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Summary
This thesis deals with theoretical and numerical modelling of microscopic semiconductor lasers, with the perspective of applications in on-chip optical interconnects, signal processing and sensing at a microscopic scale. The primary focus
is a particular kind of photonic crystal laser, known as the Fano laser. It is explained how this Fano laser is realised by replacing a conventional non-dispersive
mirror by a highly dispersive and tunable one based on Fano interference between a continuum of modes and a single, discrete mode.

This novel type of

mirror leads to rich physics, with analysis revealing a number of exciting properties of Fano lasers.
Computational models are developed to describe both the stationary and dynamical behaviour of Fano lasers.

The rst method, described in chapter 2,

consists of full 3D vectorial solutions of Maxwell's equations in the time domain
using the nite-dierence time-domain method, including for the rst time also
the eect of the active material, leading to lasing. These are primarily used for
proof-of-concept example simulations due to their computational demands, but
also show promise for more rigorous investigations in future work.
The second method, developed in chapter 3, consists of calculating stationary
solutions from a conventional oscillation condition, and deriving a dynamical
model from coupling of a transmission-line description and temporal coupledmode theory, based on the stationary solutions. This leads to a exible ordinary
dierential equation (ODE) model, adaptable to the applications of interest. It
is also shown how this method can be transformed into an iterative travellingwave method, resolving the time-resolution limitation and providing a wide
range of accuracy.
The ODE model is used in chapter 4 to analyse the small-signal response of
Fano lasers, revealing how the relaxation oscillation frequency depends on the
Fano mirror quality factor, leading to behaviour not observed in conventional
Fabry-Perot lasers.

This leads to a highly-damped intensity modulation re-

sponse, promising improved feedback stability and improved noise properties.
The small-signal analysis also reveals an essentially unlimited frequency modulation bandwidth with generation of a pure frequency modulated signal by
modulation of the nanocavity resonance frequency.
The feedback stability of Fano lasers is analysed in chapter 5 by extending the
ODE model as a generalisation of the conventional Lang-Kobayashi model, and
it is shown numerically and analytically how Fano lasers suppress coherence collapse, with a critical feedback level orders of magnitude larger than comparable
Fabry-Perot lasers.

This is a crucial property for on-chip applications, where

optical isolators are impractical.

In order to contextualise this investigation,

a more general study of how feedback properties depend on the device size is
carried out. This reveals that the Lang-Kobayashi description is valid in most
cases, and that the most important factor in the feedback stability of a device

ii
is the net gain at which it operates, independent of the device size.
Due to the highly dispersive reectivity, Fano lasers are ideal candidates for
switching schemes and pulse generation by tuning of the nanocavity resonance.
This is the subject of study in chapter 6, which describes pulse generation using
cavity dumping and active Q-switching, and investigates a specic example of
applications of Fano lasers in neuromorphic photonic computing.
Finally, chapter 7 deals with inclusion of slow-light eects in the Fano laser models, an eect which can be highly important in the photonic crystal platform.
Based on a coupled-Bloch-mode approach, the Fano laser model is extended to
include slow-light eects to rst order, and it is shown how this changes the
stationary solutions.
Chapter 8 concludes on the work and provides perspectives for future research
and applications.

Resumé
Denne afhandling behandler teoretisk og numerisk modellering af mikroskopiske halvlederlasere, med perspektiver i deres anvendelse på microchips, som hhv.
optiske forbindelser, til signalbehandling og mikro-skala metrologi. Det primære
fokus er en specik form for fotonisk krystal-laser, kendt som en Fano laser.
Det forklares hvorledes en sådan Fano laser realiseres ved at erstatte et konventionelt, ikke-dispersivt fotonisk krystal-spejl med et dispersivt og tun-bart
spejl baseret på Fano interferens mellem et kontinuum af tilstande og en enkelt,
diskret tilstand. Denne nyskabende form for spejl resulterer i rig fysik, og analyser afslører et antal lovende egenskaber af Fano lasere.
Beregningsmodeller udvikles til at beskrive både de stationære og dynamiske
egenskaber af Fano lasere. Den første metode, beskrevet i kapitel 2, består af
komplette vektorielle løsninger af Maxwell's ligninger i 3 dimensioner i tidsdomænet, ved hjælp af nite-dierence time-domain-metoden. Disse beregninger
inkluderer for første gang også eekten af aktivt materiale, hvilket leder til laseroperation. Denne type modeller benyttes primært til proof of concept eksempelberegninger grundet deres beregningsressourcekrav, men der er også lovende
indikationer af mere omfattende anvendelse i fremtidige undersøgelser.
Den anden metode, udviklet i kapitel 3, består af beregning af stationære løsninger ud fra en konventionel oscillationsbetingelse, hvorfra en dynamisk model udledes, baseret på teori for koblede tilstande og en transmissionslinje-beskrivelse.
Dette resulterer i en eksibel model, bestående af ordinære dientialligninger,
som kan tilpasses forskellige anvendelser. Det vises også hvordan denne metode
kan transformeres til en iterativ rejsende bølge-metode, hvilket løfter begrænsningen på den tidslige opløsning og giver mulighed for bred anvendelse.
Dierentialligningsmodellen benyttes i kapitel 4 til at analysere småsignalresponset af Fano lasere, hvilket afslører hvordan relaksationsoscillationsfrekvensen afhænger af kvalitetsfaktoren for Fano-spejlet, resulterende i opførsel, der
ikke ses i konventionelle Fabry-Perot lasere. Dette fører til et stærkt dæmpet
intensititetsmodulationsrespons, hvilket indikerer bedre stabilitet mod ekstern
feedback og bedre støjegenskaber for Fano lasere. Småsignalanalysen afslører
også en frekvensmodulationsbåndbredde, der i praksis er ubegrænset og fører
til generation af et rent frekvensmoduleret signal ved hjælp af modulation af
nanokavitetens resonansfrekvens.
Feedback-stabiliteten af Fano lasere analyseres i kapitel 5 ved at udvide dierentialligningsmodellen til en generalisering af den konventionelle Lang-Kobayashi
model, og det vises numerisk og analytisk hvorledes Fano lasere undertrykker
kohærens-kollaps, med et kritisk feedback niveau ere størrelsesordener højere
end for sammenlignelige Fabry-Perot lasere. Dette er en afgørende egenskab for
anvendelse på mikrochips, hvor man ikke kan integrere en optisk isolator. For
at kontekstualisere denne undersøgelse suppleres med et mere generelt studium
af, hvordan feedback-egenskaber afhænger af laserens størrelse. Her vises det,

iv
at Lang-Kobayashi-beskrivelsen er valid i de este tilfælde, og at den vigtigste
faktor for feedback-stabilitet er den eektive forstærkning, der opereres ved,
uafhængigt af laserens størrelse.
På grund af det meget dispersive spejl er Fano lasere ideelle kandidater til pulsgenerering ved tuning af nanokavitetsresonansen. Dette undersøges i kapitel 6, som
beskriver pulsgenerering ved hjælp af velkendte teknikker som Cavity dumping
og Active Q-switching, og undersøger et specikt anvendelseseksempel, implementering af en ikke-lineær aktiveringsfunktion til fotonisk neuromorf computing ved hjælp af Fano lasere.
Endelig beskæftiger kapitel 7 sig med inklusion af langsomt lys i Fano lasermodellerne, hvilket kan være vigtigt i den fotoniske krystal-platform. Ved hjælp
af en tilgang baseret på koblede-Bloch-tilstande udvides Fano laser-modellen til
også at inkludere langsomt lys til første orden, og det vises hvordan det ændrer
de stationære løsninger.
Kapitel 8 konkluderer på arbejdet, og giver perspektiver for fremtidig forskning
i, og anvendelse af, Fano lasere.
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Chapter 1

Introductory material
1.1

Motivation and historical background

Semiconductor lasers have been, and continue to be, a key enabling technology
for the evolution of the modern information-centred society.

Initially used in

a variety of applications, such as dvd-players, scanners and sensors [1], these
applications were soon dwarfed by the potential of long-range optical communication, combining semiconductor lasers and optical bres [2]. This combination
continues to enable the growth of the internet and connectivity, which shows no
signs of slowing down [3]. In fact, the optical data transmission scheme is so ecient that it is now also the technology of choice in short-range communication,
such as within data centres, racks and even individual transceivers. The reason
for this is that the competing technology, transmission of electrical signals, is
a highly lossy process due to resistive heating, and so, where technologically
feasible, it is benecial to transition into optical data transmission [4].
The limitations imposed by resistive heating are becoming so severe that computing power and processing speed are beginning to struggle with heat dissipation even on-chip [5].

In fact, a large majority of the energy consumption

of modern processors stems from transfer of data, rather than carrying out the
logical operations in data processing. This is a major problem in the context of
heavily increasing demands on both data transfer rates and amounts, but also
available computing power. With the meteoric rise of machine learning, deep
learning, and comparable computation-based technologies, demand for computing power has never been larger, and only continues to rise, leading to enormous
energy consumption worldwide [3].
The solution to this is to enable on-chip optical communication, with an architecture consisting of electrical processing and optical data transfer [6]. In order
to realise this, one must nd a way to convert an electrical signal into a coherent
optical signal for transmission, and the solution is of course the same as in the
macroscopic scheme: the laser. Thus, one might simply say that the task is to
design suitable microscopic lasers for integrated data transfer. In reality, it is
more complicated. In particular, one must be able to realise not just sources
(the lasers), but also waveguides, modulators, and detectors [4]. Without all of
these elements simultaneously available, such an on-chip information network
cannot be realised. Furthermore, these devices must be extremely fast, stable,
and energy ecient in order to compete with the fully-matured electronic technology, and nally, they must be CMOS-compatible for integration on silicon
with the electronic signal processing functionalities [6].
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Ultimately, this forms a challenging technological problem, which continues to
drive research [7], with continuous improvements in down-scaling of the macroscopic optical interconnects leading to a gradual replacement of electrical interconnects, as the so-called photonic integrated circuits improve and mature. Due
to the enormous design space and wide-ranging possibilities, a huge number of
dierent solutions have been suggested, while the design challenges mean that
it is necessary to limit oneself to specic devices and elements. In this work, the
focus is on design of the microscopic lasers to be used as sources for the optical
interconnects, which even by itself, is an enormous eld.
On-chip semiconductor lasers come in a variety of forms, including conventional
Fabry-Perot lasers [1], Vertical cavity surface emitting lasers (VCSELs) [8], distributed Bragg reector (DBR) lasers [9], distributed feedback (DFB) lasers [10],
micro-ring lasers [11], micro-disk lasers [12], and photonic crystal lasers [13]. Beyond the dierent types of cavities, there is also the possibility of varying the
active material.

Here the typical options are bulk [1], quantum-well [14] and

quantum dots [15], all with dierent advantages and drawbacks. Furthermore,
there are numerous more exotic types of microscopic lasers, even approaching the nano-scale.

Examples include nanopillar lasers [16], plasmon-based

"spasers" [17], and single-cell photonic crystal lasers [18].

Ref.

19 provides

an excellent review of semiconductor nanolasers for on-chip communication. In
the following section, photonic crystal lasers are treated in more detail, as the
enabling platform for the work in the remainder of the thesis.

1.2

Photonic crystal lasers

Beginning with the work of Ref. [13], research into photonic crystal lasers blossomed due to their potential for realisation of many of the attributes necessary
for applications in on-chip interconnects. In the following years, ultra-small devices were demonstrated [18], as well as electrically pumped lasers with GHz
modulation bandwidths [2022], and even approaching 100 GHz [23].

In re-

cent years, photonic crystal lasers with III-V active material have also been
successfully integrated onto silicon [24, 25], drastically increasing application
potential. Other interesting works include demonstrations of rich dynamics in
coupled-cavity structures [26] and even applications in macroscopic, industrialscale photonic-crystal based VCSELs for achieving ultra-high brightness [27].

Figure 1.1: Schematics of photonic crystal (a) line-defect laser
(b) shows the power reectivity of the two kinds of mirrors.

and

(c)

Fano laser.

1.2 Photonic crystal lasers

3

The basic concept of a photonic crystal laser is simple. A photonic crystal is
formed by drilling a periodic arrangement of air holes in a dielectric membrane,
and this crystal has a two-dimensional band-gap where a range of frequencies are
unable to propagate due to destructive interference in the periodic array [28].
If a single hole, or a number of holes is omitted, or the periodic structure is
simply perturbed, one can form a cavity, where light is conned due to the
band-gap. If such a structure is membranised, total internal reection can provide the optical connement in the vertical direction, leading to high quality
cavities.

Due to the exibility of the design, there is a signicant parameter

space for optimisation of these cavities, and it has been demonstrated how such
cavities can achieve ultra-high quality factors with careful design [29, 30], as well
as tunable resonance frequencies [31], and enhanced spontaneous emission rates
due to a high Purcell factor [32]. With such a cavity formed, the nal step in
making a laser is integration of active material. Most commonly this is either
as a localised buried heterostructure inside the cavity [21], or as an embedded
layer of quantum dots throughout the membrane [33].
One of the most commonly investigated photonic crystal lasers is the line-defect
laser, in which the cavity is formed by removing a row of holes in the photonic
crystal lattice, and active material is embedded in the cavity, as illustrated in
gure 1.1

(a).

Generally this structure is well-understood, with most behaviour

similar to conventional Fabry-Perot lasers, including in particular a generally

(b).

non-dispersive mirror reectivity [34], as sketched in gure 1.1

The most

important characteristics are the ability to achieve ultra-small threshold pump
rates due to the small volume and high quality factor, while simultaneously
achieving modulation bandwidths in the range of few tens of GHz.

Further-

more, slow-light enhancement of the gain [35] leads to additional reductions in
the threshold pump rate and an unconventional dependence of the threshold
gain on the cavity length [33].

A similar class of devices may be realised by

removing an entire row of holes and placing a buried heterostructure in this
open-ended line defect. In such a device, the refractive index dierence between
the buried heterostructure and the surrounding waveguide induces a stop-band,
which leads to strong connement of the optical mode [36], far stronger than
the simple Fresnel reection between materials of dierent refractive indices.
An additional important question to address for these devices is how to achieve
controlled out-coupling of the coherent laser emission without simultaneously
lowering the quality factor and increasing the threshold gain.

One option is

to include an additional out-coupling waveguide nearby, as in the designs of
Ref. [21], into which the light couples evanescently. In such an architecture the
emission is kept in the plane of the device, as is most practical for photonic
integrated circuits, where verticality is challenging. An alternative strategy has
been to collect only the vertically scattered light, as in Ref. 33, which is simpler
to do experimentally but is less useful for applications.

Additionally, grating

couplers may also be applied [37, 38], as well as ecient coupling from photonic
crystal waveguides to out-of-plane detection optics [39] or vertically integrated
silicon-on-insulator waveguides [40] . In any case, the choice of out-coupling will
depend strongly on the structure into which the laser is to be integrated, and
also remains an open research question that extends beyond the scope of this
work.

4
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1.3

An introduction to Fano lasers

As an alternative to the line-defect laser, a novel type of photonic crystal laser
based on Fano interference [41, 42] was recently proposed [43]. The key characteristic of this type of laser is that one or both of the laser mirrors are replaced
by Fano resonances in order to realise a laser cavity. Such a laser is sketched
in gure 1.1

(c).

The main dierence compared to

(a) is that the termination

of the waveguide at the right end has been replaced by a nearby point-defect
nanocavity.

The interaction between the continuum of waveguide modes and

the discrete mode of the nanocavity results in Fano interference [42], leading to
a narrowband suppression of transmission at the resonance of the nanocavity.
This suppression is due to destructive interference between light propagating
straight through the waveguide and light leaking from the nanocavity back into
the waveguide, resulting in an eective reection with a width given by the
quality factor of the nanocavity mode. In this way a laser mirror is formed, and
the laser is realised. Here and in the remainder of the thesis, a distinction is
made between the nanocavity (the point-defect) and the laser cavity (L-cavity),
corresponding to the region in the waveguide between the left mirror and the
nanocavity. With this in mind, one should be careful not to misinterpret this
system: it is not simply two coupled cavities, since without the proximity of
the nanocavity, the L-cavity would not exist, and would instead simply be an
open waveguide.

A better interpretation is that the interaction between the

open waveguide and the conned nanocavity eld creates a bound mode in the
continuum [44, 45] with strong sensitivity to small parameter variations, man-

(b).

ifesting as the narrowband reectivity sketched in gure 1.1

The highly

dispersive nature of this mirror results in a surprisingly rich physical system,
which was also evident when the devices were rst experimentally realised in
Ref. 47. Fabricated in an indium phosphide photonic crystal membrane platform with embedded InAs quantum dots for optical gain, the rst devices were
able to lase with optical pumping, as shown in gure 1.2

(a).

Here the measured

input-output curve displays the characteristic kink corresponding to a transition
to lasing, while the optical spectrum (inset) narrows into a single, clear laser

(a)

(b)

Blue: Fano
Red: Line-defect

Figure 1.2: (a) Measured input-output curve for Fano lasers with (blue) and without

(red) a partially transmitting element in the waveguide. Inset shows the evolution of
the optical spectrum with increased pumping. (b) Measured laser wavelengths as
function of the cavity length. The blue curve represents Fano lasers, while the red
curves are the dierent modes (Mx labels) of line defect lasers on the same sample.
Figures adapted with permission from Ref. 46.
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Figure 1.3: Measured (a) evolution of the optical spectrum with increased pumping
for some Fano lasers and (b) radiofrequency spectrum in the case of broadened optical
spectrum. Figures reproduced with permission from Ref. 46.

line, also conrming lasing.

Additionally, the lasers showed a number of re-

markable characteristics. First of all, the Fano lasers were strictly single-mode,
with a wavelength depending only weakly on the cavity length, hovering around
1570 nm, the resonant wavelength of the nanocavity, as demonstrated in gure

(b).

1.2

Here the laser wavelength is plotted as a function of the cavity length,

dened by the number of missing holes in the line-defect.

The near-constant

wavelength was attributed to the wavelength being pinned by the Fano mirror,
since the reectivity is only large near this wavelength, and thus also limits the
operation to a single mode. In stark contrast to this was the fabricated linedefect lasers on the same sample, for which the wavelength spanned 70 nm with
multiple modes in operation.
labels

Mx

(b),

These are the red curves in gure 1.2

with

indicating the longitudinal mode number of the line-defect cavities.

Furthermore, for certain pump powers a broadening of the optical spectrum was
observed, with equidistant peaks appearing in the radiofrequency spectrum, as
shown in gure 1.3

(a)

and

(b).

As a typical signature of a transition from

a continuous-wave (CW) state to a dynamical equilibrium consisting of a train
of optical pulses, this was interpreted as the rst observation of passive pulse
generation in a microscopic laser. The self-pulsing was explained by the presence of active material through-out the entire membrane, while the pumping
was limited to the laser cavity, resulting in the nanocavity functioning as a saturable absorber mirror. Subsequently, Ref. 48 provided a detailed theoretical
analysis of the self-pulsing phenomenon, prior to the work of this thesis. Here
simulations of a dynamical model based on coupled-mode theory were used to
elucidate the self-pulsing dynamics and outline key parameters, as well as establishing the structure of the underlying phase space, as shown in gure 1.4.
In particular, it was shown how a Hopf bifurcation lead to the self-pulsing, with
the regime boundary correctly predicted by a stability analysis, except for a
small region, later claried as a generalised Hopf bifurcation in Ref. 49.
In the remainder of the thesis, the exploration of the rich physics of Fano lasers
is continued through theory and numerical simulations.

While this work was

going on, signicant progress was made by my colleagues towards fabricating electrically pumped Fano lasers. This should enable measurements of the
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(a)

(b)

Numerically simulated self-pulsing dynamics. (b) Calculated phase
diagram of Fano laser output (blue is CW, yellow is self-pulsing) and small-signal
stability boundary (black). Figures reproduced with permission from Ref. 46.
Figure 1.4: (a)

linewidth, modulation response, feedback and switching properties, hopefully
bringing much needed experimental conrmation of some of the predictions of
this thesis.
Chapter 2 starts the analysis by the most fundamental numerical approach:
decomposing the Fano laser into its individual elements and analysing these
using the nite-dierence time-domain (FDTD) method for solving Maxwell's
equations in three dimensions. This method is used to analyse the individual
elements of a Fano laser, namely the nanocavity, the waveguide dispersion, the
Fano mirror, the left mirror, and nally the full Fano cavity. Afterwards, simulations including active material in the cavity are carried out, showing how
one can realise full time-domain simulations of laser dynamics with the FDTD
method, with the results demonstrating all the signatures of lasing.
Due to the computational demands of the FDTD method, a simpler framework is developed in chapter 3.

First, the stationary solutions are calculated

using a transmission-line description, as presented in Ref. 50. These stationary
solutions are then used as a basis for deriving a dynamical model using coupledmode theory, and this model is improved further by transformation into a highly
accurate and numerically ecient travelling-wave model [51].
This model is used to analyse rst the small-signal response of Fano lasers in
chapter 4, demonstrating a highly damped intensity modulation response, due
to a reduction of the relaxation resonance frequency with the nanocavity quality
factor. Furthermore, it is shown how modulation of the nanocavity resonance
frequency produces a pure frequency modulated signal with a bandwidth orders
of magnitude larger than that of conventional semiconductor lasers, also presented in Ref. 50.
The highly damped intensity modulation response indicates promising feedback
stability properties, so these are analysed in chapter 5, as reported in Ref. 52. It
is demonstrated how the critical feedback level of Fano lasers is orders of magnitude larger than that of conventional lasers, which is crucial for applications in
on-chip communication, where optical isolators are impractical. This analysis is
supplemented by an analysis of the size-dependence of the feedback properties
of semiconductor lasers, in which it is found that size is not intrinsically an
important parameter for feedback stability. Instead, the stability is governed by
the eective gain at which the laser operates.
Chapter 6 investigates switching and pulse generation by large-signal modula-

1.3 An introduction to Fano lasers

7

tion of the nanocavity resonance frequency, showing how well-known schemes
such as cavity dumping and active Q-switching may be realised using Fano
lasers. This is followed up by a detailed investigation of a specic application
of pulse generation with Fano lasers, namely realising an all-optical non-linear
activation function module for neuromorphic photonic computing. This work is
reported in Ref. 53.
Chapter 7 briey introduces our collaborative eorts with the group of Prof. M.
Gioannini at Politecnico di Torino in including the eects of slow light in our
dynamical models of Fano lasers. This is based on adapting the coupled-Blochmode approach of Ref. [54] to the approach presented in chapter 3, and is used
to demonstrate how the stationary solutions change if the Fano laser operates
near the band-edge of the photonic crystal waveguide.
Finally chapter 8 summarises the main results of the thesis, outlines perspectives
and future avenues of research opened up by the work here and the corresponding experimental progress, and concludes on the work.

Chapter 2

Finite-dierence time-domain
simulations
In this chapter the building blocks of Fano lasers are investigated with the FDTD
method, using the commercial software package FDTD solutions by Lumerical [55]. The individual elements are the nanocavity, the waveguide, the Fano
mirror, and the left mirror.

The chapter consists of two main sections:

one

related to simulations of passive, linear systems, and one which includes active
material for optical gain in order to enable lasing.

2.1

A brief introduction to the FDTD method

The FDTD method is well-known and historically established, so here only a
brief reminder is provided. See e.g. Ref. 56 for a detailed review. Maxwell's
equations governing the temporal and spatial evolution of the electromagnetic
elds in non-magnetic materials with zero free charge density, in the dierential
form, are

~ r, t)
~ r, t) = − ∂ B(~
∇ × E(~
∂t
~ r, t) = ∂ D(~
~ r, t) + J(~
~ r, t)
∇ × H(~
∂t
~ r, t) = 0
∇ · D(~
~ r, t) = 0
∇ · B(~

(2.1)
(2.2)
(2.3)
(2.4)

where the constitutive relations describe the connection between the electric

~ r, t), and the displacement eld, D(~
~ r, t), as well as the magnetic inE(~
~ r, t), and the magnetic eld, H(~
~ r, t) in linear, non-dispersive, and
duction, B(~

eld,

isotropic materials:

~ r, t) = D(~
~ r, t)
0 r E(~
~ r, t) = B(~
~ r, t)
µ0 H(~

(2.5)
(2.6)

~ r, t) is the free current density, functioning as a source of electric eld
J(~
0 is the free-space electrical permittivity, r is the relative permittivity
µ0 is the free-space magnetic permeability. Writing out the derivatives,

while

energy,
and

these equations can be discretised using the nite-dierence approximation of
the dierential operators and solved numerically using Yee's algorithm [57].
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This approach is supplemented by appropriate boundary conditions, depending on the simulation in question. Additionally, optical non-linearities may be
included by modication of the constitutive relation between the electric and
displacement elds, introducing a non-linear polarisation, while material dispersion can be included using the auxiliary dierential equation approach [58].

2.2

Simulations of passive structures

With the method established, we proceed to analyse the dierent passive elements forming the Fano laser cavity in the following.

These calculations es-

sentially consist of calculating the linear impulse response of the system, and
as such can be achieved by excitation using an ultra-short pulse with a wide
frequency bandwidth. In these simulations the photonic crystal lattice constant
is a = 465 nm, the
W = 233 nm, while

hole radius is

r = 104

nm, and the membrane width is

the refractive index of the slab is set to

3.17,

resembling

indium phosphide at telecom wavelengths. Material dispersion is neglected.

2.2.1 Isolated H0-nanocavity
The rst ingredient of a Fano laser is a nanocavity in a photonic crystal membrane. In this work, the nanocavity is of the H0-type [59], meaning that no holes
in the periodic photonic crystal lattice are omitted, and the cavity is instead

(a).

formed by pure displacement of holes, as illustrated in gure 2.1

Such a

cavity is characterised primarily by two parameters: its resonance frequencies
and the corresponding quality factors. By excitation with a set of ultra-short
pulses generated by dipole emission with dierent polarisations and spatial locations, one ensures excitation of all relevant cavity modes. From this, the Fourier
transform of the temporal decay of the electromagnetic elds in the cavity yields

(b), as well as the electric eld dis-

the cavity spectrum, as shown in gure 2.1

tributions of the dominant modes, shown in the gure as insets.
Conventionally the quality factor is dened by the ratio of the resonance fre-

(a)

(b)

H0 cavity structure. Four holes are displaced away from each other
to create the cavity. (b) Cavity spectrum of H0-nanocavity, with quality factors indicated. Insets show electric eld distributions for the two modes. Here the membrane
thickness is 233 nm, the hole radius is 104 nm and the lattice constant is 465 nm,
while the refractive index is that of indium phosphide.
Figure 2.1: (a)

2.2 Simulations of passive structures

11

quency and the linewidth, but in the case of high quality factors, the accuracy
of this method is limited by the available frequency resolution, because the frequency resolution may exceed the linewidth. The frequency resolution is dened
by the total simulation time and the time resolution, meaning that the simulation time can become prohibitively long for this method. Alternatively, one
can calculate the quality factor by extracting the time constant of the exponential decay of the cavity mode in the time-domain, which is the approach used
here [60]. This yields the values indicated in gure 2.1. Note that this represents
the intrinsic quality factor of the nanocavity, and that the cavity is optimised
as part of a full Fano laser cavity. For individually optimised, fabrication-ready
designs of isolated H0 nanocavities, the quality factor can even approach the
order of a million [61].

Note also that while there are two modes, there is a

signicant dierence in their quality factor, meaning that in practice only the
high Q-mode is likely to lase, reecting the experimentally observed consistent
single-mode lasing in Ref. 47. One also observes that the resonance wavelength
of the high-Q mode agrees well with the measured lasing wavelength in gure
1.2.

Finally, it should be mentioned that at lower wavelengths there are two

additional higher-order modes of the nanocavity, with Q-factors that are so low
that they are in practice negligible.
If the waveguide is now included and the simulation repeated, one nds a drastically lower quality factor, in the range of

≈ 1000

for the high-Q mode. This

indicates that in such a conguration the majority of out-coupled light goes to
the waveguide. To obtain a large Fano mirror reectivity, the contrast between
the intrinsic (waveguide-less) and loaded Q-factors of the nanocavity should be
as large as possible, as shown in more detail in section 3.1. The coupling rate
from the waveguide to the nanocavity can be improved by shifting the rst row
of holes on each side of the waveguide away from or towards the center of the
waveguide [47], as well as a number of other possible optimisations, leading to
very high Fano mirror reectivities being attainable, as demonstrated in the
following.

2.2.2 Waveguide dispersion calculations
In order to form the Fano mirror, the interaction between waveguide modes and
the nanocavity resonant mode needs to occur. This means that the nanocavity
resonance frequency must fall within the bandwidth of guided modes in the linedefect waveguide, and as such, it is necessary to calculate the dispersion curve
of the waveguide. This is done using a super-cell type calculation, as sketched in

(a), where the span is a single lattice constant in the propagation direc-

gure 2.2

tion of the waveguide, while the full membrane and surrounding air is included
in the vertical direction, and a number of surrounding periods are included in
the lateral direction. Using Bloch boundary conditions along the propagation

z , one can then map out the dispersion curve of the waveguide mode(s)
kz and recording the resonances in the calculated
spectrum for each value of kz . This yields the dispersion diagram shown in

direction

by sweeping the wavenumber
gure 2.2

(b), from which one can calculate the group index as
ng =

c
c
=
vg
dω/dk

(2.7)
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(a)

(b)

Sketch of super-cell used for calculation of the waveguide dispersion
relation. The simulation region is indicated by the orange border. (b) Calculated
dispersion relation for the waveguide. Insets indicate where on the dispersion curve
the modes of the H0 nanocavity are situated.
Figure 2.2: (a)

For the calculated resonance frequencies of the nanocavity in gure 2.1, this
yields a group index of
weak.

ng ≈ 6,

meaning that the slow-light eect is quite

This is also evident when indicating the location of the modes on the

(b), where it is clear that the nanocavity modes

dispersion curve, as in gure 2.2

are situated quite far from the band edge.

2.2.3 Fano mirror calculations
With the waveguide and nanocavity aligned, one can calculate the resulting
Fano mirror reectivity. In the time domain, the most straight-forward thing
to do is to launch a pulse in the waveguide and study the transmitted and
reected light, as illustrated schematically in gure 2.3

(a).

In practice, however,

this is challenging to do computationally, because injecting a perfectly matched
waveguide mode is not possible due to the numerical discretisation, leading
to signicant back-scattering from the source, which interferes with the signal
back-scattered from the Fano mirror.

However, one can obtain good results

for the transmission by normalising to the calculated transmission of the same
waveguide without the Fano mirror. This is done in gure 2.3

(b), where the
(a) (extending

transmission is recorded through the plane indicated in gure 2.3

also through and below the membrane, to record all of the guided light). This
shows clearly the extremely good suppression of transmission at the resonance
of the high-Q mode of the nanocavity. Since the intrinsic quality factor is so
high, one may infer that the reectivity is near unity for the Fano mirror.
Here it is also interesting to note that there is no drop in transmission at 1565
nm, where the other mode in gure 2.1 is situated. There are two reasons for
this: the rst is that the intrinsic quality factor is much lower, and the second
is that this mode couples very poorly to the waveguide, meaning that while the
H0 cavity may be dual-moded, the resulting Fano cavity will only have a single
mode. Fitting a Lorentzian to the transmission spectrum yields a linewidth of

γ ≈ 140

GHz, corresponding to a total quality factor of the nanocavity (with

the waveguide in the structure) of approximately 675.
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(b)

(a)

Schematic of transmission calculation. (b) Calculated transmission
on log scale, normalised to the transmission of the waveguide without the nanocavity.
Figure 2.3: (a)

2.2.4 Left-mirror simulations
The nal element of the Fano laser cavity is the left mirror, which through-out
this work is taken as a conventional photonic crystal mirror, realised simply
by termination of the line-defect waveguide. This type of mirror can be optimised in a number of ways to reduce scattering losses and increase the eective
reectivity, in particular by shifting of the rst holes [62] and tapering of the
structure [34].

Utilising the same approach for calculating the reectivity as

for the Fano mirror would be somewhat non-sensical due to the weak dispersion and lack of reference for normalisation. Of course one could simply show
that the transmission is eectively zero when launching a pulse, but this does
not give much information about the useful light scattered into the backwardpropagating mode, compared to the out-of-plane losses. Alternatively, one may
form a cavity by closing both ends of the waveguide, and calculate the quality factor of this cavity using the previously described computational approach.

(a).

The setup for this calculation is shown in gure 2.4

With this Q-factor, one

can estimate the mirror reectivity using an eective 1-D model, as presented
in Ref. [34]. In this case, the relation between the calculated Q-factor and the
eective reectivity is

Q=
where

L

2Lω
vg ln(1/R(ω)2 )

is the length of the cavity,

mirror power reectivity.

vg

the group velocity, and

(2.8)

R(ω)

is the

This comes about by assuming that all losses from

the cavity arise from out-coupling through the mirror, and thus neglects vertical
scattering during propagation between the mirror (due to the discretisation in
the simulation and roughness and fabrication disorder in experiments). With
this method, one nds that the reectivity of the photonic crystal mirror is near
unity and largely non-dispersive, in particular in comparison to the narrowband
Fano mirror. Figure 2.4

(b) shows the calculated mirror reectivity (left axis)

as function of wavelength for six holes in the photonic crystal mirror, agreeing
well with e.g. Ref. 34. Note that this calculation was carried out in another
context with dierent parameters of the photonic crystal structure (r

a = 455, W = 250

= 110nm,

nm), which is why the wavelength is dierent from the

other designs. However, example calculations conrmed that the behaviour is
identical for the parameters considered in the remaining calculations. The main
conclusion is thus that the reectivity varies only weakly with wavelength, and
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(a)

(b)

Lumerical calculation setup for calculating the Q-factor of the cavity
formed by closing the waveguide in both ends. (b) Power reectivity (black, left
axis) and phase (blue, right axis) of the photonic crystal mirror, calculated using the
eective 1-D model of Ref. 34.
Figure 2.4: (a)

with few optimisations becomes near-unity.
The mirror phase can be studied using the same eective 1-D model (albeit
with additional complications) [63], yielding a phase that only varies weakly
as a function of frequency, generally being near

π,

as also shown in gure 2.4

(blue, right axis). Based on these estimates of both reectivity and phase, the
photonic crystal mirror is for simplicity assumed to be non-dispersive with unit
reectivity and

π -phase

through-out the calculations in the following chapters.

