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ABSTRACT: A benchmark study of several correlated secondorder methods for frequency-dependent polarizabilities has been
carried out. For the benchmark, a set of 14 (hetero)aromatic
medium-sized molecules has been chosen. For the ﬁrst time, CC3
polarizabilities are reported for these molecules using Sadlej’s
polarized triple-ζ basis set, and for a subset of these molecules the
polarizabilities were obtained at the CC3 level also with the larger
aug-cc-pVTZ basis set. These CC3 values are used as the reference
values for benchmarking the second-order methods: SOPPA,
SOPPA(CC2), SOPPA(CCSD), CC2, as well as CCSD. The
inﬂuence of diﬀerent basis sets, aug-cc-pVDZ, aug-cc-pVTZ, augcc-pVQZ, d-aug-cc-pVTZ, and Sadlej’s polarized triple-ζ basis set, on static and frequency-dependent polarizabilities was
investigated for the full set of molecules at the SOPPA level. It was found that the choice of basis set had a somewhat greater
inﬂuence on the frequency-dependent polarizabilities than on the static polarizabilities, but all eﬀects were small. The aug-cc-pVTZ
basis set performed adequately for both static and frequency-dependent polarizabilities, having an insigniﬁcant oﬀset from the values
obtained with the larger d-aug-cc-pVTZ and aug-cc-pVQZ basis sets. Comparing the second-order methods, SOPPA, SOPPA(CC2),
SOPPA(CCSD), CC2, as well as CCSD, to the CC3 reference values, it was found that the best performing method was CCSD, as
expected. The SOPPA method, on the contrary, outperformed the CC2 method, suggesting the use of SOPPA rather than CC2 for
polarizabilities, at least for these kinds of molecules. The SOPPA results were found to improve further when the Møller−Plesset
correlation coeﬃcients in the wave function were replaced by coupled-cluster amplitudes in the SOPPA(CC2) and SOPPA(CCSD)
methods. Finally, a comparison was made for a small subset of the molecules between experimental data and calculated
polarizabilities. It shows that, for this set of molecules, the trend in the performance of the diﬀerent second-order methods does not
depend on whether the reference values are calculated CC3 values or experimental values.

1. INTRODUCTION
The interaction of molecules with light causes a perturbation of
the electrons in the molecule. Such a polarization plays an
important role in molecular interactions and inﬂuences the way
in which light scatters from a molecule.1 At high intensities,
caused by lasers, the molecular response to the ﬁeld yields
properties such as two-photon absorption, self-focusing, highharmonic generation, and more. These nonlinear optical eﬀects
are of great importance,2 and there is a need for eﬃcient and
accurate methods to calculate these properties. A natural
prerequisite for such methods is that they should ﬁrst perform
well for linear optical properties. Linear optics, as the name
suggests, possesses the advantage that at a low intensity of laser
light, the response of the molecule is linear in the ﬁeld. Such a
property could be the electronic dipole polarizability, which is
the focus of this study. The polarizability or, more precisely, its
gradients with respect to normal modes, determines the
intensities of vibrational Raman transitions.3 The electric
dipole polarizability tensor and its geometric derivatives also
© XXXX American Chemical Society

play a substantial role in electron energy-loss spectra
(EELS).4−6 The electronic polarizability has also been found
to aﬀect the mechanism in multiphoton absorption. 7
Calculated polarizabilities can thus be used to verify a variety
of diﬀerent experimental data and can also be used for the
prediction of polarizabilities of molecules for which experimental data are not yet available. However, this is only
possible if the calculations have a similar accuracy as the
experiments. As the accuracy of the experimental methods
keeps improving, there has been a great interest in developing
more advanced theories while still keeping the computational
cost low.
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demanding preexisting methods. This was, for example, done
by Pedersen et al. in a study33 where the implementation of the
CC2 method was optimized based on a Cholesky decomposition of the two-electron integrals. Alternatively, the
resolution of the identity approximation34,35 can signiﬁcantly
reduce the CPU time of CC2 calculations.
For small molecules, there are many calculations of static or
dynamic polarizabilities using various forms of coupled-cluster
or Møller−Plesset perturbation theory, and it would go to far
for this Article to mention more than a few.22,28,36−43 We are
aware of only a few high-level calculations on larger molecules.
Unsurprisingly, benzene appears to be a very popular molecule
for testing new methods.22,26,33,44−47 Sadlej’s polarized triple-ζ
basis set48,49 as well as various correlation consistent basis
sets50−52 have been employed in these studies. A few previous
papers are worth mentioning explicitly here. Pedersen et al.33
carried out an extensive basis set study of the static
polarizability of benzene at the CC2 level going up to even
an aug-cc-pV7Z basis set. Coriani et al.,47 on the contrary,
reported a CC3 value for the static polarizability of benzene
calculated with the aug-cc-pVDZ basis set, and Fransson et
al.22 reported an ADC(3/2) value for the static polarizability of
benzene using a triple-ζ basis set. For furan, static and
frequency-dependent polarizabilities have been reported at the
CC2 and CCSD levels with the aug-cc-pVDZ basis set.53 Static
polarizabilities for pyridine and naphthalene were very recently
reported using various versions of ADC methods and Sadlej’s
basis set,26 as previously mentioned. Finally, the static
polarizabilities of small and large [4n + 2] annulenes were
studied at the CC2/aug-cc-pVDZ level of theory.46,54 There
are only two studies, of which we are aware, where for a larger
set of medium-sized (hetero)aromatic molecules CCSD results
were reported. The ﬁrst is the 2014 study of Hickey and
Rowley,37 who used both Sadlej’s polarized triple-ζ and the
aug-cc-pVTZ basis sets on furan, thiophene, pyrrole, pyrazole,
imidazole, benzene, pyridine, toluene, ﬂuorobenzen, chlorobenzene, phenol, and imidazole. The other study is by
Skrzyński et al.,55 who used Sadlej’s basis set for CCSD as well
as CC2 for ﬂuorene, carbazole, and dibenzofuran. On the
contrary, the focus for polarizabilities has not only been on
wave-function methods but also been on the often faster
density functional theory (DFT) methods, which has led to
several benchmark studies through the years.56−58 Hickey and
Rowley37 compared both wave-function and DFT methods in
their calculation of dipole moments and polarizabilities for a
variety of molecules, from smaller diatomic molecules to
(hetero)aromatic systems like those in this study. It was found
that CCSD performed similarly to some of the DFT
functionals when comparing to experimental values. However,
when comparing to CCSD results, it was clear that the secondorder method MP2 did perform better than the DFT methods.
Despite all of these studies of polarizabilities with diﬀerent
methods, until now, no direct comparison of SOPPA and
coupled-cluster methods has been carried out for polarizabilities of larger molecules. This study thus focuses on the
benchmarking of second-order methods such as the coupledcluster method CC2 and SOPPA in addition to the full
coupled-cluster single- and double-model CCSD for polarizabilities of (hetero)aromatic molecules. The CCSD model
contains both the single- and double-excitation operators,
whereas in the CC2 model, the equations for the double
amplitudes are approximated based on Møller−Plesset
perturbation theory. Similarly in SOPPA, the double-excitation

