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ABSTRACT
The focus of this article is on level set based topology optimization of vibroacoustic hearing
instruments. The goal is to demonstrate the applicability of the proposed framework for
optimization of 3D industrial scale hearing instruments. The framework employs an immersed
boundary cut element method to handle the modeling of complex design geometries on fixed
unstructured meshes. Utilization of unstructured meshes allows for optimizing small parts of
a complex hearing instrument without disturbing the overall geometry. The remaining parts
of the model which are not included in the optimization process are modeled with segregated
approach. The design parameterization is based on an explicit level set approach, for which
the nodal level set values are linked to the mathematical design variables. The optimization
problem is solved using mathematical programming and the sensitivities are obtained with a
discrete adjoint approach. A validation study is carried out comparing the proposed cut element
model to a body fitted mesh for a large range of frequencies. The optimization framework is then
applied on the tube and the suspension structures of a hearing instrument system considering
two sets of material properties for the design parts. The optimization considers the minimization
of sound pressure on the microphone surface for discrete frequencies aiming to reduce the
feedback paths and to increase the amplification that the device can deliver to the user. Both
optimization cases improve the performance of the hearing instrument system by effectively
reducing the sound pressure on the microphone surface for the considered frequency range.

1. Introduction
Hearing instruments are build to aid hearing by boosting the received external sound and making it audible for the user.
Depending on the severity of the hearing loss, there are different types of instruments available. The present paper considers the
Behind The Ear (BTE) type of instruments. Devices in this category are generally build for providing large acoustic amplifications.
The process consists of a microphone on the hearing instrument picking up the external acoustic signals and through various
conversions these acoustic signals are amplified and radiated from the receiver (loudspeaker) inside the device. The sound produced
from the receiver is guided into the ear canal and delivered to the user by an internal tube. Due to high pressure levels inside the inner
tube and vibroacoustic interactions involving small light-weight parts, the hearing instrument and the surrounding air can exhibit
vibrations. The limiting factor on the amplification of the external sound by the hearing instrument is the unwanted conversion of
these vibrations to a microphone signal creating a feedback loop. By reducing the amplification at certain frequencies, the feedback
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issue can be mitigated to a certain level but this also directly reduces the device’s performance. Another option would be modifying
the geometry of individual parts of a hearing instrument by trial and error approaches to reduce the feedback paths. However, due
to the complex nature of the coupled interactions this approach becomes prohibitive and time consuming. Hence, the numerical
vibroacoustic analysis coupled with optimization tools are essential in industrial design processes.
For the numerical optimization of 3D hearing instrument models, recently [1] carried out a parameter optimization of a
vibroacoustic hearing aid device. The work considers the thickness and stiffness of tube and suspension structures of a hearing
aid as the four parameters of optimization to reduce the vibrations at the microphone position. The computational cost of a high
resolution frequency response for the optimization is reduced with a parametric model order reduction technique. To achieve greater
design freedom, [2] considered density based topology optimization [3,4] and carried out structural optimization of a suspension
structure to reduce the feedback path of a BTE type hearing aid. Here, the interface between the acoustic media and structural
design domain was kept fixed and the optimization considered the material distribution of structural solid and void in the design
domain. For the ability to generate innovative designs without the need of defining an initial shape, topology optimization has
become a popular choice across wide range of areas in both research and industry. Recently for static problems, the method is
applied on optimization of a giga-scale wing structure [5]. Other areas where topology optimization is utilized include optimization
of fluid systems [6,7] and multi-physics applications [8–10]. In frequency domain, topology optimization has also seen advances
in acoustics [11–14] and vibroacoustics [15,16] where mixed formulation is utilized to model the varying interface with a density
parameterization. However, problems that are coupled through an interface, such as vibroacoustics, requires accurate modeling
of boundary description to correctly capture the strong interactions between acoustics and structural vibrations. Despite the fact
that the density based models provide the most design space flexibility, it still faces challenges for multi-physics applications. As
shown in [16] with a comparative study on vibroacoustic optimization, the post-processed density based optimized design evaluated
with a crisp boundary description (body-fitted mesh or immersed boundary methods) can show significant difference in the overall
dynamic response compared to the response of the design using density representation due to the stair-case boundary description
and the effect of gray areas on the overall response of the coupled system. The importance of crisp boundary description further
increases with higher frequencies as the problem becomes more sensitive to the modeling of the coupling interface.
Level set based methods [17–19] have also seen an increasing amount of work in the literature. Utilizing a level set function,
these type of methods typically describe the design boundary from the zero iso-curve of the level set function. These methods
vary in terms of the underlying modeling into three categories, i.e, ersatz material [20], body fitted mesh [21] and immersed
boundary approaches [22]. The level set methods with ersatz material realization results in a density parameterization of the
design, hence suffers from the same challenges due to the interface description. Capturing the design by updating a body fitted
mesh to conform with the interface provides a clear and accurate boundary description and preserves well-defined boundaries
through out the optimization. Classical level set approaches utilize a solution of a Hamilton Jacobi type equation to propagate the
boundary front during the design iterations. Depending on the quality of the re-meshed interface elements the approach has the
potential of providing very accurate modeling of the physics. However for complex 3D design problems such as a full hearing aid
model, operation of re-meshing the interface is a costly operation that is prohibitive for an efficient optimization approach and
may introduce numerical noise to the sensitivities [23]. In coupled acoustic–structural systems, usage of body fitted meshes coupled
with classical level set based optimization can be found in [24–26]. Instead of re-meshing strategies the present article focuses on
an immersed boundary cut element method to model the propagating boundary during the optimization. The method allows the
interface boundary to cut through the design elements without modifying the mesh, which is achieved using an intricate integration
scheme for cut elements. The utilized method is based on the cut element approach from [27], which recently has been utilized
in [28,29] for 2D shape optimization of vibroacoustic devices. The current work extends the method presented in [28] to handle
complex 3D coupled acoustic–mechanical interaction problems as well as demonstrates the applicability of the approach on an
industrial scale hearing instrument.
For optimization, the present approach does not require design updates based on the solution to the Hamilton Jacobi equation.
Instead, standard nonlinear programming tools are used to evolve the boundary. The usage of nonlinear programming tools increases
the generality of the optimization problem and allows for inclusion of multiple constraints with ease.
Considering that the hearing instrument used as model problem in this article is comprised of several complex shaped structures
with different material properties and damping coefficients, a complete level set based geometric description is infeasible. Instead
the framework couples the standard segregated modeling of vibroacoustics on non-designable parts with the cut element method
based on an explicit level set field for the design domains. We emphasize that the proposed design method ensures that all parts
are discretized using a single fixed unstructured mesh. Different from previous works on optimization of hearing instruments [2],
the current approach allows the interface to vary in the design domain between acoustic and structural parts, in turn realizing full
vibroacoustic optimization. Thus, utilization of level set based topology optimization with cut elements to realize a fully coupled
vibroacoustic optimization of parts of an industrial scale hearing instrument and thorough explanation of 3D cut element method
extended to vibroacoustic problems constitute the main novelties of this work. In order to reduce the feedback issue and increase the
allowable amplification that the hearing aid can offer, the present article minimizes the sound pressure at the microphone location
for a range of frequencies. The optimization is cast as a min–max problem to handle the resulting multi-objective problem for the
considered discrete frequencies.
The paper is organized as follows: Section 2 starts with a summary on the implicit geometry realization provided by the level
set description coupled to the non-designable parts. The governing equations for a vibroacoustic system is given along with the
discrete system by the finite element method. The section also provides detailed implementation aspects of the utilized 3D cut
element method. The parameterization of the design linking the design variables to level set values are explained in Section 3. The
optimization problem and the design update method along with sensitivity analysis and the discrete adjoint method are summarized
in Section 4. Finally, in Section 5 the optimization of an industrial scale vibroacoustic hearing instrument model is demonstrated.
2
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Fig. 1. The complete assembly making up the considered hearing instrument system. (a) Illustrating the different structural and acoustic parts of the assembly
along with the boundary conditions utilized to model the surrounding air and the clamped face of the tube connecting to the inner canal. The design domains
are colored with red. (b) Showing the detail view of the receiver and the suspension structures and the considered acoustic and structural excitation of the
hearing aid device. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

