + µt,j rt,j = 0,
j
H
t,j
∂Φt,j
∂L
ENR
ENR
E
= −γt,j
− µΦ
+ µΦ
= 0,
t,j
ENR
t,j
∂Φt,j
∂L
E
LE
LE
= −cE
t,j + γt,j − µt,j + µt,j = 0,
E
∂Lt,j

∀j ∈ N , t ∈ T

∀j ∈ N , t ∈ T

∂L
HW
H
LHW
= −cHW
= 0,
+ µL
t,j + γt,j − µt,j
t,j
HW
∂Lt,j

(B.10j)

∀j ∈ N , t ∈ T
∀j ∈ N , t ∈ T

T
×1
X
∂L
(k)
Ta
LSH
LSH
H
= γt,j +
Mτ,t A2,k
t,j γτ,j − µt,j + µt,j = 0,
SH
∂Lt,j
k,τ =1

(B.10h)
(B.10i)

∀j ∈ N , t ∈ T

∂L
HP
LHP
E
H
− µL
= 0,
= γt,j
− COPt,j γt,j
+ µt,j
HP
t,j
∂Lt,j

(B.10g)

∀j ∈ N , t ∈ T

(B.10k)
(B.10l)
(B.10m)

∂L
E
E
enE
en,E0 T
= −γt,j
− µen
+ µen
δt = 0,
t,j − µ
E
t,j
∂ent,j

∀j ∈ N , t ∈ T

(B.10n)

∂L
H
H
enH
en,H0 T
= −γt,j
− µen
+ µen
δt = 0,
t,j − µ
H
t,j
∂ent,j

∀j ∈ N , t ∈ T

(B.10o)

T ×1

X ↓
E
∂L
E
enE
chE
chE
=
γ
+
1τ,t ρch
t,j
t,j γτ,j − µt,j + µt,j = 0,
E
∂cht,j
τ =1
T ×1

X ↓
H
∂L
H
chH
chH
enH
= γt,j
+
1τ,t ρch
t,j γτ,j − µt,j + µt,j = 0,
H
∂cht,j
τ =1
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∀j ∈ N , t ∈ T

(B.10p)

∀j ∈ N , t ∈ T

(B.10q)

T ×1

X ↓
E
∂L
disE
disE
E
enE
= −γt,j
−
1τ,t ρdis
t,j γτ,j − µt,j + µt,j = 0,
E
∂dist,j
τ =1
T ×1

X ↓
H
∂L
H
enH
disH
disH
=
−γ
−
1τ,t ρdis
t,j
t,j γτ,j − µt,j + µt,j = 0,
H
∂dist,j
τ =1
T
×1
X
∂L
(k) 1,k T s
T set
Ta
=
−γ
−
γ
+
Mτ,t Bt,j
γτ,j = 0,
t,j
t,j
a
∂Tt,j
k,τ =1

∂L
Ts
s = −γt,j +
∂Tt,j

T
×1
X

k,τ =1

(k)

a

s

s

(B.10r)

∀j ∈ N , t ∈ T

(B.10s)

∀j ∈ N , t ∈ T

T
T
T
Mτ,t A1,k
t,j γτ,j − µj,t + µj,t = 0,

∂L
up
T set
uup
uup
up = +ct,j + γt,j − µj,t + µj,t = 0,
∂ut,j

∀j ∈ N , t ∈ T

∀j ∈ N , t ∈ T

∀j ∈ N , t ∈ T

∂L
down
down
T set
= +cdown
− γt,j
− µuj,t + µuj,t
= 0, ∀j ∈ N , t ∈ T
t,j
down
∂ut,j


S
0T ×N ≤ µF ⊥ F − ΦE ◦ ρE − ΦH ◦ ρH ≥ 0T ×N

0T ×N ≤ µr ⊥ ΦE − ΦH ◦ r ≥ 0T ×N


ES
bE
E
bE
E
0T ×N ≤ µ ⊥ b ≥ 0T ×N , 0T ×N ≤ µ ⊥ b − b
≥ 0T ×N


S
E
E
0T ×N ≤ µs ⊥ sE ≥ 0T ×N , 0T ×N ≤ µs ⊥ sE − sE ≥ 0T ×N


HS
bH
H
bH
H
0T ×N ≤ µ ⊥ b ≥ 0T ×N , 0T ×N ≤ µ ⊥ b − b
≥ 0T ×N

 S
H
H
0T ×N ≤ µs ⊥ sH ≥ 0T ×N , 0T ×N ≤ µs ⊥ sH − sH ≥ 0T ×N




ES
ES
0T ×N ≤ µf,E ⊥ f + f E ≥ 0T ×N , 0T ×N ≤ µf,E ⊥ f − f E ≥ 0T ×N




HS
HS
f,H
H
f,H
H
≥ 0T ×N , 0T ×N ≤ µ ⊥ f − f
≥ 0T ×N
0T ×N ≤ µ ⊥ f + f

 S
E
E
E
0T ×N ≤ µΦ ⊥ ΦE ≥ 0T ×N , 0T ×N ≤ µΦ ⊥ Φ − ΦE ≥ 0T ×N
 S

H
H
H
0T ×N ≤ µΦ ⊥ ΦH ≥ 0T ×N , 0T ×N ≤ µΦ ⊥ Φ − ΦH ≥ 0T ×N


ENR
ENR
ENRS
0T ×N ≤ µΦ
− ΦENR ≥ 0T ×N
⊥ ΦENR ≥ 0T ×N , 0T ×N ≤ µΦ
⊥ Φ
 S

up
up
0T ×N ≤ µu ⊥ uup ≥ 0T ×N , 0T ×N ≤ µu ⊥ uup − uup ≥ 0T ×N


S
down
down
0T ×N ≤ µu
⊥ udown ≥ 0T ×N , 0T ×N ≤ µu
⊥ udown − udown ≥ 0T ×N
 S

E
E
E
0T ×N ≤ µL ⊥ LE ≥ 0T ×N , 0T ×N ≤ µL ⊥ L − LE ≥ 0T ×N


HP
HP
HPS
0T ×N ≤ µL ⊥ LHP ≥ 0T ×N , 0T ×N ≤ µL ⊥ L
− LHP ≥ 0T ×N


HW
HW
HWS
0T ×N ≤ µL
⊥ LHP ≥ 0T ×N , 0T ×N ≤ µL
⊥ L
− LHW ≥ 0T ×N
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(B.10t)

(B.10u)
(B.10v)
(B.10w)
(B.10x)
(B.10y)
(B.10z)
(B.10aa)
(B.10ab)
(B.10ac)
(B.10ad)
(B.10ae)
(B.10af)
(B.10ag)
(B.10ah)
(B.10ai)
(B.10aj)
(B.10ak)
(B.10al)
(B.10am)



SHS
⊥ L
− LSH ≥ 0T ×N


S
E
E
0T ×N ≤ µen ⊥ enE ≥ 0T ×N , 0T ×N ≤ µen ⊥ enE − enE ≥ 0T ×N


> 

E,0S
en,E0
E >
0T ×1 ≤ µ
⊥ enT − enT
≥ 0T ×1


S
H
H
0T ×N ≤ µen ⊥ enH ≥ 0T ×N , 0T ×N ≤ µen ⊥ enH − enH ≥ 0T ×N


> 

H,0S
en,H0
H >
0T ×1 ≤ µ
⊥ enT
− enT
≥ 0T ×1


ES
chE
E
chE
E
≥ 0T ×N
⊥ ch ≥ 0T ×N , 0T ×N ≤ µ
⊥ ch − ch
0T ×N ≤ µ


HS
chH
H
chH
H
≥ 0T ×N
0T ×N ≤ µ
⊥ ch ≥ 0T ×N , 0T ×N ≤ µ
⊥ ch − ch


E
E
ES
0T ×N ≤ µdis ⊥ disE ≥ 0T ×N , 0T ×N ≤ µdis ⊥ dis − disE ≥ 0T ×N


HS
disH
H
disH
H
⊥ dis ≥ 0T ×N , 0T ×N ≤ µ
⊥ dis − dis
≥ 0T ×N .
0T ×N ≤ µ
SH

0T ×N ≤ µL

SH

⊥ LSH ≥ 0, 0T ×N ≤ µL

(B.10an)
(B.10ao)
(B.10ap)
(B.10aq)
(B.10ar)
(B.10as)
(B.10at)
(B.10au)
(B.10av)