2.2.5 Complete Fano laser cavity
With all of the parts assembled, one can calculate the resonance frequency and
quality factor of the Fano cavity formed by the terminated waveguide and the
nanocavity. Tracking the quality factor of the resonant mode at the resonance
frequency of the nanocavity as a function of the cavity length, one nds the
observed behaviour in gure 2.5

(a).

The cavity length can here be varied in

two ways: either in steps of the lattice constant, by addition or removal of a hole,
or in ner steps by shifting e.g. the rst hole of the photonic crystal left mirror.
The data points at integer values in gure 2.5

(a) correspond to changing the

cavity length in steps of the lattice constant, with no ne variation. The points
in-between integers correspond to ne-tuning the cavity length by shifting the
rst hole of the left mirror either towards or away from the Fano mirror. It is
clear that the quality factor depends very sensitively on the cavity length, due
to the necessity of aligning a resonant mode of the cavity with the resonant
wavelength of the nanocavity. In fact, one observes how individual Lorentzianlike peaks form at certain cavity lengths, with valleys of very low quality factors
in-between. These peaks reect the bandwidth of the Fano mirror, inside which a
longitudinal mode of the formed cavity approximately falls within the bandwidth
of the mirror while fullling the phase condition. As the cavity length increases,
the peak quality factor increases approximately linearly, which corresponds to
the case of a non-dispersive mirror with reectivity equal to the peak Fano
mirror reectivity. Assuming a left-mirror reectivity of 0.99 and tting the Qfactor as function of the cavity length using Eq. (2.8), one obtains an estimated
peak Fano mirror reectivity of

' 0.99.
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(b)

Figure 2.5: (a) Calculated quality
cavity. (b) Electric eld distribution

factor as function of cavity length for the Fano
(log scale) at the resonance of the Fano cavity.

There is an additional complexity to account for in the cavity length dependence,
which is the change in mirror reectivity of the photonic crystal mirror, as the
rst hole is shifted. As described in [62], this type of adjustment can change
the quality factor of line-defect cavities by orders of magnitude.

However, in

practice this large increase in Q-factor corresponds to an improvement of the
eective left-mirror reectivity from e.g.

0.98 to 0.999.

Thus, the variations

of the Fano mirror are likely to be much larger and in reality the dominating
eect, governing the Q-factor. One should also consider the variation of the eld
penetration depth with the shift of the rst hole, in which case the true phase
variation is not necessarily equivalent to the absolute length change.

(b) shows the eld prole at the resonance, illustrating how much of

Figure 2.5

the eld is concentrated in the nanocavity, despite the excitation of the eld
being in the L-cavity. However, it should also be noted how a standing wave
is formed in the L-cavity, illustrating the Fabry-Perot like nature of the Fano
cavity. It is thus clear that for careful choices of the cavity length, a well-dened
cavity is formed due to the reection of the Fano mirror, which may be used to
construct a laser by inclusion of optical gain, but also that care must be taken
to properly align the longitudinal mode of the cavity with the resonance of the
Fano mirror.

2.3

Simulations of active structures

In the following, the goal is to incorporate active material in the laser cavity in
order to model lasing in the FDTD framework and demonstrate the feasibility
of modelling Fano lasers with this most fundamental of methods.

Generally

this comes with the challenge that the FDTD method fully resolves the temporal variation of the electromagnetic elds, including the carrier frequency. This
means that the time resolution is generally in the femtosecond range, while laser
dynamics typically take place on time scales of 10-1000 picoseconds, necessitating a large number of computational steps. As such, the memory requirements
and computational time rapidly become prohibitively large, even with ecient
parallelisation and high-performance computing, in particular for 3-dimensional
problems.

One approach to this challenge is presented in Ref.

64, where 2D

simulations are used, but with the cavities designed such that their 2D quality
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factor is equivalent to that of the cavity in 3D. In this way, one can incorporate
the threshold-dening vertical scattering, while maintaining the limited computational load of 2D calculations. Such an approach was not pursued in this
work, but may be of interest in future, more wide-ranging applications of laser
modelling in FDTD.

2.3.1 Inclusion of active material in the FDTD framework
In order to incorporate the eect of active material, i.e. gain and absorption,
into the FDTD formulation, the original set of equations must be extended to
describe this additional interaction. A number of approaches have been previously suggested, including the entirely classical dispersive Lorentzian gain [65],
and the semi-classical Maxwell-Bloch formalism [64]. This consists of coupling
the classical Maxwell's equations to quantum mechanical equations of motion
for an ensemble of two-level systems, representing the emitters of the active
material.
In this work, we adopt an approach which consists of coupling Maxwell's equations to a semi-classical description of a four-level system, as implemented in
Lumerical.

Essentially this is an extension of the Maxwell-Bloch equations,

which also accounts for the pumping dynamics of the emitters, as well as the
Pauli exclusion principle. A detailed overview of this computational model is
given in Ref. 66. Figure 2.6 shows the level scheme of this approach, and the
dierent time constants. In this work, the following time constants are used:

τ3,2 = 100 fs,

τ2,1 = 1 ns,

τ1,0 = 100 fs,

τ3,0 = 1 ns

(2.9)

corresponding to pumping high into the conduction band of the active material,
from whence the carriers rapidly decay to the bottom of the band by intra-band
carrier-carrier scattering, where the lasing transition occurs, and the recombination time is similar to conventional III-V active materials.
Spatially, each mesh point has its own set of rate equations describing the local
carrier dynamics, with no carrier diusion between nodes, most akin to the dynamics of quantum dots where the omni-directional connement limits diusion.

3

τ32
2

τ30

τ21

Pump

1

τ10
0
Level scheme for the four-level model used for FDTD simulations with
active material. The boxed numbers indicate the levels, with 2 → 1 being the lasing
transition.
Figure 2.6:
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(a)

(b)

3

2

1

Lumerical simulation setup. The numbers indicate monitors, while
the purple arrow is the optical pumping source. (b) Time evolution of the normalised
electric eld amplitude in the output waveguide, as well as the level populations at
the monitors (3,2,1). The rst subscript indicates the population level (see gure 2.6),
while the second indicates the monitor. Figure reproduced with permission from Ref.
51.
Figure 2.7: (a)

2.3.2 FDTD simulations of Fano lasers
Figure 2.7 shows an example of a simulation setup in Lumerical for an active
simulation of a Fano laser. Note the inclusion of the secondary port (denoted
cross-port) above and to the right of the nanocavity. This is included in real
designs to improve the quantum eciency of the device, as will be explained in
section 3.2. The active region is the slightly darker area in the laser cavity, while
the pumping is optical, represented by the purple arrow.

Thus, the injection

comes from the output waveguide and propagates toward the active region. The
numbered crosses indicate monitors recording the elds and level populations
of the active material to study the temporal evolution of the laser dynamics.
The entire structure is surrounded by absorbing boundaries both in- and out of
plane to represent a suspended membrane.

(b) shows the calculated dynamics,

Figure 2.7

plotting the normalised electric

eld amplitude in the output waveguide, as well as the populations of the upper
(N2,x ) and lower (N1,x ) lasing levels (2 and 1 in gure 2.6) at the monitors
1,2, and 3, with subscript

x

indicating the monitor.

Initially, one observes a

vanishing electric eld and all of the carriers residing in the lower lasing level.
Gradually, the population is inverted, starting from monitor 1 (closest to the
pump source, red and yellow curves), then at monitor two, and nally inversion is also achieved at the end of the active region (monitor 3). At this point,
the eld starts to gain coherence and grow, with a relaxation transient before
eventually settling into a steady-state.

This corresponds simultaneously to a

narrowing of the spectral line, eventually approaching the resolution limit of
the simulation. Thus, the system exhibits all the characteristics of lasing, with
the laser line being situated at the resonance of the nanocavity, from which it
seems reasonable to conclude that this is indeed a successful example of Fano
lasers simulated using FDTD. Figure 2.8

(a)

shows a plot of the electric eld

amplitude on a logarithmic scale during the stationary state at the end of gure 2.7

(b).

There are two main things of interest to note here.

First of all,

note that, as for the passive cavity simulations, a large amount of eld intensity
is concentrated within the nanocavity (white spots), despite the active region
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(b)

(a)

Norm-square of the normalised electric eld on a logarithmic scale
during lasing in a continuous-wave state, calculated using 3D FDTD. Figure adapted
from Ref. 52. (b) Calculated population inversion in 3D Fano laser simulations for
dierent cavity lengths. Inset shows a zoom near the minimum.
Figure 2.8: (a)

being localised to the laser cavity. This has important consequences, as investigated in chapters 4 and 5. The second important thing is the distribution of
power in the output waveguides, where it is clear that the output power in the
cross-port far exceeds that of the through-port, indicating that the laser operates near resonance. This phenomenon is investigated in more detail in section
3.2.
Replicating the study of gure 2.5

(a)

where the cavity length is varied, and

including active material, one can investigate the steady-state population inversion, i.e. the population dierence between the upper and lower lasing level
of gure 2.6. This depends notably on position, so in order to get an average
estimate the population inversion is averaged over a large number of monitors
distributed throughout the active region.

(b)

Figure 2.8

shows the calculated

population inversion for dierent cavity lengths, displaying a well-dened minimum near one of the quality factor peaks of gure 2.5, as well as some asymmetry
and a rapid increase of the inversion away from the minimum. These features
reect the physics of gure 2.5, and will be discussed in more detail in section 3.2, where the tuning properties are investigated using a simpler modelling
approach.

2.3.3 Perspectives of non-linear active FDTD simulations
There are a number of practical limitations to the lasing simulations. The rst
and most obvious is the large computation time of 3D models, even with massive parallelisation. In particular, the scaling with mesh resolution is extremely
unfavourable, as every additional mesh point leads to an extra set of dierential
equations to account for the level population in that point. Furthermore, the
necessary simulation time when including active material is much longer, because of the time scale of the lasing transients. As an example, gure 2.7 shows
how the laser does not turn on until 150 ps into the simulation, while most linear
simulations only need simulation times in the few ps range, e.g. 1-10. The simple answer to that is to increase the pump rate to obtain population inversion
more rapidly, but this approach is also limited because the algorithm is highly
sensitive to the strength of the optical pumping, with numerical instabilities
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arising when the pump rate exceeds a few times the threshold value. Furthermore, the carrier dynamics can be hard to interpret in devices with multi-mode
lasing, and can also be destabilised by excessive pump rates. The results are also
sensitive to reections from the perfectly matched layer forming the absorbing
boundary conditions, which can lead to unphysical power oscillations and even
diverging simulations in some cases.
Finally, one must be careful in interpretation of results, normalisations and postprocessing, given that the pump signal is exceedingly strong compared to the
quantities of interest.
Despite these challenges, active FDTD simulations are certainly a useful tool
for initial designs and proof-of-concept simulations, and in the future will likely
continue to gain prominence with the ever-increasing computing capacities. One
might even expect that these types of active simulations may become part of
standard optimisation protocols prior to device fabrication, much as the passive
simulations of resonance frequencies and quality factors currently are.

How-

ever, within the scope of this thesis, the practical limitations are too prohibitive
(and the simulations unnecessarily complicated) for larger-scale investigations
of Fano lasers, in particular for the fundamental laser physics. Thus, simpler
theoretical models are necessary, and the development of these is the subject of
the following chapter.

Chapter 3

Modelling of Fano lasers
As outlined at the end of the previous chapter, the FDTD simulations using
active material are unsuitable for wide-ranging investigations over large parameter spaces, and can be dicult to interpret directly due to their complexity.
Based on this, simpler models for describing Fano lasers are developed in this
chapter.

3.1

Fano mirror and coupled-mode theory

Before discussing Fano lasers in more details, it is necessary to establish a quantitative description of the Fano mirror.

A useful way to investigate this is

through conventional temporal coupled-mode theory (CMT), which has previously been used to study Fano resonances in detail, showing essentially perfect
agreement with a fully vectorial treatment using Maxwell's equations [67]. The
CMT approach consists of writing up relations for the amplitudes of a given
optical mode based on the constraints of time-reversal symmetry and energy
conservation. For a waveguide coupled to a nearby nanocavity, as in the Fano
laser structure, one nds the following governing equations [47]

√
=(−iδc − γT )a(t) + γc exp(iθ1 )s+
1 (t)
√
−
+
s1 (t) =rB s1 (t) + γc exp(iθ1 )a(t)
√
+
s−
γc exp(iθ2 )a(t)
2 (t) = − itB s1 (t) +
√
−
s3 (t) =i γp a(t)

da(t)

(3.1)

dt

where

a(t)

is the nanocavity eld, normalised such that

stored in the nanocavity,

δc = ωc − ω

(3.2)
(3.3)
(3.4)

|a(t)|2

is the energy

is the detuning between the oscillation

γc is the
γT = γc + γv + γp is

frequency and the nanocavity resonance frequency, while

coupling

rate from the waveguide to the nanocavity and

the total

decay rate of the eld in the nanocavity, consisting of coupling to the waveguide
(γc ), vertical out-of-plane scattering (γv ), and coupling to the cross-port (γp ).
The corresponding quality factors are dened as

Qx = ωc /2/γx .

As will be

demonstrated later, the cross-port is useful in some applications for improving
the quantum eciency of the laser, and thus is also included here. For no crossport, one simply sets

γp = 0

in the equations.

Furthermore,

tB

and

rB

are

transmission and reection amplitudes of the straight waveguide (including an
eventual partially transmitting element), constrained by

2
rB
+ t2B = 1,

and the
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Cross-port

a
s2Through-port
Mirror plane
Figure 3.1:

Schematic illustration of the elds in the coupled-mode theory model.

phases of the coupling constants

θ1

and

θ2

are dened by the relations

cos(2θ1 ) = −rB

(3.5)

exp(2iθ1 ) + rB
exp(iθ1 − iθ2 ) =
itB
The

(3.6)

s±
1/2 (t) elds represent propagating elds, with the subscript 1(2) indicating

that the eld is to the left (right) of the mirror plane in gure 3.1, while the
superscript +(-) indicates that the eld is travelling towards (away from) the
mirror plane.

See also the illustration in gure 3.1.

Here one can directly

see the eect of Fano interference, in that the output eld in the waveguide
travelling away from the mirror plane is the sum of the complex elds travelling
directly through the waveguide and leaking from the nanocavity. The s-elds
are normalised such that

2
|s±
1/2 (t)|

is the instantaneous power propagating in the

waveguides. Using this formulation, one can derive the Fano mirror reection
coecient [46]

r2 (ω, ωc ) =
which, for

rB = 0

s−
γc
1 (ω)
= rB + (∓itB − rB )
+
iδc + γT
s1 (ω)

is a Lorentzian with linewidth

γT .

(3.7)

The behaviour of this

reection coecient can be tuned signicantly, e.g. the parity of the asymmetric
(rB

6= 0)

prole can be changed by varying the location of the PTE in the

waveguide, as analysed in Ref. 68. However, throughout this work it is assumed
that for

rB 6= 0

the PTE is directly in the symmetry plane and Eq.

(3.7)

applies. The most important properties of the Fano mirror are demonstrated
in gure 3.2, and can be summarised as follows. The linewidth scales directly
with the total quality factor of the nanocavity, i.e.

including coupling to the

waveguide and an eventual third port. For the asymmetric case, the separation
between the extrema of the spectrum is given by

γT /(rB tB ),

and thus scales in

the same way as the linewidth. The mirror phase is an arctangent function with
approximately linear slope at zero detuning, proportional to the total quality

QT . The peak reectivity is given by the ratio γc /γT , meaning that for
Qc  Qv the reection coecient approaches unity, and is only limited by the

factor

intrinsic losses of the nanocavity. The degree of asymmetry and o-state (fardetuned from the resonance) reectivity are determined by

rB ,

with

rB = 0
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(a)

(b)

Fano mirror power reectivity (left axis) and phase (right axis) for (a)
dierent values of the coupling quality factor Qc with Qv constant, and (b) dierent
values of the PTE reectivity rB .
Figure 3.2:

corresponding to a completely symmetric Lorentzian prole, as shown in gure

(a).

3.2

3.2

Stationary solutions

In order to describe the stationary (time-independent) behaviour of Fano lasers,
the general approach of Ref. 69 is followed. A detailed description of this derivation is reported in Ref. 48. The approach consists of dening a reference plane
within the L-cavity, at which eld equations for the left- and right-propagating
elds are written down. In this case one can in a straight-forward manner derive an oscillation condition for the laser frequency,

ω,

and carrier density,

N.

Placing the reference plane next to the symmetry line of the nanocavity, the
oscillation condition reads

rL (ω, N )rR (ω, N ) = 1

(3.8)

rL = r1 (ω) exp[2iLk(ω, N )] and
rL represents an eective left reectivity encompassing
r1 (ω), and the roundtrip gain and phase through the ex-

where the complex reectivities are dened as

rR = r2 (ωs , ωc ).

Thus,

both the left mirror,

ponential, while the right reectivity is simply that of the Fano mirror. This
is simply a formulation of the requirement that the eld inside the cavity reproduces itself after a single roundtrip in order to reach a steady-state.
wavenumber

k(ω, N )

k(ω, N ) = n(ω, N )
where
region,

The

is dened as

ω
i
− [Γg(ω, N ) − αi ]
c
2

n(ω, N ) is the refractive index, N is the carrier
Γ is the eld connement factor, g(ω, N ) is the

(3.9)

density in the active
material gain and

αi

represents internal losses during propagation, e.g. vertical scattering from fabrication imperfections. Thus, Eq. (3.8) may be separated into strongly coupled
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phase and amplitude conditions for clarity:

Γg = αi +

1
ln
2L



1
|(r1 (ωs )|2 |r2 (ωs , ωc )|2



2πp = arg{r1 (ωs )} + arg{r2 (ωs , ωc )} + 2L
Here
able

(3.10)

ωs
n(ωs , Ns )
c

(3.11)

p is an integer, while arg{x} represents the complex argument of the varix and L is the cavity length. The subscript s indicates stationary solutions.

The two conditions are coupled through the carrier density dependence of the
refractive index, as quantied by the linewidth enhancement factor,

α=−

α:

4π dn/dN
λ dg/dN

(3.12)

which can be included by introducing linear expansions of the gain and refractive
index,

g(N ) ' gN (N − N0 )
ωr
ω − ωr
α
ω
n(ω, N ) '
nr (ωr , Nr ) +
ng (ωr ) − Γ gN (N − Nr )
c
c
c
2
Here the gain is expanded around the transparency carrier density
dierential gain

gN ,

(3.13)
(3.14)

N0

with

while the refractive index is expanded around a reference

ωr and Nr , corresponding to a given group innr . With these assumptions and knowledge of the
r2 (ω, ωc ), the oscillation condition, Eq. (3.8), may be

frequency and carrier density,
dex

ng

and reference index

dispersion of

r1 (ω)

and

solved numerically to determine the stationary behaviour of the laser.
The fundamental assumption of this approach is that the eld may be described
in a basis of un-coupled left- and right-propagating Bloch modes of the photonic crystal waveguide. For passive photonic crystal waveguides this is always
a valid approach [70], but the issue is that the inclusion of active material in the
waveguide leads to an additional perturbation of the complex susceptibility. As
a consequence of this perturbation, the Bloch modes of the passive waveguide
now also become coupled, with the strength of the coupling depending on the
frequency of the eld, as demonstrated in Refs. [54, 71]. Far from the band-edge,
this additional coupling of the eld is negligible and Eq.

(3.8) is valid, while

near the band-edge more intricate modelling is required. Thus, the simplest way
to justify this approach is to ensure that the nanocavity resonance frequency is
situated far from the band-edge, so that slow light eects are neglected completely. The consequences of slow light and the additional coupling of the Bloch
modes due to distributed feedback is investigated in chapter 7.
In the conventional fast-light regime of the waveguide, one can then derive a
convenient numerical scheme for solution of the oscillation condition, by assuming that a cavity length and nanocavity resonance frequency exist, such that the
laser frequency

ωs

ωc for
Lr , while fullling both the phase and amplitude
frequency is denoted ωr . From these assumptions,

exactly aligns with the nanocavity resonance frequency

a given reference cavity length
conditions.

This reference

one can reformulate the oscillation condition to describe the behaviour of the
laser, when tuned away from this solution by changes of the cavity length,

L,

3.2 Stationary solutions
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or the nanocavity resonance frequency,

ωc :

ωr
ng
− arg{r2 (ωs , ωc )} + 2 nr (L − Lr ) + 2 (ωs − ωr )L (3.15)
c
c



α
L
L
+
1−
ln(R1 (ωs )) + ln(R2 (ωs , ωc )) −
ln(R2 (ωr , ωr )) = (ps − pr )2π
2
Lr
Lr

arg{r2 (ωs , ωc )}

Here

ωs

is the laser frequency, i.e. the solution variable, while

resonance frequency of the nanocavity and

ωr

ωc

is the (tunable)

is the reference nanocavity fre-

quency at which the lasing frequency and nanocavity resonance frequency align,
so that the laser operates at the peak reectivity of the Fano mirror. Note that
this approach does not account for non-linear eects in the nanocavity, such as
two-photon absorption and free carrier dispersion. Stationary solutions including these eects are covered in section 3.3.3. The factor

(ps − pr )

represents the

change in longitudinal mode number from the reference mode number,

pr ,

so

that solutions for multiple neighbouring modes may be obtained by changing
the value of

ps − pr .

An appropriate space of these should be spanned in the

numerical solution to ensure that the mode with the lowest threshold gain is
found, with the size of the span being determined by the tuning range of interest
compared to the longitudinal mode spacing. For a given reference frequency and

rB = 0,

one can determine the corresponding reference cavity length from the

(in this case much simplied) amplitude and phase conditions:

1
ln
Γg = αi +
2Lr



1
|r1 |2 |r2 (ωr , ωr )|2



2πpr = arg{r1 } + arg{r2 (ωr , ωr )} + 2Lr
At the reection peak one has

|r2 | = γc /γT

that one nds

Lr =

(3.16)

ωr
nr
c

and arg{r2 (ωr , ωr )}

(pr − 1/2)πc
ωr nr

(3.17)

= π/2, meaning
(3.18)

This gives the rst indication of how the modal threshold gain will depend on
the cavity length: a series of minima dened by the solutions to (3.18) with
regions of increasing threshold gain in-between.

These minima correspond to

the frequencies where a longitudinal mode of the Fabry-Perot cavity, formed by
the left mirror and the Fano mirror, exactly aligns with the resonance frequency
of the nanocavity.

These minima correspond to the maxima of gure 2.5

(a).

Similarly, for a given reference cavity length, one obtains a qualitatively equivalent relation for the resonance frequency, displaying the same type of periodicity.
Note that the numerical solution of Eq. (3.15) yields only the lasing frequency,
from which the corresponding threshold gain is calculated from Eq. (3.10).
Figure 3.3

(a)

shows the modal threshold gain as a function of the cavity

length, calculated using Eq. (3.15). The parameters used in these stationary
solutions are those of Ref. 50, reecting our fabricated devices with quantum
dot active material [47]. These are: Qc = 780, Qp = 15000, Qv = 100000, λr =
1.554µm, r1 = −1, αi = 10cm−1 , n = ng = 3.5, α = 1, Γ = 0.01, vg = c/ng , gN =
5 × 10−16 m−2 , N0 = 5 × 1021 m−3 , L = 4.88µm. Note the choice of r1 (ω) = −1,
i.e. that the left mirror is non-dispersive with π phase, based on the observations in section 2.2.4.

(a) is indeed a succession of minima surrounded

What one observes in gure 3.3
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(b)

(a)

Figure 3.3: (a) Calculated modal threshold gain as function of the laser cavity length.
Inset shows a zoom near a single minimum. (b) Zoom near the minima, showing the

evolution together with Eq. (3.16).

by rapidly increasing threshold gain as the length is tuned away from each minimum, with each period resembling gure 2.8

(b)

in shape. The gain changes

discontinuously near certain lengths, with these changes corresponding to longitudinal mode jumps, where a neighbouring mode attains a smaller threshold

(a), showing the qual-

gain. This behaviour reects that observed in gure 2.5

ity factor of the passive Fano cavity obtained with FDTD simulations. There,
variation of the cavity length leads to a series of peaks with high quality factor,
surrounded by valleys where the quality factor decreased dramatically. These
variations transfer directly into the threshold gain, from the standard relation
between the photon lifetime,

τp ,

the quality factor and the threshold gain [1]:

Q
1
= τp =
ω
Γvg gth (ω)
This was also observed in gure 2.8

(b),

(3.19)

where the population inversion had

a similar shape, even including the observed asymmetry.

Based on these ob-

servations, it is reasonable to say that the simple transmission-line description
accurately captures the qualitative behaviour observed in the full 3D FDTD
simulations, validating its use.
The physics of this behaviour is that variation of the cavity length necessitates
variation of the lasing frequency in order to continue to full the roundtrip phase
condition, which causes the laser to oscillate away from the peak mirror reectivity. Because of the narrow bandwidth of the Fano mirror, even small changes
to the length lead to drastic increases of the threshold gain, and eventually
hopping to the neighbouring longitudinal mode. The main dierence from the
FDTD calculation of the quality factor is that the increase in the threshold gain
is asymmetric around the minimum, i.e.

the tuning response depends on the

sign of the length change. This asymmetry is induced by the non-zero linewidth
enhancement factor,

α,

and thus captured by the active material simulation,

containing self-consistent Kramers-Kronig relations. The asymmetry arises by
the combination of

α

and the asymmetric Fano mirror phase (see gure 3.2), as

understood from the following argument. The change in roundtrip phase associated with a change in cavity length leads to a change in the reectivity, and
thus an additional change of the roundtrip phase due to the linewidth enhancement factor coupling the gain and phase. Due to the asymmetry of the Fano

3.2 Stationary solutions
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(b)

(a)

Figure 3.4: (a) Laser wavelength as function of cavity length. (b) Eective detuning

ωs − ωc , normalised to the mirror linewidth γT , as function of cavity length.

mirror phase, this additional phase may either be compensated by the change in
Fano mirror phase (leading to oscillation closer to the mirror peak) or enhanced
(leading to oscillation further from the peak).

This in turn means that the

threshold gain changes asymmetrically, because an equivalent absolute length
change leads to oscillation closer or further from the mirror peak depending on
the sign of the change.
One can also understand the evolution of the threshold gain minima from Eq.
(3.16), as demonstrated in gure 3.3

(b).

At each minimum dened by Eq.

(3.18) the mirror reectivity is the same, so the threshold gain approximately
decreases as

1/L.

As the cavity length is so short, the distributed mirror loss

dominates over the internal losses and the minima follow the approximate

1/L

shape, as conrmed by the curve in the gure.
Figure 3.4

(a)

shows the laser wavelength as function of the cavity length.

Viewed together with gure 3.3 it is clear that the sudden changes in the threshold gain do indeed correspond to longitudinal mode jumps. The smooth evolution between jumps corresponds to a gradual change in the eective detuning

ωs − ωc ,

as shown in gure 3.4

(b), because the laser must oscillate away from

the mirror peak in order to continue to uphold the phase condition as the cavity length is varied. This also conrms how the threshold gain minima occur
whenever the laser frequency aligns with the nanocavity resonance, i.e. at zero
eective detuning.
By a second-order expansion of Eq. 3.15 as function of the cavity length around
a solution to (3.18), i.e. a threshold gain minimum, one can estimate the length
change at which the threshold gain is doubled, for which one nds



where

∆Lmax
λ

2
=

1
16π 2 n2

 
ln

1
R1 R2




+ 2αi L

(3.20)

∆Lmax is the length change from the solution with wavelength λ and cavL. With the previously listed parameters, one nds ∆Lmax /λ ' 0.01,

ity length

meaning that the threshold gain doubles when the length changes only a few
percent of the wavelength, i.e.

tens of nanometres.

This shows an incredible

sensitivity to variations in the cavity length, and sets a strict fabrication tolerance. Interestingly, this tolerance is insensitive to the Fano mirror bandwidth,
which is not intuitive. The explanation for this is that while the gain change
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upon detuning scales with

Q2T ,

the phase variation scales inversely with

Q2T ,

leading to a cancellation of the factors in Eq. (3.20).
Finally, one should note that in reality such length tuning is somewhat arbitrary, because it depends on the denition of the eective mirror plane for the
Fano mirror, and in reality the cavity length is usually changed in steps of the
photonic crystal lattice constant,

a ' 450

nm.

However, one might consider

shifting of the rst hole of the left mirror as a way of obtaining more nely
spaced tuning of the cavity length, as in gure 2.5

(a), with the caveat that this

also changes the eld penetration depth [34, 72] into the left mirror, so that the
eect on the eective cavity length is not immediately obvious.

In fact, the

translation between the actual physical cavity and the eective Fabry-Perottype cavity dened here is not exactly clear due to the eld penetration depth
into the left mirror, as well as the challenge of rigorously dening a mirror plane

(b)

for the Fano mirror. As evidenced from e.g. gures 2.5

and gure 2.8

(a)

it appears that the standing wave of the laser cavity extends some distance beyond the nanocavity in practice.

Thus, the most reasonable way to interpret

the results of the solutions to the oscillation condition are as a function of an

eective cavity length, which includes both the penetration depth and an eventual deviation of the location of the mirror plane. In any case, the scaling with

(b) is very similar.

the "physical" cavity length of gure 2.8

The second crucial parameter governing the stationary solutions is the nanocavity resonance frequency. Unlike the cavity length, this is both a design parameter in terms of engineering of the nanocavity through e.g. manipulation of the
photonic crystal structure and membrane thickness, as well as specic ne tuning [73], but also tunable dynamically through thermal, optical and electrical
techniques. This dynamical tuning is explored in more detail in section 4.3.3.
With these considerations in mind, it is of great interest to explore how the laser
characteristics depend on the nanocavity resonance frequency, beginning with
the static characteristics.

Figure 3.5

(a)

shows the modal threshold gain as a

function of the nanocavity resonance frequency tuning, normalised to the mirror linewidth,

γT .

One observes similar behaviour to the case of length tuning,

except that the threshold gain is completely periodic, including the value at the
minima. This is because the length is xed in this case, and only the eective
mirror reectivity denes the modal threshold gain. As shown in the inset in

(b) the eective detuning, and thus reectivity, changes periodically,

gure 3.5

leading to the periodic threshold gain. Thus, one can excite practically identical neighbouring longitudinal modes by tuning of the nanocavity resonance
frequency, only limited by the dispersion of the optical gain due to the active
medium, and the waveguide dispersion when approaching the slow-light regime
(see chapter 7).

(a),

ure 3.5

Note also the inclusion of the single-mode calculation in g-

in which only a single value of

ps − pr

in Eq.

(3.15) is included.

Here, one naturally observes no mode jumps, and thus the threshold gain increases monotonically away from the minimum due to the increasing detuning
and lower reectivity. This shows how it is necessary to include multiple neighbouring modes to get the correct large-scale behaviour, but also how a single
mode is sucient for analysis near the reference frequency.
As is evident in gure 3.5, the variation of the eective detuning

∆ω = ωc − ωs

is approximately linear over a large range around zero detuning, and thus well-
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(b)

(a)

Figure 3.5: (a) Calculated modal threshold gain and (b) Normalised eective detuning, (ωs − ωc )/γT , both as function of the detuning of the nanocavity resonance
frequency, normalised to the mirror linewidth. Figure reproduced with permission
from Ref. 50.
approximated by a rst-order expansion of Eq. (3.15). Using this, one nds

∆ω =
where
where

∆ωc
1 + γT /γL

(3.21)

γL = 1/τin is the inverse of the L-cavity roundtrip time, with τin = 2L/vg ,
vg is the group velocity and ∆ωc = ωc − ωr . Despite its simplicity, this

expression gives fundamental insight into the nature of Fano lasers relative to
conventional Fabry-Perot lasers. What it shows is that the laser frequency will
directly track the nanocavity resonance, but for a correction from the factor

γT /γL .

This correction comes from the change of propagation phase in the

waveguide as the laser frequency changes, because the phase condition must be
continuously upheld, causing the laser to oscillate away from the mirror peak.
The size of this correction depends on the mirror bandwidth relative to the
longitudinal mode spacing of the Fabry-Perot cavity.

Thus, it reects funda-

mentally how the laser is a hybrid system formed by the interaction of waveguide
modes and the nanocavity mode, and the size of the ratio

γT /γL

thus becomes

a measure of how close the system is to a non-dispersive Fabry-Perot laser (corresponding to

γT /γL  1).

