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Abstract
Molecular dynamics (MD) simulation based on Langevin equation has been widely used in the study of structural,
thermal properties of matter in different phases. Normally, the atomic dynamics are described by classical equations of
motion and the effect of the environment is taken into account through the fluctuating and frictional forces. Generally,
the nuclear quantum effects and their coupling to other degrees of freedom are difficult to include in an efficient
way. This could be a serious limitation on its application to the study of dynamical properties of materials made
from light elements, in the presence of external driving electrical or thermal fields. One example of such system is
single molecule dynamics on metal surface, an important system that has received intense study in surface science.
In this review, we summarize recent effort in extending the Langevin MD to include nuclear quantum effect and their
coupling to flowing electrical current. We discuss its applications in the study of adsorbate dynamics on metal surface,
current-induced dynamics in molecular junctions, and quantum thermal transport between different reservoirs.
Keywords: Semi-classical generalized Langevin equation, Molecular dynamics, Current-induced dynamics,
Thermal transport, Nuclear quantum effect

1. Introduction
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The Langevin equation has been widely used to describe the dynamics of open systems interacting with an environment (bath). Their interaction introduces dissipation and fluctuations to the system[1–3], which are incorporated
into the Langevin equation as friction and noise terms. When the time scales of the particle and the environmental
degrees of freedom (DoF) are comparable, the frictional force felt by the particle will have a memory kernel, meaning
that the friction acting on the particle depends on the velocity at an earlier time. This leads to the generalized Langevin
equation (GLE)[4–8]. By solving the GLE, different equilibrium and nonequilibrium mechanical, thermal properties
of the system can be extracted.
Although the studied system could be made from different kinds of DoF[9], the most widely studied one is nuclear
or atomic or phononic DoF under the influence of thermal baths[10–18]. Interesting applications include the study
of nuclear quantum effects[17–26], heat transport between two different thermal baths[12–16, 27–37], scattering of
single molecule on surfaces[38–56], and so on.
Classical GLEs derived from Newtonian equation of motion can also be extended to the quantum mechanical
regime, using the Heisenberg equation of motion[57], the influence functional approach of Feynman & Vernon[58],
and the density matrix method[59, 60]. Caldeira and Leggett successfully used the influence functional approach
to study quantum tunneling in macroscopic systems and dynamics of quantum Brownian motion[61, 62]. In these
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studies, the environment is modeled by an infinite set of harmonic oscillators occupied by the quantum mechanical Bose-Einstein distribution with the zero-point fluctuations included. The bilinear coupling of the system to the
quantum reservoir introduces partial quantum mechanical effects to the system, even if the system itself follows the
classical equations of motion[61–67]. This semi-classical GLE (SGLE) has been used recently to study the nuclear
quantum effects [17, 18, 68–70]. If the system couples to reservoirs with different temperatures, it can also be used to
study the dynamics of heat transport [12, 14, 29, 33].
The extension of the influence functional approach to consider the electronic reservoir was also conducted by
several researchers and compared to harmonic oscillator reservoir[71–74]. It has been used to study muon diffusion
in metals, single molecule scattering, vibrational relaxation on metal surface, and so on. The electron-hole pair (EHP)
excitation is the origin of the friction force felt by the system, termed electronic friction[75–81]. In surface science,
molecular dynamics (MD) incorporating electronic friction has proven useful in the study of adsorbate dynamics on
metal surface, where the metal electrons couple to the atomic DoF and damp their motion[81].
In the important new case of a nonequilibrium electron environment, i.e., in the presence of electrical current, the
SGLE can also be used to study current-induced forces and Joule heating in molecular conductors and nanomechanical
systems[82–99].
The scope of present review is to summarize recent advances and applications of the SGLE to model MD in
contact with electronic and phononic reservoirs possibly in nonequilibrium situations. First, we will briefly sketch the
derivation of the SGLE from the influence functional approach, taking an electronic reservoir as an example. Within
the harmonic approximation, we will analyze the effect of the non-thermal, nonequilibrium electronic environment
on the nuclear dynamics. This is followed by several applications in the study of thermal transport, nuclear quantum
effects, and current-induced dynamics. Finally, we give a brief summary and perspective for future developments.
2. Theory
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Our starting point is the separation of the whole world into system and environment. Here the system is the atomic
DoF that we are interested in, and the environment is the rest of the world. Our goal is to derive an equation of motion
for the system DoF. The first step is to write down equations of motion for the system plus the environment DoF. We
then eliminate the environment degrees of freedom and obtain effective equations of motion of the system including
the effects of the environment, yielding dissipation and fluctuation terms.
Different approaches can be used to perform this procedure[6, 8, 10–16, 27–29, 53, 57–62, 71–73, 100–102]. Our
choice is the influence functional approach of Feynman and Vernon[58]. In this approach, one starts with the full
density matrix including both electrons and nuclei. Selecting the system as the nuclear DoF that one is interested in,
one tries to obtain the reduced density matrix of the system only. This is realized by tracing out the environment DoF.
The influence functional describes the effect of the environment on the system. From the reduced density matrix, one
then performs an expansion over the classical nuclear paths to the second order, taking the deviation from the classical
path as perturbation. It has at least two advantages: (1) it can deal with both boson and fermion reservoirs; (2) the
reservoirs may be in a nonequilibrium state due to external driving[8]. A system coupling to a bath of harmonic
oscillators has been considered in seminal works by Feynman and Vernon[58], Caldeira and Leggett[61, 62]. We here
take a noninteracting electronic reservoir as an example.
2.1. Influence functional
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We only give a sketch of the derivation and the details can be found in our earlier works[87, 90]. We consider a
system including electrons and nuclei. The total Hamiltonian has two parts
H = He (x) + HI .

(1)

The nuclear Hamiltonian takes the standard form, including the kinetic and the potential energy terms
HI =

X p2
i
+ VI (x).
2M
i
i

2

(2)

Electrons couple to the nuclear DoF through a displacement dependent Hamiltonian He (x), where x represents a vector
made from displacement of the nuclear DoF
Z
He (x) =
dr Ψ(r)† [H0 + HeI (x)] Ψ(r).
(3)
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Here, H0 is purely electronic, the coupling to nuclear DoF is in HeI (x), through it’s dependence on x. The operators
Ψ(r) and Ψ(r)† are the creation and annihilation field operator of electrons, and r represents the electron position. Here,
we did not include the electron-electron interaction explicitly. We assume that He represents either a single electron
Hamiltonian, or includes electron-electron interaction at a mean field level, like by Density Functional Theory.
The reduced density matrix of the system in the displacement representation ρ s (x, y, t) can be written as
Z
Z
ρ s (x2 , y2 , t2 ) =
dx1 dy1 K(x2 , y2 , t2 ; x1 , y1 , t1 )ρ s (x1 , y1 , t1 ),
(4)
with the propagator of the reduced density matrix being (we use ~ = 1 in all formulas throughout the paper)
Z x2
Z y2
K(x2 , y2 , t2 ; x1 , y1 , t1 ) =
Dx
Dyei[S s (x)−S s (y)] F(x, y).
x1
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(5)

y1

Here, x and y are a pair of displacement histories of the nuclei from time t1 to time t2 , (x1 , x2 ) and (y1 , y2 ) correspond
to the forward and backward propagating paths of the reduced density matrix, and S s (x) and S s (y) are the system
action along these two paths, respectively. The influence functional F(x, y) includes the information of coupling to
the electronic environment via the electronic time-propagators on forward and backward paths, U(t, x) an U(t, y),
respectively,
F(x, y) = Tre [ρe U † (t, y)U(t, x)]/Tre [ρe ].