The quest for well-performing methods has led to the
benchmarking of many computational methods for several
molecular properties in recent literature. Benchmark studies
are of great importance and will continue to be so, as long as
new methods are developed. Comparing medium-cost
methods to higher cost methods can verify the performance
of medium-cost methods, which can then be used with more
conﬁdence in large-scale applications. Benchmark studies also
provide reference values for future investigations. The
calculation of electronic excitation energies has most
extensively been investigated with the benchmark set of
Thiel and coworkers,8−10 leading to many following studies.
Benchmark studies have also been published for linear
response properties like NMR coupling constants.11−14
Many studies of polarizabilities have been carried out using
response theory methods. As coupled-cluster theory has
become a promising theory during the last several decades,
many studies have been carried out at this level of theory. The
hierarchical improvement of coupled-cluster methods has, for
example, been demonstrated for polarizabilities by a study of
Larsen et al.,15 showing that the performance improves in the
series CCS, CC2, CCSD, and CC3. Christiansen et al.16
showed that this systematic improvement also extends to
CCSDT. Several approximate coupled-cluster methods and
variants, for example, the Brueckner coupled-cluster method,17
have been developed from this theory. Furthermore, there has
been an increase in interest in second-order methods like the
second-order polarization propagator approximation
(SOPPA),18,19 CC2,20 or ADC(2),21,22 as higher-order
methods are, for larger systems, still greatly limited by
computing power. Also, the usage of coupled-cluster groundstate amplitudes in other theories such as SOPPA and ADC
theory has been proposed, leading to intermediate models like
SOPPA(CC2),12 SOPPA(CCSD),23,24 or CCD-ADC(2) and
CCSD-ADC(2).25,26
A study by Packer et al.27 showed that SOPPA performs
better than time-dependent Hartree−Fock (TDHF) for
frequency-dependent polarizabilities. This was also the case
in the study of static polarizabilities by Dalskov and Sauer,28
where they found an improvement of the methods in the series
TDHF < SOPPA < SOPPA(CCSD) < CCSD. The
observation that SOPPA is out-performed by SOPPA(CCSD)
for polarizabilities has also been made in several other
studies23,29−32 on small molecules. The improvement of the
SOPPA method by using the coupled-cluster amplitudes
inspired the study by Hodecker et al.,25 where the coupledcluster amplitudes were incorporated in the ADC(2) method
and tested primarily for excitation energies. No signiﬁcant
eﬀect was observed for most cases of smaller molecules, but the
performance for the diﬃcult case of ozone was improved in the
CCD-ADC(2) method. Similar to a previous SOPPA(CCSD)
study,24 no real eﬀect was found, in general, for singlet excited
states of aromatic organic molecules, but an improvement was
observed for triplet excited states. The study was expanded26 to
also test the larger coupled-cluster version of the method,
CCSD-ADC(2). In this study, the methods were tested for
polarizabilities of aromatic organic molecules because the cases
of, for example, benzene and pyridine had been shown to be
diﬃcult for the ADC method. The same tendency as for the
SOPPA method was shown, meaning the higher the order of
the coupled-cluster amplitudes, the more improved the
method becomes. Another approach to obtain results of high
precision for larger molecules is to lower the cost of
B
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SOPPA(CCSD), CC2, and CCSD methods, were obtained
with the DALTON program.63 The reference polarizabilities,
calculated with the CC3 method with the Sadlej basis set, were
also obtained with DALTON, whereas the CFOUR program64
was used for the reference values with the larger aug-cc-pVTZ
basis set. The SOPPA-based methods are, by derivation,
unrelaxed methods, but all coupled-cluster results were also
obtained with the unrelaxed approach to ensure the correct
pole structure, which is especially important for the dynamic
polarizabilities. The benchmarking is carried out for both static
and dynamic polarizabilities. The frequencies used in this study
were 632.8 nm (0.072003 au), HeNe laser, and 488.8 nm
(0.093215 au). They were chosen because they were
frequently found to be used in experiments in previous
literature. All polarizabilities reported in this work are isotropic
polarizabilities, that is, one-third of the trace of polarizability
tensor.

part of the molecular Hessian is evaluated only to the zeroth
order. Furthermore, two mixed methods have been included,
the SOPPA(CC2) and SOPPA(CCSD) methods. These
methods draw on the fact that the coupled-cluster wave
function is a better description of the electronic ground-state
wave function than the second-order Møller−Plesset theory.
The reference state in the expression for the polarization
propagator is thus approximated by a linearized coupledcluster wave function. This has essentially no inﬂuence on the
SOPPA equations but improves the description of the electron
correlation due to an improved wave function.
For the benchmark, the second-order methods should be
compared to a method of adequate performance. Thus, in this
study, the CC3 method59 has been used. Optimally, the full
CCSDT method60 should have been used, but this method, as
it now includes the full equations for the triple amplitudes, is
simply too expensive for the size of molecules studied in this
work. The CC3 method, on the contrary, takes advantage of
the same approximation as the CC2 method for the doubleamplitude equations by approximating the equation for the
triple amplitude. As expected, the CC3 method has been
shown to perform better than CCSD for frequency-dependent
polarizabilities.61

