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Abstract
This study aims to harness the geometric non-linearity of structures to design a novel
camber morphing mechanism for a bi-stable airfoil using topology optimization. The
goal is to use snap-through instabilities to actuate and maintain the shape of the
morphing airfoil. Topology optimization has been used to distribute material over the
design domain and to tailor the nonlinear response of the baseline structure to achieve
the desired bi-stable behavior. The large scale deformation undergone by the structure
is modeled using a hyperelastic material model. The non-linear structural equilibrium
equations are solved using arc-length and displacement-controlled Newton-Raphson
(NR) analysis. Isoparamteric finite element evaluation is used for analyzing kinematic
and deformation characteristics of the structure. The optimization problem is solved
using a computationally efficient nonlinear optimization algorithm, the Method of
Moving Asymptotes (MMA), with a Solid Isotropic Material Penalization (SIMP)
scheme. The gradient information required for the optimization has been evaluated
using an adjoint sensitivity formulation. Two different design domains, one with
a structured quadrilateral mesh and other with an unstructured triangular mesh, are
investigated and compared. The effect of different optimization parameters on the final
optimized structure and its behavior has also been analyzed. The final result is a novel
camber morphing mechanism without the disadvantages of increased weight and higher
maintenance costs associated with conventional actuation mechanisms.
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1. Introduction
‘Morphing’, with respect to aircraft design refers to an aircraft, or by extension, to
any part of the aircraft, that is capable of undergoing substantial external shape change
which has potential to dramatically alter the aircraft performance to better synchronize
with the changing mission environments [1]. Typically, the wings are designed in such
a way that it allows the aircraft to fly at a range of flight conditions, but its performance
at each of the flight conditions may not be optimal. Fixed wings aircraft are designed
to fly optimally only in one flight phase since flying efficiently in multiple flight phases
requires dynamic shape change of the wing, in particular, the airfoil camber. The idea
is to expand the flight envelope of each aircraft by making it perform optimally in
different flight phases. This approach will enable a single aircraft to perform optimally
or near-optimally in multiple missions. Morphing has been identified as an effective
way to achieve this effect [2]. The shape changes performed in modern-day aircraft
are achieved through the movement of flaps and slats, but the performance benefit that
could be obtained with fully adaptable and deformable wings may greatly exceed the
benefits currently obtained. No matter how one chooses to define ‘morphing’, there
is a general agreement that the conventional hinged surfaces, such as flaps and slats,
which move as single entities, cannot be considered ‘morphing’. Reich and Sanders
[3] listed the major challenges to morphing as: the requirement for the distributed
high-power density actuation, structural mechanization, scalability, flexible skins and
control law development. Morphing is generally associated with several penalties in
terms of cost, complexity and weight. However, in many cases these were overcome
with the advantages obtained by morphing. Also, the issues such as unwanted parasite
drag, vibrations and noise associated with surface discontinuities (resulting from the
movement of flaps and slats as discrete entities) can also be completely eliminated by
morphing [4].
During flight, fuel loading and distribution change continuously, especially for
HALE (High-Altitude Long Endurance) aircraft, which have a larger portion of fuel
weight than any other aircraft. This change in fuel distribution results in large changes
to aeroelastic shape throughout the flight, but they are often compelled to fly at
non-optimal flight conditions due to air traffic control restrictions. An adaptive wing,
whose geometry varies according to changing external aerodynamic load, is capable
of optimizing the airflow in each flight regime of the aircraft resulting in an increased
aerodynamic performance during cruise. Morphing has been shown to be particularly
useful for hunter-killer missions which are mainly cruise and loiter dominated. Roth
et al. [5] showed that morphing can have great impact on fleet size for a coast guard
patrol mission. The key requirements for these missions are high-altitude cruise with
a fast response time, and then a slow, low-altitude control. The absence of sharp
edges and deflected surfaces on morphing aircraft provide the potential to reduce its
radar signature and visibility, thereby enhancing its stealth properties [6]. The DARPA
Mission Adaptive Rotor (MAR) initiative plans to fly an adaptive rotor by 2018. The
goal of the project is to develop a rotor that can change its configuration before a
mission, in flight between mission segments, and with every revolution. DARPA
is looking for morphing solutions which are capable of reducing payload by 30%,
increasing range by 40%, reducing the acoustic detection range by 50%, and reducing
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vibration by 90% over the fixed rotors [1].
Wing morphing can be achieved in three ways: Planform alteration (change
of span, chord and sweep), out-of-plane transformation (twist, dihedral/gull and
span-wise bending) and airfoil morphing (camber morphing and thickness morphing)
[1]. Beaverstock et al. [7] discusses the benefits of camber morphing as compared
to span morphing. They observe that, where span morphing requires considerable
modification of the planform, camber morphing requires only 5% trailing edge
deflection relative to the cross-sectional chord length. Span morphing can produce
up to a 12% increase in mass before any performance advantage is observed whereas
camber morphing causes only up to a 3% increase. Keeping in mind the benefits that
can be derived from the implementation of morphing structures, several authors have
investigated different mechanization and actuation techniques to design these structures
with improved aerodynamic properties. Woods et al. [8] proposed a biologically