2. Analysis
2.1. Geometry description
This section gives a detailed description of the considered hearing instrument system. Due to the strong coupling exhibited
between structural vibrations and acoustic pressure variations and to correctly capture the vibroacoustic responses in the hearing
instrument systems, designing one part of the system also requires the modeling of the rest. To this end, Fig. 1(a) illustrates the
complete assembly of the hearing aid system considered in the present work. Here the computational modal consists of 4 structural
parts and 3 acoustic domains. The structural parts consist of the hearing instrument body, the tube around the inner air canal,
receiver and suspension structure connecting the receiver to the body. In order to capture the vibrations in the surrounding air, the
model also includes the external air modeled as a bounding sphere. The rest of the acoustic domains are the acoustic cavity inside
the hearing aid body surrounding the receiver and the suspension and the inner air canal which is guiding the sound produced
from the receiver. The bottom part of the inner air canal outside of the bounding sphere (the coupler) approximates the acoustic
impedance of the ear.
In the considered hearing instrument system only the domains that are designated with red color in Fig. 1 are subjected to
optimization (the outer domains of the tube and suspension structures). These domains are shown with a detailed view provided in
Fig. 2. A prescribed minimum thickness of the tube and suspension structures are left out of the optimization as highlighted with
light gray in Fig. 2, where the grid is also shown. The reason for this, is to ensure the structural integrity of the system in case the
optimization wants to remove as much material as possible.
In the present work, the geometry description in the design domains are tied to a level set function 𝑠(𝑥)
̄
which provides a implicit
definition of the regions occupied by the structural and the acoustic domains.
𝑠(𝑥)
̄
> 0,

𝑥 ∈ 𝛺𝑠 (structural domain)

𝑠(𝑥)
̄
= 0,

𝑥 ∈ 𝛤𝑎𝑠 (interface)

𝑠(𝑥)
̄
< 0,

𝑥 ∈ 𝛺𝑎 (acoustic domain)

(1)

Here, the positive valued regions of the level set function indicate a structural domain and similarly acoustic domains are embedded
within the negative valued parts of the function. Within this implicit definition of the geometry, the interface of the two domains are
realized from the zero iso-surface. Using a fixed background mesh, the level set description given in Eq. (1) provides a robust way of
defining geometries. This is important since an accurate description of the interface 𝛤𝑎𝑠 is essential for modeling of strongly coupled
3
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Fig. 2. Detail view of the two design domains colored with red and non-designable parts are colored with light gray. The thicknesses of the design and
non-designable parts are also illustrated, (a) tube structure, (b) suspension structure. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
Table 1
Material properties considered for the non-design parts of the hearing aid.
Part
HI body:
Receiver:

𝐸𝑠 (Pa)
109

2×
2 × 1011

𝜈

𝜂

𝜌𝑠 (kg∕m3 )

0.4
0.4

0
0

1040
7850

physics. On the discrete level, the level set function is defined on the nodal points of the computational mesh and represented with
linear shape functions. The iso-surface is thus realized as straight planes cutting through the background mesh.
2.2. Mathematical model
This section introduces the governing equations for the considered vibroacoustic hearing instrument model. The time-harmonic
response of the structural displacements are governed by the following elasticity equations:
∇𝑇 𝜎 + 𝜔2 𝜌𝑠 𝐮 = 𝐟
(
)
𝜎 =  𝐸𝑠 , 𝜈 𝝐
[
(
) (
) (
)]
𝜕𝑢3 𝜕𝑢1 𝑇
𝜕𝑢1 𝜕𝑢2 𝜕𝑢3
𝜕𝑢1 𝜕𝑢2
𝜕𝑢2 𝜕𝑢3
𝝐=
,
,
,
+
,
+
,
+
𝜕𝑥 𝜕𝑦 𝜕𝑧
𝜕𝑦
𝜕𝑥
𝜕𝑧
𝜕𝑦
𝜕𝑥
𝜕𝑧

in

𝐮=0

on

𝛤𝑠𝑑

(5)

𝐧𝑇𝑠 𝜎

on

𝛤𝑎𝑠

(6)

= 𝑝𝐧𝑎

𝛺

(2)
(3)
(4)

The structural displacement vector is denoted by 𝐮. The Cauchy stress vector 𝜎 is defined by Eq. (3) where  is the constitutive
matrix for an isotropic linear elastic material and 𝝐 is the strain vector (Eq. (4)). The Young’s modulus and the Poisson’s ratio are
denoted by 𝐸𝑠 and 𝜈, respectively and 𝜌𝑠 is the mass density of the solid structure. The radial frequency is given by 𝜔. The clamped
surface 𝛤𝑠𝑑 is defined on the bottom face of the tube connecting to the inner canal as shown in Fig. 1. On the surface 𝛤𝑠𝑑 , a zero
Dirichlet boundary condition is imposed. The surface 𝛤𝑎𝑠 defines the coupling interface between acoustic and solid domains where
𝑛𝑠 is the normal vector directed from the solid domain and the normal vector 𝑛𝑎 points from the acoustic domain towards the solid.
The coupling to the pressure fluctuations in the acoustic domain is provided to the system from the coupling condition given in
Eq. (6), where the acoustic pressure 𝑝 creates pressure load to the structure.
The structural excitation to the hearing instrument system is provided by time-harmonic forces on the receiver denoted as the
body force 𝐟 in Eq. (2). Here, two forces are considered on the receiver. One of them is applied on the receiver in the normal
direction towards the suspension with an amplitude of 0.005 N. The second applied force of 0.01 N is directed tangental to the
connecting surface between the suspension and the receiver and is directed towards the microphone. The forces are applied on the
receiver to correctly simulate and capture the response of the system.
The considered hearing instrument model consists of 4 structural parts. The hearing instrument body and the receiver are not
included in the optimization. The material properties of these non-design parts of the hearing instrument are listed in Table 1.
For optimization, the suspension and the tube structures of the hearing aid device are considered. To this end, the present work
considers two different sets of material properties for these parts to investigate the effect on the optimization result and the response
of the system. Table 2 lists the first set of stiff material properties of the design space and 𝜂 denotes the amount of structural damping
(𝐸𝑑𝑎𝑚𝑝𝑒𝑑 = (1 + 𝜂i)𝐸𝑠 ) utilized in the structures.
4
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Table 2
Stiffer material properties considered for the design parts of the hearing aid.
Part
Suspension:
Tube:

𝐸𝑠 (Pa)
7

5.5 × 10
1.8 × 108

𝜈

𝜂

𝜌𝑠 (kg∕m3 )

0.49
0.49

0.2
0.4

1100
1300

Table 3
Softer material properties considered for the design parts of the hearing aid.
Part
Suspension:
Tube:

𝐸𝑠 (Pa)
6

1 × 10
1 × 108

𝜈

𝜂

𝜌𝑠 (kg∕m3 )

0.49
0.49

0.2
0.4

1100
1300

Table 4
Material properties considered for the acoustic air domain.
𝑐𝑎 (m∕s)

𝜌𝑎 (kg∕m3 )

342.0

1.21

Table 5
Thermal properties of the acoustic air domain for the approximation of thermal and viscous
boundary layers.
𝜅 (W∕ (m K))

𝑐𝑝 (J∕ (kg K))

 (m2 ∕s)