3. RESULTS AND DISCUSSION
In Section 3.1 there will be a discussion of the performance of
the diﬀerent basis sets studied in this work to ﬁnd the optimal
basis set for further usage. Section 3.2 will be a discussion of
ﬁnding appropriate reference values to use for benchmarking of
the second-order methods and how to obtain them in a feasible
way. In Section 3.3, the diﬀerent second-order methods will be
compared with the coupled-cluster method CC3 to test their
accuracy. At last, in Section 3.4, there will be a comparison
between experimental and calculated polarizabilities for a
smaller set of molecules.
3.1. Basis Set Eﬀects. For any calculation, a suﬃcient,
well-performing basis set is of high importance for the accuracy
of the results. Previously, it has been shown that the accuracy
of polarizabilities is highly dependent on the basis set.65,66 It
was proposed that a triple-ζ basis set contains enough basis
functions to perform suﬃciently. Because the polarizability is
the property in focus, diﬀuse functions should also be included
to better describe the long-range behavior. Second, it was
shown that the neglect of diﬀuse functions, which better
describe the electron correlation, leads to signiﬁcant errors
when calculating electronic properties.37 It was also found that
the aug-cc-pVDZ, aug-cc-pVTZ, and Sadlej’s cc-pVTZ basis
sets gave similar results, with the aug-cc-pVTZ basis set
performing best. Another study16 states that although the
diﬀuse functions are critical for polarizabilities, more than one
set is not needed, and one should instead go to higher cardinal
numbers. Thus, in the present study, the aug-cc-pVTZ basis set
is tested against both the smaller aug-cc-pVDZ basis set and
the larger aug-cc-pVQZ basis set to see how much is gained or
lost in accuracy by using the triple-ζ basis set over the larger or
smaller ones. Furthermore, the accuracy gained by employing
even more diﬀuse functions, using the d-aug-cc-pVTZ basis set,
is tested. Finally, also, a basis set specialized for polarizabilities,
Sadlej’s polarized triple-ζ basis set, is tested against the aug-ccpVTZ basis set. In this study, the test of the basis sets is
separately carried out for static and dynamic polarizabilities,
and both cases are calculated with the SOPPA method. All of
the results can be found in Tables S1 and S2.
For the separate static and dynamic cases, linear regressions
between the SOPPA/aug-cc-pVTZ results and the SOPPA
polarizabilities obtained with the other basis sets were
generated. Because all basis sets exhibit a good correlation
with the aug-cc-pVTZ basis set, not much can be seen from the
plots, which can be found in Figures S1 and S2. On the

2. COMPUTATIONAL DETAILS
The set of molecules in this study consists of 14 aromatic
medium-sized molecules, whose structures can be seen in
Figure 1. Geometries optimized at the MP2/6-31G(d) level for

Figure 1. Structures and names of the molecules used in this study.

benzene, furan, pyrrole, imidazole, pyridine, pyrimidine,
pyrazine, and pyridazine were taken from the literature.9 The
geometries of the remaining molecules were optimized at the
same level of theory using the Gaussian62 program. The level
of optimization was thus kept the same as in the Thiel
benchmark set for excitation energies8−10 for the current
polarizability benchmark to function as an extension. For the
study of the basis set dependence of the polarizabilities,
Dunning’s aug-cc-pVDZ, aug-cc-pVTZ, aug-cc-pVQZ, and daug-cc-pVTZ basis sets50−52 were used as well as Sadlej’s
polarized triple-ζ basis set.48,49
For the method benchmarking part of this study, the aug-ccpVTZ and Sadlej basis sets were used. The polarizabilities in
this study, calculated with the SOPPA, SOPPA(CC2),
C
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Table 1. Parameters in the Linear Regression y = ax + b of Static and Dynamic Polarizabilities (in au), Calculated with the
Given Basis Set (y) versus the Values Obtained with the aug-cc-pVTZ Basis Set (x)a
static

dynamic

basis set

a

b

R2

a

b

R2

aug-cc-pVDZ
aug-cc-pVQZ
d-aug-cc-pVTZ
Sadlej

0.9970
0.9976
1.0001
1.0018

0.4682
−0.1494
0.1005
0.4905

0.9999
1.0000
1.0000
0.9998

0.9960
0.9976
0.9998
1.0012

0.5387
−0.1616
0.1424
0.5916

0.9999
1.0000
1.0000
0.9997

a

Dynamic polarizabilities for the frequencies 0.072003 and 0.93215 au.

Table 2. Mean Deviations (in au) of the Static and Dynamic Polarizabilities Calculated with the Diﬀerent Basis Sets from the
aug-cc-pVTZ Resultsa
static

dynamic

basis set

mean

abs. mean

std. dev.

mean

abs. mean

std. dev.

aug-cc-pVDZ
aug-cc-pVQZ
d-aug-cc-pVTZ
Sadlej

0.27
−0.31
0.11
0.60

0.27
0.31
0.11
0.60

0.13
0.04
0.04
0.17

0.27
−0.32
0.13
0.67

0.27
0.32
0.13
0.67

0.15
0.05
0.05
0.23

a

Dynamic polarizabilities for the frequencies 0.072003 and 0.93215 au.