Appendix C. Proofs
This Appendix presents the proofs of the properties introduced in this work.
Appendix C.1. Proof of Proposition 1: super-additivity of value function
In order to prove Proposition 1, we first formulate the following lemma:
Lemma 1. The optimal objective function of the energy management problem θ(.) is super-additive,
i.e., for any preferences B ∈ RK1 ×N , set of coalitions S ∈ 2N , and V ∈ 2N , and positive real values
a ≥ 0 and b ≥ 0,
θaS+bV (B) ≥ θaS (B) + θbV (B) .
(C.1)
Appendix C.1.1. Proof of Lemma 1
For any feasible solutions X ∈ ΩS (B) and Y ∈ ΩV (B), from the formulation of the constraints
(B.6b)-(B.6x), it is straightforward that the matrix aX + bY is in the feasible space Ω(aS+bV) (B).
∗
∗
In particular, for X S (B) ∈ ΩS (B) and X V (B) ∈ ΩV (B), we can derive that the optimal solution
of the energy management problem over the coalition (aS + bV) satisfies




∗
∗
∗
θ(aS+bV) (B) = H X (aS+bV) (B) , Qc ≥ H aX S (B) + bX V (B) , Qc .
(C.2)
As the objective function H (X, Qc ) in (B.6a) is a linear map, it results
 ∗

 ∗

θ(aS+bV) (B) ≥ aH X S (B) , Qc + bH X V (B) , Qc = aθS (B) + bθV (B) .
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(C.3)

Appendix C.1.2. Proof of Proposition 1
Let us consider B ∈ RK1 ×N , S ∈ 2N , V ∈ 2N , such that S ∩ V = ∅, and a ≥ 0, b ≥ 0, and let
us prove that v S∪V (B) ≥ v S (B) + v V (B) . It results from the summation operation on coalition
superscripts in the special case where S ∩ V = ∅ that ΩS+V (B) = ΩS∪V (B), and θS+V (B) =
θS∪V (B). Thus,
X
X
X
v S∪V (B) = θS∪V (B) −
θ{j} (B) = θ(S+V) (B) −
θ{j} (B) −
θ{j} (B) .
(C.4)
j∈S∪V

j∈S

j∈V

It follows from the super-additivity of the optimal objective value demonstrated in Lemma 1 that
X
X
v S∪V (B) ≥ θS (B) − θV (B) −
θ{j} (B) −
θ{j} (B) = v S (B) + v V (B) .
(C.5)
j∈S

j∈V

Appendix C.2. Proof of Proposition 2: balancedness of cooperative game
Let us consider a balanced map α, as introduced in Definition 14, and the preferences B ∈
RK1 ×N , and let us prove that the value function v (B) defined in (10) is balanced. By definition,
the value function can be formulated as


X
X
X
α (S) v S (B) =
α (S) θS (B) −
θ{j} (B)
S∈2N

S∈2N

j∈S



(C.6)

Furthermore, Lemma 1, with the positive values α (S) ≥ 0, guarantees that
P
X
α (S) θS (B) ≤ θ S∈2N α(S)S (B) .

(C.7)

X

=

S∈2N

=

X

S∈2N

α (S) θS (B) −
α (S) θS (B) −

X

j∈N

X




X

S∈2N

α (S) δjS  θ{j} (B)

θ{j} (B) .

j∈N

S∈2N

And, by definition of the coalition summation in (A.1), the optimal value indexed by coalition
superscripts can be reformulated as
θ

P

S∈2N

α(S)S

(B) = θ

P

S∈2N

N

= θ (B) .

α(S)

P

j∈S {j}

(B) = θ

P

j∈N

P

(

S∈2N

α(S)δjS ){j}

(B) = θ

By replacing (C.7) and (C.8) in the right-hand side of (C.6), we get
X
X
α (S) v S ≤ θN (B) −
θ{j} (B) = v N θN (B) .
S∈2N

P

j∈N {j}

(B)

(C.8)

(C.9)

j∈N

This inequality shows that the cooperative game considered in this work is balanced, and has a
non-empty core.
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Appendix C.3. Proof of Proposition 3: bidder-optimality of core-selecting mechanisms
Let us consider a core-selecting mechanism that, for the submitted bids B, selects the outcomes
(B) , π (B) of the energy management
problem (8), such that the allocation mechanism is in

the revealed core C N , v N (B) . Let us show that this allocation mechanism is Pareto efficient
for the agents. This property directly ensues from the efficient allocation property of the revealed
core.

We assume that there exists one other imputation in the revealed core π̂ (B) ∈ C N , v N (B)
that dominates π (B), i.e., such that π̂j (B) ≥ πj (B) , ∀j ∈ N and the inequality is strict for at
least one prosumer j ∈ N . As a result, the efficient allocation property ensures that
X
X
v N (B) =
π̂j (B) >
πj (B) = v N (B) .
(C.10)
∗
XN

j∈N

j∈N

As v N (B) is defined as the global minimum of a convex function over a convex and compact set,
the strict inequality (C.10) is impossible. This shows that there exists no such imputation π̂ (B) in
the revealed core that dominates π (B). This shows that, by design, all core-selecting mechanisms
for the cooperative game defined in (10) are bidder efficient and thus incentive-optimal.
Appendix C.4. Proof of Proposition 4: group rationality of uniform pricing
In the proposed community-based mechanism, we demonstrate that the uniform pricing payment rule is a core-selecting mechanism under the assumption of perfect competition.
Appendix C.4.1. Non-cooperative equilibrium under perfect competition assumption
Under the assumption of perfect competition, the uniform prices payment rule has been shown
to be dominant-strategy incentive compatible and efficient3 . Hence, truthful bidding, i.e., B = B̃,
is a dominant strategy for all agents j ∈ N . Additionally, all optimal solutions of the energy
procurement problem (8) coincide with and efficient Nash equilibriums of the utility maximization
problems of the individual agents.
The non-cooperative equilibrium problem, where the prosumers in a coalition j ∈ S ∈ 2N
try to maximize their individual utilities uj (Xj (B) , λ (B, Bj )), is denoted by Eq.S . Under perfect
competition assumption, the utility maximization problem of an individual agent in the grand
coalition j ∈ N in this equilibrium problem Eq.S can be formulated as follows:
max

Xj ∈KjS (Bj )

uj (Xj , λ, Bj ) ,

where the feasible space is defined as
n


o
S
(2)
(1)
KjS = Xj ∈ RK2 ×1 | Qj Xj ◦ Qj
≤ Q0j .

(C.11)

(C.12)

Note that the expression of the feasible space KjS (Bj ) of each prosumer j ∈ N , indexed by the
coalition S, ensures that any feasible decision variable XjS ∈ Kj (Bj ) is fixed to zero if j ∈
/ S. In
addition, the linking constraints (5a) and (5b) are added to this equilibrium problem to ensure

3
The proofs of these properties rely on the strong duality and complementarity theorems of the energy management
problem.
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balance of heat and electricity exchanges within the coalition S ∈ 2N . The uniform prices λE ∈
RT ×1 and λH ∈ RT ×1 are derived as dual variables of these balance equations at equilibrium.
The objective of
maximization problem (C.11) of each prosumer depends on the
 the utility

uniform prices λ = λE , λH ∈ R2T ×1 . Under the assumption of perfect competition, each prosumer
models these prices are independent from its decisions, i.e., as fixed parameters in (C.11). It results
from this assumption, that the KKT conditions of the equilibrium problem Eq.S are identical to
the KKT conditions of the energy management problem (8) for a coalition S ∈ 2N , which are
detailed in Appendix B.3. As these KKT conditions are necessary and sufficient, any optimal
solution to the energy management problem (8) for a coalition S ∈ 2N coincides with an efficient
Nash equilibrium of the equilibrium problem Eq.S , and vice versa.
Appendix C.4.2. Efficient allocation
It has been shown that the uniform pricing payment rule pλ is budget-balanced for any revealed
preferences
B ∈ RK1 ×N. In other
words, it defines
an efficient
allocation
mechanism π λ , such that