inspired morphing concept, FishBAC. It consisted of a flexible skeletal core which was
deflected using a system of an antagonistic pair of tendons and a non-backdriveable
spooling pulley arrangement. The concept has shown to produce lower drag as
compared to the NACA 0012 airfoil with a discrete trailing edge flap. Improvements in
lift efficiency were also observed. While the concept is promising and the design was
based on the philosophy of simplicity, it still had many individual components which
had to function in synchronization to make the wing morph.
Many authors have also investigated the property of bi-stability to design morphing
mechanisms. Bi-stable structures have been identified as potential solution in design
of morphing mechanisms because of their inherent ability to deform and retain
equilibrium in the deformed configuration. Diaconu et al. [9] used a bi-stable laminated
composite structure to achieve camber morphing. A bi-stable composite plate was
inserted into the airfoil, with the leading edge of the plate fixed to the spar, while
the end of the plate was hinged to the airfoil surface to allow for relative rotation of
the trailing edge box. Actuation of the bi-stable plate lead to the morphing of the
airfoil between two stable states. They were able to achieve the required deflection,
but because of the compliant nature of the plates, the structure was not stiff enough
to be implemented directly. They suggested the use of stiffeners or additional locking
arrangements, which have the potential to increase the weight of the structure and may
eventually lead to inefficient performance. Pontecorvo et al. [10] presented a study on
bistable arches with a cosine profile, to reduce peak stresses in the arch, designed to be
used for morphing applications. They proposed the use of arches as single morphing
elements or as elements in multistable morphing honeycomb-like cellular structures.
They used arches made of NiTiNOL and Delrin, and studied their force-displacement
relation using experimental methods and ANSYS simulations. Their study highlighted
the influence of different structural parameters in the design of a bistable arch to meet
morphing requirements. Saggere and Kota [11] investigated the use of compliant
mechanisms to design a morphing airfoil. They proposed a technique to change the
shape of a curved slender rod using a compliant mechanism requiring only a single
input actuation force or torque. They used this technique to change shape of leading
and trailing airfoil sections.
Taking a different approach many researchers have also investigated the use of
smart materials for morphing applications. Smart materials like piezoelectric materials
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(PZT) [12] and Shape Memory Alloys (SMA) [13][14][15] have been extensively
explored for designing potential morphing mechanism. The numerous experiments
conducted with smart materials indicate that they have the potential to be used for
shape control applications, however they still have to overcome numerous challenges
before they are finally ready for real world applications. The biggest limitation of smart
materials being their low stroke, power and the inverse relation between the strain and
operational bandwidth [11].
The current study intends to use snap-through instability, to design a bi-stable
airfoil. The choice to use geometric non-linearity for actuation stems from the
promising results obtained from numerous studies [16][17][18] that highlight the
benefit of using snap-through and buckling instabilities for actuation as opposed to
traditional actuators which suffer from issues, such as heavy weight, unreliability,
and high maintenance costs. Bi-stability also offers the added advantage of having
a self-locking property, as a result, it helps to get rid of redundant and heavy
components, increasing system efficiency. Topology optimization has proven to
be highly effective in design of structures and mechanisms, as well as materials
having unique mechanical and thermal properties [19][20][21][22][23][24]. These
design principles can be effectively utilized to design a bi-stable airfoil. The large
scale deformation, required for designing structures exhibiting snap-through instability
requires the use of non-linear elastic models. Bruns et al.[25] investigated the design of
structures exhibiting snap-through by incorporating robust numerical schemes focused
on remedying convergence issues. A study by Ramos and Paulino looked into the
topology optimization of hyperelasic trusses [26]. James and Waisman [27] focus
on design of a bi-stable stent using a hyperelastic material model. The investigators
used a neo-hookean hyperelastic method to model the kinematics and deformation
characteristics of the solid structure. The non-linear equilibrium equations were
solved using a combination of the arc-length method and a displacement-controlled
Newton-Raphson procedure.
When it comes to bi-stable structure design, a general trend can be found wherein
studies focus on designing structures limited to beams, or designs which can be derived
from the classic bi-stable beam design problem. This work is a novel attempt to design
a bi-stable morphing airfoil by combining the functionality of bi-stable structures
with compliant mechanism design, using topology optimization. There are several
advantages to this approach. The design produces a mechanism that requires the lowest
actuating energy to change between two stable configurations. Furthermore, no energy
is required to maintain the deformed configuration. The structure produced inherently
shows multifunctional properties without any increased weight or complexity.
2. Large Deformation Modeling
The neo-Hookean material model has been used in this study to characterize the
large deformation undergone by structures exhibiting morphing [28][29][30]. The
potential energy function is defined using Lamé constants and the right Cauchy-Green
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deformation tensor.
1
1
Φ = λ0 [ln J]2 − µ0 ln J + µ0 [tr(C) − 3]
(1)
2
2
where J is the determinant of the deformation gradient, F . The term tr(C) denotes
the trace of the right Cauchy-Green deformation tensor. The Second Piola-Kirchoff
stress, S, can be calculated as twice the derivative of the potential energy function with
respect to the right Cauchy-Green deformation tensor.
∂Φ
= λ0 [ln J]C −1 + µ0 (I − C −1 )
∂C
The Cauchy stress, σ, is defined as
S=2