𝛾

0.0244

1.005 × 103

1.506 × 10−5

1.4

Similarly, Table 3 lists the second set of material properties considered for the optimization realized as softer materials with
lower Young’s modulus. Here it is noted that, the modulus of the suspension is taken from the best candidate material from [1].
The acoustic pressure response in the coupled acoustic–structural system is governed by the scalar Helmholtz equation:
(
) ( 2)
1
𝜔
∇𝑇
∇𝑝 +
𝑝=0
in 𝛺
(7)
𝜌𝑎
𝐾𝑎
)
(
1
∇𝑝 = −𝜔2 𝐧𝑇𝑠 𝐮
on 𝛤𝑎𝑠
(8)
𝐧𝑇𝑎
𝜌𝑎
(
)
1
𝐧𝑇𝑎
∇𝑝 = i𝜔𝑣𝑛
on 𝛤𝑎𝑣
(9)
𝜌𝑎
(
)
1
i −1
𝜔2 (i − 1)(𝛾 − 1)
𝐧𝑇𝑎
∇𝑝 − 𝛿𝑣
𝛥 𝑝 + 𝛿𝑇
𝑝=0
on 𝛤𝑎𝑙
(10)
𝜌𝑎
2𝜌𝑎 ∥
𝐾𝑎
2
√
√
2
2𝜅
,
𝛿𝑇 =
𝛿𝑣 =
𝜔
𝜔𝜌𝑎 𝑐𝑝
(
)
i𝑐𝑎
1
𝜔
∇𝑝 + i
𝑝+
𝛥 𝑝=0
on 𝛤𝑎𝑟
(11)
𝐧𝑇𝑎
𝜌𝑎
𝜌𝑎 𝑐 𝑎
2𝜌𝑎 𝜔 ∥
The density and the speed of sound in the acoustic medium, here air, are denoted by 𝜌𝑎 and 𝑐𝑎 , respectively. Hence, the acoustic
bulk modulus is defined as 𝐾𝑎 = 𝑐𝑎2 𝜌𝑎 . The material properties of the acoustic media are listed in Table 4.
The coupling to the acceleration of the interface 𝛤𝑎𝑠 is provided from the Eq. (8). The acoustic excitation to the system is applied
as a normal velocity on the surface 𝛤𝑎𝑣 connecting the receiver to the inner air canal with a amplitude of 𝑣𝑛 = 0.07 m∕s (visualized
in Fig. 1(b)). The unit complex number is denoted with i. The inner air canal of the considered hearing aid is a thin tube guiding
high levels of acoustic pressure. Hence, in order to realize correct modeling of the system and to avoid unrealistic peaks in the
response, thermo-viscous losses become relevant. The boundary Layer Impedance (BLI) model [30,31] in Eq. (10) is applied on
the surface 𝛤𝑎𝑙 of the inner air canal to approximate the effect of thermal and viscous boundary layers. Here, thicknesses for the
viscous boundary layer 𝛿𝜈 and the thermal boundary layer 𝛿𝑇 are frequency dependent. The kinematic viscosity is denoted by ,
constant pressure specific heat is 𝑐𝑝 , 𝜅 is the thermal conductivity of the acoustic media and 𝛾 is the ratio of the specific heats.
The thermal properties of the acoustic media utilized for the approximation of thermal and viscous boundary layers are listed in
Table 5. Eq. (11) is the second order absorbing boundary condition defined on the surface of the bounding sphere 𝛤𝑎𝑟 [32]. The
absorbing boundary assumes plane wave incidence, meaning that the acoustic waves can reflect back into the system. However,
after a number of numerical tests, the size of the bounding sphere is realized sufficiently large to accommodate outgoing acoustic
waves and prevent reflections.
Figs. 3 and 4 shows the effect of including losses on the response of the microphone position and the coupler surface for two sets
of material properties. The coupler surface indicates the bottom of the inner air canal (Fig. 1). The responses are calculated on a
nominal configuration for the suspension and tube structures realized with a body fitted mesh. The nominal configuration consists
of 1.0 mm thick tube and 0.2 mm thick suspension. It can be seen from both figures that strong peaks of the acoustic response inside
5
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Fig. 3. Utilizing stiffer materials for the suspension and the tube from Table 2. Showing the frequency responses which investigate the effect of applying BLI
approximation on the surface of the inner air canal. (a) Sound pressure level on the coupler surface. (b) Total vibration on the microphone surface. (c) Sound
pressure level on the microphone surface.

Fig. 4. Utilizing softer materials for the suspension and the tube from Table 3. Showing the frequency responses which investigate the effect of applying BLI
approximation on the surface of the inner air canal. (a) Sound pressure level on the coupler surface. (b) Total vibration on the microphone surface. (c) Sound
pressure level on the microphone surface.

6
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the inner air canal (Figs. 3(a) and 4(a)) effects the vibrations and the pressure on the microphone position resulting in unrealistic
peaks (Figs. 3(b–c) and 4(b–c)). This behavior signifies the vibroacoustic coupling of the system. The response on the microphone
position (both structural vibrations and acoustic pressure) follows the peaks of the inner air canal. Introducing losses through the
BLI approximation on the surface of the inner air canal avoids these unrealistic spikes in the response of the system. Utilizing stiffer
materials for the suspension and the tube (Table 2), the damped vibration response of the microphone surface around 3500 Hz and
5200 Hz in Fig. 3(b) translates into dips in the acoustic pressure response of the microphone (Fig. 3(c)). With the material properties
given in the Table 3, the acoustic response in the inner air canal again peaks around the same frequencies (Fig. 4(a)). Overall, the
BLI approximation successfully damps the unrealistic peaks occurring due to high pressure levels inside small enclosures.
2.3. Discrete system
The general details regarding the spatial discretization of the vibroacoustic system are introduced in this section. The standard
Galerkin method [33] is employed for the discretization. In order to derive the weak form, the coupled system is multiplied with
test functions and volume integrated. Following this, integration by parts is applied on the second order derivatives. The discrete
system is realized by approximating the continuous variables with linear shape functions. For this, constant stress linear tetrahedral
elements are utilized to mesh the computational domain. The resulting discrete system is obtained as:
][ ] [ ]
[(
)
𝐊𝑠 − 𝜔2 𝐌𝑠
−𝐒
𝐮
𝐟
)
(
(
) (
)
=
(12)
−𝜔2 𝐒𝑇
𝐊𝑎 − 𝜔2 𝐌𝑎 + i𝜔𝐃1 + 𝜔i 𝐃2 + 𝛿𝜈 (𝜔)𝐂1 + 𝜔2 𝛿𝑇 (𝜔)𝐂2
𝐩
𝐠
For the structural equations, 𝐊𝑠 is the stiffness matrix and 𝐌𝑠 is the mass matrix. The coupling matrix is given by 𝐒. Similarly, 𝐊𝑎
and 𝐌𝑎 denote the acoustic stiffness and mass matrices, respectively. After constructing the appropriate weak form, the matrix 𝐃1
contains the second term of the absorption boundary condition given in Eq. (11) and matrix 𝐃2 is the discrete form of the third term
of the Eq. (11). Likewise, the discrete form of the BLI approximation (Eq. (10)) is realized with the matrices 𝐂1 and 𝐂2 . The vector
𝐟 contains the structural excitation of the system due to the applied body forces on the receiver and vector 𝐠 denotes the discrete
form of the acoustic excitation applied as a normal surface velocity (Eq. (9)). The acoustic excitation of the system models the sound
produced by the receiver. The above discrete matrices and vectors are integrated and formed once for each design realization, this
way the time required for integration is significantly reduced for frequency response calculations. The integration scheme to realize
the modeling of the interface boundary inside the cut elements will be described in Section 2.4. Otherwise, the usual Gaussian
quadrature for constant stress linear tetrahedral elements is utilized to carry out the volume and surface integrals.
2.4. Cut element method
This section summarizes the cut element method which is used for the modeling of non-conforming surface boundaries on a
fixed grid. Compared to the cost of re-meshing procedures, the present method provides a cheap way of capturing moving design
boundaries with a local integration approach that acts only on element level. Hence, the present method can be effectively utilized
in an existing parallel framework without any modification to parallel communications. This is one of the main motivations behind
the present cut element method. The often main reason for using the cut element approach is that it allows the design to evolve
within the defined design domain, without any re-numbering of degrees of freedoms or enrichment of the shape functions. That
is, both physics are solved following a fictitious domain approach. For the structural equations, this approach defines a void phase
in the acoustic region and a solid phase in the structural region. This is realized in the optimization domain with modifying the
material properties of the structure. Similarly, the utilized fictitious domain approach alters the material properties of the acoustic
media to realize a rigid body behavior in solid regions of the optimization domain. This approach can therefore be regarded as
overlaying the classical SIMP interpolation [4] for the solid domain with the inverse interpolation used for pure acoustic topology
optimization [12]. But without interpolating a continuous design field, i.e. the indicator function is binary. Hence, the time-harmonic
vibroacoustic response of the structural displacements are calculated both in acoustic and solid regions of the optimization domain
with the following material properties, using the same contrast parameter:
𝐸𝑠 = 𝛼 𝐸̃ 𝑠 ,

(13)

𝜌𝑠 = 𝛼 𝜌̃𝑠

Here, the tilde notation denotes the original material properties of the considered structure and 𝛼 is the dimensionless contrast
parameter which is either unity in solid domain or 10−8 to realize a void phase. Likewise, in the optimization domain the acoustic
pressure response of the coupled acoustic–structural system is calculated with the following material properties:
𝐾𝑎 =