tional time further justiﬁes this. In the same way, the eﬀect of
adding more diﬀuse functions to the aug-cc-pVTZ, making it
double-augmented, is again also seen to give only a negligible
gain of accuracy. There is thus no need to use the extra
computational time necessary for using the d-aug-cc-pVTZ in
place of the aug-cc-pVTZ basis set. As for the static case,
Sadlej’s polarized triple-ζ basis set is again found to have a
lower R2 value than the aug-cc-pVDZ basis set and a larger
oﬀset for the correlation with the results of the aug-cc-pVTZ
basis set. However, the slope is again closer to 1, meaning that
the oﬀset could be corrected, and then this basis set would
perform comparably to the aug-cc-pVTZ basis set.
To look further into the performance of the diﬀerent basis
sets, mean and absolute mean deviations from the aug-ccpVTZ results were calculated for each basis set. They can be
found in Table 2, again separated for the static and dynamic
cases. The values prove that all of the basis sets perform rather
close to the aug-cc-pVTZ basis set because the deviations are
small compared with the size of the polarizabilities. Although
both d-aug-cc-pVTZ and aug-cc-pVQZ consist of more basis
functions than aug-cc-pVTZ, their results are again seen to
diﬀer only insigniﬁcantly from the aug-cc-pVTZ results. It can
be seen for both the static and dynamic cases that the aug-ccpVDZ results deviate less and have a smaller spread in the
deviation than the Sadlej’s basis set results. This might seem
unexpected, considering that Sadlej’s basis set contains more
basis functions than aug-cc-pVDZ. However, Sadlej’s basis set
has been found to be aﬀected by the near-linear dependence of
the response properties for larger molecules.67 Hence, the
molecules in this study might approach a large enough size for
this eﬀect to be become relevant.
Overall, aug-cc-pVTZ should give results of suﬃcient
precision for both the static and frequency-dependent cases
because there is not a great gain in accuracy using the larger
basis sets. There is, on the contrary, a small gain in using the
aug-cc-pVTZ over the aug-cc-pVDZ and Sadlej’s basis sets. For
this reason, the aug-cc-pVTZ basis set is used in this study.
The smaller basis sets can be adequate if a quicker estimate of
polarizabilities is needed.

contrary, the parameters from the linear regressions, which can
be found in Table 1, show the diﬀerences between the basis
sets more clearly. The parameters for the static case reveal that
all correlations are close to perfect and have only small oﬀsets
compared with the size of the polarizabilities, that is, at most
1%. The slope for the correlation between the aug-cc-pVDZ
and aug-cc-pVTZ basis sets is the one most deviating from 1,
and the oﬀset is rather large. This means that the accuracy of
the results will be less if the double-ζ basis set is used instead
of the triple-ζ basis set. For the correlation between the aug-ccpVQZ and aug-cc-pVTZ basis sets, the R2 value is perfect, the
slope is very close to 1, and the intercept is close to 0, that is,
slightly lower than 0. This shows that the gain in accuracy by
using the quadruple-ζ basis set instead of the triple-ζ basis set
is very small. Taking the longer computational time into
consideration, it is thus well justiﬁed to use the triple-ζ basis
set. The inclusion of even more diﬀuse functions in the d-augcc-pVTZ basis set is seen to have an insigniﬁcant eﬀect on the
results, as the correlation between the basis sets is almost
perfect. Therefore, there is no need to use the extra
computational time on the d-aug-cc-pVTZ basis set because
there is no improvement in the accuracy. Sadlej’s basis set is
seen to have the lowest R2 value, and the largest oﬀset for the
correlation with the aug-cc-pVTZ basis set. However, because
the slope deviates only 0.0018 from 1, the loss of accuracy
would be little if the oﬀset was corrected for. From this, it can
be concluded that because all basis sets perform similarly, for
the static polarizabilities of such systems, any of the basis sets
would give reliable results. Using the aug-cc-pVTZ instead of
the larger basis sets will have an insigniﬁcant eﬀect on the
accuracy of the results.
For the dynamic polarizabilities, the changes in the basis sets
are seen to have a slightly larger eﬀect, which may not be so
obvious from the plots in Figure S2 but can be observed by
looking at the values in Table 1. The aug-cc-pVQZ basis set is
again found to perform almost equally to the smaller aug-ccpVTZ basis set, with a perfect R2 value, a small oﬀset, and a
slope close to 1. It is thus more than justiﬁed to use the aug-ccpVTZ instead of the larger basis set because there is no real
gain in accuracy using the larger one. The lowered computaD
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Table 3. CC3 Static and Dynamic Isotropic Polarizabilities (in au) Obtained with Sadlej’s Basis Set and the aug-cc-pVTZ Basis
Set, aT, and by Estimating the aug-cc-pVTZ Values, (aT), from the Correlation in Equation 1
frequency (au)
0.000000

0.072003

0.093215

molecule

Sadlej

aTa

(aT)a

Sadlej

aTa

(aT)a

Sadlej

aTa

(aT)a

benzene
benzonitrile
furan
imidazole
oxazole
phenol
pyrazine
pyridazine
pyridine
pyrimidine
pyrrole
phosphole
thiazole
thiophene

68.76
86.28
48.69
49.50
43.47
74.69
59.09
58.97
63.64
58.23
55.01
74.18
59.35
64.37

68.49

68.28
85.66
48.36
49.17
43.19
74.15
58.68
58.56
63.19
57.83
54.64
73.65
58.93
63.91

71.16
89.60
50.14
51.00
44.63
77.38
61.16
60.87
65.77
60.05
56.87
77.60
61.22
66.55

70.86

70.66
88.94
49.80
50.65
44.35
76.82
60.73
60.45
65.31
59.64
56.48
77.04
60.79
66.08

72.96
92.13
51.23
52.11
45.48
79.43
62.78
62.33
67.38
61.42
58.27
80.32
62.61
68.20

72.63

72.44
91.45
50.88
51.76
45.20
78.85
62.34
61.89
66.91
61.00
57.86
79.74
62.17
67.72

48.34
43.18
58.83
58.73
57.81
54.47
73.52
58.87
63.85

49.75
44.32
60.89
60.62
59.62
56.25
76.85
60.69
65.98

50.80
45.16
62.50
62.07
60.98
57.59
79.51
62.05
67.58

a

aT stands for aug-cc-pVTZ

Table 4. SOPPA Static and Dynamic Isotropic Polarizabilities (in au) Obtained with the Basis Sets aug-cc-pVTZ and Sadlej
frequency (au)
0.000000

0.072003

0.093215

molecules

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

benzene
benzonitrile
furan
imidazole
oxazole
phenol
pyrazine
pyridazine
pyridine
pyrimidine
pyrrole
phosphole
thiazole
thiophene

