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Large structures and mechanical systems, such as offshore structures, power plants, bridges and airplanes, have a critical impact on a civilisation’s economy
and standard of living; therefore, their structural integrity is of crucial importance.
Structural Health Monitoring has been developed in recent decades to reduce maintenance costs, prolong the period of proﬁt and increase sustainability by computer-

use of Operational Modal Analysis (OMA). OMA methods, however, are in principle
conﬁned to estimation of dynamic characteristics of structures that can be assumed to behave linear and time-invariant, which does not always apply to these
real-life structures. In this thesis, the application of OMA to structures that behave
nonlinearly, are time-varying or contain oscillating masses, i.e. ﬂuid tanks and vibration absorbers, is investigated in relation to subsequent use of the obtained dyna-
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based detection of damage and lifetime extension. The principle step of Structural Health Monitoring is the identiﬁcation of dynamic characteristics of the investigated structure, which can be estimated from measured ambient vibrations by the
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Preface
This thesis is submitted as a partial fulfilment of the requirements for obtaining the Danish
PhD degree. The presented work has been carried out at the Department of Civil Engineering,
Technical University of Denmark (DTU) between July 2017 and July 2020 with one month
of leave of absence in March 2018, and has been supervised by Professor Rune Brincker and
co-supervised by Assistant Professor Evangelos I. Katsanos.
The thesis was funded by the Danish Hydrocarbon Research and Technology Centre (DHRTC)
as a part of the project "Robust identification". This project consists of two PhD studies,
where Karsten Krautwald Vesterholm is undertaking the work of the second PhD study at the
University of Southern Denmark. Additional funding was received from Otto Mønsteds Fond to
cover minor travel expenses.
The thesis consists of two parts. The first part introduces the project with a description of
the motivation and background for the research, describes the relevant framework and both
summarises and compares the main findings. The second part consists of 5 appended papers,
which describe the core work of the PhD study in detail.
Tobias Friis
Department of Civil Engineering, Technical University of Denmark, July 2020
Kongens Lyngby, Denmark
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Abstract
Large structures and mechanical systems, such as offshore structures, power plants, bridges and
airplanes, have a critical impact on a civilisation’s economy and standard of living; therefore,
their structural integrity is of crucial importance. Traditional approaches to examine the
structural integrity rely on manual inspection, which is both time-consuming and costly due to
the manual labour, complexity of the inspection and complicated accessibility. The computerbased framework of Structural Health Monitoring has been developed in recent decades to
reduce manual inspection demands, avoid downtime and extend the lifetime of these structures.
This leads to both reduced costs for maintenance and renewal, a prolonged period of profit and
increased sustainability.
The principle step of Structural Health Monitoring is the identification of dynamic characteristics
from measured vibrations of the investigated structure in the form of modal properties. These
modal properties are commonly estimated by the use of Operational Modal Analysis (OMA),
and are employed to periodically detect potential structural faults and serve as the foundation
for assessing the structural integrity and remaining lifetime. The OMA techniques, however,
are in principle confined to estimation of modal properties of structures that can be assumed
to behave linear and stationary (i.e. time-invariant), which does not always comply with the
aforementioned real-life structures.
In this thesis, the application of OMA to measured vibration responses of structures, that behave
nonlinear and/or nonstationary (i.e. time-varying), is investigated in relation to subsequent use
in Structural Health Monitoring. The work of the thesis addresses the state of the art of OMA
with the focus on methods that employ correlation functions. It is proven and demonstrated
that these methods can be employed to obtain reliable and appropriate modal properties from
responses of nonlinear and/or nonstationary structures. In addition, the derivation of the
associated minimisation scheme of the difference between these approximating modal properties
and the true structure is provided. An appropriate simulation study reveals difficulties when
assessing the so-called goodness-of-fit of this approximation, which should be considered by the
practitioner in the further use of the obtained modal properties. Moreover, an approach based
on the Random Decrement technique is proposed to evaluate a type of complicated nonlinear
structures by two or more sets of modal properties. It is demonstrated how the proposed
approach enables Structural Health Monitoring of complex structures such as bridge-connected
offshore platforms. Furthermore, issues arising in both the OMA-based identification and the
associated Structural Health Monitoring framework related to structures with oscillating masses,
i.e. fluid tanks and vibration absorbers, are identified and a strategy to overcome said issues is
proposed. The possibility to estimate the parameters of nonlinear and/or time-varying models
of the aforementioned structures in operational conditions is discussed together with the future
work related to the outcome of the project.
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Abstract

In conclusion, the PhD project provides essential advancements of the principle step in Structural
Health Monitoring that, in turn, enables its application to a larger group of structures outside
of the laboratory environment.

Resumé
Store konstruktioner og mekaniske systemer, såsom offshore konstruktioner, kraftværker, broer
og fly, har en stor indflydelse på en civilisations økonomi og levestandard, og derfor er deres strukturelle integritet af kritisk betydning. Traditionelle metoder til at undersøge den strukturelle
tilstand er afhængige af manuel inspektion, som er både tidskrævende og omkostningstungt på
grund af brugen af manuel arbejdskraft samt opgavens kompleksitet og svære tilgængelighed.
På den baggrund er computerbaserede koncepter for strukturel monitorering udviklet af både
forskere og praktikere i løbet af de sidste par årtier for at reducere brugen manuel inspektion,
potentielle driftsstop og forlænge levetiden for disse konstruktioner. Dette fører til både reducerede omkostninger til vedligeholdelse og fornyelse, en forlænget periode med udbytte og øget
bæredygtighed.
En af de grundlæggende udfordringer i strukturel monitorering er identificeringen af dynamiske
karakteristika fra målte svingninger af den undersøgte konstruktion i form af modale parametre,
som anvendes til periodisk at undersøge, om der er potentielle skader på konstruktionen og til
at vurdere den resterende levetid. De modale egenskaber kan estimeres ved brug af operationel
modal analyse (OMA), hvilket dog er begrænset til estimering af modale egenskaber af systemer,
der kan antages at opføre sig lineære og ikke-varierende over tid, hvilket ikke altid stemmer
overens med de nævnte konstruktioner.
I denne afhandling undersøges anvendelsen af OMA på målte svingninger af systemer, der
opfører sig ikke-lineært og/eller tidsvarierende i relation til en efterfølgende anvendelse af de
estimerede modale parametre i strukturel monitorering. Arbejdet fokuserer på de mest populære
metoder inden for OMA, som anvender korrelationsfunktioner, og det er bevist og demonstreret,
at disse kan bruges til at opnå pålidelige og passende modale parametre af ikke-lineære og/eller
tidsvarierende konstruktioner. Dertil udledes den tilknyttede minimering af forskellen mellem
disse approksimerende modale parametre og de målte svingninger. Dog afslører en passende
simulerings-baseret undersøgelse vanskeligheder i vurderingen af, hvor godt den approksimerende
model passer med de målte svingninger, hvilket der bør tages hensyn i det videre arbejde.
Yderligere foreslås en fremgangsmåde, der er baseret på random decrement metoden, til at
evaluere en type af komplicerede ikke-lineære systemer ved brug af to eller flere sæt af modale
parametre. Det demonstreres også i afhandlingen, hvordan den foreslåede fremgangsmåde
muliggør strukturel monitorering af komplekse konstruktioner, såsom broforbundne offshoreplatforme. Derudover undersøges problemstillinger, der opstår i både den OMA-baserede
identifikation og den tilhørende strukturelle monitorering af systemer med interne svingende
masser, dvs. fluidtanke og vibrationsabsorbere, og der foreslås en strategi for at overvinde disse
problemer. Muligheden diskuteres også for at estimere de faktiske parametre af ikke-lineære
og/eller tidsvarierende systemer for de nævnte konstruktioner under driftsmæssige forhold
sammen med det fremtidige arbejde på baggrund af resultaterne af projektet. Kort sagt giver
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Resumé

PhD-projektet væsentlige løsninger til grundlæggende udfordringer i strukturel monitorering,
hvilket muliggør monitorering af en større gruppe af konstruktioner, som befinder sig uden for
laboratoriemiljøet.
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CHAPTER
1.1

1

Introduction

Background, motivation and aim

Our modern world relies considerably upon expensive and large civil engineering structures,
such as offshore structures (see Fig. 1.1), power plants, bridges and high-rise buildings, along
with mechanical systems in the form of airplanes, spacecraft, vehicles etc. [1]. Considering their
societal and economic importance, the structural condition or so-called structural health is of
keen interest in order to continuously operate the assets in a safe manner. And if necessary,
detect changes in the structural health in order to be informed in a timely manner of any
required maintenance in the form of reparation or renewal. Traditional approaches to examine
the structural health rely on manual inspection, which is both time-consuming and costly
due to the manual labour, complexity of the inspection and complicated accessibility. Along
these lines, the computer-based framework of Structural Health Monitoring has been studied
immensely during the past ∼40 years with early applications dating even further back, and
has started to be applied in practice more frequently during the past ∼10 years [1]. This
particular framework evaluates the structural health by continuously estimating the dynamic
characteristics from measured vibration responses and assessing if a change in these occurs.
Such a change indicates a damage or fault assuming that the operational and environmental
effects can be removed or neglected. Moreover, in the recent years the Structural Health
Monitoring framework has also covered studies in assessment of fatigue damage to evaluate the
fatigue life of structures and mechanical systems with the extension of the decommissioning
date in mind [2, 3]. Therefore, with the main aim of detecting damage and extending lifetime,
the implementation of a Structural Health Monitoring system is potentially highly financially
beneficial if it can be applied and maintained at a lower financial cost than the use of manual
inspection and other assessment methods. In addition, the sustainability of the structures can
even be increased due to the decreased renewal demands.

Figure 1.1: Picture of Gorm platforms. Used with permission from Total and DHRTC.
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One of the fundamental tasks of the Structural Health Monitoring scheme is the identification
of data features under operational conditions, for which dynamic characteristics in the form of
periodically identified modal properties are often employed. Additionally, these modal properties
also serve as the necessary basis in order to update a numerical model of an existing structure,
when predicting the current and future performance of the structure by using a so-called digital
twin with an emphasis on virtual sensing, load estimation and potential lifetime extension. The
modal properties can be estimated by the use of Operational Modal Analysis (OMA), which
is a commonly used class of tools that only requires vibration response measurements of the
structure or mechanical system while it is subjected to ambient excitations during the operation
[4, 5]. The concept of OMA had its initial introduction through simple techniques in the 1930s
and underwent an increase in popularity with significant advancements in the 80s and 90s [6].
Nonetheless, to the best knowledge of the author, current OMA-related procedures are still,
at this point in time, in principle confined to structures that can be assumed to behave linear
and stationary (i.e. time-invariant), which do not comply with the aforementioned real-life
applications [7, 8]. Shortly before the commencement of the PhD study, the Danish Hydrocarbon
Research and Technology Centre, who funded this research, received a note from Mærsk Oil and
Gas (now owned by Total) with an evaluation of their main concerns when applying OMA for
structural identification. The concerns are primarily related to these fundamental assumptions
of linearity and stationarity when applying OMA, and point to the need for verifying and
potentially improving existing OMA tools in order to deal with nonlinearities, e.g. friction and
hysteresis stemming from sliding bridge bearings and geotechnical foundation, and nonstationary
(i.e. time-varying) masses when emptying and filling storage tanks on topside. Additionally,
the dynamic behaviour of the fluids in the storage tanks might also be causing difficulties.
Ultimately, the main aim of the thesis is to move towards a robust identification of dynamic
characteristics of systems in these conditions using OMA in order to support a reliable, efficient,
and successful Structural Health Monitoring framework.

1.2

Objective and research questions

The overall objective of this thesis is to relieve the abovementioned issues when applying OMA
to systems in the problematic real-life conditions, and thus, enable Structural Health Monitoring
of these structures. From a higher perspective, the objective is addressed from two compatible
alternative approaches regarding the nonlinearities and nonstationarities: (i) the nonlinearities
and nonstationearities are of a smaller magnitude, where a linear interpretation of these can
describe the true system to a satisfactory degree, and (ii) the first approach does not offer
acceptable performance and new methods are necessary in order to handle the nonlinearities
and nonstationearities in the identification procedure. More specifically, the thesis aims to
achieve the objective by scrutinising the following research questions:
1. Is it possible to obtain linear modal estimates of systems influenced by nonlinearities and
nonstationarities by using conventional OMA methods? And if yes, how is the linear
model approximating the true system, i.e. what minimisation is carried out with this
linear interpretation of the nonlinear and nonstationary response? Additionally, can the
goodness-of-fit of the estimated model by evaluated?
2. Are there novel approaches to be established in order to support an identification procedure
that can manage the nonlinearities in relation to a Structural Health Monitoring framework

1.3 Structure of the thesis
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when they are of a more severe nature? Or can nonlinear system identification be enabled
in the OMA framework?
3. How do the possibly oscillating fluids in the tanks on the topside affect the OMA-based
modal estimates? And are there any complications connected to this when implementing
a Structural Health Monitoring scheme?
As mentioned in the preface, the work of this PhD is a part of a larger project consisting of two
PhD projects, where Karsten Krautwald Vesterholm undertakes the work of the second PhD
study at the University of Southern Denmark. The current thesis offers research work aiming
at answering the second research question, to which the PhD project of Karsten Krautwald
Vesterholm will offer additional insight.

1.3

Structure of the thesis

The structure of the thesis is, as mentioned in the preface, first and foremost divided into two
parts, where the first part involves the overall scheme and summary of the thesis, while the
second part consists of 5 appended papers describing the core work of the PhD study in detail.
Specifically, the first part consists of 8 chapters including this introduction, where the topics
evolve from the estimation of linear and stationary models towards nonlinear and nonstationary
models, as illustrated by Fig. 1.2

Nonlinear and/or nonstationary model
Chapter 6
Conditional linear approximation
Chapter 5
Linear and stationary approximation
Chapter 4
Linear and stationary model
Chapter 2 and 3
Negligible

Degree of nonlinearity
and/or nonstationarity
Weak

Moderate to strong

Figure 1.2: Schematic illustration of the relationship between the employed methods, chapters
and the degree of nonlinearity and/or nonstationarity.
More specifically, the second chapter is a state-of-the-art study of OMA for the linear and
stationary systems upon which the thesis is based. The third chapter involves an experimental
study investigating the potential effect of having smaller oscillating masses (fluids) in tanks on
the topside of the offshore platforms. The fourth chapter involves the first step towards applying
OMA to nonlinear and nonstationary systems by examining the fit of (linear) modal models to
nonlinear and nonstationary systems in terms of both so-called equivalent linear systems and
by using OMA. The fifth chapter, on the other hand, introduces a method in the framework
termed Nonlinearity Optimised Random Decrement and demonstrates it for a conditional
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linear approximation of nonlinear systems, which aims to overcome some of the limitations of
conventional OMA. Additionally, the results of using a conditional identification are compared
to conventional OMA estimates and it is shown how the proposed method enables Structural
Health Monitoring of structures such as bridge-connected offshore platforms. Furthermore, the
sixth chapter discusses alternative future approaches to the identification of nonlinear system
identification in the OMA framework and presents research on an early stage of such a method,
which has been carried out as a collaborative project with Timothy J. Rogers at the University
of Sheffield. Finally, at the end of the first part, the work is concluded in the seventh chapter
and future work is discussed in the eighth chapter.

CHAPTER

2

Operational Modal Analysis
of linear and stationary
systems

The current chapter describes the state-of-the-art within OMA, i.e. output-only modal analysis,
with an increased focus on correlation-driven OMA, the latter referring to OMA-based identification that employs correlation functions [9, 10], which is the main focus of this thesis. As
mentioned in the introduction, this state-of-the-art study of OMA is included since it is the
basis for the work of the thesis. Additionally, parts of this chapter, more specifically Sections
2.2, 2.3, and 2.4, are based on the description of correlation-driven OMA of linear and stationary
(i.e. time-invariant) systems in Paper P2.

2.1

The main parts of Operational Modal Analysis

As mentioned in the introduction, OMA is a framework of methods that identify modal
parameters of existing structures or mechanical systems by only using measured responses.
All methods within OMA have in common that they employ the same three assumptions: i)
the system is linear, ii) the system is stationary, and iii) the system is excited by excitation
with white noise characteristics. The first two assumptions of linearity and stationarity are
not discussed to any great extent in this chapter, but will be elaborated in Chapter 4. The
third assumption of white noise excitation has been studied by Ibrahim et al. [11], who
demonstrated that the excitation does not have to be strictly white noise, but should just be
random with frequency content at the natural frequencies of the modes of interest and it can
even be nonstationary. In cases where the excitation deviates from this assumption, a modal
pseudo force transition system is included in the identification in order to mitigate the difference
between the assumption of white noise excitation and the actual random excitation, see Fig.
2.1. With the existing work on the third assumption, further research has not been pursued
regarding potential issues in the identification process when the excitation is deviating from the
white noise assumption.
In Fig. 2.2, the three main parts of estimating modal parameters of existing systems using
OMA are outlined: i) measurement, ii) signal processing, and iii) parameter estimation. The
first is the practical part involving the measurement of the dynamic response of the system in
question. In order to carry out the measurement, the practitioner must establish a measurement
system and consider subjects such as sensor type, acquisition system, noise level, and sampling
frequency, etc., determine the placement of the individual sensors, consider if there is sufficient
excitation of the modes in question, and decide the measurement duration. The latter is directly
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OMA identification
w(t)
White noise

Pseudo force
transition system

y(t)

x(t)
Structure
Excitation

Response

Figure 2.1: Illustration of the OMA identification, where the random excitation is interpreted
as a pseudo force transition system excited by white noise. Reformatted from [6, 11].
connected to the reliability and uncertainty of the obtained estimates. Practical guidelines to
reduce uncertainty in OMA are further discussed in [6, 12–14]. The second part involves the
preprocessing of the measured response signals before estimating modal parameters. In this
preprocessing, the signals could be filtered in order to remove unwanted content, have harmonics
removed, which can influence the reliability if the final estimates, and have a re-evaluation of
the sampling frequency in order to have a sampling frequency that ensures the best performance
of the desired parameter estimation method. Moreover, the second might also include an
estimation of a non-parametric discrete function, such as correlation functions, spectra, or
half spectra. Finally, the last step is the parameter estimation in order to obtain the modal
parameters, for which many different methods exist. These methods are generally different in
their input and their interpretation of that input, where the most common forms of input are
correlation functions, spectra, half spectra, or response signals in time domain. For a detailed
description, the reader is referred to the references in Fig. 2.2, and, to some extent, the following
sections. Extensive review papers and books also exist on OMA, see [4–6, 15–18]. In addition
to the described main parts of the OMA framework, is the automation of the identification
procedure, so-called auto-OMA, and the uncertainty quantification of the obtained estimates.
These two topics are further discussed in Sections 2.6 and 2.5.

Measurement

Measurement system
[6, 19, 25]
Sensor layout [12, 42–45]
Excitation [6, 11]
Measurement duration
[6, 12, 13, 53]

Signal processing

Filtering [6, 19, 20]
Harmonics removal [20, 26–37]
Down-/up-sampling [6, 19]
Non-parametric discrete
function estimation
[6, 14, 19, 20, 54, 55]

Parameter estimation

FDD/EFDD [21–24]
ERA [38–41]
COV-SSI/DATA-SSI
[38, 46–50]
TDPR(AR) [6, 51, 52]
Operational pLSCF
[56–58]
ARMA [59–64]
Baysian OMA [65–67]

Figure 2.2: Illustration of the three main steps of OMA with keywords and references for
in-depth description of the respective parts.
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One of the notable differences between OMA and Experimental Modal Analysis, where the
excitation is measured along with the response, is the unknown scaling of the mode shapes
when estimated by OMA. In other words, due to the excitation being unknown in OMA, the
estimates do not include the modal mass. This modal mass scaling can, however, be obtained
by OMA through additional steps. The more common procedure consists of two OMA-based
tests, where one test is carried out with the structure as it is and a second test is conducted
with an additional known mass. Based on the known mass change and the measured change in
modal properties, the mass scaling of the modes can be obtained. The reader is referred to
[68–74] for a detailed description and more on mass scaling of mode shapes in OMA.
In the following sections, correlation-driven OMA of linear and stationary systems is described
in more detail. As mentioned in the introduction, correlation-driven OMA refers to OMA-based
identification that employs correlation functions [9, 10], and is considered to be one of the more
popular ways of conducting OMA.

2.2

Input-output relationship and the correlation
function

The link between the input-output (i.e. excitation-response) relationship of a linear and
stationary oscillator and the correlation function matrix is briefly described in this section,
which is also known as the fundamental multiple-input multiple-output (MIMO) theorem. As a
starting point, consider the input-output relation of a linear and stationary system [6, 54]:
y(t) =

+∞
Z

−∞

H(α)x(t − α) dα , H(t) ∗ x(t)

(2.1)

where y(t) is the response vector as a function of time, t, H(α) is the impulse response function
matrix, x(t) is the excitation vector, and α is an integration variable. The linear input-output
relationship in Eq. (2.1) is multiplied by y> (t + τ ) from the right and the expectation is
introduced on both sides:
h

i

E y(t)y (t + τ ) =
>

+∞
Z +∞
Z

−∞ −∞

h

i

H(α) E x(t − α)x> (t + τ − β) H> (β) dαdβ

(2.2)

where β is an integration variable and > is the transpose. The classical definition of the
correlation function matrix, Ryy (τ ), as described by Bendat and Piersol [55] and Newland [54]
is employed herein. This definition is given by:
h

Ryy (τ ) , E y(t)y> (t + τ )

i

(2.3)

By introducing the definition of the correlation function matrix in Eq. (2.2) and by changing
the integration variable to α = −κ, the following expression is obtained:
Ryy (τ ) =

+∞
Z +∞
Z

−∞ −∞

H(−κ)Rxx (τ − κ − β)H> (β) dκdβ = H(−τ ) ∗ Rxx (τ ) ∗ H> (τ )

(2.4)
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where Rxx (τ ) is the correlation function matrix of the input. Thereby, the general fundamental
theorem is revealed, which shows the relationship between the correlation of the input and
output by the impulse response function matrix.
Ryy (τ ) =

+∞
Z +∞
Z

−∞ −∞

H(α)Rxx (τ + α − β)H> (β) dαdβ

(2.5)

When nonlinearities or nonstationarities are introduced in the dynamic system, the response can
no longer be described by Eq. (2.1), assuming the impulse response matrix is of a linear system,
and an error has to be introduced. In Chapter 4 and especially Paper P2, the introduction of
this error is shown and discussed together with a derivation of how this error is minimised in
correlation-driven OMA.

2.3

Correlation function estimation and statistical
errors

By definition, the correlation function matrix defined in Eq. (2.3) is calculated by ensemble
averaging for each τ . Time averaging is, however, applicable if the system response is an ergodic
process [55].
1
Ryy (τ ) = lim
T →∞ T

ZT

y(t)y> (t + τ ) dt

(2.6)

0

where T is the time duration of the measured system response. The duration, T , must tend
towards infinity for the time averaging to produce the exact correlation function matrix in Eq.
(2.3). In practice, however, the duration is finite.
The correlation function matrix is based on exact statistical properties of a vibrating system, but
exact statistical properties are inaccessible for finite data. Therefore, the correlation function
matrix must be estimated and this estimation process introduces statistical errors, which,
though, decrease as the duration of the system response increases. The unbiased correlation
function matrix (Eq. (2.7)) is utilised in all cases herein, which can be estimated numerically in
various ways (the reader is referred to [6, 19, 20, 55]).
1
R̂yy (τ ) =
T −τ

TZ−τ
0

y(t)y> (t + τ ) dt

for 0 ≤ τ < T

(2.7)

Tarpø et al. [13] derived and demonstrated some important properties of the correlation function
matrix with respect to correlation-driven OMA. Namely, that the correlation function matrix is
a Gaussian stochastic process and the envelope of the modal correlation function matrix is Rice
distributed, which leads to the a ‘noisy’ tail region, the so-called noise tail. It was also proven
that the zero crossings of the correlation function matrix are unbiased, but the related random
error increases markedly in the noise tail region. Moreover, Tarpø et al. [13] introduced a new
expression for the minimal measurement duration based on the biased error of the envelope:
√
2m + 1 + 1 a−2
Tmin (m , f0 , ζ0 , a) =
(2.8)
2m
2πf0 ζ0

2.4 Correlation functions as free decays and parameter estimation
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where a = e−ω0 ζ0 |τ0 | , τ0 is the correlation time, i.e. the duration of the persistent part of the
correlation function matrix, i.e the part not belonging to the noise tail, f0 and ω0 are the
natural frequency of the given mode in Hz and rad/s, respectively, ζ0 is the damping ratio of
the given mode, and m is the normalised biased error of the envelope of the modal correlation
function. With this expression in Eq. (2.8), an appropriate measurement duration can be
obtained. The expression, however, can be somewhat impractical, and another simple expression
for the measurement duration was suggested:
Texp =

42
f0 ζ0

(2.9)

where 42 is a constant based on experience. For more on statistical errors in the estimated
correlation function matrix for OMA and practical reduction of these, the reader is referred to
Tarpø et al. [13, 14], where the author of this PhD thesis was a co-author on both publications
during the period of the PhD project.
An unavoidable aspect of modal analysis is the inclusion of measurement noise on the measured
responses. With good sensors the amount of noise can be kept at a minimal level; however, the
frequency distribution of the noise is also important. Orlowitz and Brandt [75] showed that
when the noise has purely white noise characteristics, only the time lags close to time lag zero
are affected, since the correlation function of white noise is the Dirac delta function. With these
noise characteristics, the noise effect is easily removed by omitting these lags in the parameter
estimation, but when the noise distribution differs from being white, the identification results
might be affected.

2.4

Correlation functions as free decays and
parameter estimation

The main idea of correlation-driven OMA is to estimate a correlation function matrix and then
fit a linear model assuming it is a free decay of a linear and stationary system. The modal
decomposition of the correlation function matrix has been derived by Brincker [76] and only
the main findings of this derivation will be briefly described in the following. The analytical
solution of the modal decomposition of the correlation function in the time domain assuming
white noise excitation is:


M 
P

∗


Bk Gx0 Ak eλk τ + B∗k Gx0 A∗k eλk τ
2π
k=1
Ryy (τ ) =

M 
P

∗


Ak Gx0 Bk e−λk τ + A∗k Gx0 B∗k e−λk τ
2π
k=1

for τ ≥ 0
for τ ≤ 0

(2.10)

where λk is the modal pole of mode k, Gx0 is the spectral flat of the white noise excitation,
Ak is the residue matrix, Bk is a weighted sum of the residue matrix, ∗ indicates the complex
conjugate, and the impulse response function matrix is given by:
H(t) =

2M
X

k=1

Ak eλk t =

2M
X

k=1

ϕk ϕ>
k hk (t) ,

Ak =

ϕk ϕ>
k
mk

(2.11)
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where hk (t) is the modal impulse response function, M is the number of modes, mk is the
modal mass and ϕk is the mode shape. Within the OMA framework, it is practical to employ
the definition of the modal participation vector:
γk = Bk Gx0 ϕk /mk

(2.12)

With the definition of the modal participation, the residue can be expressed as the outer product:
γk ϕ>
k . By transposing the correlation function matrix and using the fact that all matrices are
symmetrical, the analytical solution of the modal decomposition becomes the following:
h

i

>
Ryy
(τ ) = E y(t + τ )y> (t) = 2π

M 
X

ϕk γk> e−λk τ + ϕ∗k γkH e−λk τ
∗

k=1



for τ ≥ 0

(2.13)

Notably, it is seen that the transposed correlation function matrix in Eq. (2.13) has the form
of free decays in the columns. Therefore, the modal parameters of a dynamic oscillator can
be extracted from the transposed correlation function matrix by the aforementioned MIMO
parameter estimation methods. Moreover, as mentioned in the previous section, this modal
decomposition of the correlation function matrix is only valid for linear systems. For more
information see Chapter 4 and especially Paper P2.
One parameter estimation method is introduced herein for completeness and, specifically,
the Eigensystem Realisation Algorithm [39–41] is chosen to this end. When employing the
Eigensystem Realisation Algorithm, the conceptual assumption is that the transpose of the
correlation function matrix can be described as a free decay in state space, Y(n), as given by
Eq. (2.13):
>
Ryy
(n) , Y(n) = PAn U0
(2.14)
where n is the discrete time lag, P is the observation matrix, A = eAc ∆t is the discrete time
system matrix, Ac is the system matrix, ∆t is the time step and U0 = [u01 , u02 , ...] is the
matrix containing the sets of initial conditions. The first step towards estimating the system
matrix involves the formulation of two block Hankel matrices with s block rows, where the
second block Hankel matrix is time shifted one sample step compared to the first block Hankel
matrix.




Y(0)
Y(1)
..
.

Y(1) · · · Y(ND − s − 1)

Y(2)
···
Y(ND − s) 



,
H0 = 
..
..
..

.
.
.


Y(s − 1) Y(s) · · ·
Y(ND − 1)



Y(1)

Y(2)
H1 = 
 ..
 .

Y(2)
Y(3)
..
.

Y(ND )
(2.15)
By utilising the sample time shift of the two block Hankel matrices, they can be expressed in
the following manner by the use of Eq. (2.14).
H0 = OΓ,

Y(s) Y(s + 1) · · ·

H1 = OAΓ



···
Y(ND − s)
· · · Y(ND − s + 1)


..
..

.
.


(2.16)

where O and Γ are the so-called observability and controllability matrices, respectively. The
Eigensystem Realisation Algorithm then employs the singular value decomposition (SVD) on
the first block Hankel matrix, H0 , and estimates the observability and controllability matrices
from the obtained singular vectors, U and V, as well as the singular values, S:
√
√
H0 = USV>
⇒
Ô = U S , Γ̂ = SV>
(2.17)
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Subsequently, the discrete time system matrix can be found by rearranging the second formula
of Eq. (2.16) and using the pseudo inverse (indicated by + ). A simple way to carry out the
pseudo inverse, including a model reduction, is to limit the outcome of the SVD, USVT , to the
first m singular values corresponding to m/2 modes, thus, obtaining a regular inverse problem
of a reduced size (m is also termed the model order):
Â = Ô+ H1 Γ̂+

⇒

−1/2
Âm = S−1/2
Um H1 Vm Sm
m

(2.18)

Once the discrete time system matrix has been estimated, the modal parameters can be obtained
by applying the eigenvalue decomposition to the discrete time system matrix (e.g. [6, 39–41]).
With the described parameter estimation method, two parameters have to be chosen; the
number of block rows in the block Hankel matrices, s, and the model order m. This task is
commonly overcome by choosing one parameter, varying the other parameter and plotting the
results in a stabilisation diagram. The latter conventionally shows the obtained poles in a plot
with the varied parameter over frequency, where the respective pole estimates of each respective
value of the varied parameter have been compared repeatability-wise to the ones with one lower
value of the varied parameter. By doing so, a plot is created, which can facilitate the process of
distinguishing between the modal estimates describing the actual physics and the spurious ones.
Additionally, in order to further improve the interpretability of the stabilisation diagram, it is
often plotted on top of spectra of the measured responses or functions that indicate the presence
of physical modes. In the work presented throughout this thesis, such a process has been
employed, unless otherwise stated, where the model order is a priori, the number of block rows
of the Hankel matrices is varied and the repeatability is compared in a stabilisation diagram
in terms of natural frequency, damping ratio, and mode shape (using the Modal Assurance
Criterion [77, 78]), which is plotted on top of response spectra.
After obtaining the modal estimates of natural frequency, damping ratio and mode shape,
the last modal parameter, the modal participation, can be estimated. This is achieved by
considering the modal model in Eq. (2.14) in the following form.
|

Y (n) = 2π

2M 
X



γk ϕ|k eλk n∆t = 2πΓ [µk ]n Φ|

k=1

(2.19)

where Φ and Γ contain complex conjugate pairs of the mode shapes and modal participation
and µk is a diagonal matrix [µk ] containing the discrete time poles µk = eλk ∆t . A single block
row Hankel matrix, HR , is arranged with the correlation function matrix and the poles, and
mode shapes in Eq. (2.19) are rearranged in a similar format.
h

i

MI = [µk ]0 Φ| , [µk ]1 Φ| , · · · , [µk ]ND Φ|
(2.20)
By employing Eq. (2.20), Eq. (2.19) can be written as the following equation to the left, which
enables the estimation of the modal participation with the obtained modal parameters by the
following equation to the right:
HR = [Y| (0), Y| (1), · · · , Y| (ND )] ,

HR = 2πΓMI ,

Γ̂ =

1
HR M+
I
2π

(2.21)
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Uncertainty estimation in correlation-driven
Operational Modal Analysis

The main scope of the thesis does not involve computation of the uncertainty of the evaluated
modal estimates, thus the estimation of the uncertainty in correlation-driven OMA is only
briefly discussed in the following. The quantification of the uncertainty, however, is important
in regard to validating the obtained modal estimates and setting confidence intervals for the
modal parameters.
The estimation of uncertainty in correlation-driven OMA is a relatively novel task, considering
that correlation-driven OMA has been used for several decades and uncertainties on modal
estimates in correlation-driven OMA have been estimated for less than 15 years. Within this
framework, the majority of the development has focussed on the estimation of uncertainty
when applying the Stochastic Subspace Identification (SSI) method [79–81]; nevertheless, the
methodology in [79–81] is generally applicable for other correlation-driven methods as well. The
reader is referred to [82] for uncertainty estimation with the Eigensystem Realisation Algorithm
described in Section 2.4. This methodology estimates the so-called variance or random error,
and not the so-called bias error, of a single measurement based on the sensitivity of the modal
parameter estimates to perturbations of the measured system responses [80]. Specifically, the
uncertainty estimates are evaluated by estimating the covariance of the subspace matrix/matrices
(Eq. (2.15) for the method described in Section 2.4), which essentially relates back to an estimate
of the covariance of the correlation function matrix of the measured responses. This particular
part is computed by dividing the measured responses into segments and estimating the subspace
matrix for each segment, thereby enabling an empirical sample estimate of the covariance.
Subsequently, this uncertainty is propagated to the modal parameters through a first-order
sensitivity analysis of the employed identification algorithm [80].
An extensive literature review including an analysis of the methodology described above can
be found in [83]. Moreover, the evaluation of uncertainties is a quite heavy computational
burden and in [84] efficient computation schemes are found both for estimation of uncertainties
at a given model order and for multiple orders, and additionally, in [85] the computation of
uncertainties for multi-setup measurements is given.

2.6

Automated Operational Modal Analysis

When distinguishing between the modal estimates describing the actual physical poles and
the spurious ones, it is common practice to use the aforementioned stabilisation diagram, and
for the practitioner to choose the modes based on this plot. The task, however, becomes
impractical if a continuous monitoring scheme or a Monte Carlo one is desired due to the
amount of modal estimates. Thus, some automation is required. The work included in this
thesis excludes significant development within automated OMA, but it is an essential part of the
identification procedure for application of modal identification in Structural Health monitoring,
and is therefore briefly discussed in the following.
Many researchers and practitioners have performed the task of implementing an automated
procedure of OMA-based modal estimates and the reader is referred to Reynders et al. [86]
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and Rainieri and Fabbrocino [86] for more comprehensive literature reviews on the topic. In
general, many methods start out with an initial assessment of all poles in order remove the
ones that can more easily be determined as spurious poles. This is achieved by checking if the
damping ratio of a pole is positive and in some cases below a threshold, and by checking if the
pole has a conjugated counterpart. Additionally, the assessment can also be based on mode
shape complexity, modal participation [86], and uncertainty [84]. After removing some spurious
pole estimates, the main automation procedure involves removing the remaining ones. For this
part many researchers and practitioners base their methods on the following approaches:
• Hierarchical clustering is one of the more popular approaches [86–91]. This approach
initially considers all poles as separate clusters and then merges the two clusters closest in
distance one at a time until the distances between the remaining clusters are larger than
a threshold value. The final modal estimates are then taken as the mean value of those
clusters with a user-specified minimum number of poles. Moreover, typically, distance
measures are based on difference in frequency, damping ratio, and mode shape (modal
assurance criterion [77, 78]) as was employed for the stabilisation diagram.
• Partitioning methods are based on other clustering techniques [92–95]. With this approach,
all pole estimates are divided into a predefined number of clusters by using so-called
fuzzy C-means clustering with overlapping clusters or so-called K-means clustering with
mutually exclusive clusters.
• Approaches based on a combination of partitioning methods and hierarchical clustering
are also introduced. For more information see [96–98].
• Histogram analysis based methods [99–101]. Typically with this approach, the frequency
axis in the stabilisation diagram is divided into narrow bins, for each of which the number
of stable poles is counted. The information of the established histogram is then utilised
in order to obtain the number of modes and the final estimates.
In the work of this thesis, another approach has been employed based on the information
from the stabilisation diagram. This approach simply links stable poles when generating the
stabilisation diagram and assesses after generating the stabilisation diagram if any of the groups
of linked poles should be merged. Subsequently, if a group of linked poles contain more than a
user-defined number of poles, this group of poles is considered to represent a physical mode
and the final modal estimate is taken as the mean value. By following this approach, similar
results are obtained compared to using hierarchical clustering with only the stable modes from
the stabilisation diagram, but the step of computing distances is avoided.
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CHAPTER

3

Modal estimates of
dynamic systems with
oscillating masses

As discussed in the introduction, the tanks on the topside of the offshore platforms can have two
implications to the modal identification: (i) nonstationary mass, and (ii) additional oscillating
mass. The latter implication is the one being investigated and discussed in the current chapter,
and thus this chapter explores the third research question regarding modal identification of
dynamic systems with oscillating masses. In the present context, the dynamic system can be
considered to be any kind of structure or mechanical system, while the oscillating mass can be
considered as a mass, which is moving relative to the main system and is considerably smaller
than the mass of the main dynamic system of interest.
When considering an oscillating mass within a dynamic system in isolation, this mass will have
its own natural frquency(ies), damping ratio(s) and mode shape(s). Thereby, the measured
responses of the main dynamic system might contain some of the response of the oscillating
mass even though the movement of this secondary mass is not directly measured. In the OMA
framework, the response of the oscillating mass can be considered to enter the main dynamic
system of interest as an additional external excitation, which does not have a negative impact on
the identification procedure as long as the natural frequencies of the main dynamic system and
the oscillating mass are not coinciding. When these natural frequencies are coinciding, however,
as will be demonstrated in this chapter, the mode of the main dynamic system will split into two,
where one mode is moving in-phase and one mode is moving out-of-phase with the oscillating
mass, although with an important phase shift between structure and oscillating mass, as known
from the theory of vibration absorbers in the form of tuned mass dampers, tuned liquid damper,
ect. [102]. Along these lines, this chapter illustrates and further discusses the implications with
respect to modal identification and Structural Health Monitoring when such an oscillating mass
is present both with and without a natural frequency that coincides with a natural frequency
of the main dynamic system. Additionally, the chapter offers a possible solution for problems
caused by the oscillating mass in the Structural Health Monitoring framework. The study
is based on an experimental model of a simple monopile platform, which is excited by wave
loading in a wave flume. The oscillating mass is implemented by placing a plastic container
with water on top of the monopile platform.
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Experimental set-up in wave flume

The experimental monopile platform is a simplified replica of an offshore platform in scale 1:70,
and is constructed with a top mass of 3.52 kg, primarily consisting of a 0.15 × 0.225 × 0.01
m steel plate, which is representing the topside, a 0.90 m pipe of acrylic with a diameter of
0.05 m, and a relatively heavy T-shaped steel base. The entire model is placed in a wave
flume at the Mechanical Department of the Technical University of Denmark with a size of
25 × 0.6 × 0.4 m (length × width × height), where it is subjected to irregular wave loads. The
irregular wave loads are generated from a JONSWAP spectrum [103] with a peak period of 0.99
s and a significant wave height of 0.112 m, which was also measured during the tests with five
wave gauges in front of the model. Moreover, the additional oscillating mass is implemented
by placing a 0.115 × 0.066 m (legnth × width) plastic container on top of the topside, as
previously mentioned, and by filling the container with 0.34 L of water (water depth of 0.045
m). With this amount of water, the mass ratio of the oscillation part of the water (∼55%
of water in container based on Housner [104]) and the effective modal mass of the coinciding
mode (approximated as the aforementioned top mass) becomes ∼5.3%. Lastly, 12 uni-axial
piezoelectric IEPE accelerometers (Brüel & Kjær 4508-B) are mounted to the topside steel
plate, and the pipe has 8 strain gauges, the latter, however, are not utilised in the present
project. Pictures of the setup can be seen in Fig. 3.1.

2

1

3

4

5

6

Figure 3.1: Pictures of experimental set-up. Left: monopile model outside of wave flume, upper
right: monopile model in wave flume with waves, lower right: container with water on top
of monopile model. (1: topside/steel plate, 2: replaceable top mount, 3: accelerometer in all
corners, 4: main pile, 5: strain gauges, 6: supporting base structure)
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Modal identification and discussion

Number of block rows of the Hankel matrices [#]

Two tests were carried out in the wave flume, one with and one without the water in the plastic
container, both with a duration of 30 minutes. Subsequently, the measured responses were high
pass filtered at 0.5 Hz, low pass filtered at 5 Hz and modal estimates were obtained by using
correlation-driven OMA, as described in Chapter 2. The obtained results are presented in terms
of stability diagrams from the identification of both tests in Fig. 3.2 and natural frequencies,
damping ratios and mode shapes of the identified modes in both tests in Figs. 3.3 and 3.4,
respectively.
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Figure 3.2: Stabilisation diagram from the identification of the test with and without water in
the container.
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Figure 3.3: Test without water: plot of mode shapes from the identification of the test with
water. Natural frequencies and damping ratios are stated in parentheses in plot titles.
From the stability diagram in Fig. 3.2, the singular values of the spectral matrices can also be
seen for both tests. It is notable from these spectra, that a small peak is found around 1 Hz in
both tests, where the identification technique is also estimating poles. This peak, however, is
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Figure 3.4: Test with water: plot of mode shapes from the identification of the test with water.
Natural frequencies and damping ratios are stated in parentheses in plot titles. (IN: in-phase,
OP: out-of-phase)

describing the quasi-static response to the wave loading, and these poles are estimates of the
described modal pseudo force transition system in Section 2.1, which is automatically included
and is mitigating the difference between the assumption of white noise excitation and the actual
excitation. Thus, the present case demonstrates a successful use of correlation-driven OMA in
a situation where the excitation is not adhering to the assumption of white noise.
The identification results presented in Figs. 3.3 and 3.4 show that two modes are identified
in the test without water and three modes are identified in the test with water. When also
analysing the mode shapes of the estimated modes in both tests, it becomes evident, that the
second mode of the test without water in the container is split into two modes with similar
mode shapes in the test with water in the container. Thus, the aforementioned modal splitting
is clearly present in this test, which occurs when the natural frequency of the respective mode
and the one of the oscillating mass coincide. Even though the correlation-driven OMA seems
to perform well in the present case study, this double mode in terms of mode shape can still
introduce difficulties in the identification procedure. With these two modes being closely spaced
and almost identical with respect to mode shape in the measured locations, the identification
techniques will perform less reliably, since it is difficult to distinguish between the two modes.
One solution is to also measure the dynamic response of the oscillating mass, which adds a
degree-of-freedom in the mode shapes, where the two modes are different due to one mode
oscillating in-phase with the additional mass and one out-of-phase. Moreover, the presented
results initiated a more in-depth investigation of using OMA-based identification on dynamic
systems with an additional oscillating mass. This study was carried out by two master’s students
for their master’s thesis project [105], Lasse F. Thunbo an Niklas C. Ørum-Nilsen, who also
published their main findings in Thunbo et al. [106]. During this project, similar findings to
those presented herein were concluded; however, they also managed to obtain reliable modal
estimations by using OMA, where the dynamic response of the water was included in the
measurement.
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When assessing the findings of the current experimental investigation with respect to real-life
conditions, it is important to consider the amount of water in the plastic container. In the
present case, the total amount of water was 9.3% of the total topside mass, where as mentioned
the oscillating part of the water is ∼5.3% of the effective modal mass, which might be larger
than that found in real-life conditions. The mode coinciding in natural frequency with the
oscillating mass, however, will still split at lower mass ratios. Additionally, at lower mass ratios,
the distance between the natural frequencies of the two modes in question becomes even smaller
[107]. Thus, at smaller mass ratios, the reliability of the identification results might decrease
further.