𝐾̃ 𝑎
,
𝛼

𝜌𝑎 =

𝜌̃𝑎
𝛼

(14)

where, the dimensionless contrast parameter 𝛼 is unity for acoustic domain and again a contrast value of 10−8 is used to realize the
rigid phase of the acoustic solution (solid domain).
In order to identify cut elements in the design domain, an indicator function is defined. The function evaluates each element in
the design domain based on the nodal level set values of the element. Here, an element is marked as cut if nodal level set values
of the element contains both positive and negative values. Illustration of a tetrahedral element cut by an iso-surface can be seen
in Fig. 5(a). The uncut elements are easily identified and assigned marks which determines the physical domain that the element
7
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Fig. 5. The sub-integration of the structural part of a cut-element. (a) The element is tetrahedralized to reflect the intersection of the boundary and the
parent element. The corresponding physical domains of each sub-cell and the coupling interface (light blue colored surface) are shown. (b) Iso-parametric linear
tetrahedral element and the corresponding Gauss points are shown. (c) Illustration of the Gauss points of the tetrahedral element that are mapped to the reference
domain of the parent element for the sub-integration. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

belongs. If all nodal values of level set function is negative for an element, then the element is identified as belongs to the acoustic
region 𝛺𝑎 . Similarly, an element belongs to the solid region 𝛺𝑠 if all nodal level set values are positive.
After modifying the material properties of the vibroacoustic system appropriately, no additional operations are needed for the
discretization of the uncut elements and they are integrated with usual Gaussian quadrature rule for constant stress linear tetrahedral
elements.
For cut elements, the present method carries out sub-integrations over the parent element with modified integration points to
capture the effect of intersecting the boundary and the parent element. The correct integration of sub-volumes and sub-areas inside
the cut element is ensured with sub-dividing the parent element into sub-cells that conforms to the intersecting surface. Fig. 5(a)
shows a cut configuration in global coordinates where the vibroacoustic analysis is realized. Here, the fictitious domain solutions
of both physics inside each sub-cell are carried out by setting appropriate material properties.
In order to carry out the sub-integration of each sub-cell efficiently the cut element is tetrahedralized in the local coordinate
system, where a Marching Tetrahedra algorithm [34] is utilized with the nodal level set values of the parent element to determine
the local edge coordinates of the intersecting face. After determining the points of the cut configuration in local coordinates, the
present work uses the TetGen library [35] for the tetrahedralization procedure.
For completeness, the Gauss points defined at the local coordinates of a linear tetrahedral element is given as:
(
)
1 1 1 1 𝑇
𝜉 𝑇 = (𝑎, 𝑏, 𝑏, 𝑏)𝑇 ,
𝜂 𝑇 = (𝑏, 𝑏, 𝑏, 𝑎)𝑇 ,
𝜁 𝑇 = (𝑏, 𝑏, 𝑎, 𝑏)𝑇 ,
𝐖𝑇 =
, , ,
(15)
4 4 4 4
(
(
√ )
√ )
𝑎 = 5 + 3 5 ∕20,
𝑏 = 5 − 5 ∕20
(16)
The process of sub-integration for volumetric integrals is illustrated in Figs. 5(b)–(c). The Gauss points defined at the local coordinate
of the sub-cell are mapped to the reference domain of the parent tetrahedral element with the following operations:
𝜉,𝑖 = 𝐍𝑇 (𝜉𝑇 ,𝑖 , 𝜂𝑇 ,𝑖 , 𝜁𝑇 ,𝑖 ) 𝜉 

(17)

= 𝐍𝑇 (𝜉𝑇 ,𝑖 , 𝜂𝑇 ,𝑖 , 𝜁𝑇 ,𝑖 ) 𝜂 

(18)

𝜁,𝑖 = 𝐍𝑇 (𝜉𝑇 ,𝑖 , 𝜂𝑇 ,𝑖 , 𝜁𝑇 ,𝑖 ) 𝜁 

(19)

𝜂,𝑖

Here, (𝜉𝜉  , 𝜂  , 𝜁  ) are the nodal points of the sub-cell in local coordinates and the linear shape function of isoparametric tetrahedral
element is denoted by 𝐍𝑇 . The mapped Gauss points (𝜉𝜉  , 𝜂  , 𝜁  ) are illustrated in Fig. 5(c). The above mapping operations for
calculating the correct placement of the integration points along with the sub-integration are carried out for each of the sub-cells.
Hence, evaluation of the structural stiffness matrix in a cut element is written as:
𝐊𝑠 =

𝑛𝑠𝑐 ∑
𝑛𝑔
∑

𝐁𝑇𝑢 (𝜉,𝑖 , 𝜂,𝑖 , 𝜁,𝑖 )(𝐸𝑠 , 𝜈)𝐁𝑢 (𝜉,𝑖 , 𝜂,𝑖 , 𝜁,𝑖 )𝑊𝑇 ,𝑖 ‖𝐽 (𝜉𝑇 ,𝑖 , 𝜂𝑇 ,𝑖 , 𝜁𝑇 ,𝑖 )‖

𝑘=1 𝑖=1
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Fig. 6. The sub-integration of the coupling surface of a cut-element. (a) Illustration of the cut configuration where the corresponding physical domains of each
sub-cell and the coupling interface (light blue colored surface) are shown. (b) Iso-parametric linear triangle and the corresponding Gauss points are shown. (c)
Illustration of the Gauss points of the triangle that are mapped to the reference domain of the parent element for the sub-integration of the coupling condition.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where, the number of sub-cells in a cut element and the number of mapped Gauss points are denoted by 𝑛𝑠𝑐 and 𝑛𝑔, respectively.
The linear strain–displacement matrix is given by 𝐁𝑢 and (𝐸𝑠 , 𝜈) is the constitutive matrix for which 𝐸𝑠 depends on the phase
(𝛺𝑠 or 𝛺𝑎 ). In order to ensure correct volume scaling between the sub-cell and the parent element, the determinant of the Jacobian
‖𝐽 (𝜉𝑇 ,𝑖 , 𝜂𝑇 ,𝑖 , 𝜁𝑇 ,𝑖 )‖ is evaluated with the unmodified Gauss points of the sub-cell. This way, the integration weights for the tetrahedral
element 𝐖𝑇 are also not modified. It is noted that the global coordinates of the nodal points of the sub-cell are still needed to evaluate
the Jacobian 𝐽 (𝜉𝑇 ,𝑖 , 𝜂𝑇 ,𝑖 , 𝜁𝑇 ,𝑖 ), but they are easily found from the parent element and omitted here. With the present method, the
integration of sub-cells contribute only to the degrees of freedom of the parent element. Meaning that the tetrahedralization is only
made to facilitate the correct integration and the sparsity of the system matrix is not changed throughout the optimization.
Overall for volumetric integrals, the matrices 𝐊𝑎 , 𝐌𝑠 and 𝐌𝑎 , which are defined in Eq. (12), are also integrated in the optimization
domain as described above.
In the optimization domain, the coupling interface of the vibroacoustic system coincides with the iso-surface of the level set
field cutting through the elements. Hence, cut element method is also utilized for the correct integration of the coupling boundary
condition (Eqs. (6) and (8)). The coupling interface is illustrated with light blue color in Figs. 6(a) and 6(c). Here, different from
the sub-integration of the volumetric integral terms, the interface utilizes the isoparametric linear shape function 𝐍𝑡 of a 3 node
triangle (illustrated in Fig. 6(b) with corresponding local Gauss points). The local Gauss points of a linear triangle are given as:
(
)
(
)
(
)
1 2 1 𝑇
1 1 2 𝑇
1 1 1 𝑇
𝜉𝑡 =
, ,
,
𝜂𝑡 =
, ,
,
𝐖𝑡 =
, ,
(21)
6 3 6
6 6 3
3 3 3
In order to facilitate the sub-integration over a iso-surface, the local Gauss points of a linear triangle are mapped to the reference
domain of the parent element. The operation can be visualized as mapping from Figs. 6(b) to 6(c) and carried out as:
𝜉,𝑖 = 𝐍𝑡 (𝜉𝑡,𝑖 , 𝜂𝑡,𝑖 ) 𝜉 𝑐

(22)

𝜂,𝑖 = 𝐍𝑡 (𝜉𝑡,𝑖 , 𝜂𝑡,𝑖 ) 𝜂 𝑐

(23)

𝜁,𝑖 = 𝐍𝑡 (𝜉𝑡,𝑖 , 𝜂𝑡,𝑖 ) 𝜁 𝑐

(24)

where nodal points of the triangle (𝜉𝜉 𝑐 , 𝜂 𝑐 , 𝜁 𝑐 ) are in the reference domain of the parent element and (𝜉𝜉  , 𝜂  , 𝜁  ) denote the mapped
Gauss points of the triangle element. The discrete coupling matrix is evaluated as:
𝐒=