(6)

Here, ρe is the initial density matrix of the electron reservoir when the nuclei are at their initial positions.
At this stage, it is convenient to introduce two new variables, which are the average and differences of the forward
x and backward y displacements, respectively
R(t) =
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1
[x(t) + y(t)],
2

ξ(t) = x(t) − y(t).

(7)

The average path R(t) describes the propagation of the diagonal matrix elements of the reduced nuclear density matrix
ρ s (R + ξ/2, R − ξ/2). Its propagator can be written in terms of the new variables
Z R2
Z ξ2
K(R2 , ξ2 , t2 ; R1 , ξ1 , t1 ) =
DR
(8)
Dξei[S s (R+ξ/2)−S s (R−ξ/2)] F (R + ξ/2, R − ξ/2) .
ξ1

R1

The action of the nuclear part is
S s (R + ξ/2) − S s (R − ξ/2)

=
≈
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Z

t2

h
i
dt0 M Ṙ ξ̇ − VI (R + ξ/2) + VI (R − ξ/2)
t1
#
"
Z t2
∂VI (R)
ξ.
−
dt0 M R̈ +
∂R
t1

(9)

Here, Ṙ = ∂R/∂t0 is derivative with respect to time t0 , and we have omitted the time arguments. In the second equation,
we have performed an integration-by-part. The boundary terms are ignored when performing the integration-by-parts
since they merely contribute to a normalization factor to K. It can be shown that the term quadratic in ξ is zero. Thus,
to the second order in ξ, we get the classical nuclear equation of motion if we perform the integral over ξ. This shows
that, R(t) is actually the classical path that the nuclei would follow, and ξ measures the fluctuations away from the
classical path.
The key problem next is to evaluate F(x, y), and write it as an expansion in ξ. Here, we consider two models of
the electron-nuclear interaction. One is the adiabatic approximation where the ionic velocity ẋ is the small parameter,
3
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utilizing the fact that nuclear mass is much larger than that of electrons. In this case we can perform an expansion
over ẋ (small- ẋ expansion). In so doing, we may deal with large displacements or even diffusion of the nuclei. The
resulting Langevin equation becomes Markovian due to the time scale separation of electronic and nuclear DoF. The
other approach is to take the displacement itself, x, to be small. In this case, the nuclei oscillate in a small region
around their equilibrium positions and we can do a perturbation expansion over x (small-x expansion). The time scale
of nuclei does not have to be much smaller than that of electrons. Thus, it results in a GLE with memory kernel.
2.2. Adiabatic expansion
Following the standard fermionic path integral approach, we can write the terms in F(x, y) as functional integral
of the electronic Grassmann fields ψ and ψ∗ [103],
h
i Z
†
F(x, y) = Tre ρe U (t, y)U(t, x) =
D(ψ∗ ψ)
(10)
!
#
" Z
Z
∂
× exp i dτ drψ∗ (r, τ) i − He (τ) ψ(r, τ) .
∂τ
γ
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We have combined the forward and backward propagation into one contour with time τ, x and y are then paths on the
upper and lower branches of the contour. The electron fields satisfy the boundary condition ψ(r, t1 ) = −ψ(r, t2 ).
In the adiabatic (small- ẋ) approximation, assuming the nuclear dynamics are much slower than that of electrons
in the environment, we can perform an expansion over the Born-Oppenheimer eigenfunctions φn (τ) corresponding to
He (t) at time t
X
ψ(x(τ)) =
an (τ)φn (x(τ)).
(11)
n

The action of electrons can be written as
S e = a∗ (G−1
0 + V)a,
100

0

In this way, the functional integral can be performed formally,
Z


h

i
−1
D(a∗ a) eiS e = det G−1
0 + V = exp Trln G 0 + V
#
"
1
(G
(G
Tr
VG
V)
.
≈ exp TrlnG−1
+
Tr
V)
−
0
0
0
0
2
105

(12)

with Vmn (τ, τ ) = ihφm (τ)|φ̇n (τ )i. We are here employing a very condensed notation, where the time dependence and
n dependence of an (τ) is suppressed, and two integrals over times and sums over n are understood, much like the
Einstein summation notation, known from the relativity theory. The Green’s functions G0 is diagonal in the n variable
and the diagonal elements are given by
!
∂
i − εn (τ) G0nn (τ, τ0 ) = δ(τ, τ0 ).
(13)
∂τ
0

(14)

We have expanded it to the 2nd order in the interaction V. Actually, we can rewrite V as,
Vmn (t0 , t) = ihφm (t0 )|φ̇n (t)i = ihφm (t0 )|∂ x j φn (t)i ẋ j .

(15)

After some manipulation of the influence functional, we can show that: (1) The first term in Eq. (14) contributes with
an effective Born-Oppenheimer potential (Ve ) to the effective action; (2) The second term contributes to a term ∝ ẋ(ẏ)
and linear in ξ; (3) The third term contributes to a term quadratic in ξ. The total effective action of system can then be
written as,
!
"
Z t2
Z t2
∂VI (R(t0 )) ∂Ve (R(t0 ))
0
00
0
0
0
dt
dt ξ(t ) M R̈(t ) +
+
+ Γe Ṙ(t )
S tot = −
∂R
∂R
t1
t1

i 0
+
ξ(t )Π(t0 , t00 )ξ(t00 ) .
(16)
2
4
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The effect of the electronic environment on the system dynamics can be deduced from the effective action. The
nuclear equation of motion gains two extra terms related to the coupling to the environment. The first is the BornOppenheimer force, and the second is the electronic friction. Moreover, quantum fluctuations around the classical path
R(t) shows up in the term second order in ξ. With the help of the Hubbard-Stratonovich transformation[104, 105], its
effect on the equation of motion can be interpreted as a classical Gaussian noise acting on the system. The final result
is a semi-classical Langevin equation[63], which describes the stochastic classical system within a quantum electronic
environment[106–108]
Ẍ = F I (X) + Fe (X) − Γe Ẋ + χe .
(17)
√
Here, X represents a vector made from the mass-renormalized displacements X = (· · · , Mi Ri , · · ·), F I and Fe are
the nuclear and the Born-Oppenheimer forces, respectively, and Γe is the friction matrix. The fluctuating force χe
describes the quantum and thermal fluctuations away from the classical path R(t) in S tot . Its average is zero, and the
correlation function is hχ(t)χ(t0 )i = Π(t, t0 ), which can also be expressed from G0 and V[87]. In equilibrium, it is
described by the fluctuation-dissipation relation: hχ(ω)χ∗ (ω)ieq = ωΓe coth(ω/2kB T ). Thus, we have a colored noise
with frequency dependence. It reduces to white noise in the high temperature, classical limit, hχ(ω)χ∗ (ω)ieq = 2Γe kB T .
Similar equations have been derived using the scattering theory approach[93, 93, 109]. The concept of electronic
friction Γe has been widely used to describe the energy dissipation in the study molecular scattering, diffusion, rotational and vibrational relaxation on metal surfaces under external stimulation. In these studies, it is crucial that the
displacement of the nuclei could be very large, and the parameters entering the SGLE may depend on the position of
the nuclei. We will discuss this issue in Sec. 4.
2.3. Perturbation expansion
Alternatively, we can perform an expansion over the displacement x. To do that, we consider the linear in x term
in HeI (x), and assume x is small. This results in a linear electron-phonon coupling term
HeI ≈

∂HeI
∂x

x ≡ M x x.