1
σ = F SF T
J
using Equation 2, σ can be calculated as

(2)

(3)


1
λ0 [ln J]I + µ0 (F F T − I)
J
(4)

1
= λ0 [ln J]I + µ0 (B − I)
J
To keep structural equilibrium, the internal and external forces must be balanced. We
can express this condition in residual form as
σ=

R = fext − fint = 0

(5)

This residual equation gives rise to a nonlinear system of equations which are solved
iteratively using a Newton-Raphson procedure to obtain the global vector of nodal
displacements, U . Dhatt & Batoz [31], discusses this method in more details. After
convergence of Equation 5, the nodal displacements can be updated by ∆U , where
Ktan ∆U = R

(6)

The matrix Ktan is known as the tangent stiffness matrix. A displacement control
method is used to solve the governing equation, R = 0. The external force used in
equation 5 is defined as
fext = θ f0

(7)

where f0 is a sparse reference vector of size equal to the number of degrees of freedom
and a unit value at the degree of freedom corresponding to the prescribed displacement.
3. Structural Design using Topology Optimization
3.1. Design Formulation
SIMP scheme assignes a design parameter ρ to each element. The effective
stiffness of each element, Ee , is represented as
Ee = ρ p E0
5

(8)

where ρ ∈ [ 0,1] . E0 is the bulk material stiffness of the solid and p is the SIMP
penalization parameter. In standard linear elastic problems selecting ρmin > 0 prevents
the global stiffness matrix from becoming singular.At smaller values of ρmin , the
finite element evaluation diverges due to severe mesh distortions and the emergence
of degenerate elements. The design of bi-stable mechanisms involves relatively large
displacements, and because we are modeling geometric nonlinearity of structures, the
algorithm is susceptible to divergence. This forces us to use a higher value of ρmin to
stabilize the algorithm.
Use of lower-order finite elements and a discrete density distribution throughout the
design domain can cause numerical instabilities leading to mesh-dependent designs
and appearance of checkerboard patterns [32][33]. In order to get rid of these issues
we implement a density filtering technique introduced by Bruns and Tortorelli [19].
The set of elemental density variables, ρ, is defined as:
ρ = Wx

(9)

Where the matrix W , consisting of normalized weight coefficients, w˜ji , defined as:
w˜ji =

wi
∑ wi

(10)

i

The weight, wi , is a decreasing function of the distance between the centroids of the
element and its neighbors.
3.2. Adjoint Sensitivity Analysis
Adjoint sensitivity analysis is performed to calculate the gradient information
required for the non-linear optimization process [34]. Let the functional of the objective
function be defined as
Π = Θ(Uf (ρ), ρ)
(11)
Where Θ be the response objective function, Uf defines the displacement vector
corresponding to the free degrees of freedom of the structure and ρ is the vector of
design variables. For the structure to be in equilibrium, the residual, R, should be
equal to zero for each deformed configuration.
R(Uf (ρ), ρ) = 0

(12)

The augmented Lagrangian function, L, is defined as
L = Θ+λTR

(13)

where λ is a Lagrange multiplier. We can observe that L is identically equal to the
function of interest, Θ, for all λ , since R is zero, as shown in equation 12. Hence,
finding the sensitivity of L with respect to the design variable, ρ, is the same as the
sensitivity of the response function, Θ. Using the chain rule of differentiation, we can
write
"
#
dL ∂ Θ
∂ Θ dUf
∂R
T ∂ R dUf
=
+
+λ
+
(14)
dρ
∂ ρ ∂ Uf dρ
∂ Uf dρ
∂ρ
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Here, the operator

∂
∂ρ

captures the direct dependence of any function with respect to ρ.