𝑛𝑔
∑

𝐍𝑇𝑢 (𝜉𝑆,𝑖 , 𝜂𝑆,𝑖 , 𝜁𝑆,𝑖 )𝐧𝑎 𝐍𝑝 (𝜉𝑆,𝑖 , 𝜂𝑆,𝑖 , 𝜁𝑆,𝑖 )𝑊𝑡,𝑖 𝐴𝑡

(25)

𝑖=1

Here, 𝐍𝑢 and 𝐍𝑝 are the linear tetrahedral element shape function for displacement vector and the acoustic pressure, respectively.
They are evaluated with the mapped Gauss points. The area of the coupling boundary in a cut-element is denoted by 𝐴𝑡 and the
integration uses the weights of the linear triangle. Again, the sub-integration of the coupling condition contributes only to the
degrees of freedom of the parent element.
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Fig. 7. Illustration of the iso-surface (red colored surface) that is modeled with the present cut element approach and the corresponding body fitted meshes
utilized for the validation study. The design domains are shown with transparent sections. (a) The tube and the suspension of the hearing aid are shown as
realized in the design domains from the zero iso-surface of the level set function. (b) The body fitted mesh for the tube and the suspension of the hearing aid
is shown. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Utilizing stiffer materials for the suspension and the tube from Table 2. Showing the frequency responses which compares the modeling of cut-elements
against the modeling with body fitted meshes. (a) Total vibration on the microphone surface. (b) Sound pressure level on the microphone surface.

2.4.1. Implementation and modeling verification
The modeling approach described in the preceding sections is implemented using C++ and MPI. For parallel data arrangement,
the proposed unstructured framework utilizes the PETSc library for matrix/vector operations [36–38] and Metis [39] is used
for partitioning the unstructured meshes. The solution of the above discrete system is carried out with the parallel direct solver
MUMPS [40,41].
The remainder of this section carries out a verification study for the cut element method and investigates the presented modeling
of the strongly coupled vibroacoustic hearing instrument against a segregated finite element modeling carried out with a body
fitted mesh. For the validation study, a level set function which realizes straight cylindrical designs for the suspension and the
tube structure is used. The utilized designs can be seen in Fig. 7(a), where the optimization domain is kept transparent for better
visualization and the considered designs are shown with red color. Here, the level set function is realized such that zero iso-surface
cuts through half of the thickness of the design domains (see Fig. 2) for the tube and the suspension. Hence, including the non-design
parts of the suspension and the tube, the design considered for the validation study have a thickness of 1.18 mm for the tube and
0.2475 mm for the suspension. The body fitted mesh of the realized design parts are also shown in Fig. 7(b). Overall the body fitted
mesh is generated such that the interface of both models (Figs. 7(a) and (b)) have same resolution.
The validation study is carried out for the two material sets considered for the suspension and the tube structure of the hearing aid
device. Fig. 8 shows the total vibration and the acoustic pressure responses of the microphone position for stiffer material properties
listed in Table 2. It is clearly seen in Fig. 8 that the present cut element approach successfully captures the acoustic–mechanical
interactions and the curves for cut element method and the body fitted mesh exhibits very close agreement for the presented large
range of frequencies.
10
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Fig. 9. Utilizing softer materials for the suspension and the tube from Table 3. Showing the frequency responses which compares the modeling of cut-elements
against the modeling with body fitted meshes. (a) Total vibration on the microphone surface. (b) Sound pressure level on the microphone surface.

A number of numerical experiments are also carried out to investigate the effect of the mechanical and acoustic excitations of
the system. It has been found that using stiffer materials for the design parts (Table 2), the response of the microphone surface is
mostly dominated by the structural excitation of the receiver until approximately 3000 Hz.
Fig. 9 compares the modeling of cut-elements against the modeling with body fitted meshes with softer materials (Table 3) for
the design parts. Again, the cut element modeling approach provides highly agreeable results. The approach exhibits small deviation
from the body fitted mesh results around 5500 Hz (see Fig. 9(b)). Overall, for the considered frequency range, all the peaks of the
acoustic pressure and the structural displacement responses of the microphone position are accurately captured. Unlike the previous
responses given in Fig. 8, the response of the microphone surface for the majority of the considered frequency range is due to coupled
interactions of the acoustic excitation applied as a normal surface velocity and the structural excitation applied as body forces on
the receiver. As expected, utilizing a softer materials for the suspension and the tube structure increases the vibroacoustic coupling
of the system. This effect also signifies the strong dependency of the overall response of the hearing aid on the considered design
parts and their material properties.
3. Design parameterization
This section introduces the parameterization of the design variables used for the optimization problem. The employed design
parameterization links the mathematical design variables, denoted as 𝐬, to the previously introduced level set field 𝐬̄ . The finite
element analysis is performed based on the geometry given from the level set field. Similar to the level set field 𝐬̄ , the mathematical
design variables 𝐬 are also defined on the nodal points of the mesh where the solution of the optimization problem is realized. In
this work we define 𝐬 within the following range:
0 ≤ 𝑠𝑖 ≤ 1

(26)

Despite the fact that the bounds of the design variables can be chosen in different ranges, we chose to utilize the above limits for the
design variable 𝐬 since it allows the usage of the gradient based optimizers in a similar way that is employed for standard density
based topology optimization methods. In order to ensure that the iso-surface does not evolve too rapidly during the optimization,
the following mesh dependent mapping is employed for stabilizing the numerical process:
−0.5ℎ𝑒 ≤ 𝑠̃𝑖 ≤ 0.5ℎ𝑒

(27)

Here, the element size is denoted as ℎ𝑒 and is taken to be the overall edge length in the design domain. Meaning, ℎ𝑒 is different for
the two design domains. The utilized mesh in the design domains for the suspension and the tube structure can be seen in Fig. 2.
The zone of influence of the design variables are increased with a filtering operation that is applied on the mapped design variables
𝐬̃ . Here, the filtering operation also stabilizes the optimization and provides a smoothed interface boundary description. To this end,
the following pde-type filter [42] is employed:
−𝑟2 ∇2 𝑠̄ + 𝑠̄ = 𝑠̃

(28)

The filter width is denoted as 𝑟 and the solution of the above pde-type filter results in the physical level set field 𝐬̄ that describes
the geometry in the design domains.
Here it is important to note that, unlike density based methods, filtering operations applied on design variables do not provide
a minimum feature size control for optimization. Since the geometry is always described by the partial interfaces inside cut
elements (the zero iso-surface of the level set function) regardless of the utilized filter width. We remark that this behavior also
makes the current optimization mesh dependent. In order to introduce length scale control with cut element method, the robust
11
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approach [43,44] might also be applied on the design field as shown in [27] for structural optimization. However, this has not been
pursued in the current work as the obtained optimized designs do not contain structural details that manufacturing cannot realize.
Furthermore, during the tetrahedralization of the cut element to facilitate the sub-integration, numerical issues can arise if the
non-conforming boundary cuts very close to a background mesh node, resulting in a failed tetrahedralization. In order to avoid this
issue, the corresponding nodal level set values are given a fixed value of 𝑠̄𝑖 = ℎ𝑒 10−7 with the effect of perturbing the level set value
in the direction of the solid. After a number of numerical tests, it has been found that this approach ensures the stability of the
tetrahedralization process without effecting the course of optimization.
4. Design update and optimization problem
The optimization problem is defined on general standard form as:
min
𝐬

s.t.