3.3

Issues in Structural Health Monitoring and a
possible solution

From a continuous monitoring perspective, this frequency change and doubling might introduce
additional difficulties in a Structural Health Monitoring framework, especially if damage is
detected based on changes in the natural frequencies, and even more difficult if the mass becomes
nonstationary. One possibility for overcoming this difficulty is to correct the natural frequencies
based on known dimensions and fluid level of the tank(s) and known effective modal mass of the
coinciding mode, assuming that these quantities can be estimated in real life and assuming that
the masses are stationary within the response segment from which the natural frequencies are
estimated. This correction is then considered for both cases: the mode for which the natural
frequency correction is applied and the mode of the oscillating mass are (i) not coinciding or
(ii) coinciding, where modes 1 and 2 respectively experience these two situations in the present
experimental study. In the first case and for the first identified mode, the natural frequency of
the mode and the oscillating part of the fluid do not coincide and the fluid is simply considered
as an additional mass. In this case, the natural frequency of the mode without the additional
mass (ωs2 , fs ) can be estimated by considering this mode and the mode with the additional
2 , f ):
mass (ωw
w
ks
ks
2
ωs2 =
,
ωw
=
(3.1)
ms
ms + mw
Thus, the natural frequency of the mode without the additional mass can be found by:
ωs2

=

2 ms
ωw

+ mw
ms

⇒

fs = fw

s

ms + mw
ms

(3.2)

where ks is the effective modal stiffness, ms is the effective modal mass of the structure and
mw is the effective modal mass of the additional mass with respect to the structure. Moreover,
in case the natural frequency of the mode is known both without and with the additional mass,
the effective modal mass can instead be estimated by the same relationship. The reader is
referred to [68–74] for experimental estimation of masses in OMA.
In the second case where the modes are interacting, on the other hand, it is more complicated
to find the natural frequency of the structural mode without the influence of the oscillating
mass. In order to do so, consider the following model (Fig. 3.5) and the undamped eigenvalue
problem, where the mass of the fluid is considered to have a non-oscillating contribution (mws )
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Figure 3.5: Schematic illustration of the
modal model with interaction of the oscillating water.
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K − ω2M ϕ = 0

(3.6)

K − ω2M = 0

(3.7)

and an oscillating one (md ), mw = mws + md , as mentioned earlier, and estimated based on
formulas in Housner [104].
The eigenvalue problem in Eq. (3.6) only offers non-trivial solutions when the determinant of
the terms in the parenthesis (K − ω 2 M) is zero, as defined by Eq. (3.7). Furthermore, the
two identified frequencies of the second mode (Fig. 3.4) constitute two possible solutions for
ω Eq. (3.7), thereby the problem reduces to two equations with two unknowns (ωs and kdm ).
Naturally, a closed form solution can be derived for ωs w, however, the expression is extensive
and it is recommended to simply use a solver when the two natural frequencies are obtained.
Subsequently, the effect on the natural frequency of the non-moving part of the fluid is also
removed by employing Eq. (3.2). Notably, the estimate of the natural frequency of the mode
without the effect of the oscillating mass is an approximation since the damping is neglected.
It is, however, assumed that the procedure will offer enough reliability and accuracy for most
engineering applications in civil engineering.
Following the proposed procedure, the first two natural frequencies of the monopile model
without water in the container are estimated based on the estimated natural frequencies of the
test with water in the container, and the obtained results are listed in Table 3.1. Comparing
these estimates with the ones directly obtained from the test without water in the container in
Fig. 3.3, a reasonable agreement is found. Thus it is concluded that the proposed method can
provide a possible solution for the aforementioned issues of varying natural frequencies in a
Structural Health Monitoring framework.
Table 3.1: Estimation of the first two natural frequencies of the monopile model without water in
the container based on the estimated natural frequencies of the test with water in the container.
f1 [Hz]
2.46

f2 [Hz]
2.78

CHAPTER

4

Modal estimates of
nonlinear and
nonstationary systems

This chapter presents the work carried out during the PhD studies that scrutinises the research
question regarding the estimation of appropriate linear modal properties from nonlinear and
nonstationary systems. The estimation of linear modal properties from nonlinear and nonstationary systems is assessed to be a viable alternative for nonlinear and/or nonstationary system
identification, which is substantiated by considering the following aspects, as pointed out in
Paper P2: (i) design procedures, widely used by engineers and practitioners, are often based
on linear models, (ii) linear models provide a relatively straightforward and intuitive insight
into the dynamic behaviour of an engineering system, (iii) the development of nonlinear and
nonstationary models is normally associated with an increased time burden and requires significant experience; otherwise, the reliability of the entire model might be severely undermined,
and (iv) the existing OMA-based approaches for identification of nonlinear and nonstationary
systems are rather limited at this point in time. Based on these aspects, the approximation of
nonlinear and/or nonstationary systems by using appropriate linear ones is of high relevance
for the engineering community despite the errors that are associated with this approach.
In addition to the abovementioned motivation, some practical aspects of the application of
this approach are also notable. Application-wise, two different perspectives can be considered;
firstly, a system identification perspective, i.e. traditional non-periodic identification of a
dynamic system, and secondly, a Structural Health Monitoring perspective, i.e. continuous
periodic identification of modal properties. From the former perspective, the practitioner fits a
linear model to the dynamic system of interest and (if possible) assesses how well the model
describes the performance of the true system. The latter can be conducted by evaluating
the so-called goodness-of-fit, and the engineer can decide if nonlinear and/or nonstationary
system identification is necessary or to continue with the linear approximation. This assessment,
however, might prove to be difficult in the OMA framework and will be further elaborated
and discussed in Section 4.2.2. Moreover, from the Structural Health Monitoring perspective,
the linear interpretation of the nonlinear and/or nonstationary system at a given point in
time considers the system with respect to the specific conditions and circumstances that are
associated with the respective measurement, e.g. the amplitude level and fluid level in the storage
tanks. This ultimately entails that the identified modal properties will inevitable vary with the
changing excitation conditions, and thereby bring an additional variability to the environmental
and operational effects on the extracted Structural Health Monitoring features, which might
prove to be an additional challenge. Nonetheless, if the nonlinearities and/or nonstationarities
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are of a relatively minor influence or if it is possible to keep the linear approximation model
relative to the conditions governing the nonlinear and/or nonstationary behaviour, e.g. compare
recent modal estimates to past modal estimates obtained during similar excitation conditions
and/or with similar masses on top site, the additional variability of the features might be
inconsequential. In summary, linear interpretation of nonlinear and/or nonstationary systems
provide reliable and very useful information, but it might not be sufficient in all cases.
Three initial studies by Friis et al. [108–110] showed that it is possible to obtain linear modal
estimates of nonlinear systems using correlation-driven OMA. The novel work presented in
this chapter offers a deeper exploration of the reliability of the obtained approximating modal
estimates by further developing the concept of equivalent linear systems and deriving the
minimisation (i.e. fit) carried out with the OMA-based linear interpretation, where the latter
eventually shows the way in which the linear approximation model is corresponding to the
true system. Additionally, the possibilities for evaluating the goodness-of-fit of the OMA-based
linear approximation are discussed and assessed, and the estimates of employing the rationale
of equivalent linear systems are compared to the ones obtained by OMA in order to provide a
better understanding of the linear approximation of the nonlinear and/or nonstationary systems.
This chapter is largely based on Paper P1 and Paper P2, especially Sections 4.1 and 4.2, which
respectively describe the two studied and employed approaches. Nonetheless, the chapter
offers a further discussion of the approaches and the comparison of the resulting linear modal
approximation, which has not been included in any publication.

4.1

Equivalent linear systems of nonlinear systems

The methods presented in Paper P1 for the evaluation of equivalent linear systems are based
on the definition of equivalent linearisation introduced by Caughey [111–114]. The concept of
this approach is the formulation of a linear system that is equivalent to the nonlinear one in
terms of forces. In mathematical form, the concept can be described in the following manner:
interpretated as

==========⇒

Mÿnl (t) + Cẏnl (t) + Kynl (t) + fnl (ynl , ẏnl ) = x(t)

(4.1)

Mÿnl (t) + Ceq ẏnl (t) + Keq ynl (t) + e(t)|min = x(t)

(4.2)

where M, C and K are the mass, viscous damping and stiffness matrices, respectively,
fnl (ynl , ẏnl ) represents the nonlinear forces, x(t) is the external excitation, and Ceq and Keq are
the equivalent linear stiffness and viscous damping matrices. Furthermore, e(t) is a minimised
error term describing the difference between the nonlinear system and the equivalent linear one,
while {˙} denotes differentiation with respect to time t.
The existing research efforts within equivalent linear systems of nonlinear systems are vast, but
they are generally based on approximating assumptions such as harmonic or random excitation,
invariant natural frequency, low damping or constant amplitude and phase over one period
of oscillation (i.e. slowly varying amplitude and phase), SDOF systems (i.e. invariant mode
shapes for MDOF systems) and proportional damping. Along these lines, the primary objective
of the study presented in Paper P1 is to provide methods for the estimation and interpretation
of equivalent linear systems of simulated nonlinear systems, spanning from simple calculations
with several assumptions for less complex systems to more computationally heavy procedures
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without any assumptions for more complicated cases. Notably, the more computationally costly
method enables the estimation of equivalent linear mode shapes, and additionally, the study also
provides illustrations of the gross effect of employing the mentioned simplifying assumptions for
cases where they are not entirely true.
The abovementioned methods are described and discussed in detail in Paper P1, but are briefly
summarised in the following list.

• Method 1: Energy Balance. A modal version of the energy balancing method initially
introduced by Liang and Feeny [115–117], which estimates the equivalent modal damping
ratios for the case of general excitation.
• Method 2: Intensity Balance. The method establishes relations between the response
intensities, the magnitude of the random excitation, and the equivalent system parameters,
which Caughey [114] exploited in order to approximate the intensity of the displacement
and velocity of nonlinear systems. In the present case, however, the excitation-response
intensity relations are exploited to estimate equivalent linear stiffness and viscous damping
quantities based on known response quantities.
• Method 3: Direct Linear Fit. The third method is based on a direct linear least squares
fit of modal or physical parameters to the nonlinear response and excitation, and is
the most computationally demanding one. This approach is similar to a procedure by
Mohammad et al. [118], albeit further developed compared to the original publication. In
the original context, the objective was to estimate the actual parameters of linear and
nonlinear lumped parameter systems, whereas the purpose of the present efforts is to
interpret and estimate linear quantities of nonlinear systems. The method can estimate
any linear parameter of nonlinear and/or nonstationary systems as long as all response
quantities and the excitation is known, and it provides information on the goodness-of-fit.

The provided framework in Paper P1 is useful and valuable in the interpretation and analysis of
nonlinear and/or nonstationary systems in a simulation-based environment or in a laboratory
environment with measurement of the excitation. In real-life applications, such as the ones
mentioned in the introduction, however, the application is close to impossible with the requirement of knowing the excitation. The main idea of including the rationale of equivalent linear
systems in the work of the PhD project was to compare estimates from this well-known concept
with the ones obtained by correlation-driven OMA, which would (hopefully) show that the
OMA-based estimation is compatible and therefore potentially credible. Such a comparison is
shown and discussed in Section 4.3; nonetheless, a more direct explanation and derivation of the
OMA-based linear interpretation of nonlinear and/or nonstationary systems was desired, which
led to the work presented in the next section, namely the work of the best linear approximation
in correlation-driven OMA.
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4.2

Best linear approximation in correlation-driven
Operational Modal Analysis

4.2.1

Definition and minimisation of error

The terminology of the best linear approximation in correlation-driven OMA covers the linear
interpretation of the nonlinear and/or nonstationary systems, which is carried out when linear
modal parameters are estimated based on the measured responses of these systems using
correlation-driven OMA. The definition presented in this section is similar to the existing
definition of a best linear approximation for Experimental Modal Analysis (i.e modal analysis
with known excitation), see Pintelon and Schoukens [119] and Schoukens et al. [120], but
with important differences that will here be described. The main concept of the best linear
approximation in OMA is illustrated in Fig. 4.1, where a nonlinear and nonstationary system with a random input produces a nonlinear and nonstationary response, yN L (t), and by
adding measurement noise, ny (t), the measured response, y(t), is obtained. The best linear
approximation is an interpretation of this particular process by exchanging the nonlinear and
nonstationary system with a linear one that minimises the difference between the true nonlinear
and nonstationary response and the response of the linear approximation, yBLA (t). Such an
approximation inevitably introduces errors that lead to the addition of an error term, e(t),
which also accounts for the measurement noise.
ny (t)
x(t)

yN L (t)
Nonlinear and
nonstationary system

e(t)
y(t)

x(t)

Best linear approximation

yBLA (t)

y(t)

Figure 4.1: Schematic definition of the best linear approximation. Reused from Paper P2.
The link between the definition of the best linear approximation and the correlation function is
further explored by considering the output of the best linear approximation:
y(t) = yBLA + e(t)

(4.3)

By multiplying Eq. (4.3) from the right with y> (t + τ ), expanding y> (t + τ ) on the right-hand
side, and taking the expectation, the formulation of the measured correlation function matrix is
obtained.
Ryy (τ ) = RBLA (τ ) + RyBLA e (τ ) + ReyBLA (τ ) + Ree (τ )
(4.4)
where RyBLA yBLA (τ ) is written as RBLA (τ ) for convenience and the correlation function matrices
follow the definitions in Eq. (2.3).
Essentially, without the knowledge of the exact excitation, it is not feasible to calculate the three
terms involving the error, e(t), in (4.4). With that in mind, the three error terms in Eq. (4.4)
are reduced to one general term, Reτ (τ ), being the difference between the correlation function
matrix of the measured response of the nonlinear and nonstationary system and the correlation
function matrix of the best linear approximation. This general term of the difference, Reτ (τ ),
depends on the response of the best linear approximation and it is, in general, inseparable from
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the linear approximation of the nonlinear and nonstationary system.
Ryy (τ ) = RBLA (τ ) + Reτ (τ )

(4.5)

Additionally, the correlation function of the best linear approximation is considered to consist
of two contributions:
RBLA (τ ) = R0 (τ ) + RB (τ )
(4.6)
where R0 (τ ) is the contribution to the correlation function matrix from the underlying linear
system and RB (τ ) is the correlation function matrix of the part of the correlation of the
nonlinear and nonstationary response that can be described by a linear model.
As mentioned, the definitions in the present section are relatively similar to those that can be
found within the framework of the best linear approximation for Experimental Modal Analysis
[119, 120]. There are, however, some important differences in the present case of OMA: (i)
the excitation is unknown and random, i.e. no control of the frequencies and phases in the
excitation, (ii) in contrast to a direct estimation of a frequency response function, the best linear
approximation in OMA is obtained from a parametric fit of a modal model on the correlation
function, thus, model errors are inevitable, and (iii) the error, Reτ (τ ), has to be estimated by
Eq. (4.5).
The practical estimation of the best linear approximation is conducted as briefly mentioned above,
or in other words, by using correlation-driven OMA as described in Chapter 2. The theoretical
link between the linear model obtained by this procedure and the associated minimisation of the
error in Eq. (4.3), is not entirely straightforward, but is given in detail in Paper P2. Notably
for the mathematical derivation of this link, is the division into two parts; a nonparametric part
and a parametric one. More specifically, the nonparametric part connects a minimisation in the
least squares sense of the error in Eq. (4.3) with the estimation of a correlation function matrix,
while the parametric part relates the parameter estimation of a linear model based on the
estimated correlation function matrix to the best linear approximation. Following the detailed
mathematical derivation in Paper P2, it is found that this linear modal model, estimated by
correlation-driven OMA, leads to a suboptimal minimisation of y(t) − H(t) ∗ x(t) in a least
squares sense. The latter can be expressed as follows:
 

+∞
Z
f
 
2
= arg min ||Ryy (τ ) − RBLA (τ )||F ≈ arg min y(t) −
H(α)x(t − α) dα
ζ 
H
λ,φ
φ BLA
−∞

2

(4.7)

where f and ζ are the natural frequencies and damping ratios obtained from the pole estimates,
λ. || ||F is the Frobenius norm and || || is the Euclidean norm (also called the 2-norm and
`2 -norm).
The suboptimal part of the minimisation stems from the necessity of the parametric part in
order to obtain a modal model from the correlation function of the measured responses. Even
though the parametric fit is also minimising the error in Eq. (4.3) in the least squares sense by
minimising the error between the fitted linear model and the estimated correlation function
matrix, it is not guaranteed that the minimum of the mean square error of the parametric
part coincides perfectly with the minimum of the mean square error of the nonparametric part,
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since the parametric part is also minimising the error on cross-terms. Hence, the best linear
approximation estimated by correlation-driven OMA becomes a suboptimal minimisation of
y(t) − H(t) ∗ x(t) in the least squares sense.
One important question to ask is, why is it important to have the conclusion stated by Eq. (4.7)?
When answering this question, it is essential to recall the main premise of correlation-driven
OMA, which is the decomposition of the correlation function matrix into modal components
of a linear and stationary system, that in turn enables the estimation of such a model from
the response when it is in fact stemming from a linear and stationary system. This premise,
however, vanishes when the measured system is nonlinear and nonstationary, thus the present
efforts extends correlation-driven OMA from purely estimating linear and stationary systems
from linear and stationary system responses to also estimating appropriately associated linear
and stationary modal models from nonlinear and nonstationary system responses. Moreover,
the latter estimates are proven to have fidelity to the minimisation in Eq. (4.7), which shows
that the best linear approximation provides a meaningful evaluation of the nonlinear and
nonstationary system that can be employed in the framework described in the first paragraphs
of this chapter.

4.2.2

Error evaluation

Another important aspect to consider with an OMA-based best linear approximation of the
nonlinear and/or nonstationary systems, is the evaluation of the goodness-of-fit of the estimated
linear model. Based on this information, the practitioner can decide if the obtained linear model
is satisfactory or if other approaches related to identification of nonlinear and nonstationary
systems should be pursued instead. Along these lines, Paper P2 assesses the feasibility to
determine the goodness-of-fit in the OMA-based framework, from which the main findings are
presented in this section.
For the purpose of the error evaluation, the well-documented two-DOF system with a cubic
nonlinearity from Kerschen et al. [121] is chosen as the numerical model testbed. The model is
shown in Fig. 4.2 while its more detailed description can be found in Paper P2. The remainder
of the present subsection briefly describes the study of the error evaluation from Paper P2 and
provides a discussion with a broad perspective of the findings.

k
c1

x1 (t)

x2 (t)

y1 (t)

y2 (t)
k

m

c2

k
m

c1

k3

Figure 4.2: Schematic illustration of the simulation system. x is a white noise excitation with a
standard deviation σx . Reused from Paper P2.
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One nonlinear simulation was carried out with the numerical two-DOF model by employing the
Newmark method coupled with the Newton-Raphson iteration algorithm [122, 123]. Based on
the simulated response, a correlation function matrix was estimated, to which a linear model is
fitted and decomposed into modal properties, as described in Section 2.4, thereby obtaining
the best linear approximation using OMA in terms of natural frequencies, damping ratios
and mode shapes. From this point, however, two different approaches were taken in order to
evaluate the goodness-of-fit in the OMA-based framework and to assess the reliability of this
estimated goodness-of-fit. The first approach, being the one estimating the goodness-of-fit in
the OMA-based framework, estimated the remaining modal parameter, the modal participation,
through a least squares fit on the estimated correlation function matrix, again as described in
Section 2.4. By doing so, a correlation function matrix could be established by using Eq. (2.13),
then the error relating to the difference between the measured correlation function matrix and
the estimated one was found by using Eq. (4.5), and subsequently, a spectral matrix for each of
the three correlation function matrices was estimated using the Fourier transformation. The
second approach, on the other hand, being the one assessing the reliability of the estimated
goodness-of-fit, employed the simulation framework and used the knowledge of the mass matrix
and the identified modal parameters (natural frequencies, damping ratios, and mode shapes)
to compute both a two-DOF stiffness and a two-DOF damping matrix by using the method
proposed by Bajrić and Høgsberg [124]. Subsequently, a linear simulation was conducted with
the obtained system matrices, i.e. best linear system, and the excitation that was applied
in the nonlinear simulation, and by that the correlation function matrix of the best linear
approximation as defined in Eq. (4.5) could be obtained from the response. Once again the error
related to the difference between the measured correlation function matrix and the estimated
one was obtained by the use of Eq. (4.5), and a spectral matrix for each of the two additional
correlation function matrices that were found through the simulation framework was estimated
using the Fourier transformation. Finally, the complicated procedure led to the comparison in
Fig. 4.3 of the singular values of the spectral matrices obtained with the OMA-based framework
(left) and the one that employed the in-practice unknown information of the mass and the
excitation (right), which results in true spectrum of the best linear approximation, as defined
in Section 4.2.1.
The spectrum of the best linear approximation obtained using OMA in the left plot of Fig. 4.3
can be seen as being merely scaled in such a way that the magnitudes of the peaks fit the ones
that are related to the nonlinear simulation. Naturally, this scaling leads to a relatively low
magnitude of the spectrum of the error. Regarding the right plot of Fig. 4.3, the magnitude of
the peaks of the best linear approximation obtained by simulation, especially for the second
peak, is lower compared to the OMA-based ones, which results in a magnitude of the error that
is larger than that of the OMA-based best linear approximation. Thus, the spectra further
demonstrate that the error is underestimated when using correlation-driven OMA. The cause
of this underestimation of the error can be found in the definition of the modal participation
(Eq. (2.12)) and its estimation (Eqs. (2.19) to (2.21)), which is employed due to the excitation
being unknown. Herein it is simply assumed that the entire correlation function matrix can
be described by a free decay of the estimated modes, which is no longer the case due to the
nonlinearities. Thus, as demonstrated herein and more thoroughly in Paper P2, it is unknown
how well the estimated best linear approximation describes the response. Nonetheless, some
information might be obtained from the goodness-of-fit of the OMA-based spectrum and the
measured spectrum even though the scaling is wrong. In the present nonlinear case, there is
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Figure 4.3: Singular values of the spectral matrices of the simulated nonlinear response, the best
linear approximation, and the difference; left: the spectrum of the best linear approximation
is obtained by correlation-driven OMA; right: the spectrum of the best linear approximation
is obtained by simulation. The superscript OMA indicates that the spectral matrix has been
estimated by using the modal parameters obtained by correlation-driven OMA. Reused from
Paper P2.
still a mismatch in shape, which can indicate that the estimated linear model does not fully
describe the nonlinear response.
The issue of not knowing the exact error relates to the decision of the practitioner, who has to
decide if the obtained linear model satisfactorily describes the dynamic behaviour of the system.
Only assessing the goodness-of-fit of the estimated linear modal model by evaluating the fit
on the measured correlation function matrix or spectral matrix might provide false confidence
in the comparability of the estimated model and the true system. Future work within the
OMA-based best linear approximation of nonlinear and nonstationary systems could focus on
considering other possible ways to assess the goodness-of-fit of the estimated linear model. The
reader is referred to Chapter 8 for an elaborated discussion of the future work on this topic.

4.3

Comparison of modal estimates obtained by the
equivalent linear systems and the best linear
approximation approaches

The last part of the current chapter, is an assessment and discussion of the comparability
between the results obtained by the two different methodologies of linearising nonlinear and
nonstationary systems discussed so far, namely the methods of equivalent linear systems and
the OMA-based best linear approximation. Within the topic of equivalent linearisation, several
different methods exist and in Paper P1 three methods were proposed. Additionally, it was
shown in Paper P1 that these methods provide different results due to their different inherited
assumptions. Thus, in the current section, only the Direct Linear Fit method is employed for

4.3 Comparison of modal estimates obtained by the equivalent linear systems and the best
linear approximation approaches
29

the equivalent linearisation methods since it does not employ additional assumptions, except
for the main one of being equivalent the nonlinear and nonstationary system in terms of forces.
In addition to the comparison of the results of the two aforementioned methodologies of linearising nonlinear and nonstationary systems, the following mean square error, E, is also considered,
which is the error minimised when employing the OMA-based best linear approximation.
1
E=
T

ZT
0

1
||e(t)|| dt =
T
2

ZT

e> (t)e(t) dt

(4.8)

0

where e(t) is the error defined by Eq. (4.5).
The results obtained by the two different methodologies of linearising nonlinear and nonstationary
systems are then compared. In order to keep the comparison intuitive and illustratable, a single
degree-of-freedom system is employed, which was simulated in a Monte Carlo framework with
two different nonlinearities and one nonstationarity, respectively. The simulation models are
illustrated in Figs. 4.4, 4.5 and 4.6, and are comprehensively described in Paper P2. Nonetheless,
notably, for the studied cases, the underlying linear system has a natural frequency of 1.59
Hz and a damping ratio of 1.50%, while the nonstationary mass varies linearly to 115% of the
initial mass and then linearly back to the initial mass again.
In total, 1000 simulations were conducted for each case, where a new realisation of the excitation
series was computed for every simulation. The nonlinear numerical simulations were performed
by employing the Newmark method coupled with the Newton-Raphson iteration algorithm
[122, 123], and the nonstationary numerical simulations were conducted by using a discrete-time
state space model with first order hold and updating all system-related matrices for every time
step [125]. The results of the three simulated cases in terms of estimated natural frequency
and damping ratio estimation by the two methodologies are plotted in Figs. 4.4, 4.5 and 4.6
together with a contour describing the mean square error in Eq. (4.8) in the vicinity of the
estimates.
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Figure 4.4: Case 1 - Duffing system: mean square error as a function of natural frequency and
damping ratio including comparison with the 1000 OMA and ELS estimates. Partly reused
from Paper P2.
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Several aspects can be observed from the results presented by Figs. 4.4, 4.5 and 4.6. Firstly, the
OMA-based estimates are close to the minimum values of the contour of the mean square error
defined by Eq. (4.8). They provide evidence to support the main conclusion of the analytical
work of Paper P2, which is presented by Eq. (4.7) and show that the best linear approximation
estimated by correlation-driven OMA is a suboptimal minimisation of y(t) − H(t) ∗ x(t) in the
least squares sense. Secondly, however, when comparing the estimates of the two methodologies it
is notable, that the OMA-based estimates are influenced by a random error, which is a statistical
error in the estimation of the correlation function matrix, as discussed in Section 2.3. Another
observation from the comparison, is the disagreement between the respective results of the two
methodologies, especially between the damping estimates. This disagreement demonstrates,
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that it matters if the interpretation of the nonlinear and/or nonstationary system is based on an
equivalence in terms of forces or responses. Nonetheless, the correlation-driven OMA approach
for estimation of the best linear approximation of nonlinear and/or nonstationary systems has
been shown to provide reliable estimates and to be an appropriate linear evaluation of the true
system, and can be employed in real-life applications where the measurement possibilities are
limited to dynamic responses.
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CHAPTER

5

Conditional linear
approximation of nonlinear
systems

In the preceding chapter, nonlinear and nonstationary systems are successfully approximated by
associated linear ones using correlation-driven OMA. However, as mentioned, the nonlinearities
might be too dominant in some cases and thereby create an overly large additional variability
of the dynamic characteristics for a Structural Health Monitoring campaign to be successful.
Thus, alternative approaches might be necessary, which can manage nonlinearities in the OMA
framework or even identify them. To the best knowledge of the author, such methods are limited
at the present point in time, and therefore this chapter considers the second research question of
this thesis by proposing a method which can assist the practitioner already by the identification
process when dealing with these additional variabilities of the modal properties. Along these
lines, the so-called Random Decrement technique has been found applicable, and research
effort has been spent assessing the full potential of employing the technique for OMA-based
conditional linear approximation of systems with nonlinearities. The chosen framework that
the Random Decrement technique is employed for aims to approximate nonlinear systems by
several quasi-linear models, where each one is obtained with respect to a certain condition of
the nonlinear system. Examples of this condition are a defined amplitude level of the response,
when nonlinearly coupled systems are oscillating in a coupled manner and a given wave height
for structures excited by wave loading. These linear models can then together be used to
describe the nonlinear behaviour of the true system or be employed to update a nonlinear
numerical model that fits each linear estimate with respect to the associated conditions. By
employing these quasi-linear evaluations of the nonlinear system, the additional variability can
also be minimised by monitoring the natural frequencies with respect to these user-defined
conditions. Thus, the motivation for such an identification process is eminent.
The Random Decrement technique was originally introduced at the National Aeronautics
and Space Administration (NASA) by Cole [126–128] in the late 1960s and early 1970s for
real-time damage detection of aerospace structures by analysing the so-called ‘signature’ of a
single vibration signal. The original publications of the Random Decrement technique were,
however, quite sparse regarding the theoretical analysis of the technique itself, and they were
consequently supported by a mathematical basis in 1982 by Vandiver et al. [129]. Notably in
the mathematical basis, a proportional relationship between the Random Decrement signature
and the correlation function was derived, which was later generalised by Brincker et al. [9] in
1992. Ibrahim et al. [130, 131] also contributed to the development of the Random Decrement
technique in the late 1970’s and 1980’s by extending the method to MIMO systems by defining
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cross Random Decrement signatures. Furthermore, Ibrahim et al. [131, 132] introduced the
concept of quasi-linear approximation of nonlinear structures, where the Random Decrement
technique and parameter estimation methods are applied to several modal tests with different
response intensities in order to characterise the nonlinearities in a test-wise quasi-linear manner.
Consecutively, this idea of analysing nonlinear structures in a quasi-linear manner has been
further explored from the early 1990s to the present time. Among others, several studies have
investigated the amplitude dependent damping of high-rise buildings [133–138]. Nonetheless,
these studies only enable this characterisation of a nonlinear system with respect to the
amplitude of the response, and the results become less reliable if the response is not band-pass
filtered to only contain the mode of interest. This limitation excludes some nonlinear systems
such as: (i) nonlinear multiple degree-of-freedom (MDOF) systems in general with close modes
where band-pass filtering is not possible, (ii) MDOF systems with so-called vibro-impact [139],
(iii) systems with moving masses [140] or changing boundary conditions (i.e. cable hangars of
suspension bridges), (iv) friction-coupled systems (or systems coupled by other nonlinearities)
and it is highly likely that other cases exist. Therefore, the novelty of this chapter is in the
extension of this approach for evaluation of nonlinear systems by quasi-linear ones for those
cases where the effect of the nonlinearity on the quasi-linear systems is not strictly dependent
on the amplitude of the response (or more precisely, where triggering, which is introduced in
Section 5.1, only on amplitude level is not enough). Paper P3 demonstrates examples (ii) and
(iv) where example (iv) is an experimental study, which shows a case of the offshore platforms
connected by bridges mentioned in the introduction. Example (iv) is also demonstrated as a
numerical case study in Paper P3. Additionally, the proposed method also facilitates a means
to evaluate the varying spectral content of a measured time series in case of rapidly changing
behaviour.
The proposed method is developed within a framework termed Nonlinearity Optimised Random
Decrement (NORD), which is briefly presented and demonstrated in this chapter. The NORD
framework is developed in collaboration with Karsten Krautwald Vesterholm from the University
of Southern Denmark, who has undertaken the second of the two PhD projects which the
overall project consists of, as described in the introduction. At the current point in time, several
outcomes of this project of further scrutinising the employment of the Random Decrement
technique to assess and manage nonlinearities, within a response measurement of one test,
have now been published. Vesterholm et al. [141] focussed on the assessment of the Random
Decrement technique and the quasi-linear approach for identification and characterisation
of the restoring force of the Duffing oscillator within the single-input single-output (SISO)
framework, and the friction-induced nonlinear damping within both the SISO and the MIMO
frameworks [142, 143]. Vesterholm et al. [144] also established a method for the detection and
characterisation of nonlinearities in the OMA framework. More specifically, this chapter briefly
presents the NORD framework for a conditional linear approximation of nonlinear systems
and shows its application on the experimental study of two small friction-coupled offshore
platform-like models, for which this approximation of quasi-linear systems with respect to
defined conditions is described in greater detail. Moreover, this chapter is largely building
on Papers P3 and P4, where Paper P3 describes the NORD framework for a conditional
linear approximation of nonlinear systems in detail, and one of the included case studies also
demonstrates the usefulness of the method for the aforementioned potential issues related to
Structural Health Monitoring, while Paper P4 illustrates the use of the method on an additional
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numerical case study. This illustration of the usefulness is also presented in this chapter together
with the brief introduction of the method and some of the results of the experimental study.

5.1

Nonlinearity Optimised Random Decrement

The main concept of the Random Decrement technique is to average out the effect of the
system excitation (i.e. system input) on the system response and leave Random Decrement
signatures, which are proportional to free decays of the measured system when the system is
linear. This concept can be explained by utilising the solution of the state space equation of a
linear MDOF oscillator in Eq. (5.1) [145]. By carrying out a sufficient number of averages of
the measured response, the second term on the right-hand side goes towards zero, thus leaving
a free decay, from which the modal parameters of the system can be estimated. This particular
method, which has frequently been used for the identification of linear systems [137, 146–149],
enables picking and sorting of very short response segments of a given measured signal, thereby
facilitating a system approximation targeting a certain condition or state of the investigated
system.
Ac (t−t0 )

z(t) = e

z(t0 ) +

Z t
t0

eAc (t−τ ) Ec x(τ )dτ

(5.1)

where z(t) represents the vector of state variables, Ac is the system matrix, Ec is the mass
scaling of the load, x(t) is the excitation, t0 is the starting time, and τ is the time lag.
The method within the framework of NORD for a conditional linear approximation of nonlinear
systems consists of five steps, where the first three steps are depicted in Fig. 5.1. Specifically, the
first step of the method picks samples, or so-called triggering points, throughout the measured
response signal based on a defined criteria, which in the following case study is amplitudes in
a defined bandwidth of the response level. Then in the second step of the proposed method,
the triggering points are sorted and some are discarded. The idea behind this step is to create
sub-sets (i.e. groups) of triggering points, where each sub-set contains triggering points at
time instants where the dynamic system is behaving in relation to the condition. One example
could be a cantilever beam with a stopper at the tip, which the beam hits when its oscillation
becomes sufficiently large for the beam to reach the stopper (see the numerical case study in
Paper P3). For this case, the triggering points are sorted into two sub-sets, one sub-set with
triggering points from response segments where the beam is not hitting the stopper and one
sub-set with triggering points from response segments where the beam is hitting the stopper,
and some triggering points are discarded since some parts of the response can be a mix of
hitting and non-hitting behaviour. When the triggering points have been sorted, the response
segments, for which the triggering points define the centre, are overlaid and averaged at every
time lag in order to obtain the Random Decrement signatures. Subsequently, these Random
Decrement signatures are appropriately scaled and assumed to be free decays of the system,
which is oscillating under the sorting condition of the triggering points. With this assumption,
the fourth step applies the parameter estimation approach described in Section 2.4 to every
set of Random Decrement signatures to estimate natural frequencies, damping ratios, mode
shapes and modal participations. Lastly, the fifth step employs the modal decomposition of the
spectral density to illustrate the different spectral content that might be found in the analysed
response measurement, which is represented by estimated sets of modal parameters. The reader
is referred to Paper P3 for an in-depth description of the method.
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Figure 5.1: Illustration of the first three steps of the NORD framework to achieve a conditional
linear approximation. The sorting condition is in this case entirely made for illustrative purposes.
Reused from Paper P3.

5.2

Experimental case study: identification of
friction-coupled platforms

The application of the NORD framework for conditional linear approximation is demonstrated
on two small and simple platform models connected by a bridge, which creates a friction-induced
coupling. This specific experimental set-up is designed to mimic the behaviour of the real-life
bridge-connected offshore platforms, that in the introduction was described as one of the
concerns when applying OMA to identify the dynamic characteristics of offshore platforms. The
experimental set-up is firstly described in the current section and then exploited in order to: (i)
demonstrate the application the conditional linear approximation on the basis of a response
measurement of a single test, and (ii) compare the modal estimates obtained by the conditional
linear approximation and the best linear approximation on the basis of a series of eight tests
with varying excitation conditions.

5.2.1

Experimental set-up

The experimental set-up can be seen in Fig. 5.2 and is described in detail in Paper P3 and by
Friis et al. [108]. The set-up consists of two simple four-legged offshore platform-like models
that are connected by a wooden bridge, which has three legs and is placed loosely on top of the
platforms in steel fixtures. The bridge creates a friction-induced coupling that causes the two
models to respond either independently (i.e. one separate vibration mode for each model in
the direction of the bridge), as a coupled system (i.e. one common vibration mode for both
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platforms in the direction of the bridge), or as a mix of the two. The dynamic behaviour of
the models with the uncoupled modes hereafter will be referred to as the slip state and the
coupled mode will be referred to as the stick state, both referring to the governing state of the
friction-induced coupling.
Accelerometer
Pneu. actuator

Figure 5.2: Photos of experimental set-up (left) and schematic illustration of sensor and
excitation layout (right). Reused from Paper P3.
The simple platform models are composed of two square steel plates measuring 30cm and 40cm,
respectively. Both plates are supported by four solid square steel columns with a length of 60cm
placed 5cm from each corner, and the wooden bridge has the dimensions 70×10cm. The platforms
are excited in six points by pneumatic actuators that apply uncorrelated excitation with a
flat-like spectral density ranging from 2Hz up to 20Hz. The excitation magnitude is adjusted
by changing the nozzle diameter and the distance from the nozzle to the models. Moreover,
accelerations are measured by six piezoelectric IEPE accelerometers (Brüel & Kjær 4508-B)
and, subsequently, the measured accelerations are integrated twice to displacements in the
frequency domain (the reader is referred to Brandt and Brincker [150] for a detailed description
of the integration procedure). Positions of the accelerometers and the pneumatic actuators are
illustrated in Fig. 5.2. Lastly, the duration of the tests is set to T ≈ 2 · 42/(f1 · ζ1 ) ≈ 2, 380s,
which is twice the recommended duration in Tarpø et al. [13], which is discussed in Section 2.3.
Further details of the experimental set-up can be found in Paper P3 and Friis et al. [108].

5.2.2

Conditional linear approximation

A test was conducted with interchanging states, i.e. with presence of both the slip and stick
state, and the proposed method was applied to the measured responses. In this case, the aim was
to approximate the nonlinear system by two quasi-linear ones, each one respectively describing
the stick and slip state. Thus, the triggering points were sorted based on two conditions; (i) the
response segments contain coupled motion, and (ii) the response segments contain uncoupled
motion, while some were discarded for not clearly describing one of the two. After sorting the
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Number of block rows of the Hankel matrices [#]

triggering points, the remaining steps of the method were applied to each of the two sets of
triggering points, which culminate in the estimation results shown by the stabilisation diagrams
in Fig. 5.3 and mode shapes in Fig. 5.4. The reader is referred to Paper P3 for a detailed
description of the conditions, the sorting procedure and the results.
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Figure 5.3: Stabilisation diagram from the conditional identification of the linear modes
representing the slip state and the stick state, respectively, from the one measurement with
interchanging states. Reused from Paper P3.
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Figure 5.4: Mode shapes from the conditional linear approximation of the one measurement
with interchanging states. Reused from Paper P3.
Analysing the results of these modal estimates aimed at estimating both the slip and stick state
from the response with interchanging states, presented by Figs. 5.3 and 5.4, it is found that the
identification results are clearly different regarding the modes affected by the friction-induced
coupling. In the stabilisation diagram for the slip state, two pairs of closely spaced modes are
found in the first half of the frequency range, while only three peaks are found in the first
half of the frequency range in the stabilisation diagram targeting the stick state. Additionally,
the same reduction of the number of modes is found for the mode shapes in Fig. 5.4, where
modes 2 and 3 in slip state seem to be merged into a common mode, 2/3, in the stick state.
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These observations demonstrate that both the slip and stick state are present in the response,
which would not have been revealed otherwise, and that it is possible to estimate both states
from one measurement. Had conventional OMA been employed in the present case, then only
one set of modes would have been identified, which would have been insufficient to describe
the entire dynamic behaviour of the platform models. Further discussion is provided by the
comparison with results obtained by the best linear approximation in the following section.
Moreover, plotting the modal spectral content of the identification in the proposed manner
(step five) proves to be a useful way of revealing and illustrating the different spectral content
that can be found throughout the measurement. Had one of the identified modes not been
present, the size of the respective peak would have been insignificant due to an insignificant
modal participation.