∗
∗
∗
∗
∗
πjλ XjN (B) , λN (B) = pλj XjN (B) , λN (B) + Fj XjN (B) , Qcj − θ{j} (B) , ∀j ∈ N .
Appendix C.4.3. Group rationality
Let us consider a coalition of prosumers S ∈ 2N , and show that the excess of the coalition
S (π (B)) is negative.
By definition of the payment rule and allocation mechanism in (11), the excess S (π (B)) of
the coalition can be reformulated as




i
 
Xh 
∗
∗
∗
∗
∗
pλj XjN (B) , λN (B) + Fj XjN , Qcj − θ{j} (B)
S π λ X N (B) , λN (B) = v S (B) −
j∈S

S

= θ (B) −
=

Xh
j∈S

uj



Xh
j∈S

∗
XjS




i
∗
∗
∗
pλj XjN (B) , λN (B) + Fj XjN , Qcj
S∗

(B) , λ



(B) , B − uj



∗
XjN

N∗

(B) , λ

(B) , B

i

.

(C.13)

Outcomes of the mechanism
in the grand-coalition
N and the coalition S ∈ 2N are denoted


∗
∗
∗
∗
by X N (B) , λN (B) and X S (B) , λS (B) , respectively. As discussed above, these optimal
solutions of the convex energy management problem (8) and their associated dual solutions are
also Nash equilibriums of the equilibrium problems Eq.N and Eq.S , respectively. By definition of
a Nash equilibrium, and under the assumption of perfect competition, it follows that




∗
∗
∗
uj XjN (B) , λN (B) = max uj Xj , λN (B) , ∀j ∈ N .
(C.14)
Xj ∈KjN

∗

Furthermore, for any prosumer j ∈ S, XjS ∈ KjN , which implies that


 ∗

∗
∗
∗
uj XjN (B) , λN (B) ≥ uj XjS (B) , λN (B) , ∀j ∈ S.

(C.15)

By replacing these inequalities in the expression of the excess of the coalition in (C.13), it results that this excess is negative. Hence, we have proved that under the assumption of perfect
competition, the allocation mechanism π λ respects the group rationality. Along with the efficient
allocation property, it results that this is a core-selecting mechanism, under the assumption of
perfect competition
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Appendix D. Case study setup
This section details the setup of the case study used in Section 5.
Table D.5: Preferences: Technical parameters of the assets and building of each prosumer.

T set
uup
udown
cup
cdown
HP
L
COPHP
enE / enH,0
E
E
ch / dis
E
E
ρdis / ρch
enH / enH,0
H
H
ch / dis
H
H
ρdis / ρch
E
f
H
f
E
b , sE
H
b , sH
α1
α2
α3
β1
β2

(°C)
(°C)
(°C)
(e/°C)
(e/°C)
(kW)
(kWh)
(kW)
(kWh)
(kW)
(kW)
(kW)
(kW)
(kW)
(×10−5 )
-

Christos
20
1
1
0.001
0.01
2.5
5 / 2.5
2/2
1.1 / 0.9
5
5
5
5
1.0062
0.0036
6.17
0.0011
1.0021

Anna
20
1
1
0.001
0.01
10
2.5
2/2
1.1 / 0.9
5
5
5
5
1.0062
0.0036
6.17
0.0011
1.0021

Vladimir
20
0
0
5
5
5
5
1.0062
0.0036
6.17
0.0011
1.0021

Andrea
20
1
1
0.001
0.01
5
5
5
5
1.0062
0.0036
6.17
0.0011
1.0021

Furthermore, the outdoor temperatures T e and dynamic technical parameters α0 and β 0 of the
buildings are assumed identical for all the buildings in the energy community, and represented in
Figure D.4 over all hours of the day.
For the sake of simplicity, solely space heating loads are considered flexible. Table D.6 illustrates
the temperature preferences of each prosumer and the cost for deviating from the temperature setpoint, which are considered constant over all hours of the day.
Table D.6: Preferences: Temperature preferences and utilities.

T set
uup
udown
cup
cdown

(°C)
(°C)
(°C)
(e/°C)
(e/°C)

Christos
20
1
1
0.001
0.01

Anna
20
1
1
0.001
0.01
41

Vladimir
20
0
0
-

Andrea
20
1
1
0.001
0.01

Figure D.4: (a) Outdoor temperatures T e , and (b) technical parameters α0 and β 0 of the buildings in the energy
community.

Additionally, Figures D.5(a) and D.5(b) illustrate the inflexible electricity and hot water loads
of each prosumer over all hours of the day. The electricity production from solar panels belonging
to Christos is considered perfectly known, and illustrated in Figure D.5(c) over all hours of the
day.

Figure D.5: Inflexible (a) electricity from electrical appliances LE , and (b) hot water load LHW of each prosumer in
ENR
from Christos.
the energy community, and (c) photo-voltaic electricity production P hi

Finally, prosumers can import or export electricity and heat from the grid at an hourly tariff,
42

as illustrated in Figures D.6(a) and D.6(b).

Figure D.6: Hourly tariffs for exchanges with the (a) electricity and (b) heat grids.
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Abstract—With increased competition in wholesale electricity
markets, the need for new decision-making tools for strategic producers has arisen. Optimal bidding strategies have traditionally
been modeled as stochastic profit maximization problems. However, for producers with non-negligible market power, modeling
the interactions with rival participants is fundamental. This can
be achieved through equilibrium and hierarchical optimization
models. The efficiency of these methods relies on the strategic producer’s ability to model rival participants’ behavior and supply
curve, but a substantial gap remains in the literature on modeling
this uncertainty. In this study, we introduce a Bayesian inference
approach to reveal the aggregate supply curve in a day-ahead electricity market. The proposed algorithm relies on Markov Chain
Monte Carlo and sequential Monte Carlo methods. The major appeal of this approach is that it provides a complete model of the
uncertainty of the aggregate supply curve, through an estimate of
its posterior distribution. We show on a small case study that we
are able to reveal accurately the aggregate supply curve with no
prior information on rival participants. Finally, we show how this
piece of information can be used by a price-maker producer in
order to devise an optimal bidding strategy.
Index Terms—Bayesian inference, sequential Monte Carlo,
Markov chain Monte Carlo, strategic bidding.

NOMENCLATURE
Indexes
d Index for days (d = 1, . . . , D).
h Index for hours (h = 1, . . . , H).
w Index for wind producers (w = 1, . . . , W ).
g Index for market participants (g = 1, . . . , G).
b Index for generation blocks (b = 1, . . . , B).
m Index for Markov Chain Monte Carlo iterations (m =
1, . . . , M ).
i Index for Sequential Monte Carlo particles (i = 1, . . . , N ).
Market Clearing Variables and Parameters
Spot price at hour h of day d, in €/MWh.
λspot
d,h
Power output of market participant g at hour h of day
Pg ,d,h
d, in MWh.
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Pw ,d,h
P g ,d,h
P w ,d,h
Ld,h
SFg ,d,h
αg ,d,h
βg ,d,h
Rg
Pg

Power output of wind producer w at hour h of day d,
in MWh.
Offered quantity of market participant g at hour h of
day d, in MWh.
Wind power available from producer w at hour h of
day d, in MWh.
Electricity load at hour h of day d, in MWh.
Supply function of market participant g at hour h of
day d, in €/MWh.
Supply function parameter of market participant g at
hour h of day d, in €/MWh2 .
Supply function parameter of market participant g at
hour h of day d, in €/MWh.
Ramp-up limit of market participant g, in MWh.
Maximum power output of market participant g, in
MWh.