(18)

x0

An expansion over x to the second order results in a SGLE of the following form in mass-scaled displacement,
Z t
Ẍ(t) − F I (X(t)) = −
Πre (t − t0 )X(t0 )dt0 + χe (t).
(19)
−∞

135

140

145

This equation looks different from Eq. (17). Firstly, it has a memory kernel. The reason is that we do not have the
clear time scale separation between the system and environment any more. Secondly, the velocity dependence is
absent. Actually, we can do an integration-by-parts over t0 to the first term on the right hand side. This transforms the
dependence on X(t0 ) to Ẋ(t0 ), and introduces an extra term that renormalizes the potential felt by the nuclei[33]. The
renormalization is absent in the adiabatic expansion, since it is included in the Born-Oppenheimer force Fe (X). This
difference between the x and ẋ expansions is well-known as discussed in Ref. [62]. We will return to the χe -correlation
function later.
The advantage of the small-x expansion is that, one can make the harmonic approximation for the nuclear dynamics. Many interesting effects can be identified even within this simple approximation, and their key features can be
more easily analyzed. This is shown in Sec. 3.
2.4. Including phonon environment
If the system furthermore couples linearly to a phonon environment (either in x or ẋ), a SGLE of the same form as
Eq. (17) or (19) can be obtained. Altogether, each term at the right side of the two equations will now include terms
from electron and phonon, respectively. For example, Eq. (19) changes to
Z t
Ẍ(t) − F I (X(t)) = −
Πr (t − t0 )X(t0 )dt0 + χ(t),
(20)
−∞

with Π =
+
and χ = χe + χ ph . The first term on the right hand side includes both renormalization and
dissipation. The matrix Πr (t−t0 ) is the retarded self-energy due to system-environment coupling in the nonequilibrium
r

Πre

Πrph ,
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Green’s function (NEGF) theory. This connection with the NEGF theory is very favorable in terms of numerical
calculation of realistic systems, since the NEGF theory has been widely used in the study of transport problems. The
phonon part Πrph can be obtained exactly if the system-environment coupling is linear. On the other hand, it is difficult
to obtain the electronic part Πre exactly. The simplest approach is to take the lowest order term, corresponding to the
polarization-like bubble diagram of the self-energy evaluated using the unperturbed electron Green’s function. The
correlation function of the fluctuating force χ can also be written in terms of the self-energies in NEGF theory. In
equilibrium, they are related through the celebrated fluctuation-dissipation theorem.
We have the following comments on the SGLE: (1) The SGLE is a powerful tool to study MD within electron
and phonon environments. Since it is derived from first-principles, it can be readily used to study realistic systems.
Given the system Hamiltonian, the parameters entering the equation can be calculated and no fitting parameters are
needed. (2) Since the environment DoF are noninteracting and treated fully quantum mechanically, the quantum
statistics of the environment is taken into account. The environments DoF fulfill the corresponding Fermi-Dirac
or Bose-Einstein distribution for electrons or phonons, respectively. This is important at low temperature. (3) The
environment is not required to be in equilibrium. When including the electronic environment, we can use it to perform
MD in the presence of electrical current. This is the focus of this review. The SGLE can also be used to study phonon
thermal transport by introducing two phonon reservoirs at different temperatures. It has been shown for harmonic
systems to reproduce the quantum mechanical results exactly[110]. While at high enough temperatures, the system
behaves classically, and the SGLE gives correct classical results. (4) The memory kernel in Eq. (20) makes numerical
simulation quite expensive. Numerical methods have been introduced to eliminate the memory kernel by introducing
auxiliary variables[15, 16, 34, 35, 60, 68, 111, 112].
3. Theoretical Analysis: Harmonic modes coupling to electrons
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In this section, staying in the harmonic approximation, we analyze the SGLE in different circumstances. We show
that, it can describe a variety of interesting effects. Especially, it has been used to study current-induced dynamics in
model systems[82–85, 93, 94, 98, 109]. The nonequilibrium nature of the electronic environment brings in several
new effects that are absent in equilibrium, among which are the modification of nuclear potential[95, 96, 113, 114],
appearance of non-conservative current-induced forces and effective magnetic field due to the Berry’s phase of
electrons[87, 88, 90, 92–94, 98, 115, 116]. These current-induced effects show up already in the linear coupling
regime. Thus, it is convenient to use Eq. (19), and perform mode analysis in the frequency domain. Equation (19)
transforms to
−ω2 X(ω) = −KX(ω) − Πre (ω)X(ω) + χ(ω),
(21)
where K is the dynamical matrix in the harmonic approximation. The equation can be solved for X(ω). But, here
instead of solving it, it is useful to analyze the structure of Πre . To this end, we split Πre into four different contributions
Πre = ReΠre,sym + ReΠre,asym + iImΠre,sym + iImΠre,asym .

180

(22)

The real part ReΠre has a symmetric ReΠre,sym and an anti-symmetric ReΠre,asym part in the vibrational mode index.
The imaginary part ImΠre is similar. The two anti-symmetric parts are nonequilibrium contributions and are zero in
equilibrium. In the following, we analyze these terms one by one.
3.1. Electronic friction
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Electronic friction comes out of the adiabatic expansion as the first order correction yielding Γe in Eq. (17). This
dissipative force leads to energy transfer between the electrons and the nuclei, thus is beyond the Born-Oppenheimer
approximation. This energy transfer plays an important role in adsorbate dynamics on metal surfaces[79, 117–123].
In our harmonic model with small-x expansion, the third term in Eq. (22) describes the electronic friction felt by the
nuclei. From it, we can define a frequency-dependent, non-Markovian Γe (ω) = ImΠre,sym (ω)/ω. Its diagonal elements
represent effective broadening of vibrational modes and are related to the vibrational lifetime.
Physically, the electronic friction originates from excitation of EHP in the Fermi sea by nuclear motion. It has been
derived using different theoretical approaches[54–56, 81–83, 85, 87, 93]. One notable example is that of Head-Gordon
and Tully [79–81]. By deriving the nonadiabatic coupling between electronic states and applying GLE and mean-field
6

theory, they calculated the electronic friction for the CO/Cu(100) system. This approach has now become a standard
tool in the study of adsorbate dynamics on metal surfaces, even under external driving. Recently, the tensorial and
mode-specific feature of the friction matrix in energy transfer has been analyzed which we return to later[50, 51], and
the similarities and differences of different definitions have also been discussed[54].

Figure 1: (a) Schematics of the a donor-acceptor system coupling to a vibrational mode, whose displacement is denoted by x. The donor and
acceptor couples to the left and right electrodes, respectively, with broadening parameter ΓD and ΓA . (b) Typical EHP excitations at zero bias.
Intra-electrode excitation in the left electrode and inter-electrode excitation from the left to the right electrode are shown. Similar excitation in the
right electrode and from the right to left are also present, but not shown here. (c) Finite bias, resonant absorption of the vibration. This corresponds
to c in (f), where the electronic friction is maximum. (d) Finite bias, resonant emission of the vibration, corresponding to the d in (f). The electronic
friction becomes negative. (e) Contour plot of the electronic friction as a function of bias and hopping element t between the donor and acceptor
site. The red line separates the negative from the positive friction region. (f) A line cut of (e) at t = 0.05 eV. Figure adopted from Ref. [88] with
permission.
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The electronic friction we derived here also applies to the nonequilibrium case, i.e., in the presence of electrical
current. The electronic density of states (DOS) determines directly the magnitude of the electronic friction. If the
electronic DOS around the bias window is flat, we can neglect its energy dependence. In this case the bias dependence
of the electronic friction will be negligible corresponding to the wide band limit in quantum transport. In the opposite
case, the bias dependence becomes important and new effect may emerge. In Ref. [88], the authors considered a single
vibrational mode coupling to a donor-acceptor two-level electronic system (Fig. 1 (a)). For this single mode model
quantities in Eq. (17) are all numbers. The bias dependence of the electronic friction γe can be expressed from the
rates of vibrational emission (B) and absorption (A) processes, see Fig. 1(b)-(f),
γe = A − B.
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(23)