5.2.3

Best linear approximation and comparison with
conditional linear approximation

dB rel. to m2

The preceding section presented results obtained by using the proposed method for a conditional
linear approximation of the experimental set-up based on a single test. In the current section,
however, eight tests are analysed, where only the magnitude of the excitation is changing among
the tests. In this case, test number 1 has the highest magnitude of the excitation, and is thus
associated with the lowest relative effect of the friction forces. The magnitude is test-wise
decreased, resulting in test number 8 having the lowest magnitude of the excitation, but is
associated with the highest effect of the friction forces. Additionally, the frequency content of
the excitation is kept as consistent as possible for all tests.
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Figure 5.5: Waterfall plot of the singular values of the spectral matrix of the eight tests with
decreasing magnitude of the excitation. Reused from Paper P3.
Fig. 5.5 shows the singular values of the spectral matrix of the eight conducted tests as a
waterfall plot, where the spectral matrix was computed by using the Welch averaging approach
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with a Hanning window and 50% overlap. Furthermore, for all eight tests, the modal parameters
were estimated using the best linear approximation, i.e. correlation-driven OMA as described
in Chapters 2 and 4, and the resulting estimates of natural frequency and damping ratio for all
tests are plotted in Fig. 5.6. From these results, it can be seen that the dynamic characteristics
of the platforms are changing with the changing magnitude of the excitation. Especially notable
from the natural frequencies in Fig. 5.6 and number of peaks in Fig. 5.5, is that modes 2 and
3 are merging into the previously discussed common mode 2/3, while the natural frequencies
of the remaining modes seem relatively unaffected. The damping ratios of modes 2 and 3,
plotted in Fig. 5.6, are also affected by the changing excitation conditions. For these modes
a nonlinear increase is found for the damping ratio up to the merging point, from where the
damping ratio decreases again. This particular variation of the damping is comparable to the
existing knowledge of friction damping, where the highest effect of the friction forces on the
damping ratio is obtained when the relative friction force is as high as possible with some
slippage still occurring between the sliding surfaces [123]. Moreover, an increase in the damping
ratio of mode 6 is also observed with the decreasing magnitude of the excitation. With mode 6
being the rotational mode of the smaller platform and the bridge having two legs placed on this
platform, each one with a small distance to the rotation centre, such an increase is considered
to be expected.
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Figure 5.6: Best linear approximation in terms of natural frequency and damping ratio of the
eight tests with decreasing excitation intensity. Reused from Paper P3.
The same eight tests were also analysed with the presented conditional linear approximation
method, from which the resulting estimates of natural frequency and damping ratio for all tests
are plotted in Fig. 5.7. With this approach, as previously described, two linear systems were
estimated for each test, where only one system was estimated with the best linear approximation
approach. One apparent requirement for this to be possible, however, is that both systems
should be present in the respective time series with amplitudes within the triggering band. In
the present study, it was possible to estimate both systems in tests 3 to 8, but not in the first
two tests, and therefore only results of tests 3 to 8 are available in Fig. 5.7.
Notable from the results achieved by the conditional linear approximation method, presented
by Fig. 5.7, is the consistent estimation of six and five modes for the identification aimed
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at the slip and stick state respectively. Additionally, the estimated natural frequencies of
both systems have a relatively low variation, while the damping ratios show variation for the
friction-affected modes. For the identified system representing the slip state, the damping
ratios of the friction-affected modes 2, 3 and 6 are increasing with the decreasing magnitude of
the excitation. For the identified system representing the stick state, on the other hand, the
friction-affected modes 2/3 and 6 show a variation in the damping ratio, but not with a clear
trend. In contrast, modes 1, 4 and 5, which are the modes that do not seem to be affected by
the friction force, show consistent values for both the natural frequency and damping ratio.
ID aiming at slip state

ID aiming at slip state

16

Mode 1 - slip state
Mode 2 - slip state
Mode 3 - slip state
Mode 4 - slip state
Mode 5 - slip state
Mode 6 - slip state

14
Damping ratio [%]

Natural Frequency [Hz]

10

12
10
8

8
6
4
2

6
2

4
6
Test number [#]

0

8

2

4
6
Test number [#]

8

ID aiming at stick state

ID aiming at stick state
16

Mode 1 - stick state
Mode 4 - stick state
Mode 5 - stick state
Mode 6 - stick state
Mode 2/3 - stick state

14
Damping ratio [%]

Natural Frequency [Hz]

10

12
10
8

8
6
4
2

6
2

4
6
Test number [#]

8

0

2

4
6
Test number [#]

8

Figure 5.7: Conditional linear approximation in terms of natural frequency and damping ratio
of the eight tests with decreasing excitation intensity. Reused from Paper P3.
Finally, the identification results of using the two different approaches, the best linear approximation and the conditional linear approximation, are compared. For modes 1, 4, and
5, which are relatively unaffected by the friction forces, and mode 6, which is moderately
affected by the friction forces, a good agreement is found between all the results of the different
methods, especially for the estimated natural frequencies. For modes 2, 3 and 2/3, however,
the results are naturally different between the one set of results identified by the best linear
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approximation approach and the two sets identified by the conditional linear approximation
method. Nonetheless, when comparing the results obtained by the best linear approximation
approach when the system is primarily in the slip state, tests 1 to 4, and primarily in stick
state, tests 6 to 8, respectively with the results of the slip and stick state obtained by using the
conditional linear approximation method, the agreement is high. Again the comparability is
especially high for the estimated natural frequencies, although with a relatively small variation
and deviation. Furthermore, when comparing the variations of the damping ratios estimated
by the two different methods, the reliability of the estimation results using the conditional
linear approximation method seems lower in comparison with the best linear approximation
approach. Ultimately, based on the results presented throughout this section, the robustness of
the modal estimates obtained by the best linear approximation approach is concluded to be
the highest, but the conditional linear approximation method provides more information by
estimating more than one linear system, and thus provides results with an improved description
of the dynamic behaviour of the system. Assuming that one would conduct a Structural Health
Monitoring campaign on the experimental set-up presented herein, it would be necessary to deal
with the additional variability of the dynamic characteristic that would be present due to the
inevitable changing excitation conditions (illustrated by Fig. 5.6). By employing the proposed
method, however, this additional variability can be omitted by conducting the Structural Health
Monitoring campaign with respect to the two user-defined conditions, for which the natural
frequencies no longer change significantly with the magnitude of the excitation (illustrated by
Fig. 5.7). Thus, the present section demonstrates one of the motivations mentioned in the
introductory part of this chapter.
The estimation results presented throughout the present section are related to a laboratory
experiment with two simplified offshore platform-like models. Naturally, a different behaviour
of the real platforms might be found and an adaptation of the conditional linear approximation
method might be necessary regarding the sorting condition briefly discussed in Section 5.1 and
in detail in Paper P3. Therefore, it is suggested for future work to assess the possibilities of the
presented method in conditions more similar in nature to those found in real life.

CHAPTER

6

Potential future method for
the identification of
nonlinear systems

So far this thesis has presented and discussed the identification of linear systems and especially
linear approximations of nonlinear and nonstationary systems, both within the framework of
OMA. However, another interesting topic to discuss is the identification of nonlinear and/or
nonstationary systems also within the OMA scheme, which could potentially provide even more
detailed information employable in a Structural Health Monitoring scheme by estimating both
the underlying linear system and the nonlinearity and/or nonstationarity, e.g. the former can
potentially provide information to detect if damage has occurred while the latter can potentially
give insight into the specifics of the damage when it has occurred.
Within the OMA framework, nonstationarities can be (initially) assessed nonparametrically
by using a spectrogram or waterfall plot [151], wavelet-based methods [54, 152, 153] or a more
recent method based on regularisation [154]. For a greater insight into the nonstationarities,
parametric methods can be employed, where common approaches are based on short-time
auto-regressive (AR) or auto-regressive moving average (ARMA) models. These methods are
reviewed in [155]. Another parametric approach is to use a functional series time-dependent
auto-regressive moving average model [140, 156], which was used by Poulimenos and Fassois
[140] to experimentally identify time-varying modal parameters of a steel beam.
In regard to the identification of nonlinearities in the OMA framework, the developed methods,
to the best knowledge of the author, are somewhat limited at this point in time. Along these
lines, Anastasio and Marchesiello [157] established a method for nonlinear system identification,
but used the nonlinear subspace identification technique combined with a mass-change scheme on
free-decays. Bajrić and Høgsberg [158] developed a method based on the concept of Stochastic
Subspace Identification to estimate the modal parameters of a dynamic system with Bouc-Wen
hysteretic forces through an equivalent linearisation of the hysteretic forces. Scussel and Da
Silva [159] introduced a method to identify nonlinear systems by employing Volterra series and
Kautz filters in laboratory conditions involving controlled excitation of harmonic nature. Lee et
al. [160] proposed a method for nonlinear system identification by assuming that the measured
response due to transient excitation can be decomposed into a finite number of oscillating
components in the form of fast monochromatic oscillations modulated by slow amplitudes. Also
Ebrahimian et al. [161] established a framework for nonlinear system and damage identification
based on updating of nonlinear finite element (FE) models, the extended Kalman filter and
nonlinear optimisation. Nonetheless, these approaches are confined to a specific nonlinearity
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(hysteresis), employing principles that are difficult to establish in the aforementioned real life
cases, such as harmonic or transient excitation or free-decays, or relying and time-consuming
and computationally heavy procedures of FE modelling, nonlinear simulation and nonlinear
iterative optimisation.
During the work of this PhD thesis, the approach to developing methods that are able to identify
nonlinearities in the OMA scheme has been through the framework of Experimental Modal
Analysis. Within this field, more methods have been developed and tested for the identification
of nonlinear systems, where many are reviewed by Worden and Tomlinson [8] and Kerschen et
al. [7] with more recent advances covered in the updated review paper of Noël and Kerschen
[162]. Specifically, the work of this PhD thesis has focussed on the development of one very
versatile method in the Experimental Modal Analysis domain that notably employs Bayesian
probabilistic modelling and a Gaussian process, which ultimately culminate in the following
two key features of the proposed method:
• Bayesian probabilistic modelling of the system including the missing nonlinear force
• Simultaneous inference over the unknown internal states of the oscillator, the missing
nonlinear force and the linear parameters of the system
In other words, this approach can give empirical values of the nonlinear forces without any
knowledge of it, as also found in previous literature [163], albeit without the requirement of
knowing all three response quantities and with the utilisation of modern technologies. Beyond
these features, the hope is that the method can be extended in future development in order to
also perform when the excitation time series is not available but some characteristics of it are.
In this chapter, the overall principles of the abovementioned method will be briefly presented
and applied to identify the Duffing oscillator including a discussion of the specific properties of
the proposed method. The material presented herein is somewhat condensed and the reader
is referred to the appended Paper P5 for a more detailed presentation and discussion, which
also entails that the following sections are based on Paper P5. Moreover, it is important to
mention that this work is a collaboration with Timothy J. Rogers at the University of Sheffield,
who has initially employed and published the method for input-state-parameter estimation in a
Bayesian setting [164].

6.1

Bayesian approach to state-parameter
estimation with Gaussian process latent force
models

Before describing the principles of the proposed methods, the identification objective, briefly
discussed above, is further elaborated. For this the following equation of motion is defined for a
single-input single-output system.
mÿ + cẏ + ky + f (y, ẏ) = x(t)

(6.1)

where m, c and k are the mass, damping and stiffness parameters of the underlying linear
system while f (y, ẏ) is the nonlinear and unknown forcing function. The fundamental practical
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concept of the proposed method is that, based on measurements of one response quantity (i.e.
acceleration, velocity or displacement) and the excitation, the method returns mean estimates
and uncertainties of the states (ẏ and y), the parameters of the underlying linear system (m, c
and k) and the unknown (latent) nonlinear function (f (y, ẏ)) together with an estimation of
the variance of the measurement noise (σn2 ), which is yet to be introduced.
In order to accomplish the defined identification task, the problem defined by Eq. (6.1) is cast
as a latent force model where the latent force is the unknown nonlinear force. Then the first
key part of the proposed method is that a Gaussian process is chosen as the function in time
of the latent force. Put simply, a Gaussian process is a distribution of possible functions that
are consistent with the observed data, where the distribution is defined by a mean function
and a covariance kernel. A popular choice of the kernel is the Matérn class [165], which gives
rise to stationary nonlinear functions with varying levels of differentiability. With this latent
force approach and the Gaussian process describing the latent forces, an efficient computational
strategy is to convert the model into the state-space form that allows efficient inference to be
performed [166, 167]. Choosing the kernel to be a Matérn 1/2 (described by hyperparameters
σf2 and `), the Gaussian process in time can be written as a continuous time linear state space
model with transition matrix, fGP = −λ, where λ = 1/`, and which is excited by a Weiner
process w(t) with spectral density q = 3σf2 /`, that only causes the second state to be excited.
Thus, in combination with the linear portion of the oscillator, the following state-space model
is obtained:
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ẏ 

y 
1
 k

 
c
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where the state r represents the unknown nonlinear force.

Notably, the state-space model in Eq. (6.2) is given in continuous time, but the transformation
into discrete time is a standard procedure which can be found in textbooks, e.g. [168, 169].
Once in its discrete time form, the system can be solved with the usual Kalman filtering [170]
and Rauch-Tung-Striebel smoothing [171] algorithms to give posterior estimates of the states
at each time instant of a measurement. While a wide variety of methods exist for solving
problems in this form, it is relatively simple to apply the classic Markov Chain Monte Carlo
(MCMC) Metropolis-Hastings approach [172] for the computation of the inference. In broad
terms, the Metropolis-Hastings algorithm will generate valid samples from the posterior of all
the inferred parameters, and subsequently, appropriate values of the posterior of the parameters
can be employed in the model, by which, together with the Kalman filtering and the RauchTung-Striebel smoothing, the final estimates of the states, including the state representing the
nonlinear force, can be obtained.
Compared to similar approaches, several advantages can be found with the proposed method.
Namely, only one response quantity has to be measured along with the excitation, the method
provides parameter estimates together with estimates of the unknown nonlinear forcing and
the states, all included their uncertainty, and the utilisation of prior knowledge of the system,
which is enabled by the Baysian probabilistic framework. Moreover, the involvement of the
Kalman filter usually entails the necessity of knowing the variance of both the process and
measurement noise. With the proposed method, this challenge is avoided since the process noise
is in the latent forces and the variance of the measurement noise is estimated along with the
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other parameters. Nonetheless, some disadvantages are also connected to the employment of
the proposed method. In particular, the computational burden is quite heavy and the very high
flexibility of the Gaussian process comes with the trade-off of potential bias in the estimates of
the parameters since the Gaussian process can essentially also describe parts of the forces of the
underlying linear system. The included bias can, however, be corrected in a simple subsequent
step.

6.2

Numerical case study with the Duffing oscillator

The proposed method is briefly demonstrated by showing the main results of one of the case
studies (case 2) from Paper P5. This study involves the Duffing oscillator in a simulation-based
environment, thus the unknown nonlinear forces in Eq. (6.1) are the ones of a cubic term,
f (y, ẏ) = k3 y 3 (t), which is depicted in Fig. 6.1 and has its equation of motion stated in Eq.
(6.3).
k
c

x(t)
m

y(t)

k3

Figure 6.1: Sketch of the simulated Duffing system. Reused from Paper P5.

mÿ(t) + cẏ(t) + ky(t) + k3 y 3 (t) = x(t)

(6.3)

where m = 1 kg, c = 0.4 Ns/m and k = 100 N/m and k3 = 100 N/m3 is the coefficient of the
nonlinear restoring force. Notably, the underlying linear system has a natural frequency of 1.59
Hz and a damping ratio of 2%.
The excitation applied a set of random phase multisines, whose spectrum is flat from 0.04 Hz to
4 Hz. In total 500 sine waves were used, each with an amplitude of 0.30 N, and the phases were
uniformly distributed in the interval of 0 to 2π. A simulation was carried out using Newmark
integration with Newton Raphson iteration [122, 123], with a time step of 0.005 s for a duration
of 94 s, the latter being equivalent to 150 periods of oscillation of the underlying linear mode.
The simulated response was corrupted with a white noise with a standard deviation of 5% of
the standard deviation of the response, to simulate the presence of noise on the measurements.
Moreover, given these parameters for the system and the chosen loading level, the ratio of the
forces of the cubic term relative to the forces of the linear stiffness term varied from 0 to 25%
throughout the response.
In this case study it is assumed that the mass of the system is known (however, not a necessary
assumption), and inference is then made over the linear stiffness and damping as well as the
hyperparameters of the Gaussian process and the measurement noise. Additionally, the following
priors were specified for these five targeted parameters.
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p (k) = N (105 , 5) ,

(6.4a)

p (c) = N (0.35 , 0.05) ,

(6.4b)

p (l) = N (0.2 , 0.15) ,

(6.4d)





p σf2 = N (2 , 5) ,
p



σn2



(6.4c)

= N (0.6 , 0.3)

(6.4e)

This model was then identified using the Metropolis-Hastings algorithm, with a run for 20,000
iterations with a ‘burn-in’ period of 2,000 and an additional discarding of every second iteration.
The resulting posterior distributions of the evaluated parameters are shown in Fig. 6.2. Notably,
one interesting observation is made. Specifically, the linear stiffness parameter of the system is
overestimated, which is due to a portion the nonlinear cubic term being compensated for by
increasing the linear stiffness in the system. This will later be discussed in more detail with
reference to Fig. 6.3.
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Figure 6.2: Histogram of the posterior distribution of estimated parameters. Reused from Paper
P5.
Alongside these distributions of the parameters, it is also possible to recover the states of the
model, i.e. the displacement, velocity and nonlinear force. Fig. 6.3 shows the estimated mean
force of the Gaussian process over the mean estimated displacements together with the true
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one from the simulation and a fitted model that also includes the two sigma confidence bounds
of the fit. The estimation of nonlinear cubic force, however, can be seen to deviate significantly
from the true one of the simulation in Fig. 6.3 a. This is found to be caused by a compensation
of the nonlinear force with an increase in the linear stiffness parameter. By fitting a cubic and
linear stiffness model to the estimated forces of the Gaussian process, the parameters were
found to be 94.2 N/m3 and -7.20 N/m, respectively. The latter parameter, belonging to the
linear part of the fitted model, compares well with the overestimated part of the linear stiffness
of the underlying linear system in Fig 6.3. Additionally, by removing the linear trend of the
estimated force of the Gaussian process using the linear part of the estimated model, a high
similarity can be found between this force and the true one of the simulation in Fig. 6.3 b.
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Figure 6.3: Estimated-, true-, and fitted force over displacement of the nonlinear restoring force.
(a) non-corrected values, (b) without linear trend. Reused from Paper P5.
This chapter introduced a modern Bayesian approach for the estimation of nonlinear restoring
forces. It was shown that, by employing a Gaussian process latent force model, reliable estimates
of the underlying linear system parameters, the measurement noise, the states and the unknown
nonlinear restoring force can be recovered together with their uncertainty. Nonetheless, it is
worth acknowledging some shortcomings of the methodology, which must be considered going
forward. A user must be wary of the flexibility of the Gaussian process, as it can here be seen
how the identification of the linear parameters can be biased in the initial identification.
Lastly, as mentioned in the beginning part of this section, the hope is that the method can
be extended in future development in order to also perform when the excitation time series is
not available but some characteristics about it are. If so, force-displacement diagrams, such
as the ones in Fig. 6.3, can potentially be estimated for the geotechnical foundation and for
the inter-platform bridge connection discussed in Chapter 5. Such an accomplishment would
have great value in the engineering work of existing platforms, e.g. lifetime extension, and in
the future design of offshore structures with regards to soil-structure-interacting, where the
geotechnical foundation conditions are still connected to high uncertainty [173].

CHAPTER

7

Conclusion

The work presented in this PhD thesis concerns the challenges of applying Operational Modal
Analysis (OMA) to estimate the dynamic characteristics of existing structures in real-life
conditions related to offshore structures. The identification of these dynamic characteristics is
of pivotal importance in terms of realising a Structural Health Monitoring campaign, that can
reduce time-consuming and costly aspects related to visual inspection with potential downtime
after extreme loading events. In addition, these dynamic characteristics can be exploited as the
necessary basis in order to update a numerical model of an existing structure with subsequent
for virtual sensing, load estimation and potential lifetime extension. The OMA framework
is, however, confined to limiting assumptions of linearity and stationarity, and is less reliable
when the system contains internal oscillating masses, which complicates the use of OMA-based
methods in real-life conditions of offshore structures, as described in detail in the introduction.
In order to meet strong demands of the industry to apply the methods in real-life circumstances
of offshore platforms, the thesis aimed to answer three research questions (RQ). On that basis,
the following conclusions are drawn.
Estimation of linear models from nonlinear and nonstationary systems (RQ 1): The work
related to the first research question was linked to development within two different approaches:
(i) equivalent linear systems, and (ii) best linear approximation. The work of the first approach,
being the one more related to simulation-based studies, involved further advancement of
four methods for computing equivalent linear systems based on the excitation and associated
response of nonlinear and/or nonstationary ones. In particular, these methods span from
simple calculations with several simplifying assumptions for less complex systems to more
computationally heavy procedures without any assumptions for more complicated cases, where
the latter notably enables the estimation of equivalent linear mode shapes. Additionally, the
study presented in Paper P1 also provided illustrations of the gross effect of employing the
simplifying assumptions for cases where they were not entirely true. The second approach, being
the one related to correlation-driven OMA, the best linear approximation, demonstrated that it
is possible to obtain reliable and appropriate linear modal estimates from responses of nonlinear
and/or nonstationary systems. It was derived that this approximation is associated with a
suboptimal minimisation of the difference between the measured response and the response
affiliated with the linear modal estimate. However, even though useful linear models could
be established, which are suitable to be obtained in the aforementioned real-life conditions,
challenges were found in the assessment of how well they can describe the response of the true
system. When conducting this evaluation based on the goodness-of-fit of the estimated linear
model to the correlation function of the measured response, that is the minimisation objective
of the fit in the first place, an underestimation of the related error was found. It is concluded
that this underestimation might provide the practitioner with a false confidence in the evaluated
linear model’s ability to describe the performance of the true system. Lastly, a comparison
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between the linear evaluations using the two different approaches was conducted on simulations
of two nonlinear systems and one nonstationary system. Based on the differences between the
results of the two methods, especially regarding the damping ratios, it is concluded that it
makes a difference how the linear interpretation of the nonlinear and/or nonstationary system
is formulated.
Managing nonlinearities in the OMA framework (RQ 2): One method was proposed based on
the second research question in order to investigate if it is possible to establish an identification
procedure that can manage the nonlinearities with respect to the subsequent application of the
identification results. With that in mind, the method was established based on the Random
Decrement technique with a concept aiming to approximate nonlinear systems by several sets
of linear modes, where each set is obtained with respect to a defined condition of the nonlinear
system. The method was described with respect to the objective of the thesis and demonstrated
on an experimental set-up of two simple, bridge-connected, offshore platform-like models, that
experience friction-induced shift in their modal properties with the excitation conditions. It
was shown that the method could relieve the shift in the natural frequencies, which ultimately
enables the potential use of Structural Health Monitoring for the detection of damage based on
the changes in the natural frequencies in the real-life conditions of offshore platforms.
Potential future identification of nonlinear systems (RQ 2): Towards the end of the thesis, a
novel method was introduced for the identification of nonlinear systems in the framework of
Experimental Modal Analysis. This method has potential for extension to application in the
OMA scheme, and is thus also related to the second research question. The key features of
the method belong to the use of a Bayesian probabilistic modelling framework and a Gaussian
process to model the nonlinearities that enables simultaneous inference over the internal states
of the oscillator, the missing nonlinear force and the linear parameters of the system. Moreover,
the method was demonstrated for the identification of the Duffing system, by which it is
concluded that reliable estimates of the underlying linear system parameters, the measurement
noise, the states and the unknown nonlinear restoring force can be recovered together with their
uncertainty. It was pointed out that the user should be wary of the flexibility of the Gaussian
process, and it was seen how the identification of the linear parameters can be biased in the
initial identification, although corrected in a second step.
Systems with oscillating masses (RQ 3): The findings of the presented experimental study
concerning a simple plastic container with an oscillating water mass on top of a simple monopile
model subjected to irregular waves considered the third research question and demonstrated the
following: (i) reliable results using correlation-driven OMA on a system subjected to non-white
excitation, (ii) the water in the container interacts with the structure when their natural
frequencies coincide and split the structural mode into two closely spaced ones with similar
mode shapes, (iii) measuring the dynamic response of the additional oscillating mass can increase
the reliability of the identification of the mode interacting with the water, and (iv) by using
a proposed method, issues in a Structural Health Monitoring framework regarding changing
natural frequencies related to fluid in topside tanks can be mitigated. Notably, the findings
(i) to (iii) should be considered when conducting modal identification of offshore platforms in
real-life conditions or any dynamic system equipped with one or more vibration absorbers.

7 Conclusion

51

Based on these findings and conclusions, the work of this thesis assists the practitioner in solving
identification-related issues when estimating dynamic characteristics of systems influenced by
nonlinearities and/or nonstationarities or contain oscillating masses. Additionally, solutions have
been provided to issues related to the robust identification of modal parameters for employment
in a Structural Health Monitoring framework to detect damage in the real-life conditions of
offshore platforms. In conclusion, the PhD project provides essential advancements of the
principle step in Structural Health Monitoring that, in turn, enables its application to a larger
group of structures outside of the laboratory environment.
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CHAPTER

8

Future work

Estimation of modal properties of existing structures is a vast field, especially when these
structures behave nonlinearly and/or nonstationary. Thus it is impossible to cover everything
in one PhD project. At the concluding stage of this project, several aspects are found worthy of
further scrutiny. These aspects are elaborated in this section.
Estimation of linear models from nonlinear and nonstationary systems: The conducted work
regarding the concept of equivalent linear systems employed responses of relatively long durations.
Some of the methods, however, can be applied to very short segments, e.g. one period of
oscillating. Perhaps these techniques can be used to describe and analyse, in a simulation-based
framework, the change of the dynamic characteristics of a structure in the plastic regime due to
severe seismic hazard or another nonlinear phenomenon. Moreover, the best linear approximation
showed that the estimated linear modal model obtained by using correlation-driven OMA results
in a suboptimal minimisation of the difference between the measured response and the response
affiliated with the linear estimate. Nonetheless, it might be interesting and useful for the
practitioner to further examine how the estimated modal parameters relate to the variation
of these. For example, if it can be stated that a natural frequency of the structure is varying
linearly from 10 Hz to 11 Hz during a measurement, is the estimated natural frequency then the
mean value of 10.5 Hz? And higher damping ratios were obtained with this approach compared
to the one of equivalent linear systems - why is this the case? Additionally, the evaluation of
the goodness-of-fit of the estimated linear approximation was found to be problematic, thus
other ways to conduct this evaluation should be developed. This could potentially be achieved
through an assessment of the uncertainty of the estimated model, which will inevitably increase.
Another possibility is by accompanying the estimation of the linear model with a detection
and potential quantification of the nonlinearity and/or nonstationarity such as the method
proposed by Vesterholm et al. [144] (for detection and characterisation). Essentially, a proper
quantification of the goodness-of-fit of the obtained linear approximation can be of high value
to the practitioner when deciding if the linear model is sufficient in the subsequent employment
of the estimated model.
Managing nonlinearities in the OMA framework: This part of the work would be benefited by
applying the method to responses of offshore platforms in real-life conditions. In the presented
experimental study, several simplifications were incorporated. The loading of the pneumatic
actuators was more broad band than wave and wind loading, only two platforms were considered
and the platform models together with the bridge connection were rather simple. In particular,
the latter can interfere with the obtained results and might be an oversimplification of the
real conditions. It has been confirmed that these connections have sliding motion, but the
connections are also influenced by pipes and other equipment that connects the platforms,
which might introduce a considerable stiffness in the connection when the interfaces are sliding.
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On that basis, it is suggested to analyse real data with the method in order to see if further
development is necessary and to get a better idea of potential issues of employing the method.
Furthermore, it was suggested that the additional variation of the natural frequencies caused
by the nonlinearity, which is problematic in a Structural Health Monitoring framework, could
be minimised by conducting the identification with respect to user-defined conditions using the
Random Decrement technique. This statement was substantiated by demonstrating how this
variation was removed from the identification results of the presented experimental case study
using the proposed procedure rather than conventional correlation-driven OMA. However, this
potential employment of the proposed method in a Structural Health Monitoring framework
should be further explored in order to prove the concept and investigate possible issues and
limitations.
Potential future identification of nonlinear systems: The presented Bayesian approach to the
state-parameter estimation of nonlinear systems with Gaussian process latent force models
showed promising results, but is still at a low technology readiness level. The future work
could include development in the Experimental Modal Analysis domain in order to increase
the technology readiness level by analysing other nonlinearities, more complex systems and
conducting experimental work. Once the method has been matured, an extension to the
Operational Modal Analysis domain can be considered. Such an extension might be conducted
by leaving out the measurement of the excitation, by which the latent state will contain both the
excitation and the nonlinear forces. A subsequent step might then be introduced in order to split
the latent state into the load and nonlinearity by using known characteristics of the excitation.
Thus resulting in a method for input-state-parameter estimation, where the nonlinear forces
are described by one or more of the states.
Systems with oscillating masses: First and foremost, it would be beneficial to assess the severity
of the issue based on response measurements and knowledge of tank sizes in comparison with
the mass of the platforms. From these data it can be checked if the natural frequencies of a
given platform with a certain tank coincide, and thereby if the issue occurs in real-life. Secondly,
future work could consider investigating how large the effective modal mass of the tank should
be before it potentially splits the mode into two. This could support the search of platforms
where the mode splitting could potentially introduce problems in a Structural Health Monitoring
framework, and for which platforms it should be considered to measure the movement of the
fluid in the storage tanks. Alternatively, if a tank is formed appropriately when designing a
new tank or altered in the right way, it can be used as a tuned liquid damper in hazardous
weather conditions in order to ensure structural integrity and extend the lifetime.
As a final remark, it is notable for all chapters that they involve research at relatively low
technology readiness levels. Therefore, a need is found to drive the research forward through
application to measured responses of real structures, such as these offshore platforms, except
for the proposed method in Chapter 6. An initial Structural Health Monitoring framework can
also be implemented on some of the offshore platforms in order to examine if additional issues
are found, which also have to be solved before a Structural Health Monitoring campaign can be
successful.
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The dynamic behaviour of civil engineering structures is frequently nonlinear, but it is
often engineering practice to assume linearity. Consequently, a link between the nonlinear
and linear models is required to ensure appropriate correspondence between the true
dynamic behaviour and the model, which can be achieved by enforcing an equivalence
between the two. This paper focuses on estimating equivalent linear systems of simulated
multi-degree-of-freedom systems with stiffness and damping nonlinearities subjected to
broad-band or general excitation using three different approaches based on different
equivalences and assumptions. The considered methods are: a method based on balancing
the intensity of the excitation and the response in the frequency domain, a modal version
of the so-called energy dissipation method, and an approach that estimates equivalent
linear stiffness, viscous damping, and equivalent linear mode shapes directly through a
least squares ﬁt. Notably, the latter method enables the assessment of the common assumptions such as low damping, slowly varying amplitude and phase, invariant mode
shapes, and proportional damping. Furthermore, using the aforementioned procedures,
extensive numerical simulations enable a comparative assessment in terms of the related
linear stiffness, damping, and mode shape estimation potential of nonlinear systems and
the accompanying error of the mentioned assumptions. In general, it is concluded that the
methods provide a reliable estimation and interpretation of equivalent linear systems.
© 2019 Elsevier Ltd. All rights reserved.
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1. Introduction
Nonlinear dynamics are present in engineering systems subjected to dynamic excitations. Different sources of nonlinearity
can be identiﬁed and especially for structural systems in civil engineering, the phenomena of friction and hysteresis often
occur [1,2]. Examples of such phenomena, frequently observed in civil engineering, could be friction between sliding surfaces,
e.g. bolted joints, hysteresis in materials or geotechnical foundations, where the latter has decreasing stiffness with
displacement [3]. Generally, even though current computing capabilities allow for the possibility of including nonlinearities
in simulations, the design and assessment of the dynamic performance of civil engineering structures are frequently based on
linear assumptions and calculations, that in many cases fall within an acceptable engineering precision, in order to simplify
considerably the calculation procedures. By introducing the rationale of equivalent linear systems, appropriate linear models
are established based on nonlinear responses or nonlinear models, and subsequently, the established equivalent linear
models are used as approximations of the corresponding nonlinear systems. Moreover, describing the dynamic behaviour of
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nonlinear systems by the means of equivalent linear models provides an intuitive understanding of the dominating behaviour
of the nonlinear system. Along these lines, research effort has been spent over the last ~ 75 years to elaborate on the
equivalent linear stiffness and viscous damping for various nonlinear parametric models within the framework of both free
and forced response, where the latter case mostly focusses on harmonic or random (Gaussian white noise) excitation.
The vast literature on the linear interpretation of nonlinear mechanical systems begins with the formulation of equivalent
viscous damping of the steady-state response of single-degree-of-freedom (SDOF) systems subjected to harmonic excitation
introduced by Jacobsen [4]. The ﬁrst formulation only covered velocity variation of the damping nonlinearity, however,
Caughey [5] and Jennings [6] extended the method to cover both velocity and displacement variation. Besides harmonic
excitation of SDOF systems, the immense topic of stochastic linearisation governs the literature with more than 400 papers
and books, as Elishakoff [7] highlighted in his extensive literature review. The subject of stochastic linearisation is often
divided into two categories: statistical linearisation and equivalent linearisation. Booton [8] and Kazakov [9] originally
proposed the statistical linearisation technique with subsequent extension to cover various aspects. For an overview of
statistical linearisation, the reader is referred to Sinitsin [10]. The equivalent linearisation technique, which is oriented more
towards mechanical systems, was introduced by Caughey [11e14] and consecutively generalised by Foster [15], extended to
multi-degree-of-freedom (MDOF) systems by Iwan and Yang [16,17], and applied and summarized by Roberts and Spanos
[18]. Furthermore, the analytical procedure for the derivation of the linearised system parameters was signiﬁcantly revised
and reﬁned in the late '90s by Elishakoff and Colajanni [19,20] as well as by Bernard and Wu [21,22]. For a review of the stateof-the-art in stochastic linearisation, the reader is referred to Socha and Soong [23] and Socha [24e26]. Even though the topic
of stochastic linearisation was extensively explored from the 1960's to 2000, further elaboration continued in the past two
decades. Amongst others, Elishakoff et al. [27] applied a different error minimisation of the difference between the nonlinear
force and its linear counterpart together with a replacement of the nonlinear terms by higher order terms. Anh et al. [28] and
lez et al. [30]
Hieu et al. [29] introduced a weighted averaging for the equivalent linearisation technique and Silva-Gonza
proposed a method for estimating a non-Gaussian response of structural systems behaving inelastic while being subjected to
seismic ground motions characterised as nonstationary random processes. Nonetheless, stochastic linearisation generally
involves Gaussian white noise excitation and the assumption of slowly varying amplitude and phase, thus limiting the
application to stochastic systems with low damping. Another approach was explored by Torres and Mote [31]. They proposed
an iterative procedure based on averaging of the damping variation with the amplitude with respect to the probability density
of the amplitudes, thus requiring not only iteration but also the assumption of slowly varying amplitude and phase. Additionally, the linear response characteristics of nonlinear systems have also been predicted by the application of perturbation
techniques including, among others, the method of multiple scales consummated by Chuangdi et al. [32] and the harmonic
balance method described by Worden and Tomlinson [33]. In this context, the objective is a prediction of the response level of
a given system, where the present work is focusing on ﬁnding the equivalent linear system given a particular response of a
nonlinear system. Lastly, an approach with a similar objective to the one of the present study can be found in the literature.
With this approach a so-called best linear approximation is obtained by minimising E[|y(t)  g(t)*x(t)|2], y(t) being the
response, g(t) being the impulse response function, x(t) being the excitation, and * the convolutional product [34e36]. The
minimisation scheme is, however, only indirectly compliant with the desired deﬁnition of equivalence of the present paper.
Though the research effort within equivalent linear systems of nonlinear systems is vast, it is generally based on
approximating assumptions such as harmonic or random excitation, invariant natural frequency, low damping or constant
amplitude and phase over one period of oscillation (i.e., slowly varying amplitude and phase), SDOF systems (i.e., invariant
mode shapes for MDOF systems), and proportional damping. Therefore, the primary objective of the present paper is to
provide methods for estimation and interpretation of equivalent linear systems of simulated nonlinear systems, spanning
from simple calculations with several assumptions for less complex systems to more computationally heavy procedures
without any assumptions for more complicated cases. The more computationally costly method enables the estimation of
equivalent linear mode shapes. Moreover, the study also aims at illustrating the gross effect of employing the mentioned
simplifying assumptions for cases where they are not entirely true.
Following this introduction, the paper presents the theoretical basis of three methods for estimation of equivalent linear
systems, where the third method is employed in two different variations. Then the numerical simulation case is described,
followed by extensive results from using the aforementioned methods. Eventually, the paper provides a comparative
assessment in terms of the related equivalent linear stiffness, viscous damping, and equivalent linear mode shapes estimation
potential with perspectives to their respective assumptions. It should be emphasised that the current study is based on
friction and hysteretic systems in random vibrations, however, the presented methods are applicable for estimation of
equivalent linear quantities of a vast variety of nonlinear systems in any kind of excitation.

2. Theoretical basis of methods for estimation of equivalent linear systems
The methods employed herein are based on the deﬁnition of equivalent linearisation introduced by Caughey [11e14]. The
concept of this approach is the formulation of a linear system that is equivalent to the nonlinear one in terms of forces. In
mathematical form, the concept can be described in the following manner:
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€nl ðtÞ þ Cy_ nl ðtÞ þ Kynl ðtÞ þ f nl ðynl ; y_ nl Þ ¼ xðtÞ
My
interpretated as

0

€nl ðtÞ þ Ceq y_ nl ðtÞ þ Keq ynl ðtÞ þ eðtÞrmin ¼ xðtÞ
My

3

(1)
(2)

where M, C and K are the mass, viscous damping and stiffness matrices, respectively, fnl(ynl, ẏnl) represents the nonlinear
forces, x(t) is the external excitation, y(t) is the response, and Ceq and Keq are the equivalent linear stiffness and viscous
damping matrices. Furthermore, e(t) is a minimised error term describing the difference between the nonlinear system and
the equivalent linear system, while f_g denotes differentiation with respect to time t. The outcome of the aforementioned
approaches has to be homogenised in order to allow their comparative assessment. Therefore, the damping is quantiﬁed by
the use of the damping ratio, z, which is a linear modal parameter widely adopted for various applications in the structural
dynamics ﬁeld, though, dependent on the equivalent stiffness.
2.1. Method 1: energy balance
Balancing the energy associated with the different terms of the equation of motion constitutes a widely used rationale to
estimate the equivalent linear damping of dynamic systems. Along these lines, a modal version of the energy balancing
method, initially introduced by Liang and Feeny [37e39], is proposed to estimate the total equivalent modal damping ratios
for the case of general excitation. The proposed modal model resembles the traditional approach, where a nonlinear damping
model is replaced by a linear viscous one with the same energy dissipation. Thus, it is referred to as the Energy Balance
method. It is also notable that the Energy Balance method is associated with the least versatility compared to the two
additional methods presented herein, since it can only be employed for systems with nonlinear damping as the only
nonlinearity.
To initiate a derivation of the ﬁrst method introduced by the current study, the following equation is introduced describing
_
the motion of an externally excited MDOF system with a general nonlinear damping term, hðy; yÞ:

€ ðtÞ þ hðy; yÞ
_ þ KyðtÞ ¼ xðtÞ
My

(3)

By multiplying all terms of Eq. (3) with ẏT(t) and integrating over a ﬁnite time interval, the following energy relation is
obtained, in which the work of the dissipation forces, Wdis, is equal to the difference between the work of the external, Wext,
and internal forces, Wint, [39].

Wdis ¼ Wext  Wint

(4)

The mathematical derivation of this method is facilitated by describing the general damping term of Eq. (3) as a viscous
_
_
This is similar to Eqs. (1) and (2), though, neglecting the error term:
damping term, hðy; yÞzC
eq yðtÞ.

€ ðtÞ þ Ceq yðtÞ
_
My
þ KyðtÞ ¼ xðtÞ

(5)

The current method and the following is formulated on the basis of modal components and the time-domain modal
decomposition of the response, the latter being associated with the modal coordinates, q(t). When the mode shape matrix is
well conditioned and the number of modes considered for the analysis is lower than the number of activated degrees-offreedom (DOFs), the modal coordinates can be estimated as an overdetermined problem by using the Moore-Penrose
(pseudo) inverse of the mode shape matrix [40]:

yðtÞ ¼ BqðtÞ

0

b ðtÞ ¼ ðBT BÞ1 BT yðtÞ
q

(6)

where B is the mode shape matrix. Likewise, for the modal decomposition of the response, the excitation, x(t), can be
transformed into the modal load: p(t) ¼ BTx(t). The equation of motion is further reﬁned by its transformation into modal
coordinates, provided by Eq. (6), while the multiplication of all the terms with the transposed mode shape matrix, BT, yields:

€ ðtÞ þ BT Ceq BqðtÞ
_
BT MBq
þ BT KBqðtÞ ¼ BT xðtÞ

(7)

Such a formulation of the equation of motion accommodates the diagonalisation of the inertia forces and restoring forces
due to the orthogonality condition of the modes, and hence, they can be substituted by their modal components. Moreover, by
assuming proportional damping, the viscous damping term also diagonalise [2,41]:
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2
c ¼ B Ceq B ¼ 24
T

z1 u1 m1

3
1

zJ uJ mJ

5

(8)

where mj is the modal mass, cj is the modal dashpot coefﬁcient, and uj is the natural angular frequency. The diagonalisation of
all terms enables the formulation of the estimation equations from which the damping ratios can be readily estimated.

2
€ ðtÞ þ 24
mq

u1 m1 q_ 1 ðtÞ

1

uJ mJ q_ J ðtÞ

38 9
< z1 =
5 «
þ kqðtÞ ¼ pðtÞ
: ;

(9)

zJ

where m and k are diagonal matrices of the modal mass, mj, and modal stiffness, kj. The transition to the energy-related
equations is made by considering the individual, uncoupled modal equations of the aforementioned system (Eq. (9)),
multiplying with q_ j ðtÞ, and integrating over a ﬁnite time interval, t ¼ t2  t1:

Z
mj

t2

€j ðtÞ dt þ 2uj mj zj
q_ j ðtÞq

t1

Z

t2

t1

q_ 2j ðtÞ dt þ kj

Z

t2

t1

q_ j ðtÞqj ðtÞ dt ¼

Z

t2

t1

q_ j ðtÞpj ðtÞ dt

(10)

Finally, the system can be formulated on the basis of the energy balance initially expressed by Eq. (4), accounting for the
unknown zj.

aj zj ¼ bj

zj ¼

0

bj
aj

(11)

where

aj ¼ 2uj
bj ¼

Zt2
t1

Z

t2

t1

q_ 2j ðtÞ dt

pj ðtÞ
€j ðtÞ  u2j qj ðtÞ
q
q_ j ðtÞ
mj

!

(12)
dt

Similarly to Eq. (4), the term ajzj represents the work of the dissipation forces and bj represents the difference between the
work of the external and internal forces.
2.2. Method 2: Intensity Balance
The second method presented herein is based on the relation between the intensity of the excitation and the response in
the frequency domain. Hence, it will be referred to as the Intensity Balance method in the following. This method establishes
relations between the response intensities, the magnitude of the random excitation, and the equivalent system parameters,
and Caughey [14] exploited it to approximate the intensity of the displacement and velocity of the nonlinear system. In the
present case, however, an alternative exploitation of the excitation-response intensity relation is pursued to allow for the
estimation of equivalent linear stiffness and viscous damping quantities based on known response quantities.
As described in the previous section, the modal decomposition of both the excitation and response enables the analytical
formulation of the current method that assumes, similarly to the energy balance method, the mode shapes to be known and
invariant. Moreover, the Intensity Balance method is based on the integration of the response spectral density, Sqj ðuÞ, of mode
j and the related expected value of the squared modal response, E½q2j , identical to the variance, s2qj , of the response assuming a
zero mean process [41e43], i.e., Parseval's theorem.