(̄𝐬, 𝐯(̄𝐬))

(29)

𝐫(̄𝐬, 𝐯(̄𝐬)) = 𝐀𝐯 − 𝐡 = 0

(30)

𝑔𝑖 (̄𝐬, 𝐯(̄𝐬)) ≤ 0

(31)

0≤𝐬≤1

(32)

where  is the objective function, 𝐯 is the vector with discrete state variables representing structural displacements and acoustic
pressure. The discretized system matrix and the source vector are defined as 𝐀 and 𝐡, respectively. Thus, the residual vector
function is denoted by 𝐫 and obtained from the discretization of the governing equations of the vibroacoustic system. The set
𝐠 represents additional inequality constraints and 𝐬 is the vector of design variables which are bounded between 0 and 1. The
constrained optimization problem is solved using the Method of Moving Asymptotes (MMA) algorithm [45] where a parallel PETSc
implementation presented in [46,47] is utilized.
The MMA algorithm is utilized in the following way: For the parameter that controls the initial adaptation, the MMA algorithm
is utilized with an asymptote parameter of 0.5. The decrease and increase of the asymptotes are controlled with parameters of 0.7
and 1.2, respectively. For the constraints, The MMA penalty parameter is set to 1000. The design update utilizes a relative move
limit of 10%. Here it is noted that, a specific stopping criteria is not utilized and the optimizations are run for a set number of
iterations. Furthermore, the reader is referred to Appendix for a detailed description of the sensitivity analysis.
4.1. Objective and constraint functions
In this work, the objective of the optimization problem is to reduce the average sound pressure level on the microphone surface.
Here, the main idea is that reducing the sound pressure at the specified microphone location for discrete frequencies also directly
reduces the feedback issue. This also allows the hearing aid to increase the allowable amplification for certain frequencies which is
also desirable and increases the device’s performance. The objective function (for a single frequency) is written as:
)
(
⟨|𝑝(𝜔𝑖 )|⟩
( ) 20 log10 2×10−5
(33)
𝑖 𝜔𝑖 =
𝑝∗𝑖
Here, 𝑝∗𝑖 is the average sound pressure level evaluated on the microphone surface for the initial configuration for each of the
considered discrete frequencies. This formulation provides appropriate scale both for the objective value and for the sensitivities of
the problem where the initial objective value for each frequency starts from unity. Moreover, ⟨|𝑝(𝜔𝑖 )|⟩ denotes the acoustic pressure
averaged at the microphone surface which is calculated as:
⟨|𝑝(𝜔𝑖 )|⟩ =

∫𝛤

𝑚𝑖𝑐

|𝑝(𝜔𝑖 )|d 𝛤

∫𝛤

𝑚𝑖𝑐

(34)

d𝛤

The optimization is considered in the frequency range of 1 kHz to 3 kHz and carried out for 5 discrete frequencies, i.e., 1 kHz,
1.5 kHz, 2 kHz, 2.5 kHz and 3 kHz. In order to avoid the optimization problem to be dominated by a single frequency and to
effectively realize multi-frequency optimization, we cast the problem in a min–max formulation. Hence, the formulation considers
the minimization of the maximum of the utilized objective functions. The min–max formulation is realized using the following bound
formulation [48]:
min
𝐬, 𝛽

s.t.

(35)

𝛽
𝐫(̄𝐬, 𝐯(̄𝐬)) = 𝐀𝐯 − 𝐡 = 0
( )
𝑖 𝜔𝑖 − 𝛽 ≤ 0

(36)

0≤𝐬≤1

(37)

The upper bound is defined by an additional variable 𝛽 and the formulation considers the minimization of this upper bound. With
this formulation, the objective functions for each design frequency given in Eq. (33) are now defined as inequality constraints to the
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problem. Here, it is noted that the above multi-frequency optimization can also be formulated with the use of aggregation functions
such as Kreisselmeier–Steinhauser (K-S) [49–51] or P-norm [52].
The current optimization problem does not utilize volume constraints on the suspension and the tube structures. The reason of
this choice is that with the current problem setup (Fig. 2) filling the design domains only with solid or acoustic do not form a trivial
answer to the problem. However, it should be noted that, if the full thickness of the suspension is considered for optimization, then
a volume constraint would be needed. In that case, in order to isolate the system from the structural excitation of the receiver, the
optimizer removes all the material or creates a very thin suspension structure which of course results in designs having questionable
structural support.
As a further note regarding the problem formulation, since the system is fully coupled, the objective of the problem can also be
cast in the form of minimizing normal displacement of the microphone surface or the velocity. However, it has been found after a
number of numerical experiments that the optimization results in very similar performing designs. Hence, the present paper only
discuses the minimization of sound pressure on the microphone position.
5. Optimization of a vibroacoustic hearing aid
This section presents the optimization results for the tube and suspension structures of the considered hearing aid model. All
considered optimizations are carried out for 5 discrete frequencies (see Section 4.1) and run for a predefined number of 60 design
iterations. The computational mesh for the optimization model consists of approximately 2.4M tetrahedral elements with 1.3M
degrees of freedom. The optimization domain for the tube structure (red colored domain in Fig. 2(a)) is meshed with a maximum
edge length of 1.5 × 10−4 m. In order to realize approximately the same resolution, the design domain of the suspension structure in
Fig. 2(b) utilizes a maximum edge length of 4 × 10−5 m for the mesh. This way, approximately 4 layers of elements are realized for
both design domains. Overall, the computational mesh of the design domains add up to more than half of the full mesh and consists
of 1.3M elements.
All the optimization results in this section are compared against the initial guess to the optimization run and a nominal design
considered for the hearing aid. The nominal design consists of straight cylindrical tube and suspension structures with thicknesses
of 1.00 mm and 0.2 mm, respectively. The initial guess to the optimization is formed with initializing the design variables 𝐬 with a
linearly varying field where the 0.5 level of the design variables cuts through the half the thickness of both optimization domains.
In order to regularize the process, the filter uses a radius of 12 elements.
5.1. Optimization results for stiff material
This section presents the optimization results of the first case where the design parts utilize the material properties given in the
Table 2.
The design evolution in the optimization domains of the suspension and the tube structures are shown in Fig. 10. The utilized
design parameterization provides free form design evolution as is clearly seen from Fig. 10. This is due to the increased design
freedom realized in the 3D setting. During optimization, the level set front can pinch into itself creating topological changes which
would not be possible in 2D with the current parameterization, without utilizing hole insertion methods. In the first 10 iteration, the
optimizer removes material from the back of the tube structure in a symmetric configuration. Between iterations 10 and 20 the tube
structure undergoes a noticeable change in topology. The optimizer decides to put the material on the back of the tube structure
realizing the full thickness and removing material from the middle section of the optimization domain leaving a small amount of
added material. After iteration 20 only small local perturbations occur and the design for the tube structure results in the right most
shape in Fig. 10. Similarly, the suspension structure converges towards the end shape as seen in Fig. 10 where the optimizer focuses
the material distribution only on the bottom of the suspension structure. Moreover, in a more detailed view also including the full
hearing aid model for better visualization, the optimized designs can be seen in different iso-views in Fig. 11.
Fig. 12 shows the sound pressure level contours for a single frequency of 3 kHz in the acoustic domain. The computational
model is sliced in half for better visualization. The figure compares the response of the initial (Fig. 12(a)) and optimized design
configurations (Fig. 12(b)). Compared to the initial configuration, an approximate 1.5 dB reduction is realized on the surface of
the microphone location. In the surrounding air, which is the bounding sphere that encapsulates the hearing aid, the optimization
realizes a reduction of acoustic pressure towards the back and the front of the hearing aid. At the bottom of the hearing aid body
and around the vicinity of the microphone location, the contour lines also show a reduction in amplitude of the emitted acoustic
waves.
Similarly, the structural response of the full hearing aid model at 3 kHz is shown in Fig. 13. Here, the figure is colored with
the displacement magnitude contours and compares the responses of the initial (Fig. 13(a)) and the optimized designs (Fig. 13(b)).
Overall, a visible reduction in the vibration level can be seen from the contours on the surface of the hearing aid body and the
optimized tube structure. The main reduction in vibration is realized where the hearing aid body connects to the tube structure
which also results in reduced vibrations on the microphone surface since the hearing aid body exhibits overall less vibrations. The
structural response of the optimized suspension structure is also shown with a zoom view in Fig. 13(c) where the receiver and the
suspension structures exhibit the largest vibration levels in the system.
The optimized designs obtained from utilizing stiffer materials (Table 2) are investigated with a sound pressure level response
of the microphone position in Fig. 14. The provided frequency responses compare the obtained designs for the tube and suspension
structures against the initial guess for the optimization and the nominal design. Fig. 14(a) plots the microphone response for a
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Fig. 10. The design evolution during the iteration history. The solid light gray colored domains are the sections of the suspension and the tube that are not
included in the optimization. The red colored domains show the evolution of the iso-surface in the design domains. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 11. Detailed view of the optimization result with using stiffer materials for the suspension and the tube from Table 2. The optimized designs are highlighted
with red color in the corresponding design domains and shown with different iso-views. The rest of the parts are shown as transparent for better visualization.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

frequency range of 100 Hz to 10 kHz, which is a relevant range for the application of hearing aid devices. It is seen that using
stiffer materials for the suspension and the tube, mainly effects the microphone response for frequencies lower than 800 Hz. This is
seen in Fig. 14(a) where the response curves (the peaks between the frequencies 300 Hz and 400 Hz) for the optimized and initial
designs are shifted towards the right compared to the nominal design due to heavier structural parts. Approximately from 1 kHz
to 10 kHz, the optimized design exhibits better performance compared to the response of the initial guess. For frequencies outside
of optimization range, the optimized design performs better compared to the nominal design after approximately 5 kHz, exhibiting
reduced acoustic pressure on microphone surface.
Here, it should be noted that only the discrete optimization frequencies contribute to the optimization process, hence outside of
these frequencies the optimizer has no information regarding the response of the system.
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Fig. 12. Sound pressure level (dB) contours for the frequency 3 kHz showing: (a) initial configuration, (b) optimized design. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 13. Response of the hearing aid model colored with displacement magnitude |𝐮| (m) contours for the frequency 3 kHz. (a) Initial guess for the optimization.
(b) Optimized design where the hearing aid body along with tube structure is shown. (c) Optimized design showing the suspension and the receiver inside the
acoustic cavity. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 6
Sound pressure level on the microphone surface calculated for the optimization frequencies.
Optimization frequencies:
Nominal design:
Initial design:
Optimized design:

1000
58.65
57.66
56.34

1500
60.89
59.62
58.26

2000
70.62
68.98
67.40

15

2500
65.76
69.28
67.70

3000
56.67
59.29
57.77

(Hz)
(dB)
(dB)
(dB)
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Fig. 14. Showing the frequency response of sound pressure level on the microphone surface. The figure compares the response of the optimized design against
initial guess and nominal design. (a) Extended frequency sweep. (b) Frequency range of optimization.

The frequency range used for the optimization is shown in a zoom for better inspection in Fig. 14(b). Here the vertical dashed lines
are the discrete optimization frequencies. Firstly, Fig. 14(b) shows that multi-frequency optimization is successfully achieved, i.e. the
optimizer minimizes the response of acoustic pressure on the microphone position compared to the response of the initial guess.
With the optimized shape of the tube and the suspension structure the hearing aid device exhibits better performance compared
to the nominal design until the frequency 2.3 kHz, after which the nominal design exhibits lower response of acoustic pressure
on the microphone surface.Table 6 lists the calculated sound pressure level on the microphone for each optimization frequency.
Here it can be seen that the optimization results in approximately 1.5 dB reduction in pressure over all discrete frequencies when
compared against the initial guess to the optimization. For the first 3 discrete frequencies given in Table 6, the optimized design
exhibits a maximum of 3.22 dB reduction over the response of the nominal design at 2 kHz. Due to a shift towards the right for
the peak between 2 kHz and 2.5 kHz, the nominal design exhibits a lower response compared to the optimized design for last 2
discrete frequencies in Table 6. Here, the worst performing discrete frequency of 2.5 kHz for the optimized design results in 1.94 dB
higher response than the response of the nominal design. In average, the optimized responses listed in Table 6 realizes a 1 dB lower
acoustic pressure response on the microphone surface than the nominal design.
Overall it can be said that with the current optimization setup, rather than the shape or topology, the response of the system
is mainly effected by the thickness and the weight of the design parts when these structural parts are realized with stiff materials.
This is largely due to the fact that a stiff suspension cannot effectively isolate the system from the vibrations of the receiver.
5.2. Optimization results for soft material
The second optimization case, where the design parts are realized with softer material properties given in Table 3, is presented
in this section. Fig. 15 highlights the optimized parts of the tube and the suspension structure. The remaining structural parts
of the computational domain are also shown as transparent light gray color for better visualization. Compared to the previous
optimization case, increasing the vibroacoustic coupling by changing the material properties in the optimization domains results
in more complicated design configurations, both for the tube and the suspension structures. This also signifies the fact that the
optimizer gains more performance benefits by modifying the topology of the designable parts.
The optimized part of the tube can be seen in different iso-views provided in Fig. 15. The optimization process focuses the
material distribution towards the top and the bottom of the tube structure. The optimization utilizes the lower thickness limit by
removing material from 3 small sections at the bottom and a larger middle section of the tube structure. The rest of the design for the
tube structure, apart from the transitional areas, utilizes the full thickness. Overall, and unlike the previous case, the optimization
does not result in a symmetric shape of the tube structure. Furthermore, the optimized shape of the suspension structure consists of
3 sections (two on the top and one at the bottom of the suspension). At the top of the suspension, two sections are in near symmetry
and utilize the full thickness of the optimization domain for the suspension. The bottom part of the design realizes a thin section of
added material where the suspension connects to the inner air channel of the hearing aid.
The acoustic domain of the computational model shown in Fig. 16 is sliced in half for better visualization. The figure is colored
with sound pressure level contours calculated at 3 kHz and the response of the initial (Fig. 16(a)) and optimized design (Fig. 16(b))
configurations are compared. At 3 kHz, the optimized design realizes approximately 2 dB reduction in sound pressure level at the
surface of the microphone. The effect of this improvement can also be seen from the reduction in the values of the contour lines
in the vicinity of the microphone location. Towards the top of the hearing aid device in the surrounding air, the optimizer also
realizes further reduction of amplitude of the emitted acoustic waves as can be seen from the contour lines. Compared to the system
response with stiffer materials as shown in Fig. 12, the sound pressure level contours on the microphone and in the surrounding air
show an approximately 28 dB reduction realized due to changes in the material properties of the designable parts.
Fig. 17 shows the structural responses of the optimized hearing aid and the initial guess colored with the displacement magnitude
contours at 3 kHz. The hearing aid device, with the optimized shapes of the tube and the suspension designs (Fig. 17(b)), realizes a
16
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Fig. 15. Detailed view of the optimization result with using softer materials for the suspension and the tube from Table 3. The optimized designs are highlighted
with red color in the corresponding design domains and shown with different iso-views. The rest of the parts are shown as transparent for better visualization.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 16. Sound pressure level (dB) contours for the frequency 3 kHz showing: (a) initial configuration, (b) optimized design. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

structural response with a visible reduction in vibration levels from the ear hook to the rest of the hearing aid body as well as the
microphone location. Unlike the previous optimization case, the vibration levels of the optimized tube structure do not exhibit a
noticeable change compared to the initial response (Fig. 17(a)). Overall the hearing aid body including the microphone exhibits an
approximately one order of magnitude reduction in vibration levels compared to the system response with stiff materials (Fig. 13).
Moreover, Fig. 17(c) shows a zoom of the acoustic cavity inside the hearing aid body along with the suspension and the receiver
17
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Fig. 17. Response of the hearing aid model colored with displacement magnitude |𝐮| (m) contours for the frequency 3 kHz. (a) Initial guess for the optimization.
(b) Optimized design where the hearing aid body along with tube structure is shown. (c) Optimized design showing the suspension and the receiver inside the
acoustic cavity. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 18. Showing the frequency response of sound pressure level on the microphone surface. The figure compares the response of the optimized design against
initial guess and nominal design. (a) Extended frequency sweep. (b) Frequency range of optimization.

Table 7
Sound pressure level on the microphone surface calculated for the optimization frequencies.
Optimization frequencies:
Nominal design:
Initial design:
Optimized design:

1000
40.35
40.80
37.79

1500
38.08
38.31
35.78

2000
27.46
28.76
26.86

2500
23.52
24.78
21.35

3000
31.51
31.58
29.50

(Hz)
(dB)
(dB)
(dB)

structures. Here, it is seen that the structural excitation of the receiver results in the largest vibration levels of the system, also
slightly larger in magnitude than that of Fig. 13(c). Considering the reduced vibrations of the hearing aid body it can be said that
the suspension structure realized with a softer material better isolates the system from the vibrations of the receiver.
Fig. 18 shows the optimized sound pressure level on the microphone surface compared to the initial and nominal configurations.
The microphone responses are plotted over an extended frequency range in Fig. 18(a) to investigate the effect of the discrete
optimization frequencies on the response of the system. It can be seen that the optimization results in a downward shift in the
peak around 300 Hz. For higher frequencies, the optimization does not provide a noticeable shift of frequency for the peaks of the
response curve. Instead for a large range of frequencies, approximately until 8 kHz, the response is minimized and the optimized
design exhibits better performance compared to the responses of the initial guess and the nominal design. Moreover, in Fig. 18(b), the
responses are plotted over the frequency range used for the optimization and the discrete optimization frequencies are highlighted
with vertical dashed lines. Compared to the response of the initial guess, the optimized design minimizes the response at each
optimization frequency. This signifies that the optimization successfully realizes a multi-frequency optimization. Despite the fact
that the optimized and nominal designs exhibit close responses around 1.7 kHz, the optimized design also performs better than the
nominal design for the entire frequency. For the comparison study, Table 7 lists the performance indicators of the considered designs
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for each optimization frequency. Here it is seen that the maximum and minimum performance gain with respect to the initial guess
are realized at 2.5 kHz with a 3.43 dB reduction and at 2.0 kHz with a 1.9 dB reduction, respectively. Moreover, compared to the
microphone response of the nominal design, the optimized design exhibits the maximum performance gain at 1 kHz with a reduction
of 2.6 dB. Whereas, at 2.0 kHz the optimization results in the smallest performance gain with only 0.6 dB. In average, the optimized
design realizes an acoustic pressure response that is 2.6 dB lower than the initial guess and 1.9 dB lower than the nominal design.