Whereas, the operator ddρ captures the indirect dependence of a function with respect
to variable ρ. Collecting all the implicit derivatives and rearranging equation 14.
"
#
dL ∂ Θ
∂
R
∂
R
∂
Θ
dUf
=
+λT
+ λT
+
(15)
dρ
∂ρ
∂ρ
∂ Uf ∂ Uf dρ
Since λ T is arbitrary, we may select it to annihilate the coefficient of the the implicit
term. The value of λ T that makes equation 15 independent of the implicit term can be
written as:
#−T
"
T
∂Θ T
∂
R
−T ∂ Θ
= −Ktan
(16)
λT = −
∂ Uf
∂ Uf
∂ Uf
Here, Ktan is the tangent stiffness matrix and λ is called the adjoint response. After
determining the adjoint response, we can substitute its value in equation 15, to get the
total derivative as:
dL ∂ Θ
∂R
=
+λT
(17)
dρ
∂ρ
∂ρ
The structural optimization problem is solved using the Method of Moving Asymptotes
(MMA) [35]. Using the initial starting values of the design variables and the gradients
of the Lagrangian, the optimizer solves a convex approximation of the problem. The
optimizer terminates when the first order Karush-Kuhn-Tucker (KKT) conditions are
satisfied [36][37].
4. Numerical Results
4.1. Bi-stable beam design
The benchmark problem of bi-stable beam design has been analysed to understand
the key aspects of topology optimization design for morphing structures. Additional
details can be found in [27] and [25]. Figure1 shows the topology optimization design
of a beam exhibiting snap-through behavior. The length and width of the beam are
6000 mm and 600 mm, respectively.
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(a) Bi-stable beam design problem

(b) Optimized structure
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Figure 1: The bi-stable beam design problem
The formal statement for optimization can be written as:
minimize
x

θ2

subject to θ1 ≥ Fmin ,

(18)

M(ρ) ≤ Mmax .
where M represents the total mass of the structure. The objective is to minimize the
externally applied force, θ2 at the prescribed displacement point u2 , subjected to a
constraint on user defined force θ1 , at some earlier displacement point, u1 , such that
θ (u1 ) ≥ Fmin . For this optimization, the value of θ1 is chosen to be 20% of the value of
force required to displace the baseline structure by u1 . This is done to approximately
control the level of displacement in the secondary stable position. We choose θ1 based
on how we want the optimized force-displacement curve to look. Higher values of θ1
may sometimes fail to produce a bi-stable structure, whereas a very low value of θ1
may produce a structure with low stiffness. Generally a good range of θ1 values is
8

20% to 80% value of the force required to displace the baseline structure by u1 . The
displacements u1 and u2 are chosen based on the desired deflection at the location of
the input load. As shown in Figure 1d, the points u1 and u2 will be situated near the
peak and valley (respectively) of the bi-modal force displacement curve. This fact can
be used to approximately tailor the location of the structure’s secondary equilibrium
position. For the current design, u1 and u2 are chosen to be 200 mm and 600 mm,
respectively. The parameter Fmin represents the minimum reaction force to ensure
feasible structures with sufficient stiffness. It can be observed that for a structure to
show bi-stability θ2 should be negative. The lower the value of θ2 , the greater the force
required to push the structure back to its baseline equilibrium state, and the greater
will be the deflection of the airfoil will be. By constraining the force (θ1 ) at the first
deflection point, we ensure that the force-displacement response is bimodal to produce
bistability.
4.1.1. Mesh independence studies
To validate the mesh independence of the solutions generated by the algorithm,
we generate the results for the optimization problem described by equation (18) using
different discretizations of the design domain with the same boundary conditions. We
compare the solutions generated with the design domain discretized by an unstructured
triangular mesh and structured quadrilateral meshes with different grid sizes. The
boundary and loading conditions are the same as discussed in section 4.1. The baseline
structure has a length of 6000 mm and a width of 600 mm. The value of u1 and
u2 chosen for the study are 100 mm and 400 mm, respectively. This has been done
to facilitate faster solution generation, since the main motivation of this study is to
show mesh-independence of the algorithm. The radius of the density filter for all three
discretizations has been kept constant at 120 mm.

(a) Unstructured (CST) mesh

(b) Optimal design from mesh (a)

(c) Fine structured mesh

(d) Optimal design for mesh (c)

(e) Coarse structured mesh

(f) Optimal design for mesh (e)

Figure 2: Mesh independence studies
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Figures 2a & 2b show the design domain discretized with an un-structured grid
of 3028 constant-strain triangle (CST) elements and the corresponding optimized
structure. Similarly, Figures 2c & 2d show a design domain discretized with a
structured grid of 2000 quadilateral elements and its corresponding optimized structure.
Figures 2e & 2f show the design domain and the optimized structure for a structured
grid of 500 quadrilateral elements. The above study confirms the mesh-independent
behavior of the algorithm and the corresponding structures generated by the same. All
the algorithms were implemented in a computer having the following specifications:
Table 1: Computer Hardware Specifications
CPU make and model
Maximum speed
Number of sockets
Number of cores
Number of logical processors
L1 cache
L2 cache
L3 cache