Depending on the relative position of the donor and acceptor level, there could be resonantly enhanced emission or
absorption of the vibrational mode. For resonant absorption, A > B, and γe is large (Fig. 1 (c)), while for resonant
emission γe decreases and even goes negative (Fig. 1 (d)). In the former case, the donor level is lower than the acceptor
level by one vibrational quantum Ω and the main transport channel is accompanied by vibrational absorption. Thus,
7
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the current can be used to depopulate the vibrational mode, leading to current-induced cooling of the mode. On the
other hand, in the latter case, the position of the two levels are reversed. This population inversion is akin to the case
of the mode populations in a laser. This vibrational amplification by stimulated emission is the physical reason that
leads to the negative electronic friction. This negative friction is a nonequilibrium effect, contrary to equilibrium,
where the relative magnitude of A and B is determined by the detailed balance relation B/A = e−Ω/kB T < 1, resulting
in a positive friction. The anharmonic effect on heating and cooling of the molecular junction has been analyzed by
Segal and coauthors[124].
In our theory, we have ignored the effect of electron-electron interaction on the electronic friction beyond the
adiabatic mean-field screening of the coupling. Combined with numerical renormalization group calculation, Dou et
al.[56] studied the modification of electronic friction due to strong electron-electron correlation through the AndersonHolstein model. They found a qualitative difference of the electronic friction calculated from the numerical renormalization group (NRG) and the dynamical mean field theory (MFT) (Fig. 2). This highlights the importance of electron
correlation on the electronic friction.

Figure 2: Calculation of electronic friction γ of an Anderson-Holstein model. (a) Electronic friction γ as a function of position x using the numerical
renormalization group (NRG) and mean field theory (MFT) calculations. Note that MFT fails to recover two peaks in the friction. (b) Electronic
friction according to NRG theory at low temperature; note that the two peaks in friction split into four peaks at low temperature. Figure adopted
from Ref. [56] with permission.

3.2. Joule heating from the nonequilibrium fluctuations
The interaction of the flowing current with the nuclei leads to heat transfer from the electronic to the nuclear DoF,
normally termed Joule heating. In the SGLE, this is reflected in the correlation function of the fluctuating force. In
equilibrium, we have the fluctuation-dissipation relation
hχe (ω)χ∗e (ω)ieq = −ImΠre (ω) coth(ω/2kB T ).
225

This includes both thermal and quantum fluctuations. In nonequilibrium, the correlation function of χe gains an extra
term due to the voltage bias. In the wide band limit, it has a bias and energy dependence as
δhχe (ω)χ∗e (ω)i ∝ (eV − ω)Θ(eV − ω).
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(24)

(25)

The extra noise is linear in ω. The Heaviside step function Θ(eV − ω) means that, due to energy conservation, the
extra noise have an upper limit determined by the applied bias. Fitting the nonequilibrium noise correlation function
to a form similar to Eq. (24), we can define an effective electronic temperature of a given vibrational mode i in the
presence of current flow,
(26)
hχe,i (ω)χ∗e,i (ω)ineq = −ImΠre,ii (ω) coth(ω/2kB T eff,i ).
It should be noted that, the above equation contains the electron-nuclear coupling terms and different modes will
generally experience different effective electronic temperatures. From this analysis, Joule heating can be understood
from another point of view. The applied bias changes the effective temperature of the electronic system and the
temperature difference leads to heat flow between the electrons and the nuclei.
It can be shown analytically that, for harmonic oscillators, using the above noise correlations, the prediction of
Joule heating from the SGLE is equivalently to that from the NEGF method under the same approximations[90]. That
is, it can produce fully quantum mechanical results for harmonic oscillators.
8

Figure 3: (a) Schematics of the force field generated by the non-conservative current-induced forces. (b) Trajectories of two linear harmonic
oscillators without non-conservative forces. (c) Trajectories in the presence of non-conservative forces. The amplitude of the red mode damps with
time, while that of the blue mode grows with time, indicating an instability. (d) When both the non-conservative and the Lorentz force are present,
the trajectories changes. (e) Inverse Q factor of the two modes as a function of bias in the presence of non-conservative (NC) or Lorentz (BP) force.
Negative 1/Q means instability indicated in (c) and (d). Figure adopted from Ref. [87] with permission.

3.3. The non-conservative and effective Lorentz force
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When a current flows through a conductor, it induces forces on the nuclear DoF. Whether this current-induced
force is conservative or not is a question that brought some confusion[125–128]. Todorov and co-authors gave a
concise answer to this question[129–131]. Moreover, they showed that the non-conservative force can be used to
drive an atomic motor using Enhrenfest MD to perform the numerical calculations[129, 132]. Later on, the SGLE
was used to study the same problem[87], and the effect has been extended to mesoscopic systems[93, 116, 133–135].
It has the advantage of considering the deterministic current-induced forces and stochastic Joule heating on an equal
footing[87, 90, 93, 94, 109]. It was here predicted that, in additional to the non-conservative force, there is an extra
effective Lorentz force originating from the Berry phase of the electrons. We discussed how the Joule heating can
be considered within the SGLE in Subsec. 3.2 in terms of stochastic forces, while here we focus on the deterministic
current-induced forces.
Firstly, the force contributed from Fnc ≡ −ReΠre,asym X is non-conservative. This can be seen from the antisymmetric properties of ReΠre,asym , which leads to ∇× Fnc , 0. This means, the nuclei move within a non-conservative
force field (Fig. 3 (a)). If they move along a certain loop, Fnc can pump or extract energy from the nuclei depending on
the direction of the motion (Fig. 3 (c, d)). This energy transfer through deterministic work is fundamentally different
from Joule heating. Since the off-diagonal (anti-symmetric) part of ReΠre,asym is important, the system should have at
least two DoF.
Secondly, the force contributed from Fbp ≡ −ImΠre,asym Ẋ is different from friction. Its effect on the nuclear
dynamics is similar to that of magnetic field, due to the anti-symmetric property of ImΠre,asym . It originates from the
Berry phase of the electrons, which back acts on the nuclei. Actually, this force is more easily understood from the
adiabatic expansion. It, together with the friction, comes as the first order correction in the expansion(−Γe Ẋ term in
Eq. (17)). We should mention that the Berry phase comes from the time-reversal symmetry breaking in the electronic
environment, and becomes zero in equilibrium. This phase is not quantized, and Fbp changes continuously with the
applied voltage. Berry and Robbins have studied this kind of ‘geometric magnetism’ and showed that it is zero when
the system has a discrete spectrum[136]. Here, the coupling of the system to the electronic environment leads to
broadening of the spectrum, and renders the Berry phase non-zero. Like the Lorentz force, Fbp does no work on the
nuclei, but it changes the orbit of the eigen mode motion. It may change the orbit from linear to elliptical (Fig. 3), and
help the non-conservative force to do work on the nuclei.
Both Fnc and Fbp come into play only when there are at least two DoF in the system. Thus, the main results can
be illustrated by a two-mode model[87, 90]. Neglecting the fluctuating forces first, we can write their equations of
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Here, ω1 and ω2 are the angular frequency of the two otherwise independent vibrational modes. Their simultaneous
coupling to the electrical current leads to indirect vibrational coupling, parametrized by a and b in the above equation.
They represent the non-conservative and the effective Lorentz force, respectively. We can analyze the eigen spectrum
of the system including a and b. We find that, above certain bias, the two forces, especially Fnc , may drive the system
into a run-away instability, characterized by a negative damping corresponding to a negative 1/Q factor, as shown in
Fig. 3 (e). In this situation the energy of the unstable harmonic mode will keep increasing in time once it is excited.
It is also shown that, the change of the orbit by Fbp helps Fnc to perform work. This is, for example, seen in how the
threshold bias of the instability decreases when including Fbp .
3.4. Renormalization of the vibrational potential and bistability