As such, this ratio is a dening gure of merit

for Fano lasers, and plays an important role in the number of applications and
characteristics investigated in the following chapters.
With this knowledge, one can identify the eects of most important parameters
on the stationary solutions. The linewidth enhancement factor

α

is the source

of the asymmetry, as explained previously, meaning that increasing

α

results in

an increase of the tuning asymmetry, both in terms of length and nanocavity
resonance. In the relevant limit where

γL  γT , the mode spacing is determined
γT , governs in

by the length of the L-cavity, while the width of the Fano mirror,

particular the contrast between the maxima and minima of the threshold gain
curves, and the slope of the gain change, and thus the sensitivity of a given
tuning response.
One parameter yet to be mentioned is the reectivity of the partially transmitting element in the waveguide,

rB .

This has two important eects: introducing

asymmetry in the reection spectrum, and thus the stationary solutions, and
providing a background reectivity in the case where the frequency is far de-
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(b)

(a)

Modal threshold gain as function of normalised nanocavity resonance
frequency detuning for (a) dierent values of rB with α = 1 and (b) dierent values
of α with rB = 0.
Figure 3.6:

tuned from the resonance.
dierent values of

rB

Figure 3.6

(a)

shows an example of solutions with

in order to demonstrate the impact of changing the prop-

erties of the Fano mirror.

There are a number of eects: the threshold gain

(b) shows,

minimum is shifted away from zero detuning, because, as gure 3.2

rB 6= 0. Furthermore, the minimum threshold gain is reduced slightly for larger rB , because
the reection peak is no longer located at zero detuning when

the larger PTE reectivity reduces the impact of the scattering loss from the
nanocavity. In cases with no third port, where we have

Qc ' QT

this dierence

would be negligible. Finally, the threshold gain attens out at sucient positive
detuning from a minimum. The detuning where this happens is the point which
corresponds to lasing purely due to the background reectivity

rB ,

and thus

any further detuning results in no changes until a mode hop occurs, when the
reectivity achievable by the neighbouring mode exceeds that of the background
value

rB .

(b) shows the eect of the linewidth enhancement factor in

Figure 3.6

increasing the asymmetry of the threshold gain, as described previously.
From all of these considerations, it follows that there is a signicant design space
for optimisation and customisation depending on the application in mind. In
particular, the quality factors, cavity length and PTE-reectivity can to some
extent be engineered to desired values during the design and fabrication process,
while the linewidth enhancement factor can be adjusted by changing the active
material.
The nal thing to consider in the stationary solutions is the eect of including
the cross-port. If there is no cross-port, the Fano mirror reectivity approaches
unity, meaning that the mirror losses become increasingly small. This has the
detrimental eect (in CW operation, at least) that a signicant amount of the
generated light is lost to vertical scattering from the nanocavity - in particular
because the eld tends to be concentrated in the nanocavity, as demonstrated

(a).

in gure 2.8

If the cross-port is included, the mirror reectivity drops some-

what, although the impact is negligible if one can ensure

Qc  Qp  Qv .

This

can be done by designing a cavity with a very high intrinsic quality factor, and
then tuning the distance to the waveguide and the cross-port respectively. With
such a design, the quantum eciency is greatly increased, by maintaining a
Fano mirror reectivity that is still large, while allowing the light to leak from
the nanocavity to the useful cross-port at a much larger rate than the verti-
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Distribution of the output power between the through- and cross-ports
as a function of the nanocavity resonance frequency detuning. Figure reproduced with
permission from Ref. 46.
Figure 3.7:

cally scattered light. In this case, one nds that for operation on resonance the
total eciency in the through (subscript

t)-

and cross (subscript

x)-ports

are

approximately [46]:

ηT,t/x '
with

e

~ωs Γgth (ωs ) − αi
ηt/x
e
Γgth (ωs )

(3.22)

being the electronic charge, and where the port eciencies are

ηt =

QT
2Qv

ηx =

Qv
Qv + 2Qp

(3.23)

Thus, one observes that in the case of a high mirror reectivity, i.e.

Qc  Qv , Qp

the through-port eciency approaches zero, while the cross-port eciency is
only limited by the vertical scattering and approaches unity for

Qv  Qp .

Fig-

ure 3.7 shows how the distribution of output power changes when the nanocavity
resonance frequency is detuned from the reference value

ωr .

It is clear that away

from the resonance where the mirror reectivity is low, the output power is predominantly in the through-port, while on resonance the through-port power is
suppressed by the large mirror reectivity, and most of the power is coupled out
through the cross-port, reecting Eqs. (3.23) and the eld distribution in gure

(a).

2.8

3.3

Fano laser dynamical models

In this section the fundamental dynamical equations for Fano lasers are developed, including both a formulation as a set of coupled ordinary dierential
equations, and an iterative procedure based on dierence equations for improved
accuracy and time resolution.

These are based on combining the temporal

coupled-mode theory of Eq. (3.1) with the transmission-line description in Ref.
69 to dynamically account for the eld in the laser cavity, as well as that in the
nanocavity, and their interference forming the Fano mirror.

32

Modelling of Fano lasers

3.3.1 ODE model
Continuing the adoption of the approach of Ref. 69, a dynamical equation for the
complex eld envelope in the laser cavity may be derived by Taylor-expansion
of a stationary solution, as rst presented in Ref. 43, and developed in detail in
Ref. 48. For convenience, the derivation is reproduced in appendix A.1.1. This
yields the following evolution equation for the forward-travelling eld envelope
at the mirror plane,

A+ (t):

+



(t) 1
1
= (1 − iα) Γvg g(N ) −
A+ (t)
dt
2
τp


A− (t)
1
+
− A (t) + FL (t)
+
τin r2 (ωs , ωc )

dA

Here

(3.24)

τp = 1/(Γvg gth ) is the photon lifetime, so that the term in the bracket is
Γvg gN (N −Ns ) where Ns is the stationary solution carrier density,

equivalent to

as formulated in Refs. 43 and 48. Thus, it should be evaluated at the expansion point, just like the parameter
addition of a Langevin noise term,

r2 (ωs , ωc ). Note here the phenomenological
FL (t) in order to include the eects of spon-

taneous emission noise in the laser cavity. The noise is modelled as described
in Ref.

74, with the essential approximation here being only inclusion of the

shot noise from spontaneous emission in the L-cavity, due to the presence of the
active material being limited to this region.
From the CMT formulation, Eq. (3.2), it follows that the back-coupled (leftpropagating) eld envelope in Eq.

(3.24) is

A− (t) = rB A+ (t) +

√

γc Ac (t),

consisting of a contribution from the direct reection of the forward propagating eld (the

rB

the nanocavity,

term) and a contribution from the out-coupling of the eld in

Ac (t),

in the left-propagating direction. This means that it is

necessary to dynamically account for the nanocavity eld, which can be done
in a straight-forward manner by adopting the equation for the nanocavity eld,
Eq.

2
+
2
|s+
1 (t)| = 20 ng c|A (t)| . Using
2
|a(t)| = 20 ng c|Ac (t)| for the nanocavity eld, one

(3.1), and dening the correspondence

the same normalisation

2

can then write the equation for the complex nanocavity eld amplitude as [47]:
dAc (t)
dt
Here

√
= (−i∆ω(Nc (t), Ac (t)) − γT ) Ac (t) + e2iθ γc A+ (t)

∆ω(Nc (t), Ac (t))

(3.25)

is the eective detuning at the expansion point, plus

eventual (dynamical) changes of the nanocavity resonance frequency induced by
either external tuning or non-linearities in the nanocavity, depending on the eld
strength

Ac (t)

and eventual excited carriers in the nanocavity,

Nc (t),

with the

remaining terms being equivalent to those of Eq. (3.1). The detailed treatment
of non-linearities in the nanocavity is described in section 3.3.3.

With both

important elds accounted for, the last task for the Fano laser dynamical model
is to describe the temporal evolution of the carrier density in the laser cavity.
Here the conventional rate equation is used, as is well known from fundamental
semiconductor laser theory [1]:
dN (t)
dt
Here

Rp



N
= Rp 1 −
− R(N ) − vg g(N )Np (t)
Nsat

is the generation rate of free carriers, while

Nsat

(3.26)

is an optional satu-

ration value to include the eect of pump blocking and putting a limit on the
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realistically obtainable gain, despite the linear gain approximation used in the

R(N ) is the recombination term, which is modelled as N/τs throughτs is an eective carrier lifetime. The nal term is the stimulated
emission rate, with Np (t) being the photon density. It can be calculated from
+
+
2
the value of A (t) through the relation Np (t) = σs |A (t)| , with [69]

1
(|r1 | + |r2 (ωs , ωc )|)(1 − |r1 ||r2 (ωs , ωc )|)
20 nng
σs (ωs , Ns ) =
~ωs
Γgth − αi
|r1 |

c
|r1 |
+
Im(r2 (ωs , ωc ))
ωs n |r2 (ωs , ωc )|
derivation.

out, where

(3.27)
being an expansion parameter corresponding to the stationary solution around
which the evolution equation for

A+ (t)

is derived. From the CMT description,

one nds the output elds in the through-port (At (t)) and the cross-port (Ax (t)):

√
At (t) =ei(θ2 −θ1 ) γc Ac (t) − itB A+ (t)
√
Ax (t) =i γp Ac (t)

(3.28)
(3.29)

from whence the output powers are

Pt/x (t) = 20 ng c|At/x (t)|2

(3.30)

Equations Eq. (3.24), (3.25), and (3.26) constitute the fundamental dynamical
equations describing the Fano laser temporal evolution, with several extensions
and modications possible depending on the subject of study.

These exten-

sions are described where applicable, e.g. for including active material in the
nanocavity (Ref. 48, not described here), non-linearities in the nanocavity (section 3.3.3), external feedback (chapter 5), and dynamical tuning of the nanocavity resonance frequency (Chapters 4 and 6).
As this model is based on a rst-order expansion around a stationary solution,
the accuracy starts to decrease as the frequency and carrier density deviate from
the expansion point. This places a limitation on the model applicability, with
the requirement on the frequency variation being

(ω − ωs )τin  1

(3.31)

meaning that the variation should be much smaller than the mode spacing of
the laser, and thus, multi-mode dynamics, switching between modes and largescale frequency tuning are not well-described by this model.

However, it is

highly useful for determining e.g. the small-signal response, and dynamics with
limited variation from the stationary solutions.

In order to accurately model

dynamics with larger variations of the laser frequency and carrier density, it is
necessary to derive an improved model, which is the subject of the following
section.

3.3.2 Iterative travelling-wave formulation
To derive the ODE-model of the previous section one expands

1/rL (ω, N )

to

rst order in both carrier density and frequency, as shown in appendix A.1.1.
Keeping in mind the denition of

rL (ω, N ),

one can instead limit oneself to
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expanding only the wavenumber inside the exponential. In that case, as shown in
appendix A.1.2, one ends up with a dierence equation, rather than a dierential
equation, of the following form:




1
A (t + τin ) = rLS exp (1 − iα)(Γvg g(N ) − 1/τp )τin A− (t)
2
+

(3.32)

Here the eld is evolved in steps of the L-cavity roundtrip time, qualitatively similar to conventional travelling-wave models, where the backward eld

+

rB A (t) +

√

γc Ac (t)

is multiplied by a complex exponential, corresponding to

the roundtrip in the L-cavity.

Note once again that the exponential actually

corresponds to the deviation from the expansion point, since

Γvg gN (N − Ns ).

A− (t) =

Γvg g(N ) − 1/τp =

This is the reason for the appearance of the factor

rLS = 1/r2 (ωs , ωc ) = r1 exp [2iLk(ωs , Ns )]

(3.33)

which corresponds to the roundtrip gain and phase for the stationary solution
around which the model is derived. The main dierence between this model and
the previously derived ODE-model for

A+ (t)

is the improved accuracy of this

model, because only the wavenumber of the exponential is expanded and not the
exponential itself. Crucially, for the tuning characteristics, this means that the
periodicity of the complex roundtrip exponential is preserved, meaning that one
can also capture neighbouring longitudinal modes and hops between these as e.g.
the nanocavity resonance is detuned dynamically. This cannot be done using
the ODE-model, because the rst order expansion of the complex exponential
eliminates the periodicity. Thus, the accuracy is particularly improved for large
variations of the frequency and carrier density from the expansion point. However, one must still keep in mind that the maximum frequency variation of the
laser in this model is still limited by the temporal resolution, which follows simply from the Nyquist sampling theorem. Once again, the eect of spontaneous
emission noise can be included phenomenologically, as described in Ref. 75.
Before doing a more quantitative comparison of the two approaches, the rest of
the model must be adapted to the travelling-wave framework of Eq. (3.32). This
is straight-forward to do from the starting point that the elds are updated once
per roundtrip,
between

t

and

τin . This means that
t + τin , in which case

the forward eld can be taken as constant
the rate equations for the nanocavity eld

and L-cavity carrier density have analytical, closed-form solutions:



r2 +
r2 +
Ac (t + τin ) = √ A (t) + Ac (t) − √ A (t) × exp[−(i∆ω + γT )τin ]
γc
γc
(3.34)





τin
τs (N0 C1 + Rp )
N (t + τin ) = exp −(C1 τs + 1)
N0 −
τs
C1 τs + 1
τs (C1 N0 + Rp )
+
C1 τs + 1
where

C1 = vg gN Np (t).

Note here that in the limit

γT τin  1

and

(3.35)

C1 τin  1

this is equivalent to using

Ac (t + τin ) =Ac (t) +
N (t + τin ) =N (t) +

dAc (t)
dt
dN (t)
dt

τin

τin

(3.36)
(3.37)
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i.e. Euler's method. This form of the equations is highly convenient for numerical implementations and runs much faster than commercial ODE-solvers applied
to the rate equation model, while providing better accuracy over a larger range
of dynamics. Thus, there is no practical reason to use the ODE approach for
dynamical simulations.
Before claiming this framework as the one to be used in the following investigations, there is a nal improvement to be made. As mentioned, the spectral
range is limited by the time resolution, i.e.

the L-cavity roundtrip time, so

that neighbouring longitudinal modes are not properly resolved.

This prob-

lem can be mitigated by introducing an additional, temporal discretisation of
the L-cavity roundtrip, as demonstrated in gure 3.8. In essence, the left- and
right-propagating elds are sub-divided into nodes along the cavity, spatially
separated by a distance

∆L,

as indicated by the stars in gure 3.8. The eld at

each node is then evolved as

(∆L/(2L))

A±
n+1 = rLS
where

exp(G(N ))

exp [G(N )∆L/(2L)] A±
n

(3.38)

corresponds to the full exponential in Eq. (3.32). The only

exception is that the transition from the largest index of the left-propagating
eld,

r1

A− (t), to the lowest index right-propagating eld, A+ (t), includes a factor

to account for the reection at the left mirror. Since the total eld propaga-

tion length per roundtrip is unchanged, the total roundtrip gain and phase of
Eq. (3.32) is conserved, and the only change is the improved time resolution and
larger spectral range. Conveniently, the additional computational burden only
scales linearly with the reduction in temporal resolution, meaning that one can
easily simulate long time scales in short actual computation times on a regular
workstation.
In order to demonstrate the power of this approach, one can study how well the
dynamical models reect the solutions to the oscillation condition, Eq. (3.8),
when xing the expansion point and detuning the resonance dynamically. This
is shown in gure 3.9, which compares the calculated modal threshold gain for
a xed expansion point at zero detuning for the ODE model and the iterative
model with dierent amounts of discretisation planes (vertical lines in gure
3.8).

It is clear that the limitations of the ODE model described previously

are prevalent: with just a few linewidths of detuning the accuracy diminishes
rapidly, whereas it improves notably even for the iterative model without the additional discretisations, by reintroducing some element of periodicity, but with
the limitation given by the spectral range.

As the additional discretisations

ΔL
r1 A2

Ac

A1
+
A3

+
A4

A0

+
A5

Aout

Articial discretisation scheme of the evolution equation for A+ (t), Eq.
(3.32). Figure reproduced with permission from Ref. 51.

Figure 3.8:
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(a)

(b)

Calculated modal threshold gain with dierent models. "OC" represents the numerical solution of Eq. (3.15), "ODE" the stationary solutions of Eqs.
(3.24),(3.25), (3.26), while "Iter, x", represents the iterative model, Eqs. (3.38), (3.34),
(3.35) with x discretisation planes. (a) shows wide-range behaviour, while (b) shows
a zoom near the expansion point at zero detuning.
Figure 3.9:

are then added, one obtains essentially perfect agreement with the oscillation
condition solutions over the full tuning range at 10 discretisation planes. This
trend of dramatic improvement from applying the iterative model and good
convergence around

' 10

planes is evident for a wide range and combination of

dierent parameters aecting the stationary solutions.
Based on this, and the fact that even with 10 discretisation planes the iterative
algorithm still runs faster than built-in ODE solvers in e.g. Matlab, the iterative
model is the model of choice and will be used for most dynamical simulations
in the following chapters.
As a nal note on the iterative model, it should also be appreciated that the
discretised approach has the additional option of introducing local carrier densities, i.e. tracking the carrier density at each node, just like the eld in gure
3.8. However, this requires a more sophisticated analysis, since the relation between the eld strength and photon number (and thus stimulated emission rate)
is only dened for a single reference plane through

σs .

Such an approach may

be useful for studying quantum dot devices, where the omni-directional carrier
connement means that there is limited diusion, and spatial holeburning effects may become important [76, 77]. This has not been pursued in this work,
but may be of interest for future investigations.

3.3.3 Modelling non-linearities in the nanocavity
Other than the stimulated emission process essential for lasing, non-linearities
have not been treated in the models developed so far. These are present both in
the waveguide and the nanocavity, but due to the much smaller mode volume
in the nanocavity, and thus higher eld intensity, it is reasonable to neglect
waveguide non-linearities, based on their comparatively small impact. A framework for modelling the non-linearities in the nanocavity has been developed in
Ref.

78, and this is adopted here.

It consists of accounting for the real and

imaginary non-linear contributions to the resonance frequency in the equation
for the nanocavity eld, Eq. (3.25), yielding

∆ωN L = KF CA Nc (t) + iKT P A |Ac (t)|4 + iKcar Nc (t) + Kkerr |Ac (t)|4

(3.39)
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where the dierent coecients account respectively for dispersion due to free carrier absorption (KF CA ), losses due to two-photon absorption (KT P A ), losses due
to free carrier absorption (Kcar ) and dispersion due to the Kerr eect (Kkerr ).
This also requires knowledge of the free carrier density in the nanocavity, which
is modelled using a conventional rate equation, but with no linear absorption
term due to the band-gap of the InP membrane exceeding the lasing frequency:
dNc (t)
dt

= −R(Nc ) + RT P A |Ac (t)|4

Thus, the only terms are recombination,



R(Nc (t)) = Nc (t)/τc ,

(3.40)

and generation

of carriers due to two-photon absorption, given by [78]

RT P A =

KT P A
(20 nc)2 |Ac (t)|4
~ωVT P A

(3.41)

In Ref. 78 it was found that in order to quantitatively capture the decay of the
carrier density in the nanocavity exactly it is necessary to use three dierent
time constants to account for spatial diusion, surface and bulk recombination.
However, for simplicity a single time constant is adopted here, as this still yields
qualitatively similar behaviour.
The values of the non-linear coecients used throughout are those of Ref. 78.
With these, non-linearities in the nanocavity are suciently accounted for in the
dynamical equations.

However, they must also be included in the stationary

solutions in order to use the correct expansion points in the development of
the dynamical model. Appendix A.1.3 explains how this can be done using an
iterative approach.

Chapter 4

Small-signal response of Fano
lasers
In this chapter the small-signal response of the Fano laser is investigated. The
stability of stationary solutions is analysed, the Fano laser damping rate and
relaxation oscillation frequency are derived, and the intensity and frequency
modulation responses are analysed. Finally some considerations about the Fano
laser noise properties are briey presented. Some of the work of this chapter is
published in References 46, 50, and some gures are reproduced from there with
permission.
Linearising the Fano laser dynamical equations of chapter 3, Eqs. (3.24), (3.25),
(3.26), yields a dierential equation system of the form

~x˙ (t) = A~x(t) + F~
for the dierential variations

+

φ (t), φc (t),

~x = [δ|A+ |, δ|Ac |, δφ+ , δφc , δN ]T
δ

|A (t)|, |Ac (t)|, and phases,
N (t). The vector F~ represents

of the amplitudes,

of the elds and the carrier density

(4.1)

+

an external driving force on the system, to simulate e.g.

modulation of the

pump rate, as studied in section 4.2, or modulation of the nanocavity resonance
frequency, as in section 4.3. In the absence of any external force, one can obtain
the free decay dynamics of a small perturbation of the system, and study the
stability of local stationary solutions by inspection of the eigenvalues of the
Jacobian

A.

If a non-zero detuning is assumed in the stationary solution, then

the real and imaginary parts of the elds

2π

A+ (t), Ac (t)

are only dened modulo

and oscillate in time, while the amplitudes and phase dierence are well-

dened.

Thus, to obtain useful results from this analysis, one must use the

amplitude-phase representation of the complex elds and use the Jacobian of
these equations to study the stability. After separating the elds in amplitude
and phase, one nds the Jacobian

A,

the coecients of which are given in Eq.

(A.14), reported in Appendix A.2.1.

This matrix depends on the parameters

of the stationary solution around which the equations are linearised, and these

+

are the stationary eld amplitudes|As

A+
s

and

A−
s ,

the carrier density

Ns ,

|, |A−
s |,

the phase dierence

∆φ

and the Fano mirror reectivity

between

r2 .

The

numerical parameters for calculations used in this chapter are identical to those
of chapter 3.

4.1

Free decay and stability

In the absence of any external modulation, one can obtain analytical estimates
for the eigenvalues of

A in certain limits.

In the limit where

γT  γL , i.e.

where
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the mirror is broadband and essentially non-dispersive, the Fano laser functions
as a Fabry-Perot laser, and the nanocavity eld

Ac (t) can be adiabatically elim-

inated. In this case, one nds for the eigenvalues

γ
λ=− ±
2
γ

where

and

ωR

r 
γ 2
2
− ωR
2

(4.2)

are given by the same expressions as for Fabry-Perot lasers [1],

which, within the approximations of negligible spontaneous emission and gain
suppression are:

1
+ vg gN Np
τs
s
vg gN Np
ωR '
τp

γ'

(4.3)

(4.4)

with the parameter denitions introduced in chapter 3. In the opposite limit,

γL  γT ,

where

corresponding to a high total quality factor of the nanocav-

ity and a short laser cavity, one can adiabatically eliminate the L-cavity eld

A+ (t).

For realistic parameter combinations with microscopic cavity lengths,

this approximation is good, and thus these results provide useful insights. If we
start by assuming

rB = 0

and zero detuning for the simplest possible case, the

small-signal equations for the eld phases decouple (because we linearise at the
peak of the Fano mirror, where the rst derivative is zero) and simply follow
the evolution of the carrier density due to

α.

This leaves the following system

of governing equations for the free evolution of small perturbations:

1
γL
da+
√
= −γL a+ + γc ac
+ Γvg gN |A+
s |n
dt
|r2 | 2
dac
√
= −γT ac + γc a+
dt


dn
−2Γvg gN σ +
1
Γvg gN σ + 2
=
|As |(N − N0 )a+ −
+
|As | n
dt
Vc
τs
Vc
where

a+ , ac

and

n

(4.5)

(4.6)

(4.7)

are the dierential changes to the eld amplitudes and

carrier density as before. After adiabatically eliminating the L-cavity eld,

a+ ,

and some further simplications (See appendix A.2.2 for a detailed derivation),
one nds that the characteristic polynomial of the system matrix becomes

2

λ +




2
ωR
2 γT
+ γ λ + ωR
=0
γL
γL

(4.8)

which has the roots

λ=−

γ
ωR
1
−
±
2 2γL
2γL

q

4 + 2γω 2 γ − 4γ ω 2 γ + γ 2 γ 2
ωR
L R T
R L
L

(4.9)

From this we can directly compare with the Fabry-Perot equivalent, Eq. (4.2),
to identify the Fano laser damping rate and relaxation oscillation frequencies as

2
ωR
γL
2 γT
= ωR
γL

γF L = γ +
2
ωR,F
L

(4.10)
(4.11)
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Fano laser damping rate and (b) relaxation oscillation frequency,
both as functions of the nanocavity quality factor. Numerical represents the real and
imaginary parts of the eigenvalues of A, adiabatic represents Eqs. (4.10)-(4.11), and
full analytical is Eqs. (4.12)-(4.13).
Figure 4.1: (a)

The rst thing immediately evident in this case is that the eigenvalues always
have negative real part, so that the system cannot become unstable, contrary
to the case where the active material extends through the entire membrane, in
which case the laser can go into self-pulsing, as described in section 1.3 and Ref.
48. As equations (4.10) and (4.11) are limiting cases of the system behaviour,
however, they do not fully capture the behaviour as the quality factor of the
nanocavity changes. By assumption of the solution form based on the limiting
cases

γL /γT → 0

(The Fabry-Perot case, Eqs.

(4.3), (4.4)) and

γL /γT → ∞

(the adiabatic approximation, Eqs. (4.10), (4.11)), one can nd that the exact
expressions for the Fano laser damping rate and relaxation oscillation frequency
are given by

γF L
ωR,F L


2
2
ωR
1
=γ +
1−
γL
1 + γL /γT


1
=ωR 1 −
1 + γT /γL

Figure 4.1 shows the numerically calculated values for

γF L

(4.12)

(4.13)

and

ωR,F L , as well as

equations (4.10)-(4.11) and equations (4.12)-(4.13), showing how the adiabatic
approximations are excellent estimates beyond

1000 > Q > 100

QT ' 1000.

Even in the range

the error is only a few percent in the damping rate, while the

relaxation oscillation frequency is more sensitive due to its larger variation.
Beyond this observation, however, Eqs.

(4.10) and (4.11) deserve additional

attention for their unique nature. For the damping rate, one observes a weaklyscaling increase compared to the Fabry-Perot damping rate, with the relative
deviation not exceeding

' 5%.

This increase can be straight-forwardly inter-

preted as a ltering eect of the Fano mirror, where frequency components
further from the mirror peak, i.e. at the relaxation resonance frequency, experience a smaller mirror reectivity and thus become increasingly damped. As
such, one would indeed expect this eect to scale with the mirror bandwidth, as
is evident in the exact expression and the numerical values, unlike the adiabatic
approximation, where the bandwidth of the mirror is essentially neglected. The
relaxation resonance frequency, however, is much more interesting.

Here one
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observes clearly the eect of the Fano mirror, as in the limit

γT /γL → 0

the

relaxation oscillation frequency actually vanishes completely, eectively transitioning the laser from a class B to a class A laser [79]. Interestingly, this also
results in a completely dierent relation between the damping rate and relaxation oscillation frequency than for conventional lasers. As shown in Eqs. (4.3)
and (4.4), the two tend to scale in the same direction with most variables for
conventional lasers, e.g.

increasing the pump rate increases both the damp-

ing rate and the relaxation oscillation frequency. For Fano lasers, instead, the
damping rate increases as the relaxation oscillation frequency decreases with an
increase in the total quality factor, leading to potential regimes of operation very
dierent from conventional Fabry-Perot lasers. This has important implications
for both the intensity modulation response, feedback properties and linewidth
of Fano lasers, as will be demonstrated in later chapters.

In fact, these two

parameters are completely dening for most dynamical phenomena involving
intensity modulation, and thus, a wide range of unique Fano laser results can
be understood based simply on the modications to the relaxation oscillation
frequency and the damping rate.
The physical explanation of the variations in

γF L

and

ωR,F L

is that increasing

the nanocavity quality factor results in increasing storage of the photon density
in the nanocavity rather than in the laser cavity. This decreases the interaction
strength between the carrier and photon reservoirs (as the active material is
only present in the L-cavity), in turn resulting in a smaller relaxation oscillation frequency, just as when the photon density is reduced in a conventional
laser. Such a reduction in the photon density would conventionally also result
in a decrease of the damping rate. This does not occur, however, because it is
counter-acted by a dierent eect: the change in mirror linewidth relative to
the relaxation oscillation frequency. Increasing the quality factor narrows the
linewidth, leading to an eective ltering of the relaxation oscillations, which
in turn manifests as an increase of the damping rate.

This eect is stronger

than the photon density reduction of the damping rate, leading to the weak
increase of

γF L

with

QT ,

but with this increase saturating quickly due to the

rapid reduction of the relaxation oscillation frequency with

QT .

The key observation here is the dependence on the relative magnitude of the
two decay rates

γL

and

γT ,

which manifests itself as a critical parameter in

most of the results described in the following chapters, and was also observed
in the stationary solutions in section 3.2. Thus, this ratio is really the dening
characteristic of many Fano laser dynamics, due to its impact on the relaxation
oscillation frequency and damping rate. As will be shown, it also plays an important role in both the frequency modulation response and large-signal dynamics
including switching and pulse generation. The reason for this is of course that
this ratio

γL /γT

in practice denes the nature of a given laser: whether it acts

more like a Fabry-Perot laser (γL /γT

→ 0)

or an actual Fano laser, with exter-

nal cavity laser-like behaviour in the alternative limit (γL /γT

→ ∞).

Until now, zero detuning was assumed. The impact of non-zero detuning, i.e.
operation away from the mirror peak, does not lead to simple analytical expressions, but can be explored in a straight-forward fashion numerically. The general structure of the eigenvalue spectrum is of two pairs of complex conjugates,
where one pair is highly damped (real part
corresponding to the detuning

δc ,

≈ 10

THz) and has imaginary parts

while the other pair has real and imaginary
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Figure 4.2: Numerically calculated imaginary part of λ as function of detuning for
dierent quality factors with Rp = 1.5Rp,th .

parts corresponding to the Fano laser damping rate and relaxation oscillation
frequency. The fth eigenvalue is constantly zero, because the system can be
reduced to only four governing variables, since one of the eld phases can be
chosen arbitrarily [80]. Figure 4.2 shows the imaginary part of the eigenvalue
corresponding to the relaxation oscillations as function of the nanocavity resonance frequency for dierent quality factors.

The rst thing to note is the

limited range in which the eigenvalue even has an imaginary part. Outside of
this range, the pump rate is below the threshold value, meaning that there is
simply no lasing, and thus no oscillations. Within the lasing range, one observes
interestingly that the relaxation oscillation frequency is asymmetric around the
gain minimum, which is somewhat surprising given that the highest reectivity
(at zero detuning) should yield the highest photon density, and thus highest
relaxation oscillation frequency. In any case, one observes a similar scaling with
the quality factor for all detuning values, where increasing the Q-factor leads to
a reduction in the relaxation oscillation frequency.

4.2

Intensity modulation response

One can investigate the conventional small-signal intensity modulation response
by applying a harmonic modulation of the pumping rate in Eq.

(4.1).

This

corresponds to the forcing function

F~ = Rp,x [0, 0, 0, 0, 1]T

(4.14)

with the vector notation indicating that it acts only on the carrier density equation through the modulation

Rp,x

being small compared to the bias

of the pump rate, with the amplitude

Rp .

Rp,x

This problem can be solved numerically

in a straight-forward manner using e.g. Cramer's rule, from which one obtains
the vector

~x,

which can be used to construct the modulation response. In the

small-signal regime the output power varies harmonically in accordance with the
input, and the modulation response characterises the amplitude of the variation
at a given modulation frequency relative to the continuous-wave power change
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Fabry-Perot
Q = 20
Q = 150
Q = 730

Figure 4.3: (a)Fano

laser intensity modulation response as function of the modulation frequency for dierent nanocavity quality factors with identical mirror reectivities. Figure reproduced with permission from Ref. 46. (b) Same plot, but with Eq.
(4.17) overlaid in dashed black.
by the variation of the bias current, i.e.

H(ω) =
ac

where the subscript
power and

ωm

Pac (ωm )
Pac (ωm → 0)

(4.15)

indicates the harmonically varying part of the output

is the modulation angular frequency. The time-varying contribu-

tion to the output power can be constructed using Eq. (3.28)

Pac (ωm ) = 20 ng c

√

γc ei(θ2 −θ1 ) δAc − itB δA+

This of course still includes the sum of the complex elds

2

A+ (t)

(4.16)
and

Ac (t),

but

in the small-signal regime the phase dierence is unchanged from the stationary
solution and thus can be factored out and disappears due to the normalisation

(a) shows the calculated intensity modulation response for

in (4.15). Figure 4.3

dierent values of the total nanocavity Q-factor, as well as the limiting case

Q → 0,

corresponding to a Fabry-Perot laser with the same parameters. Here

it should be claried that these changes in
quality factors identically, so that the ratio

QT correspond to scaling all of the
γc /γT is conserved, leaving the same

mirror reectivity. One observes qualitatively similar behaviour in all cases: a
resonance and then a strong drop-o beyond this peak, as is well-known from
semiconductor laser theory [1].