Intel(R) Core(TM) i5-4590 CPU@3.30GHz
3.30 GHz
1
4
4
256 KB
1.0 MB
6.0 MB

The algorithms were written and executed using MATLAB, while the plotting
of meshes and the design domains for the optimized solutions were done using
MATLAB’s parallel programming functionality with four cores.
4.2. Bi-Stable Airfoil Design
The key design aspects of a bi-stable beam are incorporated into the design of
a bi-stable airfoil. The functional aspects of the wing spars have been simulated by
fixing certain portions along the top and bottom surfaces. The boundary conditions and
loading has been explained in Figure 3. The airfoil chosen for this study is based on
NACA 0012 airfoil. The leading and trailing sections were removed to fit a structured
grid. The airfoil is further modified to have a more favorable aspect ratio so that we can
obtain a detailed design with fewer elements, and give the optimizer a larger domain
in which to maneuver. The maximum thickness of the airfoil is changed by 178% to
produce a modified NACA 0012 airfoil, suited to carry out the optimization analysis.
4.2.1. Optimized airfoil with quadrilateral finite elements
The first approach adopted involves the use of quadrilateral finite elements to mesh
the airfoil design domain. The modified airfoil design domain is shown in Figure 3.
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Figure 3: Design domain for the morphing airfoil optimization problem
The point of application of the input displacement and the point at which the
deflection is desired are shown by the markers ‘F’ and ‘Ue ’ respectively. We want
to minimize force (θ2 ) required to deflect the trailing node (Ue ) by an amount greater
than a minimum value (U0 ). To ensure proper structural rigidity at the bi-stable region,
we constrain the force (θ1 ) corresponding to the first displacement (u1 ) to be of value
greater than, Fmin . The value of Fmin is chosen to be 20% of the force corresponding
to u1 for the solid baseline design domain. The compliance constraint, C(x) is used to
ensure a continuous chain of material between the Ue node and the ‘F’ node. It also
ensures the structure has sufficient stiffness required for its functionality. To compute
the compliance constraint, C(x), we fix the top and bottom surfaces, as represented
by ‘Fixed Boundary’, and also the node F, while displacing the trailing node, Ue , by 3
mm. The volume constraint V (x) controls what percent of the original design domain
will form the optimized structure. Mathematically we can represent these as follows
minimize
x

θ2

subject to θ1 ≥ Fmin ,
V (x) ≤ V0

(19)

C(x) ≥ C0
Ue (x) ≥ U0 .
The design domain is discretized with 1342 quadrilateral finite elements, with 61
elements in the horizontal direction and 22 elements in the vertical direction. The
computational performance data is provided in Table 2. Figure 4 shows the optimized
material layout for this design problem. The compliance constraint was active in the
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final design and was satisfied for all the optimization results presented. Figure 5a and
5b show the optimized airfoil in its deformed configuration and the deformed finite
element mesh respectively.
Table 2: Optimization Data for bistable airfoil design with quadrilateral elements
Convergence time(s) Complexity (d.o.f) Optimization Iterations NR iterations
6886.4
2852
53
1082
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Figure 4: Optimized material layout
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(a) Morphed structure

(b) Deformed mesh

Figure 5: Optimized airfoil with rectangular finite element mesh
Figure 5b shows that the finite element mesh undergoes a considerable amount of
distortion, which prevents us from using a minimum value of material density, ρmin ,
lower than 0.1, as it led to formation of degenerate elements. Another important point
to consider is the stiffness contribution of the void elements. The elements present
in the void regions contribute to the overall stiffness of the structure. This prevents us
from accurately describing the force-displacement response of the structure. Therefore,
to have a better understanding of actual structural response, we implement an algorithm
to remove the void and near-void elements from the finite element mesh. The filter
threshold value for the element removal process, ρremove , was chosen to be 0.1. We then
perform a non-linear analysis of the modified structure. Figure 6 shows the reduced
mesh for the optimized design shown in Figure 4 in both the undeformed and deformed
states.

13

100

50

50

y(mm)

y(mm)

100

0

0

-50

-50

-50

0

50

100

-50

150

0

50

100

150

x(mm)

x(mm)

(a) Undeformed mesh

(b) Deformed mesh

Figure 6: Reduced mesh for bi-stable airfoil design
The maximum trailing edge deflection measured at node Ue for the full finite
element mesh was observed to be 12 mm, with a maximum input deflection u2 of
10mm. The trailing edge deflection increased to 13.6 mm for the same u2 when reduced
finite element mesh was used to carry out the structural analysis. Figure 7 shows the
force-displacement response for the baseline structure, as well as for the optimized
structure with both reduced and full finite element meshes. The force response of
the baseline structure is monotonic, however, the optimizer redistributes material
within the design domain to produce a bi-modal response representing snap-through
instability. Figure 7b shows that before removing the void elements the structure does
not show bi-stability since the force always remains positive. However, after element
removal the structural response changes considerably and shows bi-stability.
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Figure 7: Force-displacement response of the bi-stable airfoil with rectangular
finite elements
The optimization and structural parameters are summarized in the Table 3.
Table 3: Optimization Parameters and Constraint Values for Quadrilateral
Element Mesh
Young’s Modulus (MPa), E0
Minimum elemental density, ρmin
Volume Fraction, V0
Penalization parameter, p
Maximum Input Displacement (mm), u2
Minimum Tip-node Deflection (mm), Ue
Displacement for Compliance Evaluation(mm), uc
Complaince constraint( N.mm), C0
Displacement Constraint (mm), U0
Airfoil chord length (mm)
Airfoil maximum thickness(mm)