E½q2j  ¼ s2qj ¼

Z

∞

∞

Sqj ðuÞ du

(13)

where u is the angular frequency. The use of the modal load spectral density, Spj ðuÞ, allows us to rewrite the aforementioned
formula as presented below.

s2qj ¼

Z

∞

∞

jHj ðuÞj2 Spj ðuÞ du

(14)

where the frequency response function, Hj(u), of the mode j is provided by the equation below following a derivation on the
basis of steady state responses of a system subjected by harmonic excitation.
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Hj ðuÞ ¼

mj

u2

1
þ icj u þ kj

5

(15)

Given the assumption that the modal load spectral density is broad-band and reasonably ﬂat in the frequency range of the
response band of the mode, ueq(j), an average value of Spj ðuÞ around ueq(j) can be used, and Eq. (14) reduces to an integration
over a single function of u.

s2qj ¼

Z

∞
∞

jHj ðuÞj2 CSpj DueqðjÞ du

(16)

where C DueqðjÞ denotes averaging around ueq(j).
The solution to Eq. (16) is readily provided by the relevant literature, e.g. Refs. [42,44], and hence, the variance of the modal
displacement response can be estimated by the following expression:

s2qj zp

CSpj DueqðjÞ

(17)

2zeqðjÞ u3eqðjÞ m2j

Like the derivation of the variance of the modal displacement response, the variance of the modal velocity response is
obtained:

s2q_ j zp

CSpj DueqðjÞ

(18)

2zeqðjÞ ueqðjÞ m2j

Thereby, two equations have been obtained, Eqs. (17) and (18), for the determination of the two unknowns, zeq(j) and ueq(j).
Thus, the equivalent linear natural angular frequency (i.e., equivalent linear modal stiffness of mass normalised modal coordinates) and viscous damping are readily estimated by:

zeqðjÞ ¼ p

CSpj DueqðjÞ sqj
2s3q_ m2j
j

;

ueqðjÞ ¼

sq_ j
sqj

(19)

Based on the derivation, the method has one particular advantage in that the nonlinear response and the equivalent linear
response, respectively, will share identical intensity (i.e., variance). Moreover, the natural frequency estimate of Eq. (19) is
identical to the statistical average positive (or negative) zero crossing frequency of a narrow-banded process [42]. Such a
process is characterised by a response resembling a sine wave with slowly varying amplitude and phase. When the damping is
of a signiﬁcant magnitude, the response is less distinct of such a sine wave and becomes more interrupted [43]. Thus, the
estimates of the present method are expected to have a bias proportional to the magnitude of the damping since increasing
damping changes the system from a narrow-banded to a broad-banded process.
2.3. Method 3: direct linear ﬁt in the least squares sense
The third method presented herein is based on a direct linear least squares ﬁt of modal or physical parameters to the
nonlinear response. This approach is similar to a procedure by Mohammad et al. [45], though further developed compared to
the original. In the original context, the objective was to estimate the actual parameters of linear and nonlinear lumped
parameter systems, whereas the purpose of the present efforts is to interpret and estimate linear quantities of nonlinear
systems. Furthermore, both formulations in this paper allow for the extension from lumped parameter systems to discrete
systems in conﬁguration space as well as discrete and continuous systems in modal space. Lastly, the particular method
agrees well with the deﬁnition of equivalent linearisation (Eqs. (1) and (2)). When employing this method, the error term of
Eq. (2) is reduced by minimising the sum of the squares of the errors of the associated equations.
The ﬁrst formulation of the method is based on modal components, which renders the implementation of the method
rather straightforward and computationally efﬁcient, and it is thus referred to as the Direct Linear Fit MS method in the
following. However, the use of modal components leads to the assumption that the mode shapes are unaffected by the
nonlinearity and that the damping is of the proportional type. Nonetheless, additional assumptions such as requirements of
excitation type, linear inertia forces, and low damping are not necessary, whereby the method is associated with a higher
versatility compared to the ones previously presented and to methods based on stochastic averaging, the latter assuming low
damping. The second formulation, on the other hand, does not implement any assumptions but is more computationally
heavy. It carries out a least squares ﬁt of the full structural matrices and is thus referred to as the Direct Linear Fit CS method.
By doing so, the method allows for the estimation of equivalent linear mode shapes by subsequently employing the eigenvalue problem on the estimated structural matrices.
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2.3.1. Method 3: direct linear ﬁt MS
The ﬁrst step of the third method formulated in modal space is related to considering the modal equation of motion of
mode j in Eq. (7):

€j þ ceqðjÞ q_ j þ keqðjÞ qj ¼ pj
mj q

(20)

The linear model, estimated from the nonlinear response, inherently adheres to the orthogonality condition with the
modal decomposition in Eq. (6) and the diagonalisation of all structural matrices in Eq. (7) when assuming proportional
damping. Thus, each mode can be considered individually. Furthermore, the modal equation of motion is rearranged as
follows to allow the estimation of modal dashpot and stiffness coefﬁcients of an equivalent linear system.


€j ðtÞ ¼ q_ j ðtÞ
pj ðtÞ  mj q

qj ðtÞ



 ceqðjÞ
keqðjÞ

(21)

The main idea of the currently described method is to formulate Eq. (21) as an overdetermined linear least squares
problem by utilising its discrete form in which every time step is considered as an equation. The least squares ﬁt and its
solution can formulated in the following manner [46].

u ¼ Xa

0

b
a ¼ ðXT XÞ1 XT u

(22)

where

9
8
€j ð1Þ =
< pj ð1Þ  mj q
«
u¼
;
:
€j ðNÞ ;
pj ðNÞ  mj q
N1

3
q_ j ð1Þ qj ð1Þ
« 5
X¼4 «
;
q_ j ðNÞ qj ðNÞ N2
2


a¼

ceqðjÞ
keqðjÞ


(23)
21

and N is the number of discrete points in the response series. If the modal mass is also an objective of the equivalent linear
system estimation, the inertia forces can simply be included in the left hand side of Eq. (21) and successively in X and a as the
damping and potential forces. Additionally, the residual of the least squares ﬁt, provided by Eq. (24), can be used to assess the
discrepancy of assuming linearity.

r ¼ u  Xb
a

(24)

The latter can be normalised by using the Coefﬁcient of Determination:

R2 ¼ 1 

N
X
n¼1

N
.X
 Þ2
r 2 ðnÞ
ðuðnÞ  u

(25)

n¼1

where f g denotes the sample mean.
Fig. 1 shows an example of a linear ﬁt of nonlinear damping forces for a mode with a linear damping ratio of 1.5% and an
additional equivalent damping ratio of ~ 11.75% stemming from Coulomb friction with stick-slip motion. The plot on the left
depicts the principle of assuming linear viscous damping for a nonlinearly damped case, while the right plot shows the
resulting modal damping forces over time. It is seen that the linearity assumption in this illustrative example case is crude,
however, the principle and effect of the assumption are well depicted.
2.3.2. Method 3: direct linear ﬁt CS
As mentioned above, the second variation of the third method is based on a direct least squares linear ﬁt and it is, contradictory to the ﬁrst version (Section 2.3.1), formulated in conﬁguration space. Practically, this implies a least squares linear
ﬁt of full structural matrices to the response, which yields a higher computational burden compared to the ﬁtting of modal
components to modal responses. By doing so, the last assumptions of invariant mode shapes with respect to the amplitude of
the response and proportional damping are overcome.
Like Eq. (5), the equation of motion for a system with both equivalent linear stiffness and viscous damping can be
described by the following equation.

€ ðtÞ þ Ceq yðtÞ
_
My
þ Keq yðtÞ ¼ xðtÞ

(26)

The subsequent derivation of the linear least squares ﬁt is carried out for discrete systems with linear inertia forces and
symmetric system matrices, indicated by SYM. The equation below shows the structure of the damping and stiffness matrices
and their respective response vectors for a discrete system with L degrees-of-freedom.

T. Friis et al. / Journal of Sound and Vibration 469 (2020) 115126

7

Fig. 1. Example of a linear ﬁt of modal damping forces from an example case of a mode with a linear damping ratio of 1.5% and an additional equivalent damping
ratio of ~ 11.75% stemming from Coulomb friction with stick-slip motion.

3
3 2
32
32
y1 ðtÞ
/ c1L
y_ 1 ðtÞ
k11 / k1L
€ ðtÞ þ 4
My
1 « 54 « 5 þ 4
1
« 54 « 5 ¼ xðtÞ
_
SYM
cLL
yL ðtÞ
SYM
kLL
yL ðtÞ
2

c11

(27)

Moreover, the least squares ﬁt is formulated in a manner, where each position of the structural matrices is estimated. If
more knowledge is known of the position of the individual contributions from the respective structural elements, the estimation equations can be readily reﬁned to include equivalent linear quantities of the individual contributions. Similar to the
formulation in modal coordinates, the structural terms of the equation of motion are rearranged to allow the estimation of
physical dashpot and stiffness coefﬁcients of an equivalent linear system.

Y r ðtÞ ¼
2
y1 ðtÞ
6
6 0
6
6
6 0
6
6 0
4
0

/
0

yL ðtÞ

0

0

0

y2 ðtÞ /

0

/

0

0

0

0

0

yL ðtÞ

/

0

0

0

0

0

0

0

0 1 0

0

0

1 0

0

/ yL2 ðtÞ

/

yL ðtÞ

0

0

0

0

0

0

0

0

/

0

1

0

yL1 ðtÞ

yL ðtÞ

0

0

0

0

/

0

0

yL2 ðtÞ

0

0 y1 ðtÞ

0 y2 ðtÞ

0

3

7
0 7
7
7
0 7
7
0 7
5

(28)

yL1 ðtÞ yL ðtÞ

where Yr ðtÞ2RðL,NÞðL,ðLþ1Þ=2Þ and

8
9
c11 >
>
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>
> « >
>
>
>
>
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>
>
>
>
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>
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1L
>
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c22
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>
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> c2L >
>
>
>
>
>
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9
k11 >
>
>
>
>
> « >
>
>
>
>
>
>
>
>
>
k
>
>
1L
>
>
<
=
k22
kcs ¼
« >
>
>
>
>
>
>
>
>
k
> 2L >
>
>
>
>
>
>
« >
>
>
:
;
kLL ðL,ðLþ1Þ=2Þ1

(29)

By rearranging the response components and the physical parameters, the equation of motion is provided by:

€ ðtÞ ¼ Y_ r ðtÞccs þ Y r ðtÞkcs
xðtÞ  My

(30)

As mentioned above, the inertia forces are assumed to be linear in this study and therefore not ﬁtted to the response. In
case they are nonlinear and equivalent forces are requested, the inertia forces are simply rearranged and the mass coefﬁcients
are estimated similarly to the damping and restoring forces. Identical to the formulation in modal components, the discrete
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form is utilised with every time step, forming an equation. Thereby, the following least squares estimation of the physical
parameters can be reached by the equations presented below.

u ¼ Xa

0

b
a ¼ ðXT XÞ1 XT u

(31)

where

8
9
€ ð1Þ =
< xð1Þ  My
u¼
;
«
:
€ ðNÞ ;ðL,NÞ1
xðNÞ  My

2

Y_ r ð1Þ
X¼4 «
Y_ r ðNÞ

3
Y r ð1Þ
;
« 5
Yr ðNÞ ðL,NÞðL,ðLþ1ÞÞ


a¼

ccs
kcs


(32)
ðL,ðLþ1ÞÞ1

The discrepancy of assuming linearity can again be assessed through the residual in Eq. (24) and R 2-value in Eq. (25). With
the deﬁnition of the equivalent linear system in Eqs. (1) and (2), the residual now equals the error term in Eq. (2), though in
discrete form e(n).
When the physical parameters have been estimated, the system matrices in Eq. (27) are established. Subsequently, the
natural frequencies, damping ratios, and mode shapes are readily found by solving the eigenvalue problem considering
general damping. More details are provided by Brincker and Ventura [40].
2.4. Summary of the methods
Three different methods for estimation of equivalent linear systems, where one was given in two alternative versions, have
been presented and they all have different strengths and weaknesses. The Intensity Balance method has its strength in its
simplicity, however, the stochastic nature leads, eventually, to a higher number of approximations compared to the other
deterministic methods together with a limitation to broad-band excitation. The stochastic nature also introduces a link
between the length of the response and the accuracy of the estimates, where the latter increases as the accuracy of the
estimates of the response intensities and the spectral ﬂat increases. Regarding the deterministic methods presented herein,
i.e., the Energy Balance method and the Direct Linear Fit method, there is no dependency on the length of the response or the
type of excitation, and hence, these methods can be employed on responses with a duration shorter than a period of
oscillation. Furthermore, the Energy Balance method is also readily implemented, efﬁcient and based on an important
physical aspect of a dynamic system, energy, but it is limited to the estimation of equivalent viscous damping. On the other
hand, the main strength of the method based on a direct linear ﬁt, is the versatility incorporated through the least squares ﬁt,
which enables the extension to estimation of equivalent linear mode shapes, general damping, and nonlinear inertia forces.
Nonetheless, the wider the objectives of a method, the higher computational cost of the method and the more cumbersome is
its employment. Categorically based on the background of the methods, neither of them are, from the authors perspective,
more preferable compared to the others. The choice of method simply relies on the application. Table 1 summarises the
required information and fundamental assumptions for the methods presented herein.
3. Case study: numerical models and nonlinear simulation
3.1. Numerical model
A numerical model of a T-shaped steel structure was created to provide the testbed for employing the aforementioned
methods and evaluating them comparatively in terms of the equivalent linear quantities. First, a ﬁnite element model of the
structural system without nonlinearities was developed through the employment of the commercial software ANSYS by using
three dimensional beam elements with 12 degrees-of-freedom (DOFs), each resulting in 156 DOFs in total. A common crosssection of SHS40x40x2 proﬁle was adopted for the members of the structure, the latter modelled with ﬁxed boundary
conditions at the bottom (Fig. 2). No mid-side nodes were considered for the ﬁnite elements, and they were formulated by the
use of the Timoshenko beam theory accounting for the shear deformation effects. The ﬁnite element model of the structural
system considered here enabled the extraction of the mass, M, and stiffness, K, matrices, which were reduced subsequently by
the use of the System Equivalent Reduction and Expansion Process (SEREP) [47] to the 10 DOFs depicted in Fig. 2. The

Table 1
Overview of the required information and fundamental assumptions for the three methods.
Method

_
yðtÞ,
y(t)

€ ðtÞ
y

x(t)

B

mj

Assumptions

Energy Balance
Intensity Balance

✓
✓(s2)a

✓
e

✓
✓ðCSpj DueqðjÞ Þa

✓
✓

✓
✓

Direct Linear Fit MS
Direct Linear Fit CS

✓
✓

✓
✓

✓
✓

✓
e

e
e

Invariant mode shape, proportional damping
Invariant mode shape, low and proportional damping,
broad-band excitation
Invariant mode shape, proportional damping
e

a

The exact information does not have to be known, but simply the information stated in the parentheses.
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Fig. 2. Sketch of the simulated T-shaped structure with numbering of DOFs and mode shapes for the ﬁrst ﬁve modes.

reduction of the structural system by SEREP is employed to increase the efﬁciency of the simulations without compromising
the dynamic behaviour of the ﬁrst 10 modes. The vibration frequencies of the ﬁrst ﬁve vibration modes are listed in Table 2
along with the corresponding damping ratios of the linear system, assigned deliberately for simulation purposes. Finally, the
numerical model was excited in all 10 DOFs by uncorrelated, Gaussian white noise in the direction of the DOFs, while the
simulations were carried out with a time step of 0.00025 s. The total simulation length is approximately equal to 15,000
periods of oscillation of the two lowest modes, i.e., ~25 min. The relatively large simulation length was chosen in order to
reach similar statistical characteristics among the nonlinear response time histories.
3.2. Nonlinear cases and nonlinear simulation
In order to assess the methods for estimation of equivalent linear systems comparatively, three cases with different
nonlinear behaviour were carefully chosen, see Fig. 3. In the ﬁrst case, a Coulomb-type friction element was considered at the
top of the T-shaped structure along DOF 3, affecting mainly the second of the ﬁrst ﬁve modes. With this type of nonlinearity
and its position, only the damping is varying with the amplitude, thus leaving the natural frequencies and the mode shapes
practically constant. For the second analysis case, the nonlinearity was considered at the same location as the one chosen for
the ﬁrst analysis case. Hence, the nonlinearity mainly affects the second mode and it is modelled using the Iwan Model [48].
The latter is employed as four Jenkins elements in parallel and each one of them is composed of a spring in series with a
Coulomb friction element of critical slipping force, i.e., a Jenkins element is an elasto-perfectly-plastic element. With the
employment of this simple hysteresis model, the second case includes amplitude variation in both frequency and damping of
the second mode, though, still leaving the mode shape practically invariant. Moreover, the third case is similar to the second
one apart from applying an additional hysteresis-induced nonlinearity at the top of the T-shaped structure along DOF 4
introducing a coupling between the second and the third mode. With this placement of the added nonlinearity, the mode
shape of the second mode is no longer invariant with the amplitude of the response, thereby ensuring amplitude variation of
all three modal quantities. Lastly, for the ﬁrst case, a Coulomb friction force, fc, of 4.0 N is considered. For the second and third
case, the Iwan model is considered with Coulomb friction forces and spring constants of: fc ¼ [1.25, 2.5, 3.75, 5] N and kt ¼ [7,
6, 5, 3.5] .103 N/m. For all nonlinear cases, a linear damping ratio of 1% was considered for the second mode.
The simulation model dictates the formulation of the system of second-order differential equations for which the conventional linear system was preserved, including the terms that are associated with the inertia, viscous damping, stiffness,
_
and external excitation. Additionally, the nonlinear forces were incorporated through an additional term, D f d ðyðtÞ; yðtÞÞ,
and
hence, the equation of motion is expressed as follows:

€ ðtÞ þ CyðtÞ
_
_
My
þ KyðtÞ þ Df d ðyðtÞ; yðtÞÞ
¼ xðtÞ

(33)

_
where D is the nonlinearity placement matrix and f d ðyðtÞ; yðtÞÞ
is the nonlinear forces. The damping matrix is composed of
the desired damping ratios of the modes considered herein, and the principles of proportional damping (Eq. (8).) were used to
derive the terms of the C matrix [41]

C¼

J
X
j¼1

ðMbj Þ

cj
m2j

ðMbj ÞT

(34)
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Table 2
Natural frequencies and damping ratios of the linear system.
Mode

1

2

3

4

5

fj [Hz]
zlin(j) [%]

10.10
1.5

10.39
1 or 15

27.58
3.0

57.54
3.0

93.27
3.0

The dynamic analysis of the nonlinear system was carried out on the basis of the algorithm proposed by Lu et al. [49], and
the related time stepping method was applied to redeﬁne the equation of motion (Eq. (33)) in the following state space
format:

_
zðtÞ
¼ Ac zðtÞ þ Dc f d ðtÞ þ Ec xðtÞ

(35)

where z(t) represents the vector of state variables, Ac is the system matrix, while Dc and Ec are the counterparts of the
nonlinearity placement matrix D and the excitation. The aforementioned components of the state space formulation are
deﬁned in the following:


zðtÞ ¼

_
yðtÞ
yðtÞ


;
2L1

 1 
;
Dc ¼ M D
0
2LV



1
1
Ac ¼ M C M K
I
0
2L2L
 1 
Ec ¼ M
0 2LL

(36)

(37)

where I is the identity matrix, L denotes the number of DOFs, and V denotes the number of dampers. It is notable that the
solution to Eq. (35) is provided in discrete time format by assuming a linear variation of the nonlinear forces and the external
forces between the successive time steps, i.e., ﬁrst order hold. Furthermore, the nonlinear forces are dealt with by iterating the
nonlinear forces from the attached elements within each time step. More details about the analytical solution adopted herein
can be found elsewhere [49].
Fig. 4 illustrates the involved nonlinearities of the three cases considered. The ﬁgure includes approximately seven periods
of the force-displacement relationship of the nonlinear elements.

4. Case study: results
The current section includes the demonstration and comparative assessment of the three methods presented herein
considering the three cases, as described in Section 3.2, along with a linear baseline case. The linear baseline case is included
in order to evaluate the performance of the methods without any presence of nonlinearities. The focus of the result section
relates exclusively to the second mode of the numerical model since this mode is most severely affected by the nonlinearities
in all cases. Furthermore, the estimates of linear stiffness and viscous damping were found to be Gaussian for all methods (e.g.
the 500 estimates of linear stiffness of the Intensity Balance method in the following baseline case is found to be normal
distributed).

4.1. Baseline: No nonlinearities
Regarding the linear baseline case, a damping ratio of 1% and 15% were considered for the second mode, respectively,
stemming from the proportional viscous damping matrix. The choice of adopting two rather different damping ratios enables
us to investigate the performance of the three proposed methods within the framework of the linear system that experiences
both low and high damping. For both subcases, 500 Monte Carlo simulations were carried out by generating a new realisation
of the random load for each simulation. The obtained estimation results of linear stiffness, shown in terms of natural frequency, and viscous damping, in terms of damping ratio, are plotted for the second mode in Fig. 5.
All methods were found to be able to estimate the linear input values reliably, though, the Intensity Balance method is
associated with a statistical dispersion and low bias, where the latter is increasing with the damping magnitude. On the other
hand, the dispersion of the frequency estimates is increasing with increasing damping, while the dispersion of the damping
estimates is decreasing with increasing damping. More speciﬁcally, the coefﬁcient of variation, i.e., the sample mean divided
by the standard deviation, for the frequency estimates is equal to 0.0324% and 0.125% for the 1% and 15% damping, respectively. Contrary to this, the coefﬁcient of variation of the damping estimates was found to be equal to 3.36% and 0.887% for the
low and high damping case, respectively, thus delineating a relatively higher reliability in the frequency estimates than in the
damping estimates. Lastly, the bias of the Intensity Balance method, which is increasing with the magnitude of the damping,
is contributed to the method's inherent assumption of low damping in Eq. (19), as previously explained. Even in the case of a
damping ratio of 15%, the bias is found to be relatively low.
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Fig. 3. Depiction of the three nonlinear cases considered.

Fig. 4. Plot of approximately seven periods of the force-displacement relationship of the nonlinear elements in the three cases considered. (Case 3: blue;
nonlinearity at DOF 3, red; nonlinearity at DOF 4). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web version of
this article.)

4.2. Case 1: nonlinear damping - coulomb friction
As previously described, nonlinear damping in the form of Coulomb friction was considered for the ﬁrst case. When
dealing with equivalent linear stiffness and viscous damping of nonlinear systems, the equivalent system only describes the
nonlinear system for the conditions for which it was established. Consequently, the three estimation methods were employed
and their performance is demonstrated considering 18 response levels of the nonlinear system, and for each response level,
500 Monte Carlo simulations were carried out again by generating a new realisation of the random load for each simulation.
The mean values of the obtained estimation results of natural frequency and damping ratio are plotted in Fig. 6 as a function of
the mean modal response level of the second mode. The statistical dispersion is illustrated by a shaded area covering ±2  the
standard deviation (s). Furthermore, the ﬁgure is also depicting the kurtosis of the modal coordinates in terms of
displacement as a function of the mean response level, illustrating the divergence of the distribution of the modal coordinates
from the normal distribution, the latter being associated with a kurtosis value equal to 3.0. Additionally, the high quality of the
ﬁt, when employing the two variations of the Direct Linear Fit method is quantiﬁed and depicted as a function of the mean
response intensity adopting the R2-value (Eq. (25)).
Comparing the estimation results presented in Fig. 6, all methods conclude with similar mean estimates of natural frequency and damping ratio, thus indicating reliability of the methods and the related estimated results. Nonetheless, when the
damping is relatively high, a minor difference in the damping estimates can be observed. What might be difﬁcult to see from
Fig. 6 is that the estimates of all methods are characterised by a statistical dispersion with the largest dispersion of the Intensity Balance method. Even though the duration of the simulations was relatively long, the response will be different,
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Fig. 5. Baseline: Estimation of linear frequency and viscous damping of the second mode from 500 linear simulations. Two subcases are considered: 1% and 15%
damping of the second mode, top and bottom plot row, respectively.

ultimately culminating in slightly different equivalent quantities between Monte Carlo simulations. Analysing in detail the
decimals of the estimates of the Energy Balance method and the Direct Linear Fit MS method, a perfect agreement is found.
Based on this observation, it is concluded that estimating the equivalent viscous damping using the direct linear ﬁt method is
equivalent to establishing the equivalent viscous damping on the dissipated energy.
The reatively high kurtosis, i.e., larger than 3.0, is associated with a high probability density of the response at low amplitudes, and with more outliers at higher amplitudes deviating from the expected linear performance. Such a diversiﬁcation
is typical for a friction mechanism, where the low response amplitudes are associated with high damping forces and viceversa. Moreover, Fig. 6 depicts the R2-value calculated for the two variations of the Direct Linear Fit method as a function
of the mean response intensity. The higher the damping is, the more nonlinear the damping becomes, thus the poorer the
quality of the linear ﬁt becomes. Based on this observation, the R2-value can be used as a relative measure indicating how
nonlinear the response is. Additionally, the R2-values calculated for the Direct Linear Fit MS method are markedly lower
compared to the R2-values of the alternative variation in conﬁguration space. This difference is not contributed to a ﬁt of lower
quality but to the difference in the formulation. The R2-values of the Direct Linear Fit MS method consider only the
nonlinearity affected second mode, where the R2-values of the Direct Linear Fit CS method are accounting for all the vibration
modes. Modes 1, 3 and 4 are unaffected by the nonlinearity, which leads to R2-values of the Direct Linear Fit CS method close
to one.
The formulation of the Direct Linear Fit method in conﬁguration space enables the estimation of an equivalent linear mode
shape. The deviation or change in the mode shape obtained from the linear ﬁnite element model can be quantiﬁed using the
Modal Assurance Criterion (MAC) [50]. In Fig. 7, the MAC-value of the second mode is plotted as a function of the corresponding mean response intensity, and the unity MAC-values demonstrate that the mode shape is not affected by the
nonlinearity. Moreover, Fig. 7 reveals a mean error of the frequency and damping estimates as a function of the mean
response intensity. This particular error is the difference between the estimates obtained by the two variations of the Direct
Linear Fit method in modal space and in conﬁguration space. Thus, the mean error is mainly related to the assumption of
proportional damping and constant mode shapes. In the nonlinear case investigated in this section, the mode shape of the
second mode is constant (Fig. 7), therefore, the relatively small error in the damping estimates at lower response levels can be
related to the assumption of proportional damping.
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Fig. 6. Case 1: estimation results of the second mode for 18 response levels of 500 Monte Carlo simulations each. Shaded area is ± 2s.

Fig. 7. Case 1: plot of MAC variation with the mean response intensity for the MAC between the second mode of the linear model and an equivalent linear mode
shape of the second mode (left), and estimation errors relative to the assumptions of proportional damping and invariant mode shapes as a function of the mean
response intensity (right).

4.3. Case 2: nonlinear damping and stiffness with invariant mode shapes - hysteresis
Nonlinear damping and stiffness in the form of hysteresis were considered for the second case. The results of the second
case are illustrated identically to the ﬁrst case in Figs. 8 and 9. Contrary to the ﬁrst case, for the second case, all of 29 response
levels of the nonlinear system were considered, where 500 Monte Carlo simulations were carried out for each response level.
The change from 18 response levels in the previous case to 29 response levels in the present case is solely due to the necessity
of more points to describe the curves in the present and following cases.
As for the ﬁrst case, all methods, except the Energy Balance method, conclude with similar estimates of the natural frequency and damping ratio, though with a larger statistical dispersion of the Intensity Balance method. Additionally, the
natural frequency of the second mode also varies with the amplitude of the response. At a low response level, the natural
frequency estimates progress asymptotically toward a situation with only elastic deformation of the nonlinear element, and at
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Fig. 8. Case 2: estimation results of the second mode for 29 response levels of 500 Monte Carlo simulations each. Shaded area is ± 2s.

Fig. 9. Case 2: plot of MAC variation with the mean response intensity for the MAC between the second mode of the linear model and an equivalent linear mode
shape of the second mode (left), and estimation errors relative to the assumptions of proportional damping and invariant mode shapes as a function of the mean
response intensity (right).

a high response level, the natural frequency estimates progress asymptotically toward a situation with no nonlinearity. The
natural frequency of these two boundary states can be obtained by the eigenvalue problem of the linear model considering
the initial stiffness of the nonlinearity and no nonlinearity, respectively (marked by dashed lines in Fig. 8). Moreover, the
Energy Balance method excludes estimates of varying frequency, therefore, damping estimates have been carried out
considering the natural frequency of these two boundary states, respectively. A considerable difference is discovered between
the two obtained equivalent viscous damping curves for the Energy Balance method. Thus, employing a method considering
invariant natural frequencies results in less reliable estimates in cases with nonlinear restoring forces such as hysteresis.
The variation of the kurtosis of modal response of the second mode (q2(t)) with the mean response intensity also differs
from the ﬁrst case (Fig. 9). When the response intensity is relatively low, the kurtosis is less than 3.0, and for higher response
intensities, the kurtosis is higher than 3.0. This particular behaviour suggests that the stiffness nonlinearity is dominating at
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lower response levels, whereas the damping nonlinearity is dominant for higher response levels. Furthermore, the variation
of the R2-value with the response intensity also diverges from the ﬁrst case. As can be seen in Fig. 8, the R2-value is one at a
response intensity relatively close to zero, and progressing asymptotically towards one at higher response levels. This variation in the R2-values illustrates that the nonlinear model is performing as a linear one when the response is within the elastic
deformation of the nonlinear element, and as asymptotically linear when the dynamic forces of the linear part of the model
are large compared to the forces of the nonlinear element.
4.4. Case 3: nonlinear damping and stiffness with varying mode shapes - hysteresis
Response dependent damping, stiffness, and mode shapes were considered for the third case, as previously described, in
the form of localised hysteresis placed at two locations of the T-shaped structural model. The estimation results of the third
case are illustrated almost identically to the ﬁrst and second case in Figs. 10 and 11. The coordinates of the x-axes are changed
from being the mean standard deviation of the modal coordinates of the second mode to the mean standard deviation of the
excitation, x, since the modal decomposition is only an approximation when the mode shape of the second mode is varying
throughout the response. Notably for the same reason, the estimation of the kurtosis of the modal response of the second
modes becomes an approximation in the present case.
Comparing the main results of the third case in Fig. 10 to the main results of the second case in Fig. 8, the resemblance is
uncanny. Additionally, the variation of the mean MAC-value and the estimation errors in Fig. 11 clearly reveal that the mode
shape varies with the response amplitude for the present case. The error on the estimates of the natural frequency and
damping ratio of the second mode peaks at 2.6% and 15.5%, respectively, for the present case. Such an observation for the
mean error is case dependent and hence cannot be readily generalised for other nonlinear systems. Notably, the errors on
both the natural frequency and the damping increase with decreasing MAC-value, except for response levels close to zero.
Moreover, equivalent linear quantities have also been estimated for the third mode, which is also affected by the hysteresis in
the present case. The estimates of the third mode are similar to the ones presented for the second mode except for the
magnitude and sign of the estimation errors when assuming the mode shapes to be invariant. The estimation errors of the
natural frequency and damping ratio of the third mode peaks at 21.5% and 24.3%, respectively, with a lowest MAC-value of
0.967. Based on these ﬁndings, error can be manifested in the estimation of equivalent linear systems when the estimation of
equivalent mode shapes is excluded.

Fig. 10. Case 3: estimation results of the second mode for 29 response levels of 500 Monte Carlo simulations each. Shaded area is ± 2s.
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Fig. 11. Case 3: plot of MAC variation with the mean response intensity for the MAC between the second mode of the linear model and an equivalent linear mode
shape of the second mode (left), and estimation errors relative to the assumptions of proportional damping and invariant mode shapes as a function of the mean
response intensity (right).

It is important to mention that the particular estimates of the equivalent linear system are only truly valid for the conditions for which they were estimated. If the excitation is different, the same will apply to the equivalent linear system since
the system is in fact nonlinear. No matter how the equivalence is formulated, the equivalent linear system will always be
relative to the conditions for which it was estimated. Nonetheless, the performance of the proposed methods will naturally be
similar to the performance in the demonstration cases above when applied to new cases. Even though the results obtained
herein are less general, the application of the proposed methods is still general.

5. Conclusion
The objective of this study was to introduce robust methods for reliable estimation and interpretation of equivalent linear
stiffness, viscous damping, and equivalent linear mode shapes of simulated nonlinear systems. For this purpose, three
methods were presented that gradually decrease the number of employed assumptions, but increase the computational
endeavour. Successively, the three methods were extensively tested through Monte Carlo simulations of a numerical model of
a T-shaped structure. The methods were demonstrated and tested on the numerical model considered in one linear case (i.e.,
baseline) and in three different nonlinear cases, gradually increasing the number of nonlinear modal parameters. The
simulation study enabled a comparative assessment of the equivalent linear system estimation potential and the inherited
assumptions from which the following main conclusions are made:
 The methods presented herein were found to provide, in general, a reliable estimation and interpretation of equivalent
linear systems in terms of equivalent linear stiffness, viscous damping, and equivalent linear mode shapes, when applied
to cases where their respective inherited assumptions are not violated. The intensity Balance method, however, is limited
to broad-band excitation and the reliability of the estimates depends on the relative duration of the response. Similarly, the
Energy Balance method is limited to systems with nonlinear damping and the estimates will be biassed when the method
is employed in cases containing nonlinearities that are not conﬁned to damping.
 The assumption of low damping in the derivation of the Intensity Balance method induced negative bias in the estimation
of equivalent linear stiffness, and positive bias in the estimation of viscous damping. The introduced bias is increasing with
increasing damping but it is relatively small.
 The inherited assumption of proportional damping implemented errors in the estimation of the equivalent linear
quantities in conditions with high and localised damping. Again, the errors are relatively small.
 For the third nonlinear case in which the mode shapes were varying with the intensity of the response, the assumption of
invariant mode shapes led, as expected, to an erroneous estimation of the equivalent linear stiffness and the viscous
damping, the latter being affected the most. The error can occur at a considerable magnitude.

Author contribution statement
Tobias Friis: Conceptualization, Methodology, Software, Validation, Formal analysis, Investigation, Writing - Original
Draft, Visualization. Marius Tarpø: Conceptualization, Methodology, Writing - Review & Editing. Evangelos I. Katsanos:
Conceptualization, Methodology, Writing - Review & Editing, Supervision. Rune Brincker: Conceptualization, Methodology,
Writing - Review & Editing, Supervision, Funding acquisition.

T. Friis et al. / Journal of Sound and Vibration 469 (2020) 115126

17

Acknowledgements
The authors acknowledge the funding received from the Centre for Oil and Gas - DTU/Danish Hydrocarbon Research and
Technology Centre (DHRTC).
References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]

T.T. Soong, G.F. Dargush, Passive Energy Dissipation Systems in Structural Engineering, John Wiley & Sons Ltd, 1997.
A.K. Chopra, Dynamics of Structures, Pearson Education, 2012.
M. Gunaratne, The Foundation Engineering Handbook, CRC Press, 2013.
L. Jacobsen, Steady Forced Vibration as Inﬂuenced by Damping, American Society of Mechanical Engineers e Advance Papers, 1930.
T.K. Caughey, Sinusoidal excitation of a system with bilinear hysteresis, J. Appl. Mech. 27 (4) (1960) 640e643.
P. Jennings, Equivalent viscous damping for yielding structures, Am. Soc. Civ. Eng. e Proc. 94 (1968) 103e116.
I. Elishakoff, P. Colajanni, Stochastic linearization critically re-examined, Chaos, Solit. Fractals 8 (12) (1997) 1957e1972.
R.C. Booton, Nonlinear control systems with random inputs, Trans. Inst. Radio Eng. Prof Group Circuit Theor. CT-1 (1) (1954) 9e18.
I. Kazakov, An approximate method for the statistical investigation for nonlinear systems, in: Trudj Voenno-Vozdushnoi Inzhenernoi Akademii imeni
Prof. N.E. Zhukovskogo, vol. 4, 1954, pp. 3e52.
I.N. Sinitsin, Methods of statistical linearization (survey), Autom. Remote Control 35 (5) (1974) 765e776.
T.K. Caughey, Response of a nonlinear string to random loading, J. Appl. Mech. 26 (1959) 341e344.
T.K. Caughey, Response of van der pol's oscillator to random excitation, J. Appl. Mech. 26 (1959) 345e348.
T.K. Caughey, Random excitation of a system with bilinear hysteresis, J. Appl. Mech. 27 (4) (1960) 649.
T.K. Caughey, Equivalent linearization techniques, J. Acoust. Soc. Am. 35 (11) (1963) 1706e1711.
E.T. Foster, Semilinear random vibrations in discrete systems, J. Appl. Mech. 35 (1968) 560e564.
W.D. Iwan, I.-M. Yang, Statistical linearization for nonlinear structures, J. Eng. Mech. Div. 97 (6) (1971) 1609e1623.
W.D. Iwan, I.-M. Yang, Application of statistical linearization techniques to nonlinear multi-degree-of-freedom systems, J. Appl. Mech. 39 (1972)
545e550.
J. Roberts, P. Spanos, Random Vibration and Statistical Linearization, 1990, p. xiiþ384, https://doi.org/10.1002/zamm.19910710705.
I. Elishakoff, P. Colajanni, Stochastic linearization critically re-examined, Chaos, Solit. Fractals 8 (12) (1997) 1957e1972.
P. Colajanni, I. Elishakoff, A subtle error in conventional stochastic linearization techniques, Chaos, Solit. Fractals 9 (3) (1998) 479e491, https://doi.org/
10.1016/S0960-0779(97)00086-6.
P. Bernard, L. Wu, Stochastic linearization: the theory, J. Appl. Probab. 35 (3) (1998) 718e730.
P. Bernard, Stochastic linearization: what is available and what is not, Comput. Struct. 67 (1e3) (1998) 9e18.
L. Socha, T. Soong, Linearization in analysis of nonlinear stochastic systems, Appl. Mech. Rev. 44 (10) (1991) 399e422.
L. Socha, Linearization in analysis of nonlinear stochastic systems: recent results - part i: Theory, Appl. Mech. Rev. 58 (1e6) (2005) 178e205.
L. Socha, Linearization in analysis of nonlinear stochastic systems, recent results - part ii: Applications, Appl. Mech. Rev. 58 (1e6) (2005) 303e314.
L. Socha, Linearization Methods for Stochastic Dynamic Systems (Lecture Notes in Physics 730), Springer-Verlag, Berlin Heidelberg, 2008, https://doi.
org/10.1007/978-3-540-72997-6.
I. Elishakoff, L. Andriamasy, M. Dolley, Application and extension of the stochastic linearization by anh and di paola, Acta Mech. 204 (1e2) (2009)
89e98, https://doi.org/10.1007/s00707-008-0014-x.
N.D. Anh, N.Q. Hai, D.V. Hieu, The equivalent linearization method with a weighted averaging for analyzing of nonlinear vibrating systems, Lat. Am. J.
Solid. Struct. 14 (9) (2017) 1723e1740, https://doi.org/10.1590/1679-78253488.
D.V. Hieu, N.Q. Hai, D.T. Hung, The equivalent linearization method with a weighted averaging for solving undamped nonlinear oscillators, J. Appl.
Math. 2018 (2018) 15, https://doi.org/10.1155/2018/7487851.
lez, S.E. Ruiz, A. Rodríguez-Castellanos, Non-gaussian Stochastic Equivalent Linearization Method for Inelastic Nonlinear Systems with
F.L. Silva-Gonza
Softening Behaviour under Seismic Ground Motions, Math. Prob. Eng. (2014).
M.R. Torres, C.D. Mote, Expected equivalent damping under random excitation, J. Eng. Ind. 91 (4) (1969) 967e973.
L. Chuangdi, L. Tun, B. Dingwei, G. Xinguang, Equivalent damping of sdof structure with maxwell damper, Earthq. Eng. Eng. Vib. 17 (3) (2018) 627e639.
K. Worden, G.R. Tomlinson, Nonlinearity in Structural Dynamics: Detection, Identiﬁcation and Modelling, CRC Press, 2000.
P. Eykhoff, System Identiﬁcation, Parameter and State Estimation, Wiley, New York, 1974.
M. Enqvist, L. Ljung, Linear approximations of nonlinear ﬁr systems for separable input processes, Automatica 41 (3) (2005) 459e473.
R. Pintelon, J. Schoukens, System Identiﬁcation: A Frequency Domain Approach, second ed., Wiley-IEEE Press, 2012.
J.-W. Liang, B.F. Feeny, Balancing energy to estimate damping parameters in forced oscillators, J. Sound Vib. 295 (3) (2006) 988e998.
J.-W. Liang, Damping estimation via energy-dissipation method, J. Sound Vib. 307 (2007) 349e364.
B.F. Feeny, Estimating damping parameters in multi-degree-of-freedom vibration systems by balancing energy, J. Vib. Acoust., Trans. ASME 131 (4)
(2009) 410051e410057.
R. Brincker, C. Ventura, Introduction to Operational Modal Analysis, Wiley, 2015.
R.W. Clough, J. Penzien, Dynamics of Structures, Computers & Structures, Inc. - Berkeley, 1995.
D. Newland, An Introduction to Random Vibrations, Spectral and Wavelet Analysis, Longman Scientiﬁc & Technical, 1993.
A. Naess, T. Moan, Stochastic Dynamics of Marine Structures, Cambridge University Press, 2012.
H.M. James, N.B. Nichols, R.S. Phillips, Theory of Servomechanisms, Massachusetts Institute of Technology Radiation Laboratory Series 25, 1947. n. pag.
K.S. Mohammad, K. Worden, G. Tomlinson, Direct parameter-estimation for linear and non-linear structures, J. Sound Vib. 152 (3) (1992) 471e499.
C. Lawson, R. Hanson, Solving Least Squares Problems, Prentice-Hall, 1974.
J. O'Callahan, P. Avitabile, R. Riemer, System equivalent reduction and expansion process, in: Proceedings of the 7th International Modal Analysis
Conference, Society of Experimental Mechanics, 1989, pp. 29e37.
W.D. Iwan, A distributed-element model for hysteresis and its steady-state dynamic response, J. Appl. Mech. 33 (4) (1966) 893.
L.-Y. Lu, L.-L. Chung, L.-Y. Wu, G.-L. Lin, Dynamic analysis of structures with friction devices using discrete-time state-space formulation, Comput.
Struct. 84 (15e16) (2006) 1049e1071.
R.J. Allemang, The modal assurance criterion - twenty years of use and abuse, J. Sound Vib. 37 (8) (2003) 14e21.

Appended papers

85

P2 Best linear approximation of nonlinear and
nonstationary systems using Operational Modal
Analysis
Friis, T., Tarpø, M., Katsanos, E. I., Brincker, R., Best linear approximation of nonlinear and
nonstationary systems using Operational Modal Analysis, under review
Printed in this thesis as the original manuscript with the authors’ formatting.