However, there is also a clear evolution with

the Q-factor of the nanocavity mirror, showing in particular a reduction in
the peak frequency and also a marginal increase in damping as the quality
factor increases. It is worth emphasising that in a conventional rate equation
picture all four curves in gure 4.3 are equivalent, as they have identical mirror
reectivities, and so the change comes about purely from the dispersion of the
Fano mirror. These results clearly reect the analysis of the Fano laser damping
rate and relaxation oscillation frequency presented in the previous section. The
modulation response is usually completely described by the two parameters

γ

and

ωR ,

and this also appears to be the case for Fano lasers.

is reinforced by gure 4.3

(b),

This claim

which shows the same numerically calculated

IM response, and an analytical version using the conventional formula for the
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Calculated 3 dB-bandwidth as function of current for Fano lasers with
dierent nanocavity quality factors. Figure reproduced with permission from Ref. 50.
Figure 4.4:

normalised response [1]

H(ωm ) =
but with

γ = γF L

1
2
1 − (ωm /ωR )2 + iωm γ/ωR

from Eq. (4.12) and

ωR = ωR,F L

(4.17)

from Eq. (4.13). Clearly

the agreement is perfect and the response is well-described by this approach,
meaning that equations Eq. (4.12) and (4.13) capture the small-signal dynamics
of the system correctly.
From this it follows that the observed reduction of the peak frequency and the
increased damping are due to the physical mechanisms described previously.
This has consequences for applications, since the bandwidth of the device, and
thus the maximum bit rate it can operate at, is determined by the modulation
response. For Fabry-Perot lasers with limited damping, the 3 dB-bandwidth is
related to the relaxation oscillation frequency approximately as [1]

f3dB '

√ ωR
3
2π

(4.18)

and one can observe a qualitatively similar scaling for Fano lasers, as demonstrated in gure 4.4, which shows the numerically calculated 3 dB-bandwidth as
a function of drive current for dierent Q-factors. As shown in Eq. (4.13), the
relaxation oscillation frequency scales with the square root of the pump rate, as
for conventional lasers, but with the additional reduction due to the nanocavity
Q-factor, and this transfers directly to the properties of the bandwidth.
The practical consequence of this behaviour is straight-forward: as the nanocavity quality factor is increased, the speed at which the device can transmit data
through direct modulation of the pumping rate decreases. Thus, Fano lasers are
in all cases slower than equivalent Fabry-Perot lasers in terms of data transfer
by direct intensity modulation.

However, as will be shown in section 5.3 the

slow-down comes with an enormous increase in feedback stability. This, when
combined with alternative applications or even methods of data transmission,
leads to a highly attractive device for photonic integrated circuits.

These al-

ternative approaches to data transmission include e.g. external modulation, or
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switching from intensity to frequency modulation, in which the bits are encoded
into the frequency of the laser, rather than the amplitude. This is the subject
of investigation in the following section.

4.3

Frequency modulation response

The lasing frequency of the Fano laser depends strongly on a number of parameters, most notably the nanocavity resonance frequency, as analysed in detail in
the stationary case in chapter 3, exemplied by gure 3.5. As a reminder, the
physics of the frequency modulation (FM) is briey summarised here. Figure
4.5 shows the Fano mirror reectivity and phase. Here it is clear that the mirror
phase and reectivity depend on the detuning between the laser frequency and
the nanocavity resonance, meaning that tuning of this resonance will lead to
a response of the laser frequency, because this must change in order to continuously full the roundtrip phase condition.

Depending on the magnitude

and speed of the variation of the nanocavity resonance, this can lead to numerous dierent laser responses, underlining the rich physics of the Fano laser.
In this section, the consequences of small-signal modulation of the nanocavity
resonance frequency are explored, while chapter 6 investigates large-amplitude
modulation for on-chip signal processing, pulse generation and neuromorphic
photonic computing.
In the stationary case, it was found in chapter 3 that for small variations near
zero detuning, the change of the laser frequency with the nanocavity resonance
is well-described by the rst-order approximation

∆ω =

∆ωc
1 + γT /γL

(4.19)

where we note once again the dependence on the ratio of the decay rates
and

γL ,

γT

just as observed in the case of the relaxation oscillation frequency and

damping rate and the IM response. A qualitatively similar dependence is found
in the laser dynamics, as long as the modulation amplitude is small relative to
the mirror linewidth. In this case, the dynamic properties can be analysed using

Fano mirror reectivity and phase as function of the detuning between
the incoming frequency and the nanocavity resonance. The red arrows indicate the
eect of modulation of the nanocavity resonance.
Figure 4.5:
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the small-signal approach of the previous sections, with the appropriate forcing
function being

F~ = γT [0, 0, 0, 1, 0]T

(4.20)

which corresponds to applying a harmonic variation with amplitude
detuning

δc

in the linearised equation for

Ac (t).

Using

  1

γT

of the

then ensures

operation in the small-signal regime and applicability of the linearised equations.
The frequency modulation response is now dened as

HF M (ωm ) =
where

∆ωL

∆ωL
γT

(4.21)

is the maximum excursion of the instantaneous optical frequency

from its value at the expansion point and the normalisation used here is

γT ,

which is the amplitude of the variation of the nanocavity resonance frequency.
Constructing the appropriate eld for the FM response in the through-port
requires some care, and thus is explained in detail here.
equation (4.1) yields the solution vector

~x

Solving the matrix

with the small-signal amplitudes of

the variables, and from this the full elds can be constructed:



+
+
+ iωm t
A+ (t) = |A+
]
s | + δ|A | exp i[φs + δφ e

Ac (t) = (|Ac,s | + δ|Ac |) exp i[φc,s + δφc eiωm t ]

(4.22)

As mentioned previously, one phase can be arbitrarily chosen, as the system

∆φ between A+ (t) and Ac (t).
+
Thus, we choose for simplicity φs = 0, and construct the total eld again using
+
Eq. (3.28) by neglecting the small-amplitude terms (δ|A | and δ|Ac |) in (4.22):
dynamics depend only on the phase dierence

At (t) =

√




+ iωm t
γc |Ac,s | exp i(∆φ + δφc eiωm t ) − i|A+
s | exp iδφ e

(4.23)

From here, the instantaneous optical frequency is extracted as

ω(t) =

d
arg{At (t)}
dt

(4.24)

For the eld in the cross-port the calculation is straight-forward, as there is
no interference, and the frequency response follows directly from the calculated

δφc ,

specically

Hcross,F M =
where

fm

2πfm δφc
γT

(4.25)

is the modulation frequency. This can be realised by writing the eld

in the cross-port as

Ax (t) =

√


γp |Ac,s | exp i[φc,s + δφc eiωm t ]

(4.26)

and taking the time derivative of the argument of the eld. The analysis of the
FM response is quite intricate, and thus, we start by studying the simplest case
of zero detuning with the laser operating at the Fano mirror reection peak.

(a) shows the calculated FM response for the cross-port eld using

Figure 4.6

(4.25). When operating on resonance, this port carries the large majority of the
output power and is best for signal transmission, as shown in gure 3.7. It is
evident that the response can be divided into three dierent regimes, depending

48

Small-signal response of Fano lasers

(a)

(b)

Cross-port FM response (black full). Vertical lines indicate the
important system frequencies. Figure adapted with permission from Ref. 46 (b)
Comparison of cross-port, through-port and forward-eld (A+ (t)) FM responses. Inset
shows a zoom near the transition region. Figure adapted with permission from Ref.
50.
Figure 4.6: (a)

on the relation between the modulation frequency and the eld decay rates
and

γL .

γT

Starting with the low frequency limit, it is clear that a limiting value is

asymptotically approached, with the value being dened by the stationary solution, cf. Eq. (4.19), as also indicated in the gure. This is the adiabatic limit,
in which the modulation frequency is much slower than all relevant system time
scales, so that the laser adiabatically tracks the stationary solutions. Generally
this is the case for

ωm  γT , γL .

As the modulation frequency is then increased

and starts to approach the lower of the two time constants

γT , γL

(as indicated

by the vertical lines), the response starts to increase, eventually approaching
unity when

ωm  γL , γT .

The explanation for this rather extraordinary re-

sult is simply that the slow, stationary dynamics that dene Eq. (4.19) cannot
respond in time to the modulation since it happens faster than the L-cavity
roundtrip time itself, so that the roundtrip condition is upheld on average and
the nanocavity eld is modulated within a single cycle. What happens then is
that the nanocavity eld changes its frequency by adiabatic wavelength conversion [81], so that it ends up directly tracking the modulation, and this eld is
then recycled by reection at the non-dispersive left mirror of the laser cavity.
The reason why this can work is that essentially the modulation happens so fast
that the slow transient eects on the laser dynamics just become a background
eect, with the active region in the laser cavity providing the energy to maintain the eld in the nanocavity, where the frequency change occurs. Essentially
this corresponds to modulating the nanocavity eld independently and maintaining the output power through recycling of the eld in the L-cavity.

The

adiabatic wavelength mechanism has been shown numerically to work at time
scales as small as 5 fs (corresponding to 200 THz), provided that the resonance
change in the cavity is spatially uniform [82], and has also been experimentally
demonstrated in the few-ps range [83]. Already here the implications are rather
astounding: one can essentially generate a pure FM signal in the cross-port at a
frequency only limited by the adiabatic wavelength conversion mechanism. The
question then is whether this modelling approach is reliable. For the coupled
mode theory approach used in describing the nanocavity eld, the only require-
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ment of validity is that the quality factor of the cavity is high enough (weak
coupling,

Q ' 30

In gure 4.6

[28]), which is fullled here.

(b) this analysis is extended to compare the response of the cross-

port eld (black) with the forward eld,

A+ (t) (blue), and the through-port eld

(red), as calculated using Eq. (4.23). Intuitively, one would expect the elds to
share a similar response, since the only thing that happens in the change from

Ac (t)

to

A+ (t)

is that the eld is reected at the non-dispersive left-mirror,

which does nothing to the time evolution of the elds. However, this is clearly
not the case, as one observes how the forward eld response goes to zero as the
modulation frequency approaches

γL ,

while the through-port eld simultane-

ously increases to a value much larger than unity.
An explanation must be provided for the decrease in the response of

A+ (t),

and this can be found by re-examining the nature of its governing equation.
It is based on a lumped model, the transmission-line description of chapter 3,
where the entire roundtrip is assumed uniform, meaning that the fastest resolvable time scale is the laser roundtrip time. Thus, the drop-o occurs when the
modulation frequency approaches

γL ,

as also shown but not explained in [43].

Temporal dynamics faster than this time-scale simply cannot be resolved, so the
modulation is averaged out and zero response is obtained. This of course also
means that interpretation of the response of

A+ (t) beyond ' γL

is meaningless,

and in turn so is the through-port response, so that the large increase of this
response beyond unity is likely a non-physical model artefact. This issue will be
treated in more detail later using a more accurate modelling approach. Finally,
one might also have expected a drop-o beyond the relaxation oscillation frequency, because this is what limits the speed of conventional lasers. However,
there is no justication for such a drop-o in this case, since there is no intensity modulation and the laser generates a pure FM signal, and thus, no speed
limitation is imposed by the exchange of energy between carriers and photons.
Before providing a more accurate analysis of the response of

A+ (t)

and con-

sidering the implications of these results, the impact of non-zero detuning is
briey demonstrated in gure 4.7. This shows the calculated FM response for

A+ (t) and Ac (t) for a static detuning of the nanocavity resonance frequency
∆ωc = 3γT , which yields an eective detuning δc = 0.22γT between the laser
frequency and nanocavity resonance frequency.

Such a detuning means that

the laser no longer operates at the reection peak, so that even in the linearised
small-signal case the dynamical tuning of the nanocavity resonance leads to both
phase and amplitude modulation - even if the linewidth enhancement factor is
set to zero. The additional phase-amplitude coupling manifests itself as intensity
modulation, as shown on the right axis, here characterised by the modulation
index.

This index is dened as the maximum variation of the output power

relative to the steady-state power. Here one observes the usual resonance near
the relaxation oscillation frequency, as seen in e.g. gure 4.3, which agrees well
with the calculated imaginary part of the eigenvalue (dashed black line). The
interesting thing here is that this resonance carriers over into the FM response,
even for

α = 0,

due to the additional phase-amplitude coupling mediated by

operation away from the peak of the Fano mirror.

Here, one can also note

that the resonance in the FM response is essentially the derivative of that in
the IM response, due to the Kramers-Kronig relation between amplitude and
phase. In agreement with the previous explanation that the ultra-fast response
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FM response (left axis) of A+ (t) (full) and Ac (t) (dashed) and corresponding intensity modulation (right axis) in the through-port (blue) and cross-port
(green) for a static detuning of ∆ω = 3γT . The vertical dashed black line is the calculated relaxation oscillation frequency, Eq. (4.13). Figure reproduced with permission
from Ref. 50.

Figure 4.7:

stems from adiabatic wavelength conversion of the nanocavity eld, happening
much faster than the transient time-scales of the laser dynamics, one observes
also that the modulation index drops essentially to zero when increasing the
modulation frequency notably beyond the relaxation oscillation resonance.

4.3.1 Time-domain calculations and the correct response of
A+ (t)

In order to correctly describe the response of

A+ (t),

one needs a model with a

time-resolution good enough to resolve modulation beyond the inverse roundtrip
time

γL .

The solution to this problem is provided by Eq. (3.38), for which the

temporal resolution is in principle only limited by the available memory. With
this model, one can use a brute force-like approach of simply applying the ultrafast modulation to

δc

in the time-domain equation for

Ac (t) and calculating the

full time evolution of the elds with no small-signal assumptions.

From this

calculation the frequency modulation response can then be extracted using Eq.
(4.24) for the elds

A+ (t), Ac (t)

and

At (t).

This means running a single time-

domain calculation for each modulation frequency, which in practice requires
using an adaptive scheme for both the time resolution and the simulation time.
Without such a scheme, the memory requirements and calculation time can become prohibitively large even for the simple iterative, travelling-wave model.
These schemes can be designed in a straight-forward manner by making sure
that the initial condition is the exact stationary solution, so that there is no relaxation oscillation transient. From here, one needs only simulate a single time
period of the modulation,

TM ,

to be able to extract the maximum frequency

excursion, and the time step can then be set so that the modulation is properly
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Calculated FM response of A+ (t) and Ac (t) using the small-signal analysis (dashed lines, ODE labels) and the full time-domain model (circles and crosses).
Figure reproduced with permission from Ref. 51.

Figure 4.8:

resolved, e.g. using

∆t = Tm /20,

where

∆t

is the time step.

Figure 4.8 shows the result of such a simulation approach, comparing the FM
response obtained using the small-signal analysis (dashed lines, ODE labels)
to that of the full time-domain calculation (circles and crosses) for the elds

A+ (t)

and

Ac (t).

As one would intuitively expect, the improved model pro-

duces identical responses for

A+ (t)

and

Ac (t),

since the only transformation

from one to the other is the unitary reection at the non-dispersive left mirror. Furthermore, one can observe that the time-domain response agrees well
with the small-signal response of

Ac (t),

except that a damped oscillation ap-

pears in the time-domain response around

fm ' γL ,

which is not present in

the small-signal analysis. By a closer inspection, one nds that the period of
this oscillation is exactly

γL ,

so it can reasonably be attributed to a beating

eect between the modulation of the nanocavity eld and the eld returning to
the nanocavity after one roundtrip in the L-cavity. Furthermore, the oscillation
decays as the modulation frequency increases, because the increasing number of
modulations within a single roundtrip results in the eect being averaged out.
Naturally, these oscillations are not evident in the small-signal analysis, because

A+ (t),
A (t) be-

they require the coherent, time-resolved interaction of the forward eld,
and the nanocavity eld, which cannot occur due to the limitation of
yond

γL .

+

Studying the through-port response using the iterative time-domain

model with no small-signal assumptions yields the fascinating results shown in
gure 4.9. Despite the fact that the ODE response is questionable beyond

fm ≈ 1 THz,
A+ (t) and Ac (t)

γL ,

there is excellent agreement up to

even though there is already

a signicant dierence between

at this point (see gure 4.8).

Furthermore, the large increase in the amplitude of the response is also evident
in the time-domain response, but with even more complex behaviour.
that the noisy appearance of the response beyond

≈ 10

THz in

Note

(a) is due to

insucient frequency points in the simulation, as it disappears by increasing the
resolution, as shown in gure 4.9

(b).

As for the single-eld responses in gure
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(a)

(b)

Figure 4.9: (a)Comparison

of the through-port FM response calculated using the
small-signal analysis (blue) and the full discretised time-domain model (red). (b)
High-resolution calculation of the through-port FM response beyond γL .
4.8, one also observes oscillations starting as the modulation frequency exceeds

γL ,

but this time, there is no evidence of damping, as the high-resolution simu-

lation in gure 4.9
period

τin

(b) shows.

Once again, the oscillations in the response have

and so must be related to the same beating eect, but it is not yet

clear why these oscillations do not get averaged out and decay as the modulation frequency increases. In any case, it is mostly an academic problem since
generating a modulation at these frequencies is unrealistic in practice and the
key point is the near-unit response for realistic modulation frequencies exceeding those available to conventional lasers.

4.3.2 Implications
The essential thing to take from this analysis of the FM response is that if a
suitable modulation can be generated, then the Fano laser allows for transmission of data at rates far exceeding those of conventional lasers, due to the lack
of an intrinsic limiting factor - i.e. the slow relaxation oscillations are avoided.
This of course presents a number of new challenges, such as generation of an
appropriate modulation of the nanocavity resonance and detection of such an
ultra-fast signal. The key point, however, is that there is no longer an intrinsic
limitation to the bit rate imposed by the laser itself, other than that of the adiabatic wavelength conversion, which is unlikely to ever be reached in practice.
Thus, realistic modulation rates such as 50-100 GHz can be accessed, providing multiple times the data rates of conventional lasers, which rarely exceed
15-30 GHz [1, 84], except in specic, complicated designs such as Refs. 23, 85.
Furthermore, it is worth noting the purity of the generated FM signal, due to
operation at the peak mirror reectivity, where the reectivity is unchanged by
the modulation.

Such pure FM signals are challenging to achieve in conven-

tional semiconductor lasers, which tend to rely on carrier eects to achieve GHz
modulation, resulting in intensity modulation due to the non-zero

α-parameter.

Of course one should consider the robustness of such a scheme, since in practice
it may be challenging to achieve operation exactly at the mirror peak due to the
signicant fabrication sensitivity. This would require the ability to carefully con-
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trol the phase either in the L-cavity or through a static control of the nanocavity
resonance frequency. However, even with operation away from the mirror peak
the intensity modulation falls o extremely rapidly as the modulation frequency
increases (see gure 4.7), in particular due to the unique Fano laser reduction
of the relaxation oscillation frequency described previously. Thus, when operating in the regime beyond the relaxation oscillation frequency, where it actually
makes sense to use Fano lasers, the modulation index will in any case be negligible, even with notable detuning from the peak reectivity.

4.3.3 Modulation schemes and the question of detection
In order to utilise these promising results, two things are necessary: the ability
to generate a high-speed modulation of the nanocavity resonance, and the ability to coherently detect the resulting frequency modulated output signal with
a sucient bandwidth. These functionalities should ideally be integrated onto
the chip as the ultimate perspective, but for now it is also of interest to explore
simpler congurations with the sole aim of experimentally conrming the ultrafast FM response of the Fano laser.
Starting with modulation of the nanocavity resonance frequency, this is in practice a question of modulating the refractive index locally within the nanocavity.
The reason for this is that the resonance is determined primarily by these factors: the thickness of the membrane, the hole radius and lattice constant of
the photonic crystal, the geometry of the cavity and the refractive index of
the membrane [28]. The rst two factors are practically impossible to modulate dynamically, leaving the refractive index as the only realistic option. The
resonance frequency scales approximately linearly with the refractive index, as
dened by

∆n
∆ω
'
ω0
nef f
where

(4.27)

ω0 is the resonance angular frequency at the eective refractive index nef f

of the nanocavity mode. As an example estimate of the index tuning necessary
for

QT = 1000,

tuning the nanocavity by 1% of its linewidth requires an index

change of

∆n '
for

nef f = 1.72,

0.01nef f
' 9 × 10−6
2QT

(4.28)

as appropriate for a H0 nanocavity in an InP membrane (see

also gure 2.1). The value of the eective refractive index can be estimated from
inspection of the eld prole of the mode to estimate the wavenumber, and then
using

ω = cknef f .

Figure 4.10 shows the change of the nanocavity resonance

frequency as a function of the localised index change, with the black circles representing the resonance frequency found by full 3D FDTD simulations, and the
red line being equation (4.27) with

nef f = 1.72,

as found from the estimate just

described. Clearly the agreement is excellent over a much larger range than that
necessary for small-signal modulation, and Eq. (4.27) can be used for estimating necessary index changes even for large-signal modulation of the nanocavity
resonance, as will be studied in chapter 6.
Realising the actual index modulation is in itself a complex engineering challenge, for which a number of approaches have been suggested. The simplest of
these is optical control, in which an external optical pulse is injected into the
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Nanocavity resonance frequency change normalised to the cavity
linewidth as function of the cavity refractive index change. Markers represent full
3D FDTD calculations and the solid line is Eq. (4.27).
Figure 4.10:

nanocavity. This leads to a non-linear change of the refractive index, stemming
from a number of eects. For non-centrosymmetric materials, such as indium
phosphide, as considered here, these include primarily the Kerr eect and the
plasma eect from excitation of free carriers by two-photon absorption [86].
Generally the free carrier dispersion tends to dominate over Kerr eects, unless
extreme eld connement can be achieved, as suggested using e.g.

so-called

"bowtie" structures [87]. This is also a fascinating perspective for Fano lasers,
sure to be pursued in future research, but which is beyond the scope of this
thesis.
The index change from the Kerr eect is instantaneous, which is practical for
transferring a rapidly-modulated control signal onto the refractive index, unlike the carrier-dispersion eects, which are limited in response speed by the
carrier lifetime in the nanocavity.

This means that a modulation generated

by optical control and generation of free carriers is unlikely to extend beyond
tens of GHz, unless the carrier lifetime in the nanocavity can be reduced down
to the picosecond range. Furthermore, control using an external optical pulse
with out-of-plane excitation is somewhat impractical for integrated devices, but
on the contrary lends itself well to proof-of-concept type investigations.

In-

plane excitation, however, such as by using an extended cross-port as the input
(examined in more detail in chapter 6) can be conveniently used in photonic
integrated circuits, and thus is highly relevant to study. Optical control of resonance frequencies in photonic crystal cavities is a well-established technology
at this point, demonstrated in a number of experiments [83, 88, 89].
The alternative to this approach of modulation is to use electrical tuning of
the refractive index. This can be realised using nano-electrodes in a conguration such as that of Ref. 90, where the electrodes serve the purpose of carrier
extraction (silicon platform). However, in our indium phosphide platform, application of the bias also results in a change of the refractive index from the
electro-optic eect, in particular due to the Pockels eect, due to the mentioned
non-centrosymmetric crystal structure [91]. Thus, if the electrodes are placed
near the nanocavity, one can locally tune the refractive index dynamically by
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variation of this applied electric eld.
Practically this is a similar technique to that used for electrical pumping of the
photonic crystal membrane lasers, so co-integration of these two functionalities
may be challenging, and furthermore, it is not yet clear how the inclusion of
the electrodes inuences the sensitive Fano laser geometry in terms of phase
matching, quality of the fabricated photonic crystal structure and overall quality of the device. Thus, achieving electrical control of the nanocavity resonance
is a complex but highly promising engineering challenge, which requires further
work. There is also the option of temperature tuning [92], which is limited in
applicability by the slow speed, and more exotic approaches, such as resonance
tuning using dierent kinds of near-eld probes [9395], but these appear both
impractical and unlikely to produce high-speed tuning.
Finally, one must consider the question of detection. This has two elements: the
issue of detecting a small relative frequency variation, and the issue of detector
bandwidth if the modulation frequency is to be extremely large.

The second

question is mostly academic, as it is unlikely that these modulation frequencies
exceeding THz will be generated in practice, but the rst is of great relevance.
The particular issue is that detecting a small FM amplitude is dicult due to
the necessity of conversion from frequency modulation to amplitude modulation. If this conversion is inecient, there may be a signicant power penalty,
and thus a large trade-o between the speed increase and potential energy consumption. However, this depends strongly on the applied detection schemes and
must be investigated in more detail, and particularly with more specic ideas
about realistic congurations.

4.4

Fano laser linewidth and relative intensity noise
properties

A nal perspective arising from the results of section 4.1 and 4.2 concerns the
noise properties of Fano lasers.

A narrow linewidth is highly important in a

number of applications, such as sensing and communications, while a low level
of relative intensity noise is benecial for obtaining a large signal-to-noise ratio
in data transmission. Generally it is dicult to achieve narrow linewidths in microscopic semiconductor lasers, often due to the fact that many of the methods
used in macroscopic lasers for linewidth reduction are dicult to scale down to
chip-level sizes without introducing prohibitive costs or impracticality. However,
notable progress has been made using quantum dot lasers, which have inherently low linewidths due to their small linewidth enhancement factor [9698].
Additionally, the power level is inherently low, leading to a larger relative importance of spontaneous emission as the chief noise source.
Because spontaneous emission of photons is the primary noise source, it is intimately related to the small-signal intensity modulation response studied in
the previous sections. In fact, the noise spectral density tends to scale directly
with the modulation response

|H(ω)|

[1], so that any additional damping of the

intensity responds tends to reduce the relative intensity noise and reduce the
laser linewidth. With this knowledge in mind, it is worth re-examining gure 4.3
from a noise perspective, as it is clear that the IM response becomes increasingly
damped as the nanocavity quality factor is increased. This suggests that one
should observe a reduction in relative intensity noise and corresponding reduc-
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tion in laser linewidth of Fano lasers compared to equivalent Fabry-Perot lasers.
One can intuitively understand this improvement from the same argument as
that of the reduced relaxation oscillation frequency and increased damping rate,
since these characteristics are of course intimately linked to the noise properties.
A simple, intuitive explanation for the potential linewidth improvement can also
be found in the modied Schawlow-Townes formula for the laser linewidth [1]:

∆ν =
where

τp0

1
2πτp0

(4.29)

is the eective photon lifetime. In the case of Fano lasers, an increase

in the nanocavity quality factor leads to a larger eective lifetime, as also argued
in the reduction of the relaxation oscillation frequency, which in turn leads to a
likely reduction of the laser linewidth. This still requires a more rigorous theoretical analysis to conrm, and furthermore, the fabricated devices have as of
yet been too limited in output power to make reliable linewidth measurements.
These issues should certainly be rectied in future work, since low-linewidth microscopic lasers are extremely attractive for applications, adding to the promise
of Fano lasers for integrated photonics.

Chapter 5

Microscopic lasers with external
optical feedback
In this chapter the impact of external optical feedback on the operation of semiconductor lasers is analysed, with two areas of particular focus. The rst part
investigates how the size of the laser impacts the feedback properties, clarifying
how the well-known and thoroughly tested analysis from macroscopic semiconductor lasers may transfer to their emerging microscopic counterparts.

The

second part deals with the feedback properties of Fano lasers, demonstrating
how the Fano mirror leads to an extraordinary resistance to feedback-induced
instabilities.

5.1

Brief background on semiconductor lasers with
feedback

Semiconductor lasers with external optical feedback have been extensively studied since the 1980s, and the literature is extremely comprehensive. Thus, only
a short review of some important concepts is given here for context. For more
extensive reviews, see e.g. the books by Ohtsubo [99] and Petermann [100] or
shorter works such as Refs. 101 and 102.
One of the dening works is the formulation of the dynamical equations describing lasers with feedback by Lang and Kobayashi [103], which consist of
rate equations for the complex electric eld of the laser and the free carrier

r3 at a
LD , as sketched in gure 5.1. These are equivalent to the equations for
A+ (t) and N (t) introduced in chapter 3, except for an addition of a delay term
density when exposed to an external mirror with amplitude reectivity
distance

representing the externally reected electric eld:

+



(t) 1
1
1
=
1 − iα)(Γvg g(N ) −
A+ (t) +
A(t, τD ) + FL (t)
dt
2
τp
τin
dN (t)
N (t)
=Rp −
− vg g(N )Np
dt
τs

dA

(5.1)

(5.2)

Np =
A(t, τD ) represents the back-coupled eld into the laser

with the same relation between eld strength and photon density, namely

σs |A+ (t)|2 /Vp .

The eld

cavity, and thus for conventional Fabry-Perot lasers is simply

A(t, τD ) = κA+ (t − τ )eiωs τD

(5.3)
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Figure 5.1:

Schematic of semiconductor laser with external feedback.

κ = (1−r22 )r3 /r2 is the amount of power reected from the external cavity
relative to the power reected from the laser mirror, as derived in [103], ωs is
the laser frequency and τD = 2LD /vg is the delay time of the feedback. This
where

is the most fundamental example of semiconductor lasers with feedback, and is
sketched in gure 5.1. For more complicated geometries, the form of

A(t, τD )

can change, as we shall see in the analysis of Fano lasers with feedback. As in
chapter 3, these equations are based on an expansion of the oscillation condition
around a stationary solution, and thus require knowledge of these steady-state
solutions. Setting the time derivatives to zero, one nds the following relations
for the laser frequency, carrier density and eld amplitude [102]:

κ p
1 + α2 sin(ωs,F τD + arctan(α))
τin
2κ
Ns,F = Ns −
cos(ωs τ )
Γvg gN τin


Ns,F
Vc
+ 2
Rp −
|As,F | =
σs Γvg gN (Ns,F − N0 )
τs
ω0 = ωs,F +

Here the subscript

s, F

(5.4)

(5.5)

(5.6)

indicates a stationary value with feedback, while

ω0

is

the solitary laser frequency.
The dynamics of the Lang-Kobayashi model are incredibly rich, with the solutions ranging from stable attractors to many kinds of dynamical equilibria,
e.g. intensity pulsations, mode hopping, and even chaotic oscillations [99], including phenomena such as low-frequency uctuations [75] and regular pulse
packages [104]. This is generally a challenging practical problem, but can also
be exploited for a number of applications [105], such as linewidth reduction [101],
wide-band chaos generation [106], random number generation [107], and LIDAR
ranging and navigation [108].
In this work, we concern ourselves mainly with the stability boundaries of the
lasers under study, i.e. the feedback level at which the fundamental stationary
solutions become unstable. Identication and understanding of the underlying
physics of these boundaries is of crucial importance for practical applications,
due to the extremely high sensitivity of semiconductor lasers to external optical feedback and the diculty of avoiding parasitic feedback.

As has been

repeatedly demonstrated in the past, even extremely minute levels of external
feedback can destabilise the laser operation, resulting in extreme broadening of
the linewidth (referred to as coherence collapse [109]) and chaotic oscillations.
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59

Generally there are two mechanisms of instability, the rst of which is related to
competition and hopping between dierent solutions of the oscillation condition,
commonly referred to as external cavity modes (ECM). The second is a dynamic
instability of a single, given external cavity mode related to a phase transition
from a stationary attractor to a limit cycle (dynamical equilibrium) through a
Hopf bifurcation. The number of available external cavity modes is dened by
the solutions to equation (5.4), which has two components on its right-hand side:
a linearly growing term,

ωs,F , and an oscillating component.

If the amplitude of

the oscillating component becomes suciently large (by e.g. an increase of the
feedback level) multiple stationary solutions become available, and the laser can
become unstable through mode competition. The so-called

C -parameter

[109]

is a gauge of the number of solutions, with the number of solutions scaling approximately as C/π + 1. Studying the monotonicity of the right-hand side with
ωs,F yields the condition for having multiple solutions, which corresponds to
C = 1. The parameter C is given by
κτD p
1 + α2
(5.7)
C=
τin
For

C≤1

there is only a single external cavity mode [102], and its stability is

uniquely governed by the properties of the mentioned phase transition.

Note

that the number of solutions scales inversely with the mode spacing of the external cavity, and conversely with the internal mode spacing, so that the most
favourable congurations for stability are large lasers with close external mirrors.
Conventionally, the dynamic characteristics of a semiconductor laser with feedback can be classied in one of ve regimes, as rst introduced by Tkach &
Chraplyvy [110]. As the feedback increases, the laser traverses these ves regime
in a well-dened order. In regime I where the feedback is vanishingly small and

C < 1

there is only a single external cavity mode, and the laser linewidth is

broadened or narrowed depending on the phase of the external feedback.

In

regime II one or more additional external cavity modes become available, and
hopping between these increases the laser linewidth notably. In regime III a single, dominant external cavity mode is selected and the laser linewidth narrows
again, until regime IV, the boundary of which is given by the critical feedback

level. Here the single external cavity mode is destabilised, intensity pulsations,
chaos and low frequency uctuations can occur and the linewidth broadens dramatically, giving rise to the term coherence collapse. Finally, as the feedback
becomes strong enough, the laser reaches regime V, where a single mode is once
again selected and the linewidth can be substantially narrowed. Here the feedback is so strong that the system essentially becomes an external cavity laser.
See e.g. Refs. 110 and 99 for additional details.
From the Lang-Kobayashi model, one can derive an expression for the critical
external reectivity,

r3,C ,

at which the laser rst makes the transition from a

continuous-wave state into a dynamical equilibrium by means of a Hopf bifurcation. Assuming that the external delay time is long compared to the relaxation
oscillation time, i.e.

τD ωR  1,

this level is given by [111]

r3,C =
where

γ

γτ
r2
√ in
1 − r22 2 1 + α2

is the relaxation oscillation damping rate. The

(5.8)

α-dependence

of this

expression has been the subject of some debate, given that the conventional
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analysis of the equations produces this form, while empirical estimates seem to

√

1+α2
better matches experimental evidence and the
α2
numerical solutions of the Lang-Kobayashi model [112, 113].
suggest that the scaling

With typical parameter values for an industrial-scale semiconductor laser the
critical feedback level is in the range of

−40

dB, showing how the lasers are

extremely sensitive to even the smallest parasitic reections. This problem is
manageable in macroscopic systems by simply employing an optical isolator in
front of the laser, but when going to chip-scale applications the picture changes.
Here optical isolators cannot be practically integrated due to the necessity of
either magneto-optic material or exceedingly complicated congurations, such
as ones based on topological insulation [114, 115]. This means that alternative
solutions must be pursued.