Hidden Markov Model States and Parameters
Random vector of latent states of generation block b in
Λb,d
day d.
Random vector of latent states of all generation blocks
Λd
in day d.
Random vector of observable states in day d.
Yd
Θ
Random vector of static model parameters.
μb,θ (.) Initial density of the latent states Λb,1:D .
fb,θ (.) Transition function of the latent states Λb,1:D .
μθ (.) Initial density of the latent states Λ1:D .
Transition function of the latent states Λ1:D .
fθ (.)
Lθ (.) Observations likelihood.
π(.)
Prior density of the static parameters Θ.
Markov Chain Monte Carlo Algorithm Notations
M0
q(.)
α(.)
K(.)

Number of burn-in iterations.
Proposal density.
Acceptance probability.
Markov chain transition kernel .

Sequential Monte Carlo Algorithm Notations
q(.)
(i)
wd
Aid
p̂(.)

Importance function.
(i)
Normalized importance weight of the particle λd .
(i)
Ancestral index of the particle λd .
Monte Carlo approximation of target density p(.).
I. INTRODUCTION

HE liberalization of the power sector has led to the development of wholesale electricity markets. However, high
levels of market concentration and oligopolistic conditions still
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prevail in various countries [1]. Additionally, due to the technical characteristics of the electricity supply industry, market
power is only imperfectly correlated with concentration measures and can be exercised by small firms during peak hours [2],
[3]. Ref. [4] and [5] present an overview of market power issues in various countries, and market designs to mitigate them.
In particular, over the last decade regulators have focused on
monitoring competition behaviors, and increasing market data
transparency [6], [7].
In electricity markets, producers with non-negligible market power bid a supply function that deviates form their true
marginal cost in order to can increase their profit [8], [9]. The
issue of optimal bidding for strategic producers has traditionally
been addressed in the literature as a profit maximization problem under uncertainty. The authors in [10] modeled the optimal
bidding strategy of a producer on a wholesale market as a robust
optimization problem, introducing uncertainty in market prices
through confidence intervals. And, in [11] the strategic offering of a wind power producer, for different risk preferences,
is formulated as a two-stage stochastic optimization problem.
Uncertainty in wind production, day-ahead and real-time prices
is introduced through a finite number of scenarios. However,
for participants with non-negligible market power, modeling
the uncertainty of rival participants’ behavior is essential. Novel
approaches relying on game theory, agent-based models [12],
[13], equilibrium and hierarchical optimization [14] enable us to
design decision-making tools modeling the interactions between
rival participants.
A recently published work introduced a stochastic multi-layer
agent-based model of electricity markets, accounting for uncertainty of rival participants’ behavior [15]. Ref. [16] used
evolutionary games and near Nash equilibrium to model competition in electricity markets and predict local marginal prices.
Additionally, the authors in [17] implemented the agent-based
reasoning through a Dynamic Bayesian Network (DBN) representation and proposed an online Bayesian learning algorithm
to predict loads and Residual Demand Curves (RDC). As discussed in [18], RDCs are commonly employed to model and
predict the behavior of rival participants. Based on observed
or predicted aggregate demand and supply curves, each agent
builds its individual RDC and optimal bidding strategy. Finally,
the authors in [19]–[22] formulated the optimal bidding strategy
of a price-maker wind producer in the day-ahead and balancing markets as a stochastic hierarchical optimization problem.
In this model the market clearing is explicitly formulated as a
constraint of the producer’s profit maximization problem. This
approach showed a significant improvement in bidding performances, provided that an accurate description of the aggregate
supply curve in the electricity market is available. Similarly,
complementarity theory can be used to model the optimal dispatch of combined heat and power plants in sequential heat and
electricity markets [23]. This literature provides useful insight
on the strategic behavior of market participants in oligopolistic
markets. The efficiency of these methods relies on an accurate
modeling of uncertainty sources. The issue of wind production,
spot prices and load forecasting has been extensively addressed
in the literature [24]. However, a gap remains in the description
of the probability density of the aggregate supply curve.
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The aforementioned studies suggest that a model for predicting the aggregate supply curve in an electricity market is a key
piece of information for strategic producers to make informed
decisions. Ref. [25] introduced the bid function equilibrium
model, predicting supply curves of participants in an electricity market based on available data on their marginal costs. The
predictions of this model were validated in a study comparing
the theoretical results to historical bids submitted to the British
spot market [26]. Additionally, the authors in [27] reviewed two
methods for aggregate supply curves prediction based on principal component analysis and reduced rank regression, using
data on past supply curves. Finally, as discussed in [28] the RealScen model is an integrated tool that collects and analysis historic market participants’ bids data, and generates realistic bids
scenarios using artificial neural networks, support vector models and simple average methods. Combined with agent-based
[12] or complementarity models of electricity markets, the RealScen provides a powerful decision-making tool for strategic
producers.
However, information on rival participants’ historic bids or
marginal costs is seldom available due to market operators’
confidentiality policies. This type of information is valuable for
both electricity producers to design optimal bidding strategies,
and market regulators to monitor competition behaviors [4]–[7].
To the best of our knowledge, only one paper proposed a method
for inferring these bids based on available market data [29]. Rival
participants’ offering bids on an electricity market are revealed
using an inverse optimization problem. This approach provides
an accurate estimation of the marginal cost of each participant,
provided the dispatched production of each generation block and
all the generators’ technical characteristics are perfectly known.
In practice these assumptions are quite restrictive. Additionally,
this approach does not provide a model of the uncertainty of the
offering bids.
That is why we propose a more flexible method, allowing
us to reveal the aggregate supply curve in an electricity market solely based on historic market data. Bayesian inference
enables us to update our prior belief on the unknown states of
the system, e.g. supply curves, as new information is acquired
through the observed states. Since exact inference methods,
such as the exact expectation-maximization algorithm, are often
computationally intractable (see [30] and [31]), we focus on approximate stochastic inference methods, such as Markov Chain
Monte Carlo (MCMC) [32]–[35] and Sequential Monte Carlo
(SMC) [36]–[40] algorithms. The aim of stochastic inference
algorithms is to iteratively build a large sample, approximately
distributed according to the distribution of interest. These methods provide a description of the uncertainty of the unknown
states, through an estimate of their posterior distribution, from
which it is easy to sample. That is why they have found applications in various research fields, such as finance [41], multi-target
tracking [42] and meteorology [43], [44].
In view of the state-of-the-art described above, the contributions of this paper are threefold:
1) We model electricity market mechanisms using a Hidden
Markov Model (HMM). The net aggregate supply curve
is modeled as the hidden states of the system, and spot
prices and total electricity traded as the observed states
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[30], [45], [46]. The hidden states and observations are
modeled as random variables and the HMM provides a
graphical representation of the conditional dependences
between these variables. This model provides a natural
framework for a Bayesian inference approach.
2) We present a novel algorithm to approximate the posterior
distribution of the aggregate supply curve in a day-ahead
electricity market, conditionally on observations on spot
prices and total electricity traded. The proposed algorithm
relies on classical MCMC and SMC algorithms developed
in the literature [47]. Our main contribution is to introduce
a simulation-based SMC approximation of the traditional
Gibbs sampler algorithm.
3) We show the accuracy of the proposed algorithm on a
modified version of the IEEE 24-bus system. As information on real supply curves is not available, we randomly
generate offering bids and clear the day-ahead market over
the thirty-day simulation period. The market outcomes are
used as inputs for the inference problem. This way we can
test the proposed algorithm in a controlled environment
and compare the outputs to the simulated supply curves.
The structure of this paper is the following. Section II introduces the problem and its formulation as a Bayesian inference
problem. The proposed Bayesian inference algorithm is detailed
in Section III. In Section IV we implement the proposed algorithm on a modified version of the IEEE 24-bus system and
discuss the results. Finally, Section V concludes the paper and
gathers perspectives regarding future works.