Figure 4: Left: The potential profile of a harmonic oscillator coupling to one single electronic level at finite bias. The single well harmonic
potential is modified and acquires a bistable profile at finite bias. Right: The I-V curve of the single level model showing bistability. (a) The
temporal dependence of the electrical current at small bias, where the oscillator spends most of the time in a deeper well and occasionally jumps to
a shallower well. (b) The same as (a), but at higher voltages. Now the probability to occupy the shallower well, and the switching rate increase due
to higher effective temperature. Figure adopted from Ref. [85] with permission.
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If the nuclei couple strongly to the electrons, the potential felt by the nuclei may change a lot when there is an
applied voltage bias. It may even generate a bistable state and lead to conductance switching behavior. It has been
studied within the minimal Anderson-Holstein model[85, 96], where one vibrational mode couples to the electronic
system through an onsite interaction. The left part of Fig. 4 shows the voltage induced bistable states. It comes from a
harmonic potential at zero bias. The right part of Fig. 4 shows its signature in the electrical current. In Fig. 5, different
kinds of behaviors in phase space are also observed at finite biases.
4. Applications
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4.1. Numerical implementation
Before turning to the applications of the SGLE, we discuss briefly two technical issues faced in any numerical
implementation of the SGLE approach. Firstly, the friction part of the SGLE in general has a memory kernel due to the
difficulty in separating completely the time scales of the system and the bath. Although this does not pose a conceptual
problem, in practical, realistic calculations, it is numerically more involved compared to a time-local friction. To this
end the non-local, non-Markovian equation can be transformed into a local, Markovian one by introducing auxiliary
DoF into the equation. This trick has been successfully used by different authors [20, 34]. Secondly, the colored noise
10

Figure 5: Bias dependent phase space trajectories for a single electronic state coupling to a vibrational mode in the Holstein form. Dashed lines
in row A are results from the Born-Oppenheimer dynamics without friction, solid lines include friction. Row B shows results including all the
non-adiabatic effects in the SGLE. The voltage bias modifies the number of fixed points and the trajectories drastically. Figure adopted from Ref.
[96] with permission.
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spectrum requires certain attention in the generation of the random force. Two approaches have been applied in the
literature. This first one makes use of the fact that the noise is δ-correlated in the frequency domain. Thus, generating
the noise in the frequency domain and making fast Fourier transform to time domain gives a time-correlated noise
that can be used to do the MD simulation[14, 137]. The problem of this method is that, one has to generate the noise
and store it before performing the simulation. For large scale simulations involving many DoF this could result in
a storage problem. More importantly, for certain applications, i.e. molecular diffusion on, or scattering off a metal
surface, the coupling of the system to the baths may change during the simulation. In this case one needs to adjust the
noise on the fly. To overcome this difficulty, different approaches have been adopted to generate the noise directly in
time domain [34, 138, 139].
4.2. Adsorbate dynamics on metal surfaces
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The coupling between molecular motion and EHP excitation is important in order to understand adsorbate dynamics at surfaces. For example, it was found that the vibrational lifetime of CO on a metal surface is in the order of ps,
while on a NaCl surface it is many orders of magnitude longer (ms)[118, 140], see Ref. [141] for a recent review.
Detailed theoretical and experimental study shows that the coupling between molecular vibrations and the EHP excitation is key to understand this difference. Molecular-beam surface scattering experiments provide direct evidence
of the coupling of molecular motion to the EHP excitation[119, 120, 142–144]. The detection of chemicurrent during
the adsorption of molecules on thin metal surface of tunnel junctions is another signature of coupling[121–123]. The
electronic friction language was quite successful in understanding these experiments. Head-Gordon and Tully [81]
in 1995 developed a method to perform classical MD including electronic friction from metal electrons. By deriving
the nonadiabatic coupling between electronic states and applying the GLE, they obtained electronic friction for the
CO/Cu(100) system. Since then, the GLE has become an important tool in the study of adsorbate dynamics on metal
surfaces, even under external driving.
Although the general picture discussed above is widely accepted, obtaining quantitative measures of the role
of EHP excitation in the adsorption and reaction dynamics is still challenging. Here, we only summarize recent
theoretical and experimental advances in typical systems[41–43, 47–56, 145–149].
Bünermann et al. studied inelastic H-atom scattering from Au(111) surface[46]. A beam of nearly mono-energetic
H atoms was prepared by laser photolysis and injected on to Au(111) surface with and without adsorbed Xe layers.
The experimental setup allowed study of inelastic H-atom scattering with different incidence and scattering angles.
The experimental results show drastic difference between Xe and Au surface scattering. For Xe surface, due to
the requirement of energy and momentum conservation, the translational energy loss of the H-atom was small. For
Au(111) surface, the translational energy of H-atom can be directly converted to EHP excitations. Thus, the energy
loss was much larger than in the Xe surface case. The experimental results were compared to theoretical simulations
11

Figure 6: Comparison of the experimentally obtained kinetic energy loss spectrum to theoretical simulations. Theoretical energy loss found when
neglecting (solid black line), and including (solid gray line) electronic excitation. Experimental energy loss for Ein = 2.76 eV is shown as open
squares. The vertical arrow marks the expected energy loss for a binary collision between an H and an Au atom. The inset shows the incidence
energy dependence, Ein , of the experimentally derived translational inelasticity (open squares) and comparison to theory (solid lines): Ein = 3.33
eV (blue), 1.92 eV (red), and 0.99 eV (black). Colored arrows mark the three incidence energies. Also shown are the average final translational
energies, hE f in i. The scattering angles are θi = 45 , θ s = 45 , and φi = 0 with respect to the [101] direction. In all cases, the scattered H atoms
remain unthermalized with the solid, emerging with a substantial fraction of their incidence translational energy. Figure adopted from Ref. [46]
with permission.
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with and without including the electronic friction (Fig. 6), and it was seen how the electronic friction was needed to
obtain a reasonable agreement with the experimental results. This work shows clear evidence of translational energy
dissipation due to electronic friction.

Figure 7: CO on top of Cu(100) surface. (left) CO adsorbed at an atop site of a Cu(100) surface in the equilibrium position and a nonequilibrium
tilted geometry as viewed from xy (top view) and yz (side view) planes. (right) Mass-weighted friction tensor (in ps−1 ) for the two geometries. The
coloring scheme is consistent for x (red), y (green), z (blue), xz (purple), and yz (brown) components of the friction tensor. Components smaller
than 0.002 ps−1 are set to zero. Figure adopted from Ref. [50] with permission.
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The tensorial feature of Γe matrix in Eq. (17) was emphasized in recent works[50, 51]. The off-diagonal elements
of Γe in the mode space couple different modes together and influence the energy distribution within different vibrational modes. The electronic friction is normally anisotropic, i.e., depending on the direction in real space and having
different magnitude for different vibrational modes. Figure 7 shows an example of CO adsorbed at an atop site of
12

Cu(100) surface. The friction matrix elements in real space are shown. Based on this understanding, Maurer et al.
studied the scattering and dissociative chemisorption of H2 on the Ag(111) surface (Fig. 8). Although the electronic
friction only accounts about 5% of the energy loss, the anisotropy of the friction induces dynamical steering that
changes the reaction outcomes.