71.52
89.47
50.69
51.29
45.28
78.33
61.31
61.17
66.29
61.09
56.92
77.05
61.82
66.75

70.96
89.00
50.05
50.61
44.78
77.59
60.92
60.79
65.79
60.64
56.06
76.06
61.24
66.07

74.42
93.60
52.40
53.04
46.65
81.77
63.87
63.14
68.90
63.38
59.06
81.13
64.10
69.37

73.79
93.13
51.68
52.28
46.11
80.95
63.50
63.53
68.37
62.91
58.09
80.03
63.47
68.61

76.63
96.86
53.69
54.36
47.68
84.48
65.99
65.14
70.91
65.17
60.70
84.51
65.85
71.38

75.96
96.40
52.92
53.54
47.10
83.61
65.65
65.50
70.36
64.68
59.64
83.32
65.18
70.57

3.2. CC3 Reference Values. For the benchmarking of any
method, the reference values should be of a higher level of
theory. Accordingly, in this study, the reference values are
calculated with the coupled-cluster method CC3, which is an
approximation of the full CCSDT model, where the equations
of the triple amplitudes are approximated at the lowest level of
perturbation theory. A huge disadvantage with this method is
its long computational time, which has prevented us from
obtaining CC3 results for some of the molecules in our
benchmark set using the aug-cc-pVTZ basis set. For these
molecules, benzonitrile, imidazole, phenol, and pyridine, the
reference values must thus be obtained from a smaller basis set.
From the statistical analysis of the basis sets, aug-cc-pVDZ was
found to deviate less from the aug-cc-pVTZ values than
Sadlej’s basis set. However, because the missing reference
values will be obtained as a function of the polarizability with a
smaller basis set, the slope of the linear correlation is
considered to be of higher importance. For this reason,
Sadlej’s basis set is chosen over aug-cc-pVDZ despite the
statistical analysis. We will thus obtain the aug-cc-pVTZ value

as a function of Sadlej’s value. The correlation between the
CC3 results obtained with Sadlej’s and the aug-cc-pVTZ basis
sets, for both the static and dynamic polarizabilities, was found
to be of the linear expression
y = 0.9919x + 0.0693, (R2) = 0.9997

(1)

The polarizabilities obtained with both basis sets correlate
nicely, with an R2 value close to 1 and a small oﬀset.
Table 3 shows the CC3 polarizabilities obtained with the
aug-cc-pVTZ and Sadlej’s basis sets. The individual tensor
components of the polarizability for this method and these two
basis sets can be found in Tables S3−S8. In Table 3, in the
column (aT), the “pseudo” aug-cc-pVTZ values, obtained with
eq 1 from the corresponding Sadlej basis set results, are shown.
These values are, as previously mentioned, used for the
molecules where the polarizabilities were not obtained with the
aug-cc-pVTZ basis set. As can be seen from comparing the
“real” aug-cc-pVTZ results in column aT with the “pseudo”
triple-ζ results in column (aT), this approach gives almost the
same polarizabilities with only slight deviations. For the static
E
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Table 5. SOPPA(CC2) Static and Dynamic Isotropic Polarizabilities (in au) Obtained with the Basis Sets aug-cc-pVTZ and
Sadlej
frequency (au)
0.000000

0.072003

0.093215

molecules

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

benzene
benzonitrile
furan
imidazole
oxazole
phenol
pyrazine
pyridazine
pyridine
pyrimidine
pyrrole
phosphole
thiazole
thiophene

71.27
89.04
50.52
51.18
45.13
77.96
61.16
60.99
66.05
60.76
56.70
76.70
61.80
66.52

70.91
88.75
50.05
50.66
44.78
77.44
60.91
60.75
65.73
60.48
56.05
75.98
61.44
66.07

74.13
93.09
52.20
52.91
46.49
81.34
63.68
63.06
68.62
63.01
58.82
80.71
64.07
69.10

73.71
92.78
51.66
52.32
46.09
80.74
63.43
63.32
68.26
62.70
58.06
79.88
63.66
68.58

76.31
96.26
53.47
54.22
47.50
84.00
65.75
64.98
70.60
64.75
60.43
84.00
65.81
71.09

75.85
95.95
52.88
53.57
47.07
83.34
65.52
65.23
70.21
64.42
59.58
83.09
65.35
70.50

Table 6. SOPPA(CCSD) Static and Dynamic Isotropic Polarizabilities (in au) Obtained with the Basis Sets aug-cc-pVTZ and
Sadlej
frequency (au)
0.000000

0.072003

0.093215

molecules

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

benzene
benzonitrile
furan
imidazole
oxazole
phenol
pyrazine
pyridazine
pyridine
pyrimidine
pyrrole
phosphole
thiazole
thiophene

69.67
87.23
49.28
50.06
44.04
76.03
59.84
59.61
64.59
59.47
55.59
75.17
60.19
65.07

69.69
87.45
49.04
49.74
43.86
75.90
59.91
59.68
64.58
59.43
55.21
74.81
59.95
64.82

72.57
91.45
50.94
51.78
45.38
79.48
62.52
62.16
67.22
61.78
57.71
79.25
62.43
67.64

72.62
91.80
50.68
51.44
45.19
79.38
62.70
62.02
67.26
61.77
57.27
78.91
62.19
67.38

74.80
94.82
52.20
53.09
46.39
82.24
64.80
64.36
69.28
63.59
59.34
82.65
64.16
69.64

74.88
95.31
51.92
52.72
46.19
82.18
65.16
64.08
69.37
63.63
58.85
82.36
63.92
69.36

Table 7. CC2 Static and Dynamic Isotropic Polarizabilities (in au) Obtained with the Basis Sets aug-cc-pVTZ and Sadlej
frequency (au)
0.000000

0.072003

0.093215

molecules

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

benzene
benzonitrile
furan
imidazole
oxazole
phenol
pyrazine
pyridazine
pyridine
pyrimidine
pyrrole
phosphole
thiazole
thiophene

72.29
90.05
51.10
51.97
45.69
79.23
62.23
62.06
67.03
61.51
57.48
77.67
62.57
67.33