Ωd

s.t.

g ,h





∀h : λspot
d,h

(2b)

0 ≤ Pg ,d,h ≤ P g ,d,h

∀g, h

(2c)

0 ≤ Pw ,d,h ≤ P w ,d,h

∀w, h

(2d)

g

Pg ,d,h +

Pw ,d,h = Ld,h

w

where Ωd = {Pg ,d,h , Pw ,d,h : ∀g, w, h}. The objective of this
convex optimization problem is to minimize the production cost
in (2a), subject to power balance equations (2b), and power
output limits (2c)–(2d). As a result, the spot prices λspot
d,h are the
dual variables of the power balance equations.
B. Bayesian Inference Framework

II. INFERENCE PROBLEM FORMULATION
In this section, we introduce a novel HMM formulation of a
market clearing mechanism and we formulate mathematically
the supply curve inference problem. The proposed inference
algorithm and its implementation are further detailed in Sections
III and IV.
A. Electricity Market Clearing Mechanism
We consider a strategic producer participating in a day-ahead
electricity market. We propose a market clearing model similar
to European electricity markets. Participants submit their offers
to the market operator for each hour of the following day. They
can place two types of offers: single hourly or block orders,
linking different hours of the day. As a large majority of the
energy is traded through single hourly orders we neglect block
orders [48]. For single hourly orders, each participant bids a
combination of prices and quantities, represented by its supply function SFg ,d,h (Pg ,d,h ). In oligopolistic markets, strategic
producers can increase their profit by bidding a supply function
that deviates form their true marginal cost. We adopt a Linear
Supply Function Equilibrium (LSFE) model [49], such that
SFg ,d,h (Pg ,d,h ) = αg ,d,h Pg ,d,h + βg ,d,h .

Since in practice the competition on the demand side is fairly
limited, we assume a completely inelastic demand. It is important to note that this market modeling assumption does not result
in any loss of generality in the proposed inference algorithm.
Indeed, we are only interested in inferring the aggregate supply
curve based on observations on spot prices and total electricity
traded. These observations can be thought of as the intersection
points between the demand and supply curves. Hence, assumptions on the shape of the demand curve do not influence the
inference algorithm.
Finally, we neglect transmission constraints, ramping limits
and unit commitment variables because we focus on a European
market. As a result, the market clearing for a specific day d can
be formulated as

(αg ,d,h Pg ,d,h + βg ,d,h ) Pg ,d,h
(2a)
min.

(1)

Wind producers are assumed to offer their production at zero
marginal cost. Finally, producers can exercise their strategic
behavior by curtailing some of their production, i.e. by altering
their offered quantity P g ,d,h .

The supply functions of individual participants in the dayahead electricity market and the resulting aggregate supply
curve are not usually disclosed by the market operator. Our
aim is to reveal the historic aggregate supply curve, based on
publicly available information. In practice market data may vary
depending on the transparency policies of specific market operators. For instance, in [29] it is assumed that spot prices and
dispatched production of each market participant can be observed. However, this assumption limits the applicability of the
proposed method. That is why we consider that only spot prices
and total electricity traded are disclosed. The market clearing
mechanism described in Section II-A can be modeled as a factorial HMM. In this approach the parameters of the net aggregate
supply curve, such as price parameters αg ,d,h and βg ,d,h or offered production P g ,d,h , can be modeled as the hidden states of
the system, and the spot prices and total electricity traded as the
observed states [30], [45], [46].
We can distinguish two applications. In the most general case,
no information is available on individual market participants. We
can then adopt a LSFE model for the aggregate supply curve,
such that
SFb,d,h (Pb,d,h ) = αb,d,h Pb,d,h + βb,d,h ∀b.

(3)

Note that the generation blocks b are of arbitrary size (e.g.
10 MW) and do not necessarily represent individual market participants. As a result, we can model the price parameters of the
aggregate supply function, αb,d,h and βb,d,h , as hidden variables.
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The realizations of the stochastic process Λ1:D can not be
observed directly, however we can refine our prior knowledge
through observations of the spot prices and electricity loads,
denoted for simplicity yd = [λspot
d,h , Ld,h : h = 1, . . . , 24]. In
HMMs these observed states are also modeled as random vectors Yd and assumed conditionally independent given the latent
states. Hence, the observations’ likelihood can be expressed as
Lθ (yd | λd )
Fig. 1.

= P (Yd = yd | Λ1:D = λ1:D , Y1:d−1 = y1:d−1 , Θ = θ)

HMM structure of the market clearing mechanism.

= P (Yd = yd | Λd = λd , Θ = θ) .

Furthermore, if more information on the technical characteristics of market participants is available, such as maximum power
output and ramping limits, we can model the price parameters
of the individual supply function SFg ,d,h (Pg ,d,h ) and the offered production P g ,d,h as hidden variables. However, this is
not included in the scope of our study.
We consider for now that no information on individual generators is available. Fig. 1 shows the structure of the proposed
HMM. Each generation block b fixes its price parameters vector
λb,d = [αb,d,h , βb,d,h : h = 1, . . . , 24] for a specific day d. The
hidden variables λb,d are modeled as random vectors, denoted
Λb,d . Each generation block b updates its offer from one day to
the following, using a so-called introspection process. It is not required for us to know the nature of this introspection process. We
model the stochastic process Λb,1:D = {Λb,d : d = 1, . . . , D}
as a first-order Markov process. Our prior knowledge of the latent states and the introspection process is summarized by the
initial density
μb,θ (λb,1 ) = P (Λb,1 = λb,1 | Θ = θ) ,

(4)

and transition function
fb,θ (λb,d+1 | λb,d )

= P (Λb,d+1 = λb,d+1 | Λb,d = λb,d , Θ = θ) .

(5)

The transition function and initial density also depend on a set
of static model parameters. These parameters are also assumed
unknown and modeled as a random vector Θ. The prior density π(θ) = P (Θ = θ) represents our prior knowledge of these
parameters.
As we are interested in inferring the aggregate supply curve
rather than the individual supply curves of rival participants,
we consider directly the collated random vectors Λd = [Λb,d :
b = 1, . . . , B] and the stochastic process Λ1:D = {Λd : d =
1, . . . , D}, taking values in Φ ⊆ R2H B D , modeling the aggregate latent states of all generation blocks. As participants cannot
observe the bids of their rivals, the stochastic processes Λb,1:D
are assumed mutually independent. As a result, the stochastic
process Λ1:D is a Markov process and our prior knowledge of
the aggregate latent states is summarized by the initial density
and transition function


μθ (λ1 ) = b μb,θ (λb,1 ) ,
(6)

fθ (λd+1 | λd ) = b fb,θ (λb,d+1 | λb,d ) .

(7)

Our aim is to infer the posterior density of the latent states and
parameters conditionally on the observations over the selected
period d = 1, . . . , D,
p (λ1:D , θ | y1:D ) = P (Λ1:D = λ1:D , Θ = θ | Y1:D = y1:D ) .
(8)
III. BAYESIAN INFERENCE ALGORITHM
In this section, we propose a novel states and parameters
inference algorithm, targeting the posterior density of the aggregate supply curve by iterative sampling. We first present in
Section III-A a general Gibbs sampler algorithm. We then introduce in Section III-B a novel simulation-based SMC approximation of the tradition Gibbs sampler and detail the proposed
algorithm in Section III-C. The implementation of this algorithm
is further detailed in Section IV-B.
A. Gibbs Sampler
As the target density p(λ1:D , θ | y1:D ) is unknown, it is not
possible to sample directly from it. But Bayes’ formula provides an expression of the posterior density in function of the
observations’ likelihood and prior density, up to a normalizing
constant,
p (λ1:D , θ | y1:D )
∝ π (θ) μθ (λ1 )

D


d=1

Lθ (yd | λd ) fθ (λd+1 | λd ) ,

(9)

where ∝ represents the proportionality operator. In that case,
Markov Chain Monte Carlo (MCMC) methods allow us to
approximate this target density by generating a correlated
(m )
sequence of samples {λ1:D , θ(m ) : m = 1, . . . , M } using a
Markov process [32]–[34]. That is, at each iteration (m + 1)
the updated values are drawn from a Markov transition ker(m +1)
(m )
nel K(λ1:D , θ(m +1) | λ1:D , θ(m ) ), from which it is easy to
sample. If this transition kernel satisfies the detailed balance
condition, the Markov chain will admit the target density as stationary distribution [34]. Hence, after a transient phase, the real(m )
ized states {λ1:D , θ(m ) : m = M0 , . . . , M } will mimic samples
drawn from the target density.
MCMC methods mainly rely on the Metropolis-Hastings
(MH) algorithm [50]. At iteration (m + 1) the MH update
involves drawing a candidate value from a proposal density
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(m )

q(λ∗1:D , θ∗ | λ1:D , θ(m ) ). The candidate is accepted with probability


(m)
α λ∗1:D , θ∗ | λ1:D , θ(m)