15
0.1
0.4
3
10
13.6
3
0.7782
13
300
40

4.2.2. Optimized Airfoil with Triangular Finite Elements
In the previous section we used a structured quadrilateral finite element mesh to
discretize the airfoil design domain. This required us to remove the trailing and leading
edge of the airfoil. This modification restricted the optimizer from exploiting the full
available design space and in turn this approach requires additional mechanisms to
transfer deflections to the trailing edge of the airfoil. To overcome the above mentioned
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challenges, an unstructured triangular mesh is used to discretize the airfoil design
domain.
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Figure 8: Boundary and loading conditions for bi-stable airfoil design domain
Figure 8 shows the nodes at which the input displacement is applied, the boundary
conditions along with the node at which the deflection is desired for the morphing
application. The objective function and the constraints for the optimization are the
same as used for the quadrilateral elements. We constrain the trailing edge node (Ue )
to deflect by an amount greater than a minimum value, Uo and minimize the actuating
force θ2 . To ensure a continuous chain of material between the trailing edge and the
point of application of the actuating force, a compliance constraint is enforced. It also
ensures that the structure is stiff enough to fulfill its functional requirements. The fixed
boundary conditions are imposed on the upper and lower airfoil surfaces to imitate the
behavior of supports and spars. Mathematically, we can represent these as follows
minimize
x

θ2

subject to θ1 ≥ Fmin ,
V (x) ≤ V0

(20)

C(x) ≥ C0
Ue (x) ≥ U0 .
where Fmin is chosen to be 20% of the force evaluated at the first displacement position
(u1 ) for the baseline structure. The design domain is discretized with 1600 triangular
elements. To avoid local minima, we employ a continuation method [38] in which the
SIMP penalization parameter, p, is increased in steps, as a function of iteration number,
j, such that.
p( j) = max(3.0, min(ceil[ j/5], 5.0)), j = 1, 2, ...
16

(21)

The minimum density value(xmin ) for the entire design domain changes whenever
the penalization parameter increases. To ensure a continuous mapping from the old
minimum density to new minimum density value, whenever there is a change in
penalization parameter, p, a mapping function is formulated.
xmin pn+1 = Axmin pn + B

(22)

Here, A and B are constant mapping parameters that have been used to shift the
minimum element density from the previous values, when the penalization parameter
was, pn , to the new values when the penalization parameter becomes pn+1 . These
values are given by,
pn+1

p
Emine
p
A=
n
1 − p Emine
1−

(23)

B = 1−A
where Emine = 1 × 10−3 for all values of ρmin . Figure 9 shows the optimized airfoil.
Table 4 lists the computational performance data for the design problem. Figure 10a
and 10b shows the deformed optimized airfoil and the deformed finite element mesh,
respectively. We can observe the high amount of distortion undergone by the finite
element mesh.

Convergence time(s)
7877.9

Table 4: Optimization Data
Complexity (d.o.f) Optimization Iterations
1846
126

NR iterations
2956

y(mm)

50

0

-50
-100

-80

-60

-40

-20

0

20

40

x(mm)

Figure 9: Optimized material layout
As previously mentioned, to obtain an accurate description of the
force-displacement response of the optimized structure, we remove the void and
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near-void elements. We use a filter threshold value of 0.45 for the element removal
process. Figure 11 shows the reduced finite element meshes for the undeformed
and deformed configurations of the airfoil. Figure 12 shows the force-displacement
response of the optimized airfoil with both full and reduced finite element meshes. We
observe that the structure does not show bi-stability with the full mesh. When then
void elements are removed we get a bi-stable structure, but for a displacement less than
the maximum input displacement of 15mm. The structure also exhibits characteristics
of snap-back instability.
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(a) Optimized airfoil

(b) Deformed mesh

Figure 10: Optimized airfoil and deformed mesh
For a maximum input deflection, u2 , of 15mm, structural analysis carried out with
the full finite element mesh produces a trailing edge deflection, Ue , of 16mm. While,
reduced finite element mesh analysis, for the same input deflection, produces a trailing
edge deflection of 21 mm. The black markers in Figure 11 show the reduced boundary
conditions.
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(a) Undeformed mesh