The literature contains a number of examples of

such proposed solutions, including quantum dot lasers with reduced

α-factors

and high damping [96], highly complex laser geometries [116], and lasers with
inherently large quality factors [117]. This remains an open problem, and thus a
detailed understanding of the topic of microscopic on-chip semiconductor lasers
with external optical feedback represents an important emerging eld of research. This constitutes the primary motivation for the following two sections
investigating the scaling of feedback properties with laser size and Fano lasers
with feedback.

5.2

Size-dependence of the critical feedback level in
conventional lasers

In this section it is investigated how down-scaling of devices aects the feedback
properties of semiconductor lasers in comparison to their well-studied macroscopic counterparts.

As device miniaturisation and implementation in large-

scale photonic integrated circuits has only truly taken o in recent years, there
have not been many studies of microscopic semiconductor lasers with feedback,
but they are gradually starting to emerge [118122], and it seems reasonable to
expect that interest within this eld will only grow in the coming years, due to
the continuing development of on-chip optical interconnects.
Previous work on microscopic semiconductor lasers with feedback has typically
been based on specic cases with narrow focus on single parameters [118, 120,
121], or investigations with limited considerations about the eect of size [119].
These do not provide a holistic overview of the consequence of down-scaling
the device size, which carries a number of dierent eects. Here, we attempt
to give a general overview of the accumulated results of all these changes in
terms of the critical feedback level, as given by Eq. (5.8). Thus, our work is
based on the assumption that even microscopic lasers are well-described by the
conventional Lang-Kobayashi model with a Langevin description of spontaneous
emission noise. This sets a lower limit for the size of the lasers studied, since it
requires operation in a regime where quantum-correlations between emitters can
be neglected and the spontaneous emission rate is large enough for a Langevin
description to be accurate. Ref. 123 estimates that the rate equation approach
is applicable for lasers with more than

≈ 20

emitters. For comparison typical

micro-lasers with cavity lengths in the few micron range operate with hundreds
to thousands of emitters, so the accuracy of this description is likely only violated for lasers that are truly nano-scale.
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Symbol

Macroscopic

τin
τR
1/γ
τD

5-500 ps

Table 5.1:

Microscopic

/1

ps

Meaning
L-cavity roundtrip time

5-50 ps

5-50 ps

Relaxation oscillation time

 τR
 1 ps

/ τR
/ 1 ps

External delay time

Damping time

Comparison of typical time constants and ratios for large and small lasers.

Down-scaling the size challenges a number of conventional assertions used when
studying the Lang-Kobayashi equations, and in particular the critical feedback
level. The dynamics of the system tend to depend strongly on relations between
a set of characteristic time constants. These are the laser roundtrip time,
the relaxation oscillation time constant,
tion damping time,

1/γ ,

τR = 2π/ωR ,

τin ,

the relaxation oscilla-

and the external cavity delay time,

τD .

Table 5.1 lists

these and their typical values in macroscopic and microscopic lasers respectively,
showing how the relative magnitudes of these time constants change considerably when scaling down the system.
Beyond changing the time constants, there are a number of qualitative changes
when the lasers become small enough. In particular, one must account for the
fact that the available modal gain is limited, which puts a signicant constraint
on the relation between the cavity length and mirror reectivity.

This is of

course also a factor for macroscopic lasers, but is much less strict due to the
longer cavities. Furthermore, the role of spontaneous emission can be much more
pronounced for small lasers [124], with the spontaneous emission factor being
able to approach unity and thresholdless lasing being a possibility [125]. Given
that many of the dynamic phenomena related to feedback are noise-driven, it
is important to consider this dierence. Finally, due to the much larger mirror
reectivities necessitated by the size and gain constraints, microscopic lasers
tend to operate in or near the over-damped regime [126], where

ωR /γ ≤ 1,

i.e.

as class A lasers without relaxation oscillations. This is of major importance
for the feedback stability, as the onset of instability is driven by relaxation oscillations becoming un-damped.
The rst question to ask is thus whether Eq. (5.8) continues to be applicable as
the lasers are scaled down, and to answer this, one must return to its original
derivation, as in e.g. [127].

Starting from the Lang-Kobayashi equations and

performing a small-signal analysis, one nds the following determinant of the
Laplace transform:




−sτD
D(s) =s + s γ + 2z cos(y)(1 − e
) + s z 2 (1 − e−sτD )2

−sτD
2
+ 2zγ cos(y)(1 − e
) + ωR + z 2 γ(1 − e−sτD )2
3

2

2
+ zωR
(cos(y) − α sin(y))(1 − e−sτD )
where

s

value of

is the Laplace transform variable,

ωτD .

z = κ/τin ,

(5.9)
and

y

is the principal

In macroscopic lasers the approximations

2
ωR
 z2

(5.10)

2
ωR

(5.11)

 γz
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can be applied with condence to neglect all but the
rst order coecients in the determinant.
tions and assuming a long external cavity,

ωR

terms in the zero and

Continuing from these approxima-

ωR τD  1 yields the expression (5.8).

Here it should be noted, however, that as the length of the laser decreases and
the laser becomes increasingly over-damped, these approximations become increasingly less valid, from whence two key questions arise: when does Eq. (5.8)
break down, and what is the alternative beyond this point?
These questions are not trivial to answer, given that both

ωR

and

γ

depend non-

linearly on the laser size through the variations of the photon density. There
is also the additional challenge that

z

depends on the external feedback level

and mirror reectivities. This brings the subtlety that in order for Eq. (5.8)
to be truly valid, the value of
be smaller than the value of

r3

r3,C

predicted for a given parameter set should

for which the approximations (5.10) hold. One

option for addressing the rst question is to simply inspect the relations (5.10)
over a range of parameter spaces, from which a useful estimate of the validity
of Eq. (5.8) can be obtained in the following manner: For a given parameter
set, calculate the critical feedback level with (5.8). Use this value as

r3

in

κ and

check the validity of (5.10). If these are upheld, then the calculated value for
the critical feedback level is self-consistent and applicable.
This approach has been carried out in gures 5.2 and 5.3, which show tests of

RP = 1.5RP,th and RP = 5RP,th . This is done by
2
2
/[γz(r3,C )] (colour, logarithmic scales) as
/z(r3,C )2 and ωR
ωR
2
function of the cavity length and the mirror transmission 1 − |r2 | , also on logarithmic scales. As an example, −1 on the second axis corresponds to a mirror
reectivity r2 ' 0.95. The red boundaries indicated in the gures correspond to

the approximation validity for
plotting the ratios

the boundary where the ratio in question is larger than 10, signifying that the

(a),

approximation is certainly fullled. There is no boundary in gure 5.2

as

the ratio is always larger than 10 for these parameter combinations. The white
regions represent devices with a modal threshold gain larger than

200 cm−1 ,

which are discarded due to lasing in such devices being unrealistic.
In all regions where both ratios are signicantly larger than unity it can be
concluded that Eq. (5.8) applies. Perhaps not surprisingly, it is clear that the
validity of the approximations depends signicantly on the bias of the laser.
Near threshold both approximations appear generally valid, even for extremely
small lasers with very high mirror reectivities.

(a)

Increasing the bias tends to

(b)

and (b) ωR2 /γz(r3,C ) , both as function of laser cavity
length and mirror reectivity for RP = 1.5RP,th .

2
Figure 5.2: (a) ωR
/z(r3,C )2
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(a)

(b)

and (b) ωR2 /γz(r3,C ), both as function of laser cavity
length and mirror reectivity for RP = 5RP,th .

2
Figure 5.3: (a) ωR
/z(r3,C )2

invalidate particularly

2
ωR
 γz ,

since the damping rate grows approximately

with the photon density, while the relaxation oscillation frequency grows as the
square root of the photon density. The rst thing that can be said is that the
conventional result, (5.8) is valid for a very wide range of parameters, and is
only invalidated for very small lasers with very high mirror reectivity (L
and

r2 & 0.999),

. 1µm

and interestingly also for large lasers with relatively high mir-

ror reectivities, although these are uncommon in practice. Based on the red
boundaries, the lasers can become extremely small before the approximations
start to fail, and for practical purposes the conventional expression for the critical feedback level, Eq. (5.8), can be reliably applied for most lasers. However,
one must be somewhat careful with low-threshold micro-lasers, which can easily
be biased many times beyond threshold, perhaps reaching regimes where the
second approximation is invalidated. For this qualier it should, however, also
be kept in mind that for energy-ecient operation, devices are likely to be biased as close to threshold as possible, while maintaining a good signal-to-noise
ratio.
From this analysis, two avenues of investigation follow in the coming sections:
the size-dependence of the conventional expression in the range where it applies, and an analysis of the critical feedback level in the regimes where the
conventional expression does not apply.

5.2.1 Size-related considerations in the regime where the
conventional critical feedback level is applicable
By direct inspection of Eq. (5.8) one sees that the critical feedback level scales
linearly with the cavity length, and as such the straight-forward conclusion
would be to say that small lasers are more sensitive to external feedback than
their macroscopic counterparts. However, this interpretation neglects some of
the eects outlined previously and, as will be shown in the following, is too
simplistic.
First of all, the small cavity lengths of microscopic lasers enforce strict requirements on the mirror reectivity, due to the limited available modal gain. This
can be quantied simply by using the roundtrip condition for the modal gain,

64

Microscopic lasers with external optical feedback
r3  1, is well-approximated


1
1
Γg = αi +
ln
2L
R1 R2

which, in the case of weak feedback,

where

Rx

by

(5.12)

are the power reectivities of the left and right mirrors. From this

threshold condition one can directly express the mirror reectivity as a function
of the cavity length for a given available modal gain. Assuming for simplicity
that

R1 = 1,

and substituting the expression for

r3,C =

r2

in (5.8) yields

e−L(Γg−αi )
Lγ(L)
√
vg 1 + α2 1 − e−2L(Γg−αi )

(5.13)

The imposition of the constraint (5.12) clearly yields a very dierent length
scaling, in particular because the damping rate is also a strong function of size,
as has also been explicitly noted here through
gain

gnet = Γg − αi

and taking the limit

lim r3,C =

L→0

L→0

γ(L).

Dening the net modal

of (5.13), one nds

γ(L → 0) 1
√
vg 1 + α2 2gnet

(5.14)

showing that the behaviour can in practice be reduced to the value of the net
gain at the operation point and the damping rate.

Figure 5.4

(a)

shows the

critical feedback level as a function of cavity length for dierent values of the net
gain, and here it is clear that over a large range of cavity lengths the damping
rate is practically unchanged as long as the net gain is constant, suggesting
that the single dening characteristic that should be considered is the net gain
in operation.

This follows from the orders of magnitude dierence in critical

feedback level when varying the net modal gain, with these variations being
much larger than those imposed on

γ

by the length change. Size and gain are

of course linked, but the essential clarication here is that both small and large
lasers can operate with a given net gain, while size is an absolute metric. Based
on this, it does not make sense to categorically conclude whether small lasers are
more or less stable than their larger counterparts. Instead, the most simplistic
rule of thumb in dening feedback stability becomes the size of the net gain,
with smaller gain leading to more stable lasers, but this of course comes with
the qualier that it is generally easier to achieve operation at low gain in longer
lasers. This is even more evident in gure 5.4

(b), which shows how the optimal

combination in terms of stability is a long cavity and a high mirror reectivity,
leading to the smallest net gain.

5.2.1.1 Spontaneous emission β -factor
The possibility of achieving threshold-less lasing in nano- and microlasers has
long been emphasised as a dening characteristic of these devices, with claims
of great energy eciency and thus applicability in on-chip signal processing
and transmission.

The eects of the large spontaneous emission

β

factor on

the feedback stability of these devices, however, has not been claried as of yet.
While remaining within the framework of the Lang-Kobayashi model, the impact
of changes to the

β -factor

are relatively straight-forward to interpret. From a

small-signal analysis of the rate equations [1], it follows that increasing the

β-

factor increases the relaxation oscillation damping rate, leading to a weaker
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(a)

(b)

Critical feedback level as function of the cavity length for dierent
values of the net gain. The variation of the damping rate is also included. (b) Critical
feedback level as function of both cavity length and mirror reectivity.
Figure 5.4: (a)

relaxation resonance in the modulation response and also the corresponding
increase in the critical feedback level. Whether this eect is of actual importance
depends in particular on the pump rate, as can be seen by inspection of the full
expression for the damping rate:

γ=
Here

Rsp

1
ΓβRsp
+ vg gN Np +
+ Γvg Np ap
τs
Np

is the total spontaneous emission rate and

ap

(5.15)

is the derivative of the

gain with respect to the photon density, accounting for non-linear gain suppression as in Ref. 1. As the second term grows with the photon density and the
spontaneous emission term decreases with the photon density, it rapidly becomes
negligible as the laser is biased beyond threshold, even for orders of magnitude
changes of

β.

This eect is amplied by the fact that microscopic lasers have

extremely small threshold pump rates, and thus are easily biased at many times
the threshold value, but it may be of interest to study the near-threshold behaviour in applications where energy consumption must be minimised at the
cost of signal-to-noise ratio and coherence. In any case, larger values of

β

ap-

pear to translate directly into better feedback stability, which is of course benecial for applications in integrated photonics.
with Ref.

121, and with Ref.

This also agrees qualitatively

123, where it was found that for comparable

pump rates, devices with higher spontaneous emission factors have better noise
properties, reecting the usual intimate relation between noise and feedback
properties of semiconductor lasers.

Furthermore, there is also the qualitative

connection that the larger damping rate aorded by the high

β

factor results in

relaxation oscillation-free operation. This serves to suppress instabilities born
from relaxation oscillations being un-damped.

5.2.1.2 C-parameter for microscopic lasers
As a direct extension of the previous considerations, one may also impose the
constraint on the cavity length from the mirror reectivity in the conventional
expression for the

C -parameter,
C = r3 τD vg

Eq. (5.7). In a similar manner, this yields

p


1+

α2

1 − e−2L(Γg−αi )
Le−L(Γg−αi )


(5.16)
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As for Eq. (5.13), this also converges in the limit

(a):

L → 0,

with the shape of the

asymptote inverted to that of gure 5.4

lim C = 2gnet r3 τD vg

L→0

p

1 + α2

(5.17)

but strictly, as none of the other variables depend directly on

L.

Together with

the fact that on-chip operation places realistic constraints on the feedback length
at which coherent feedback will realistically happen, one might reasonably say
that microscopic lasers permit fewer external cavity modes, leading to improved
stability due to less mode competition and fewer mode hops.

However, the

reduction in allowed ECMs should be measured against a potentially increased
hopping rate due to the larger contribution of spontaneous emission noise, which
could be investigated using e.g. a potential model as in Ref. 128. In [128] it
is also shown how the potential barriers increase with

z,

which decreases as the

laser size decreases, meaning that there should be both fewer external cavity
modes and a smaller hopping rate for smaller lasers, but this necessitates a
more thorough investigation beyond the scope of this work.

5.2.2 Dierent cases beyond the conventional approximations
The situations where the conventional approximations, Eq. (5.10), do not apply are more complicated to analyse.

The challenge is that within the usual

approximations one can neglect most of the oscillatory terms of the determinant of the Laplace transform, Eq. (5.9), leading to a simple expression where
the impact of the remaining oscillatory terms can be directly inferred, i.e. it is
straight-forward to see that the impact of the feedback is maximised for a given
external mirror phase.
This is not the case when the approximations do not apply, because all of the
previously neglected terms are oscillatory. In that case, one cannot simply assume a given external mirror phase for maximum impact of the feedback, which
in turn leaves a complicated transcendental equation. Thus, one must trace the
zeros of the determinant for all values of the external feedback phase

ΩτD , which

is a challenging numerical problem that may be solved using e.g. Cauchy's argument principle [129]. There may be some computational benet in parameter
sweeps where it is faster to trace the crossing of the solutions to

D(s) = 0 for all

feedback phases rather than solving the full Lang-Kobayashi equations. However, the main conclusion here is that it is not immediately possible to make
direct, analytical inferences about the parameter scaling of the critical feedback
level in these alternative regimes.

5.2.3 Beyond the Lang-Kobayashi model with Langevin noise
In the limit where the applicability of the Lang-Kobayashi model itself starts
to break down, alternative approaches must be sought.

These include e.g.

Maxwell-Bloch equations [64] or extended rate equations [130], but it is not immediately obvious how to include the eects of feedback in these formulations.
Ref. 120 utilises a fully stochastic approach based on recurrence relations, which
describes the laser dynamics well in the partially coherent regime near threshold, but does not properly account for the phase of the electric eld, and thus is
unlikely to give a reasonable description of the feedback dynamics well-beyond

5.2 Size-dependence of the critical feedback level in conventional lasers 67
threshold. The question of how to describe the smallest of lasers with external
feedback is thus an open one, but one that seems likely to require an answer in
the coming years, as devices shrink further and integrated photonics starts to
truly come into its own.
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5.3

Fano lasers with optical feedback

In this section the eects of exposing Fano lasers to external optical feedback
are explored, with a particular focus on how the stability compares to that of
conventional Fabry-Perot lasers. The Lang-Kobayashi model is generalised to
Fano lasers and similar geometries, and this generalised model is used to analyse
the performance through numerical solutions and some useful analytical results.
Most of the results of this section are reported in Ref. 52, and some gures are
reproductions from there.

5.3.1 Model formulation with feedback
Due to the equivalence in the absence of feedback of the Lang-Kobayashi model
and the equations for the carrier density and L-cavity eld introduced in chapter
3, the Fano laser model can be conveniently extended to become a generalisation of the Lang-Kobayashi model appropriate for this system. This allows for
straight-forward comparison to Fabry-Perot lasers, and provides a exible tool
for study of similar geometries involving e.g. coupled-cavity lasers.
As the majority of the Fano laser output power is coupled out of the cross-port,
the external feedback is assumed to originate in this port.

By then applying

the same principles of coupled-mode theory as in the derivation of the equation for

A− (t)

in Ref.

67, but also including an external reector at the end

of the cross-port, one nds (See Appendix A.3.1 for derivation) the following
dynamical equation for the nanocavity eld,:
dAc (t)
dt
where

r3

√
= (−iδc − γT )Ac (t) + i γc A+ (t) − r3 γp Ac (t − τ )eiωs τD

is the amplitude reectivity of the external mirror,

ωs

(5.18)

is the laser

frequency and τD is the delay time of the externally reected light. This equation
is only valid in the limit of weak feedback, i.e.
terms may be neglected.

r3  1, so that higher-order delay

In this analysis we consider only Fano lasers with

symmetric mirror reectivities, i.e.

rB = 0,

but the analysis can be extended in

a straight-forward manner using the model formulation of chapter 3. By now
redening the back-coupled eld,

A(t, τD ),

Eq. (5.3), in the L-cavity equation

as in chapter 3, we obtain the generalised Fano Lang-Kobayashi model, which
consists of equations (5.1), (5.2), and (5.18), with

√
A(t, τD ) =

γc Ac (t, τD )
− A+ (t)
r2

(5.19)

Since the feedback only couples in through the nanocavity, the equations for
the L-cavity eld and carrier density are unchanged.
can show that in the limit

γT  γL ,

As a sanity check, one

where the mirror bandwidth is wide and

the Fano laser acts as a Fabry-Perot laser, the formulation becomes equivalent
to the conventional Lang-Kobayashi model, but with a dierent eective

κ

for

the Fano laser due to the coupling mediated by the nanocavity. The Fano laser
eective

κ

is, for

δc = 0:
κF L =

r3 γp
γT

(5.20)

Conveniently, this also means that one can dene an eective right reectivity

r˜2

for the stationary solutions as in e.g. the injection locking description of Ref.
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111, given by

r˜2 (ω, ωc ) =

iγc
iδc + γT + r3 γp eiωτD

which can be used in the oscillation condition, Eq.

(5.21)
(3.15), to compute the

stationary solutions for Fano lasers with external optical feedback.
Based on the work in Ref. [75] the iterative travelling-wave model of chapter
3 has also been extended to include the external feedback.

The extension is

completely analogous to the previous derivation for the dierential equation
model, and results in the following evolution equations for studying Fano lasers
with external feedback:

hτ
i
√
in
G(N − Ns )(1 − iα) + τin FL (t) (5.22)
A+ (t + τin ) =rLS γc Ac (t, τD ) exp
2

r2 +
−r3 γp
r2
iωτD
+ √ A (t) + Ac (t) − √ A+ (t)
Ac (t + τin ) =
Ac (t − τD )e
iδc + γT
γc
γc

r3 γp
+
Ac (t − τD )eiωτD × exp[−(iδc + γT )τin ]
iδc + γT
dN (t)
N (t + τin ) 'N (t) + τin
dt
t
The advantages of this iterative formulation, as outlined in chapter 3 are even
more evident when analysing delay systems. Generally solving stochastic delaydierential equations is computationally demanding, particularly in systems
with wild variation in the solution space over small parameter changes - such as
semiconductor lasers with feedback, where the qualitative nature of the solution
can change drastically around bifurcations. This means that the error tolerance
of the solution must be adjusted appropriately depending on the type of solution
itself, leading to a complex automation problem. Furthermore, with no inherent
knowledge of the system time scales, the solver must store and process the entire history of the system at each time step, leading to computation times that
can be prohibitively long for simulation times long enough to accommodate the
occasionally very slow (100s of ns) transients of semiconductor lasers with external feedback. These issues are conveniently avoided when using the iterative
travelling-wave model, where time-stepping is straightforward numerically, and
storing and accessing the delayed eld comes at no signicant computational
cost.

Furthermore, the challenge of dynamical adjustment of error tolerance

depending on the solution is non-existent, leading to predictably short computation times. With the short cavity lengths studied here (few microns) leading
to a roundtrip time around

≈ 150

fs all dynamical phenomena are also well-

resolved, and the approximations applied to obtain the evolution equations for

Ac (t) and N (t) are well-justied, while simulation times of hundreds of nanoseconds still only take a few seconds on a normal workstation.
Based on these extensive advantages, the iterative formulation is used to compute the numerical results shown in the following. Due to the computational
eciency of the model, the simulation time is set to 500 ns to ensure that
any slow dynamics are accurately captured, with the minimum linewidth mode
used as the initial condition in order to obtain the most accurate picture of
the stability.

As in Ref.

52, The following calculation parameter values are

ωc = 2πc/(1.55µm), α = 5, r2 =
0.94, Γ = 0.01, vg = c/ng , ng = 3.5, gN = 5 × 10−16 m−2 , N0 = 5 × 1021 m−3 , τs =

used in this section, unless otherwise specied:
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Fabry-Perot laser

rext

(d)
Unstable

Stable

Figure 5.5: Schematics of (a) Fabry-Perot and (b) Fano laser, and their corresponding phase diagrams, (c) and (d). Figures reproduced with permission from Ref.
52.

0.28ns, τp = 0.91ps, QT = 750, and RP = 1.5RP,th , i.e. 1.5 times the threshold
V = LA, where L = 4.88µm, A = 0.20µm2 . The decay rates are related to the quality factors as γx = ωc /(2Qx ). For a total quality
5
factor of 750, the corresponding quality factors are Qc = 780, Qv = 10 , Qp =
4
1.5 × 10 .
pump rate. The volume is

5.3.2 Improved feedback stability of Fano lasers
Figure 5.5 shows a comparison of phase diagrams calculated for a conventional

(a) and phase diagram in (c)), and a Fano laser
(b) and phase diagram in (d)) - both with identical parameters.

Fabry-Perot laser (sketched in
(sketched in

The phase diagrams show the relative intensity noise (RIN) as a function of the
power reectivity of the external mirror in dB (rst axis) and the distance to
the external mirror (second axis). The RIN is calculated as

RIN =
where

δP (t)2
hP (t)i2

(5.23)

δP (t) and hP (t)i are the variance and mean, respectively, of the temporal
P (t), computed for each value of r3 and LD using Eqs. (5.1) and

power traces

(5.2) for the Fabry-Perot laser, and Eqs. (5.22) for the Fano laser. The RIN
provides a useful measure for investigating the laser stability without delving
into the details of the complicated dynamics, and can be interpreted straightforwardly: the blue regions correspond to stable operation in a continuous-wave
state while a large and sudden increase signies the onset of instability (yellow
regions). Thus, from this simple representation the contrast between otherwiseequivalent Fabry-Perot and Fano lasers is extremely clear just by inspection of
the yellow areas in both phase diagrams. Dening the critical external reectivity as the reectivity below which the laser is stable irrespective of the distance to
the external reector, one can observe an improvement of approximately 30 dB

2

from the Fabry-Perot laser (|r3,C |

' −60

dB) to the Fano laser (|r3,C |

2

' −30

dB). Furthermore, the Fano laser has trenches of unconditional stability even for
extremely high external reectivities, where instabilities and coherence collapse
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(a)

b
c

CW

a
Stable

(b)

(c)

P1

Chaos

Overview of the underlying dynamics of the phase diagram. Figures
reproduced with permission from Ref. 52, main text and supplementary.
Figure 5.6:

are entirely suppressed.

This is not observed for Fabry-Perot lasers until the

distance to the external mirror becomes so short that no feedback instabilities
arise. Thus, it appears that complete immunity to feedback-induced instabilities may be obtainable if the external mirror phase can be carefully controlled
through e.g.

an integrated phase controller, such as local heating, as in Ref.

92. Finally, one should also note the disparity in the delay length at which this
happens: for the Fabry-Perot laser, the unconditional stability does not occur
until

LD ' 10−4

m, whereas for Fano lasers it happens at

LD ' 10−3

m, also

(a).

In par-

an order of magnitude improvement.
Figure 5.6 shows examples of the underlying dynamics of gure 5.5

ticular it shows the evolution of the laser dynamics under increasing external
feedback, illustrating the phase transition previously described. This consists
of the laser initially being in a continuous-wave state

(a), then abruptly tran-

sitioning into a single-frequency period-one oscillation through a Hopf bifurcation

(b).

This solution rapidly acquires higher-order frequency components,

and eventually descends into chaotic oscillations as the feedback is increased,
as shown in

(c).

This and other routes to chaos have been extensively studied

for Fabry-Perot lasers [131], while Fano lasers are unknown territory. The route
to chaos can be investigated using bifurcation diagrams, which are constructed
by studying time traces and recording each extrema.

Thus, for a continuous

wave state there is only a single point, while a period-one oscillation has two
points, a period-two has four and it continues accordingly.

Figure 5.7 shows

two dierent bifurcation diagrams for the Fano laser with dierent distances
to the external mirror. In gure 5.7

(a) the laser reaches a chaotic state by a

conventional period-doubling route to chaos as can be seen by the factor of two
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(a)

(b)

Figure 5.7:

ps.

Fano laser bifurcation diagrams for

(a) τD = 300

ps and

increase in number of points as the external reectivity increases.

(b) τD = 72

Figure 5.7

(b), however, is a fascinating case in which the laser transitions from a higherorder quasi-periodic state back into continuous-wave operation before reaching
a truly chaotic state, which is dierent from the conventional evolution of semiconductor lasers with feedback, as described previously.
Even more contrary to this conventional classication, there are regions where
the Fano laser appears to bypass the chaotic regime entirely, as illustrated in
gure 5.7

(b), where the characteristic smearing of the points in the bifurcation
(a)) are not observed. It is doubly surprising, as

diagram signifying chaos (as in

in most cases the chaotic regime covers a large range of feedback strengths for
conventional lasers, typically

≈ 30

dB. This phenomenon only appears for rela-

tively short external cavity lengths, suggesting that it is related to the unique
external cavity mode selection properties of Fano lasers, which will be discussed
subsequently.
The underlying physics of the improved feedback stability of Fano lasers can be
understood by considering what constitutes the only dierence between Fano
lasers and Fabry-Perot lasers with equivalent parameters: the Fano mirror, and
in particular the bandwidth of this mirror.

This is illustrated in gure 5.8,

which shows the calculated relative intensity noise as a function of the external
feedback level for

τD = 1

ns, for the Fabry-Perot laser (green) and Fano lasers

with three dierent values of the nanocavity quality factor (red, black, blue),
and thus mirror bandwidths.

The behaviour of the phase diagrams in gure

5.5 is of course reproduced, with a stable CW state transitioning rapidly into
a large-RIN state corresponding to dierent limit cycles and eventually chaos.
The interesting thing here is how the phase transition, i.e. the critical feedback
level, moves with the Q-factor.
Perot laser as the

Q→0

For comparison, one can consider the Fabry-

limit of the Fano laser, and thus it makes sense that

the Fano laser curves approach the Fabry-Perot laser as the Q-factor decreases.
With even small increases of the Q-factor in the range of hundreds, the critical
feedback level increases by several orders of magnitude, underlining the extreme
improvement in feedback stability oered by the Fano mirror.
Extending this calculation to a wider range of quality factors and extracting the
critical feedback level yields gure 5.8

(b), showing a clear, systematic increase

of the critical feedback level with the nanocavity quality factor. This systematic
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RIN as function of external power reectivity for the Fabry-Perot
and Fano lasers with varying Q-factor. (b) Critical feedback level as function of the
nanocavity Q-factor. Figures reproduced with permission from Ref. 52.
Figure 5.8: (a)

behaviour can be derived in a closed-form expression for the critical feedback
level under the assumption that

γL  γT ,

i.e. that the nanocavity eld storage

time is much larger than the L-cavity roundtrip time, which for cavity lengths
in the few-micron range, is a good approximation even for Q-factors in the few
hundreds. In that case, one nds that the critical feedback level for Fano lasers
is given by

r3C,F L =
Here

γF L

2QT γF L
|r2 |
√
ωs 1 + α2 (1 − |r2 |2 )

(5.24)

is the Fano laser relaxation oscillation damping rate,

nanocavity quality factor and

ωs

is the laser frequency.

QT

is the

This expression can

be derived by adiabatic elimination of the L-cavity eld, carrying out a smallsignal analysis of the resulting equations and searching for eigenvalues of the
determinant of the Laplace transform crossing the imaginary axis, as done for
the conventional laser in Ref.

127.

The detailed derivation is presented in

Appendix A.3.2. Equation (5.24) is plotted as the black line in gure 5.8

(b),

showing excellent agreement with the full numerical results.
Unsurprisingly, Eq. (5.24) is very similar to that of Fabry-Perot lasers, (5.8).
The only change is that half the L-cavity roundtrip time,

2Q/ω ,

τin /2,

is replaced by

i.e. the eld storage time in the nanocavity (τp,nc ), or alternatively, the

mirror linewidth. From this, the improvement in the critical feedback level can
be quantied straight-forwardly by the ratio of the two expressions, as


∆r3,C [dB] = 10 log10

2τp,nc
τin


(5.25)

showing how the largest improvement is obtained for high-Q Fano mirrors with
short cavity lengths. As analysed in section 5.2, small lasers can be highly sensitive to feedback, and thus, being able to achieve a signicant improvement by
means of the Fano mirror is a signicant advantage in terms of applications.
However, this also shows how optimism must be tempered in terms of the properties of potential macroscopic Fano lasers, for which the feedback properties
will be similar to those of conventional lasers, unless the nanocavity quality factor can be made enormously large.
Mathematically, the replacement of the roundtrip time arises due to the adiabatic approximation

γL  γT

made in the derivation, which corresponds to
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τp,nc  τin

as the dominant storage time. The underlying physics of the ex-

pression can also be analysed from this perspective, by considering the eect of
the Fano mirror on the two main sources of instabilities in semiconductor lasers
with feedback: competition between external cavity modes and relaxation oscillations becoming un-damped. As described for the conventional laser case, the
critical feedback levels given by Eqs. (5.8) and (5.24) respectively identify the
rst Hopf bifurcation, leading to un-damped relaxation oscillations inducing instability, and thus one part of the stability improvement can be explained from
this expression. However, in order to understand the impact of the Fano mirror
on the external cavity mode structure, a Fano laser analogy for the

C -parameter

has been derived in Appendix A.3.3. This was done by studying the monotonicity of the Fano laser oscillation condition, Eq. (3.8), with the eective reection
coecient of Eq. (5.21), as described for the conventional laser in section 5.1.
Such an analysis yields

CF L = κF L

p
τD
1 + α2
τp,nc + τin

(5.26)

Once again the form of the expression is identical to the Fabry-Perot laser equivalent, but with two changes: the normal form of
eective

κ

κ

is replaced by the Fano laser

and, crucially, the eective mode spacing is enhanced by the eld

storage in the nanocavity, leading to a larger eective roundtrip time. In the
limit of

τp,nc  τin

feedback level, that

we also nd, similarly to the previous analysis of the critical

τp,nc

simply replaces

τin .

Within these approximations the simple interpretation is that the mode spacing
of the Fano laser is larger due to the longer eective roundtrip time, but in
actuality the eect on the external cavity mode structure is even stronger. In
the derivation of Eq. (5.26) a rst-order expansion of the Fano mirror reectivity is employed and operation at the mirror resonance is assumed, so that
the rst derivative vanishes. This means that this result neglects the impact of
the frequency change on the mirror reectivity (which is also why we get the
conventional

α-dependence), and in reality the ltering of external cavity modes

is even stronger. One can appreciate this by considering how the Fano mirror
impacts the external cavity modes compared to the well-known case of ltered
external feedback, as studied in e.g. Refs. [132135]. As demonstrated particularly in [132], the eect of a lter on the external cavity mode structure is to
suppress certain external cavity modes depending on the lter shape.