⎤
(m)
p (λ∗1:D , θ∗ | y1:D ) q λ1:D , θ(m) | λ∗1:D , θ∗
 
 ⎦,
= min ⎣1, 
(m)
(m)
p λ1:D , θ(m) | y1:D q λ∗1:D , θ∗ | λ1:D , θ(m)
⎡

(10)

(m +1)

(12)

(i)
λ1:d

suggests propagating each particle
to the following day
using an importance sampling-resampling mechanism. N off(i)
spring particles λ̃d+1 are sampled from a so-called importance
(i)

(m)

otherwise the Markov chain remains at λ1:D = λ1:D and
θ(m +1) = θ(m) . Although the target density is unknown, based
on Bayes’ formula (9) we can express it up to a normalizing
constant and compute the acceptance ratio in (10). By construction the transition kernel of this Markov chain satisfies the detailed balance equation and the MH algorithm admits p(λ1:D , θ |
y1:D ) as stationary distribution. As a result, under weak assumptions on the proposal density, asymptotic convergence is
guaranteed [34].
However, in high-dimensional problems such as this one, designing an efficient proposal density function is a difficult task.
For that reason, we implement the Gibbs sampler algorithm. It
is a special case of the MH algorithm, for which the parameters
and latent states are updated alternatively using their posterior
densities as proposal densities [51], such that


(m −1)
θ(m) ∼ p . | λ1:D , y1:D ,


(m)
λ1:D ∼ p . | y1:D , θ(m) .

interest p(λ1:d | y1:d , θ(m) ). The factorization


p λ1:d+1 | y1:d+1 , θ(m)


∝ p λ1:d | y1:d , θ(m) fθ (m ) (λd+1 | λd ) Lθ (m ) (yd+1 | λd+1 )

(11a)
(11b)

It results from (10) that the acceptance probability in the
Gibbs sampler is always equal to one.
The Gibbs sampler is a O(dΦ ) algorithm, which can become computationally challenging when the dimension of the
problem (dΦ = 2BDH) grows [35]. Finally, in most cases it
(m −1)
is easy to sample directly from p(θ | λ1:D , y1:D ). Assuming that we can sample from p(λ1:D | y1:D , θ(m) ), the Gibbs
sampler algorithm builds iteratively a sequence of samples
(m)
{λ1:D , θ(m) : m = M0 , . . . , M } approximately distributed according to the target density.
B. Sequential Monte Carlo Approximation
For a given value θ(m) of the parameters it is generally
not possible to sample directly from the posterior density
p(λ1:D | y1:D , θ(m) ). The authors in [47] suggest approximating it using a Sequential Monte Carlo (SMC) algorithm. The
general idea behind SMC algorithms is to build iteratively a
(i)
large cloud of equally-weighted particles {λ1:D : i = 1, . . . , N }
approximately distributed according to the posterior density
p(λ1:D | y1:D , θ(m) ) [37]–[40].
For that, we divide the task by sequentially approximating the
densities p(λ1:d | y1:d , θ(m) ) for d = 1, . . . , D. At each step d,
(i)
we consider the cloud of equally-weighted particles {λ1:d : i =
1, . . . , N } approximately distributed according to the density of

(i)

function q(λ̃d+1 | λd , yd+1 , θ(m) ), and then resampled based
on their relative importance weights,


(i)
(i)
p λ1:d , λ̃d+1 , y1:d+1 | θ(m)
(i)
 

wd+1 ∝ 
(i)
(i)
(i)
p λ1:d , y1:d | θ(m) q λ̃d+1 | λd , yd+1 , θ(m)




(i)
(i)
(i)
fθ (m ) λ̃d+1 | λd Lθ (m ) yd+1 | λ̃d+1


∝
.
(13)
(i)
(i)
q λ̃d+1 | λd , yd+1 , θ(m)
(i)

At the resampling step, N particles λd+1 are drawn from the
(i)

weighted sample {λ̃d+1 : i = 1, . . . , N }. The resampling mechanism implemented in this study is further detailed in Appendix
A. The resampling step is a bottleneck of the SMC algorithm but
the authors in [52] proposed an efficient stratified resampling
algorithm that takes O(N ).
The resampled cloud of N equally-weighted particles
(i)
{λ1:d+1 : i = 1, . . . , N } is now considered approximately
distributed according to the probability density p(λ1:d+1 |
y1:d+1 , θ(m) ) and propagated to the following step. The appeal
of this approach is that it provides an estimator of the posterior
density from which it is easy to sample,
N



1   (i)
p̂ λ1:D | y1:D , θ(m) =
δ λ1:D − λ1:D ,
N i=1

(14)

where δ(.) represents the Dirac delta function.
However, Ref. [47] showed that an approximate Gibbs sam(m +1)
by sampling from this Monte
pler, updating the states λ1:D
Carlo estimator does not admit the target density p(λ1:D , θ |
y1:D ) as stationary distribution. Instead, it is necessary to use
a conditional SMC algorithm to approximate the posterior density p(λ1:D | y1:D , θ(m) ) at each iteration m ≥ 1. The particles
(i)
{λ1:D : i = 1, . . . , N } are generated conditionally on the ref(m −1)
erence trajectory λ1:D , associated with the ancestral lineage
−1
Am
1:D . The conditioning on the reference trajectory is implemented by ensuring that this path survives all the sampling and
resampling steps and generating the remaining N − 1 particles
the usual way. Informally, the introduction of a reference trajectory can be thought of as guiding the sampled particles to
a relevant region of the space. In practice, it ensures that the
transition kernel leaves the target distribution invariant for any
number of particles N ≥ 2 [53].
Additionally, the importance function has a great influence on
the accuracy of SMC algorithms. It is usually recommended to
set the posterior density p(λd+1 | λd , yd+1 , θ(m) ) as importance
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function [47]. As it is not possible to sample directly from the
posterior density, we use the transition function of the latent
Markov chain fθ (m ) (λ̃d+1 | λd ) as importance function. As a
result, the importance weights defined in (13) only depend on
the observations’ likelihood


(i)
(i)
(15)
wd+1 ∝ Lθ (m ) yd+1 | λ̃d+1 .

This method relies on the assumption that the observations’
likelihood Lθ (m ) is known and can be computed pointwise. In
our model Lθ (m ) is difficult to express analytically due to the
complex HMM structure. And designing a very uninformative
likelihood function would reduce the efficiency of the resampling step in the SMC algorithm. Another solution, inspired by
(i)
[43], [44], is to simulate for each particle λ̃d+1 a theoretical
(i)

spot(i)

(i)

market outcome yd+1 = [λd+1,h , Ld+1,h : ∀w, g, h] using the
market clearing model in Section II-A. This way, we can define
the observations’ likelihood and importance weights in function
of the simulated markets outcomes. Additionally, since power
(i)
balance Ld+1,h = Ld+1,h is enforced for each particle, we can
express the importance weights only in function of the observed
and simulated spot prices without loss of generality, such that


(i)
spot(i)
.
(16)
|
λ
wd+1 ∝ Lθ (m ) λspot
d+1
d+1
The conditional SMC algorithm described above is detailed in
Algorithm 1.
C. Particle Gibbs Sampler
Based on the Gibbs sampler and the conditional SMC algorithm described above, we propose a so-called Particle Gibbs
Sampler (PGS) targeting the joint posterior density p(λ1:D , θ |
y1:D ). At each iteration m ≥ 1, the parameters are updated
(m −1)
using their posterior density p(θ(m) | λ1:D , y1:D ) as importance function. A conditional SMC algorithm (Algorithm 1)
(i)
is run to generate a cloud of particles {λ1:D : i = 1, ...N }
approximately distributed according to the posterior density
p(λ1:D | y1:D , θ(m) ). The latent states are updated by sampling
from the Monte Carlo estimator defined in (14). In practice
this is realized by sampling an index i0 from the discrete uni(m)
(i0)
form distribution U{1, N } and setting the states λ1:D = λ1:D ,
i0
m
associated with the ancestral lineage A1:D = A1:D . The PGS
described above is detailed in Algorithm 2.
IV. CASE STUDY: INFERRING THE AGGREGATE SUPPLY CURVE
Data on rival participants’ real supply functions is not available. As a result we build the case study by simulating rival participants bids and day-ahead market clearing over thirty days.
That way, we can apply the proposed inference method in a
controlled environment and assess its performance. Based on
the observations on spot prices and total electricity traded, we
try to infer the aggregate supply curve of this system. We then
compare the outputs of the inference algorithm to the assumed
data.
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Algorithm 1: Conditional SMC algorithm at iteration
m ≥ 1.
(m −1)