(b) Deformed mesh

Figure 11: Reduced mesh for bi-stable airfoil design
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Figure 12: Force-displacement plot for optimized airfoil with reduced and full
finite element meshes

Table 5: Optimization and design Parameters
Young’s Modulus (MPa), E0
Minimum elemental density, ρmin
Penalization Parameter, p
Volume Fraction, V0
Maximum Input Displacement (mm), u2
Minimum trailing edge Deflection(mm), u0
Complaince Constraint (N mm), C0
Displacement for Compliance Evaluation(mm), uc
Displacement Constraint (mm), U0
Airfoil Chord Length (mm)
Airfoil maximum thickness (mm)

15
0.1
3
0.4
15
21
12.33
10
16
150
50

0.177
4

0.251
5

4.2.3. Alternative parameter design
To make the algorithm stay away from potential snap-back issues, as observed in
the force-displacement response curve shown in Figure 12, the optimization parameter,
Fmin (which governs the stiffness value of the bistable region) was reduced to half of
its original value. The other design and optimization parameters were kept the same.
Figure 13a shows the optimized structure corresponding to the alternative optimization

19

problem. Table 6 represents the computational performance data for the same problem.
Figure 13b shows the deformed optimized airfoil configuration.
Table 6: Optimization Data
Complexity (d.o.f) Optimization Iterations
1846
274

Convergence time(s)
16471
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(a) Optimized material distribution

(b) Morphed configuration

Figure 13: The Alternative optimization problem
Figure 14 shows the finite element mesh distortion. Figure 15 shows the
reduced finite element mesh for the optimized airfoil in undeformed and deformed
configurations respectively. For a maximum input deflection, u2 , of 15 mm, the
trailing edge, Ue , deflects by 19 mm for a full finite element mesh. However, with
the reduced finite element mesh, the maximum trailing edge deflection, with the same
u2 , is observed to be 25.8 mm. Thus, the morphing mechanism displays a geometric
advantage of 1.98, much higher than the previous design.
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Figure 14: Finite element mesh distortion
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Figure 15: Reduced meshes
Figure 16 shows the force-displacement curves corresponding to the baseline
structure and optimized airfoil structure. The force-displacement response of the
baseline structure is monotonic. The optimizer tailors the response of the structure
to produce a bi-modal curve exhibiting snap through characteristics. After removing
the void elements from the finite element mesh, we obtain a bi-stable morphing airfoil
structure. The plot produced with the reduced finite element mesh confirms that the
optimized design obtained is actually bi-stable because the curve dips below the x-axis
when the deflection exceeds the second displacement position (u2 ) value.
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Figure 16: Force-displacement response of the bi-stable airfoil with triangular
finite elements for the alternative optimization problem
The element-density removal threshold for Figure 15 is 0.2. The effect of different
removal thresholds on the bi-stable behaviour of the structures has been shown in
Figure 17.
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Figure 17: Force-displacement plots with different element removal thresholds
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5. Additional Examples
To explore additional benchmark problems, the optimization framework, as
described in the previous sections, was applied to design a bi-stable gripper and a
bi-stable inverter. The problem formulation is similar to equation (20).
5.1. Bi-stable gripper
Figure 18 shows the design domain along with the boundary conditions for the
bi-stable gripper design problem. The design domain, of size 100 mm × 100 mm, is
meshed with a structured grid of 3360 quadrilateral elements with 60 elements in each
directions. The size of the cut-out in the x and y directions is 25% of the length of the
design domain in the corresponding directions. The input displacements u1 and u2 are
2.5 mm and 6 mm respectively. The constraint U0 as in equation (20) is 1 mm.

Uoutput

Finput

Uoutput

Figure 18: Bi-stable gripper design domain and boundary conditions
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(a) Optimized structure

(b) Reduced mesh

0
0.1
0.2
0.25

Force (N)

0.03

0.02

0.01

0
0

5

10

Displacement(mm)

(c) Deformed mesh

(d) Force-displacement plots

Figure 19: Bi-stable gripper design solutions
Figure 19 shows the optimized structure obtained from the algorithm. Figures 19a
19b & 19c represent the optimized material distribution layout and the corresponding
undeformed and deformed reduced meshes respectively. Figure 19d shows the
force-displacement plots for different values of element-removal density thresholds.
We can infer that for a removal threshold value of 0.25 the structure is indeed bi-stable.
5.2. Bi-stable inverter
Figure 20 shows the design domain and the boundary conditions for bi-stable
inverter design problem. The baseline structure has dimensions of 100 mm × 100
mm and is discretized using 3600 elements with 60 elements in each directions. The
input displacements required for a bi-stable design are u1 = 2 mm and u2 = 5 mm. The
constraint displacement U0 is 1 mm.
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Finput