An in-

sightful comparison can be made by formulating an eective mirror reectivity,
encompassing also the external feedback, as in equation (5.21), for Fabry-Perot
lasers with ltered and unltered feedback, as well as Fano lasers.
feedback, i.e.

r3  1,

For weak

these are:

rR (ω)F P =r2 + r3 eiωτD

(5.27)

iωτD

rR (ω)F ilt =r2 + filt(∆ω)r3 e
rR (ω)F ano =r2 (∆ω) + r3 e

(5.28)

iωτD

(5.29)

where the subscripts FP and Filt refer to Fabry-Perot lasers with unltered and
ltered feedback. Here

r2

is the right mirror reectivity, and

∆ω

is the detuning

(a)

between the laser frequency and the lter/Fano mirror resonance. Figure 5.9

shows a comparison of these eective reectivities, illustrating how the unltered
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(a)

Comparison of eective right reectivities for the Fano laser and
Fabry-Perot lasers with ltered and unltered feedback. (b) Example modal threshold
gain as function of frequency detuning for the three types of mirrors with τD = 1/γT .
Figure 5.9: (a)

feedback simply oscillates with the laser frequency, while the ltered feedback
essentially limits the possible external cavity modes to the lter range, while
the overall 'internal' laser reectivity (r2 ) is still high. For the Fano laser, however, changing the detuning results in not only ltering external cavity modes
but also signicantly reducing the reectivity of the Fano mirror, changing the
internal roundtrip gain of the laser strongly. The most extreme example of this
is far from the resonance frequency, where the Fabry-Perot laser operates unchanged, while the lter simply results in the laser working as a free-running
laser. The Fano laser, however, is entirely unable to lase at this frequency, and
thus, no solutions will exist in this range.

This goes to show how the Fano

laser mode selection is much stronger than simply ltering the external cavity
modes, because moving to an alternative external cavity mode reduces not the
strength of the feedback, but rather the internal reectivity. From this it follows
that the threshold gain dierence between neighbouring external cavity modes
grows rapidly with the distance to the external mirror, and once
comparable to

1/γT

τD

becomes

only a single external cavity mode is able to lase and mode

competition is completely eliminated. This is essentially the same mechanism
as the one that guarantees single-mode lasing in the feedback-free case, as studied in chapter 3. Figure 5.9 qualitatively illustrates this, by plotting the modal
threshold gain corresponding to the dierent types of mirrors compared in
Here the delay time (and thus external cavity mode spacing) is

1/γT ,

(a).

showing

how the threshold gain separation and thus number of available ECMs changes
much more strongly as function of the delay time for Fano lasers.
With neighbouring external cavity modes generally suppressed by the large
threshold gain dispersion, the stability becomes predominantly determined by
the rst Hopf bifurcation, described by equation (5.24). Returning to this expression, one must explain the origin of the scaling with the quality factor of the
nanocavity. As shown in section 4.1, the damping rate scales only weakly with
the mirror bandwidth, and as such the improved stability cannot be explained
simply by the mirror introducing an additional damping of relaxation oscillations. Instead, one must consider the impact of Eq. (4.13), showing how the
Fano laser relaxation oscillation frequency is strongly reduced when increasing
the quality factor. What this means in practice is that the ratio

ωR /γ is reduced,

so that the number of oscillations for a given perturbation are reduced as the
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qualiy factor increases. As the instabilities are driven by relaxation oscillations
becoming un-damped, the reduction of this ratio is crucial to the stability. Consider as an example the period-doubling route to chaos demonstrated in gure
5.7: the oscillations arise from the Hopf bifurcation, and thus have an initial
frequency equal to

ωR ,

with each of the following periods doubling the initial

one. If the relaxation oscillation frequency is thus reduced, the periods become
longer, while the damping rate is constant.

This in turn means that a much

larger external feedback level is required to sustain and grow the perturbations,
leading to the orders of magnitude increase in the critical feedback level and the
onset of coherence collapse.
This mechanism of improved stability is fundamentally dierent from conventional semiconductor lasers, where the link between the damping rate and relaxation oscillation is much more strictly xed by equation (4.3). It is mathematically established [79] that chaos is only obtainable for systems of dimensionality
3 or greater for continuous-time dierentiable systems, with larger systems tending more towards chaotic behaviour. Here the eect of the delayed feedback is
to eectively increase the mathematical dimensionality of the system, due to
interactions between the eld and its delayed contribution. The lifetime of the
relaxation oscillations in turn determines the backwards interaction time, i.e.
the time period in which the external feedback can inuence and grow a given
perturbation. Thus, the reduction of the relaxation oscillation frequency eectively yields a reduction of the system dimensionality, transitioning the laser
from a class B [79] toward a class A (relaxation oscillation-free) laser, increasing
the stability. Using equation (4.13) yields the following equivalence in the limit

γL  γT :

ωR
τp,nc
=
τin
ωR,F L

(5.30)

underlining the direct link between the improvement in feedback stability, Eq.
(5.25), and the reduction in relaxation oscillation frequency, arising uniquely
due to the Fano mirror.

As explained in section 4.1 the reduction of the re-

laxation oscillation frequency occurs due to storage of most of the energy in
the nanocavity during lasing, reducing the photon density in the L-cavity. The
observed improvement in feedback stability is thus coherent with the linewidth
considerations presented earlier, which agrees well with previous work, where
systems with reduced linewidth, e.g. external cavity lasers [136,137] also tend to
have improved feedback stability, due to the connection between the underlying
noise and instability mechanisms.
Interestingly, the stability improvement is generic to the system of equations and
does not depend specically on e.g. the photonic crystal platform, choice of gain
material or system parameters.

This means that other geometric realisations

of Fano lasers, or just comparable geometries, also contain this eect, with the
generality being clear from (5.25) depending only on the ratio between the two
storage times. As such, one might even imagine relevance in other non-linear
delay systems, where the stability may be improved by reduction of an internal
characteristic frequency. The only requirement is in this case that the system is
well-described by this type of coupled-eld Lang-Kobayashi model. With this in
mind, however, the overarching message to be taken from this section is still the
signicant advantage to using Fano lasers in integrated photonics, where optical isolators are not available and lasers need to be exceedingly stable towards
feedback in order to compensate that absence.

Chapter 6

Large-signal modulation of Fano
lasers: switching and pulse
generation
In this chapter it is explored how optical pulse generation may be achieved with
Fano lasers by tuning of the nanocavity resonance frequency.

Cavity dump-

ing and active q-switching schemes with Fano lasers are introduced and analysed, and example calculations are provided, illustrating how pulse compression, equalisation and switching with gain may be realisable. Finally, a detailed
analysis is provided of a potential application of Fano lasers in neuromorphic
(brain-inspired) photonic computing, also based on pulse generation. This work
is reported in Ref. 53.
Short-pulse generation in nano- and micro-scale lasers is a relatively new eld
due to the technological immaturity of microscopic lasers. Furthermore, there
are a number of challenges related to pulse generation when down-scaling devices.

In particular, realising the fast modulation necessary for most pulse

generation schemes in itself becomes quite challenging, as described in section
4.3.3.

This depends in particular on the type of modulation, with e.g.

con-

ventional gain switching being limited by the speed at which one can change
the laser pump rate.

If this is optical, it can be extremely fast, but optical

pumping is impractical for on-chip operation, while for electrical pumping, the
switching speed is limited by the RC time constant, which scales poorly with
size. Alternative methods include pulse generation in highly sensitive, resonant
systems, e.g. as suggested in Ref. [138], where small temporal variations of a
local refractive index may be sucient. In the following we demonstrate how
Fano lasers are also uniquely suited to this type of pulse generation by variation of the refractive index of the nanocavity, due to the highly dispersive Fano
mirror.

6.1

Cavity dumping

The process of pulse generation by cavity dumping is well-known from macroscopic lasers, described already in 1966 by Hook et al. [139]. The general concept
is simple: build up a circulating intensity within the laser cavity, by allowing
the laser to be in a free-running state until equilibrium is established.

Then,

"dump" this circulating intensity by switching o one of the cavity mirrors, i.e.
rapidly changing the mirror from having a high, on-state reectivity to a low,
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Figure 6.1:

Illustration of Fano laser on- and o-states for pulse generation.

near-zero o-state reectivity. The sudden change to nearly zero reectivity of
one mirror results in all of the light circulating within the cavity being coupled
out on a time-scale comparable to the laser roundtrip time. Based on this principle, the quality of the scheme depends mostly on the mirror properties of the
laser, and the speed of the switch. Ideally, one operates with high mirror reectivities and a strong pump, in order to obtain a large circulating intensity. For
macroscopic lasers it is generally the case that the output pulsewidth is limited
by the cavity length of the laser, because the roundtrip time is so long that the
mirror can be switched completely much faster than this.

For smaller lasers,

however, the cavity roundtrip time can be orders of magnitude shorter, in which
case the switching speed of the mirror becomes a limiting factor, as will also be
shown in the following for Fano lasers.
Fano lasers are well-suited for operation using this type of pulse generation
scheme, due to the narrow bandwidth of the mirror and the tunability described
in chapter 4. The Fano laser switching mechanism is illustrated in gure 6.1,
which shows once again the mirror reectivity as function of the detuning between the laser frequency and the nanocavity resonance.

Here it is indicated

how the on- and o-states are spectrally close when utilising an asymmetric
reection prole (rB

6= 0),

providing convenient switching of the reectivity by

tuning of the nanocavity resonance frequency. As can also be seen, it is only
necessary to tune 1-2 linewidths to achieve complete extinction of the reectivity, promising ecient cavity dumping operation.
In order to study the fundamental switching properties of the laser, the dynamics are studied using the discretised travelling-wave version of the governing
equations, Eqs. (3.32), (3.34), (3.35) with Eq. (3.38), with an initially articially
imposed detuning of the nanocavity resonance, i.e. simply setting

δc = δc (t) in
δc (t).

the dynamical equations, with suitably chosen temporal detuning proles

Note that in the case of large-signal switching inclusion of a cross-port is undesirable, since this simply serves to reduce the quantum eciency and circulating
intensity of the laser without providing additional benets, and thus, unless explicitly stated, it is assumed that there is no cross-port in this chapter, i.e.

γp = 0.
In order to elucidate the underlying physics of cavity dumping, a simple analyt-

6.1 Cavity dumping
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ical model is presented in the following. Studying the simplest case of

rB = 0 in

the limiting case of instantaneous switching to zero reectivity in the o-state,
the laser falls below threshold instantly. Since the pulse release then happens on
the scale of the roundtrip time, the gain dynamics can also be safely neglected.
This leaves us with the following governing equations for the eld decay:

√

γc Ac (t)
(t)
= γL
− A+ (t)
dt
r2 (ωL , ωc )
dAc (t)
√
= (−i∆ω − γT )Ac (t) + i γc A+ (t)
dt

dA

+

(6.1)

(6.2)

This system has the formal solution

where

v1/2

and

A+ (t) = A+ (0) [v1 (1) exp(λ1 t) + v2 (1) exp(λ2 t)]

(6.3)

Ac (t) = Ac (0) [v1 (2) exp(λ1 t) + v2 (2) exp(λ2 t)]

(6.4)

λ1/2

are the eigenvectors and eigenvalues of the system matrix.

The eigenvalues are highly complicated, but exist in closed form as functions

Ac (t) v2 (2)  v1 (2) and
γT , as one would
+
Similarly, for A (t) v1 (1)  v2 (1) and Re(λ1 ) ' −γw , where

γT , γL , and ∆ω .
Re(λ2 ) ' −γT , i.e.

of

intuitively expect.

γw

Numerically one nds that for

the nanocavity eld decays with rate

is half the mirror power loss rate, corresponding to free decay through the

output waveguide only limited by the remaining mirror reectivity. Thus, the
dynamics of pulse release are in practice well-described by

A+ (t) = |A+ (0)| exp([−iω(t) − γw (t)]t)

(6.5)

Ac (t) = |Ac (0)| exp([−iω(t) − γ˜T ]t + i∆φ)
where the initial amplitudes and the phase dierence
the stationary solutions, as described in chapter 3.
nanocavity eld is

γ˜T ' γT + RT P A + RF CA , i.e.

∆φ

(6.6)

are determined by

The decay rate for the

the passive decay rate plus the

contributions from two-photon and free carrier absorption during pulse release.
The waveguide decay rate can be directly related to the mirror loss rate as

γw (t) =

1
vg (αi + αm (t))
2

(6.7)

where the time-dependence of the mirror loss rate can be neglected in the case
of instantaneous switching. The frequency

ω(t)

is initially determined by the

stationary solution and then changes identically for both elds, so that their
phase dierence

∆φ

is constant. The distributed mirror loss rate is

αm (t) =

1
ln
2L

showing how the imposed detuning

δω



1
|r2 (δω)|2



inuences the out-coupling.

(6.8)

This de-

scription of the elds can then be used to model the real quantity of interest in
this case, the output power:

√
Pt (t) = 20 ng c| γc Ac (t) − iA+ (t)|2

(6.9)

Evaluating Eq. (6.9) with Eqs. (6.5) & (6.6), one can investigate the evolution
of the output power in the through-port. Using this approach, one can estimate
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the rise time of the output pulse in the limit of instantaneous switching, as

trise =

1
ln
γw



γw
|r2 |γT


(6.10)

This estimate is only valid with instantaneous switching and thus does not apply in practice, but it is useful for clarifying how to generate short pulses: by
achieving an o-state waveguide loss rate,

γw ,

much larger than

case the pulse rise time approximately decreases as

1/γw .

γT ,

in which

The trailing edge of

the pulse is in this limit determined by the decay of the slowest term, which is
the nanocavity eld. This means that the trailing edge width is simply proportional to

1/(2γT ) = QT /ωs ,

so the shortest pulses are obtained for large mirror

linewidth. However, this directly competes with obtaining a large

γw ,

since in-

creasing the mirror linewidth increases the necessary tuning of the nanocavity
resonance in order to switch o the reectivity, and thus an optimum exists,
which depends on the available tuning range and designable quality factors.
Naturally this simplied description decreases in accuracy as the control signal
changes from step function to smooth pulses, due to the eld no longer coupling
out instantaneously, at which point carrier dynamics start to play a role and

γw

becomes a function of time, which complicates the previous analysis. This analysis is further complicated by the fact that the pulse rise time becomes longer
than

τin ,

in which case one must also account for the variation of

A+ (t)

during

pulse build up. However, the conclusions from the previous analysis carry over,
as long as

γw

exceeds

γT

by a notable margin.

If a simple linear time-dependence of the waveguide loss rate is instead adopted
to emulate the rst half of the trigger pulse shape, i.e.

γw,p is the peak waveguide loss rate and ∆T

γw (t) = tγw,p /∆T

where

the rise time of the emulated control

pulse, one nds for the rise time of the output pulse

trise '

γT +

p
γT2 + 4 ln(1/r2 )γw,p /∆T
2γw,p /∆T

(6.11)

The form is more complicated but the message is the same. By reducing the
switching time,

∆T

or increasing the nal detuning (which in this model also

eectively increases the switching rate) the pulse rise time is decreased, leading
to shorter pulses. The consequence here is that obtainable pulsewidths are likely
limited by the available switching speed.
The pulse energy is directly proportional to the circulating intensity under the
approximation that all light couples out during pulse release, in which case one
can improve the pulse energy either by increasing the pump rate, or improving
the cavity quality factor through a large Fano reectivity or a long cavity. Increasing the pump rate too much reduces the eciency of the scheme, due to
the increased non-linear losses (Two-photon absorption, particularly).
Figure 6.2 shows a numerically calculated example of cavity dumping, where the
laser is initially operating in a CW steady-state at zero detuning, and is then
switched o instantly by changing the nanocavity resonance by 5 linewidths,
resulting in an output pulse with a pulsewidth limited by the nanocavity quality factor, i.e. a full-width-half-maximum (FWHM) of

≈2

ps. Note the small

trailing pulse here, which appears after a few hundred ps. This is an example
of a spiking return to lasing [140], as the resonance frequency returns to the
zero-detuning state. In practice this is less dramatic when the control signal is

6.2 Q-switching
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Cavity dumped pulse generation concept using idealised switching conditions. The control signal is the nanocavity resonance frequency, with 50 ps square
pulses providing the shift, resulting in emission of an optical pulse.
Figure 6.2:

smooth.
Generally the pulse energies are quite limited, being in the few fJ range. However, the pulsewidths are generally quite short, limited by the switching speed,
as predicted by the theory, and occasionally, the trailing pulses from the return to lasing shown in gure 6.2 may even exceed the cavity dumped pulse in
magnitude, leading to undesirable confusion. The main advantage of the cavity
dumping scheme seems to be the near-instantaneous response of the system,
leading to possible deterministic pulse generation with very limited jitter and
precise control of the timing.

6.2

Q-switching

Active Q-switching is another well-known pulse generation scheme from macroscopic lasers used to generate short optical pulses. In a sense, it is the reverse
of the cavity dumping scheme. Here, the laser is initially in an o-state, where
the reectivity (cavity Q) is low, so that lasing is not possible. However, the
pump is still running, leading to build-up of a large population inversion during
the o-state, limited only by the pump rate, carrier lifetime and available states
in the upper lasing level. If the mirror reectivity is then suddenly increased,
the population inversion will far exceed the threshold value, leading to a large
excess gain. This in turn promotes a rapid acceleration of the stimulated emission rate and a strong overshooting of the stationary solution, depleting most of
the available carrier density. If the mirror is then switched back to the o-state,
the carrier density will build back up and the process can be repeated. See e.g.
Ref. 140 for a detailed review of Q-switching.
Based on the principles of Q-switching, Fano lasers seem particularly promising
for application of this type of scheme. The reason for this is that the properties of the output pulses are primarily determined by one factor: the contrast
between the o- and on-states, both in terms of reectivity and carrier density.
Thus, there is no real issue with limitations due to switching times (as in cavity
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(a)

(b)

Off

g
On
Fano laser modal threshold gain with on- and o-states indicated, as
well as the gain contrast. (b) Example simulation of Q-switched pulse release, showing
the temporal output (left axis) and the nanocavity resonance frequency detuning (right
axis).
Figure 6.3: (a)

dumping), because there is in any case a turn-on delay of some hundred ps. In
terms of achieving a large contrast between on- and o-states, one may return
to the stationary solutions for Fano lasers.

In this case, consider an example

where there is no cross-port, so the on-state mirror reectivity is

' 0.99.

The

(a), illustrating how states

stationary modal threshold gain is shown in gure 6.3

with an extremely large contrast are situated close to each other in terms of the
nanocavity resonance frequency. Thus, one can build up a large inversion and
then switch to the on-state with near unit reectivity to release a pulse. Figure

(b) demonstrates this concept with an example simulation, with the left axis

6.3

showing the output power as function of time and the right axis showing the
nanocavity resonance frequency.

Here the spiky excitation of the nanocavity

resonance frequency simulates e.g.

optical tuning of the resonance by carrier

excitation, as studied in detail in section 6.4. This results in the generation of
a strong, short output pulse from the laser due to the Q-switching process. In
this example, the tuning of the resonance frequency signicantly exceeds that
necessary to release the pulse, and as such, the pulse is actually released as
the resonance decays back to the initial state and passes through zero detuning, where the reectivity is high and the pulse is released. Because the carrier
lifetime is notably slower than the pulse turn-on delay, a pulse always tends to
be generated as long as the resonance tuning is sucient to reach the on-state,
even if it overshoots strongly. This leads to a rather robust scheme, which is a
major benet in a number of applications.
The second thing to note here is the fact that a pulse is only released for every
second switch of the resonance frequency. This is because the repetition rate of
the excitation is faster than the recovery time of the system, which is limited by
the replenishment of the carrier density in the o-state, as well as the recovery
of the nanocavity resonance frequency. This recovery period is studied in detail
in section 6.4.2.1.
With these pulse generation schemes established, there are a number of interesting applications to study, which is the subject of the remainder of the chapter.
In terms of comparison, what can be said in general is that cavity dumping
appears more precisely controlled by the input detuning and easier to establish,
but has smaller pulse energies, and pulsewidths limited by the switching time.

6.3 General signal processing applications
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Active Q-switching in comparison produces stronger and shorter pulses without
limitations from the switching time, but with less precise control, notable turnon delay and with the additional challenge that the laser initially needs to be
o, requiring precise control of the initial nanocavity resonance frequency.

6.3

General signal processing applications

On-chip signal processing has historically been carried out electrically in virtually every single practical application, due to the interacting nature of fermions
making electrons well-suited for realisation of transistors and logical networks.
In contrast, optical signal processing has struggled to take advantage of the
speed and bandwidth of optics due to the challenges of realising processing using non-interacting photons. This non-interacting nature means that non-linear
processes are necessary to realise logical processes using optics and photonics,
which in turn requires high operation powers and generally results in poor energy eciency. In recent years, however, the downscaling of optical technologies
and the advent of photonic integrated circuits, combined with the saturation of
progress in digital electronics, have resulted in renewed interest in dierent kinds
of optical signal processing. In this section it is explored how some of these processes may potentially be realised using Fano lasers, such as pulse compression,
equalisation and switching with gain (transistor-action). Example simulations
using an articial detuning

δc (t), representing a dynamical shift of the resonance

frequency, illustrate possible applications. In general, the resonance is shifted
using a smoothed step-function with an amplitude and a rise time, dened as
the time taken to go from zero to

90%

of the peak value.

6.3.1 Loss-less pulse compression
Pulse compression is an important tool for counteracting the deformation and
degradation of pulses carrying information within a network, caused by e.g.
waveguide dispersion, which can be signicant in on-chip waveguides, particularly in cases such as the photonic crystal platform.

Combined with ampli-

cation it can be used to avoid full regeneration of a degraded signal, reducing
overall energy consumption in data transmission and processing. On-chip pulse
compression has previously been explored using the photonic crystal platform,
and in particular using Fano resonances in a passive setup, for which Ref. 88
provides an extensive review. In passive schemes this is generally a lossy process, because the compression is achieved simply by removing part of the pulse,
either by reection or absorption, meaning that compression comes with a signicant power penalty.

In the following it is demonstrated how Fano lasers

may provide pulse compression with signicantly less, or even negligible, loss of
power by utilising the pulse to be compressed as a trigger pulse for tuning of
the nanocavity resonance in the cavity dumping scheme.
Figure 6.4 shows the output pulse properties as function of the input detuning
amplitude and rise time for both positive and negative detuning. In the central
area, corresponding to a small detuning around the initial operation point, one
observes the peak power going to zero, showing that the detuning is not large
enough to switch the laser o, and thus no pulse is generated. For increasing
positive detuning, the peak power rises slowly due to the slow increase of the
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(a)

(b)

Cavity dumped (a) output pulse peak power as function of nanocavity
resonance detuning amplitude and rise time. (b) Output pulse width as function of
detuning rise time, for dierent detuning amplitudes. Here the initial detuning is zero.
Figure 6.4:

threshold gain (which corresponds directly to the eciency of the o-switch).
For negative detuning, however, one observes a large jump in the output peak
power when the detuning amplitude becomes large enough to reach the mode

(a), and beyond this point a attening of the response.

hop in gure 6.3

Inter-

estingly, one observes a similar tendency for the output pulsewidth, as demonstrated in

(b),

detuning.

For positive detuning, the output pulsewidth scales approximately

with drastically dierent behaviour for positive and negative

linearly with the input, but still with a notable reduction. For negative detuning,
however, one observes an almost at, extremely short pulsewidth, independent
of the input rise time.

The explanation for this is the extremely asymmetric

lasing frequency and threshold gain, which changes rapidly with detuning near
the mode hop discussed in the stationary solutions. Even for a slow input rise
time, the output pulse is short, because it does not begin until the resonance
frequency approaches the o-switch at the mode hop, and then, because this
happens over such a narrow frequency range, the mirror is eectively switched
o in a few picoseconds letting out a short, few ps pulse. This clearly demonstrates the potential of Fano lasers for pulse compression, but whether loss-less
compression can truly be realised will depend on the eciency of the switching
scheme, i.e. the input pulse energy, relative to the laser pulse energy.

6.3.2 Equalisation and other ideas
Equalisation is the process of taking input signals with varying amplitudes and
temporal shapes and turning them into equivalent outputs. This is useful for
combating signal degradation of a uniform signal into a non-uniform one, and
thus is important for data transmission in noisy systems. Figure 6.5 shows the
output pulse energy as a function of the rise time and peak amplitude of the
nanocavity resonance shift using a Q-switching process with the laser initially
in the o-state. Here it is clear that there are large parameter regions where the
output pulse energies are identical, irrespective of the input parameters. This
suggests that equalisation is a possible application for this type of devices, but
a more detailed analysis is necessary, in particular with regard to energy consumption, which is completely unspecied in this type of example calculation.
The physics behind the equalisation of the dierent inputs is that the pulse
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Q-switched pulse energy as function of the input detuning amplitude and
rise time. Here the initial detuning corresponds to the detuning leading to maximum
threshold gain.
Figure 6.5:

generation process essentially relies on the switch being strong enough to reach
the on-state.

If that is the case, then the pulse produced is dened by the

contrast between the on- and o-states, as described previously, and thus does
not particularly feel the eect of small variations in the input.

This is also

what produces the clearly visible thresholding eect, where the output changes
rapidly over a small detuning range, as will be investigated in more detail in
section 6.4. In addition, overshooting of the resonance still leads to release of
the pulse at the same eective detuning, and thus with very similar properties.
Interestingly, based on the reasoning for pulse compression, cavity dumping may
also be useful for this, as the negatively-detuned pulses are also largely similar
when switched beyond the mode hop, but with much lower energy in general
(1-2 orders of magnitude).
Other potential but less clear applications include switching with gain (transistoraction), synchronisation and clocking. Switching with gain will depend on the
switching energy, given that the pulse energy is xed by the system parameters, and thus depends signicantly on the architecture employed.
and synchronisation functions may be engineered if e.g.

Clocking

the turn-on delay of

the Q-switching process can be precisely controlled, but these require additional
investigations.

6.4

Non-linear activation function for neuromorphic
photonic computing

In this section it is explored in detail how the Fano laser may be used for a
specic signal processing application, namely implementation of a non-linear
activation function unit for use in the rapidly growing eld of neuromorphic
photonic computing. This work is reported in Ref. 53, and thus some gures
are reproduced from there with permission.
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6.4.1 A brief background on neuromorphic photonic
computing
The saturation of progress within conventional electrical on-chip data transmission schemes in terms of speed and energy eciency was described as the main
motivation for the research into microscopic semiconductor lasers for optical interconnects. A similar challenge is starting to arise within the computing section
of the chip, where a saturation in the eciency and speed of general-purpose
electrical processing units based on the serial Von Neumann-computing architecture is approaching, sometimes termed the digital eciency wall [141]. In order
to overcome this limitation and satisfy the increasing demand for computation
at higher rates with better energy eciency, alternative, specialised computing
schemes are being pursued. One of these is neuromorphic computing, in which
the serialised Von Neumann-architecture of separate memory and processing
units is replaced by a fully parallel network of nodes ("neurons") interconnected
by individual, adjustable connections ("synapses"), attempting to replicate the
spiky pulse-based processing scheme of the human brain (from whence the name
neuromorphic computing follows). Here, information is encoded as events (i.e.
spikes), rather than as digital bits or analog signals.

This requires articial

replication of the two central building blocks of the neural network; synapses
and neurons.
Photonics are uniquely suitable for this type of computing scheme, due to the
parallelisation oered by the non-interacting properties of co-propagating photons. This can for instance be used for wavelength-division multiplexing, much
as in data communication, allowing for parallel processing of signals encoded in
multiple wavelengths. Additionally, a key mathematical operation in the implementation of neural networks is the convolution, which is readily carried out in
photonic systems, simply by propagating through an appropriate linear element.
As this propagation corresponds to multiplication of the signal with the transfer
function of the convolution element, one can obtain the convolution by inverse
Fourier transform of the transmitted signal. Thus, this operation is extremely
fast to carry out, taking only the propagation time of the photonic signal. See
Ref. 141 for a detailed overview of progress in neuromorphic photonic computing, and the potential benets of this computing strategy.
In order to realise such networks, one must realise photonic synapses and
neurons, fullling a number of requirements to be expanded upon later.

In

this work, implementation of photonic synapses is not considered in detail,
but there are a number of suggestions in the literature [142145].
the review in Ref.

146.

See also

Instead, the focus is on applicability of Fano lasers

for realising photonic neurons.

An articial neuron itself consists of two ele-

ments: a multiply-accumulate operation and a non-linear activation function.
The multiply-accumulate element takes a number of inputs from neighbouring
neurons, multiplies them by adjustable weights and does a weighted sum to
produce an input for the non-linear activation function.

The non-linear acti-

vation function, in turn, is responsible for deciding whether the neuron res or
not, based on a thresholding operation of the input, and it is this functionality
that the Fano laser is uniquely suited for realising. Simply put, the non-linear
activation function takes an input and provides an output, which depends nonlinearly on the input. The functional shape can take many forms depending on
the purpose of the neural network, but one of the most common is the sigmoid-
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Schematic representation of articial neuron, consisting of (a) a multiplyaccumulate element and (b) a non-linear activation function. The full operation of a
single articial neuron is sketched in (c).

Figure 6.6:

like response for decision making. Figure 6.6 shows a schematic representation

(a) and a
(b), in this case a generic sigmoid shape, demon-

of an articial neuron, consisting of a multiply-accumulate element
non-linear activation function

strating a sharp transition from no output to full output as a function of the
input.
With the surging interest in optical realisations of neuromorphic computing,
there have been numerous suggestions for realising non-linear activation functions, using a variety of strategies, with both hybrid electro-optic schemes
and all-optical versions.

Hybrid schemes include micro-ring modulators [147]

and electro-absorption modulators [148], while all-optical realisations have been
made using coupled nanorod and quantum dot structures exhibiting induced
transparency [149], laser-cooled atoms [150], and a combination of Mach-Zender
interferometry and logic gates [151]. Excitable semiconductor lasers have also
been suggested as an alternative option [141], for which an extensive review
is provided by Ref. [152].

Generally, the excitability of these lasers tends to

result in a strongly non-linear response to external perturbations, but require
complex setups to induce the excitability itself. This follows also from the previous discussion on feedback, where it was explained how semiconductor lasers
are inherently stable unless exposed to some kind of external perturbation or
complex geometry, with examples being optical or electrical feedback [101], saturable absorption [153] or dispersive reectors [154].
The common challenge for all of these devices is that practical applicability
in full, industrially-relevant photonic neural networks poses a number of requirements: the devices must be fully integrable on-chip, small, stable, energy
ecient, fast, and scalable.

Furthermore, any system built from a given re-

alisation of an articial neuron must be energy cascadable, meaning that the
output from one neuron can trigger a neighbouring neuron without additional
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Example schematic of Fano laser non-linear activation function implementation. Bottom right inset shows the stationary solution for the modal threshold
gain, with the on- and o-states indicated.
Figure 6.7:

amplication [141]. As a consequence of all these requirements, a consensus has
not yet been reached on the optimal way to realise not only full networks, but
also just the individual building blocks, e.g. non-linear activation functions. As
such, there is room for speculation and creative suggestions for realising devices
that full all of the above requirements.
In the following, it is demonstrated how the Fano laser is inherently excitable
under tuning of the nanocavity resonance frequency without the need for any
additional complexity of the system, resulting in a response function resembling
the sigmoid shape of gure 6.6. Based on this, it is suggested how Fano lasers
may be used for building integrated non-linear activation function modules capable of operating at GHz repetition rates with large extinction ratios, and small
footprint and operation energy.

6.4.2 Fano laser implementation using optical excitation of
the nanocavity
In order to understand how the Fano laser can produce an excitable response
such as gure 6.6, one must return to the pulse generation schemes discussed in
the previous sections. In particular, as was reported in Ref. 53, one can obtain
a sigmoid-like response to tuning of the nanocavity resonance frequency by application of the active Q-switching scheme. Based on the modulation schemes
described in section 4.3.3, we consider here an active Q-switching scheme, in
which the nanocavity resonance is modulated by a directly injected optical pulse,
which excites carriers by two-photon absorption. This in turn changes the refractive index, as described in section 4.3.3, leading to tuning of the resonance
frequency and pulse generation. An example schematic is shown in gure 6.7,
with the inset in the bottom left showing the on- and o-states of the stationary
solutions being switched between.
This is a challenging computational problem, due to the strong non-linearities
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in the nanocavity, the short input and output pulses and the large dynamical detuning involved, and so warrants a detailed description of the approach.
The stationary solutions are computed for a given parameter set including nonlinearities using the iterative procedure described in appendix A.1.3, and used as
input for the discretised travelling-wave model presented in section 3.3.2, with
the non-linearities included using Eq.

(3.39).

The external excitation of the

nanocavity is included as a time-dependent excitation of the nanocavity carrier
density, i.e.




Nc
βT P A c2
2
2
Nc (t + ∆t) = Nc (t) + ∆t −
+
E
(t)
+
E
(t)
laser
ext
τc
2~ωr n2 VT2P A

(6.12)

so that both the inherent two-photon absorption of the nanocavity eld at the
laser frequency and the external trigger pulse are included.