Best linear approximation of nonlinear and nonstationary systems
using Operational Modal Analysis
T. Friisa∗, M. Tarpøb , E. I. Katsanosa , R. Brinckera
a

Technical University of Denmark, Department of Civil Engineering, Brovej B.118, Kgs. Lyngby, Denmark
b

Aarhus University, Department of Engineering, Inge Lehmanns Gade 10, Aarhus, Denmark

Abstract
Operational Modal Analysis (OMA) is a widely used class of tools to identify the modal properties of
existing civil engineering structures and mechanical systems under ambient vibrations or normal operating conditions by only employing measured responses. The OMA techniques, however, are confined
to estimate modal properties of linear and time-invariant systems, which is not always met in real life
applications. Additionally, even though structures are found to be nonlinear and nonstationary, it is
often engineering practice to apply linear models due to their straightforward insight into the dynamic
behaviour of the considered system and mathematical properties when compared to more time consuming
consideration of nonlinearities and nonstationarities. With that point of view, the concept of evaluating a best linear approximation of a nonlinear response is well established within Experimental Modal
Analysis, i.e., deterministic modal analysis where both the system excitation and the corresponding response are measured. Along these lines, the paper takes the first step towards extending the concept
of a best linear approximation to correlation-driven OMA in terms of estimated natural frequencies,
damping ratios, and mode shapes. In other words, the paper derives and shows through appropriately
designed numerical simulations that the linear modal model, estimated using the output-only framework
of correlation-driven OMA, leads to suboptimal minimisation of the difference between the true response
of a nonlinear and/or nonstationary system and the response of the linear model in a least squares sense.
Moreover, the paper demonstrates, using an additional numerical simulation case study, that the outputonly framework causes an underestimation of the error that is inevitably involved when estimating linear
properties from a nonlinear and nonstationary response.
Keywords: Operational Modal Analysis, nonlinear dynamics, nonstationary systems, best linear approximation, output-only identification

1. Introduction
The identification of the dynamic characteristics of existing civil engineering structures and mechanical
systems is of high relevance in order to gain critical insight into their behaviour and the current structural
or mechanical condition of those systems. For example, the periodically identified modal properties (i.e.,
natural frequencies, mode shapes, and damping ratios) constitute the essential ingredients in order to
undertake a robust structural health monitoring campaign for existing structures and infrastructure
systems that, in turn, can reinforce their optimal integrity management. Additionally, the output of
a modal identification scheme serves the necessary basis in order to update the numerical model of
an existing structure and hence, predict the current and future performance of the system by using a
digital twin of higher resemblance to the real one. When a structure or mechanical system is oscillating
under ambient vibrations or operational conditions, the dynamic characteristics can be reliably estimated
using Operational Modal Analysis (OMA), which is a commonly used class of tools that only requires
measurement of responses [1–4]. OMA was initially introduced through simple techniques and relevant
tools in the 1930’s and experienced extensive increase in popularity with extensive advancements in the
80’s and 90’s [5]. The current OMA-related techniques, however, are still confined to the fundamental
principles of linearity and stationarity, which are often not met in real life applications [6, 7]. It is
∗ Corresponding
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commonly seen that the civil engineering structures and mechanical systems can experience nonlinear
and/or nonstationary dynamic behaviour due to various sources, including, among others, geometrical
nonlinearities, friction between sliding surfaces, and time-varying masses. Along these lines, research
has already been focussing on the identification of nonlinear and nonstationary dynamic models in
an output-only framework. For example, Bajrić and Høgsberg [8] proposed a method based on the
Stochastic Subspace Identification to estimate the modal parameters of a dynamic system with BoucWen hysteretic forces. Furthermore, Scussel and Da Silva [9] identified nonlinear systems by using
Volterra series and Kautz filters. Anastasio and Marchesiello [10] also suggested a method for nonlinear
system identification based on the nonlinear subspace identification technique combined with a masschange scheme on free-decays for nonlinear system identification. Poulimenos and Fassois [11], on the
other hand, identified experimentally time-varying modal parameters of a steel beam by employing a
functional series time-dependent auto-regressive moving average approach. Despite the aforementioned
research advances that focus on identifying the exact nonlinear and/or nonstationary systems, the main
orientation of the current study is slightly shifted since a best fitting linear modal model is pursued
herein as a valuable alternative for nonlinear and/or nonstationary system identification. The specific
orientation of the current study was triggered and hence substantiated by considering that: (i) design
procedures, widely used by engineers and practitioners, are often based on linear models, (ii) linear
models provide quite straightforward and intuitive insight into the dynamic behaviour of an engineering
system, (iii) the development of nonlinear and nonstationary models is normally associated with an
increased time burden and requires significant experience; otherwise, the reliability of the entire model
might be severely undermined, and (iv) existing OMA-based approaches for identification of nonlinear
and nonstationary systems are rather limited. Based on these arguments, the identification of nonlinear
and/or nonstationary systems by using approximating linear ones is of high relevance for the engineering
community despite the errors that are associated with this approach.
The above mentioned framework of estimating a linear model from a nonlinear system has been scrutinized since the early 1930’s, where so-called equivalent linear parameters are obtained by equalising the
dynamic forces between the nonlinear system and a corresponding linear one [12–17]. This framework,
however, is impractical with requirements of knowing accelerations, velocities, displacements, and excitations or is an approximation through the use of assumptions [17]. Additionally, in Experimental Modal
Analysis, i.e., deterministic modal analysis in which both the system excitation and the corresponding
response are measured, the concept of a best fitting linear model to a nonlinear one is well established
and termed the best linear approximation. The latter can be efficiently addressed by the relevant research work of Eykhoff [18], Pintelon and Schoukens [19, 20], Schoukens et al. [21, 22], and Enqvist
and Ljung [23] while Esfahani et al. [24] and Csurcsia et al. [25] provide more application-oriented
investigations. By employing this approach, contrarily to the aforementioned equivalent linearisation
framework, the estimated linear model is corresponding to the nonlinear one by minimising the mean
square difference between the response of the nonlinear model and the response obtained with this linear
one. On the other hand, to the best knowledge of the authors, only marginal research effort has been
dedicated on employing the best linear approximation within the framework of OMA. Along these lines,
Zhang et al. [26] compared OMA-based modal estimates of two nonlinear systems that were obtained by
various methods with the best linear approximation of Experimental Modal Analysis. They concluded
that linear dynamic characteristics can be extracted from systems with stiffness- and damping-related
nonlinearities by using OMA. The best linear approximation approach is further boosted by the current
paper, since its main objective is to take the first step towards extending the concept of the best linear
approximation to correlation-driven OMA, the latter refers to OMA-based identification that employs
correlation functions [27, 28]. The paper scrutinises if it is possible to get a meaningful linear model
from nonlinear and nonstationary responses using correlation-driven OMA and what it means to get
such an estimate. In other words, the aim of the paper is to derive and show the minimisation carried
out when the linear modal model is fitted in the output-only setting. Moreover, the paper investigates
if the output-only framework leads to a proper evaluation of the error that is inevitable present when
transitioning from the true nonlinear and nonstationary systems to the best linear approximation of
these. It is notable that the work presented throughout the paper is based on the assumption of white
noise excitation as commonly assumed in OMA. Hence, the investigation of systems being subjected to
excitation different than the white noise is considered to be out-of-scope of this paper and the reader is
referred to Ibrahim et al. [29], who alleviates the particular assumption for correlation-driven OMA of
linear and time-invariant systems.

The outline of the paper is as follows. Section 2 provides a short description of correlation-driven
OMA of linear and time-invariant systems, while Section 3 defines, derives, and describes the best
linear approximation of nonlinear and nonstationary systems within the framework of correlation-driven
OMA. The mathematical derivations provided by Section 3 are verified through appropriately designed
numerical simulation schemes that can be found in Section 4, which also includes an additional simulation
study in order to examine the error quantification of the fit of the best linear approximation. The paper
ends with the conclusion in Section 5.

2.

Correlation-driven OMA of linear and time-invariant systems

In this section, the basic outline of the theory of correlation-driven OMA is introduced in a condensed
manner. This short theory section is provided to give the reader a brief overview of the theory for
linear and time-invariant systems before moving to the main part of the present paper, the best linear
approximation of nonlinear and nonstationary systems. Specifically, the section shortly presents: (i)
the relationship between the linear modelled response and the correlation function matrix, (ii) practical
estimation of the correlation function matrix, and (iii) the relationship between the correlation function
matrix and the modal parameters. The parameter estimation part is omitted since it is integrated in the
following section.

2.1. Input-output relationship of a linear oscillator and the correlation function matrix
The link between the input-output relationship of a linear time-invariant oscillator and the correlation
function matrix is briefly described herein, which is also known as the fundamental multi-input multioutput (MIMO) theorem. As a starting point, consider the input-output relation of a linear and timeinvariant system [5, 30]:
+∞
Z
y(t) =
H(α)x(t − α) dα , H(t) ∗ x(t)
(1)
−∞

where y(t) is the response vector as a function of time, t, H(α) is the impulse response function matrix,
x(t) is the excitation vector, and α is an integration variable. The linear input-output relationship in
Eq. (1) is multiplied by y> (t + τ ) from the right:
+∞
Z
y(t)y (t + τ ) =
H(α)x(t − α)y> (t + τ ) dα
>

(2)

−∞

where τ is the time lag. Inserting Eq. (1) transposed on the right hand side of Eq. (2) and taking the
expectation on both sides lead to:


E y(t)y> (t + τ ) =

+∞ Z
+∞
Z


H(α) E x(t − α)x> (t + τ − β) H> (β) dαdβ

(3)

−∞ −∞

where β is an integration variable. The classical definition of the correlation function matrix, Ryy (τ ), as
described by Bendat and Piersol [31] and Newland [30] is employed herein. This definition is given by:


Ryy (τ ) , E y(t)y> (t + τ )
(4)

By introducing the definition of the correlation function matrix in Eq. (3), the following expression is
obtained:
+∞
+∞ Z
Z
Ryy (τ ) =
H(α)Rxx (τ + α − β)H> (β) dαdβ
(5)
−∞ −∞

where Rxx (τ ) is the correlation function matrix of the input. Furthermore, by changing the integration
variable to α = −κ, the general fundamental theorem is revealed, which is showing the relationship
between the correlation of the input and output by the impulse response function matrix:
+∞ Z
+∞
Z
Ryy (τ ) =
H(−κ)Rxx (τ − κ − β)H> (β) dκdβ = H(−τ ) ∗ Rxx (τ ) ∗ H> (τ )
−∞ −∞

(6)

2.2.

Estimation of the correlation function matrix

By definition, the correlation function matrix defined in Eq. (4) is calculated by ensemble averaging for
each τ . Time averaging is, however, applicable if the system response is an ergodic process [31].
1
T →∞ T

Ryy (τ ) = lim

ZT

y(t)y> (t + τ ) dt

(7)

0

where T is the time length of the measured system response. The time length, T , must tend towards
infinity for the time averaging to produce the exact correlation function matrix in Eq. (4). In practice,
though, the time length is finite.
The correlation function matrix is based on exact statistical properties of a vibrating system, but
exact statistical properties is inaccessible for finite data. Therefore, the correlation function matrix must
be estimated and this estimation process introduces statistical errors, which however decrease as the time
length of the system response increases. The unbiased correlation function matrix (Eq. (8)) is utilised
herein, which can be estimated numerically in various ways (the reader is referred to [5, 31–33]).
1
R̂yy (τ ) =
T −τ

T
Z−τ

y(t)y> (t + τ ) dt

0

for 0 ≤ τ < T

(8)

For more on statistical errors in the estimated correlation function matrix for OMA and practical
reduction of these, the reader is referred to Tarpø et al. [34, 35].

2.3. Correlation functions as free decays
The main idea of correlation-driven OMA is to estimate a correlation function matrix and then fit a
linear model assuming it is a free decay of a linear and time-invariant system. The modal decomposition
of the correlation function matrix has been derived by Brincker [36] and only the main findings of this
derivation, being relevant to the current study, are briefly described below.
The analytical solution of the modal decomposition of the correlation function in the time domain
assuming white noise excitation is:

M
P
∗ 


Bk Gx0 Ak eλk τ + B∗k Gx0 A∗k eλk τ
for τ ≥ 0
2π
k=1
(9)
Ryy (τ ) =
M
P
∗ 


2π
for τ ≤ 0
Ak Gx0 Bk e−λk τ + A∗k Gx0 B∗k e−λk τ
k=1

where λk is the modal pole of mode k, Gx0 is the spectral flat of the white noise excitation, Ak is the
residue matrix, Bk is a weighted sum of the residue matrix, ∗ indicates the complex conjugate, and the
impulse response function matrix is given by:
H(t) =

2M
X

k=1

Ak eλk t =

2M
X

ϕk ϕ>
k hk (t) ,

k=1

Ak =

ϕk ϕ>
k
mk

(10)

where hk (t) is the modal impulse response function, M is the number of modes, mk is the modal mass
and ϕk is the mode shape. Within the OMA framework, it is practical to employ the definition of the
modal participation vector:
γk = Bk Gx0 ϕk /mk
(11)
With the definition of the modal participation, the residue can be expressed as the outer product: γk ϕ>
k.
By transposing the correlation function matrix and using the fact that all matrices are symmetric, the
analytical solution of the modal decomposition becomes the following:
M 

X


∗
>
Ryy
(τ ) = E y(t + τ )y> (t) = 2π
ϕk γk> e−λk τ + ϕ∗k γkH e−λk τ
k=1

for τ ≥ 0

(12)

It is observed that the transposed correlation function matrix in Eq. (12) has the form of free decays in the
columns. Therefore, the modal parameters of a dynamic oscillator can be extracted from the correlation
function matrix by MIMO parameter estimation methods, where the latter are comprehensively reviewed
in [1, 3–5] and one method is described in Section 3.3.

3. Best linear approximation in correlation-driven OMA
The present section introduces the main definitions and the mathematical derivation of the proposed
best linear approximation of nonlinear and nonstationary systems by the use of OMA. The section is
divided into three main parts: (i) definition of best linear approximation in OMA, (ii) a nonparametric
part of the best linear approximation, and (iii) a parametric part of the best linear approximation. The
differentiation between the nonparametric part and the parametric one follows the theory for correlationdriven OMA of linear and time-invariant systems. More specifically, the nonparametric part involves the
estimation of a correlation function matrix and addresses its role in the best linear approximation of
nonlinear and nonstationary systems. The parametric part relates the parameter estimation of a linear
model based on the estimated correlation function matrix to the best linear approximation. Moreover,
based on the following mathematical derivations, the last part of the section summarises what it entails
to get a best linear approximation using correlation-driven OMA, in other words, the end encapsulates
the outcome of the minimisation carried out when the linear system is fitted to the nonlinear and
nonstationary response.

3.1.

Definition of the best linear approximation of nonlinear and nonstationary systems

The definition in the present section is similar to the existing definition of a best linear approximation
for Experimental Modal Analysis (i.e, deterministic modal analysis with known excitation), see Pintelon
and Schoukens [20] and Schoukens et al. [22], but with important differences that will be described
in the present section. The main concept of the best linear approximation in OMA is illustrated in
Fig. 1, where a nonlinear and nonstationary system with a random input produces a nonlinear and
nonstationary response, yN L (t), and by adding measurement noise, ny (t), the measured response, y(t),
is obtained. The best linear approximation is an interpretation of this particular process by exchanging
the nonlinear and nonstationary system with a linear one that minimises the difference between the true
nonlinear and nonstationary response and the response of the linear approximation, yBLA (t). Such an
approximation introduces inevitably errors that lead to the addition of an error term, e(t), which also
accounts for the measurement noise. Additionally, the noise can be of less importance if it is of a white
noise nature. In this case the noise only affects the time lags of the correlation function matrix close to
zero, which can be omitted in the parameter estimation [37].
ny (t)
x(t)

Nonlinear and
nonstationary system

yN L (t)

e(t)
y(t)

x(t)

Best linear approximation

yBLA (t)

y(t)

Fig. 1 Schematic definition of the best linear approximation.

The link between the definition of the best linear approximation and the correlation function is further
explored by considering the output of the best linear approximation:
y(t) = yBLA + e(t)

(13)

By multiplying Eq. (13) from the right with y> (t + τ ), expanding y> (t + τ ) on the right hand side, and
taking the expectation, the formulation of the measured correlation function matrix is obtained.
Ryy (τ ) = RBLA (τ ) + RyBLA e (τ ) + ReyBLA (τ ) + Ree (τ )

(14)

where RyBLA yBLA (τ ) is written as RBLA (τ ) for convenience and the correlation function matrices follow
the definitions in Eq. (4).
Practically, without the knowledge of the exact excitation, it is not feasible to calculate the three
terms involving the error, e(t), in (14). With that in mind, the three error terms in Eq. (14) are
reduced to one general term, Reτ (τ ), being the difference between the correlation function matrix of
the measured response of the nonlinear and nonstationary system and the correlation function matrix
of the best linear approximation. This general term of the difference, Reτ (τ ), depends on the response
of the best linear approximation, and it is, in general, inseparable from the linear approximation of the

nonlinear and nonstationary system.
Ryy (τ ) = RBLA (τ ) + Reτ (τ )

(15)

Additionally, the correlation function of the best linear approximation is considered to consist of two
contributions:
RBLA (τ ) = R0 (τ ) + RB (τ )
(16)
where R0 (τ ) is the contribution to the correlation function matrix from the underlying linear system and
RB (τ ) is the correlation function matrix of the part of the correlation of the nonlinear and nonstationary
response that can be described by a linear model.
By applying the Fourrier transform to Eq. (15), a similar formula is obtained in the frequency domain:
Gyy (ω) = GBLA (ω) + Geτ (ω)

(17)

where
1
Gyy (ω) =
2π

+∞
Z
Ryy (τ )e−iωτ dτ ,

−∞

1
GBLA (ω) =
2π

+∞
Z
1
Reτ (τ )e−iωτ dτ
Geτ (ω) =
2π

+∞
Z
RBLA (τ )e−iωτ dτ ,

(18)

−∞

(19)

−∞

√
where ω is the angular frequency and i = −1.
As mentioned, the definitions in the present section is quite similar to those that can be found
within the framework of the best linear approximation for Experimental Modal Analysis [20, 22]. There
are, however, some important differences in the present case of OMA: (i) the excitation is unknown
and random, i.e., no control of the frequencies and phases in the excitation, (ii) contrarily to a direct
estimation of a frequency response function, the best linear approximation in OMA is found from a
parametric fit of a modal model on the correlation function, thus, model errors are inevitable, (iii) the
error, Reτ (τ ), has to be estimated by Eq. (15).

3.2. Best linear approximation and nonparametric minimisation of the error
The derivation of the nonparametric part of the best linear approximation is derived considering MIMO
and the use of the correlation function matrix in correlation-driven OMA. Conceptually, consider the
mean square error, E, of the difference between the true nonlinear and nonstationary response and the
response of the best linear approximation (i.e., the error defined by Eq. (13)):
1
E=
T

ZT
0

1
||e(t)|| dt =
T
2

ZT

e> (t)e(t) dt

(20)

0

The response of the best linear approximation can be described by the convolution of a linear model
with the input. Thereby the error becomes:
+∞
Z
e(t) = y(t) −
H(α)x(t − α) dα

(21)

−∞

The objective is to estimate an impulse response function matrix, Ĥ(α) that minimises the mean square
error, E. Thus, the impulse response function matrix, H(α), can be expressed as [18]:
H(α) = Ĥ(α) + ηHa (α) ,

Ha (α) ≡ 0

for α < 0 ,

η = [ηj ]

(22)

where Ha (α) is a matrix of arbitrary functions and η is a diagonal matrix with constants, ηj . By formulating η in this manner, it becomes a scaling constant of the arbitrary contribution to the modelled

response of the estimated impulse function matrix in each degree-of-freedom. The best linear approximation of the estimated impulse response function matrix, Ĥ(α), is defined at the minimum of the mean
square error, and exactly the best linear approximation when η = 0. Thus, the following is introduced:
∂E
∂η

=0

(23)

η=0

By carrying out the partial differentiation, the following expression can be obtained (see ??):
∂E
∂η
⇒

ZT
∂
1
=
e> (t)e(t) dt = 0
∂η η=0 T
η=0
0


T
+∞
+∞ Z
+∞
Z
Z
Z
1
y(t)
 dt = 0 (24)
x> (t − α)H>
Ĥ(β)x(t − β)x> (t − α)H>
a (α) dα −
a (α) dαdβ
T
0

−∞

−∞ −∞

At this point, three changes have to be incorporated in Eq. (24) in order for correlation-driven OMA
to be connected with the error minimisation in (Eq. (20)): (i) a time lag, τ , is necessary in one of the
dependent variables in all terms, (ii) the first term on the left hand side, the product of the measured
and modelled response, should rather be a product of the measured response only, and (iii) limitations
in the estimation of the impulse response matrix, Ĥ, must be considered. The first step in this direction
is carried out by moving the second term in the time integration to the right hand side and by setting
the arbitrary function equal to Ha (α) = Ĥ(β − τ ):


 +∞ +∞

+∞
Z
ZT
ZT Z
Z
1
1
y(t)

x> (t + τ − α)Ĥ> (α) dα dt =
Ĥ(β)x(t − β)x> (t + τ − α)Ĥ> (α) dαdβ  dt
T
T
0

0

−∞

−∞ −∞

(25)
The convolution on the left hand side of Eq. (25) can be expressed as follows by incorporating Eqs. (21)
and (22).
+∞
+∞
Z
Z
>
>
>
>
>
x (t + τ − α)Ĥ (α) dα = y (t + τ ) − e (t + τ ) −
x> (t + τ − α) (ηHa (α)) dα

−∞

(26)

−∞

Eq. (26) is introduced in Eq. (25) with η = 0 from the definition of Ĥ in Eq. (22) and the time
integration length, T , is reduced to T − τ to avoid bias. Hence, Eq. (25) becomes:
1
T −τ

T
Z−τ

y(t)y (t + τ )
>

0

1
=
T −τ

T
Z−τ
0



dt

 +∞ +∞

Z Z

Ĥ(β)x(t − β)x> (t + τ − α)Ĥ> (α) dαdβ + y(t)e> (t + τ ) dt (27)
−∞ −∞

Two of the three aforementioned considerations have now been handled. Moreover, the estimated impulse response function matrix, Ĥ, is an arbitrary function that minimises the error in Eq. (21). The
parametric fit, which has to be employed with correlation-driven OMA, might, however, introduce fitting
errors or be unable to fully describe it. With that in mind, an error term is incorporated in the estimated
impulse response function matrix in the following way:
Ĥ(α) = Ĥp (α) + Ĥe (α)

(28)

where Ĥe is the error between the impulse response function matrix that minimises the error in Eq. (20)
and the impulse response function matrix estimated from a parametric fit, Ĥp . The expansion of the
impulse response function is introduced in Eq. (27) and multiplication of the parentheses are carried

out, thereby leading to:
1
T −τ

T
Z−τ

y(t)y (t + τ )
>

0



1
dt =
T −τ

+∞
T
+∞ Z
Z−τ Z
0

−∞ −∞

Ĥp (β)x(t − β)x> (t + τ − α)Ĥ>
p (α) dαdβ

+∞
+∞
+∞ Z
+∞ Z
Z
Z
Ĥe (β)x(t − β)x> (t + τ − α)Ĥ>
Ĥp (β)x(t − β)x> (t + τ − α)Ĥ>
(α)
dαdβ
+
+
p (α) dαdβ
e
−∞ −∞

−∞ −∞

+∞ Z
+∞

Z
>
>
>
+
Ĥe (β)x(t − β)x (t + τ − α)Ĥe (α) dαdβ + y(t)e (t + τ ) dt (29)
−∞ −∞

Considering the fact that the excitation is unknown, the overabundant amount of terms involving an
error, and the involvement of the parametric fit, the above equation is simplified to only contain a single
error term. Moreover, the simplification of the error term can be further rationalised by the fact that the
exact error cannot be recovered without knowledge of the excitation. In this light, Eq. (29) is reduced
to:
1
T −τ

T
Z−τ
0

1
y(t)y (t+τ ) dt =
T −τ
>

T
+∞ Z
+∞
Z−τ Z
0

−∞ −∞


>
Ĥp (β)x(t−β)x> (t+τ −α)Ĥ>
(α)
dαdβ+e
(t)e
(t)
dt
τ
p
τ

(30)
where eτ (t) is an error term describing the discrepancies between the response of the true nonlinear
response and the modelled linear one as well as the fitting errors related to the parametric estimation of
the linear model. Finally, by employing Eq. (8) one can obtain:
R̂yy (τ ) = R̂BLA (τ ) + R̂eτ (τ )

(31)

Based on the mathematical derivation described above, the correlation function matrix of a nonlinear
system was found to be equivalent to a minimisation of the mean square error between the measured
response and the best linear response, Eq. (20). Thus, the modal parameters (natural frequencies,
damping ratios, and mode shapes) associated with the impulse response function matrix, which minimises
the error in the least square sense (Eq. (21)), can be estimated by employing the equation above (Eq.
(31)). Moreover, if the measurement duration, T , goes towards infinity, the true unbiassed correlation
function matrices are realised and converges to the definition of the best linear approximation in Eq (15).
lim R̂yy (τ )

T →∞

3.3.

→

Ryy (τ ) = RBLA (τ ) + Reτ (τ )

(32)

Best linear approximation and parametric minimisation of the error

As previously mentioned, with the excitation being unknown, a parametric fit can be conducted on the
measured correlation function matrix in order to obtain an estimate of the best linear approximation,
RBLA (τ ). Such a fit is carried out by a parameter estimation, whereby the best fitting modal model in
Eq. (12) is estimated. Consider a mean square error of the difference between the measured correlation
function matrix and the best linear approximation:
1
Eτ =
τ2 − τ1

Zτ2

τ1

||Reτ (τ )||2F dτ

(33)

where τ1 and τ1 are the beginning and ending time lag of the part of the correlation function matrix
included in the parameter estimation. Additionally, || ||F is the Frobenius norm which can be expressed
in the following way, where the correlation of the error is substituted by the definition in Eq. (32).
Eτ =

1
τ2 − τ1

Zτ2

τ1



Tr Re>τ (τ )Reτ (τ ) dτ =

1
τ2 − τ1

Zτ2

τ1


> 

Tr Ryy (τ )−RBLA (τ )
Ryy (τ )−RBLA (τ ) dτ
(34)

where Tr is the trace.
Similar to the assumption made in Section 3.2 for the definition of the estimated impulse response
function matrix, the correlation function of the best linear approximation, RBLA (τ ), can be expressed
as:
RBLA (τ ) = R̂BLA (τ ) + ητ Ra (τ )
(35)
where R̂BLA (τ ) is an estimate of the best linear approximation, Ra (τ ) is a matrix of arbitrary functions
and ητ is a matrix with constants. The best linear parametric approximation, R̂BLA (τ ), is defined at the
minimum of the mean square error, and exactly the best linear parametric approximation when ητ = 0.
Thus, the following partial derivative is introduced:
∂Eτ
∂ητ

ητ =0

=0

(36)

By carrying out the partial differentiation, the following expression can be obtained (see ??):
∂Eτ
∂ητ

ητ =0

⇒

∂
=
∂ητ

ητ =0

1
τ2 − τ1

Zτ2

τ1

1
τ2 − τ1

Zτ2

τ1


> 

Tr Ryy (τ ) − RBLA (τ )
Ryy (τ ) − RBLA (τ )
dτ

Ryy (τ )Ra> (τ ) − R̂BLA (τ )Ra> (τ ) dτ = 0

(37)

(38)

The matrix of arbitrary functions, Ra> (τ ), is chosen to be the identity matrix, thus, the minimum of the
mean square error (Eq. (33)) can be obtained by the following.
1
τ2 − τ1

Zτ2

τ1

Ryy (τ ) − R̂BLA (τ ) dτ = 0

(39)

It is notable from Eq. (39) that the two remaining terms are the measured correlation function matrix,
Ryy (τ ), and the one that will be estimated, R̂BLA (τ ), and that a fit on the correlation function matrix minimises the difference, Reτ (τ ), over an integral with the difference ideally being a zero matrix.
Furthermore, another important realisation from Eq. (39) is the fact that a parametric fit minimises
both auto- and cross-correlation between the measured correlation function matrix and a linear approximation in the least squares sense, i.e., the fit minimises Reτ (τ ) = RyBLA e (τ ) + ReyBLA (τ ) + Ree (τ )
(Eq. (14)), while it minimises e(t) = y(t) − H(t) ∗ x(t) in the least squares sense with no cross-products
between individual responses. Thus, the latter minimisation might become suboptimal since these two
minimisations might not coincide perfectly.
With the above considerations in mind, a parameter estimation method is introduced herein and especially, the Eigensystem Realisation Algorithm [38–40] is chosen to this end, but the choice of method is
of less importance. When employing the Eigensystem Realisation Algorithm, the conceptual assumption
is that the transpose of the best linear approximation, R̂BLA (τ ), can be described as a free decay in
state space, Y(n). Thereby, the function of the integration in Eq. (39) becomes:
>
Ryy
(n) , Y(n) = PAn U0

(40)

where n is the discrete time lag, P is the observation matrix, A = eAc ∆t is the discrete time system
matrix, Ac is the system matrix, ∆t is the time step and U0 = [u01 , u02 , ...] is the matrix containing the
sets of initial conditions. Additionally, the mean of Eq. (39) is then considered by taking into account all
of the discrete equations simultaneously of the part of the correlation function being considered for the
fit of the linear model. Practically, the latter can be achieved by formulating two block Hankel matrices
with s block rows. The second block Hankel matrix is time shifted one sample step compared to the first
block Hankel matrix.




Y(1)
Y(2)
···
Y(ND − s)
Y(0)
Y(1) · · · Y(ND − s − 1)
Y(2)
 Y(1)
Y(3)
· · · Y(ND − s + 1)
Y(2) · · ·
Y(ND − s) 




H0 = 

 , H1 =  ..
..
..
..
..
..
..
..




.
.
.
.
.
.
.
.
Y(s) Y(s + 1) · · ·
Y(ND )
Y(s − 1) Y(s) · · ·
Y(ND − 1)
(41)

By utilising the sample time shift of the two block Hankel matrices, they can be expressed in the following
manner by the use of Eq. (40).
H0 = OΓ, H1 = OAΓ
(42)
where O and Γ are the so-called observability and controllability matrices, respectively. The Eigensystem
Realisation Algorithm then employs the singular value decomposition (SVD) on the first block Hankel
matrix, H0 , and estimates the observability and controllability matrices from the obtained singular
vectors, U and V, as well as the singular values, S:
√
√
(43)
H0 = USV>
⇒
Ô = U S , Γ̂ = SV>
Subsequently, the discrete time system matrix can be found by rearranging the second formula of Eq.
(42) and using the pseudo inverse (indicated by + ). A simple way to carry out the pseudo inverse is to
limit the outcome of the SVD, USVT , to the first m singular values corresponding to m/2 modes, thus,
obtaining a regular inverse problem of a reduced size (m is also termed the model order):
Â = Ô+ H1 Γ̂+

⇒

Âm = S−1/2
Um H1 Vm S−1/2
m
m

(44)

Once the discrete time system matrix has been estimated, the modal parameters can be obtained by
applying the eigenvalue decomposition to the discrete time system matrix (e.g. [5, 38–40]).
The assumption that the correlation functions are free decays is again utilised in order to estimate
the last modal parameter, the modal participation. The modal model in Eq. (40) is considered in the
following form.
2M
X

n
Y| (n) = 2π
γk ϕ|k eλk n∆t = 2πΓ [µk ] Φ|
(45)
k=1

where Φ and Γ are containing complex conjugate pairs of the mode shapes and modal participation and
µk is a diagonal matrix [µk ] containing the discrete time poles µk = eλk ∆t . A single block row Hankel
matrix, HR , is arranged with the correlation function, and the poles and mode shapes in Eq. (45) are
rearranged in a similar format, MI .
h
i
0
1
N
HR = [Y| (0), Y| (1), · · · , Y| (ND )] ,
MI = [µk ] Φ| , [µk ] Φ| , · · · , [µk ] D Φ|
(46)
By employing Eq. (46), Eq. (45) can be written as:

HR = 2πΓMI

(47)

which enables the fitting of the modal participation with the obtained modal parameters:
Γ̂ =

3.4.

1
HR M+
I
2π

(48)

Outcome of the best linear approximation using correlation-driven OMA

Following the quite detailed mathematical derivation in Section 3.2 and 3.3, it is seen that the linear
modal model, estimated by correlation-driven OMA, leads to suboptimal minimisation of y(t)−H(t)∗x(t)
in a least squares sense. The latter can be expressed as follows:
 
+∞
Z
f
2
ζ 
= arg min ||Ryy (τ ) − RBLA (τ )||F ≈ arg min y(t) −
H(α)x(t − α) dα
H
λ,φ
φ BLA
−∞

2

(49)

where f and ζ are the natural frequencies and damping ratios obtained from the pole estimates, λ.
The suboptimal part of the minimisation stems from the necessity of the parametric part in order to
obtain a modal model from the correlation function of the measured responses. As previously described,
even though the parametric fit is also minimising the error in Eq. (21) by minimising the error in
Eq. (33), it is not guaranteed that the minimum of the mean square error of the parametric part
coincides perfectly with the minimum of the mean square error of the nonparametric part. Hence, the
best linear approximation estimated by correlation-driven OMA becomes a suboptimal minimisation of
y(t) − H(t) ∗ x(t) in the least squares sense.

4. Numerical case studies
This section presents the main findings of two numerical case studies. The first numerical study elaborates
and aims to eventually verify the derivations of the best linear approximation within the OMA framework
as presented in Section 3, while the objective of the second study is to examine the error quantification
of the fit of the best linear approximation obtained using correlation-driven OMA. The two studies are
elaborated in the following two subsections.

4.1.

Simulated verification of best linear approximation in correlation-driven OMA

As mentioned, the first numerical study presented below aims to substantiate the main conclusion of
the derived best linear approximation in OMA as stated by Eq. (49). In order to keep the findings
intuitive and illustratable, a single degree-of-freedom (SDOF) system is employed, which is simulated in
a Monte Carlo framework with two different nonlinearities and one nonstationarity, respectively. The
general system is illustrated in Fig. 2.

k
c
f (ẏ, y, t)

x(t)
m

y(t)

Fig. 2 Schematic illustration of the SDOF system which is simulated with two different nonlinearities and one
nonstationarity, respectively.

The equation of motion of the SDOF system is:
mÿ(t) + cẏ(t) + ky(t) + f (ẏ, y, t) = x(t)

(50)

where m = 1kg is the mass, c = 0.3Ns/m is the dashpot coefficient, k = 100N/m is the linear stiffness, x
is a white noise excitation with a standard deviation of 100N, ( ˙ ) indicates the derivative with respect
to time t, and f (ẏ, y, t) is the nonlinear or nonstationary force. Given the parameters of the system,
the underlying linear system is associated with a natural frequency of 1.592Hz and a damping ratio of
1.50%. The nonlinear and nonstationary force is investigated in the three cases, stated below, which are
considered to be three of the more frequently experienced nonlinearities and nonstationarities in practical
modal analysis.
• Case 1: the nonlinear force is a cubic term, i.e., the SDOF system is the Duffing system. The
additional term is, therefore, considered to be f (ẏ, y, t) = k3 y 3 (t), where k3 = 150N/m3 .
• Case 2: the nonlinear force is a stick-slip friction mechanism, i.e., an elasto-perfectly-plastic force.
The pre-sliding stiffness, kt , and slip-force, fs , are considered to be equal to 5N/m and 100N,
respectively.
• Case 3: the nonstationary force is an additional inertia term associated with a nonstationary mass.
The additional force is considered by varying linearly the initially considered mass, m, starting
from 1 · m up to 1.15 · m and back again to 1 · m. Such a variation in the mass of the SDOF system
leads the natural frequency and the damping ratios to vary between 1.592Hz - 1.484 Hz and 1.50%
- 1.40% respectively.
In total, 1000 simulations were conducted for each case, where a new realization of the excitation
series was computed for every simulation. The nonlinear numerical simulations were performed by
employing the Newmark method coupled with the Newton-Raphson iteration algorithm [41, 42], and
the nonstationary numerical simulations were conducted by using a discrete-time state space model with
first order hold and updating all system-related matrices for every time step [43]. Regarding case 1 and
2, a time step of 0.0005s was adopted while the time step is increased to 0.005s in the third case, and the
simulations were carried out with a duration equal to 3000 periods of oscillation of the underlying linear
system (i.e., T = 1885s). Furthermore, unbiassed correlation function matrices of the simulated responses

were estimated by using discrete Fourier transforms [33], and subsequently, the modal parameters were
estimated by employing the Eigensystem Realisation Algorithm to the estimated correlation functions
(Eqs. (40) to (44)), where time lags were included from 0 to a time lag related to an amplitude of
approximately 5-10% of the original one. The model order was chosen to be 2 in order to only estimate
one mode and the number of block rows in the block Hankel matrices was varied from 3 to 100, from
which the pole with the lowest frequency and highest damping was selected, since it was found to be the
best fitting pole in the three presented cases. Additionally, the numerical framework was exploited herein
by employing the known excitation and mass to compute the mean square error provided by Eq. (20).
The latter was computed for a range of natural frequencies and damping ratios in the vicinity of the
OMA estimates in each case. By doing so, a direct comparison is enabled between the OMA estimates
and the true location of the minimum of the mean square error for each respective case. The comparison
is shown by Figs. 3, 4, and 5, where a contour is illustrating the mean square error in the vicinity of the
OMA estimates.
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Fig. 3 Case 1 - Duffing system: mean square error as a function of natural frequency and damping ratio including
comparison with the 1000 OMA estimates.
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When analysing the results of the first and second case illustrated by Figs. 3 and 4, it is found that
the mean natural frequency of both the OMA estimates and the minimum of the mean square error
are notably higher than the natural frequency of the underlying system, i.e., 1.750-1.850Hz compared
to 1.592Hz. The latter indicates a considerable nonlinearity being present in these two simulation cases.
For the third case in Fig. 5, another observation is made. Comparing the natural frequency of the
minimum of the mean square error (1.538Hz) and the mean of the OMA estimates (1.535Hz), it is found
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Fig. 5 Case 3 - nonstationary mass: mean square error as a function of natural frequency and damping ratio
including comparison with the 1000 OMA estimates.

that they compare well with the mean natural frequency of the simulation (1.538Hz). This observation
indicates that the natural frequency estimated by OMA might be a mean value. Additionally, the
first and third case illustrated in terms of their results by Figs. 3 and 5 do not consider a direct
damping-related nonlinearity like the friction mechanism that is present in the second case. However,
the stiffness amplification due to the nonlinear force of the first case and the mass increase due the
imposed nonstationary inertia force of the third
√ one are expected to reduce the damping ratio accounting
for its fundamental definition, i.e., ζ = c/(2 km). The damping ratios of the OMA estimates and the
minimum of the mean square error in both cases are, though, considerably higher than the damping
ratio of 1.50% of the underlying linear system. This observation indicates that the OMA-based damping
estimates might increase when the measured system deviates from the assumption of being linear and/or
time-invariant. Such a behaviour may also be expected since the presence of both nonlinearity and
nonstationarity can lead to less correlated response calculated between two different time instants of the
corresponding response time series. The latter can be reflected to the correlation function matrix as
artificial damping that increases, eventually, the overall OMA-based damping estimations.
Conclusively, the agreement detected herein between the minimum of the mean square error and the
mean of the OMA estimates demonstrates transparently that the modal estimates from correlation-driven
OMA of nonlinear and nonstationary systems suboptimally minimise the expression y(t) − H(t) ∗ x(t)
in a least squares sense. Thus, a reliable estimate of the best linear approximation can be obtained by
correlation-driven OMA.

4.2.

Numerical study of the error term in Eq. (15)

The second numerical study aims to examine the error quantification of the fit of the best linear approximation obtained using correlation-driven OMA. For this purpose, the well documented two DOF system
with a cubic nonlinearity from Kerschen et al. [44] is chosen herein as the numerical model testbed. The
model is shown in Fig. 6 while its physical parameters and modal ones of the underlying linear system
are listed in Table 2.
Table 1 Physical parameters of simulation model depicted in Fig. 6 with the modal parameters of the underlying
linear system. The dashpot coefficients are found by assuming proportional damping [45].
Physical parameters

Underlying linear modal parameters

m [kg]

k [N/m]

c1 /c2 [Ns/m]

k3 [N/m3 ]

σx

f1 /f2 [Hz]

ζ1 /ζ2 [%]

φ1 /φ2 [-]

1

1

0.03000/0.01098

0.5

2.5

0.159/0.276

1.5/1.5

[1, 1]> /[−1, 1]>

One nonlinear simulation was carried out with the described numerical setup by again employing
the Newmark method coupled with the Newton-Raphson iteration algorithm [41, 42]. A time step of
dt = 0.05s was adopted while the simulation duration was chosen to T = 84/(f1 ζ1 ) = 34, 348s, which is

x1 (t)

x2 (t)

y1 (t)

k

y2 (t)
k

k
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m

m

c2
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k3
Fig. 6 Schematic illustration of the simulation system. x is a white noise excitation with a standard deviation σx .
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twice the recommended duration by Tarpø et al. [34]. The resulting singular values of the spectral matrix
of the conducted simulation are shown in Fig. 7 (left), and notably, all spectra in the current paper have
been computed by fast Fourier transforms of either estimated or synthesised correlation functions (Eqs.
(18) and (19)). Moreover, one linear simulation of the two DOF numerical model without the cubic
spring was also conducted in order to provide a comparative reference for the effect of the considered
nonlinearity in the present case. The reference is realised by showing the singular values of the spectral
matrix of this linear simulation in the left part of Fig. 7. Comparing the spectra of both the linear and
nonlinear simulation respectively, a clear increase is found in the frequencies of the peaks in the nonlinear
case, which together with the added distortion in the spectrum of the nonlinear response indicate that
considerable nonlinearity is present.
Similar to the first simulation case considered herein, an unbiassed correlation function matrix of
the simulated response was estimated by using discrete Fourier transforms [33]. The modal parameters
of the two DOF system were estimated by employing the Eigensystem Realisation Algorithm to the
estimated correlation functions (Eqs. (40) to (44)), where the algorithm proposed by Tarpø et al. [35]
was employed to determine the number of included time lags. The model order was chosen to be four
while the number of block rows in the block Hankel matrices was varied, from which the stabilisation
diagram is shown in Fig. 7 (right). Two columns of stable poles can be seen, which is each averaged
to obtain estimates of natural frequency, damping ratio and modes shape of two modes. Furthermore,
the modal participation is estimated by the least squares fit (Eqs. (45) to (48)) and listed in Table 2
together with the other modal parameters obtained from this procedure.

30

Linear sim.
Nonlinear sim.
Stable pole
Unstable pole
ID’ed mode

25
20
15
10
5
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Frequency [Hz]

Fig. 7 Left: singular values of the spectrum of the two different simulations; (blue) linear, k3 = 0N/m3 , (black)
nonlinear, k3 = 0.5N/m3 . Right: stabilisation diagram of the considered nonlinear case using the Eigensystem Realisation Algorithm.