71.85
89.65
50.60
51.39
45.29
78.63
61.87
61.73
66.61
61.14
56.76
76.87
62.11
66.80

74.91
93.60
52.66
53.60
46.95
82.24
64.47
64.14
69.37
63.52
59.44
81.23
64.62
69.67

74.41
93.17
52.09
52.94
46.51
81.58
64.08
63.77
68.91
63.12
58.63
80.32
64.12
69.06

76.88
96.31
53.81
54.81
47.87
84.55
66.21
65.73
71.13
65.04
60.92
84.05
66.16
71.42

76.33
95.85
53.20
54.10
47.40
83.83
65.81
65.35
70.64
64.61
60.03
83.05
65.61
70.75

F
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Table 8. CCSD Static and Dynamic Isotropic Polarizabilities (in au) Obtained with the Basis Sets aug-cc-pVTZ and Sadlej
frequency (au)
0.000000

0.072003

0.093215

molecules

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

Sadlej

aug-cc-pVTZ

benzene
benzonitrile
furan
imidazole
oxazole
phenol
pyrazine
pyridazine
pyridine
pyrimidine
pyrrole
phosphole
thiazole
thiophene

69.40
86.49
48.90
49.70
43.65
75.33
59.53
59.36
64.20
58.80
55.30
74.90
59.71
64.82

69.15
86.26
48.52
49.19
43.31
74.90
59.28
59.12
63.91
58.50
54.72
74.27
59.23
64.34

71.75
89.65
50.30
51.15
44.77
77.95
61.54
61.19
66.28
60.59
57.11
78.26
61.52
66.95

71.46
89.40
49.88
50.58
44.40
77.46
61.27
60.93
65.97
60.25
56.45
77.52
60.98
66.39

73.50
92.05
51.35
52.22
45.59
79.93
63.09
62.58
67.84
61.92
58.46
80.92
62.87
68.54

73.17
91.78
50.88
51.61
45.20
79.40
62.81
62.29
67.50
61.56
57.74
80.10
62.28
67.93

case, the absolute mean deviation is 0.11 au, and the largest
deviation is found for benzene, with a deviation of 0.31% from
the aug-cc-pVTZ value. For the dynamic case, the absolute
mean deviation is 0.14 au, with pyrrole at 0.093215 au having
the largest deviation of 0.47%.
To verify that the slope is of more importance when
predicting values from a linear ﬁt, the same approach was
applied to the aug-cc-pVDZ basis set results. The CC3
polarizabilities obtained with the aug-cc-pVDZ basis set can be
found in Table S9. It was found that the aug-cc-pVTZ values
predicted from the aug-cc-pVDZ values deviated more from
the true aug-cc-pVTZ values. For the static case, the absolute
mean deviation was 0.45 au, with pyrimidine having the largest
deviation of 0.95% from the true value. For the dynamic case,
the absolute mean deviation was 0.43 au, with the most
deviating result belonging to pyrimidine at 0.072003 au with a
0.92% deviation.
It can thus safely be concluded that for such predictions, the
slope is of higher importance for the accuracy. Because the
deviations for Sadlej’s polarized triple-ζ basis set are relatively
small, the basis set is found to be a valuable alternative in
combination with the CC3 method instead of using a larger
basis set with a method of a lower level of theory.
3.3. Benchmarking of Methods. Having found appropriate reference values (Table 3), the performance of diﬀerent
second-order methods is now investigated using the aug-ccpVTZ basis set. Values of the polarizabilities obtained from the
diﬀerent methods using the aug-cc-pVTZ and Sadlej basis sets
can be found in Tables 4−8.
In Figure 2, the mean and absolute mean deviations of the
results of the diﬀerent methods from the CC3 results are
shown for the static case. The numerical values for the
deviations can be seen in Table 9. The method giving the
results that deviate most from the CC3 results is found to be
CC2, with a mean deviation of 3.06 ± 0.68 au. One might have
expected CC2 to perform worse than CCSD, with a mean
deviation of 0.45 ± 0.24 au, because the equations for the
double amplitudes are in CC2 approximated based on Møller−
Plesset theory. However, this is in contrast with the previous
results for singlet excitation energies,8−10 where CC2, on
average, performed better than CCSD in comparison with
CC3. SOPPA is found to yield results that deviate less from the
CC3 reference values than CC2, with a mean deviation of 2.30

Figure 2. Deviation from CC3 results for static polarizabilities (in au).

± 0.61 au, which suggests using SOPPA instead of CC2 for
calculations of polarizabilities. A similar better performance of
SOPPA than CC2 in comparison with CCSD values was also
previously found for NMR spin−spin coupling constants.12 For
vertical excitation energies, on the contrary, CC2 has been
shown to yield results in clearly better agreement with CC3
results than SOPPA.24,68,69 It is then seen for the mixed
methods, SOPPA(CC2) and SOPPA(CCSD), that the SOPPA
results are improved by using the coupled-cluster amplitudes in
the wave functions instead of the Møller−Plesset correlation
coeﬃcients, making SOPPA(CC2), with a mean deviation of
2.26 ± 0.55 au, slightly better than SOPPA and making
SOPPA(CCSD) the best, with a mean deviation of 1.12 ± 0.39
au. The fact that the mean and absolute mean deviation are the
same for the SOPPA, SOPPA(CC2), SOPPA(CCSD), and
CC2 methods shows that all of these methods consistently
overestimate the CC3 static polarizabilities.
The same overall performance of the methods is also
observed for the frequency-dependent polarizabilities, which
can be seen in Figure 3 and in Table 9. However, the
diﬀerences in performances between CC2 and the SOPPA
methods are less pronounced here; CC2’s mean deviation is
3.27 ± 0.76 au versus 2.97 ± 0.89 au for SOPPA, 2.86 ± 0.79
au for SOPPA(CC2), and 1.89 ± 0.79 au for SOPPA(CCSD).
Furthermore, the mean deviations are actually larger than those
for the static polarizabilities. CCSD still leads to the results
closest to the CC3 results, with an actually smaller mean
deviation of 0.34 ± 0.23 au than for the static polarizabilities.
The mean and absolute mean deviations here again show that
these methods mostly overestimate the CC3 results. The
G
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Table 9. Deviations in Static and Dynamic Polarizabilities (in au) of All Methods with Respect to the CC3/aT or CC3/(aT)
Resultsa
static

dynamic

method

mean

abs. mean

std. dev.

mean

abs. mean

std. dev.