20 ng c|Ac (t)|2 ,

and

Eext (t) = Ppump (t)/γS ,

Gaussian


Ppump (t) = P0 exp
with

P0

being the input peak power and

Here

Elaser (t) =

where the external pump pulse is a

t − T0
∆T

∆T

2 !
(6.13)

the input pulsewidth, and

γS

is

the storage time of the excitation pulse in the nanocavity. This generic model
has the advantage that it does not specify whether the excitation scheme is
vertical (i.e. from above the membrane) or in-plane (through a coupling waveguide, e.g.

an extended cross-port).

For this reason, a coupling eciency has

not been included, and instead the threshold energies found here should be
scaled by an eciency appropriate to the excitation scheme. Furthermore, the
storage time

γS

is for simplicity assumed equal to

γT ,

corresponding to excita-

tion of a secondary, non-lasing nanocavity mode with a comparable Q-factor.
Such two-mode structures have previously been explored for ecient excitation of nanocavities.

Additionally, one might extend the model of the exci-

tation to more correctly account for the eld excited in the secondary mode
in the nanocavity using coupled mode theory as in Ref.

78, but it has been

found that in practice the results from these two approaches do not dier notably, so this simpler approach is used.

The o-state in the inset of gure

6.7 is used as the initial expansion point for the dynamical equations, from
whence the laser is detuned by the incoming trigger pulse.

In the work re-

lated to neuromorphic photonic computing the following parameter values are

α = 3, Γ = 0.12, vg = c/ng , ng = 3.17, gN = 1.3 × 10−18 m2 , N0 = 1 × 1024
= 0.4, τin = 270 fs, γc = 6×1011 s−1 , γT = 6.06×1011 s−1 , Rp = 3Rp,th ,
τs = τc = 0.28 ns. For the non-linearities, the parameters used are those of Ref.

used:

−3
m
, rB

78, except that the nanocavity carrier decay is reduced to a single time constant,

τc .

These parameters reect a buried heterostructure quantum well device with

no active material in the nanocavity, as in most cases throughout the thesis.
Figure 6.8 shows an example time trace with dierent input pulses applied to
the nanocavity and the corresponding output time trace from the laser. A clear
thresholding eect is visible, with the laser output only spiking to produce a
pulse in response to inputs of a certain power. A more systematic investigation

(a),

of this behaviour is presented in gure 6.9

which shows the output pulse

energy (colour scale) as function of the input pulsewidth and pulse energy. Here
the plot is clearly divided into two separate regimes, corresponding to no output
(blue) and pulse generation (yellow), with a sharp transition from one regime
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Example calculation showing a train of input pulses exciting the nanocavity carrier density (top) and the corresponding laser output (bottom). Figure reproduced with permission from Ref. 53.
Figure 6.8:

to the other, reecting clearly the behaviour in gure 6.8.

One observes fur-

thermore that the switching threshold energy has a square root-like dependence
on the input pulsewidth, which is because the two-photon eciency scales with
the square of the pulse energy. The precise shape of the response function is
demonstrated in gure 6.9

(b),

where the sigmoid-like behaviour is clearly ev-

ident, with multiple orders of magnitude dierence in energy between the onand o-states.
To understand the shape of the response, one must go back to the physics of the
active Q-switching process described in section 6.2. This consists essentially of
switching the resonance suciently to allow the laser to hop from the high-gain
o-state to the low-gain on-state, which directly provides the explanation for
the sigmoid-like response: if the resonance shift of the input pulse is insucient
to cross the frequency gap between the two states, then nothing happens as the
laser simply does not turn on.

This results in the output energy being only

spontaneous emission noise, providing the noise oor in gure 6.9. If, however,
there is sucient energy in the input pulse to push the laser beyond the gap,
then the laser turns on and emits a pulse. The properties of this pulse depend
chiey on two parameters: the reectivity in the on-state, and the contrast in
gain between the on- and o-states. Thus, as soon as the switch is strong enough
to cross the gap, there is very little change in the eective reectivity and gain
contrast, which is why the change in the response is so sharp and also why it
levels out so quickly.

The small variation in the output pulse energy beyond

the threshold stems from exactly the small variation in eective reectivity of
the on-state, which depends somewhat on the exact nal value of the resonance
frequency. Finally, the total convergence with input pulse energy is a result of a
slight change in the pulse release dynamics. For these energies, the input switch
is so strong that the laser overshoots the on-state and passes into a regime of
high threshold gain faster than the turn-on delay of the laser, and thus does
not release a pulse immediately. Instead, the output pulse is released once the
excited carriers in the nanocavity have decayed suciently for the resonance frequency to re-enter a regime of low threshold gain, resulting in the same output
pulse each time once the input energy exceeds the overshooting value, but with
slightly varying turn-on delay. This is what was also shown in gure 6.3

(b).
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(b)

(a)

Esp

Figure 6.9: (a) Output pulse energy as function of input pulse energy and pulsewidth.
The red line is an analytical estimate of the switching threshold, Eq. (6.16). (b)

Output pulse energy as function of input pulse energy for dierent input pulsewidths,
with the circles corresponding to cuts through (a). Esp indicates the spontaneous
emission noise oor. Figures reproduced with permission from Ref. 53.

Using a simple analytical approach, presented in appendix A.4.1, one can derive an expression, to rst order, for the threshold detuning necessary to emit a
pulse, and the corresponding input pulse energy, yielding


∆ωc '

γT −

rB γT2
γc



γT τin + 1
γT τin


(6.14)

This is essentially a reection of the longitudinal mode spacing of the device,
and thus depends on both the mirror linewidth,
through the roundtrip time

τin .

γT ,

but also the cavity length

Note also, as in previous chapters, the char-

acteristic dependence on the relative magnitude of the L-cavity roundtrip time
and the nanocavity storage time. What this expression tells us is essentially that
the threshold detuning, and thus energy, for mode hopping and emitting a pulse
can be reduced by reducing the mode spacing, through the mirror linewidth and
the L-cavity roundtrip time. However, reductions are also achieved by reducing
the contrast between the o-state reectivity (rof f
reectivity (ron

= γc /γT ).

= rB ) and the on-state peak

This can be seen by writing the expression in a more

transparent manner:




rof f
1
∆ωc ' γT 1 −
1+
ron
γT τin

(6.15)

As a conrmation of the consistency, one nds in the limiting case of vanishing
o-state reectivity and a long L-cavity, with a mode spacing much smaller than
the mirror linewidth, that the separation between longitudinal modes converges
to the mirror linewidth, as expected. Thus, it is clear that the switching threshold is practically dened by the stationary solutions for the laser frequency and
threshold gain, but as shown in section 3.2, there is one important parameter
missing in Eq. (6.14): the linewidth enhancement factor. The reason for this
omission is simply that Eq. (6.14) is a rst-order estimate, while the inuence of
the linewidth enhancement factor is a higher-order eect, providing the asymmetry of the stationary solutions. Thus, the accuracy of this estimate decreases
as the asymmetry of the stationary solutions increases - both through increasing

α,

but also from e.g. the parity of the Fano reection coecient, as shown in
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section 3.2.

The tuning requirement can be converted into a requirement for

the input pulse energy as a function of its pulsewidth, by assuming a Gaussian
input pulse shape and that pulse release happens much faster than the carrier
recombination time, yielding in turn for the pulse energy

s
Ein,th '
where

GT P A

∆T

∆ωc,th γS2
Kcar GT P A

(6.16)

is the coecient of the energy terms in Eq. (6.12). This expression

is plotted as the red line in gure 6.9, showing excellent agreement with the
numerical results. The main point of importance here is that the eciency of
the scheme is improved by using shorter input pulses with higher peak power,
due to the increased two-photon absorption rate, and also that the threshold
energy can be reduced by using a high-Q (small

γS )

mode of the nanocavity for

excitation.
Figure 6.9 also provides insight into the obtainable extinction ratio between the
on- and o-states of the device, showing multiple orders of magnitude dierence
between the spontaneous emission noise oor and the output pulse energies when
the input exceeds the threshold energy. As a simple analytical estimate of the
maximum obtainable extinction ratio, one can assume that all excited carriers
of the o-state are converted to photons in the emission of the output pulse. For
conventional Q-switching, this is the limiting case of near-unity reectivity in
the on-state and near-zero reectivity in the o-state [140]. Thus, the maximum
energy of the output pulse will be

Emax = Nof f ~ωL VLC

(6.17)

Nof f = Rp τs ,

with an upper limit given by

where the o-state carrier density is
the o-state threshold gain

gth,of f

1
=
Γ





1
1
αi +
ln
2
2L
R1 rB

(6.18)

Thus, one can improve the output pulse energy by increasing the o-state threshold gain through reduction of the PTE reectivity or the cavity length. However,
as shown previously, this comes with the trade-o that these changes in turn
increase the input threshold energy.

(b),

6.9

This trade-o is demonstrated in gure

where it is clear that reducing

rB

leads to an increase in the output

pulse energy, while simultaneously increasing the threshold switching energy. It
is important to note, however, that the scaling for the output and threshold
energies is dierent, meaning that the ratio

rB .
∆t = 5
ing

Emax /Ein,th

may be optimised us-

Figure 6.10 shows this ratio, as a function of the PTE reectivity for
ps, calculated using Eqs.

(6.16) and (6.17).

Here one observes that

reducing the PTE reectivity is benecial for increasing the ratio between the
output energy and input energy, which should be as large as possible to obtain
amplier-free cascadability.

This does not mean, however, that the PTE re-

ectivity can be mindlessly reduced, since there are realistic constraints on the
practical input powers, which become very large for

rB → 0.

As an example,

having such high powers propagating in the system leads to increased non-linear
propagation losses (e.g. two-photon absorption in the waveguides), so that the
overall eciency may drop.
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Ratio of output and input energies as function of rB for ∆T = 5 ps,
obtained using Eqs. (6.16) and (6.17).

Figure 6.10:

It is also important to consider the scaling of the extinction ratio between the
on- and o-states, i.e. the ratio of detected energy during pulse emission and
without.

It is given approximately by

Emax /Esp ,

where

Esp

is the detected

energy in the o-state from spontaneous emission. Assuming detection at the
end of the output waveguide, a simple estimate for the o-state energy is

Esp ' Nof f ~ωVLC β exp(−TD /τs )
where

TD

(6.19)

β is the spontaneous emission factor of
Esp scales with most parameters in the

is the detection interval and

the waveguide.

Thus, one nds that

same way as the on-state output pulse energy, and the dening characteristics
of the extinction ratio are in fact the waveguide

β -factor and the detection time,

which follows from taking the ratio of Eq. (6.17) and (6.19):

∆E =

Nof f ~ωL VLC
exp(TD /τs )
=
Nof f ~ωVLC β exp(−TD /τs )
β

(6.20)

Intuitively this makes sense, since the total available energy is initially the same
in both cases, and this is then converted to photons through either stimulated
emission (pulse release) or spontaneous emission (o-state) if one waits long
enough. The extinction ratio will also depend on the relative magnitudes of the
radiative and non-radiative recombination rates of the active region, with Eq.
(6.19) being a good estimate only in the case of large radiative eciency.

6.4.2.1 Refractory period
In order to ensure stability and reliability of the input-output thresholding functionality of the non-linear activation function, the device must posses what is
known as a refractory period, or recovery time.

Practically this means that

there should be a time period after pulse release in which an additional input
excitation does not provide an appreciable output, because the system has not
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(b)

(a)

Example input excitations P1 , P2 , P3 . (b) Laser outputs corresponding to the inputs P1 , P2 , P3 . Figure reproduced with permission from Ref. 53.

Figure 6.11: (a)

recovered yet. This guarantees that proper synchronisation and reliable separation into time bins is possible, but conversely also sets the maximum operation
rate of each network node.
Such a recovery time is intrinsically present in the Fano laser realisation of a
non-linear activation function described previously. It comes from two dierent
physical mechanisms. The rst is the tuning of the nanocavity resonance frequency, which relies on the excitation and decay of free carriers in the nanocavity.
The second is the pulse release itself, during which the free carriers in the active
region are strongly depleted and must be re-excited before the next pulse can
be released. Thus, the refractory period is bounded from below by the slower
of these processes, since both must be fully reset in order to release an identical
pulse in response to an identical input. Figure 6.11 demonstrates the refractory
period, by comparing the output for dierent input signals, with inputs in
and the corresponding outputs in

(b).

(a)

The rst signal (P1 ) is a single input

pulse to work as a reference, while the next two inputs have the same initial
input pulse, and then a secondary, identical trigger pulse delayed by 0.5 ns (P2 )
and 1 ns (P 3).

Studying the outputs, one observes in all cases that the rst

trigger pulse results in release of an identical output pulse, but that the impact
of the second trigger pulse depends strongly on the delay. For

P2

the secondary

pulse does almost nothing, providing only a negligibly small amount of output
power, while for

P3

the rst pulse is almost identically reproduced.

course reects the fact that for the small delay in

P2 ,

This of

neither the nanocavity

resonance nor the L-cavity carrier density have fully reset from the perturbation of the rst input pulse. These dynamics can be more properly quantied
by sweeping the delay time between the rst and second pulses and recording
the properties of the laser response to the secondary input pulse. This is done
in gure 6.12, which shows the ratio
of the rst output pulse and

PP,2

PP,2 /PP,1 ,

where

PP,1

is the peak power

is the maximum value of the variation of the

output power in response to the secondary input pulse.

Thus, this ratio is a

measure of how well the initial output pulse is reproduced, and a useful measure
for quantifying the refractory period. As the pulse separation approaches zero,
so does the ratio, reecting how the laser is unable to recover in time to react
to the secondary excitation. In the other limit, where the pulse separation is
large, the two pulse release events become identical and independent, and the
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Ratio of peak powers of rst and second output pulses as function of
the delay between input trigger pulses for dierent pump rates. Figure reproduced
with permission from Ref. 53.
Figure 6.12:

ratio goes to unity. The dashed black vertical line indicates the nanocavity carrier lifetime, showing how the output is severely reduced for separations smaller
than this lower bound.
The more interesting part is the pump rate dependence, where one observes
an eective increase in the refractory period with pump rate. This arises due
to the second limiting factor of the repetition rate, the restoration of the carrier density in the L-cavity by the pumping, and thus it naturally depends on
the pump rate. However, one observes that increasing the pump rate leads to a
larger refractory period, even though one would intuitively expect the opposite a larger pump rate should mean that the population could be restored faster. In
actuality, the situation is more complicated and such simple arguments cannot
explain the behaviour. Instead, one can nd the explanation in the conventional
theory of Q-switching. As a starting point, consider the dynamics of the carrier
density in the L-cavity after pulse release, which are well-described simply by
the rate equation including only the pumping and recombination terms:
dN (t)
dt

= Rp −

In this case with the initial condition

N (t)
τs

N (0) = Nf ,

(6.21)

representing the highly de-

pleted carrier density right after pulse release. This has the analytical solution

N (t) = Rp τs + exp(−t/τs )[−Rp τ + Nf ],

from which one nds that the time to

Ni (before pulse
 

Nf
= τs ln 10 1 −
Ni

restore 90% of the initial carrier density

t90

and thus no explicit dependence on the pumping rate
and nal carrier densities

Ni

and

Nf

release) scales as

Rp .

(6.22)

However, the initial

can depend signicantly on the pump rate,

and this is the reason for the pump rate dependence in gure 6.12. The initial
carrier density is directly proportional to the pump rate through the steady-state
solution of Eq. (6.21),

Ni = Rp /τs

with a maximum value dened by

gth,of f ,
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Figure 6.13:

Numerical solutions of Eq. (6.23) for Nf , as function of the pump rate

Rp for dierent on-state reectivities.

as described in the preceding analysis of the extinction ratio. The nal carrier
density, however, is signicantly more complicated, depending on the eective
reectivity during pulse release (and thus the dynamical detuning), as well as
the properties of the initial o-state. Example simulations show that the nal
carrier density is reasonably well-described by the analysis from conventional
lasers, where the relation [140]

Nf
Nth,on
1−
−
ln
Ni
Ni
applies. Here

Nth,on



Ni
Nf


=0

(6.23)

is the threshold carrier density of the on-state, i.e. after

the switch, while the pump rate dependence arises from
6.13 shows numerical solutions of Eq.
malised pump rate

Rp /Rp,th

(6.23) with

Nf

Ni = Rp /τs .

Figure

as function of the nor-

for dierent realistic on-state reectivities. While

these equations do not apply exactly due to the more complicated mirror dynamics involved in the switching, the qualitative behaviour is the same, and
thus explains how the refractory period in gure 6.12 increases with pump rate.
The reason is that

Ni

increases with

Rp ,

while

Nf

decreases, resulting in an

eective increase of the recovery time according to Eq. (6.22). Based on these
considerations, one must conclude that the practical repetition rate available is
unlikely to exceed tens of GHz, but with the extreme parallelisation available
in photonic realisations of neuromorphic computing, this is likely sucient for
practical applications [141].

Ultimately, the limiting factor is the recovery of

the nanocavity resonance frequency.

With this in mind, one should note the

single lifetime approach used here for simplicity, and consider the eect of more
realistic descriptions, such as that of Ref.

78.

Therein it is shown that the

real decay dynamics are more complicated, requiring in practice three time constants to simultaneously account for spatial diusion from the initial excitation
distribution, and surface and bulk recombination. As such, one should with this
perspective state that the repetition rate is not limited by the single lifetime

τc ,

but rather the eective recovery time of the nanocavity resonance. This may be
a meaningful distinction if the decay dynamics of the nanocavity carriers can
be manipulated, such as in Ref. 90, where a static electrical eld is applied in
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order to sweep out carriers and reduce the recovery time. One might imagine
the application of such an approach in order to reduce the recovery time of the
device.
A key signature of type-two excitability, as discussed in Ref. [152], is that the
dynamics depend on two time constants: a fast time constant governing the
pulse release dynamics, and a slow time constant governing the recovery time of
the system. In this case, the slow time constant is the recovery of the resonance
frequency and L-cavity carrier density, in the nanosecond range, while the fast
time constant is the turn-on delay of the Q-switched pulse generation, generally
being in the 20-100 ps range. This is orders of magnitude faster than previous
photonic crystal realisations, such as Refs. [155,156], which rely on carrier eects
(ns) for the fast time scale, and thermal tuning for the slow time scale (µs).

6.4.2.2 Application perspectives: energy consumption,
cascadability and footprint
With the basic operation capacity established in terms of the pulse generation,
sigmoid-like response and refractory period, one must consider practical advantages of this implementation.

Many of these are rather straight-forward, and

deserve detailed analysis in future work, expanding on the rather speculative
propositions of this work. The rst benet of using the Fano laser platform for
a non-linear activation function is the small footprint enabled by the underlying
photonic crystal platform, where the total device dimensions (not including e.g.
tapers or grating couplers for excitation) is on the order of

20 × 20µm2 .

This is

a dramatic minituarisation compared to most current realisations, but of course
comes with the challenge of integrating the photonic crystal membrane structure
into the circuit. It requires solutions to reduce coupling losses, while maintaining ecient lasers despite integration onto silicon, as achieved in e.g. [24, 25],
and as such it is dicult to estimate in more detail the true footprint. This is
particularly true due to the fact that the full circuit structure is un-determined,
meaning that to obtain meaningful estimates one should really compare full network realisations rather than single elements that do not necessarily integrate
seamlessly together.

In any case, such a small intrinsic footprint is certainly

advantageous, because it brings with it all the advantages in terms of energy
consumption that are the trademark of small devices. As an example, the Fano
laser threshold current is in the range of few microamperes, meaning that operation at e.g. 3 times the threshold, as in gure 6.9, corresponds to an extremely
small background energy consumption. The switching energy is down to the 100
fJ range even with the inecient two-photon absorption excitation, and can decrease by at least an additional order of magnitude if the excitation mechanism
in the nanocavity becomes linear absorption. In order to realise this, one would
have to be able to fabricate an isolated buried heterostructure with a larger
electronic band-gap than that of the line-defect waveguide. In this case it could
be excited by linear absorption, while avoiding excitation from the laser eld, in
this way dramatically reducing the switching energy. With such a small switching energy, amplier-free cascadability would also be achievable, a feat which
is crucial to practical applications. Due to the signal degradation of in-circuit
amplication, all architectures with real-world aspirations need amplier-free
cascadability to allow each neuron to trigger others throughout the system, and
as such this is a necessary point to address in practical realisations.
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In this context it is also important to mention the signicant design and optimisation space available. As demonstrated previously, the system properties
depend strongly on a number of parameters, in particular the cavity length,
mirror linewidth and symmetry properties. Depending on the requirements of
the particular network implementation, the repetition rate, energy consumption,
and extinction ratio may be optimised by careful design for the necessary performance in the given implementation, keeping in mind the trade-os presented
in the preceding analysis.

6.4.3 Alternative geometries based on electrical triggering
The previously presented Fano laser implementation of a non-linear activation
function was an all-optical scheme, supposedly advantageous in terms of avoiding
energy-costly conversions from optical to electrical to optical signals. However,
it is not yet clear whether all optical or hybrid-electro optical schemes are truly
superior, and it is likely to also depend on the implementation strategies for
the remaining parts of the network. Thus, it is also worth considering potential implementations using e.g.

electrical triggering.

As described in section

4.3.3, electrodes may be placed across the nanocavity in order to drive a modulation of the nanocavity resonance through the electro-optic eect.

Thus, if

suciently short electrical trigger pulses can be generated then the active Qswitching scheme can be driven in a similar manner as presented previously, but
likely with a much better energy eciency due to avoiding the costly two-photon
absorption process. Furthermore, such a scheme would likely be simpler to integrate with an appropriate multiply-accumulate scheme and better for obtaining
cascadability. As an example, the multiply-accumulate scheme could simply be
a photodetector with an appropriate responsivity, for which a set of input pulses
would generate an appropriate photocurrent pulse, which could in turn be used
as a trigger for subsequent pulses in the same or other neurons for compact
integrability.
Modelling of this behaviour is conveniently simple, since in this case the resonance shift of the applied voltage can simply be applied directly in the dynamical
equation for the nanocavity laser eld, without the complexities of accounting
for the excitation eld and carriers in the nanocavity. However, it comes with
stricter limitations on e.g. the input pulsewidths, since generating short electrical pulses is more challenging due to the constraints of the RC time constant,
but this is not nearly as critical due to using the linear electro-optic eect. In
this case, it is just necessary to have trigger pulses shorter than the turn-on
delay (≈

100 − 200

ps), but this is still challenging to do electrically.

Using

slower trigger pulses is not problematic, as long as they do not signicantly exceed the turn-on delay, but in that case the imposed resonance shift may need
to be notably larger in order to still get a shift of the resonance that is fast
enough to generate the pulse. If the switch is too slow, the laser will instead
adiabatically track the stationary solutions, leading to no pulse release. Based
on this, it is necessary to carry out systematic investigations with dierent kinds
of input triggers in order to understand the limitations of devices with slower
excitations.
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6.4.4 Outlook on Fano lasers in neuromorphic photonic
computing
Based on the investigations of this chapter it appears that Fano lasers posses
genuine prospects for applications in neuromorphic photonic computing. This
eld is still young, but developing at an exciting pace, with the large number
of unsolved issues leaving room for speculation. Due to the small footprint and
low energy consumption, as well as the unique excitable response and exibility
in implementation, one might imagine various platforms based on Fano lasers.
These may be either all optical, as discussed in detail, or using electrical signals
for triggering and multiply-accumulate functionalities, depending on the larger,
surrounding architecture in which the non-linear activation function is to be
embedded.
There are a number of challenges to address in such a prospect, the most fundamental of which is experimental conrmation of the theoretical pulse generation
predictions. This is hopefully approaching in the near future, with the recent
success of obtaining electrically pumped Fano lasers, for which the type of experiment described in the all-optical implementation can be readily carried out.
Beyond such fundamental studies, it is essential to realise amplier-free cascadability. In this respect, it is interesting to consider the mentioned bow-tie
structures of section 4.3.3, leading to extreme eld strengths and strong nonlinearities.

With such an extreme two-photon interaction, the trigger energy

may also become small enough to achieve the desired cascadability, even without using linear absorption in the nanocavity. However, these devices are challenging to predict, so additional research is necessary, starting all the way from
fundamental feasibility studies of Fano lasers with bow tie structures to full system implementations. As a rst, simple estimate for the reduction in switching
energy with such a bow tie, one might simply note that the threshold switching energy in Eq.

(6.16) scales linearly with the mode volume, meaning that

one could obtain amplier-free cascadability with

≈ 1−2

orders of magnitude

reduction of the mode volume, depending on the coupling eciencies.

Chapter 7

Slow-light eects in Fano lasers
Here we present briey the initial work on a framework developed in collaboration with Marco Saldutti & Mariangela Gioannini of Politecnico di Torino for
inclusion of slow-light in our Fano laser models.

7.1

Application of the Coupled-Bloch-mode approach to
Fano lasers

In Ref.

54 a so-called Coupled-Bloch-Mode (CBM) approach was developed

for studying the impact of slow-light in photonic crystal waveguides and lasers.
The detailed theory will not be presented here, but is explained in detail in
the reference.

Instead, a brief qualitative description is given, and then the

application to the Fano laser models is discussed. Fundamentally speaking, the
CBM approach consists of accounting for the presence of active material in the
photonic crystal waveguide in a perturbative approach, with the perturbation
being a variation of the real and imaginary parts of the refractive index of the
waveguide. In this way, the electric eld can still be expanded in a basis of the
Bloch modes of the passive photonic crystal waveguide, but the perturbation
then leads to a spatial coupling of the otherwise independently propagating forward and backward Bloch modes.
From this, one obtains an expression for the transfer matrix of a unit cell in
the waveguide, from which one can calculate the transmission properties, or in
the case of studying lasers, look for conditions in which the eld replicates itself
within a roundtrip when combined with boundary conditions representing the
mirrors. In this way, one can determine the stationary solutions including the
contribution of the distributed feedback created by the presence of the active
material, thus incorporating both the slow-light enhancement of the gain, as
observed in [35], but also the eect of the linewidth enhancement factor. In this
method, the Fano mirror can be included straight-forwardly from its transmission matrix [67] as a boundary condition, meaning that the stationary solutions
for the Fano laser with slow-light eects may be calculated using the approach
of Ref. 54.
Figure 7.1 shows the calculated modal threshold gain and lasing wavelength of
the Fano laser when including slow-light eects, based on a photonic crystal
waveguide with lattice constant

a = 438

nm and hole radius

r = 0.25a,

using

the CMB approach (red), as well as by solving the normal oscillation condition
with the dispersive group index of the passive waveguide (blue). The rst thing
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(a)

(b)

Figure 7.1: Calculated (a) modal threshold gain and (b) laser frequency using Eq.
(3.8) with group index of the passive waveguide (blue) and the Coupled-Bloch-Mode
approach (red).

to note is the eect of simply changing the group index:

a reduction in the

mode spacing (distance between the gain minima) as the frequency approaches
the band-edge (negative detuning) and a reduction in the modal threshold gain
due to slow-light enhancement of the light-matter interaction. Beyond this, the
dierences between the blue and red solutions are the main point.

Far from

the band-edge, where the slow-light eects are modest, the two curves overlap
almost perfectly. As the frequency decreases, one observes a growing deviation,
both in the mode spacing and the threshold gain. This is due to the limitation
of the eective gain induced by the distributed feedback itself, as analysed in
Refs. 71 and 54, where it drops o close to the band-edge. This eect is not
included in the simpler solution, for which the threshold gain and mode spacing
keep decreasing towards the band-edge. Furthermore, the simple approach gets
the solution very wrong between the rst and second gain minima, which can
be seen in the lasing wavelength in

(b).

Here, it jumps essentially to the band-

edge, because it sees an unphysically large slow-light enhancement of the gain
from the passive waveguide dispersion, enabling lasing at the band-edge even
though the Fano mirror reectivity is essentially zero.

7.1.1 New dynamical model
In the full CBM approach, it is necessary to include a basis change matrix from
the Bloch modes of the active waveguide to the Bloch modes of the passive
waveguide, in order to use the regular transmission matrices for the photonic
crystal and Fano mirrors at the end of the active region [54]. This basis change
matrix depends in a non-trivial way on both the gain and the frequency, but
becomes negligible far enough from the band-edge, generally for

ng / 50.

In

this regime, one can formulate a roundtrip condition of qualitative equivalence
to Eq. (3.8) with an eective wavenumber determined by the solutions to the
oscillation condition using the CBM approach. This corresponds essentially to
re-using the Fabry-Perot cavity approximation of section 3.2, but with a dierent
eective wavenumber to account for the eect of distributed feedback. Within
this approach, an evolution equation for the envelope eld
in the same manner as Eq.

A+ (t) can be derived

(3.32), with the eective wavenumber dened in

7.1 Application of the Coupled-Bloch-mode approach to Fano lasers
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terms of the parameters of the CBM approach [54]. Thus, one nds

0
A+ (t + τin
) = rLS exp(iL(N − Ns )[2G0 + G00 ])A− (t)

G0 , G00 ,

where the new gain coecients

and eective roundtrip time,

(7.1)

0
τin
,

are

derived from the stationary solution of the CBM equations. They may be computed as

∂βef f (ω, g0 (N ))
|ωs ,Ns
∂g0
∂gef f (ω, g0 (N ))
G00 = gN
|ωs ,Ns
∂g0
∂βef f (ω, N )
0
τin
= 2L
|ωs ,Ns
∂ω
G0 = gN

where
stant,

where

g0 is the
βef f , are

λ1 (ω, N )

modal gain and the eective gain,

gef f ,

(7.2)

(7.3)

(7.4)
and propagation con-

dened as



π
βef f = Re λ1 (ω, N ) +
a

(7.5)

gef f = −2Im{λ1 (ω, N )}

(7.6)

is the complex propagation constant of the Bloch modes of the

active region of the waveguide.

These coecients depend on both the lasing

frequency and the carrier density, and thus become expansion parameters in
the same way that

ωs , Ns , τp , r2

evolution equations.

and

σs

are expansion parameters of the original

This means that they do not incorporate the dispersion

dynamically, but instead use the local value of the slow-light enhanced gain and
propagation constant, and as such are only valid for small changes from the
expansion point. One might then ask what the benet really is, compared to a
simple qualitative inclusion of the group index dispersion. The answer is that
this approach not only guarantees the correct value of the group index at the
expansion point (which can dier notably from that of the passive waveguide,
which would be the one used in a qualitative inclusion), but also includes the
changes to the eective propagation constant, which are not straight-forward
to include qualitatively. Because of the amplitude-phase coupling mediated not
only by the linewidth enhancement factor, but also by the Fano mirror (see
chapter 4), this cannot be accounted for in a self-consistent way by qualitative
inclusions of the waveguide dispersion, and is particularly important for Fano
lasers where even small phase changes lead to drastically dierent behaviour,
as demonstrated throughout this work, e.g. gure 3.4. Furthermore, one avoids
the un-physical behaviour in regions of large threshold gain, where the laser
would jump to the articial band-edge solution rather than switch o.

7.1.2 Perspectives of Fano lasers with slow-light
The major technological benet of the slow-light eect is the increase of the eective light-matter interaction per length, allowing for device miniaturisation and
improvements in energy eciency. The increase in the eective gain/absorption
per length is common for most on-chip devices related to optical interconnects
and signal processing that may utilise slow-light, e.g. ampliers, detectors, and
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Beyond this, however, there are a number of interesting consequences

to consider when combining the slow-light eect with the rich physics of Fano
lasers. In particular, it is of interest to consider the eects of the reduction in
the threshold gain on e.g.

the switching experiments proposed for obtaining

ultra-low background energy consumption, as well as the eect of the dispersion on the mode spacing and switching energy.

Furthermore, increasing the

eective lifetime is expected to improve the feedback stability further, although
if this stability is dominated by the storage time in the nanocavity then the
eects may be marginal.

Similar tendencies should be the case for the laser

linewidth, which may be reliably modelled with this approach, given that only
a small-signal analysis is necessary in this case.
One fundamental challenge is controlling the nanocavity resonance frequency
relative to the band-edge of the line-defect waveguide in order to achieve operation with signicant slow-light eects.

As mentioned in section 4.3.3, the

key parameters for the resonance frequency are the hole radius, the lattice constant, the cavity design, the membrane thickness and the local refractive index.
Thus, it is challenging to change the resonance frequency without also shifting
the dispersion curve of the waveguide mode correspondingly, since changing the
membrane thickness, lattice constant and hole radius changes the frequencies
of both in the same direction.

It may then be necessary to work with local

variations of the refractive index in the nanocavity, as described in section 4.3.3
or specic cavity designs to achieve operation in the slow-light regime.

Chapter 8

Conclusion and outlook
This thesis has investigated the rich physics of photonic crystal Fano lasers
through theory and numerical modelling. It was demonstrated how this type of
laser may be modelled, both through the fundamental approach of full vectorial
3D solutions of Maxwell's equations with the FDTD method, as well as with
simpler models based on coupled-mode theory and transmission-line descriptions. The simpler approach was shown to reproduce the characteristic features
observed in the FDTD simulations, validating its use, together with the previously observed agreement between experimentally observed self-pulsing and
predictions based on the CMT model.
This dynamical model was then used to study the small-signal response of Fano
lasers, for which it was found that the relaxation oscillation frequency and damping rate were modied compared to conventional Fabry-Perot lasers, leading to
a damped intensity modulation response.