Figure 8: H2 on top of Ag(111). (a) Relative energy along a minimum energy path (MEP) of H2 dissociation on Ag(111). The path is shown in
(c) and (d). (b) Relaxation rates in ps−1 obtained from the diagonal elements of electronic friction tensor in internal coordinates: bond stretch d,
azimuthal angle φ, polar angle θ, and the three Cartesian center of mass coordinates of the hydrogen molecule (X, Y, Z). Off-diagonal elements (not
shown) can modify relaxation rates by 30% or more. (c) Side view of the dissociation along the minimum energy path. (d) Top view of start and
end point of MEP. Figure adopted from Ref. [51] with permission.
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Irradiation of a metal with an ultrafast femtosecond laser pulse induces electronic excitations and adsorbate desorption from the metal surface. The energy transfer from the laser pulse to the metal electrons and to the adsorbate is
believed to be important in these processes. The Langevin equation has been used to model these processes[147, 150].
Figures 9 and 10 show two examples of numerical simulations.

Figure 9: Desorption of D2 from Ru after excitation with a 130 fs Gaussian laser pulse at 800 nm, F = 140 J/m2 . Left panel: time-dependent
behavior of the electron, phonon, and adsorbate temperatures (T el , T ph , T ads ). Right panel: the hot electron-mediated dynamics is mapped to an
effective heating mechanism similar to Eq. 26. T w represents an effective temperature that captures the physics of the adsorbate excitation, and
the fluence F is related to the temperature T w . T w determines the microscopic properties of the desorbed molecules, and it’s of great benefit to
numerical simulation. Figure adopted from Ref. [150] with permission.
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Figure 10: Time evolution of a typical trajectory of a single CO molecule on Ru(0001) surface from MD with electronic friction, starting from its
global minimum, i.e., on top of a Ru atom (X = Y = 0, θ = φ = 0), when driven by hot electrons generated from a 140 J/m2 laser pulse (at t =
0), λ = 400nm, FWHM = 50 fs, and base temperature 300 K. The top and middle left panels show the center of mass coordinates Z and Y over
time, the top right and middle panels the entire trajectory in the (X,Z) and (X,Y) planes, respectively. The lower left panel gives the tilt angle θ as
a function of time. The top Ru is visualized with gray circles. Figure adopted from Ref. [147] with permission.

Figure 11: (a) Structure of a partially passiviated armchair graphene nanoribbon. The atoms in the solid square couple to a nonequilibrium
electronic reservoir. (b)-(c) The excess kinetic energy of each atom without and with the current-induced non-conservative and Lorentz force. The
voltage bias is V = 0.4 V, the temperature is T = 300 K, and the Fermi energy E F = 1.4 eV. (d)-(e) Same as (b)-(c), but at E F = −1.0 eV. Figure
adopted from Ref. [92] with permission.
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4.3. Joule heating and current-induced forces in molecular conductors
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One advantage of the SGLE is that it allows consideration of Joule heating and current-induced forces on an equal
footing. The authors in Ref. [92] studied the interplay of these two channels of energy transfer from the nonequilibrium electronic to the nuclear DoF. The coupling of the system to phonons and electrons in the two electrodes was
considered simultaneously. It was found that, the effect of the current-induced force depends on the direction of the
current flow. In particular, for a symmetric system with current flow, a asymmetrically placed hot-spot in the nuclear
energy distribution (Fig. 11) was observed. This effect mainly comes from the non-conservative part of the force and
depends on the wave length of the electron scattering states. These results show the important role played by the
non-conservative current-induced force and its relation to the momentum transfer from charge carriers to the nuclear
DoF[131]. Asymmetric heating has been observed in nanojunctions. These effects are central for the directed motion
of atoms in the electromigration of nanojunctions[151, 152].
Our analysis so far is limited to the harmonic approximation for the vibrations. In the SGLE, the anharmonic
interactions is taken into account classically. Direct MD simulation using either Eqs. (17-20) takes the anharmonic
vibrational interactions into account in the same way as the classical MD. But the inclusion of zero point motion and
correct quantum distributions in the SGLE extends its range of validity to the study of heat transport at low temperature
and dynamics in the presence of electrical current.

Figure 12: Results from a model-system consisting of two vibrational modes coupling to two electronic levels in the scattering region going
beyond the harmonic approximation. (a) Limit cycle (blue solid line) and its approach (blue dotted line) at large bias vs stable oscillations at low
bias (red asterisk) from the Langevin dynamics without fluctuating force. (b) Several periods of typical trajectories with fluctuating forces for the
parameters of the limit cycle in (a). (c) Fourier transform of the correlation function hX1 (t)X2 (t + τ)i. The limit cycle is signaled by a single peak,
as opposed to two peaks in the absence of a limit cycle. (d) The same signature appears in the current-current correlation function, making the
onset of limit-cycle dynamics in principle observable in experiment. Figure adopted from Ref. [93] with permission.
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In Ref. [93], Bode and co-authors considered anharmonic atomic dynamics driven by an electrical current using
an equation similar to Eq. (17). There, the anharmonicity comes from the adiabatic Fe , which depends on the atomic
displacement X. They found that, beyond the harmonic instability, the anharmonic forces stabilize the dynamics and
the system goes into some kind of limit cycles. The appearance of the limit cycles can be seen from the two-peak to
one-peak transition in the current and displacement correlation functions (Fig. 12 (c), (d)).
The SGLE has also been used to study current-induced dynamics going towards a more realistic atomistic description of the system. The authors have considered the dynamics of an carbon atomic chain between two graphene
nanoribbon electrodes[89, 91, 153, 154]. A tight-binding model for the electronic structure and the Brenner potential
for the inter-atomic interaction was used. The electronic structure was updated on the fly during the MD simulation
(Fig. 13). This kind of calculation makes it possible to study current-induced dynamics using MD simulation. So far,
the dynamics was based on empirical potentials. However, it would be highly desirable to perform at initio MD based
on, for example, density functional theory (DFT) electronic structure calculations. In order to achieve this goal, an
efficient way of performing the DFT calculations is crucial possibly including partly the non-equilibrium forces using
DFT-NEGF[155].
4.4. Nuclear quantum effect in molecules and solids
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The nuclear quantum effect (NQE) has important implications for the physical and chemical properties of molecules
and crystals made from light elements and stiff chemical bonds[156]. One notable example is the complicated behavior of the hydrogen bond under different conditions[157]. To study the NQE, the dynamics of nuclei has to be treated
quantum mechanically, and to this end path-integral MD (PIMD) and Monte Carlo methods are normally used. Recently, the semi-classical Langevin equation was used to partially account for the nuclear quantum effect[17–25]. The
15

Figure 13: (a) The system considered in the calculation, with single atomic carbon chain between graphene nanoribbon electrodes. (b) Temperature
obtained from the atomic kinetic energy as a function of phonon friction. (c-d) Obtained temperatures deduced from the atomic kinetic energy of
different atoms within the harmonic approximation. (c) The simulations were run at T = 300 K and at eVb = 1 eV. (d) The atomic temperature as
a function of bias at T = 300 K. (e, f) Corresponding atomistic temperature distributions including the anharmonic interactions. The anharmonic
interactions redistribute part of the energy from the modes in the chain to the bulk modes in the lead. Figure adopted from Ref. [89] with permission.

Figure 14: MgO crystal parameters predicted from MD with QTB (QTB-MD). (a) Temperature dependence of the lattice parameter a. The a0
value is obtained by extrapolating, to 0 K, the linear behavior observed at high temperature. The QTB-MD reproduces the experimental data at low
temperatures. (b) Temperature dependence of the heat capacity per molecule CV . The QTB values (obtained by differentiation of the mean energy)
agree with the experimental data and the results derived using the harmonic density of vibrational states. The standard MD simulation gives reliable
values only at temperatures higher than the Debye one (940 K). Figure adopted from Ref. [18] with permission.
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idea is to simply attach one artificial quantum thermal bath (QTB) to each nuclear DoF. For each element Xi , we have
Ẍi − F I,i = −γi Ẋi + χi .