The estimation of modal parameters enables the estimation of the correlation function matrix of the
best linear approximation, R̂BLA (τ ), by Eq. (12), which is plotted in Fig. 8 together with the correlation
function matrix of the simulated nonlinear response, R̂yy (τ ), and the difference between the two, R̂eτ (τ ),
computed by Eq. (15). From here on, the superscript OMA indicates that the given correlation function

Table 2 Modal parameters estimated by using correlation-driven OMA.
fk [Hz]

ζk [%]

Mode 1

0.195

2.8

Mode 2

0.317

5.3

φk [-]

γk [-]

[0.498 − 0.0422i, 1]

[0.0976 − 0.00987i, 0.197]>

>

[1, −0.500 + 0.0672i]

>

[0.0521, −0.0262 + 0.00432i]>

matrix or spectral density matrix have been estimated by using the modal parameters obtained by
correlation-driven OMA. As can be seen from Fig. 8, the best linear approximation fits reasonably well
the correlation function of the nonlinear response, which leads to an error matrix of a relatively low
magnitude.
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Fig. 8 Correlation functions of the simulated nonlinear response, the best linear approximation, and the difference,
where the correlation function of the best linear response is obtained by correlation-driven OMA. The
superscript OMA indicates that the correlation function matrix has been estimated by using the modal
parameters obtained by correlation-driven OMA.

In order to further investigate the error term, the simulation framework is utilised to compute the
response of a system based on the best linear approximation, i.e., a best linear system, by which also the
error term as a function of time, defined by Eq. (21), can be obtained. The best linear system is evaluated
by reusing the mass matrix of the nonlinear system and computing a two DOF stiffness and damping
matrix by employing the method proposed by Bajrić and Høgsberg [46] based on the mass matrix and
the identified modal parameters (natural frequencies, damping ratios, and mode shapes). Subsequently,
a linear simulation was conducted with the obtained best linear system and the same excitation that
was applied in the nonlinear simulation, and thereby, the error term as a function of time (Eq. (21)) was
found. In Fig. 9 a representative segment is shown of the nonlinear response, this best linear response,
and this error term. As can be observed, the compatibility of the nonlinear response and the best linear
one is rather weak, which eventually leads to an error estimate of a relatively large magnitude. Thus,
with the shown OMA-based fit on the correlation function matrix in Fig. 8, it is illustrated that it is
possible to obtain an OMA-estimated linear model, which fits the correlation function matrix reasonably
well, but it includes a large error when it is used to describe the exact response of the nonlinear model.
Moreover, as pointed out in the first simulation case study, deviations from the assumption of linear
and time-invariant system seem to result in increased damping ratios, which is also the case for the
aforementioned modal estimates of the present study (on average 2.7 times larger than the damping
ratio of the underlying linear system). By analysing the response of the nonlinear model and the best
linear approximation one, 55% lower intensity (i.e., variance) can be seen for the best linear response
due to these increased damping ratios.
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Fig. 9 Comparison of the response of the nonlinear system and the best linear one (Eq. (21)).

In Fig. 10, the correlation function matrices of the nonlinear response, the best linear approximation,
and the difference are plotted, where the correlation function matrix of the best linear approximation is
obtained by the aforementioned linear simulation. When comparing the correlation function matrices of
the best linear approximation obtained by OMA (Fig. 8) and the true one obtained through simulation
(Fig. 10), a clear difference is found in the scaling, which in turn leads to a significant difference in
the error and especially in the magnitude of the error. This difference is further disclosed by a direct
comparison in Fig. 11 of the correlation functions of the best linear approximation obtained by OMA and
simulation, respectively. This comparative assessment between the aforementioned correlation function
matrices substantiates further that the observed deviation is related to the scaling of the correlation
functions, but also to the scaling of the participation of each contributing mode.
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Fig. 10 Correlation functions of the simulated nonlinear response, the best linear response, and the difference
where the correlation functions of the best linear response is obtained by simulation.
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Fig. 11 Comparison of correlation functions of the best linear response obtained by OMA and simulation, respectively. The superscript OMA indicates that the correlation function matrix has been estimated by using
the modal parameters obtained by correlation-driven OMA.

Additionally, the spectral matrices are computed by taking the Fourier transform of the estimated
correlation function matrices for both cases (OMA and simulation), from which the singular values are
shown in Fig. 12. Especially, the spectrum of the best linear approximation obtained using OMA in the
left plot of Fig. 12 can be seen as being merely scaled in such a way, that the magnitudes of the peaks
fit the ones that are related to the nonlinear simulation. Naturally this scaling leads to a relatively low
magnitude of the spectrum of the error, since the latter mostly describes the mismatch in shape of the
peaks between the best linear approximation and the nonlinear response. Regarding the right plot of
Fig. 12, the magnitude of the peaks of the best linear approximation obtained by simulation, especially
for the second peak, is lower compared to the OMA-based ones, which results in a magnitude of the
error that is larger than the one of the OMA-based best linear approximation. Thus, the spectra further
demonstrate that the error is underestimated when using correlation-driven OMA. Specifically, the area
below the spectrum (i.e, variance) of the error estimated through simulation is 2.6 times larger than
the area below the spectrum of the error estimated by using correlation-driven OMA. The cause of this
underestimation of the error can be found in the definition of the modal participation (Eq. (11)) and
its estimation (Eqs. (45) to (48)), which is employed due to the excitation being unknown. Herein it
is simply assumed that the entire correlation function matrix can be described by the estimated modes,
which is not the case. Thereby, as demonstrated throughout the current section, it is possible to get
a linear approximation of a nonlinear system by using correlation driven OMA, but it is unknown how
well the estimated modal model describes the response.

5. Conclusion
The paper scrutinised the estimation of a best linear approximation in terms of natural frequencies,
damping ratios, and mode shapes from responses of nonlinear and nonstationary systems by using
correlation-driven Operational Modal Analysis (OMA). To this challenging end, the first part of the
paper derived and showed the minimisation that is carried out when the corresponding linear modal
model is estimated. This theoretical part was divided into a nonparametric part, where a correlation
function matrix is estimated, and a parametric part, where the linear model is fitted to the correlation
function matrix. Furthermore, the second part of the paper comprised of two appropriately designed numerical case studies. The first one was a Monte Carlo study of a single degree-of-freedom system affected
by two different nonlinearities and one nonstationarity, respectively, which is a substantiation of the findings of the theoretical derivation. Based on the theoretical part and the first numerical simulation study,
it is concluded that it is possible to obtain a best linear approximation of the nonlinear and nonstationary
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Fig. 12 Singular values of the spectral matrices of the simulated nonlinear response, the best linear approximation,
and the difference; left: the spectrum of the best linear approximation is obtained by correlation-driven
OMA; rigth: the spectrum of the best linear approximation is obtained by simulation. The superscript
OMA indicates that the spectral matrix has been estimated by using the modal parameters obtained by
correlation-driven OMA.

system in terms of natural frequencies, damping ratios, and mode shapes using correlation-driven OMA,
and that the linear modal model is estimated as a suboptimal minimisation of the difference between
the measured (simulated, though, herein) response of the nonlinear and nonstationary system and the
corresponding response of the linear model in the least squares sense.
Additionally, the second numerical case study involved a simulation of a two degree-of-freedom system
with a cubic nonlinearity. This simulation study showed that employing correlation-driven OMA to
estimate a linear model based on a nonlinear response can result in an underestimation of the error that
is inevitably involved with this task. Only assessing the goodness of fit of the estimated linear modal
model by comparing the modal model to the measured correlation function matrix might provide false
confidence in the ability of the estimated model to describe the dynamic behaviour of the system.
For further research, the effect of different types of nonlinearity and nonstationarity should be further
assessed to get a more indepth understanding of how the estimated linear modal properties are affected.
In other words, the conclusion of the present paper could be back-propagated from the difference between
the actual response and best linear one to the difference between an assumed nonlinear and nonstationary
modal model and the resulting estimated linear modal properties. Thus, providing a better understanding
for the practitioner of how the estimated modal properties are affected if a certain type of nonlinearity
and/or nonstationarity is present.
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Abstract
Dynamic characteristics of structures in operational conditions are commonly identified from measured
responses using Operational Modal Analysis (OMA). The OMA techniques are, however, confined to the
principle of linearity. To overcome some of this limitation, this paper proposes a method for an OMAbased conditional linear approximation of a type of nonlinear systems, by which two or more sets of linear
modes are estimated that together describe the behaviour of the true system. These sets of modes can
be used to update a nonlinear numerical model that fits each linear estimate in relation to the associated
conditions. Additionally, the method can alleviate the issue of varying approx. natural frequencies of
nonlinear systems, when employing Structural Health Monitoring to detect damages based on changes
of these. The method is demonstrated on both a numerical and an experimental study. Specifically, the
numerical study consists of a cantilever beam with a clearance and a stopper at the tip, and it is shown,
based on a single response measurement with multiple channels, that the method enables identification
of both the underlying linear system and a linear system with modal properties affected by the nonlinearity. The experimental study consists of two simple, friction-coupled, offshore platform-like models,
for which two sets of modes are estimated from one measurement, each set characterising the dynamic
behaviour in coupled and uncoupled state, respectively. The paper also demonstrates that the proposed
method can relieve the said complications of conducting Structural Health Monitoring of structures with
changing natural frequencies due to nonlinearity.
Keywords: Operational Modal Analysis, approximation of nonlinear systems, nonlinear systems in SHM
framework, Random Decrement technique, Nonlinearity Optimised Random Decrement (NORD)

1. Introduction
The dynamic properties of civil engineering structures and mechanical systems, when oscillating under
operational conditions or ambient vibrations, can be identified by the employment of a class of useful
tools termed Operational Modal Analysis (OMA) [1–3]. These tools are especially useful for identification
of dynamic properties of structures outside of a laboratory environment, where the excitation cannot
be controlled and measured, e.g offshore structures, bridges, high-rise buildings, machinery, and space
shuttles. Even though OMA saw its first light with simple techniques in the 1930s and underwent
several significant advancements in the 80s and 90s, the techniques are still confined to the fundamental
principle of linearity (and time-invariance), which is complicating the application of OMA to systems that
are behaving nonlinearly [3]. Systems, that experience this behaviour, can be exemplified by structures in
relatively large vibration due to geometrical nonlinearities or systems influenced by hysteresis, magnetics,
or nonlinear materials to name a few [4, 5]. On this basis, research has been undertaken in order to identify
dynamic characteristics of nonlinear systems for cases with measurable excitation (the reader is referred to
[4, 6–8]), but to the best knowledge of the authors, limited research effort has been spent to assess and/or
extend the application of OMA to systems affected by nonlinearities. Along these lines, Anastasio and
Marchesiello [9] established a method for nonlinear system identification, but used the nonlinear subspace
identification technique combined with a mass-change scheme on free-decays. Bajrić and Høgsberg [10]
developed a method based on the concept of Stochastic Subspace Identification to estimate the modal
∗ Corresponding

author (tobias-friis@hotmail.com)

parameters of a dynamic system with Bouc-Wen hysteretic forces through an equivalent linearisation
of the hysteretic forces. Scussel and Da Silva [11] introduced a method to identify nonlinear systems
by employing Volterra series and Kautz filters in laboratory conditions involving controlled excitation
of harmonic nature. Lee et al. [12] proposed a method for nonlinear system identification by assuming
that the measured response due to transient excitation can be decomposed into a finite number of
oscillating components in the form of fast monochromatic oscillations modulated by slow amplitudes.
Also Ebrahimian et al. [13] established a framework for nonlinear system and damage identification
based on updating of nonlinear finite element (FE) models, the extended Kalman filter and nonlinear
optimisation. Nonetheless, these approaches are confined to a specific nonlinearity (hysteresis), employing
principles that are difficult to establish in the aforementioned real life cases, such as harmonic or transient
excitation or free-decays, or relying and time-consuming and computationally heavy procedures of FE
modelling, nonlinear simulation and nonlinear iterative optimisation. Thus, this paper focusses on a
computationally efficient, intuitive and versatile framework for output-only approximation of nonlinear
systems, which is also applicable in a Structural Health Monitoring context.
This paper does not aim to enable full nonlinear system identification using OMA in real life conditions
either, but aims to alleviate some shortcomings of OMA when dealing with nonlinearities in practical
applications. This paper employs a framework that approximates nonlinear systems to several quasilinear models, where each one is obtained with respect to a certain condition of the nonlinear system.
Examples of this condition are a defined amplitude level of the response, when nonlinearly coupled
systems are oscillating in a coupled manner and a given wave height for structures excited by wave loading.
These linear models can then together describe the nonlinear behaviour of the true system or be employed
to update a nonlinear numerical model that fits each linear estimate with respect to the associated
conditions. Yet another issue that the paper aims to alleviate, is the issue of additional variability of the
natural frequencies of systems affected by nonlinearities when employing a Structural Health Monitoring
campaign to detect structural damages based on changes in the natural frequencies. By employing
these quasi-linear evaluations of the nonlinear system, the additional variability can be minimised by
monitoring the natural frequencies with respect to these conditions. This particular part of the motivation
is further elaborated through an experimental study presented in this paper. Ultimately, the paper
presents novel development of the well-established Random Decrement (RD) technique to estimate, from
a single measurement/test, one or more quasi-linear systems that characterise the nonlinear system with
respect to user-defined conditions.
The approach of evaluating nonlinear systems by estimating quasi-linear ones using OMA has already
been established by preceding studies. In the 1980s Ibrahim et al. [14, 15] introduced the concept of
quasi-linear identification of nonlinear structures, where the RD technique and parameter estimation
methods are applied to several modal tests with different response intensities in order to characterise
the nonlinearities in a test-wise quasi-linear manner. Consecutively, this idea of analysing nonlinear
structures in a quasi-linear manner has been further explored from the early 1990s to the present time.
Among others, several studies have been investigating the amplitude dependent damping of high-rise
buildings [16–21]. Moreover, Vesterholm et al. [22, 23] focused on the assessment of the RD technique
and the quasi-linear approach for identification and characterisation of the restoring force of the Duffing
oscillator and friction-induced nonlinear damping both with varying excitation level. Nonetheless, these
studies only enable this characterisation of a nonlinear system with respect to the amplitude of the
response, and the results become less reliable if the response is not band-pass filtered to only contain
the mode of interest. This limitation excludes some nonlinear systems such as; (i) nonlinear multiple
degree-of-freedom (MDOF) systems in general with close modes where band-pass filtering is not possible,
(ii) MDOF systems with so-called vibro-impact [24], (iii) systems with moving masses [25] or varying
boundary conditions (i.e., cable hangars of suspension bridges), (iv) friction-coupled systems (or systems
coupled by other nonlinearities) and it is highly likely that other cases exist. Therefore, the novelty of
this paper is in the extension of this approach for evaluation of nonlinear systems by quasi-linear ones for
these cases where the effect of the nonlinearity on the quasi-linear systems is not strictly depending on
the amplitude of the response (or more precisely, where triggering, which is introduced in Section 2, only
on amplitude level is not enough). This paper demonstrates examples (ii) and (iv) with a description
of the why it is necessary to define the quasi-linear systems with a general condition and not only the
amplitude level. Especially, example (iv) is conducted as an experimental study, which shows a case
of high relevance in the offshore sector, from where the funding of this research is received, specifically,
offshore platforms connected by bridges. The paper also demonstrates with this experimental setup,
how the proposed method can be useful when conducting a Structural Health Monitoring framework on

these type of systems. Moreover, an additional novelty of the proposed method is the ability to illustrate
relatively rapidly changing dynamic behaviour, which might not be discovered otherwise by conventional
methods such as spectrogram or waterfall plot [26] or wavelet-based methods [27–29].
The outline of the paper is as follows. Section 2 covers the description of the novel method and
Sections 3 & 4 presents examples of applying the method. The first example in Section 3 is a numerical
case study of a cantilever beam with a clearance and stopper at the tip, while Section 4 is an experimental
case study of two simple offshore platform-like models connected by a bridge creating a friction-induced
coupling. The paper is completed at the end with a conclusion in Section 6.

2. Method: Nonlinearity Optimised Random Decrement (NORD)
The proposed method is developed within the framework called Nonlinearity Optimised Random Decrement (NORD), which is a framework utilising the RD technique for modal analysis, nonlinearity detection
and assessment of nonlinear systems in the context of output-only experimental testing [30–32]. In the
present section, the method is described with focus on its application for modal identification of the type
of nonlinear systems discussed in the introduction.
The RD technique was originally introduced by Cole [33–35] in the late 1960s and early 1970s for
real-time damage detection by analysing the so-called signature of a single vibration signal. The original
publications of the RD technique were quite sparse on the theoretical analysis of the technique itself and
they were consequently supported by a mathematical basis in 1982 by Vandiver et al. [36]. Notably in
the mathematical basis by Vandiver et al. [36], a proportional relationship to the correlation function
was derived, which was later generalised by Brincker et al. [37] in 1992. Ibrahim et al. [15, 38] also
contributed to the development of the RD technique in the late 1970s and 1980s by extending the method
to multiple-input multiple-output (MIMO) systems by defining cross RD signatures. The latter enables
the estimation of full RD signature matrices similarly to full correlation function matrices in MIMO
OMA.
The main concept of the RD technique is to average out the effect of the system excitation (i.e.,
system input) on the system response and leave RD signatures, which are proportional to free decays
of the measured system. This concept can be explained by utilising the solution of the state space
equation of a linear MDOF oscillator in Eq. (1) [39]. By carrying out a sufficient number of averages,
the second term on the right-hand side goes towards zero, thus leaving a free decay from which the modal
parameters of the system can be estimated. This particular method, which has frequently been used for
identification of linear systems [20, 40–43], enables picking and sorting of very short segments (∼50-300
samples) of a given measured signal, thereby enabling the estimation of a free-decay of the nonlinear
system associated with the respective condition or state to which parameters of linear models can be
fitted.
Z t
z(t) = eAc (t−t0 ) z(t0 ) +
eAc (t−τ ) Ec w(τ )dτ
(1)
t0

where z(t) represents the vector of state variables, Ac is the system matrix, Ec is the mass scaling of the
load, w(t) is the excitation, t0 is the starting time, and τ is the time lag.
The proposed method for conditional linear system approximation of nonlinear systems can be divided into five main steps, as depicted by the block diagram in Fig. 1 and comprehensively described in
the following subsections. The outline is starting with a measurement of displacement (or higher order
measurement integrated into displacement) of a given dynamic system. In the first step, so-called triggering points of the measured signals are identified, which indicate the center of the response segments
that will be further processed in the following steps. In the second step, the triggering points are sorted
into sub-sets based on a defined condition. The number of sub-sets can vary depending on the sorting
condition. If the nonlinear system has two conditions of interest, the triggering points should be sorted
into two sub-sets and some triggering points should be discarded if they are not clearly related to one of
the conditions. The third and fourth step of the method is similar to the classical procedure for RD-based
system identification with minor, though important, differences, which are described in the respective
subsections. Nevertheless, the RD signatures are computed for each sub-set of the triggering points and
modal parameters are estimated from each set of RD signatures. In the fifth and last step, the modal
spectrum of each set of RD signatures is estimated and illustrated. By following the aforementioned
steps, the primary outcome of the proposed method is a conditional linear modal analysis of a nonlinear
system with an illustration of the (different) spectral content that can be found in the measured signals.

Step 1

Triggering condition

Identify Triggering Points (TP)
TLE
y(n)

y(n)

Step 2

Sub-sets of TP based on condition

Sorting condition

TLE
y co1 (n)

TLE
y co2 (n)

Step 3

Compute RD signatures of TP sub-sets
D̂co1
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OMA parameter est. method

D̂co2
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Step 4

Modal parameters cond. 1
Modal parameters cond. 2

OMA parameter estimation

Modal parameters cond. 1

Modal parameters cond. 2
Step 5

Fitting of modal participation and spectral plotting

Fig. 1 Block diagram depicting the main steps of the proposed method for a conditional linear approximation.
The boxes with a solid line describe the main steps of the proposed method with the outcome of the
respective step next to the arrow below. The boxes with a dashed line indicate possible user-choices.

2.1.

Step 1 - Identification of triggering points

As previously mentioned, the first step of the proposed method is to obtain the triggering points of the
signals, which then defines the center of the segments employed in the following steps. This is commonly
done by defining an amplitude band or an amplitude level of the response, i.e., defining a so-called
triggering condition, and subsequently selecting sampling points that are within the band or crossing the
amplitude level. The selection of sampling points (i.e., triggering points) can be defined in the following
general form [37].
GA
Ty(t)
= {a1 ≤ y(t) < a2 , b1 ≤ ẏ(t) < b2 }
(2)
where a1 , b1 and a2 , b2 are the upper and lower limits of the triggering band, respectively, y(t) is a time
signal, and {˙} denotes differentiation with respect to time t.
Throughout the last decades since the RD technique was published in 1968-1973, several different
triggering conditions have been proposed. The more common ones are Level Crossing [35], Positive Point
[40], Envelope triggering [21], and Local Extremum (LE) [18], which have been assessed and compared
by Vesterholm et al. [22]. The choice of triggering condition in the NORD framework depends on the
objective of the modal analysis. For example, if the objective is to analyse the system with respect to
the energy in the system, a triggering condition based on the amplitude level of the response would be
appropriate. In this paper, the Local Extremum triggering condition is proposed for the task at hand,
which is selecting amplitudes of the signal in a given band defined by the following equation and depicted
in the upper left plot of Fig. 2.
LE
Ty(t)
= {a1 ≤ y(t) < a2 , ẏ(t) = 0}

(3)

Moreover, Asmussen [41] assessed the quality of the RD signatures with respect to the chosen triggering
limits. He recommends only employing with caution a triggering level less than the standard deviation
of the signal. It is also recommended to carry out the triggering on both the positive and the negative
part of the signals as done in Fig. 2 to maximize the utilisation of the signals.

2.2.

Step 2 - Sorting of triggering points based on one or multiple conditions

The second step of the proposed method is the sorting and discarding of the triggering points obtained in
the first step. The concept of this step is to create sub-sets (i.e., groups) of triggering points, where the
dynamic system is behaving with respect to one or multiple user-defined conditions. One example could
be a cantilever beam with a stopper at the tip, which the beam hits when its oscillation becomes large
enough for the beam to reach the stopper (see the numerical case study in section 3). In this particular
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Fig. 2 Illustration of the first three steps of the NORD framework to achieve a conditional linear approximation.
The sorting condition is in this case entirely made for illustrative purposes.

case, one condition could be that the beam tip has not and will not hit the stopper within a certain
short time frame, while another condition could be the contrary. On that basis, the triggering points
could be grouped into two sub-sets, while some triggering points should be discarded for belonging to
mixed states. The upper right plot of Fig. 2 illustrates the sorting and discarding of triggering points.
Furthermore, the sorting conditions depend on the nonlinearity of the system under investigation, thus,
some prior knowledge of the nonlinearity is required before formulating these conditions. In this paper,
a numerical and an experimental case study are presented where the sorting conditions are discussed in
further detail for each respective case. Nevertheless, a rather general formulation of the sorting conditions
is provided by the following equation that evaluates the measured response time series in terms of the
associated conditions for the dynamic system.

Sub-set 1





Sub-set 2


..
Cd (n) =
.


Sub-set h




Discard

if y([n − Np , n + Np ]) ∈ condition 1
if y([n − Np , n + Np ]) ∈ condition 2

(4)

if y([n − Np , n + Np ]) ∈ condition h
otherwise

where h is the number of sub-sets, n is the discrete time step, and 2Np + 1 is the number of time steps
included in the sorting conditions, Cd (n). Notably in Eq. (4), the evaluation at a given discrete time step
depends on Np points before and after the point in question. This sliding nature is incorporated to ensure
that the entire segment, retrieved from a triggering point, is associated with the respective condition.
The latter entails that Np depends on the respective nonlinearity of the system under investigation.
According to the experience of the authors, a quite satisfactory performance is observed when including
approximately one to four periods of oscillation of the nonlinearity governing mode before and after the
triggering point in question.
Previous studies of the RD technique generally demonstrate that the classical RD signature is unbiased, see [35, 41, 44]. The sorting of the triggering points, however, might introduce bias as explained
and illustrated by Brincker et al. [44]. This bias appears when the majority of the employed response
segments are of the same nature, e.g. when mainly employing segments of response where the amplitude
level is either increasing or decreasing when moving away from the triggering point, which will results

in a residual of the second term on the right hand side in Eq. (1). However, using the suggested Local
Extremum triggering condition, the bias will mainly influence the damping estimates of the system [44].
Additionally, the bias is reducible to a minimum by triggering on both the positive and negative part
of the signals and averaging the positive and negative time lags of the obtained RD signatures. The
negative time lags of the RD signatures is the mirror image of the positive time lags for a linear system
excited by white noise. Therefore, the negative time lags can be mirrored onto the positive time lags
and averaged with the positive time lags to achieve both a higher utilisation of the information in the
measured signals and reduce any possible bias (the reader is referred to Brincker et al. [44] for more on
the possible inclusion of bias). Lastly, the proposed method operates in a quasi-linear manner, implying
that the estimates might be influenced by nonlinearities, which especially affects the damping estimates
of an assumed linear system. Thus, the damping estimates obtained by the proposed method might have
a lower reliability than the damping estimates obtained by regular unbiased correlation-driven OMA of
a purely linear and stationary case.

2.3.

Step 3 - Computation of RD signatures

In the third step of the proposed method, the RD signatures are computed in the classical manner, but
for each sub-set of the triggering points individually. By combining the definition of the RD signatures
from Vandiver et al. [36] with the definition of the sub-sets of triggering points, the following definition
of the conditional RD signatures is revealed.
h
i
Dycoi yj (τ ) = E yico (t + τ )|TyLE
(5)
co (t)
which results in the following matrix form with multiple measuring channels and multiple triggering
channels [15, 38]:
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co (t)
co (t) 

co
1
2
J


Dyy (τ ) = 
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co (t)
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where E is the expectation, j and J indicate the signal number and the total number of signals, respectively, for the signals where the triggering is conducted, and i and I indicate the signal number and the
total number of signals, respectively, for the signals where the extraction of segments is carried out. For
all cases presented in this paper, J is chosen to be equal to I.
Practically, the sampled measurements are finite data, therefore the RD signatures inevitably have to
be estimated discretely, which might be done by the following equation assuming the process is ergodic
[34]:
Nseg
1 X co
(7)
y (tn + τ )|TyLE
D̂ycoi yj (τ ) =
co (t )
n
j
Nseg n=1 i

where Nseg is the number of segments, i.e., the number of triggering points of the respective signal in
the respective sub-set. The employment of Eq. (7) is depicted in the two lower plots of Fig. 2. Eq.
(7) implies picking and overlaying of segments of the measured signal with the triggering points placed
at τ = 0. Subsequently, a mean value is obtained at each discrete time lag resulting in the final RD
signature, which are spanning both positive and negative time lags. Notably, only six segments have
been used in the estimation presented by the lower right plot of Fig. 2. By employing many segments,
the RD signature appears as a free decay.
The mathematical basis of the RD technique is described in the literature [36, 37, 40] and is therefore
considered out of the scope of this paper. Notably, by Vandiver et al. [36] and Brincker et al. [37] it
was derived and proved that the auto and cross RD signature is proportional to the correlation function,
Ryj yi , in the following manner assuming white noise excitation.
Dyi yj (τ ) =

Ryj yi (τ )
Ṙyj yi (τ )
ã −
b̃
2
σyj
σẏ2j

(8)

where
ã =

R a2

Ra1a2
a1

ypyj (y) dy
pyj (y) dy

R b2

b̃ = Rb1b2
b1

ẏpẏj (y) dẏ

(9)

pẏj (y) dẏ

and p is a density function. The sorting of the triggering points for a conditional linear approximation
violates the relationship of the RD signature to the correlating function in Eq. (8), since not all triggering
points in the defined band are employed. The relationship to the correlation function is, however, restored
by making the RD signature proportional to a conditional correlation function, i.e., a correlation function
describing a linear system obeying the defined condition. Thus, a relationship can be established between
the RD signature and a conditional correlation function in the following manner:
Dycoi yj (τ ) =

Rycoj yi (τ )
σy2co
j

ãco −

Ṙycoj yi (τ )
σẏ2co

(10)

b̃co

j

where σy2co (variance), σẏ2co , ãco , and b̃co are calculated from the part of the response associated with
j
j
the respective condition (evaluated by Eq. (4)). As described previously, it is suggested in the present
paper to use the Local Extremum triggering condition, which results in the RD signature being directly
proportional to the correlation function and not the derivative of the correlation function (i.e., b̃ = 0).
Thus, with the Local Extremum triggering condition, the scaled conditional RD signature becomes:
co
. Dyi yj (τ ) 2
Dyco.s
(τ
)
=
σyjco
i yj
ãco

(11)

With the definition of the scaled conditional RD signatures and their equivalence to the conditional
correlation functions, the link to classical correlation-driven OMA is straight forward. This particular
link enables the estimation of the conditional modal properties of the system by the correlation functions
and thereby the RD signatures have the form of free decays assuming white noise excitation [45]. This
relationship between the conditional modal parameters of the system and the scaled conditional RD
signatures can be described as follows:
Dco.s
yy (τ )

=

|(co)
Ryy
(τ )

M 
h
i

X
∗
.
co
|(co)
= E y (t + τ )y
(t) = 2π
ϕk γk| e−λk τ + ϕ∗k γkH e−λk τ
k=1

(12)
co



p
for τ ≥ 0 where ϕk is the mode shape of mode k, γk is the modal participation, λk = ωk −ζk + i 1 − ζk2
is the pole, ωk is the natural angular frequency, ζk is the damping ratio, i is the imaginary unit, M is
the number of modes, and ( )| , ( )H , and ( )∗ indicate the transpose, the Hermitian and the complex
conjugate, respectively.
It is important to mention that the conditions for which the triggering points are grouped into
sub-sets might only hold true for a few periods of motion of the mode in question, or might only be
asymptotically true towards time lag zero. If the modal parameters are estimated from the entire length
of the conditional RD signatures, the modal parameters will not solely be estimated based on information
relative to the defined condition. With this in mind, only the part of the RD signatures close to time
lag zero should be used when carrying out the modal parameter estimation.

2.4.

Step 4 - Parameter estimation

In the fourth step of the proposed method, the modal parameters are estimated from each set of RD
signatures. For this task, the choice of parameter estimation method is entirely up to the practitioner.
The authors have preferred to use the Eigensystem Realisation Algorithm by Pappa and Juang [46–48],
which is shortly described in the current subsection for completeness.
The Eigensystem Realisation Algorithm is based on the formulation of the RD signatures as a set of
free decays in the following state space format.
.
n
D̂co.s
yy (n) = Y(n) = PA U0

(13)

where n is the discrete time lag, P is the observation matrix, A = eAc ∆t is the discrete time system
matrix, and U0 = [u01 , u02 , ...] is the matrix containing the sets of initial conditions. Two block Hankel

matrices are then formed with s block rows. The second block Hankel matrix is time shifted one sample
step compared to the first block Hankel matrix.
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Y(ND − 1)
(14)
Utilising the sample time shift between the two block Hankel matrices, those matrices can be expressed
in the following manner by using Eq. (13).
H0 = OΓ,

H1 = OAΓ

(15)

where O and Γ are the so-called observability and controllability matrices, respectively. The Eigensystem
Realisation Algorithm parameter estimation method employs the Singular Value Decomposition (SVD)
on the first block Hankel matrix, H0 , and then estimates the observability and controllability matrices
from the obtained singular vectors, U and V, and the singular values, S:
√
√
(16)
H0 = USV|
⇒
Ô = U S , Γ̂ = SV|

Subsequently, the discrete time system matrix is simply found by rearranging the right equation in Eq.
(15) and employing the pseudo inverse (indicated by ( )+ ). A simple way to carry out the pseudo inverse
is to limit the outcome of the SVD, USV| , to the first m singular values corresponding to m/2 modes,
thus, obtaining a regular inverse problem of a reduced size:
Â = Ô+ H1 Γ̂+

⇒

Âm = S−1/2
Um H1 Vm S−1/2
m
m

(17)

Once the discrete time system matrix has been estimated, the modal parameters can be obtained
by applying the eigenvalue decomposition to the discrete time system matrix. The reader is referred
to Pappa and Juang [46–48] and Brincker and Ventura [3] for a detailed description. As explained in
Section 2.3, the conditional modal parameters should be estimated by only employing the part of the
conditional RD signatures close to lag zero. The authors have obtained reliable results when employing
approximately one to three periods of oscillation of the nonlinearity governing mode. Lastly, the proposed
method can be coupled with well-known methods of locating physical poles by stabilisation diagrams,
automated OMA, and similar. For the case studies in this paper, the authors have employed stabilisation
diagrams and averaged the stable poles of those assessed to describe a physical mode.

2.5. Step 5 - Spectra from modal parameters
In the fifth step of the proposed method, the modal participation is estimated in a least squares sense
from each set of conditional RD signatures. This particular fitting of the modal participation has been
introduced elsewhere [3] and is therefore only briefly discussed in this paper. Notably after fitting the
modal participation, the singular values of the response spectra can be plotted by the use of an analytical
formula, thereby revealing the (different) spectral content that can be found in the measured signal.
The estimation of the modal participation is based on the assumption of the RD signatures being
free decays as described in Section 2.3, thus enabling the formulation in the following discrete form:
Y| (n) = 2π

2M
X

k=1


n
γk ϕ|k eλk n∆t = 2πΓ [µk ] Φ|

(18)

where Φ and Γ are the mode shape matrix and modal participation matrix, respectively, both containing
complex conjugate pairs, and µk is a diagonal matrix [µk ] containing the discrete time poles µk = eλk ∆t .
A single block row Hankel matrix is arranged with the RD signatures and the modal information in Eq.
(18) is rearranged in a similar format.
h
i
0
1
N
H = [Y| (0), Y| (1), · · · , Y| (ND )] ,
MI = [µk ] Φ| , [µk ] Φ| , · · · , [µk ] D Φ|
(19)

By employing Eq. (19), Eq. (18) can be written in the following manner:
H = 2πΓMI

(20)

which enables the fitting of the modal participation with the obtained modal parameters from the fourth
step of the proposed method:
1
HM+
(21)
Γ̂ =
I
2π
The calculation of the modal participation enables plotting of the spectral content of the modal
identification and thereby also the modal spectral content of the (very) short segments of the measured
response signals. For this part, the authors recommend using the spectral residue form of the modal
decomposition obtained by assuming white noise excitation [3]:
Gyy (ω) =

M
X
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(22)

When studying the solution of the spectrum in Eq. (22), it is notable that only two of the four terms
describe the modal peaks of the spectrum for positive frequencies, while the remaining two describe the
peaks for negative frequencies [3]. Additionally, the magnitude of the modal peaks is described by the
real part of the modal participation. Based on those observations, the modal peaks of the spectra can
be estimated by employing the two terms describing the modal peaks for positive frequencies and the
real part of the modal participation in Eq. (22):
Ĝyy (ω) =

M ϕ∗ γ |
X
k r(k)

k=1

−iω − λ∗k

+

γr(k) ϕ|k
iω − λk

(23)

where γr(k) = <(γk ).
The proposed method for an OMA-based conditional linear approximation of nonlinear systems has
now been described in detail. In the following two sections, the method is demonstrated and assessed on
the basis of both a numerical and an experimental case study.

3.

Numerical case study

The proposed method is demonstrated and assessed on the basis of a numerical example of a cantilever
beam with a clearance and a stopper at the tip, see Fig. 3. This case is chosen based on its compliance
with the framework described in the introduction, where the conditional linear approximations can
together be used to describe the nonlinear behaviour of the true system or be employed to update or
create a nonlinear numerical model that fits each linear approximation with respect to the associated
conditions. Additionally, this case is also chosen based on its visual interchange between its two (userdefined) states; (i) no hitting of stopper, (ii) hitting of stopper. The visual interchanging behaviour and
the first state being entirely linear constitute a base for both illustration of the proposed method and an
assessment of the reliability of the identification results.
y1 (t)

y2 (t)

y3 (t)

y4 (t)

y5 (t)

Fig. 3 Schematic illustration of the finite element model with specification of measurement DOFs.

A finite element (FE) model is created by 20 Bernoulli-Euler 2D beam elements made of steel with
an accumulated length of 1.5m, a moment of inertia of 9.78 · 10−8 m4 , and a cross sectional area of
4.34 · 10−4 m2 . The stopper is placed at the tip of the beam with a clearance of 4mm and is considered
to have a stiffness of 6.5 · 106 N/m (375 times the stiffness of the beam at the tip). Five measurement
channels are placed at even distance along the beam and records displacements with a sampling frequency
of 1652Hz for T = 2 · 42/(f1 · ζ1 ) = 297s, which is twice the duration recommended by Tarpø et al. [49]
for classical correlation-driven OMA. The measurement duration is doubled herein since the objective
of the current study is to identify two systems from a single measurement. However, some triggering

points are discarded, which might entail that the chosen duration is rather short. Even so, the chosen
duration has been found to be sufficient for both the present numerical study and the experimental
one in Section 4. Moreover, the simulation is conducted in a time-stepping fashion (described in the
following paragraph) with a time step of 3.788 · 10−5 s, and the model is excited by uncorrelated Gaussian
white noise with a standard deviation of 100N in the five measurement degrees-of-freedom (DOFs). The
simulation is accommodating the three lowest modes, which have their natural frequencies and damping
ratios (proportional
damping [50]) listed in Table 1. The remaining 37 modes are assigned a damping
√
ratio of 1/ 2, thereby only considering their quasi-static contribution to the response. Only three modes
are included for an increasing comprehensibility of the study. Including additional modes have not been
found to affect the outcome.
The simulations are carried out by firstly formulating the equilibrium system of second-order differential equations in the following manner:
Mÿ(t) + Cẏ(t) + Ky(t) + Bfs (y) = w(t)

(24)

where M, C, and K are the mass, viscous damping, and stiffness matrices, respectively, B is a placement
matrix of the nonlinear forces, fs . The simulations are then performed by time-stepping through the
response using the Newmark integration method and iteration the nonlinear forces when the stopper is
reached by the beam tip [51, 52].
The second step of the proposed method is the sorting of the triggering points based on known
conditions. In the present case, the triggering points are sorted into two sub-sets relevant for the beam’s
defined states ((i) no hitting of stopper, (ii) hitting of stopper), and some are discarded for being
associated with mixed states. The sorting condition can be formulated in the following manner:





Sub-set 1 if 3.0mm <
max
|y5 (n)| < 3.9mm


{n∈[n−Np ,n+Np ]}



(25)
Cd (n) = Sub-set 2 if 4.75mm <
max
|y5 (n)|


{n∈[n−N
,n+N
]}

p
p


Discard
Otherwise

When carrying out the conditional linear approximation, Np is set to 175, which is approximately equal
to two periods of oscillation of the first mode. Moreover, it is important to mention that it is not enough
to only trigger on the amplitude level for this case. Even if an amplitude is smaller than the distance to
the stopper, the beam tip might have reached the stopper half a period of oscillation before, or will reach
it shortly after. An even larger complication is the amount of modes in the response. An amplitude
defined by Eq. (3) at a given point in time might belong to an amplitude of a higher mode, while a lower
mode will increase the total response and the beam tip will hit the stopper within the same period of
motion. Thus, the sorting condition is the key to reliable estimation results.
The aforementioned possibility of introducing bias with the sorting of the triggering points in the
second step is exemplified in the current case study. Consider a triggering point at time-step n that
might belong to sub-set 1 with a given magnitude within the clearance of the stopper. This particular
triggering point is only included in sub-set 1 if the amplitude does not exceed 3.9mm within the interval
of [n − Np , n + Np ] points (not considering the lower limit of 3.0mm at this point). In turn, this criteria
will exclude segments with a relative high increase of the amplitude level from the triggering point
towards the beginning and end of the segments. In this way, the RD signatures become more influenced
by segments with a high decrease of the amplitude level from the triggering point towards the beginning
and end of the segments, which will lead to an overestimation of the damping in the resulting system
identification (as described for the second step of the proposed method in Section 2). In order to reduce
this bias, the lower limit of 3.0mm in Eq. (25) is simply included to balance the amplitude change of
the employed segments. Additionally, chosing the interval [n − Np , n + Np ] to be small by selecting a
small Np can also reduce the bias, since less segments are excluded due to less possible change of the
amplitude level.

3.1.

Results of the numerical case study

One simulation was performed from which the singular values of the spectral matrix are plotted in Fig.
4 together with a representative section of the normalised displacement response of the fifth DOF with
colour-based indication of when Cd (n) is equal to sub-set 1 (red), sub-set 2 (yellow), and discard (blue).
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Fig. 4 Simulation: (left) singular values of the spectral matrix and (right) representative section of normalised
displacement response of the fifth DOF with indication by the colour of the response when Cd (n) is equal
to sub-set 1 (red), sub-set 2 (yellow), and discard (blue).
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The five steps of the proposed method for a conditional linear approximation were applied to the
simulated response of the five measurement DOFs. Regarding the first step, the triggering band was
chosen to be [a1 = 0.75, a2 = 3.5] · σ (σ being the standard deviation of the triggered signal). In the
second step, the triggering points were sorted and some were discarded according to the condition defined
by Eq. (25). After the sorting, the sub-set for the no hitting state contained 10,000 to 23,000 triggering
points for each of the five signals and the hitting state consisted of 2,500 to 8,000 triggering points. In
the third step, two scaled RD signature matrices were computed according to Eqs. (6), (7) and (11), one
for each sub-set of the triggering points. For the fourth and fifth step of the proposed method, 175 time
lags were included for the no hitting state and 150 time lags for the hitting state, both of them being
approximately equal to two periods of oscillation of the first mode. The obtained results in terms of
stabilisation diagrams with the estimated modal spectra (Eq. (23)) are presented in Fig. 5. Moreover,
Table 1 lists the natural frequencies, damping ratios, and cross modal assurance criterion (MAC) values
[53, 54] between the mode shapes of the linear FE model and the identifications.
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Fig. 5 Simulation: stabilisation diagram from the identification of the linear modes when the beam tip is not
hitting the stopper and approximated linear modes when the beam tip is hitting the stopper, respectively,
from the one measurement with interchanging states.

The natural frequencies, damping ratios, and MAC-values listed in Table 1 highlight an agreement
between the modal parameters identified for the no hitting state and the linear FE model. On the other
hand, the natural frequencies and damping ratios identified for the hitting state are found to be higher

compared to the ones of the linear FE model. The system in the hitting state is behaving nonlinearly
and hence, the estimated linear system can only be interpreted as an approximation of the nonlinear
system when it is hitting the stopper, leading, in turn, to those deviations in the modal parameters. The
results of the conditional linear approximation presented throughout this section highlights the successful
performance of the proposed method, which enabled the estimation of two linear models; (i) the linear
FE model and (ii) a linear model characterising the effects on the modal parameters of the beam hitting
the stopper.
Table 1 Natural frequencies, damping ratios, and cross MAC-values (between the mode shapes of the FE model
and the identifications) from the identifications of the linear modes when the beam tip is not hitting the
stopper and approximated linear modes when the beam tip is hitting the stopper, respectively, from the
one measurement with interchanging states.

Mode
1
2
3

3.2.