The ability to modulate the laser

through the resonance frequency of the nanocavity revealed a practically unlimited frequency modulation response, with generation of a pure FM signal at
rates far exceeding the usual GHz limitations imposed by relaxation oscillations,
with the real challenge being generation of such a modulation.
Based on the damped intensity modulation response, an investigation of the
properties of Fano lasers with external feedback was carried out, due to the
intrinsic connection between the IM response and the feedback stability of semiconductor lasers. For contextualisation, a brief investigation was provided of the
size-scaling of feedback properties of semiconductor lasers, demonstrating that
in fact the size of the laser is not intrinsically important - instead, the governing
parameter for feedback stability is the operating gain of the device. It was then
demonstrated how the reduction of the relaxation oscillation frequency and the
strong mode selection properties of Fano lasers lead to a dramatic increase in
the feedback stability of these lasers, compared to equivalent Fabry-Perot lasers.
Subsequently, it was investigated how Fano lasers may be used for on-chip pulse
generation by tuning of the nanocavity resonance frequency, realising cavity
dumping and active Q-switching schemes.

Example calculations were shown

for applications in pulse compression and equalisation, and a detailed study was
carried out regarding implementation of a non-linear activation function for neuromorphic photonic computing using Fano lasers, showing signicant promise.
Finally, it was briey discussed how to account for slow-light eects in the linedefect waveguide in the developed models, and some consequences of operation
in the slow light regime were considered.
With the main results summarised, it is time to consider the perspectives of
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the work. With the open and exploratory nature of the project and the resulting thesis, it is perhaps unsurprising that the main outcome is access to even
more exciting open questions. The most fundamental of these is how the wide
range of predictions compare to experimental measurements, which has been
an ongoing challenge throughout the project. Thankfully, it appears that the
next generation of devices with electrical pumping and buried heterostructure
active regions are just now starting to be successfully realised, paving the way
for measurements of all kinds. These include e.g. detailed investigations of the
cavity length dependence, the laser linewidth, the tuning response and the feedback properties, covering many of the theoretical calculations in this work. It
would be particularly benecial to carry out a more rigorous comparison of the
fundamental model predictions in relation to measurements, in order to truly
validate the use of the simple models based on coupled-mode theory, given that
all of the subsequent predictions depend on this validity.
With the optimistic assumption that at least some of the predictions are correct, one should consider the most promising of these, and the perspectives for
applications. For direct applications in on-chip interconnects, the observation
that Fano lasers are extremely resilient to optical feedback may be of key importance, due to the challenges of integrating optical isolators, in particular with
modulation schemes dierent from direct modulation. Modulation of the resonance frequency is a key area for further research, both in terms of realising
the modulation, as well as more rigorous investigations of the pulse generation
schemes, their realisability, limitations and advantages. With the rapid growth
of the eld of neuromorphic photonic computing, considerations of system architectures and more elaborate geometries and analyses of that potential also
oers a possible route of research.
Demonstration of pulse generation in the FDTD simulations of Fano lasers would
represent a very powerful proof of concept. Dynamical tuning of the nanocavity
refractive index can also be implemented, suggesting that such demonstrations
are possible. This, combined with experimental measurements where pulses are
injected into the nanocavity would provide great insight into the viability of
Fano lasers for pulse generation applications.
Based on the extraordinary feedback properties, it may also be of interest to
investigate Fano laser injection locking properties. The similarity between feedback and injection locking physics suggest that one may be able to obtain e.g.
extremely stable injection locking over large parameter spaces, which is a significant diculty with conventional lasers. An alternative research direction would
be to try to realise Fano laser designs outside of the photonic crystal platform
for more robustness and a wider range of applications, in particular with increased output power and practicality of integration. It is, however, challenging
to simultaneously realise a high-Q cavity of the standing-wave type and good
coupling to a waveguide in a meso- or macroscopic setting. If such a design were
to be realised, however, many of the conclusions would likely carry over, due to
the generic nature of the modelling approach.
A nal point of interest is the combination of Fano lasers and extreme nonlinearities achieved through extreme dielectric connement, manifested through
the briey mentioned "bow-tie" structures.

Using a bow-tie based nanocav-

ity as the cavity providing the mirror could lead to extreme eld connement
within the nanocavity, amplifying by orders of magnitude the characteristics of
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Fano lasers. In particular, one might imagine highly ecient switching with low
trigger energies due to the extreme eld intensity in the nanocavity, perhaps
even purely from Kerr eects, overcoming the speed limitations of slower carrier dynamics. For such a setup to be realised, a number of things need to be
understood, such as whether a bow-tie nanocavity can even realise the Fano mirror, whether it can reliably be fabricated and how these extreme non-linearities
would aect Fano lasers in general.
As hinted earlier, the list of questions is in equal measure long and exciting.
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Appendix A

Derivations and additional details
A.1

Derivations of model equations

A.1.1 Derivation of evolution equation for A+ (t)
This derivation is a direct reproduction of text from the supporting information
of Ref. 48 with small adaptations, reproduced here for convenience and with
permission.
In the following, an equation governing the temporal evolution of the rightpropagating eld envelope in the laser cavity,

A+ (t),

is derived, following the

approach of [69]. Writing up self-consistent equations for the frequency elds

E +/− (ω),

evaluated at the mirror plane in gure 3.1, yields

E + (ω) = rL (ω)E − (ω) + FL (ω)
−

+

E (ω) = r2 (ω, ωc )E (ω)

(A.1)
(A.2)

rL (ω, N ) = r1 (ω) exp(2ik(ω, N )L). Here r1 (ω) is the reection coecient
ω is the laser frequency, N is the waveguide carrier density,
L is the length of the laser cavity. The complex wavenumber, k(ω, N ) is

where

of the left mirror,
and

given by [69]

k(ω, N ) =
where

c

is the speed of light,

ω
i
n(ω, N ) − Γ[g(ω, N ) − αi ]
c
2
n(ω, N )

(A.3)

Γ is the conneαi is the internal loss factor,
r2 (ω, ωc ) is the Fano reection

is the refractive index,

ment factor of the laser eld in the waveguide,
and

g(ω, N )

is the material gain. Furthermore,

coecient, as dened in the main text. Rewriting (A.1), one obtains

1
1
E + (ω) = E − (ω) +
FL (ω)
rL (ω, N )
rL (ω, N )

(A.4)

FL represents spontaneous emission noise. By rst order Taylor expansion
(ω, N ) = (ωs , Ns ), the following expression
for the argument of the complex reectivity, rL (ω, N ), is obtained:


∂k
∂k
2∆kL '
(ω − ωs ) +
(N − Ns ) 2L
(A.5)
∂ω
∂N





ng
1 ∂g
1 ∂g
ωr ∂n
'
−i Γ
(ω − ωs ) − i Γ
−Γ
(N − Ns ) 2L
c
2 ∂ω
2 ∂N
c ∂N
where

around a steady-state solution, i.e.
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vg =

Introducing again the group velocity,

c
ng and the cavity roundtrip time

ωr ∂n
2L
−α ∂g
vg , and using that c ∂N = 2 ∂N from the denition of the linewidth
enhancement factor, this becomes

τin =






1
1 ∂g
α ∂g
2∆kL ' τin 1 − i Gω (ω − ωs ) − i Γ
+Γ
2L(N − Ns )
2
2 ∂N
2 ∂N


1
1
' τin 1 − i Gω (ω − ωs ) − i (1 − iα) τin (N − Ns )GN
2
2
where

∂g
GN = Γvg ∂N

and

∂g
Gω = vg ∂ω
.

Using this,

(A.6)

1
rL (ω,N ) is expanded similarly

around a steady-state operation point:

1
1
2i∆kL
1
1 ∂r1 (ω)
'
−
−
rL (ω, N )
rLS
rLS
rLS r1 (ωs ) ∂ω

1
1
1 − i(τin (1 − i Gω )(ω − ωs ))
'
rLS
2

1
1 ∂r1 (ω)
− (1 − iα)τin (N − Ns )GN −
2
r1 (ωs ) ∂ω
where

rLS = rL (ωs , Ns ).

(A.7)

Inserting this expression in equation (A.4) results in

an equation for the frequency components of the eld. The complex envelope
elds are dened as

A± (t)e−iωs t =

1
2π

Z

∞

E ± (ω)e−iωt dω

(A.8)

0

With this denition of the Fourier transformed elds, the time derivative corresponds to

−i(ω − ωs )

in the frequency domain. Utilising this relation for the

time derivative, and inverse Fourier transforming (A.4) with the Taylor expan-

rL inserted, results in the following dierential equation for the
A+ (t) in the time domain:


+
1
i dr1 (ω) dA+ (t)
dA (t)
τin 1 − i Gω
−
2
dt
r1 (ω) dω
dt
1
= rLS A− (t) + F 0 (t) − A+ (t) + (1 − iα)GN ∆N (t)τin A+ (t)
2

sion of
eld

complex

(A.9)

F 0 (t) is an eective time-dependent noise source representing spontaneous
emission, and ∆N (t) = N (t) − Ns is allowed to be time dependent.
d
By assuming that the left mirror is broadband, i.e.
dω r1 (ω) = 0 as in the
steady-state solution, and neglecting gain dispersion (Gω ' 0) and spontaneous
emission (F (t) = 0) the ODE becomes [43]


+
1
1
dA (t)
(A.10)
=
(1 − iα)GN ∆N (t)τin A+ (t) + rLS A− (t) − A+ (t)
dt
2
τin
where

rLS
GN ∆N = Γvg g(N ) − 1/τp . Here it should
Ns , σs , and rLS are constants corresponding to

which becomes identical to the form given in the main text by replacing
with

1/r2 ,

and using the equivalence

be noted that the parameters

a particular steady-state solution, and thus do not vary dynamically, but are
instead changed along with e.g.

the cavity resonance frequency, so that the

expansion point used corresponds to the steady-state solution from which the
equation is derived.
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A.1.2 Derivation of the iterative travelling-wave equation for
A+ (t)

The derivation of the iterative travelling-wave model for

A+ (t)

follows a similar

procedure to that of the previous section. This derivation is presented in [80]
and adapted from there. The key dierence to the previous derivation of the
ODE model is that now, only the wavenumber is expanded, and not the entire
exponential of the eective left reectivity. Thus, we may write


rL (ω, N ) = rLS exp(τin [ω − ωs )] exp
where

rLS = r1 exp[2iLk(ωs , Ns )]

1
(1 − iα)GN (N − Ns )τin
2


(A.11)

is the expansion point value. Inserting this

expression into Eq. (A.1) and neglecting spontaneous emission again, yields

E + (ω) = rLS exp[iτin (ω − ωs )]∆G(N )E − (ω)
(A.12)
1

where ∆G(N ) = exp
2 (1 − iα)GN (N − Ns )τin is the deviation of the eective
reectivity due to the variation of the carrier density from the expansion point.
Dividing by the factor

exp[iτin (ω − ωs )]

on both sides and taking the Fourier

transform yields the time-domain dierence equation:

A+ (t + τin ) = rLS ∆G(N )A− (t)

(A.13)

With the denitions employed, this is exactly equivalent to Eq. (3.32).

A.1.3 Inclusion of non-linearities in stationary solutions
The stationary solutions obtained by the solution of the oscillation condition,
Eq.

(3.8), cannot account directly for the non-linearities, since they do not

involve determination of the eld amplitudes, and thus the strength of the nonlinear interactions.

It is, however, critical to account for these non-linearities

if they have an appreciable eect on the eective mirror reectivity and phase.
The reason for this is that correctness of the stationary solutions is crucial to the
accuracy of the dynamical models, as they are derived based on expansions of
these stationary solutions, and un-physical behaviour can quickly manifest when
strong non-linearities are included in the dynamical models without proper inclusion in the stationary solutions.
If the eld strengths and thus non-linear contributions to the eld decay and
resonance frequency in the nanocavity were known a priori, then they could
be included in the stationary solutions as additional contributions to the eld
decay rate and resonance shift. Based on these considerations, an iterative algorithm has been designed to include the non-linearities in the nanocavity in
the stationary solutions. It works in the following simple manner:
For a given parameter set, including now also all the parameters that the nonlinearities depend on, e.g.

pump rate, one calculates the normal stationary

solution according to Eq. (3.8). Then, using this expansion point, one calculates the corresponding steady-state of the dynamical equations including the
non-linearities. From this, one nds a better estimate of the non-linear absorption and resonance shift. These can now be included as a contribution to the
eld decay rate,

γ˜T

and resonance frequency in Eq. (3.8), which leads to a new

solution that is then input as expansion point for the dynamical equations. This

112

Derivations and additional details

is repeated until the solution converges in terms of the threshold gain and laser
frequency.
This generally works well due to the fact that the stationary solutions are so far
separated in gain and frequency, meaning that despite the initial inaccuracy one
generally gets convergence rather than jumping between solutions. Depending
on the strength of the non-linearities (mostly determined by the pump rate),
one occasionally needs a non-zero estimate of the non-linear contributions in
the rst step of the algorithm to ensure convergence. In any case, this generally
reduces the number of steps necessary for convergence and is benecial to do. In
particular, when calculating multiple frequency points, one can use the solution
from the neighbouring frequency point to obtain convergence within one or two
iterations, except near the mode jump.
The inclusion of the carrier dispersion and Kerr shift generally shift the peak lasing frequency slightly, while the additional losses introduced by the two-photon
and free carrier absorption reduce the peak reectivity, leading to an increase
of the threshold gain.
As a note on the importance of inclusion of the non-linearities also in the stationary solutions, one occasionally nds operation regions near the mode hops,
where the non-linearities entirely disable lasing if the correct expansion point
is not used. It should also be noted that each time a parameter which changes
the stationary solution or non-linearities, is varied one should re-do the iterative
stationary solution to get the correct expansion point. One should also note here
that including active material in the nanocavity, as in [47, 48], the stationary
solutions can be correctly calculated using this approach.

A.2 Derivations related to small-signal analysis
A.2
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A.2.1 Jacobian matrix for ODE model
The Jacobian

A,

Eq. (4.1), described in chapter 4, has the coecients:

A1,1 = −γL + γL /|r2 |2 rr rb
√
A1,2 = γc γL /|r2 |2 (rr cos(∆φ) + ri sin(∆φ))
√
A1,3 = γc γL /|r2 |2 |A−
s |(−ri cos(∆φ) + rr sin(∆φ))
√
2
A1,4 = γc γL /|r2 | |A−
s |(ri cos(∆φ) − rr sin(∆φ))

(A.14)

A1,5 = (1/2)GN |A+
s |
√
A2,1 = γc cos(∆φ − 2θ)
A2,2 = −γT
√
A2,3 = γc |A+
s | sin(∆φ − 2θ)
√
A2,4 = − γc |A+
s | sin(∆φ − 2θ)
A2,5 = 0
√
+ 2
A3,1 = γc γL /|r2 |2 |A−
s |/|As | (−rr sin(∆φ) + ri cos(∆φ))
√
+ 2
A3,2 = γc γL /|r2 |2 |A−
s |/|As | (rr sin(∆φ) − ri cos(∆φ))
√
+
A3,3 = − γc γL /|r2 |2 |A−
s |/|As |(ri sin(∆φ) + rr cos(∆φ))
√
+
A3,4 = γc γL /|r2 |2 |A−
s |/|As |(ri sin(∆φ) + rr cos(∆φ))
A3,5 = (α/2)GN
√
A4,1 = − γc /|A−
s | sin(∆φ − 2θ)
√
+
2
A4,2 = γc |As |/|A−
s | sin(∆φ − 2θ)
√
−
A4,3 = γc |A+
s |/|As | cos(∆φ − 2θ)
√
−
A4,4 = − γc |A+
s |/|As | cos(∆φ − 2θ)
A4,5 = 0
A5,1 = −2GN σs /Vc |A+
s |(Ns − N0 )
A5,2 = 0
A5,3 = 0
A5,4 = 0
2
A5,5 = −1/τs − GN σs /Vc |A+
s |

rr and ri represents the real and imaginary parts of r2 , respectively,
GN = Γvg gN .

The notation
while

A.2.2 Derivations of small-signal eigenvalues
Starting from the system dened by Eq.
(A.14) and setting

rB = δc = 0,

(4.22) with the Jacobian from Eq.

one nds that the equations for the eld phases

decouple from the system and simply follow the evolution of the carrier density,
so that the small-signal dynamics are completely determined by the following
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set of evolution equations:

da+
γL
1
√
= −γL a+ + γc ac
+ GN |A+
s |n
dt
|r2 | 2
dac
√
= −γT ac + γc a+
dt


dn
−2GN σ +
1
GN σ + 2
+
=
|As |(N − N0 )a −
+
|As | n
dt
Vc
τs
Vc
where

a+ , ac

n is
GN = Γvg gN

are the small changes to the eld amplitudes and

(A.15)

(A.16)

(A.17)

the small

+
and |As |
A+ (t) at the expansion point. In the case of
that γL  γT , and to a good approximation can

carrier density change from steady state. Additionally
is the steady-state amplitude of
a high Q FL, we can expect
eliminate

a+

adiabatically. This yields

√

γc ac
GN |A+
s |
+
n
|r2 |
2γL

a+ =

(A.18)

n and ac yields
√
GN |A+
γc
s | γc
= −γT +
ac +
n
(A.19)
|r2 |
2γL


√
γc
GN σ + GN (N − N0 )
n
GN σ +
=−
ac
|As |
+1 n−
−2
|As |(N − N0 )
Vc
γL
τs
Vc
|r2 |

Plugging this into the equations for

dac
dt
dn
dt





(A.20)
This appears complicated, but can be reduced considerably.

First of all, for

rB = 0, we have directly that γT = γc /|r2 |, so the rst term
+ 2
for ac vanishes. Furthermore, we note that Γσ|As | /Vc = Np ,

zero detuning and
in the equation
where

Np

is the photon density. Furthermore, we can introduce the conventional

γF P

Fabry-Perot laser parameters

and

ωR ,

which are

1
+ vg gN Np
τs
s
vg gN Np
ωR =
τp

γF P =

where

τp = 1/(Γvg gn (N − N0 ))

(A.21)

(A.22)

is the photon lifetime. Introducing these, the

system becomes

√
GN |A+
dac
s | γc
=
n
dt
2γL
 2

√
σ|A+
dn
ωr
s | γc
= −2
ac − n
+ γF P
dt
Vc τp |r2 |
γL

(A.23)

(A.24)

In order to nd the eigenvalues of this system matrix, we look for roots in
the characteristic polynomial. Beautifully, the product of the two cross-terms
reduces to

2
ωR
γT /γL ,

leaving the characteristic polynomial

2

λ +



2
ωR
+ γF P
γL



2
λ + ωR

γT
=0
γL

(A.25)
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This has roots

λ=−

γF P
ω2
1
− R ±
2
2γL
2γL

q
4 + 2ω 2 γ
2
2
2
ωR
R F P γL − 4γL ωR γT + γF P γL

(A.26)

By comparison with the conventional form for FP lasers from e.g. Ref. 1,

λF P

γF P
=−
±
2

r

γF2 P
2
− ωR
4

(A.27)

we can directly identify

γF L = γF P +

2
ωR
ω2
γL R,F L

2
= ωR

γT
γL

(A.28)
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A.3.1 Inclusion of feedback in the coupled-mode theory
formulation
Using the formulation by Fan et al.

in [67] for a system with 3 ports, the

nanocavity and input and output elds are given by

da
= (−iδc − γT )a + (hk|∗ )|s+ i
dt
|s− i = C |s+ i + a |di

(A.29)

where the incoming signals are

 +
s1

|s+ i = s+
2
+
s3

(A.30)

|s− i, while |ki is the vector of coupling
|di is the coupling rate from the nanocavity

and similar for the outgoing signals
coecients for each incoming signal,
eld to the outgoing signals and

C

incoming and outgoing modes.

Furthermore,

is the direct scattering matrix between the

δc

is the detuning of the eld

frequency and the resonance of the nanocavity and

γT

is the total decay rate

of the nanocavity eld, as usual. In our system, we have so far only assumed
an incoming eld

+
have s3

6= 0,

s+
1,

but with external feedback in the cross-port we must also

i.e.

 +
s1
|s+ i =  0 
s+
3

(A.31)

since only the through-port is open-ended. In the absence of a partially transmitting element in the waveguide, the scattering matrix


0
1
0

1
0
0

C


0
0
1

is

(A.32)

In [67] and [157] the following requirements are derived in order for the system
to have energy conservation and time-reversal symmetry:

∗

C |di = − |di

(A.33)

|ki = |di

(A.34)

hd|di = 2γ

(A.35)

Using (A.32) in equation (A.33) yields the constraint

 ∗
 
d2
d1
d∗1  = − d2 
d∗3
d3

(A.36)

This requirement is fullled for

  √ 
i γc
d1
d2  = i√γc 
√
i γp
d3

(A.37)
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Using (A.34) to insert in (A.29), we get

da
√
√ +
= (−iδc − γT )a + i γc s+
1 + i γp s3
dt

  +
√ 
i γc
0 1 0
s1
√
|s− i = 1 0 0 ·  0  + a i γc 
√
+
i γp
0 0 1
s3

(A.38)

(A.39)

Separating (A.39) into each of its components yields

√
s−
1 = i γc a
s−
2
s−
3

=
=

s+
1
s+
3

(A.40)

√

+ i γc a
√
+ i γp a

(A.41)
(A.42)

−
−
iωτD
s+
(phenomenologically), and s3 (t − τ ) =
3 (t) = r3 s3 (t − τ )e
√
i γp a(t − τ ) (From Eq. (A.42) with no extra feedback term here, corresponding

If we then use

to neglecting all higher-order reections, i.e. using the weak-feedback approximation), the equation for the nanocavity eld becomes:

da
√
iωτD
= (−iδc − γ)a + i γc s+
1 − γp r3 a(t − τ )e
dt
This may then be transformed directly into an equation for

Ac (t)

(A.43)
in the same

way as in chapter 3, yielding Eq. (5.18).

A.3.2 Derivation of the Fano laser critical feedback level
Here the critical feedback level for Fano lasers is derived.

The rst step is

A+ (t), as in the derivation of the
L ' 5µm, this is reasonable even for Q-

to adiabatically eliminate the L-cavity eld,
small-signal eigenvalues. When using

factors in the hundreds. This reduces the system to two variables: the complex
nanocavity eld,

Ac ,

and the carrier density,

N.

dAc (t)
2γc Ac (t)γL
=
− γT Ac (t) + γp r3 Ac (t − τD )
dt
|r2 |(G(N )(iα − 1) + 2γL )
√
2
2Ac (t) γc γl
dN
N
GN (N − N0 )σ
= Rp −
−
dt
τs
Vc
|r2 |(G(N )(iα − 1) + 2γL )
where we have assumed
and

GN = Γvg gN .

r2 = i|r2 |, δc = 0

and dened

Separating the equation for

Ac (t)

(A.44)

(A.45)

G(N ) = GN (N − Ns )

into amplitude and phase

parts yields

d|Ac (t)|
= − γT |Ac (t)| + γp r3 |Ac (t − τD )| cos(ωτD + φc (t − τD ) − φc (t))
dt
2γc |Ac (t)|γL (G(N ) − 2γL )
−
(A.46)
|r2 |(G(N )2 α2 + G(N )2 − 4γL G(N ) + 4γL2 )
|Ac (t − τD )|
dφc (t)
= − γp r3
sin(ωτD + φc (t − τD ) − φc (t))
dt
|Ac (t)|
2γc γL G(N )α
−
(A.47)
|r2 |(G(N )2 α2 + G(N )2 − 4γL G(N ) + 4γL2 )

118

Derivations and additional details

To rst order, perturbations from steady-state obey the following small-signal
equations:

GN |Ac |γT
n(t)
2γL
+ γp r3 sin(∆ − ωτD )[δφ(t − τD ) + δφ(t)]|Ac |
γp r3
GN γT α
δ φ̇(t) =
sin(∆ − ωτD )[ac (t) − ac (t − τD )] −
n(t)
|Ac |
2γL
+ γp r3 cos(∆ − ωτD )[δφ(t − τD ) − δφ(t)]
a˙c (t) =γp r3 cos(∆ − ωτD )[ac (t − τD ) − ac (t)] +

ṅ(t) =

−2γT C(Ns − N 0)|Ac |σ
ac (t) − γF L n(t)
|r2 |Vc

(A.48)

(A.49)
(A.50)

ac (t), δφ(t), n(t) are the small-signal variations, while ∆ = φc (t) − φc (t −
τD ) and |Ac | and Ns are the expansion point steady-state values of the variables.

where

Taking the Laplace-transform yields the following system matrix:


s − K cos(y)(e−sτD − 1)
−sτD

)
M =  − K sin(y)(1−e
|Ac |

−|Ac |K sin(y)(e−sτD − 1)
s − K cos(y)(e−sτD − 1)

s −N0 )|Ac |σ
+ 2γT GN (N
|r2 |Vc

0

|γT GN
− |Ac2γ
L




+ αG2γNLγT 
s + γF L
(A.51)

where the shorthand

K = r3 γp

and

s

as the Laplace-transform variable
frequency

ωF L = ωR γT /γL .

was introduced, as well

and the Fano laser relaxation oscillation

M is gigantic, but can be
ωF2 L  KγF L ' K 2 , which is valid for

The determinant of

reduced signicantly by assuming that

Q ' 2000

y = ∆ − ωτD

and below (depending also on all parameters that the RO frequency

depends on, i.e. current, dierential gain, photon lifetime etc). In this case, the
determinant becomes



D(s) =s3 + s2 γF L + 2K cos(y)(1 − e−sτ ) + sωF2 L


2
−sτ
+ KωR,F
L (cos(y) + α sin(y)) 1 − e
Substituting

s = iΩ

(A.52)

to search for the value at which the frequency crosses the

real axis yields



2
D(iΩ) = − iΩ3 − Ω2 γF L + 2K cos(y)(1 − e−iΩτ ) + iΩωR,F
L


2
−iΩτD
+ KωR,F L (cos(y) + α sin(y)) 1 − e

(A.53)

and separating into real and imaginary parts:

Ω2 [γF L + 2K cos(y)(1 − cos(ΩτD )] = KωF2 L (cos(y) + α sin(y)) [1 − cos(ΩτD )]
(A.54)

3

2

Ω = −2Ω K cos(y) sin(ΩτD ) +

ΩωF2 L

+

KωF2 L (cos(y)

+ α sin(y)) sin(ΩτD )
(A.55)

Here we can already start to see the similarities with the result for conventional
lasers [127].

We can see from the real part (top equation) that the feedback

term is largest if

cos(ΩτD ) = −1,

i.e.

ΩτD = π ,

in which case it follows from

A.3 Derivations involving feedback
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Ω = ωF L ,
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as for the Fabry-Perot laser. In that case,

the real part becomes

ωF2 L γF L + 4KωF2 L cos(y) = 2KωF2 L (cos(y) + α sin(y))

(A.56)

Dividing out the relaxation oscillation frequency and rewriting yields

γF L = 2K[α sin(y) − cos(y)]
(A.57)
√
The amplitude of the oscillation with y is
1 + α2 , leaving us with a worst-case
value of
p
γ
√F L
(A.58)
γF L = 2K 1 + α2 ⇔ r3C,F L =
2γp 1 + α2
This beautifully simple result can be rewritten to resemble the result for the

(1−|r2 |2 )
2|r2 | γT
get the formulation in the main text:
conventional laser by rewriting

γp '

r3C,F L =
In case the Q is so high that

ωF2 L  KγF L ' K 2

=

(1−|r2 |2 ) ω
2|r2 |
2Q , in which case we

2QγF L
|r2 |
√
2
(1
−
|r2 |2 )
ω 1+α

ωF L

(A.59)

is notably reduced and the approximation

does not hold, one instead obtains complicated transcen-

dental equations that do not easily simplify to directly interpretable results.
However, it is clear that for increasing

Q

equation (A.59)

underestimates the

critical feedback level.

A.3.3 Derivation of the Fano laser C-parameter
In the following, a Fano laser equivalent of the conventional C-parameter for
semiconductor lasers with feedback is derived. As a reminder, for Fabry-Perot
lasers

C

is

CF P = κ
If we assume

L = Lr

and

p = pr

τD p
1 + α2
τin

(A.60)

(following the notation of section 3.2) we may

write the frequency dependent part of the oscillation condition, Eq. (3.15), as

{r2 (ω, ωr )} + τin (ω − ωr ) +

α
log(R2 (ω, ωr )) = 0
2

where curly brackets indicate the complex argument and

R2 = |r2 |2 .

(A.61)

Using the

previously derived CMT formulation with feedback, we can write the eective
reection coecient

r2 ,

including the external feedback, as

r2 (ω, ωc ) =

iγc
i(ωc − ω) + γT + r3 γp e−iωτD

(A.62)

K = r3 γp and ∆ω = ωc − ω , the OC becomes

γT + K cos(ωτD )
0 = arctan
− τin ∆ω
∆ω − K sin(ωτD )

 (A.63)
α
γc2
+ ln
2
∆ω 2 + 2K∆ω sin(ωτD ) + γT2 + K 2 + 2KγT cos(ωτD )

Inserting this and dening
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C -parameter determines the degree of monotonicity of the solution curve,
C = 1 dened as the limit of monotonicity. As such, it is only necessary to
study the derivative of eq. (A.61). Near C = 1 we can expect the feedback to be
The

with

reasonably low, and the frequency variation from the resonance frequency to be
small, meaning that the arctan and natural logarithms are both well-described
by rst-order expansions in frequency around

ω = ωc .

Note that this means

negligence of the dispersion of the power reectivity (since the curve is at at
zero detuning), which is why we get the normal

α-dependence

in the end. With

these expansions, the arctan-term becomes


arctan

γT + K cos(ωτD )
∆ω − K sin(ωτD )


' O + ∆ω

K(τD γT − 1) cos(ωc τD ) + K 2 τD − γT
K 2 + 2KγT cos(ωc τD ) + γT2
(A.64)

and the natural logarithm becomes

ln(ω, ωc ) ' O − ∆ω

2K sin(ωc τD )(τD γT + 1)
K 2 + 2KγT cos(ωc τD ) + γT2

(A.65)

O represents the constant values at the expansion points. Since we always
γT  r3 γp for high reectivity and weak feedback, we can drop all but γT2

where
have

in the denominator of the two expansions. Thus the OC becomes

K(τD γT − 1) cos(ωc τD ) + K 2 τD − γT
γT2
αK sin(ωc τD )(τD γT + 1)
− ∆ω
γT2

0 = − τin ∆ω + ∆ω

Taking the derivative with respect to

ω

(A.66)

now simply means dropping the

∆ω s

and changing the sign, leading to the following:

0 = τin +

1
1
K 2 τD
− [K(τD γT − 1) + Kα sin(ωc τD )(τD γT + 1)] 2
−
γT
γT2
γT

(A.67)

Here the third term can be safely dropped, since it is orders of magnitude smaller
than the second. Rearranging, we can see that this is strictly monotonous for

τin +

1
1
> [K(τD γT − 1) cos(ωc τD ) − Kα(τD γT + 1) sin(ωc τD )] 2
γT
γT

The maximum value of the oscillatory part is (for some value of

Kp
(γT τD − 1)2 + α2 (γT τD + 1)2
γT2
Thus, we can dene

CF L

(A.68)

ωc τD )
(A.69)

as the value of equality between the left and right sides

of eq. (A.68), i.e.

CF L
Generally we have

r3 γp
=
τin + γ1T

γT τD  1,

p
(γT τD − 1)2 + α2 (γT τD + 1)2
γT2

(A.70)

in which case we recover

CF L =

r3 γp
γT

2Q
ω

τD p
1 + α2
+ τin

(A.71)
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which is the expression in the manuscript. In the alternative limit,

γT τD  1,

i.e. for a very high-Q cavity with a very short external cavity, we instead get

CF L

r3 γp
=
τin + 2Q
ω

√

1 + α2
γT2

(A.72)

but it is unclear how to interpret this result, and is likely in a regime where
previous approximations break down.
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A.4.1 Derivation of the switching energy in active
Q-switching
For a laser with an asymmetric mirror reection coecient, i.e.

r2 (ω, ωc ) = rB + (−itB + rB )

rB 6= 0

γc
i(ωc − ω) + γT

in
(A.73)

the tuning requirement on the nanocavity resonance frequency to induce a mode
hop can be estimated as follows. A strict limit for when the mode hop occurs is
when

|r2 (δω)| < rB ,

as then the fully-detuned reectivity of the neighbouring

mode will exceed that of the original mode. The eective detuning,

δω = ωc −ωs

needed to reach this can be estimated through the equivalence

rB ' r2 (δω)

(A.74)

Assuming that the laser initially operates at the reection peak, we can expand
the reectivity to rst order around the middle of the approximately linear
region between maximum and minimum of the reectivity (see gure 6.1), to
yield the following hopping requirement:

rB ' rmax −

γ2
γc
δω ↔ δω ' (rmax − rB ) T
2
γT
γc

The next step is to determine how the eective detuning

(A.75)

δω

changes in re-

sponse to external detuning of the nanocavity resonance frequency. This can be
approximated using our well-known expansion

∆ω =

∆ωc
γT τin + 1

(A.76)

Reformulating this equation for the eective detuning yields


δω = ∆ωc


1
−1
τin γT

(A.77)

This is a decent approximation for initial operation near the peak reectivity,
and gives a reasonable estimation of the detuning requirement. Combining these
two expressions yields the mode hopping requirement in terms of the nanocavity
resonance frequency detuning,

∆ωc,hop

∆ωc :

rmax − rB
'
γT
γc



1 + γT τin
τin


(A.78)
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