Let λ1:D be the reference path, associated with the
−1
ancestral lineage Am
1:D
for d = 1 do
−1
, sample the N − 1 particles
For i = Am
1
(i)
λ̃1 ∼ μθ (m ) (.)
(i)
(m −1)
−1
, set the particle λ̃1 = λ1
For i = Am
1
(i)
Simulate a market clearing for each particle λ̃1 and
(i)
compute the theoretical market outcomes y1
(i)
Compute the importance weights w1 for all particles
(i)
m −1
For i = A1 , resample the N − 1 particles λ1 and
i
their ancestral indexes A1 from the weighted sample
(i)
{λ̃1 : i = 1, . . . , N }
−1
, set the resampled particle
For i = Am
1
(i)
(m −1)
−1
and Ai1 = Am
λ1 = λ1
1
end for
for d = 2, . . . , D do
−1
, sample the N − 1 particles
For i = Am
d
(i)
(i)
λ̃d ∼ fθ (m ) (. | λd−1 )
(i)

(m −1)

−1
For i = Am
, set the particle λ̃d = λd
d
(i)
Simulate a market clearing for each particle λ̃d and
(i)
compute the theoretical market outcomes yd
(i)
Compute the importance weights wd for all particles
(i)
−1
For i = Am
, resample the N − 1 particles λd and
d
i
their ancestral indexes Ad from the weighted sample
(i)
{λ̃d : i = d, . . . , N }
−1
, set the resampled particle
For i = Am
d
(B d )
(m −1)
−1
λd
= λd
and Aid = Am
d
(i)

(A i )

(i)

Ai

d
d
Set λ1:d = {λ1:d−1
, λd } and Ai1:d = {A1:d−1
, Aid }
end for

Algorithm 2: Particle Gibbs Sampler.
(0)

Set arbitrary the initial parameters θ(0) , states λ1:D and
ancestral lineage A01:D
for m = 1, . . . , M do
Sample the updated value of the parameters θ from
(m −1)
their posterior density: θ(m) ∼ p(. | λ1:D , y1:D )
Run a conditional SMC algorithm targeting the
posterior density p(λ1:D | y1:D , θ(m) ), conditionally on
(m −1)
the reference path λ1:D associated with the ancestral
m −1
lineage A1:D (Algorithm 1)
Sample the updated value of the latent states from the
(m)
Monte Carlo approximation: λ1:D ∼ p̂(. | y1:D , θ(m) )
(the ancestral lineage Am
1:D is also implicitly sampled)
end for

A. Case Study Setup
We consider a modified version of the IEEE 24-bus system
as presented in [54], with twelve thermal generators, and six
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Fig. 3. Simulated hourly aggregate supply curves and average supply curve
over the simulation period (30 days).

and peak day and generate randomly the load profiles for thirty
days. As we assumed a European market framework without
transmission constraints, we can aggregate the loads at each bus.
In addition, we use historic wind production factors from Nord
Pool. Finally, using this data we simulate a market clearing over
thirty days. Fig. 4 shows the load profiles, total wind production,
and spot prices over the simulation period.
B. Implementation of the PGS Algorithm

Fig. 2. Case study setup: Price parameters bids over the simulation period (30
days). (a) Price parameters α g , d , h bids (median, upper, and lower quartiles).
(b) Price parameters βg , d , h bids (median, upper, and lower quartiles).

wind farms of 200 MW each. The technical characteristics of
the participants are collated in Table I in Appendix B. We generate randomly the supply curves of each market participant by
sampling for each hour of the thirty-day simulation period from
the normal distributions


⎧
⎨ αg ,d,h ∼ N μα 0g , σα2 0 ∀d, h,
g


(17)
⎩β
2
∀d, h.
g ,d,h ∼ N μβ g0 , σβ g0

The mean values and standard deviations of these Normal distributions are collated in Table I in Appendix B. Fig. 2 shows
the simulated price parameters for each participant, as well as
the median, upper and lower quartiles.
In addition, we consider that market participants are not strategic in quantities, and offer their maximum available production,
such that


(18)
P g ,d,h+1 = min P g ,d,h + Rg , P g ∀d, h.

Fig. 3 shows the resulting aggregate supply curves for each hour
of the simulation period.
We use the load profile data provided in [54] and introduce
load factors for three representative days: base day, shoulder day

We now assume that spot prices and total electricity traded
on the market for each hour of the simulation period are directly
available from market data. In addition, wind production over
the simulation period can easily be estimated using historical
meteorological data. Our goal is to estimate the posterior distribution of the aggregate supply curve, divided into B = 10
generation blocks of 210 MW each.
Our prior knowledge on the latent states αb,1:D and βb,1:D
is characterized by their prior densities. There is no systematic approach in the literature to select prior densities. When no
information is available, it is recommended to set an uninformative prior density that covers the whole range of possible values.
For each generation block b, we model the initial density and
transition function of the Markov chain αb,1:D as independent
Normal distributions

αb,1 | μα b , σα b ∼ N (Mα b , Σα b ) ,
(19)
αb,d+1 | αb,d , σα b ∼ N (αb,d , Σα b ) ∀d,
where Σα b = σα2 b I24 is the covariance matrix and Mα b = [μα b :
h = 1, . . . , 24] the mean vector. In addition, the static parameters μα b and hα b = σ12 are also considered unknown. A
αb
standard scheme in the literature is to use an independent
Normal-Gamma prior to describe them, such that

μα b ∼ N (mα b , Vα b ) ,
(20)
hα b ∼ Γ (aα b , bα b ) ,
where aα b is the shape parameter and bα b the inverse scale
parameter. By analogy, we define Normal initial densities and
transition functions for the latent states βb,1:D , and NormalGamma prior densities for the static model parameters μβ b
and hβ b .
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Fig. 5. Initial guess on the average supply curve: SFb (P b ) = m α b P b2 +
m β b Pb .

At each Gibbs iteration m, we update the static parameters’
posterior densities based on the expression of the observations’
likelihood and prior densities, such that
 (m)


(m −1)
μα b | y1:D , hα b
∼ N m̄α b , V̄α b
(22)


(m)
(m)
hα b | y1:D , μα b ∼ Γ āα b , b̄α b
where
⎧
(m −1)
1
1
⎪
hα b
,
⎪
⎪ V̄ α b = V α b +
⎪


⎪
⎪
m
−1) (m −1)
α
⎪
⎨ m̄α b = V̄α b V b + h(m
,
α
α
b
b,1
α
b

⎪
āα b = aα b + D2 ,
⎪
⎪
⎪



⎪
 T  ( m −1 )
( m −1 )
(m ) 2
( m −1 ) 2
⎪
⎪
⎩ b̄ = b + α b , 1 −μ α b + t = 2 α b , t −α b , t −1 .
αb
αb
2

Fig. 4. Case study setup: Market clearing simulation results. (a) Hourly electricity load for three representative days. (b) Total hourly wind production over
the simulation period (30 days). (c) Spot prices over the simulation period
(30 days).