SOPPA
SOPPA(CC2)
SOPPA(CCSD)
CC2
CCSD

2.30
2.26
1.12
3.06
0.45

2.30
2.26
1.12
3.06
0.45

0.61
0.55
0.39
0.68
0.24

2.97
2.86
1.89
3.27
0.34

2.97
2.86
1.89
3.27
0.35

0.90
0.79
0.79
0.76
0.23

a

Dynamic polarizabilities for the frequencies 0.072003 and 0.93215 au.

Figure 3. Deviation from CC3 results for frequency-dependent
polarizabilities (in au). The dynamic polarizabilities are of frequencies
0.072003 and 0.93215 au.

Figure 5. Deviations from only true CC3/aug-cc-pvTZ results for
dynamic polarizabilities (in au). The dynamic polarizabilities are of
frequencies 0.072003 and 0.93215 au.

exception is the frequency-dependent polarizabilities of
imidazole calculated with the CCSD method. Unlike all
other cases, here the CCSD method underestimates the
polarizability compared with the value obtained from CC3,
which can be seen in Table 8.
Because few of the reference CC3 polarizabilities are not
true aug-cc-pVTZ values but are obtained through eq 1 from
results using the Sadlej basis set, the previous discussion is not
a completely true analysis of the methods. For that reason, the
same analyses is made here again for all methods using only the
true CC3/aug-cc-pVTZ values. Although this will represent
the methods better because they are compared on exactly the
same level (aug-cc-pVTZ), it is worth remembering that the
test set is now smaller. Figures 4 and 5 show the mean

the pseudo values are included in the analyses. It can also be
seen that the diﬀerence in the methods is slightly smaller, more
so for the dynamic polarizabilities. The fact that the hierarchy
is the same whether or not the pseudo CC3/aug-cc-pVTZ
values are included in the analyses shows that the pseudo
polarizabilities can be used to rank the performance of the
diﬀerent methods. Furthermore, the fact that the deviations are
slightly higher for the comparison including the pseudo values
could simply be due to the larger data set.
From the analyses, both excluding and including the pseudo
CC3/aug-cc-pVTZ polarizabilities, it can be concluded that for
both static and dynamic polarizabilities it is justiﬁed to prefer
SOPPA over CC2 because it yields results closer to the CC3
results. Both SOPPA and CC2 have an N5 scaling, which
makes the methods formally equally demanding. However,
there are diﬀerences in the size and the number of sets of the
inhomogeneous linear equations, which have to be solved in
the two methods. Furthermore, in general, optimized
implementations of the CC2 method in diﬀerent quantumchemical computer programs have attracted more attention.
Exploiting, for example, the resolution of the identity
approximation,34 leading to RI-CC2,35 signiﬁcantly reduces
the spent CPU time. A comparison of timings between such an
optimized CC2 implementation and our standard SOPPA
implementation is therefore not meaningful. Had the
implementation of the SOPPA method received as much
attention, SOPPA calculations with a tuned SOPPA program
could potentially run as fast as CC2 calculations with current
RI-CC2 programs. For even closer agreement with the CCSD
or CC3 results, the ground-state amplitudes of the coupledcluster methods can be used in the SOPPA approach, leading
to the SOPPA(CC2) or SOPPA(CCSD) methods. The order
of increasing performance is thus CC2 < SOPPA <
SOPPA(CC2) < SOPPA(CCSD) < CCSD. It is worth
mentioning that these mixed methods, SOPPA(CC2) and

Figure 4. Deviations from only true CC3/aug-cc-pvTZ results for
static polarizabilities (in au).

deviations for the diﬀerent methods from only the CC3
polarizabilities, which were obtained with the aug-cc-pVTZ
basis set. The numerical values from the ﬁgures can be found
in Table 10. At a ﬁrst glance of the ﬁgures, the hierarchy of the
methods is seen to be unchanged for both the static and
dynamic polarizabilities. It is observed that the mean
deviations, excluding the pseudo values, are lower than when
H
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Table 10. Deviations in Static and Dynamic Polarizabilities (in au) of All Methods with Respect to the True CC3/aT Results
Onlya
static

dynamic

method

mean

abs. mean

std. dev.

mean

abs. mean

std. dev.

SOPPA
SOPPA(CC2)
SOPPA(CCSD)
CC2
CCSD

2.13
2.12
1.02
2.88
0.42

2.13
2.12
1.02
2.88
0.42

0.40
0.38
0.26
0.48
0.20

2.76
2.68
1.71
3.06
0.33

2.76
2.68
1.71
3.06
0.33

0.62
0.57
0.59
0.52
0.19

a

Dynamic polarizabilities being of frequencies: 0.072003 and 0.93215 au.

Table 11. Static Experimental Polarizabilites (in au): Absolute Deviations from Experimental Values (in au) for the Diﬀerent
Methodsa
molecule

exp. value

SOPPA

SOPPA(CC2)

SOPPA(CCSD)

CC2

CCSD

CC3

benzene
pyrrole
thiophene
furan
pyridine
pyrimidine
pyrazine
pyridazine
mean abs. dev.

67.48b
53.47c
65.18d
48.59e
64.11f
59.35f
60.62f
59.32f

3.48
2.59
0.89
1.46
1.68
1.29
0.30
1.47
1.65

3.43
2.58
0.89
1.46
1.62
1.13
0.29
1.43
1.60

2.21
1.74
0.36
0.45
0.47
0.08
0.71
0.36
0.80

4.37
3.29
1.62
2.01
2.50
1.79
1.25
2.41
2.40

1.67
1.25
0.84
0.07
0.20
0.85
1.34
0.20
0.80

1.01
1.00
1.33
0.25
0.94
1.54
1.79
0.59
1.05

a

Polarizabilities are calculated with the aug-cc-pVTZ basis set. bSee ref 45. cSee ref 71. dSee ref 72. eSee ref 72. fSee ref 73.