Linear FE model
fn [Hz] ζn [%]
18.84
1.5
118.1
1.5
330.7
1.5

NORD:
fn [Hz]
18.84
118.1
331.0

no hitting state
ζn [%] MAC [-]
1.47
1.000
1.49
1.000
1.36
1.000

NORD: hitting state
fn [Hz] ζn [%] MAC [-]
19.75
2.1
1.000
118.4
2.7
0.999
330.4
1.8
0.999

Comparison with classical correlation-driven OMA

To emphasize the suitability of the proposed method, the results obtained by the proposed method are
compared to those of employing classical correlation-driven OMA. The latter was facilitated herein by
estimating an unbiased correlation function matrix of the simulated response by using one shot discrete
Fourier transforms [55]. The algorithm proposed by Tarpø et al. [56] was adopted to reduce the statistical
errors of the estimated correlation functions. The modal parameters were then estimated by employing
the fourth step of the proposed method (i.e., the Eigensystem Realisation Algorithm) to the estimated
correlation functions. The estimates of the modal parameters, listed in Table 2, show that the classical
correlation-driven OMA fail to identify the linear FE model of the cantilever beam, which is quite
natural when the response of the cantilever beam enters the nonlinear regime. However, by employing
the proposed method, the linear FE model can be identified together with a characterisation of the effect
on the modal parameters when the cantilever beam is hitting the stopper.
Table 2 Natural frequencies, damping ratios, and cross MAC-values (between the mode shapes of the linear FE
model and the identification) obtained by classical correlation-driven OMA.

Mode
1
2
3

fn [Hz]
19.11
118.2
330.7

OMA
ζn [%]
2.4
1.6
1.5

MAC [-]
1.000
1.000
1.000

4. Experimental case study
The proposed method for a conditional linear approximation is demonstrated on the basis of an experimental case study, which is including the nonlinear behaviour of two scaled offshore platform-like models
that are connected by a wooden bridge (Fig. 6). The latter creates a friction-induced coupling that
causes the two models to respond independently (i.e., one separate vibration mode for each model in
the direction of the bridge), as a coupled system (i.e., one common vibration mode for both platforms
in the direction of the bridge), or as a mix of the two. The dynamic behaviour of the models with the
uncoupled modes will be hereafter referred to as the slip state and the coupled mode will be referred
to as the stick state, both referring to the governing state of the friction-induced coupling. The simple
platform models, already used by Friis et al. [57] to investigate the effect of the friction-induced coupling
on the modal properties identified by classical OMA, consist of two square 5mm steel plates measuring
30cm and 40cm, respectively. Both plates are supported by solid square steel columns with an 8mm
cross section placed 5cm from each corner. The columns have a length of 60cm and are fixed at both

top and bottom. Additionally, the friction-induced coupling is created by a 70 × 10 × 0.5cm wooden
bridge, which is supported by three bolts and loosely placed on top of the platforms in steel fixtures.
The platforms are excited in six points by pneumatic actuators that apply uncorrelated excitation with
an approximately flat spectral density ranging from 2Hz up to 20Hz. The frequency content of the
excitation is generated by opening and closing each valve independently by a computer controlled system. The excitation magnitude, on the other hand, is adjusted by changing the nozzle diameter and
the distance from the nozzle to the models. Moreover, accelerations are measured by six piezoelectric
IEPE accelerometers and a multiple-channel acquisition system that converts the data from analogue to
digital format with a sampling frequency of 1651.67Hz. Subsequently, the measured accelerations are
down-sampled to 412.9Hz and integrated twice to displacements in the frequency domain (the reader is
referred to Brandt and Brincker [58] for a detailed description of the integration procedure). Positions
of the accelerometers and the pneumatic actuators are illustrated in Fig. 6. Lastly, the duration of the
tests is set to T ≈ 2 · 42/(f1 · ζ1 ) ≈ 2, 380s, which is again twice the recommended duration in Tarpø et
al. [49]. Further details of the experimental set-up can be found in Friis et al. [57].
Accelerometer
Pneu. actuator

Fig. 6 Photos of experimental set-up (left) and schematic illustration of sensor and excitation layout (right).

The conditional linear approximation aims at identifying both the slip and stick state from one
measurement, where both of these two performance states are interchanging. Since the friction forces in
the bridge connections does not depend on the absolute response amplitude but the relative movement
of the platforms, reliable results when purely triggering on amplitudes are suspended and the proposed
method is required. In order to compute the conditions, the movement of the center of each platform
parallel to the bridge is firstly calculated by assuming the diaphragms to be rigid. Subsequently, the
correlation of this movement of the platforms is computed and analysed in order to define time instances
of slip and stick state, respectively. The correlation is quantified by the use of the Pearson correlation
coefficient [59]:
2
σxy
E [xy] − E [x] E [y]
q
ρxy =
=q
(26)
σx σy
2
2
E [x2 ] − (E [x]) E [y 2 ] − (E [y])
The correlation coefficient is considered in discrete form, i.e., sample correlation coefficient, and made
as a sliding function similarly to the definition of the condition in Eq. (4).
ρxy (n) =

n+Nρ
1 X (x(n) − x̄(n)) (y(n) − ȳ(n))
2Nρ
sx (n)sy (n)
n−Nρ

(27)

where the sliding sample standard deviation, sx (n), and the sliding sample mean, x̄(n), are given by:
v
u
n+Nρ
n+Nρ
u
X
1
u 1 X
2
(x(n) − x̄(n)) ,
x̄(n) =
x(n)
(28)
sx (n) = t
2Nρ
2Nρ + 1
n−Nρ

n−Nρ

and Np is the discrete length of the sliding condition. Practically for the experimental results presented
herein, Np is equal to 175, which is approximately equal to three periods of oscillation of the coupled
mode.
With the definition of the sliding correlation coefficient in Eq. (27), the condition for which the
triggering points are sorted can be established. For the results presented herein, triggering points with a
sliding correlation coefficient in the interval of [−0.1, 0.1] are grouped in a sub-set for the conditional linear
approximation of the slip state. At the same time, triggering points with a sliding correlation coefficient
in the interval of [0.9, 1] are grouped in a second sub-set for the conditional linear approximation of the
stick state. In other words, a correlation coefficient of zero is equal to an uncorrelated movement while
a correlation coefficient of one is equal to a correlated in-phase movement. Triggering points with a
correlation coefficient outside these intervals are discarded since the corresponding response segments do
not transparently describe a specific (either stick or slip) state. This sorting condition can be formulated
in the following manner:


Sub-set 1 if |ρxy (n)| < 0.1
Cd (n) = Sub-set 2 if ρxy (n) > 0.9
(29)


Discard
Otherwise

Three tests were conducted with the described experimental set-up, where the intensity was, respectively for each test, set to; high, intermediate, and low intensity. At high intensity excitation, the
platforms were mainly oscillating independently with the addition of friction damping. At low intensity,
the platforms were experiencing coupled oscillation, while both performance states were present with the
intermediate intensity of excitation. For all the tests, the displacement was calculated for the movement
of the center of the platforms in the direction of the bridge, while the sliding correlation coefficient was
computed by Eq. (27). The singular values of the spectral matrices of the three tests are plotted in
Fig. 7 together with the sliding correlation coefficient. It is notable that the correlation coefficient has
a mean value close to zero, when the friction-induced coupling is mainly in slip state, and a mean value
close to one, when the friction-induced coupling is mainly in stick state. For the case with interchanging
states, the sliding correlation coefficient has values ranging from around zero to one.

4.1. Reference states of the experimental case study
Before carrying out the conditional linear approximation, the modes of these states were identified by
classical correlation-driven OMA of the two tests, where they were respectively governing the response.
The classical correlation-driven OMA was again carried out as described in Section 3.2. The identified
modal frequencies and damping ratios are listed in the left part of Table 3 and will be, hereafter, considered as the reference results to assess the performance of the proposed method in terms of identifying
both the slip and the stick state, respectively, from the response of the test with interchanging states.
From these identified modal frequencies and damping ratios of the reference tests, it is observed that
the reference states have the aforementioned reduction in the number of modes, by modes 2 and 3 in one
test becoming one common mode 2/3 in the other. Additionally, it is observed that these results have a
minor variation between the tests in the natural frequencies and damping ratios of the remaining modes.
The latter is attributed to the difference between the two tests in terms of both the response level and in
terms of the mechanics of the friction-induced coupling of the two platforms, e.g. different contribution
of stiffness and mass from the bridge.

4.2. Results of the experimental case study
The proposed method was applied to the test with interchanging states illustrated by the center column
plots in Fig. 7 in order to carry out two conditional linear modal estimates from this one measurement.
Notably, for the first step of the proposed method where the triggering points were identified, a triggering
band of [a1 = 1, a2 = 2.5]·σ was employed. In the second step, the triggering points were sorted and some
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Fig. 7 Experiment: singular values of the spectral matrix (top) and sliding correlation of the movement of the
center of the two platforms in the direction of the bridge (bottom). Each column represents one of the
three considered cases.

were discarded based on the condition provided by Eq. (29). After the sorting, the sub-sets included
an amount of triggering points ranging from 1,700 and 370 for each of the six signals for the slip and
stick state, respectively, to more than 20,000 for both states. In the third step, two scaled RD signature
matrices were computed according to Eqs. (6), (7) and (11), one for each sub-set of triggering points.
Finally, the fourth and fifth step were carried out to obtain the stabilisation diagrams, which are plotted
in Fig. 8 together with the spectral content of the modal identification (Eq. (23)). It is noted that 80
time lags were used for the identification of the slip state (approx. 120% and 150% of the first periods of
the two affected modes, respectively) and 50 time lags were used for the identification of the stick state
(approx. 80% of the first period of the coupled mode). Fewer time lags were used to identify the stick
state since the instances where the dynamic behaviour of the platforms could be contributed to the stick
state appeared shorter. As previously mentioned, the key of the fourth step is to use the part of the
estimated RD signatures close to time lag zero in order to ensure that the identified modal properties
are as similar as possible to ones that satisfy the specified condition.
Analysing the results of the identification aimed at estimating both the slip and stick state from the
response with interchanging states, which are illustrated by the stabilisation diagrams in Fig. 8 and
listed in the right part of Table 3, it is found that the results are clearly different regarding the modes
affected by the friction-induced coupling. In the stabilisation diagram for the slip state, two pairs of
closely spaced modes are found in the first half of the frequency range, just as two pairs of peaks are
found in the first half of the frequency range in the upper left plot in Fig. 7, which is showing the spectral
content of the test governed by uncoupled motion. The same correspondence is found with three peaks
in the first half of the frequency range in the stabilisation diagram targeting the stick state and in the
upper left plot in Fig. 7, which is displaying the spectral content of the test governed by coupled motion.
These observations demonstrate that both the slip and stick state are present in the response, which was
not revealed by the spectrum in the upper middle plot in Fig. 7. Plotting the modal spectral content
of the identification in the proposed manner (step five) proves to be a useful way of discovering and
illustrating the different spectral content that can be found throughout the measurement. Had one of
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Fig. 8 Experiment: stabilisation diagram from the conditional identification of the linear modes approximating
the slip state and the stick state, respectively, from the one measurement with interchanging states.

the identified modes not been present, the size of the respective peak would have been insignificant due
to an insignificant modal participation.
Additionally, an agreement is generally observed when comparing the modal frequencies and damping
ratios in Table 3 of the conditional linear approximation to the corresponding ones of the reference states.
Among these, a minor difference is observed between the modes affected by the friction-induced coupling.
This particular difference is assumed to originate from the difference in amplitude level between the tests
and the difficulty of identifying states that correspond exactly to the ones of the reference tests. The
frequencies of the modes less affected by the friction-induced coupling are found to be close to mean
values of the two reference tests, which is agreeing with the intermediate amplitude level of the test
with interchanging states. Nonetheless, the estimated damping ratios of the two modes affected by the
friction-induced coupling in slip state, obtained with the proposed method, have higher values compared
to the damping ratios of the reference slip state. This difference is expected when the amplitude level is
decreasing when dealing with nonlinear damping such as friction-induced damping.
Table 3 Identified natural frequencies and damping ratios from the two reference tests and from the one measurement with interchanging modes (interchanging modes are marked blue).

Mode
1
2
2/3
3
4
5
6

OMA of reference states
Mainly slip state Mainly stick state
fn [Hz] ζn [%] fn [Hz]
ζn [%]
6.346
0.72
6.375
0.52
6.435
1.52
6.955
3.85
7.956
2.75
8.006
0.64
8.048
0.45
10.86
0.52
10.83
0.59
15.13
0.96
15.19
2.21

Mode
1
2
2/3
3
4
5
6

NORD of interchanging states
ID slip state
ID stick state
fn [Hz] ζn [%] fn [Hz] ζn [%]
6.361
0.54
6.361
0.48
6.402
6.08
6.918
3.08
7.918
5.81
8.026
0.49
8.029
0.48
10.84
0.65
10.83
0.62
15.18
0.97
15.16
0.84

The mode shapes of the two states identified by the proposed method (Fig. 9) were compared to the
ones identified from the reference states by the MAC, which is shown in Fig. 10. From this comparison,
a quite satisfactory agreement is found with high MAC-values ranging from 0.979 to 1.000. The lower
MAC values, two times 0.979, are considered to be caused by statistical errors in the identification process
and the aforementioned difficulties in the identification.

4.3. Extended results of the experimental case study considering eight tests
The preceding section presented results obtained by using the proposed method for a conditional linear
approximation of the experimental set-up based on a single measurement. In the current section, however,
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Fig. 9 Mode shapes from the conditional linear approximation of the one measurement with interchanging modes.
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Fig. 10 Cross-MAC of the identified mode shapes from the two reference tests and from the one measurement
with interchanging modes, respectively.

eight tests are analysed, where only the magnitude of the excitation is varied among the tests. This
particular study is conducted to demonstrate the application of the proposed method in a Structural
Health Monitoring framework, where the method can minimise the aforementioned variation of the
identified modal parameter induced by the nonlinearity. In this case, test number 1 has the highest
magnitude of the excitation, and is thus associated with the lowest relative effect of the friction forces.
The magnitude is then test-wise decreased from test 1, resulting in test number 8 having the lowest
magnitude of the excitation and the highest effect of the friction forces. Specifically, the average of the
standard deviations of the displacement response of the two measurement DOFs parallel to the bridge
ranges from 4.06 × 10−4 m in test 1 to 1.21 × 10−4 m in test 8. Additionally, the frequency content of the
excitation is kept as consistent as possible for all tests.
Fig. 11 shows the singular values of the spectral matrix of the eight tests as a waterfall plot. Furthermore, for all eight tests, the modal parameters were estimated using classical correlation-driven OMA
again as described in Section 3.2, and the resulting estimates of natural frequency and damping ratio
for all tests are plotted in Fig. 12. From these results, it can be seen that the dynamic characteristics
of the platforms are changing with the changing magnitude of the excitation. Especially notable from
the natural frequencies in Fig. 12 and the number of peaks in Fig. 11 (together with an assessment of
MAC values), modes 2 and 3 are merging into the previously discussed common mode 2/3, while the
natural frequencies of the remaining modes seem relatively unaffected. The damping ratios of modes 2
and 3, plotted in Fig. 12, are also affected by the changing excitation conditions. For these modes a
nonlinear increase is found for the damping ratio as a function of the test number from test 1 and up
to the merging point, from where the damping ratio decreases again. This particular variation of the
damping is comparable to the existing knowledge of friction damping, where the highest effect of the
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Fig. 11 Waterfall plot of the singular values of the spectral matrix of the eight tests with decreasing magnitude
of the excitation.

friction forces on the damping ratio is obtained when the relative friction force is as high as possible
with some slippage still occurring between the sliding surfaces. Moreover, an increase in the damping
ratio of mode 6 is also observed with the decreasing magnitude of the excitation. With mode 6 being
the rotational mode of the smaller platform and the bridge having two legs placed on this platform, each
one with a small distance to the rotation centre, such an increase is considered to be expected.
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Fig. 12 Linear approximation using classical correlation-driven OMA in terms of natural frequency and damping
ratio of the eight tests with decreasing excitation intensity.

The same eight tests were also analysed with the proposed method for a conditional linear approximation using the same parameters of the identification as described in Section 4.2, i.e., triggering level,
sorting condition etc., from which the resulting estimates of natural frequency and damping ratio for
all tests are plotted in Fig. 13. With this approach, as previously described, two linear systems are
estimated for each test, where only one system is estimated with the classical correlation-driven OMA
approach. One apparent requirement for this to be possible, however, is that both states should be
present in the respective time series with amplitudes within the triggering band. In the current study,

it was possible to estimate both states in tests 3 to 8, but not in the first two tests, and therefore only
results of tests 3 to 8 are available in Fig. 13.
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Fig. 13 Conditional linear approximation in terms of natural frequency and damping ratio of the eight tests with
decreasing excitation intensity.

Notable from the results achieved by the conditional linear approximation and presented by Fig.
13, is the consistent estimation of six and five modes for the identification aiming at slip and stick
state respectively. Additionally, the estimated natural frequencies of both systems have a relatively low
variation, while the damping ratios show variation for the friction-affected modes. For the identified
system representing the slip state, the damping ratios of the friction-affected modes 2, 3 and 6 are
increasing with the decreasing magnitude of the excitation. For the identified system representing the
stick state, on the other hand, the friction-affected modes 2/3 and 6 show a variation in the damping
ratio, but not with a clear trend. In contrast, modes 1, 4 and 5, which are the modes that do not seem
to be affected by the friction force, show consistent values for both the natural frequency and damping
ratio.
Finally, a comparison can be conducted by analysing the presented results in Figs. 12 and 13.
For modes 1, 4, and 5, which are relatively unaffected by the friction forces, and mode 6, which is
moderately affected by the friction forces, a good agreement is found between the results of the two
different approaches, especially for the estimated natural frequencies. For modes 2, 3 and 2/3, however,
the results are naturally different between the one set of results identified by the classical correlationdriven OMA approach and the two sets identified by the proposed method for a conditional linear
approximation. Nonetheless, when comparing the results obtained by the classical correlation-driven
OMA approach when the system is primarily in slip state, tests 1 to 4, and primarily in stick state, tests
6 to 8, respectively with the results of the slip and stick state obtained by using the proposed method,

the agreement is high. Again the comparability is especially high for the estimated natural frequencies,
although with a small deviation.
The extended results of this experimental study show one of the main motivations mentioned in
the introduction for the development of the proposed method. Assuming that one were to conduct
a Structural Health Monitoring campaign on the experimental set-up, it would be necessary to deal
with the additional variation of the dynamic characteristic that would be present due to the inevitable
changing excitation conditions and the friction-induced coupling (illustrated by Fig. 12). If damage is
detected based on changes in the natural frequencies, this variation of the dynamic characteristic would
culminate in false indications of damage. By employing the proposed method, however, this additional
variation can be omitted by conducting the Structural Health Monitoring campaign with respect to the
two user-defined conditions, for which the natural frequencies no longer change significantly with the
excitation conditions (illustrated by Fig. 13).

5. Conclusion
The modal properties of oscillating dynamic systems can be identified from measured responses by Operational Modal Analysis (OMA). To overcome a part of the limitation of OMA to linear systems, the
present paper proposes a method based on the Random Decrement technique within the framework Nonlinearity Optimised Random Decrement (NORD) for an OMA-based conditional linear approximation of
nonlinear systems in a quasi-linear sense. The proposed method was thoroughly described and assessed
through its application to response measurements obtained by: (i) a simulation of a cantilever beam with
a clearance and stopper at the tip, and (ii) experimental tests of two simple four-legged platform models
connected by a friction-induced coupling stemming from a sliding bridge. Based on these studies, the
following main conclusions are drawn:
• The results from the simulation study showed that the proposed method can identify the underlying
linear system (i.e., modal properties of the linear finite element model) of the cantilever beam from
the simulated response despite the fact that the beam was oscillating in the nonlinear regime
during the simulation. Additionally, the proposed method was able to identify a linear model
characterising the effects on the modal parameters of the beam hitting the stopper.
• The results of the experimental study revealed the ability of the proposed method to identify, from
one measurement, two sets of quasi-linear modal parameters of the platforms corresponding to
the dynamic behaviour of the coupled and uncoupled states of the platforms. An agreement was
found between the modal parameters obtained by applying the proposed method to one measurement, where both states contributed to the response, and modal parameters obtained by classical
correlation-driven OMA of two different measurements, where the two states were respectively
governing the dynamic behaviour. It was also found that plotting the modal spectral content of
the identification in the proposed manner (step five) provided means to discover and illustrate the
different spectral content that was found throughout the measurement. Moreover, the method
alleviated the variations of the approximated modal properties with the response level as indicated
by comparing the results of the proposed method, applied to eight additional tests, with the results
from classical correlation-driven OMA.
• The two studies showed results obtained by the proposed method, which can be useful in practical
applications. The two linear modal models estimated from the cantilever beam are advantageous
when assessing the underlying linear system in a Structural Health Monitoring framework or updating a Finite Element model of the dynamic system. The same is the case for the experimental
model of the two platforms. For this case, the usefulness was especially demonstrated with respect
to a Structural Health Monitoring framework, where the proposed method minimised the variability of the natural frequencies that would otherwise cause great complication when detecting
possible damage.
Based on the results of the numerical and experimental study it is concluded that the proposed method
enables a conditional linear approximation of a class of nonlinear systems. Nevertheless, the reliability
might naturally be decreased compared to classical correltion-driven OMA of purely linear systems
considering the possibility of including bias on the damping estimates with the proposed method and the
inevitable fact that nonlinearities are involved. Moreover, the development of the method could benefit

from further work where the method is applied to systems excited by loading that is less broadband than
the white noise used herein and to larger and more complicated systems.

Acknowledgements
The authors acknowledge the funding received from the Centre for Oil and Gas - DTU/Danish Hydrocarbon Research and Technology Centre (DHRTC). The authors gratefully acknowledge Astrid Greve
Rokne, Antonios Orfanos, and Sandro Amador for their assistance in development of the experimental
setup.

References
[1] B. Peeters and G. D. Roeck. Stochastic system identification for operational modal analysis: A review.
Journal of Dynamic Systems, Measurement and Control, Transactions of the Asme, 123(4):659–667, 2001.
doi: 10.1115/1.1410370.
[2] E. Reynders. System identification methods for (operational) modal analysis: Review and comparison.
Archives of Computational Methods in Engineering, 19(1):51–124, 2012. doi: 10.1007/s11831-012-9069-x.
[3] R. Brincker and C. Ventura. Introduction to Operational Modal Analysis. John Wiley & Sons Ltd, 2015.
[4] K. Worden and G. R. Tomlinson. Nonlinearity in Structural Dynamics: Detection, Identification and Modelling. CRC Press, 2000.
[5] J. J. Thomsen. Vibrations and Stability: Advanced Theory, Analysis, and Tools. Springer Verlag, 2003.
[6] G. Kerschen, K. Worden, A. F. Vakakis, and J.-C. Golinval. Past, present and future of nonlinear system
identification in structural dynamics. Mechanical Systems and Signal Processing, 20(3):505 – 592, 2006.
[7] K. Worden, C. R. Farrar, J. Haywood, and M. Todd. A review of nonlinear dynamics applications
to structural health monitoring. Structural Control and Health Monitoring, 15(4):540–567, 2008. doi:
10.1002/stc.215.
[8] J. P. Noël and G. Kerschen. Nonlinear system identification in structural dynamics: 10 more years of
progress. Mechanical Systems and Signal Processing, 83:2–35, 2017. doi: 10.1016/j.ymssp.2016.07.020.
[9] D. Anastasio and S. Marchesiello. Free-decay nonlinear system identification via mass-change scheme. Shock
and Vibration, page 1759198, 2019. doi: 10.1155/2019/1759198.
[10] A. Bajric and J. B. Høgsberg. Estimation of hysteretic damping of structures by stochastic subspace identification. Mechanical Systems and Signal Processing, 105:36–50, 2018.
[11] O. Scussel and S. Da Silva. Output-only identification of nonlinear systems via volterra series. Journal of
Vibration and Acoustics, Transactions of the Asme, 138(4):041012, 2016. doi: 10.1115/1.4033458.
[12] Y. S. Lee, A. F. Vakakis, D. M. McFarland, and L. A. Bergman. A global-local approach to nonlinear system identification: A review. Structural Control and Health Monitoring, 17(7):742–760, 2010. doi:
10.1002/stc.414.
[13] H. Ebrahimian, R. Astroza, J. P. Conte, and C. Papadimitriou. Bayesian optimal estimation for output-only
nonlinear system and damage identification of civil structures. Structural Control and Health Monitoring,
25(4):e2128, 2018. doi: 10.1002/stc.2128.
[14] S. R. Ibrahim. Time domain quasi linear identification of nonlinear dynamic systems. AIAA Journal, 22(6):
817–823, 1984.
[15] S. R. Ibrahim, K. R. Wentz, and J. Lee. Damping identification from non-linear random responses using
a multi-triggering random decrement technique. Mechanical Systems and Signal Processing, 1(4):389–397,
1987.
[16] A. P. Jeary. Establishing non-linear damping characteristics of structures from non-stationary response
time-histories. The Structural Engineer, 70(4):61–66, 1992.
[17] A. P. Jeary. The description and measurement of nonlinear damping in structures. Journal of Wind Engineering and Industrial Aerodynamics, 59(2):103 – 114, 1996. doi: https://doi.org/10.1016/0167-6105(96)00002-5.
[18] Y. Tamura and S. Suganuma. Evaluation of amplitude-dependent damping and natural frequency of buildings
during strong winds. Journal of Wind Engineering and Industrial Aerodynamics, 59(2-3):115–130, 1996.
[19] Y. Tamura and A. Yoshida. Amplitude dependency of damping in buildings. Structures Congress, 2008.
[20] A. Xu, Z. Xie, M. Gu, and J. Wu. Amplitude dependency of damping of tall structures by the random
decrement technique. Wind and Structures, 21(2):159–182, 2015.
[21] Z. Huang and M. Gu. Envelope random decrement technique for identification of nonlinear damping of tall
buildings. Journal of Structural Engineering, 142(11), 2016.
[22] K. K. Vesterholm, R. Brincker, and A. Brandt. Linearization of modal parameters in duffing oscillator
using the random decrement technique. Proceedings of the International Conference on Noise and Vibration
Engineering and the International Conference on Uncertainty in Structural Dynamics (ISMA-USD), pages
2673–2686, 2018.

[23] K. K. Vesterholm, T. Friis, E. Katsanos, R. Brincker, and A. Brandt. Output-only estimation of amplitude
dependent friction-induced damping. Conference Proceedings of the Society for Experimental Mechanics
Series (IMAC), pages 17–25, 2019.
[24] R. A. Ibrahim. Vibro-impact dynamics: modeling, mapping and applications. Springer-Verlag Berlin Heidelberg, 2009.
[25] A. G. Poulimenos and S. D. Fassois. Output-only stochastic identification of a time-varying structure via
functional series tarma models. Mechanical Systems and Signal Processing, 23(4):1180 – 1204, 2009. ISSN
0888-3270. doi: 10.1016/j.ymssp.2008.10.012.
[26] A. V. Oppenheim, R. W. Schafer, and J. R. Buck. Discrete-time signal processing. Prentice-Hall Internat.,
1999. ISBN 0137549202, 0130834432.
[27] D. Newland. An introduction to random vibrations, spectral and wavelet analysis. Longman Scientific &
Technical, 1993.
[28] R. Ghanem and F. Romeo. Wavelet-based approach for the identification of linear time-varying dynamical
systems. Journal of Sound and Vibration, 234(4):555–576, 2000. doi: 10.1006/jsvi.1999.2752.
[29] R. Yan and R. X. Gao. Multi-scale enveloping spectrogram for vibration analysis in bearing defect diagnosis.
Tribology International, 42(2):293–302, 2009. doi: 10.1016/j.triboint.2008.06.013.
[30] K. K. Vesterholm, R. Brincker, and A. Brandt. Detection of nonlinear behavior using the random decrement
technique. Proceedings of the 8th International Operational Modal Analysis Conference, pages 421–424, 2019.
[31] T. Friis, K. K. Vesterholm, E. I. Katsanos, A. Brandt, and R. Brincker. Identification of friction-coupled offshore platforms by output-only method. Proceedings of the 29th International Ocean and Polar Engineering,
1:1331–1337, 2019.
[32] K. K. Vesterholm, R. Brincker, and A. Brandt. Random decrement technique for detection and characterization of nonlinear behavior. Mechanical Systems and Signal Processing, 143:106841, 2020. doi:
10.1016/j.ymssp.2020.106841.
[33] H. A. Cole. On-the-line analysis of random vibrations. AIAA/ASME Structural Dynamics and Materials
Conference, 68-288:1–8, 1968.
[34] H. A. Cole. Failure detection of a space shuttle wing flutter model by random decrement. NASA Technical
Memorandum TM X-62 041, 1971.
[35] H. A. Cole. On-line failure detection and damping measurement of space structures by random decrement
signatures. NASA Contract Rep CR-2205, 1973.
[36] J. K. Vandiver, A. B. Dunwoody, R. B. Campbell, and M. F. Cook. A mathematical basis for the random
decrement vibration signature analysis technique. Journal of Mechanical Design, 104:307–313, 1982.
[37] R. Brincker, S. Krenk, P. H. Kirkegaard, and A. Rytter. Identification of Dynamical Properties from Correlation Function Estimates. Danish Society for Structural Science and Engineering, 1992.
[38] S. R. Ibrahim. Random decrement technique for modal identification of structures. Journal of Spacecraft
and Rockets, 14(11):696–700, 1977.
[39] T. Kailath. Linear systems. Prentice-Hall Inc, 1980.
[40] J. C. Asmussen. PhD thesis: Modal analysis based on the random decrement technique. Department of
Mechanical Engineering, Aalborg University, 1997.
[41] J. C. Asmussen and R. Brincker. Modal analysis based on the random decrement technique: application to
civil engineering structures. In Dynamics of Structures 1993-1997: description of the projects in the research
programme. Dep. of Building Technology and Structural Engineering, Aalborg University. R / Institut for
Bygningsteknik, No. R9808, pages 39–55, 1998.
[42] A. A. Elshafey, M. R. Haddara, and H. Marzouk. Identification of the excitation and reaction forces on
offshore platforms using the random decrement technique. Ocean Engineering, 36(6-7):521–528, 2009.
[43] R. Morsy, H. Marzouk, X. Gu, and A. Elshafey. Use of the random decrement technique for nondestructive
detection of damage to beams. Materials and Structures, 49(11):4719–4727, 2016.
[44] R. Brincker, J. L. Jensen, and S. Krenk. Spectral estimation by the random dec technique. Proceedings of
the 9th International Conference on Experimental Mechanics, pages 2049–2058, 1990.
[45] R. Brincker. On the application of correlation function matrices in OMA. Mechanical Systems and Signal
Processing, 87:17–22, 2017.
[46] J. N. Juang and R. S. Pappa. An Eigensystem Realization Algorithm (ERA) for modal parameter identification and model reduction. Journal of Guidance, Control, and Dynamics, 8(5):620–627, 1985.
[47] R. S. Pappa, K. B. Elliott, and A. Schenk. Consistent-mode indicator for the Eigensystem Realization
Algorithm. Journal of Guidance, Control, and Dynamics, 16(5):852–858, 1993.
[48] R. S. Pappa. Eigensystem Realization Algorithm user’s guide for vax/vms computers: Version 931216.
NASA Technical Memorandum, TM 109066:1–471, 1994.
[49] M. Tarpø, T. Friis, C. Georgakis, and R. Brincker. The statistical errors in the estimated correlation
function matrix for operational modal analysis. Journal of Sound and Vibration, 466:115013, 2019. doi:
https://doi.org/10.1016/j.jsv.2019.115013.
[50] R. W. Clough and J. Penzien. Dynamics of Structures. Computers & Structures Inc. - Berkeley, 1995.

[51] N. M. Newmark. A method of computation for structural dynamics. Journal of the Engineering Mechanics
Division, ASCE, 85:67–94, 1959.
[52] A. K. Chopra. Dynamics of Structures. Pearson Education, 2012.
[53] R. J. Allemang and D. L. Brown. A correlation coefficient for modal vector analysis. Proceedings of the
International Modal Analysis Conference, pages 110–116, 1982.
[54] R. J. Allemang. The modal assurance criterion - twenty years of use and abuse. Sound and Vibration, 37
(8):14–21, 2003.
[55] A. Brandt. A signal processing framework for operational modal analysis in time and frequency domain.
Mechanical Systems and Signal Processing, 115:380–393, 2019.
[56] M. Tarpø, T. Friis, P. Olsen, M. Juul, C. Georgakis, and R. Brincker. Automated reduction of statistical
errors in the estimated correlation function matrix for operational modal analysis. Mechanical Systems and
Signal Processing, 132:790–805, 2019.
[57] T. Friis, A. Orfanos, E. Katsanos, S. Amador, and R. Brincker. Effect of friction-induced nonlinearity on
OMA-identified dynamic characteristics of offshore platform models. Rotating Machinery, Vibro-acoustics
and Laser Vibrometry (proceedings of the International Modal Analysis Conference), 7:153–162, 2019.
[58] A. Brandt and R. Brincker. Integrating time signals in frequency domain - Comparison with time domain
integration. Measurement: Journal of the International Measurement Confederation, 58:511–519, 2014. ISSN
1873412x, 02632241. doi: https://doi.org/10.1016/j.measurement.2014.09.004.
[59] P. Eykhoff. System identification - parameter and state estimation. John Wiley & Sons Ltd, 1974.

Appended papers

131

P4 Identification of friction-coupled offshore
platforms by output-only method
Friis, T., Vesterholm, K. K., Katsanos, E. I., Brandt, A., Brincker, R., Identification of frictioncoupled offshore platforms by output-only method, Proceedings of the 29th International Ocean
and Polar Engineering Conference 1 (2019) 1331-1337
Reprinted in this thesis with permission from ISOPE.

Proceedings of the Twenty-ninth (2019) International Ocean and Polar Engineering Conference
Honolulu, Hawaii, USA, June 16-21, 2019
Copyright © 2019 by the International Society of Offshore and Polar Engineers (ISOPE)
ISBN 978-1 880653 85-2; ISSN 1098-6189

www.isope.org

Identification of friction-coupled offshore platforms by output-only method
Tobias Friis*, Karsten K. Vesterholm** , Evangelos I. Katsanos*, Anders Brandt** and Rune Brincker*
*Department of Civil Engineering, Technical University of Denmark
Kgs. Lyngby, Denmark
**Department of Mechanical Engineering, University of Southern Denmark
Odense, Denmark

ABSTRACT

sliding bridge bearings in the bridge connecting the platforms. This
particular mechanism is causing significantly different, interchanging
behaviour, since the platforms can act either as one complete system
or two separate systems depending on the sliding or sticking state of
the bearings. With these interchanging modal characteristics throughout a single vibration measurement record of the offshore platforms,
it becomes difficult to carry out an SHM program. Along these lines,
the present article proposes an identification framework, for which the
interchanging modes can be estimated in an output only manner. Consecutively, the framework is aiming to identify the underlying linear
systems of both possible states from one measurement, which can be
incorporated in traditional SHM context.

A structural health monitoring (SHM) program can improve the
structural integrity of offshore structures, however, the SHM scheme
implies extraction of linear time-invariant modal parameters by Operational Modal Analysis (OMA). Inherently, the offshore platforms
are nonlinear, and in many cases, the dynamics of the platforms are
involving a friction-induced coupling that stems from bearings in
the bridges connecting the platforms. This mechanism is causing
the platforms to interchange between acting either as one system or
separate systems, depending on the sliding or sticking state of the
bearings. Along these lines, the present paper proposes an identification framework employing nonlinearity optimised random decrement
(NORD) and OMA parameter estimation methods to identify two sets
of underlying linear modes, relative to the state of the friction-induced
coupling, both from the same measurement record.

The cornerstone of the present work is the random decrement technique, which was introduced by H. A. Cole in the late 1960’s and early
1970’s (Cole, 1968, 1971, 1973). In this context, the technique was
used to detect damage as it happened by analysing the ’signature’ of a
single vibration signal with one mode. In the late 1970’s and 1980’s,
S. Ibrahim revisited the technique, by extending the method to multimeasurements multi-mode responses and adding the concept of multitriggering. Hereby, permitting estimation of full signature matrices
comprising of triggering on different signals with extraction of signatures of all signals for each triggering (Ibrahim, 1977; Ibrahim et al.,
1987). Furthermore, S. Ibrahim introduced the concept of quasi-linear
identification of nonlinear structures, where linear identification techniques are applied to modal tests with different response intensities
in order to characterise the nonlinearities in a piecewise quasi-linear
manner (Ibrahim, 1984; Ibrahim et al., 1987). Successively, this idea
of identifying nonlinear structures in a piecewise quasi-linear sense
has been further explored from the 1990’s to the present time. Especially, several studies have been focussing on identifying amplitude dependent damping of highrise buildings (Tamura and Suganuma, 1996;
Tamura and Yoshida, 2008; Xu et al., 2015; Huang and Gu, 2016;
Reynolds, 2017), where Tamura and Suganuma (1996) elaborated the
piecewise quasi-linear characterisation and identification of nonlinearities to cover amplitude dependencies within a single measurement.
However, within this framework, the practise has been to band-pass
filter the fundamental mode of the response, use the random decre-

KEYWORDS: Operational modal analysis; response dependent
identification; friction-coupled systems; nonlinear dynamics; random
decrement technique; nonlinearity optimised random decrement;
NORD

INTRODUCTION
Improvement of the structural integrity of civil engineering structures
like offshore platforms and wind turbines can be accomplished through
the application of structural health monitoring (SHM). The approach
of SHM is practically carried out by monitoring and analysing the vibrations of the structures, whereby information of fatigue wear, possible damages etc. can be acquired. Within this framework, one of
the fundamental steps to obtain this structural information is to extract the modal parameters by employing Operational Modal Analysis (OMA). However, the dynamic behaviour of offshore platforms is
generally nonlinear and nonstationary, thus, contradicting the fundamental assumption of linear time-invariant systems in OMA (Brincker
and Ventura, 2015). Especially, the concern of this study is on systems
that consist of platforms with a friction-induced coupling caused by
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ment technique to establish a free decay and subsequently estimate the
damping by the logarithmic decrement. In this manner, the versatility
of the technique is impaired with the single mode assumption, and the
reliability decreases, when employing the logarithmic decrement to estimate the damping compared to using a parameter extraction routine.
Finally, Vesterholm et al. (2018) continued with the employment of the
random decrement technique and the piecewise quasi-linear approach
for detection and characterisation of the restoring force of the Duffing
oscillator. The study showed reliable results when compared to theoretical values and included an assessment of the performance when
using different triggering conditions for estimation of the amplitude
dependent parameters.
The studies described above are not dealing with the case of frictioncoupled systems. However, the approach of identifying a nonlinear
system in a piecewise quasi-linear sense is found to be applicable for
the case of offshore structures given due considerations of the subsequent methodologies of SHM and practical issues when dealing with
identification of large structures in hazardous environments. Thus, the
present paper proposes a further development of the random decrement
based piecewise quasi-linear identification approach for a best linear
approximation of the prominent dynamic states of the friction coupled
structures. Subsequently, the proposed method is demonstrated on a
numerical case study involving a nonlinear finite element model of
two coupled platforms. It is found that the method is able to identify
two sets of linear modes, referring to the sticking and slipping states
respectively, from a single measurement of the numerical simulation
study.

conditions, and one subset where the movement represents the opposite case. In this manner, two different sets of random decrement signatures, D̂xy (τ), can be computed from one measurement, each one
targeting identification of the underlying linear modes of the system
in slip and stick state, respectively. Each of the two sets of random
decrement signatures are readily computed by
D̂xy (τ) =

1
N

N

∑ x(ti + τ)|Ty(t )

i=1

(2)

i

where x(t) is the signal for extraction of time segments, τ is the time
lag and N is the number of triggering points.

Identify Triggering Points (TP)

y(n)

Sub-sets of TP relative to motion of platforms

Compute RD signatures of TP sub-sets

OMA based parameter estimation

NONLINEARITY OPTIMISED RANDOM DECREMENT
Nonlinearity Optimised Random Decrement (NORD) represents a
framework for realising the most reliable piecewise quasi-linear detection, characterisation and identification of nonlinear systems in the
field of OMA. In the present section, the main steps of the approach
are described with focus on the case of friction-coupled systems. The
overall scheme of the approach followed herein is depicted by the
block diagram in Fig. 1. As previously mentioned, the corner stone of
the proposed methodology is the random decrement technique, which
is comprehensively described in the literature, e.g. Asmussen (1997)
and Asmussen and Brincker (1998). Thus, only a brief outline of the
technique is given in the present section and the main focus is addressing its utilisation in relation to a piecewise quasi-linear identification
of the predominant states of the friction-coupled systems, where they
behave as one coupled system of two separate systems, respectively.

Parameters rel. to stick state

Fig. 1. Block diagram depicting the main steps of NORD focusing on
the methodology for friction-coupled systems
The final step of the proposed methodology is to estimate the modal
parameters from each of the two sets of signatures, individually. For
this task, the Ibrahim Time Domain (ITD) method is employed, by
which it is assumed that the signature matrices can be formulated as
a linear combination of mode shapes and exponential decays of the
form:
.
D̂xy (τ) = c1 b1 eλ1 τ + c2 b2 eλ2 τ + ...
(3)

The first step of the random decrement technique is to obtain the triggering points of the signals. For the present case, the aim is to have
triggering points, each of them being related to a specific state of the
nonlinear system. With this in mind, the Local Extremum (LE) trigLE , presented by Tamura and Suganuma (1996), is
gering condition, Ty(t)
chosen based on its utilisation of the amplitudes of the responses.
LE
Ty(t)
= {a1 ≤ y(t) < a2 , ẏ(t) = 0}

Parameters rel. to slip state

where b1 , b2 , ... are the mode shapes, λ1 , λ2 , ... are the poles and
c1 , c2 , ... are the initial amplitudes defining the free decay at time zero.
In the present study, only the beginning part of the signatures are included in order to capture the system close to the state targeted by
the respective triggering points. The reader is referred to Ibrahim and
Mikulcik (1977); Ibrahim (1978); Brincker and Ventura (2015) for a
comprehensive description of the ITD method and it’s numerical implementation.

(1)

where a1 and a2 are the upper and lower limit of the triggering band,
respectively, and y(t) is a time signal where {˙} denotes differentiation
with respect to time t.

With the estimation of the modal parameters, stability diagrams can be
constructed by varying the model order of the of Eq. (3) in the classical
manner. For the present study, the estimation method has been coupled
with an agglomerative hierarchical clustering algorithm, running on
the stable poles, to select the physical poles in an automatic manner.
All computations have been performed in M ATLAB with implementation of parts from the OMATOOLS toolbox (Brincker and Ventura,
2015) and the ABRAVIBE toolbox (Brandt, 2011, 2018).

The subsequent step of the proposed methodology is a sorting of the
triggering points into two subsets, each associated with the sticking
and slipping states of the friction coupling. One subset contains triggering points where the movement of the platforms at the respective
time instance is similar to the movement of the platforms in coupled

1332

NUMERICAL CASE STUDY

Linear reference states of the numerical case study
Whether the platforms are behaving dynamically as one or two separate systems is depending on the state of the Jenkins elements. When
these elements are sticking, stiffness is added to the system, which is
referred to as the stick state in the following, and when the elements are
sliding with a constant force representing the Coulomb friction force,
damping is introduced to the system, which is referred to as the slip
state in the following. Naturally, with one relatively large amplitude
cycle of the Jenkins element, the force contribution will derive from
both slip and stick state twice, respectively. However, if the majority
of the motion is in stick state, the model will behave at such, and vice
versa for the slip state.