380

(28)

Equation (28) has similar form as Eq. (17). Its left side represents the original equation of motion. Different from
Eq. (17) where the system couples to an electron bath, in Eq. (28) Xi couples to an artificial QTB. The friction
coefficient, γi , is an adjustable parameter, and the correlation function of the fluctuations fulfills the fluctuationdissipation relation: hχi (ω)χ∗i (ω)i = γi ω coth (ω/2kB T )). This is a colored noise spectrum that depends on ω. In the
high temperature limit, it reduces to the well-known relation: hχi (ω)χ∗i (ω)i = 2γi kB T , where ω-dependence can be
16
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ignored and the noise spectrum becomes white.
The advantages of this approach is that it introduces almost no extra computational cost compared to standard
classical MD. Its performance in determining many physical properties has been calibrated through comparison to the
fully quantum mechanical approaches[17, 18, 21, 23–25, 158, 159].
Dammak et al. showed that temperature dependence of MgO’s lattice constant and its heat capacity calculated
from the SGLE agree well with experimental measurements[18](Fig. 14). Bronstein and coauthors studied the NQE
on the phase transition in pure and salty ice at high pressure[24, 25]. They found excellent agreement between
the experimental and the theoretical results using the QTB model. Further applications include vibrational properties of polyatomic molecules [160, 161], isotope effect[19], shocked-compressed molecules[162, 163], spin-phonon
dynamics[164–166].
Ceriotti et al. took an important step further[17, 20, 22, 23, 68, 70, 167]. We have mentioned that, given the full
Hamiltonian of the global system, the parameters entering the SGLE are derivable from the microscopic Hamiltonian.
Ceriotti and coauthors have performed a ‘reverse-engineering’ of the QTB, making full use of the flexibility in choosing the bath parameters for target applications. This concept has been termed ‘Langevin thermostat à la carte’. They
showed that through systematic optimization, the properties of the QTB can be tailored to display desired sampling
features, i. e., selective coupling of the thermal bath to target certain vibrational modes. When combined, the QTB
can significantly improve the convergence and scalability of PIMD to reach a performance comparable to that of the
standard Nosé-Hoover chain thermostat.
As a semi-classical approach, the SGLE can only account partially for the quantum effects. More importantly, it
has the problem of zero point energy (ZPE) leakage [168]. This problem arises from the fact that in the SGLE, the
ZPE is stored in each harmonic mode classically. In the presence of anharmonic couplings, even at zero temperature,
the classically stored ZPE can redistribute between different vibrational modes. This unphysical energy flow from the
high frequency modes to the low frequency vibrational modes results in a wrong energy distribution (ZPE leakage).
The average energy of each vibrational mode is determined by its coupling to the thermal bath characterized by γ
in the Langevin equation and to other modes determined by the anharmonic coupling. The problem is common to
methods based on classical trajectories. Different solutions of this problem have been proposed[21, 168, 169]. Brieuc
et al. have studied this effect carefully in both model and realistic structures[21] and found that, in most cases, by
simply increasing γ, the energy exchange between the thermal bath and the vibrational mode becomes dominant.
In this way the ZPE leakage becomes relatively small. Taking notice of this problem, except for very anharmonic
systems, the QTB can then give reasonable results for many properties.
4.5. Quantum thermal transport in nanostructures
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By attaching the system to multiple QTBs, one may study phonon heat transport using the SGLE[12–16, 30–
32, 36, 37]. For linear harmonic systems, the ZPE leakage is not present, and has been shown analytically that, the
SGLE produces exact results consistent with fully quantum mechanical approaches (Fig. 15)[14, 27, 29]. Figure 15
compares numerically the thermal conductance of a model harmonic chain calculated from the SGLE and the NEGF
method. The agreement is due to the quantum statistics of the mode occupations in the thermal bath. For linear
harmonic systems this can efficiently propagate into the system through the system-bath coupling. This is especially
important for systems with light atoms whose Debye frequency is high, and classical statistics fails. For example, the
room temperature thermal conductivity of carbon materials can not be predicted directly from classical MD due to the
large Debye frequency. Similarly, Langevin equations for electrons are also derived and shown to be consistent with
the standard Landauer or NEGF result for noninteracting electrons[27, 32].
On the other hand, including the anharmonic interactions, at high temperatures where the quantum mechanical
effect is not important, the SGLE yields results consistent with classical MD simulation[14]. Thus, the transition of
heat transport from quantum, ballistic to the classical, diffusive regime can be studied using this approach[14, 31, 33,
170]. Figure 16 shows the thermal conductance (σ) of a graphene nanoribbon as a function of ribbon length. When
the ribbon is short, σ does not depend on the length, the system is in the ballistic transport regime. When the length
is > 600 nm, σ decreases with length as ∼ L−0.67 [33].
Intuitively, the ZPE leakage is not expected to have a large influence on the real space heat transport. The modes
contributing most to heat transport should be traveling waves that are delocalized in real space. Thus, the energy
leakage between different modes does not take place locally, while the heat current is calculated locally. But a case
17

Figure 15: Thermal conductance σ as a function of temperature for a 1D harmonic chain with on-site potential. The solid line is the NEGF result,
while the symbols are MD results. They agree with each other. Figure adopted from Ref. [14] with permission.

Figure 16: Left panel: The structure for an armchair graphene strip. The box (red) is the unit cell. The length of the ribbon along transport direction
(horizontal direction) is varied while keeping the average temperature at 300 K, while periodic boundary condition is applied to the perpendicular
direction. Right panel: The dependence of the thermal conductance on the length of the system at 300 K in logarithmic scale. Phonon transport
changes gradually from ballistic to diffusive with increasing length of the system. Figure adopted from Ref. [33] with permission.
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study shows the opposite. A comparison of classical, semi-classical and experimental results of thermal conductivity
of solid argon shows that, the SGLE approach behaves much worse than the classical MD [168]. Presumably, the
failure of the SGLE is due to the ZPE leakage, while the accidental cancellation of the two errors makes the classical
MD results agree better with the experiments. This clearly shows the limitation of the SGLE, but more careful studies
are needed before one can draw any conclusions on the effect of ZPE leakage on the thermal conductivity predicted
from the SGLE.
One important advantage of the GLE approach is that it is a first principles approach, in the sense that the parameters entering the SGLE can be calculated from the microscopic Hamiltonian. We can calculate the friction matrix
and fluctuating force correlations based on this, as long as the bath and the system-bath coupling are linear. Even in
the classical limit, the GLE is an ideal method to perform MD simulation, due to its stronger theoretical foundation
compared to other approaches. For example, it fulfills the fluctuation-dissipation relation and ensures that the system
can reach the canonical distribution in the long time limit[16]. Recently, algorithms aiming at application to realistic materials have been developed to efficiently treat the memory effect in the friction kernel and the colored noise
spectrum[34, 35]. This opens the possibility of its application to realistic materials.
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5. Conclusions
In this review, based on the influence functional approach, the classical Langevin equation is extended to include
the quantum statistics and nonequilibrium features of the reservoir degrees of freedom. We have considered both
phonon and electron reservoirs. These extensions result in a semi-classical generalized Langevin equation (SGLE),
which can be used to study different problems that are difficult to handle using classical MD. The nuclear quantum
effect in materials can be partly included through coupling to the quantum phonon baths. Phonon thermal transport
can be studied by coupling the system to several phonon reservoirs with different temperatures. Atomic vibration,
translation and rotation of adsorbates on metal surfaces are damped through the electron-hole pair excitation in the
metal electrons. This is taken into account as the electronic friction in the SGLE. For nano-scale conductors in
the presence of a current flow in the electronic reservoir, several interesting effects are predicted from the SGLE.
Apart from the electronic and phononic reservoirs, a quantum thermal bath representing black body radiation has
recently been used to study the radiative heat transfer from a black body to nearby dielectric nanoparticles[171].
This is possible since eigenmodes of electromagnetic waves and phonons are both represented by a set of harmonic
oscillators. These results greatly extend the range of applications of the MD methods.
We also discussed the technical problems and available solutions in order to use the method to study realistic
systems. The non-Markovian friction kernel can be transformed to a Markovian one by introducing auxiliary degrees
of freedom. The colored noise can be generated on the fly during the MD simulation. The implementation of the
quantum phonon bath in available molecular dynamics codes will further accelerate its application to the problems
mentioned above. Several groups are working on this now, and it is believed that, these developments will enrich and
widen the applications of MD.
Acknowledgements
The authors would like to thank Jian-Sheng Wang, Baowen Li, Tchavdar Todorov, Daniel Dundas, Nuo Yang, Tue
Gunst, Rasmus B. Christensen, Nick R. Papior for discussions and collaborations on this subject. Financial support
from the National Natural Science Foundation of China (grant number: 61371015), and the Villum Foundation (to
MB, VKR00013340), is gratefully acknowledged.