Table 12. Dynamic Polarizabilities (in au): Absolute Deviations from Experimental Valuesa
frequency: 0.072003 au
molecule
furan
thiophene
mean abs. dev.

exp. value

SOPPA

SOPPA(CC2)

SOPPA(CCSD)

CC2

CCSD

CC3

±
±
±
±

2.58
2.58
3.41
3.71
3.07

2.56
2.56
3.38
3.68
3.04

1.58
1.58
2.18
2.48
1.95

2.99
2.99
3.86
4.16
3.50

0.78
0.78
1.19
1.49
1.06

0.65
0.65
0.78
1.08
0.79

49.1
49.1
65.2
64.9

2.2b
0.5b
2.1c
0.6c

a

Polarizabilities are calculated with the aug-cc-pVTZ basis set. bSee ref 74. cSee ref 75.

on average, closest to the experimental values with an absolute
mean deviation of 0.80 au. SOPPA (absolute mean deviation
1.65 au) performs better than CC2 (2.40 au), and the
performance of the SOPPA method can be further improved
by using the mixed methods: SOPPA(CC2) (1.60 au) of
SOPPA(CCSD) (0.80 au). SOPPA(CCSD) is, in this
comparison, thus performing as good as CCSD, on average.
This tendency is similar to the one observed in the study by
Hodecker et al.,26 which showed the same tendency of
improving the results when the CC amplitudes were included
in ADC second-order methods. They also found that the
implementation of the CC amplitudes for similar systems
lowered the polarizability, thus reducing the deviations from
experiment. The CC3 results, compared with experimental
values, are, however, not the closest ones, with an absolute
mean deviation of 1.05 au. The performance is very close to
CCSD and SOPPA(CCSD) but does have the largest absolute
mean deviation of the three methods. This unexpected
performance of CC3 in comparison with the experimental
values could be a consequence of missing vibrational
corrections in the calculation, which have a greater inﬂuence
on the static case, as there exists a purely vibrational
contribution. These purely vibrational contribution can,
however, be neglected in the dynamic case. A second reason
for the deviations might be the geometries of the molecules,

SOPPA(CCSD), require more CPU time than SOPPA in the
calculation of the wave-function amplitudes but are still faster
than their corresponding coupled-cluster methods, CC2 and
CCSD, assuming a comparable implementation. Whereas this
is true for the molecules studied here, the diﬀerence in timing
between SOPPA(CCSD) and CCSD is not guaranteed to
remain the same for larger molecules. The calculation of the
response functions of SOPPA(CCSD) scales as SOPPA, that
is, N5, but the calculation of the wave-function amplitudes
scales as N6. For larger molecules, the amplitude scaling could
start to dominate, thus decreasing the diﬀerence in CPU time
between SOPPA(CCSD) and CCSD.70
3.4. Comparison with Experiment. Experimental values
for static polarizabilities were found for benzene, pyrrole,
thiophene, furan, pyridine, pyrimidine, pyrazine, and pyridazine. For furan and thiophene, we also found two experimental
values for the frequency 0.072003 au. The calculated
polarizabilities, with the aug-cc-pVTZ basis set, are then
compared with the experimental values to obtain an alternative
criteria for the accuracy of the diﬀerent theoretical methods. In
Table 11, the absolute deviations of the diﬀerent methods can
be seen for the static polarizabilities. From the absolute mean
deviations, the second-order methods are found to show the
same trend as when compared with the calculated CC3 values.
The CCSD method along with SOPPA(CCSD) yields results,
I
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pVTZ basis set, but linear correlations showed that Sadlej’s
basis set had a slope closer to 1 with the aug-cc-pVTZ basis set
than with the aug-cc-pVDZ basis set. Thus for a wellperforming basis set for both static and frequency-dependent
polarizabilities, the aug-cc-pVTZ was found to be adequate.
For a small set of the molecules, a comparison of calculated
polarizabilities with experimental values was made. Although
the set was small, the tendency for the second-order methods
does point toward the same tendency, as is seen when the
reference values are CC3 polarizabilities.

which, in this study, were optimized at only the MP2/631G(d) level.
In Table 12, the absolute deviations for furan and thiophene
are shown for the dynamic polarizabilities. Here the same
order of performance is seen as for the static case, apart from
the fact that the CC3 method is now reproducing the
experimental values the best. It is worth noticing that the
experimental values for furan and thiophene in cyclohexane
solutions have larger uncertainties, whereas for the pure
solvents, the uncertainties are smaller. This illustrates the eﬀect
of the solvent, which is neglected in the calculations.
The test set of molecules here is much too small to be truly
representative, and thus the tendency could change if more
molecules were included. Nevertheless, although the test set is
small for testing the performance of the methods against
experimental values, it does point to a conclusion. It seems that
the trend in the performance of the second-order methods is
the same independent of whether the reference data are
calculated CC3 values or experimental data. However, to surely
prove this, the set of experimental values needs to be expanded.
Another question that should be considered is whether the
experimental values are even really representative. For the
experimental polarizabilities, multiple factors can have an
inﬂuence on the value as uncertainty on the apparatus used,
purity of the product, solvent eﬀects, or vibrational averaging
corrections. All of these factors are not accounted for in our
calculated polarizabilities. Furthermore, the ground-state
structure of the molecule could have a big inﬂuence on the
calculated polarizability, which, in our case, was optimized at
only the MP2/6-31G(d) level. For these reasons, a comparison
of calculated and experimentally obtained polarizabilities is not
truly based on the same assumptions.
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obtained with the aug-cc-pVDZ basis and the “pseudo”
aug-cc-pVTZ values predicted from the aug-cc-pVDZ
basis set. Figure S1. Linear correlations described in
Table 1 for static polarizabilities. Figure S2. Correlations
from the same table for the dynamic polarizabilities
(PDF)
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