Uoutput

Figure 20: Bi-stable inverter design domain and boundary conditions

(a) Optimized structure

(b) Reduced mesh
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Figure 21: Bi-stable inverter design solutions
Figures 21a 21b & 21c show the optimized material distribution layout along
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with the undeformed and deformed reduced meshes for the bi-stable inverter design
problem. Figure 21d shows the force-displacement plots for different values of
element-removal density thresholds. It can be seen that for a removal threshold value
of 0.15 the structure is bi-stable.
6. Discussion
The present study gave an insight into the relative stability of the triangular and
rectangular finite elements. It was observed that the maximum displacement at the
input node, u2 , for the design domain meshed with structured quadrilateral finite
elements was restricted to 10 mm, since a higher displacement value made the tangent
stiffness matrix (Ktan in equation 6) singular, due to high mesh distortion. While,
for the design domain meshed with an unstructured triangular finite elements, the
maximum displacement, u2 , was 15 mm, with all the other optimization and design
parameters kept same. This, along with the complex airfoil design domain, supported
the use of an unstructured grid to obtain accurate optimization and structural analysis
results. The filter radius can have a significant effect on the instability introduced due
to the snap-back effect while performing structural analysis during the optimization
process. We found that for fixed optimization and design parameters, increasing the
filter radius, R, eliminates the snap-back instability.
6.1. Design Validation
To validate the results obtained from the topology optimization process, the
proposed design solutions were prototyped using Objet260 Connex 3D printer
and a performance comparision was made between the design solutions obtained
computationally and the 3D printed designs. The topology optimization results were
converted into CAD models using SolidWorks. The CAD model corresponding to the
topology optimization result obtained for the structured quadrilateral mesh is shown in
Figure 22 and the corresponding 3-D printed structures are shown in Figure 23.

Figure 22: CAD model corresponding to quadrilateral mesh optimization result
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(a) Unmorphed configuration

(b) Morphed target configuration

Figure 23: 3-D printed optimized structures
The trailing edge deflection obtained with the finite-element analysis of the
optimized structure with reduced mesh was 13.6 mm. The 3D printed structure shows
a trailing edge deflection of 10 mm. The CAD model for the ‘alternative optimization’
problem is shown in Figure 24. The corresponding 3-D printed structures are shown in
Figure 25.

Figure 24: CAD model corresponding to triangular mesh optimization result
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(a) Unmorphed configuration

(b) Morphed target configuration

Figure 25: 3-D printed optimized structures
The maximum trailing edge deflection for the numerically produced optimized
structure was 25.8 mm. The 3D printed structure showed a maximum trailing edge
deflection of 22 mm.
7. Conclusion
The present study successfully proposed a novel camber morphing mechanism,
capable of producing a bi-stable airfoil, using topology optimization. The design uses
the concept of bi-stability as a source of actuation for the morphing mechanism and for
maintaining the deformed configuration of the structure. Previous works on topology
optimization for bi-stability were restricted chiefly to the design of structures derived
directly from the classic beam design problem. The contribution of this study and the
results obtained are significant since they attempt to provide an alternative approach
to design mechanisms by linking the bistable response of a structure to an output
displacement at a separate location from the input node thereby, treating the design as
a mechanism. The input and output nodes does not necessarily have to be on the edges
of the design domain but can be placed anywhere. The optimal layout of material
throughout the design domain was formulated as a continuous material distribution
problem following the SIMP approach. The structure was optimized for bi-stability
subject to resource constraints and a minimum trailing edge deflection. The structural
response due to the actuating force was computed using a hyperelastic finite element
formulation that accounts for large displacements. The design sensitivities were
computed analytically using the adjoint method. Two different types of design domains
with different boundary and optimization parameters were presented. In one approach,
a structured quadrilateral grid was used to mesh a part of the airfoil domain. In the other
approach, the airfoil was meshed using an unstructured triangular grid. Both the design
approaches were analyzed and compared. Through optimization, we were able to tailor
the monotonic response of a structure to exhibit snap-through behavior. After removing
void elements, which prevented us from modeling the accurate structural response,
a bi-stable structure was produced. The results showed that topology optimization
can be used to exploit the geometric nonlinearity of structures to design morphing
mechanisms. The proposed design algorithm was implemented on problems involving
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both structured (quadrilateral) and unstructured (triangular) meshes, and the algorithm
was shown to successfully produce converged bi-stable designs in both cases. The
non-linear material modeling along with the numerous constraints imposed makes the
algorithm susceptible to divergence issues necessitating a parametric study of input
variables before obtaining optimal solutions. The design process also requires specific
user inputs regarding the boundary conditions. Future work will attempt to optimize
the boundary conditions along with the material distribution to make the algorithm
determine the optimal design with minimal human input. The structures, though
predictive in nature to certain extent, are optimal. The direct wind-tunnel testing of
the computationally obtained results are not possible because of the need for other
components like a flexible skin over the airfoil surface and other actuating parts. Future
work will also include aeroelastic coupling to observe the effects of aerodynamic
loading on the structure.
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