The principles and performance of the proposed framework of NORD
are illustrated and tested on a numerical case study. The numerical
model is composed of two simple platforms connected with a bridge.
Each simple steel platform consist of a square plate, one larger than the
other, and four square solid profiles fixed to the plate and the ground.
The bridge is placed with three attachment points at the smaller platform and with one attachment point at the larger platform, see Fig. 2
indicating the directions of the individual attachment points. The explicit attachments of the bridge have been chosen to mimic realistic
situations, where the bridge is fixed to avoid drifting but with freedom
to move at one end, alleviating coercive forces stemming from interdifferential movement and environmental conditions. The case study
is a numerical replica of the experimental set-up presented by Friis
et al. (2018), in which more details about the geometry of the scaled
model can be found. For the perception of size: the models are 60 cm
tall and 30 cm and 40 cm wide, respectively.

Mode 1 - 7.066Hz

The nonlinear finite element model was created in the commercial
software ANSYS using beam and shell elements, and thereafter, the
mass and stiffness matrices were exported to M ATLAB. Successively,
the model was reduced to ten degrees-of-freedom (DOFs) using the
system equivalent reduction and expansion process by O’Callahan
et al. (1989): three DOFs describing the movement of the small platform, three DOFs describing the movement of the large platform and
four DOFs enabling the friction-coupling of the platforms through the
bridge. The nonlinear friction force is modelled by so-called Jenkins
element, which essentially is a Coulomb friction element ( fc ) and a
spring (kt ) in series. The joints between the bridge and the platforms
were selected based on the required ability of the platforms to behave
as one or two separate systems. Moreover, it was found from comparison that the present numerical set-up and the experimental set-up
by Friis et al. (2018) generate similar responses in terms of dynamic
behaviour.

Mode 4 - 9.447Hz

Y

X

Mode 5 - 10.38Hz

Mode 3 - 9.266Hz

Mode 6 - 13.70Hz

Fig. 3. Mode shapes and frequencies of the linear finite element
model representing the slip state
As references for the two different states, two linear finite element
models are considered: one with the added stiffness in form of linear
springs (7 · 104 N/m) at the positions of the Jenkins elements, and one
without the Jenkins elements. These two models can be considered as
pure states of stick and slip. When the friction force of the Jenkins
elements are not exceeded, they behave as a spring. When the displacement of the element is going towards a relatively large amplitude
compared to the yielding displacement, the force contribution mainly
consists of damping and the stiffness contribution becomes small. In
light of this, these two linear finite element models are considered to
be the reference states for the identification results.
From these two linear finite element models, the mode shapes and frequencies in Figs. 3 and 4 are obtained.
Mode 1 - 7.216Hz

Z

Mode 2 - 7.176Hz

Mode 4 - 10.35Hz

UY=0
UX=UY=UZ=0
UZ=0 and UX=’Jenkins element’
UX=UY=UZ=RX=RY=RZ=0

Mode 2 - 7.982Hz

Mode 3 - 9.319Hz

Mode 5 - 14.97Hz

Fig. 2. Nonlinear finite element model with specification of joints and
boundary conditions

Fig. 4. Mode shapes and frequencies of the linear finite element
model representing the stick state

In general, when carrying out simulations with the finite element
model, it was excited horizontally by uncorrelated white noise with
σ = 20 N (dt = 0.00025 s) in three independent points on the edge
of each platform. The simulations were carried out using the discrete
time state space algorithm by Lu et al. (2006). The simulation length
was set to 60 min.

From the illustrated mode shapes in Figs. 3 and 4, it can be noticed
that the reference case of slip state has six modes, two translational
and one rotational of each platform, where the reference case of stick
state only has five modes, three translational and two rotational in total. This difference is further highlighted by Fig. 5, where the mode
shapes of the two linear finite element models are compared using the
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Modal Assurance Criterion (MAC). The main difference of the models is explained by the merging of mode 1 and 4 of the slip state to
mode 2 in the stick state, where the bridge is hindering the platforms
to move independently in the direction of the coupling. The remaining
four modes are fairly similar.

dominating. In order to produce this particular situation in the simulation, the parameters of the Jenkins elements were set to: kt = 7 · 104
N/m and fc = 0.85 N. In Fig. 7, five seconds of the three signals are
shown of the simulated response of the small and large platform, respectively.
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Fig. 5. Cross-MAC of the linear finite element models representing
the stick and slip states, respectively
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Fig. 7. Five seconds of the three signals of the simulated response of
the small and large platform

RESULTS OF THE CASE STUDY
The principles and performance of the identification framework of
NORD for friction-coupled systems are illustrated by the results of a
numerical simulation of the described case study, where the platforms
have been found to behave as one and two separate systems, alternatingly. In Fig. 8, the singular values of the spectral matrix can be seen
for this simulation, illustrating the content of the six simulated signals
assuming linearity and stationarity. Comparing Fig. 8 to Fig. 6, none
of the friction-coupled modes of the two states seem to be dominating
or clearly present, indicating that the response intensity of the simulation facilitates a situation where the platforms behave interchangingly
as one and two separate systems. Moreover, it is expected to see close
to none existing peaks, when dealing with nonstationary and highly
damped modes.

8 10 12 14 16 18
−50

Frequency [Hz]
dB rel. to m2 /Hz

−50

35
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Stick state
−40

34

Large platform

·10−3
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In Fig. 6, the singular values of the spectral matrix can be seen for
simulations carried out with the two linear finite element models representing the slip and stick states, respectively. The spectra were computed by using the Welch averaging approach with 50 % overlap and a
Hanning window. Again the profound difference is the merging of two
peaks in the slip case into one peak in the case of stick state. Futhermore, also the frequency of the highest mode is increased, however,
the difference is relatively small.
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Fig. 6. Singular values of the spectral matrix based on simulations
with the two linear reference finite element models
representing the slip and stick states, respectively
Settings for critical response with interchanging states
It was demonstrated experimentally by Friis et al. (2018), that when
one of the two friction states are strongly dominating the response, regular OMA techniques provide reliable results. On the contrary, when
the platforms are excited in a regime where both states are represented
at different time, these techniques fail to give reliable results of the alternating modes. Consequently, the proposed methodology aim to provide accurate results is this case where neither of the states are strongly
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Fig. 8. Singular values of the spectral matrix based on a simulation
with the case of interchanging states
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The steps of the proposed methodology are carried out with the simulated response as input. With this approach, two modal identifications
are achieved: each one aiming for identification of the underlying
linear modes representing the slip and stick states, respectively.
Successively, stabilisation diagrams from these two modal parameter
estimations can be seen in Figs. 9 and 10. Furthermore, in Table
1, the frequencies and damping ratios of the identified modes are listed.

16

SVD lines
Stable pole
Vector pole
Damp. pole
Freq. pole
ID’ed mode

14
12
Model order [#]

The stabilisation diagrams in Figs. 9 and 10 and Table 1 illustrate the
main results of the case study, i.e, pole and mode shape estimates, and,
to some degree, the performance of the proposed methodology. When
analysing the obtained results, it is found that the interchanging modes
are identified at the frequencies of the reference states by the respective
modal identifications where they were aimed for. In other words, the
identification aiming for the modes of the slip state, is able to identify
modes similar the modes of the linear finite element model representing the slip state, and the same is the case of the stick state. Moreover,
as expected the identified modes are also found to have high damping,
especially, the ones in slip state. Genuinely, also the common mode
in the stick state is anticipated to have higher damping. In this case
with interchanging modes, some slippage is perceived when the platforms are moving together. Moreover, the estimates of the remaining
modes are similar on both cases. Comparing the statistical dispersion
of the results of different model orders for the nonstationary and stationary modes, the nonstationary modes have an increased dispersion
indicating a higher uncertainty of their respective estimates.
Lastly, in Figs. 11 and 12, the mode shapes of the identified modes
are compared using the MAC with the mode shapes of the linear finite
element models describing their respective cases. The comparison is
conducted to illustrate and quantify the similarity between the identified modes and the linear reference models in terms of mode shape. In
general, values close to one are found, indicating a good agreement.
The lower MAC values in the slip state, 0.963 and 0.975, are contemplated to be caused by the exclusion of friction forces in the linear
reference finite element model.

10
8
6
4
2
0

4

6

8

10

12

14

16

Frequency [Hz]

Fig. 9. Stabilisation diagram from the identification of the underlying
linear modes representing the slip state
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Fig. 11. Cross-MAC of the identified and finite element mode shapes
representing the slip state
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Fig. 10. Stabilisation diagram from the identification of the
underlying linear modes representing the stick state
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Table 1. Frequencies and damping ratios of the identified modes from
the two cases (interchanging modes are marked blue)
Mode
1/2/1
-/2
3/3
4/5/4
6/5

ID slip state
fn [Hz] ζn [%]
7.044
10.5
7.175
1.27
9.266
1.60
9.462
12.6
10.34
2.08
13.70
2.46

ID stick state
fn [Hz] ζn [%]
7.175
1.28
7.852
4.18
9.266
1.60
10.33
2.12
13.69
2.21

1 0.997
0.8
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Fig. 12. Cross-MAC of the identified and finite element mode shapes
representing the stick state
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CONCLUSION

Huang, Z. and Gu, M. (2016), ‘Envelope random decrement technique
for identification of nonlinear damping of tall buildings’, Journal of
Structural Engineering 142(11).
Ibrahim, S. R. (1977), ‘Random decrement technique for modal
identification of structures’, Journal of Spacecraft and Rockets
14(11), 696–700.
Ibrahim, S. R. (1978), ‘Modal confidence factor in vibration testing’,
Journal of Spacecraft and Rockets 15(5), 313–316.
Ibrahim, S. R. (1984), ‘Time domain quasi linear identification of nonlinear dynamic systems’, AIAA Journal 22, 817–823.
Ibrahim, S. R. and Mikulcik, E. C. (1977), ‘A method for the direct
identification of vibration parameters from the free response’, The
Shock and Vibration Inform. Ctr. Shock and Vibration Bull. 47, 183–
196.
Ibrahim, S. R., Wentz, K. R. and Lee, J. (1987), ‘Damping identification from non-linear random responses using a multi-triggering
random decrement technique’, Mechanical Systems and Signal Processing 1(4), 389–397.
Lu, L.-Y., Chung, L.-L., Wu, L.-Y. and Lin, G.-L. (2006), ‘Dynamic
analysis of structures with friction devices using discrete-time statespace formulation’, Computers & Structures 84(15–16), 1049 –
1071.
O’Callahan, J., Avitabile, P. and Riemer, R. (1989), ‘System equivalent
reduction and expansion process’, Proceedings of the 7th International Modal analysis conference, Society of Experimental Mechanics pp. 29–37.
Reynolds, T. (2017), ‘Amplitude dependence of modal properties in
lateral vibration of timber buildings’, 24th International Congress
on Sound and Vibration, ICSV .
Tamura, Y. and Suganuma, S. (1996), ‘Evaluation of amplitudedependent damping and natural frequency of buildings during
strong winds’, Journal of Wind Engineering and Industrial Aerodynamics 59(2-3), 115–130.
Tamura, Y. and Yoshida, A. (2008), Amplitude Dependency of Damping in Buildings.
Vesterholm, K. K., Brincker, R. and Brandt, A. (2018), ‘Linearization
of modal parameters in duffing oscillator using the random decrement technique’, Proceedings of the 28th conference on Noise and
Vibration Engineering (ISMA) .
Xu, A., Xie, Z., Gu, M. and Wu, J. (2015), ‘Amplitude dependency
of damping of tall structures by the random decrement technique’,
Wind and Structures 21(2), 159–182.

A methodology has been proposed within the framework NORD for
identification of the nonlinear interchanging modes of friction-coupled
systems in a piecewise quasi-linear sense. The principles and performance of the proposed methodology was demonstrated on a numerical case study of two small and simple platforms connected through
a bridge with a friction joint. It was found that the proposed methodology could identify two sets of underlying linear modes, relative to
the state of the friction-induced coupling, both from the same measurement record. However, the identification results of the alternating
modes involved a larger statistical dispersion between results of different model orders compared to the stationary, though weakly nonlinear,
modes, indicating a higher uncertainty of the obtained results.
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Abstract

Throughout the past 50 years, researchers have been developing methods for identification of systems that are
behaving nonlinearly due to the more frequent occurrence of nonlinearity in the mechanical and structural
dynamics. The paper presents a novel and modern approach to the problem of nonlinear system identification
by combining a physical system model and a technique from machine learning in a Bayesian framework. A
state-space model is employed to represent the underlying linear system together with a latent force model
to constitute the nonlinear forces, which is modelled by a Gaussian process. The Bayesian identification of
the system is enabled by the use of the Kalman filter and inference is performed using the Markov-Chain
Monte-Carlo method. This gives posterior distributions over the system parameters and produces a prediction
of the nonlinear forces. The method is demonstrated on a simulation of the Duffing equation, based on which
it is concluded that it shows to be a promising method for identification of nonlinear systems.

1

Introduction

One of the key challenges in nonlinear system identification is handling cases where the form of the nonlinearity in the system is not known. This is not a new problem and is well documented in the literature. Over
the last fifty years, many approaches to overcoming the lack of access to the nonlinearity have been proposed.
Many of these have been detailed previously, for example in Worden and Tomlinson [1] or Kerschen et al. [2].
More recent advances have been covered in the updated review paper of Noël and Kerschen [3]. However, as
with many aspects of nonlinear systems, no definitive solution has yet been found. This paper will suggest
another possible approach to this classic problem, the authors will not claim that it overcomes all of the
difficulties in nonlinear system identification rather that the properties of the proposed approach may be
desirable in certain circumstances.
As early as 1979, Masri and Caughey [4] cast the problem of identifying the nonlinearity in a system as one
of estimating an additional force term in the equation of motion, such that the system can be described by,
Û = F(t)
m xÜ + f (x, x)

(1)

where a system with mass m, displacement x, velocity xÛ and acceleration xÜ is excited by an external force F(t).
The system will balance the external excitation F(t) with the sum of inertial force m xÜ and some unknown
restoring force. This missing restoring force can be estimated by moving the inertial force in the system to
Û was estimated via an orthogonal polynomial regression.
the right hand side and, in the classic work, f (x, x)
One major drawback of this restoring force surface approach was lack of access to the internal states of the
Û it is necessary to
oscillator. In order to estimate the functional form of the restoring force surface f (x, x)
know the displacement and velocity of the oscillator at each point in time. Often these quantities are not

directly measured in testing of a dynamic system. Although access to techniques such as Laser Doppler
Vibrometry is increasing the ease of measuring velocity, by far the most common testing setup is to only
capture acceleration data. It is, therefore, necessary to estimate the values of the displacement and velocity
in the system. The first port of call may be to apply some explicit numerical integration technique to the
acceleration data. Numerous approaches exist for this but it is a clear source of error, this is discussed in the
literature, for example Worden [5], and continues to be an active area of interest [6].
The proposed approach of this work aims to overcome this difficulty by casting the restoring force problem as
one of Bayesian filtering and smoothing. The classic Bayesian filter was introduced in Kalman [7], although
in that work it formed as the optimal filter, in the least squares sense, rather than as a probabilistic linear
Gaussian state-space model (LGSSM). Likewise, the Rauch-Tung-Streibel (RTS) smoother [8] solves the
corresponding smoothing problem for an LGSSM. These approaches infer the posterior distributions of the
hidden states of an LGSSM, in the case of a mechanical oscillator these are the displacement and velocity. The
application of this type of approach has been well studied in mechanical vibrations, recently being extended
to the joint input-state [9, 10, 11] and further to input-state-parameter problems [12, 13, 14].
The issue is complicated in the case of nonlinear systems since the solutions to the corresponding state-space
model are no longer available in closed-form. In this case approximate models must be adopted such as the
Extended or Unscented Kalman Filters, or a particle filtering approach [15]. While very good approximations
to the nonlinear filtering/smoothing problem can be found through these methods, they come at the expense
of significantly increased computational cost. In this work, it will be shown how the identification process
can be conducted in such a manner that the inference remains linear and the nonlinear restoring force of the
system is estimated by means of a Gaussian Process Latent Force Model (GP-LFM) [16] in its state space
form [17]. Inference is then made over the unknown parameters and hyperparameters in the model by means
of a Markov Chain Monte Carlo (MCMC) scheme.

2

A Bayesian approach to the restoring force surface method

The two key features of the methodology proposed in this work are:
• Bayesian probabilistic modelling of the system including the missing nonlinear restoring force
• Simultaneous inference over the unknown internal states of the oscillator and the missing nonlinear
restoring force (and the linear parameters of the system)
To do this, the problem is cast as a latent force model where the latent force is the unknown nonlinear restoring
force. It remains to choose a form for this unknown function in time, a logical choice is a Gaussian process
(GP) which provides a flexible Bayesian prior over a function space [18, 19]. The assumptions in this GP are
controlled by the mean function and the covariance kernel but allow very weak assumptions to be embedded
in a rigorous manner, e.g. that a function is stationary, smooth and nonlinear (in time). Considering a general
regression problem to be modelled using a GP,


z = g(u) + ε, ε ∼ N 0, σn2 I
(2)

where some noisy observations z are generated through the addition of a Gaussian white noise with variance
σn2 to an unknown function g(u), with inputs u. The model is formed by setting g(u) as a Gaussian process,
g(u) ∼ GP (m(u), k (u, u0))

(3)

with mean function m(u) and covariance kernel k (u, u0). The mean function can be chosen to be any
parametric model, although commonly it will be assumed to be zero as is the case in this work. The
covariance function controls the family of functions which are generated by the process, this embeds various
characteristics of the functions by measuring their similarity in a reproducing kernel Hilbert space.
A popular choice for the covariance kernel is the Matérn class [20], which give rise to stationary nonlinear
functions with varying levels of differentiability. One example of this family is the Matérn 3/2 kernel where

the roughness parameter ν = 3/2. Choosing this form, the covariance kernel is defined as,
( √ )
√ !
3r
3r
exp −
k (u, u0) = σf2 1 +
`
`

(4)

with hyperparameters σf2 and ` which control the overall scaling of the function and the length scale of the
process. The length scale controls the characteristic roughness of the function being modelled, colloquially,
how “smooth” it is. The covariance of the process is a function of r = ||u−u0 ||, as such this is a stationary and
isotropic covariance function, i.e. it is insensitive to rotation or translation on the inputs and only depended
upon their relative distance, usually measured as the L2 -norm between u and u0.

For some given set of N inputs assembled into a matrix U where each row is an observation, there must exist
as corresponding set of observed outputs or targets z. Defining a matrix K(U, U 0) to be the matrix of pairwise
covariances between U and U 0, predictions over the distribution of the unknown function values g(U?) at a
set of new test inputs U? can be computed in closed form as,

g(U?)|g(U) ∼ N E[g(U?)], V[g(U?)]
(5a)

−1
E[g(U?)] = K(U?, U) K(U, U) + σn2 I
z

−1
V[g(U?)] = K(U?, U?) − K(U?, U) K(U, U) + σn2 I
K(U, U?)

(5b)

(5c)

This framework provides a powerful tool for modelling unknown nonlinear functions in a non-parametric
manner. Classically, the hyperparameters of the GP are learnt via as Type-II maximum likelihood estimate
which avoids overfitting due to the Bayesian Occam’s Razor [21]. However, in the setting used in this work
further manipulation of the problem is required. The formulation of the GP shown thus far scales poorly
with the number of data observed (O(N 3 )) and is not amenable to the type of latent force problem that is
being considered. Alvarez et al. [16] show how a latent force problem may be solved with a GP, however,
computationally it is far more efficient to convert the GP into a state-space representation using the technique
shown in [22]. It is this conversion to the state-space form that allows efficient inference to be performed
when it is known that the latent force obeys the Markov property [17].
In its most basic form, as developed in [16, 17] and applied in a dynamics setting in [13], the GP-LFM solves
problems,
m xÜ + c xÛ + k x = F(t)
(6)

where c is the viscous dashpot coefficient, k is the coefficient of linear stiffness and the unknown forcing
of the second order system F(t) is modelled as a Gaussian process in time with zero mean and a stationary
covariance function such as the one shown in Eq. 4. The GP which models the forcing as a function of time
can be converted into its own LGSSM which is then used to augment the states which model the dynamics of
the system. Since the state-space form of the GP is a linear Gaussian model, the classic closed form filtering
and smoothing solutions can be used.
In the linear joint input-state(-parameter) situation, the LFM is a model with no external forcing, where
the system is excited by a Wiener process filtered through the augmented states representing the GP. In the
proposed model, the GP will be used to model the unknown nonlinear restoring force as a function of time,
Û ∼ GP(0, k(t, t 0)). Additionally, in this work, the linear stiffness and damping terms will be kept in
i.e. f (x, x)
the model with the usual coefficients k and c. Therefore, the equation of motion of the system being identified
is,
Û = F(t)
m xÜ + c xÛ + k x + f (x, x)
(7)
Û remains some unknown additional terms in the nonlinear system which will be modelled by a
where f (x, x)
GP in time.

The key difference in this model, as opposed to that used in Rogers et al. [13], is the inclusion of a known and
measured forcing on the system F(t). However, it will now be shown that the system can still be identified as
a linear model despite modelling the nonlinearity in the system. The caveat of this approach will be that this

model will need to be operated as a smoother, it will not be able to make future predictions of the response
of the nonlinear system. This restriction will be discussed in the context of the numerical case study.
Choosing the kernel to be a Matérn 1/2, although many other kernels are also valid, the GP in time can be
written as a continuous time linear state space model with transition matrix, fG P = −λ, where λ = 1/`, and
which is excited by a Wiener process w(t) with spectral density q = 3σf2 /` through LG P = 1, which causes
Û in the equation of motion can
only the second state to be excited. This model of the missing forcing f (x, x)
be combined with the state-space form of the linear portion of the oscillator to give a full continuous time
model.

0
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It can be seen that the addition of the GP modelling the restoring force has introduced one additional state r
to the model, which represents this missing force.

Converting this continuous time model into discrete time is a standard procedure which can be found in any
good textbook, e.g. [23, 24]. Once in it’s discrete time form, the system can be solved with the usual Kalman
filtering [7] and RTS smoothing [8] algorithms to give posterior estimates of the states at each time t from
Û r, rÛ }T , this gives access
1, . . . , T for asequence of length T. Considering the new augmented states x0 = {x, x,
to p xt0 |y1:T for t = 1, . . . , T, where yt is the measured acceleration xÜ at time t. The observation model for
this system can be chosen to be any linear combination of the states and the noise is modelled as a (potentially
unknown) additive Gaussian white-noise. A sensible choice would be that the observed quantity yt is the
acceleration at time t, leading to the observation model,
h

i

1
0
0
2
k
c
p yt |xt , F(t) = N − m − m 1 0 xt + F(t), σn
(9)
m
where σn2 is the measurement noise.

Additionally, since the model remains an LGSSM, it is also possible to assess the energy function ϕt in
closed form. The energy function is proportional to the negative log marginal likelihood of the linear system,
ϕt ∝ − log p (y1:t |Θ) for some set of unknown parameters Θ. In this work it is assumed that the mass of the
system is assumed known, but all other parameters in the model are not. Hence,
n
o
Θ = k, c, `, σf2, σn2
(10)
which remain to be inferred but whose posterior distributions are not available in closed form. While a
large variety of methods exist for solving problems in this form, it is relatively simple to apply the classic
Markov Chain Monte Carlo (MCMC) Metropolis-Hastings approach [25]. This is especially true in this
case since there is a closed form expression for the (unnormalised) posterior likelihood. In broad terms, the
Metropolis-Hastings algorithm will generate valid samples from the posterior of the parameter p (Θ|y1:T )
by proposing a new set Θ0 of parameters based on the current ones Θk at step k, using a proposal density
q (Θ0 |Θk ), and accepting those with probability,


p (y1:T |Θ0) q (Θk |Θ0)
,1
(11)
α = min
p (y1:T |Θk ) q (Θ0 |Θk )

In this way, the posterior distributions over the system parameters, the linear stiffness k, the linear damping
c and the measurement noise σn2 can be determined. Also, the hyperparameters of the GP which models the
unknown restoring force are inferred; however, more importantly, samples of the unknown time series of the
force itself can be generated. After running this algorithm, it is then possible to visualise and use samples of
Û Dealing with these samples of the restoring force opens up a range of
the unknown missing force f (x, x).
possibilities for analysis. The fullness of those possibilities will not be covered in this work. Instead in the
case studies shown a parametric model of the nonlinearity is fit using the samples and the learnt model is
tested by assessing the simulation error.

3

Numerical case study

It remains to demonstrate the use of the method, this will be done through a numerical case study where the
ground truth nonlinearity and system parameters can be known for evaluation of the method. This is done
by simulating a nonlinear system with known parameters. When demonstrating the method assumptions
are made about what information is available, in this case it is assumed that only the measurement of the
acceleration of the system is accessible (together with the excitation), but not the displacement or velocity.
Two cases are considered, one where the properties of the linear system are known a priori and one where only
the mass of the system is known. The system used to demonstrate the methodology is a Duffing oscillation
shown in Fig. 1
k
c

F(t)
m

x(t)

k3

Figure 1: Sketch of the simulated Duffing system
The equation of motion of this system is given as,
Ü + c x(t)
Û + k x(t) + k 3 x 3 (t) = F(t)
m x(t)

(12)

where m = 1 kg, c = 0.4 Ns/m, k = 100 N/m, k3 = 100 N/m3 is the coefficient of the nonlinear restoring
force an F is the loading. Notably, the underlying linear system has a natural frequency of 1.59 Hz and a
damping ratio of 2 %.
The excitation applied a set of random phase multisines, whose spectrum is flat from 0.04 Hz to 4 Hz. In
total 500 sine waves are used, each with an amplitude of 0.30 N, and the phases have a uniform distribution
in the interval of 0 to 2π. The simulation is carried out using Newmark integration with Newton Raphson
iteration [26, 27], with a time step of 0.005 s for a duration of 94 s, the latter being equivalent to 150 periods
of oscillation of the underlying linear mode. The simulated response is corrupted with a white noise with a
standard deviation of 5 % of the standard deviation of the response, to simulate the presence of noise on the
measurements.
Given these parameters for the system and the chosen loading level, the ratio of the forces of the cubic term
relative to the forces of the linear stiffness term varies from 0 to 25 % throughout the response.
3.1

Case 1: estimation of states, hyperparameters, and measurement noise

In this first case study, the problem of estimating the missing nonlinear restoring force will be considered
when the parameters of the underlying linear system are known but it remains to perform inference over the
hyperparameters of the GP and measurement noise. The inference over these unknown parameters will be
achieved via the MCMC approach discussed in the previous section which will require definition of prior
distributions over the parameters of interest, these can be found in Eq. 13.
 
p σf2 = N (2 , 5) ,

p (l) = N (0.2 , 0.15) ,
 
p σn2 = N (0.6 , 0.3)

(13a)
(13b)
(13c)

Running the Metropolis-Hastings algorithm for 10,000 iterations and discarding the first 2,000 of those as a
“burn-in” together with every second iteration of the remaining ones, the posterior distributions in Fig. 2 are
obtained. It can be seen that unimodal distributions with a reduction in variance from the prior are obtained.
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Figure 2: Histogram of the posterior distribution of the estimated parameters of case 1
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Alongside these distributions of the parameters, it is also possible to recover distributions over the hidden
states in the model, the displacement, velocity and restoring force. Fig. 3 shows these estimated states for the
mean values of the parameters from Fig. 2, although it is possible to propagate the full uncertainty if desired.
Very good agreement between the true displacement and velocity, and the estimated states can be seen with
all values lying with a three sigma confidence bound. The estimation of nonlinear restoring force can be seen
to have significantly higher uncertainty, however, the unknown force is still captured effectively. It is also
seen that in areas where the nonlinearity plays a larger role, it is better captured by the model. Conversely,
at instances where the magnitude of the missing restoring force is low the estimation would have a greater
relative error. Reassuringly, the uncertainty estimated in these predictions reflects the difficultly in obtaining
an accurate estimate of this missing quantity.
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Figure 3: Representative segment of the estimated and true states of case 1

In Fig. 4b the estimation of the restoring force is compared in the frequency domain. It is seen that it has
introduced some spurious low frequency components as well as increased high frequency content related to
the additional noise in the estimation. However, the two main peaks associated with the addition of the cubic
term to the model are well captured.
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Figure 4: a) Estimated-, true-, and fitted force of the nonlinear restoring force over displacement of case 1.
b) Estimated- and true spectrum of the nonlinear restoring force of case 1
Since this estimation methodology also estimates the unmeasured displacement and velocity in the system
at every time step, it is possible to plot the force-displacement or force-displacement-velocity relationship.
Doing this, Fig. 4a shows how the cubic nature of the nonlinearity can be visualised. In the general case, a
decision needs to be made at this point of how to model the nonlinearity which has been extracted from the
system. This general problem is beyond the scope of this work. Instead, since it is known that the system is
a Duffing oscillator, a cubic model is fit to the data. Doing so, the k 3 parameter is estimated as 94.1 N/m3 .
This fitted model is compared to the ground truth curve in Fig. 4a where the uncertainty associated with the
fitted model is also visualised.
3.2

Case 2: estimation of states and all model parameters

Following the very promising results of the first case study attention now turns to a more difficult estimation
problem. In this second case study it is assumed that the only known parameter is the mass of the system.
Inference is then made over the linear stiffness and damping as well as the hyperparameters of the GP and
the measurement noise as before. Additional priors are specified over the linear stiffness and damping, the
priors over the other quantities remain the same. These are shown in Eq. 14.
p (k) = N (105 , 5) ,
p (c) = N (0.35 , 0.05) ,
 
p σf2 = N (2 , 5) ,
p (l) = N (0.2 , 0.15) ,
 
p σn2 = N (0.6 , 0.3)

(14a)
(14b)
(14c)
(14d)
(14e)

This model is then identified using the Metropolis-Hastings algorithm, this time run for 20,000 iterations with
a “burn-in” period of 2,000 and an additional discarding of every second iteration. The resulting posterior

distributions are shown in Fig. 5. Two interesting and related phenomena are observed. Firstly, the linear
stiffness in the system is overestimated. Secondly, a different set of GP hyperparameters are found when
simultaneously inferring the linear system parameters. This is due to a portion the nonlinear cubic term being
compensated for by increasing the linear stiffness in the system. This will be discussed in more detail later
with reference to Fig. 7.
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Figure 5: Histogram of the posterior distribution of estimated parameters of case 2
As before the hidden states of the model are also estimated in this procedure. Similarly to the previous
case there is very good agreement in the displacement and velocity estimation with the ground truth. In the
estimated time-series of the nonlinear restoring force it is clear that this has been consistently underestimated
in the model. This is consistent with the hypothesis that the linear terms in the system are being inflated to
compensate for the unknown nonlinearity.
The plots shown in Fig. 7, demonstrates this even more clearly. In frame a) the data is fit with a cubic
polynomial including the linear and cubic terms. Here it can be seen that it deviates significantly from the
ground truth cubic line. However, when the learnt linear component of the model is removed from the data
and also the fitted model, the agreement with the ground truth is very good.
In terms of the coefficients of the learnt model, the cubic term is estimated as k 3 = 94.2 N/m3 and the linear
term to be -7.20 N/m. Considering the posterior distribution for the linear stiffness shown in Fig. 5, it is
clear that this linear term in the model of the restoring force compensates for the overestimation of the linear
stiffness in the posterior distribution. Interestingly, the estimated cubic stiffness values for this experiment
and the previous are very close, this consistency in the results is encouraging as it suggests the model is robust
to the unknown parameters of the underlying linear system.
Similarly to before, the spectra of the true restoring force can be compared with that of the estimated data.
In Fig. 7, it is clear that the content of the restoring force around the first peak is underestimated as was seen
in the time series. However, there is not the spurious low frequency component that was observed in the
previous experiment.
Although the general problem of prediction for a new set of inputs to the nonlinear system is not addressed
here in its general form, one approach will be considered to emphasise the quality of the model which has been
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recovered. Samples from the posterior smoothing distributions of the states are used to recover distributions
over the unknown k 3 term and the correction term for the linear component k̂, on the basis of assuming a
cubic model. The distributions over these identified parameters are shown in Fig. 9, for 750 samples.
In combination with the corresponding samples of the linear system parameters, these 750 samples are used
in a forward simulation on as yet unseen inputs to the system. The prediction error of these simulations can
then be used to assess the quality of the learnt nonlinear model of the system. Since valid samples of the
parameters are used this also serves to estimate the posterior predictive distribution given the unseen inputs
in a Monte Carlo manner. This distribution is visualised in Fig. 10. Heuristically, this response shows very
good performance with the true response captured inside the posterior distribution over the displacement.
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To quantify the quality of the fit a normalised mean square error is introduced, this is calculated as,
N MSE =

||yr e f − y|| 2
||yr e f − ȳr e f || 2

(15)

where yr e f is the reference signal, y is the compared signal, and || · || is the L2 -norm.
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Figure 11: Histogram of the 750 N MSE-values obtained from the displacement response of 750 samples
from the estimated posterior distribution of the estimated parameters
Since the simulation predictions contain the uncertainty of the parameters the quality of fit in terms of the
NMSE can also be assessed as a distribution by considering the error of each prediction. This distribution is
shown in Fig. 11. This confirms the exceptional performance of the learnt model with the vast majority of
errors less than 1%, the higher error samples tend to be associated with samples in the tails of the damping
parameter distribution which exhibits higher uncertainty than other parameters. When considering the error
on the mean response of the samples, the NMSE is equal to 0.18%, indicating an excellent fit in the prediction
data.

4

Discussion

This paper has introduced a modern Bayesian approach to estimation of nonlinear restoring forces. It has been
shown that, by employing a Gaussian process latent force model, reliable estimates of the missing states in a
model and the unknown nonlinear restoring force can be recovered. This can be performed simultaneously
with identification of the underlying linear system parameters in a Bayesian way, including quantification of
the parameter and state uncertainty, through the use of Markov Chain Monte Carlo. One attractive property of
the proposed method is that the system being identified can remain linear leading to favourable computational
performance compared to a fully nonlinear state-space model.
While it was shown how the results of the identification may be used to fit a nonlinear model for future
prediction and simulation, this is an area of investigation which will require further research. It is expected
that this will be complicated even further in the case of dynamic nonlinearities, for example hysteretic systems.
Beyond that, other avenues of interest include inference of the mass in conjunction with the parameters shown
in this paper and to explore if this procedure can be used when the loading time series is not available but
some characteristic about it is.
Finally, it is worth acknowledging some shortcomings of the methodology which must be considered moving
forward. A user must be wary of the flexibility of the GP, it has been seen here how the identification of
the linear parameters can be biased in the initial identification. Secondly, it should be noted that the GP can
struggle to model some of the higher order harmonic content in the nonlinear system, the reason for this is
the subject of further research.
In conclusion, this work has begun to explore how application of state-space approaches may allow for
identification of unknown nonlinearities in a system. It is argued that simultaneous recovery of the hidden
states and linear system parameters may lead to more robust or easier identification of the nonlinearity in the
system. It has been shown that this type of approach can lead to very accurate models of nonlinear dynamical
systems starting from only observation of the acceleration of the system due to a known, applied force.

Acknowledgements
The authors acknowledge the funding received from the Centre for Oil and Gas - DTU/Danish Hydrocarbon
Research and Technology Centre (DHRTC).

References
[1] K. Worden and G. R. Tomlinson, Nonlinearity in Structural Dynamics: Detection, Identification and
Modelling. CRC Press, 2000.
[2] G. Kerschen, K. Worden, A. F. Vakakis, and J.-C. Golinval, “Past, present and future of nonlinear system
identification in structural dynamics,” Mechanical Systems and Signal Processing, vol. 20, no. 3, pp.
505 – 592, 2006.
[3] J. P. Noël and G. Kerschen, “Nonlinear system identification in structural dynamics: 10 more years of
progress,” Mechanical Systems and Signal Processing, vol. 83, pp. 2–35, 2017.
[4] S. F. Masri and T. K. Caughey, “A Nonparametric Identification Technique for Nonlinear Dynamic
Problems,” Journal of Applied Mechanics, vol. 46, no. 2, pp. 433–447, 06 1979.
[5] K. Worden, “Data processing and experiment design for the restoring force surface method, part I:
integration and differentiation of measured time data,” Mechanical Systems and Signal Processing,
vol. 4, no. 4, pp. 295–319, 1990.
[6] A. Brandt and R. Brincker, “Integrating time signals in frequency domain - comparison with time
domain integration,” Measurement, vol. 58, pp. 511–519, 2014.
[7] R. E. Kalman, “A new approach to linear filtering and prediction problems,” Journal of basic Engineering, vol. 82, no. 1, pp. 35–45, 1960.
[8] H. E. Rauch, C. Striebel, and F. Tung, “Maximum likelihood estimates of linear dynamic systems,”
AIAA journal, vol. 3, no. 8, pp. 1445–1450, 1965.
[9] K. Maes, A. Smyth, G. De Roeck, and G. Lombaert, “Joint input-state estimation in structural dynamics,”
Mechanical Systems and Signal Processing, vol. 70, pp. 445–466, 2016.
[10] S. E. Azam, E. Chatzi, and C. Papadimitriou, “A dual kalman filter approach for state estimation
via output-only acceleration measurements,” Mechanical Systems and Signal Processing, vol. 60, pp.
866–886, 2015.
[11] S. E. Azam, E. Chatzi, C. Papadimitriou, and A. Smyth, “Experimental validation of the kalman-type
filters for online and real-time state and input estimation,” Journal of Vibration and Control, vol. 23,
no. 15, pp. 2494–2519, 2017.
[12] K. Maes, K. Van Nimmen, E. Lourens, A. Rezayat, P. Guillaume, G. De Roeck, and G. Lombaert,
“Verification of joint input-state estimation for force identification by means of in situ measurements on
a footbridge,” Mechanical Systems and Signal Processing, vol. 75, pp. 245–260, 2016.
[13] T. Rogers, K. Worden, and E. Cross, “On the application of gaussian process latent force models for
joint input-state-parameter estimation: With a view to bayesian operational identification,” Mechanical
Systems and Signal Processing, vol. 140, p. 106580, 2020.
[14] V. K. Dertimanis, E. Chatzi, S. E. Azam, and C. Papadimitriou, “Input-state-parameter estimation of
structural systems from limited output information,” Mechanical Systems and Signal Processing, vol.
126, pp. 711–746, 2019.
[15] S. Särkkä, Bayesian filtering and smoothing.

Cambridge University Press, 2013, vol. 3.

[16] M. Alvarez, D. Luengo, and N. Lawrence, “Latent force models,” in Artificial Intelligence and Statistics,
2009, pp. 9–16.
[17] J. Hartikainen and S. Sarkka, “Sequential inference for latent force models,” arXiv preprint
arXiv:1202.3730, 2012.
[18] A. O’Hagan and J. F. C. Kingman, “Curve fitting and optimal design for prediction,” Journal of the
Royal Statistical Society. Series B (Methodological), pp. 1–42, 1978.
[19] C. E. Rasmussen and C. K. I. Williams, Gaussian processes for machine learning.
[20] M. L. Stein, Interpolation of spatial data: some theory for kriging.
Media, 2012.

Citeseer, 2006.

Springer Science & Business

[21] C. E. Rasmussen and Z. Ghahramani, “Occam’s razor,” in Advances in neural information processing
systems, 2001, pp. 294–300.
[22] J. Hartikainen and S. Särkkä, “Kalman filtering and smoothing solutions to temporal gaussian process
regression models,” in Machine Learning for Signal Processing (MLSP), 2010 IEEE International
Workshop on. IEEE, 2010, pp. 379–384.
[23] L. Ljung, System identification. Springer, 1998.
[24] M. S. Grewal and A. P. Andrews, Kalman filtering: Theory and Practice with MATLAB.
& Sons, 2014.

John Wiley

[25] A. Gelman, J. B. Carlin, H. S. Stern, D. B. Dunson, A. Vehtari, and D. B. Rubin, Bayesian data analysis.
CRC press, 2013.
[26] N. M. Newmark, “A method of computation for structural dynamics,” Journal of the Engineering
Mechanics Division, ASCE, vol. 85, pp. 67–94, 1959.
[27] A. K. Chopra, Dynamics of Structures.

Pearson Education, 2012.

-BSHFTUSVDUVSFTBOENFDIBOJDBMTZTUFNT TVDIBTPGGTIPSFTUSVDUVSFT QP
XFSQMBOUT CSJEHFTBOEBJSQMBOFT IBWFBDSJUJDBMJNQBDUPOBDJWJMJTBUJPOTFDPOPNZ
BOETUBOEBSEPGMJWJOHUIFSFGPSF UIFJSTUSVDUVSBMJOUFHSJUZJTPGDSVDJBMJNQPSUBODF
4USVDUVSBM)FBMUI.POJUPSJOHIBTCFFOEFWFMPQFEJOSFDFOUEFDBEFTUPSFEVDFNBJO
UFOBODFDPTUT QSPMPOHUIFQFSJPEPGQSPmUBOEJODSFBTFTVTUBJOBCJMJUZCZDPNQVUFS
CBTFEEFUFDUJPOPGEBNBHFBOEMJGFUJNFFYUFOTJPO5IFQSJODJQMFTUFQPG4USVDUV
SBM)FBMUI.POJUPSJOHJTUIFJEFOUJmDBUJPOPGEZOBNJDDIBSBDUFSJTUJDTPGUIFJOWFTUJ
HBUFETUSVDUVSF XIJDIDBOCFFTUJNBUFEGSPNNFBTVSFEBNCJFOUWJCSBUJPOTCZUIF
VTFPG0QFSBUJPOBM.PEBM"OBMZTJT 0." 0."NFUIPET IPXFWFS BSFJOQSJODJQMF
DPOmOFEUPFTUJNBUJPOPGEZOBNJDDIBSBDUFSJTUJDTPGTUSVDUVSFTUIBUDBOCFBT
TVNFEUPCFIBWFMJOFBSBOEUJNFJOWBSJBOU XIJDIEPFTOPUBMXBZTBQQMZUPUIFTF
SFBMMJGFTUSVDUVSFT*OUIJTUIFTJT UIFBQQMJDBUJPOPG0."UPTUSVDUVSFTUIBUCFIBWF
OPOMJOFBSMZ BSFUJNFWBSZJOHPSDPOUBJOPTDJMMBUJOHNBTTFT JFnVJEUBOLTBOEWJCSB
UJPOBCTPSCFST JTJOWFTUJHBUFEJOSFMBUJPOUPTVCTFRVFOUVTFPGUIFPCUBJOFEEZOB

%FQBSUNFOUPG$JWJM&OHJOFFSJOH

#SPWFK
,POHFOT-ZOHCZ
5FM

XXXCZHEUVEL