6. Discussion and conclusions
This article demonstrates an explicit level set based shape and topology optimization method applied to an industrial scale Behind
The Ear (BTE) type of hearing aid device. The proposed method allows the interface to vary freely in the design domains between
acoustic and structural parts. The optimization is conducted on complex design geometries which are discretized using unstructured
meshes. The modeling process in the design domains utilize an immersed boundary cut element method to model the propagating
boundary during the optimization. The method follows an integration based approach to model the interface cutting through the
design elements without modifying the background mesh, which results in an efficient parallel framework without the need for
re-meshing procedures or changing the DOF number of the system. To facilitate the optimization, the design is parameterized with
a nodal based level set function and the gradients of the objective and the constraints are handled with the discrete adjoint approach.
The generality of the optimization problem is achieved by using the Method of Moving Asymptotes (MMA) algorithm for the design
updates which allows for straightforward inclusion of multiple constraints. The presented multi-frequency optimization is handled
with a bound formulation. A validation study is provided which investigates the proposed cut element modeling of the strongly
coupled vibroacoustic hearing instrument against a segregated finite element modeling carried out with a body fitted mesh. It has
been shown that for a large range of frequencies, the presented cut element approach successfully captures the acoustic–mechanical
interactions. The article applies the developed optimization framework for the design of a tube and a suspension structure in order to
minimize the sound pressure level at the microphone surface for the 5 discrete frequencies. This way the optimization aims to reduce
the feedback problem and increase the amplification that the hearing aid can provide. Two separate optimization cases with different
material properties for the designable parts are considered. The cases investigate the effect of increasing the vibroacoustic coupling
on the overall response and the optimization process. Using softer materials for the suspension and the tube, the optimization results
in more complicated design configurations compared to simpler designs that are achieved using stiffer materials. In terms of the
microphone response, it has been found that a softer suspension structure isolates the system better from the vibrations of the
receiver. Overall, both optimization cases effectively improve the performance of the hearing instrument system compared to the
response of a nominal design configuration. With respect to manufacturability, we remark that the smallest design details in the
optimized designs are not smaller than 0.175 mm in width. Hence, several 3D printers can be used to manufacture the optimized
receiver suspension and tube geometries. An example would be the FormLabs1 Form 3 printer which is also capable of printing
in soft polymers similar to the materials used in this work. Future research will focus on experimental validation of the presented
optimization framework on similar vibroacoustic problems.
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Appendix. Sensitivity analysis
In order to facilitate the design update using the MMA algorithm, the required sensitivities are calculated with the discrete
adjoint method.
The objective is augmented with a set of Lagrange multipliers 𝜆 and the residual for the vibroacoustic problem 𝐫 as the following:
 = (̄𝐬, 𝐯(̄𝐬)) + 𝜆 𝑇 𝐫(̄𝐬, 𝐯(̄𝐬))

(A.1)

Here Lagrangian function is denoted by  and for zero residuals, i.e., 𝐫(̄𝐬, 𝐯(̄𝐬)) = 𝐀𝐯 − 𝐡 it coincides to the objective/constraint
function. In order to derive the required sensitivities and the adjoint system, the derivative of the Lagrangian with respect to the
vector of level set variables 𝐬̄ is taken as:
)
(
d
𝜕 𝜕 𝜕𝐯
𝜕𝐫 𝜕𝐫 𝜕𝐯
=
+
+ 𝜆𝑇
+
(A.2)
d̄𝐬
𝜕̄𝐬
𝜕𝐯 𝜕̄𝐬
𝜕̄𝐬 𝜕𝐯 𝜕̄𝐬
(
)
𝜕
𝜕𝐯
𝜕𝐫
𝜕𝐫
𝜕
+ 𝜆𝑇
+
+ 𝜆𝑇
=
𝜕̄𝐬
𝜕̄𝐬
𝜕𝐯
𝜕𝐯 𝜕̄𝐬
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
All terms containing derivatives of the state variables are collected and required to be equal to zero. This is done to avoid the
expensive evaluation of derivatives of the state variables. Following this requirement, the adjoint equation for the optimization
problem can be written as:
( )𝑇
𝜕
𝐀𝑇 𝜆 = −
(A.3)
𝜕𝐯
Due to having complex state variables, the source term of the adjoint equation is evaluated following [12] as:
𝜕
𝜕
𝜕
=
−i
𝜕𝐯
𝜕𝐯𝑟
𝜕𝐯𝑖

(A.4)

The subscripts 𝑟 and 𝑖 denote the real and the imaginary parts of a complex number, respectively. After having the solution of the
Lagrange variables which satisfies the adjoint equation, the final vector of gradients is evaluated as:
(
)
𝜕𝐀
d
𝜕
𝜕𝐡
=
+ ℜ 𝜆𝑇
𝐮−
(A.5)
d̄𝐬
𝜕̄𝐬
𝜕̄𝐬
𝜕̄𝐬
Since in the present optimization framework the design evolves from the zero contour of the level set function, the above
expression for the vector of gradients is only evaluated on cut elements. This means that the change in the level set values outside of
cut elements do not contribute to sensitivity information of the coupled system resulting in very localized sensitivities. To avoid this,
the design parameterization employs a filtering operation on the design variables (see Section 3) with the primary aim of increasing
the zone of influence of the sensitivity information, i.e. to regularize the problem.
The above terms of partial derivatives with respect to the level sets 𝐬̄ in Eq. (A.5) are calculated with finite difference
approximations. The main reason for this is the employed tetrahedralization step on cut elements to facilitate the modeling of
the non-conforming boundaries. To calculate the element level contributions of the required partial derivative terms, the present
framework perturbs the nodal level set values with |𝑠̄𝑖 | × 10−4 following a central differencing scheme and carries out the integration
of the local matrices or vectors with the modified cut configurations. Here it is noted that, the partial derivative terms in Eq. (A.5)
are calculated once for each design realization and differentiated local matrices and source terms are saved to a data structure on
element level. This way, the gradient vector evaluation for multiple frequencies can be realized efficiently without the expensive
operation of re-integration.
To account for the design parameterization and to calculate the sensitivities with respect to the design variables 𝐬, the following
chain rule is applied on the calculated vector of gradients.
d
d 𝜕̄𝐬 𝜕̃𝐬
=
d𝐬
d̄𝐬 𝜕̃𝐬 𝜕𝐬

(A.6)

𝐬
Here, 𝜕̃
describes the partial derivative of the linear mapping operation (𝑠̃𝑖 = (ℎ𝑒 𝑠𝑖 ) − 0.5ℎ𝑒 ) utilized for the change of bounds on
𝜕𝐬
𝐬
the design variables. The term is realized as a diagonal matrix 𝜕̃
= 𝐀𝑚 . For each design domain, the matrix have constant entries
𝜕𝐬
of the overall edge length ℎ𝑒 of the corresponding design domain.
𝐬
Similarly, the filtering operation is accounted for in the chain rule with the partial derivative 𝜕̄
. In discrete form, the utilized
𝜕̃𝐬
pde filter (Eq. (28)) is written as:

(A.7)

𝐃̄𝐬 = 𝐓̃𝐬

Here, 𝐃 is a symmetric matrix due to the standard finite element assembly. The averaging operator 𝐓 is realized as a mass matrix,
since the discrete variables 𝐬̃ are associated with the element nodes and described by linear finite element interpolation function
within elements. Using the above discrete form of the filter equation, the derivative of the filtered sensitives with respect to the
mapped design variables can be written as:
𝜕̄𝐬
= 𝐃−1 𝐓
𝜕̃𝐬

(A.8)
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Computationally, the actual inverse of the matrix 𝐃 is never formed. The sensitivities with the correct chain rule are first calculated
by solving the following system of equations:
d
(A.9)
d̄𝐬
After which, the sensitivities with respect to the design variables 𝐬 are calculated from the following matrix/vector operations:
𝐃𝐚=

d
= 𝐀𝑚 (𝐓 𝐚)
d𝐬

(A.10)
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