470

475

480

References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]

485

[12]
[13]
[14]
[15]
[16]

490

[17]
[18]
495

[19]

I. R. Senitzky, Dissipation in Quantum Mechanics. The Harmonic Oscillator, Phys. Rev. Lett. 119 (2) (1960) 670–679.
I. R. Senitzky, Dissipation in Quantum Mechanics. The Harmonic Oscillator. II, Phys. Rev. Lett. 124 (3) (1961) 642–648.
M. Lax, Formal Theory of Quantum Fluctuations from a Driven State, Phys. Rev. Lett. 129 (5) (1963) 2342–2348.
H. Mori, Transport, Collective Motion, and Brownian Motion, Prog. Theor. Phys. 33 (3) (1965) 423–455.
S. Nordholm, R. Zwanzig, A systematic derivation of exact generalized Brownian motion theory, J. Stat. Phys. 13 (4) (1975) 347–371.
G.-L. Ingold, Path Integrals and Their Application to Dissipative Quantum Systems, in: Coherent Evolution in Noisy Environments, Lecture
Notes in Physics, Springer, Berlin, Heidelberg, 2002, pp. 1–53.
H. Grabert, U. Weiss, P. Talkner, Quantum theory of the damped harmonic oscillator, Z. Phys. B 55 (1) (1984) 87–94.
P. Hänggi, G.-L. Ingold, Fundamental aspects of quantum Brownian motion, Chaos 15 (2) (2005) 026105.
C. Gardiner, P. Zoller, Quantum Noise, 3rd Edition, Springer-Verlag Berlin Heidelberg, 2004.
S. A. Adelman, J. D. Doll, Generalized Langevin equation approach for atom/solidsurface scattering: Collinear atom/harmonic chain model,
J. Chem. Phys. 61 (10) (1974) 4242–4245.
S. A. Adelman, J. D. Doll, Generalized Langevin equation approach for atom/solidsurface scattering: General formulation for classical
scattering off harmonic solids, J. Chem. Phys. 64 (6) (1976) 2375–2388.
A. Dhar, Heat Conduction in the Disordered Harmonic Chain Revisited, Phys. Rev. Lett. 86 (26) (2001) 5882–5885.
D. Segal, A. Nitzan, P. Hänggi, Thermal conductance through molecular wires, J. Chem. Phys. 119 (13) (2003) 6840–6855.
J.-S. Wang, Quantum Thermal Transport from Classical Molecular Dynamics, Phys. Rev. Lett. 99 (16) (2007) 160601.
L. Kantorovich, Generalized Langevin equation for solids. I. Rigorous derivation and main properties, Phys. Rev. B 78 (9) (2008) 094304.
L. Kantorovich, N. Rompotis, Generalized Langevin equation for solids. II. Stochastic boundary conditions for nonequilibrium molecular
dynamics simulations, Phys. Rev. B 78 (9) (2008) 094305.
M. Ceriotti, G. Bussi, M. Parrinello, Nuclear Quantum Effects in Solids Using a Colored-Noise Thermostat, Phys. Rev. Lett. 103 (3) (2009)
030603.
H. Dammak, Y. Chalopin, M. Laroche, M. Hayoun, J.-J. Greffet, Quantum Thermal Bath for Molecular Dynamics Simulation, Phys. Rev.
Lett. 103 (19) (2009) 190601.
H. Dammak, E. Antoshchenkova, M. Hayoun, F. Finocchi, Isotope effects in lithium hydride and lithium deuteride crystals by molecular
dynamics simulations, J. Phys. Condens. Matter 24 (43) (2012) 435402.

19

500

505

510

515

520

525

530

535

540

545

550

555

560

[20] M. Ceriotti, G. Bussi, M. Parrinello, Colored-Noise Thermostats la Carte, J. Chem. Theory Comput. 6 (4) (2010) 1170–1180.
[21] F. Brieuc, Y. Bronstein, H. Dammak, P. Depondt, F. Finocchi, M. Hayoun, Zero-Point Energy Leakage in Quantum Thermal Bath Molecular
Dynamics Simulations, J. Chem. Theory Comput. 12 (12) (2016) 5688–5697.
[22] F. Brieuc, H. Dammak, M. Hayoun, Quantum Thermal Bath for Path Integral Molecular Dynamics Simulation, J. Chem. Theory Comput.
12 (3) (2016) 1351–1359.
[23] S. Ganeshan, R. Ramı́rez, M. V. Fernández-Serra, Simulation of quantum zero-point effects in water using a frequency-dependent thermostat,
Phys. Rev. B 87 (13) (2013) 134207.
[24] Y. Bronstein, P. Depondt, L. E. Bove, R. Gaal, A. M. Saitta, F. Finocchi, Quantum versus classical protons in pure and salty ice under
pressure, Phys. Rev. B 93 (2) (2016) 024104.
[25] Y. Bronstein, P. Depondt, F. Finocchi, A. M. Saitta, Quantum-driven phase transition in ice described via an efficient Langevin approach,
Phys. Rev. B 89 (21) (2014) 214101.
[26] J. Guo, X.-Z. Li, J. Peng, E.-G. Wang, Y. Jiang, Atomic-scale investigation of nuclear quantum effects of surface water: Experiments and
theory, Prog. Surf. Sci. 92 (4) (2017) 203–239.
[27] A. Dhar, B. Sriram Shastry, Quantum transport using the Ford-Kac-Mazur formalism, Phys. Rev. B 67 (19) (2003) 195405.
[28] L. W. Lee, A. Dhar, Heat Conduction in a Two-Dimensional Harmonic Crystal with Disorder, Phys. Rev. Lett. 95 (9) (2005) 094302.
[29] A. Dhar, D. Roy, Heat Transport in Harmonic Lattices, J. Stat. Phys. 125 (4) (2006) 801–820.
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[87] J.-T. Lü, M. Brandbyge, P. Hedegård, Blowing the Fuse: Berry’s Phase and Runaway Vibrations in Molecular Conductors, Nano Lett. 10 (5)
(2010) 1657–1663.
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[170] K. Sääskilahti, J. Oksanen, J. Tulkki, Thermal balance and quantum heat transport in nanostructures thermalized by local Langevin heat
baths, Phys. Rev. E 88 (1) (2013) 012128.
[171] Y. Chalopin, H. Dammak, M. Laroche, M. Hayoun, J.-J. Greffet, Radiative heat transfer from a black body to dielectric nanoparticles, Phys.
Rev. B 84 (22) (2011) 224301.

23