(23)

As suggested in the literature, an adequate number of particles
for the SMC algorithm is N = 2000. Although MH and Gibbs
sampler algorithms are guaranteed to converge asymptotically,
at a given iteration m there is no clear indication on whether
they have converged. Providing tight bounds for the convergence
rate of these algorithms can be challenging but the authors in
[55]–[57] showed that under mild assumptions the convergence
rate is polynomial in the dimension of the problem. Additionally,
various diagnostic tools can be applied to the outputs of the
algorithm to assess its convergence [58], [59]. As we implement
the proposed PGS algorithm in a controlled environment, we
empirically choose M = 200 iterations to achieve convergence.

We select the hyperparameters of the prior densities
mβ = [10.0, 11.7, 13.3, 15.0, 16.7, 18.3, 20.0, 21.7, 23.3, 25.0],
mα b = 0.001, Vα b = 0.001, Vβ b = 100, aβ b = bβ b = 10−4 ,
aα b = 0.1 and bα b = 5 for all the generation blocks. Fig. 5
shows the initial guess on the average aggregate supply curve,
such that SFb (Pb ) = mα b Pb2 + mβ b Pb .
As explained in Section III-B, the observations’ likelihood
spot(i)
. For
is defined in function of the simulated spot prices λ̂d
simplicity we assume a Normal distribution


spot(i)
spot(i)
spot
spot
(21)
|
λ
,
Σ
∼
N
λ
,
Σ
λspot
d
d
d
2

where Σspot = σ spot I24 is the covariance matrix. We set arbitrary σ spot = 2.

C. Results
We implemented this algorithm in Python 3.5, using Gurobi
7.0.2 solver, on a Processor Intel Core i5-6200U CPU @
2.30 GHz (8.00 GB RAM). The CPU time for each SMC iteration is 9.15 seconds. The total execution time of the algorithm
depends on the mixing rate of the Markov chain.
After a transient phase (M0 = 100) the correlated sequence
(m)
{λ1:D , θ(m) : m = M0 , . . . , M } is considered approximately
distributed according to the target density p(λ1:D , θ | y1:D ).
(m)
Fig. 6 shows the MCMC states of the static parameters μα g
(m)
and μβ g for m = M0 , . . . , M . Additionally, the estimated values of the static price parameters are collated in Table II in
Appendix B. These values can not directly be compared to the
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are rarely marginal. As a result, these regions of the aggregate
supply curve can not be estimated accurately.
As previously discussed, the proposed algorithm provides
accurate information on the historic aggregate supply curve,
which is a valuable input for supply function prediction tools
relying on multi-agent-based models and neural networks [12],
[17], [27]. Additionally, the accuracy of hierarchical optimization approaches presented in [19]–[21], [23], relies on the ability
to generate accurate scenarios of the aggregate supply curve. As
a result, the description of the uncertainty through its posterior
density, is a key piece of information for strategic producers.

V. CONCLUSION

Fig. 6. MCMC states of the static parameters (median, upper, and lower
quartiles). (a) Static price parameters μ α g . (b) Static price parameters μ β g .

Fig. 7. Case study 1: Estimated aggregate supply curve and 2σ confidence
interval.

true price parameters of the participants. But, Fig. 7 shows the
resulting estimated aggregate supply curve and the 2σ confidence interval, based on the estimated static price parameters.
This shows that the proposed algorithm is able to approximate
the aggregate supply curve with no prior information on rival
participants. However, few observations are available for net
loads lower than 420 MWh and higher than 1850 MWh, i.e. the
market participants in this region of the aggregate supply curve

The Particle Gibbs Sampler algorithm proposed in this paper
provides a complete model of the uncertainty of the aggregate
supply curve, through an estimate of its posterior probability
density. We showed on a modified version of the IEEE 24-bus
system that this method allows us to accurately approximate
the aggregate supply curve with no prior information on rival
participants. These results provide valuable inputs for supply
function prediction tools, and decision-making problems under
uncertainty. Additionally, for regulators this approach can be
useful to monitor market power and competition behaviors in
electricity markets.
This work opens up various opportunities for future research.
First, the model proposed in this paper can be generalized to accommodate different market frameworks by adapting the market
clearing mechanism in Section II. In particular, it is possible to
study unit commitment problems by including network and operational constraints. In that setting, the technical characteristics
of the generators, can be treated as unknown static parameters
and their posterior density can be estimated as well. Additionally, this study focuses on inferring the aggregate supply curve.
A natural extension to this work is to estimate the individual
supply curves of rival participants. Competition in quantity can
be introduced by modeling quantities offered to the market as
latent states.
Furthermore, as previously discussed, the computational
complexity and convergence rates is a major limitation for implementing SMC and MCMC algorithms to high-dimensional
inference problems. Ref. [32] presents various methods for
improving the convergence rate of MH and Gibbs sampler algorithms. Additionally, certain steps of the algorithm,
such as sampling and resampling, can easily be parallelized.
Alternative inference methods could also be investigated to
address this issue. It is sometime suggested that combining
deterministic and stochastic inference techniques, also called
Rao-Blackwellisation, can improve greatly the computational
time of MCMC algorithms [60]. Similarly, methods combining
variational approximation and MCMC could allow improving
convergence speed of standard MCMC algorithms [61]. Finally,
the method proposed in this paper can be generalized by investigating nonparametric Bayesian inference methods, allowing us
to reduce the number of assumptions on the underlying states
and parameters [62].
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be acknowledged for their comments and suggestions, which
permitted to improve the version of the manuscript submitted
originally.

A. Stratified Resampling Algorithm
In order to mitigate the variance introduced by standard multinomial resampling, we implement a stratified resampling mechanism [63]. We sample N independent random variables from
the uniform distributions


i−1 i
(i)
u ∼U
,
for i = 1, . . . , N.
(24)
N N
We then define the ancestral indexes Aid+1 = j and the resam(i)

(j )

pled particles λd+1 = λ̃d+1 , such that
j −1


(k )
wd+1

<u

(i)

k =1

≤

j


(k )

wd+1 .

(25)

k =1

As a result, this resampling mechanism allows the particles with
the lowest importance weights to be resampled at most once.
B. Case Study Detailed Parameters and Results
TABLE I
CASE STUDY SETUP: GENERATION UNITS PARAMETERS
g1

g2

g3

g4

g5

g6

Pg
Rg
μβ 0
g
σβ 0
g
μα 0
g
σα 0

100
20
4.5
0.2
0.002
0.0005

100
20
5.5
0.2
0.002
0.0005

200
60
7.6
0.5
0.005
0.0005

200
80
8.5
0.5
0.005
0.0005

300
80
9.2
0.7
0.005
0.001

300
180
10.9
0.7
0.005
0.001

g7

g8

g9

g1 0

g1 1

g1 2

Pg
Rg
μβ 0
g
σβ 0
g
μα 0
g
σα 0

200
20
13.3
1.0
0.007
0.001

200
20
15.1
1.0
0.007
0.001

250
60
17.1
1.0
0.01
0.0015

250
80
20.7
1.5
0.01
0.0015

100
80
22.5
1.5
0.015
0.0015

100
180
26.1
2.0
0.02
0.002

g

g
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TABLE II
CASE STUDY: ESTIMATED POSTERIOR DENSITY
OF THE AGGREGATE SUPPLY CURVE
b1

b2

b3

b4

b5

μ̂ β b
σ̂ β b
μ̂ α b
σ̂ α g

6.35
4.02
0.01438
0.00154

10.33
1.92
0.00246
0.00035

8.43
2.41
0.00440
0.00088

8.93
1.41
0.00660
0.00089

9.92
2.64
0.01067
0.00138

b6

b7

b8

b9

b1 0

μ̂ β b
σ̂ β b
μ̂ α b
σ̂ α b

13.19
3.78
0.00865
0.00095

16.01
2.72
0.01077
0.00197

19.79
3.15
0.00517
0.00071

22.20
3.17
0.00792
0.00100

29.05
3.90
0.01040
0.00116
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sampling for a class of factor graphs using hierarchy width,” in Proc. Int.
Conf. Neural Inf. Process. Syst., 2015, pp. 3097–3105.
[58] M. K. Cowles and B. P. Carlin, “Markov chain Monte Carlo convergence diagnostics: A comparative review,” J. Amer. Statist. Assoc., vol. 91,
no. 434, pp. 883–904, Jun. 1996.
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