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A Formalization of Sequent Calculus for Classical
Implicational Logic

Frederik Krogsdal Jacobsen and Jgrgen Villadsen

Technical University of Denmark, Kongens Lyngby, Denmark

Abstract
We present a concise formalization in the proof assistant Isabelle/HOL of a sequent calculus
and a naive automatic theorem prover implementing a sound and complete proof search
strategy for classical implicational logic.

1 Introduction

Classical implicational logic is a variant of classical propositional logic that uses only one con-
nective, namely implication [5,22,30]. Usually axiomatic systems are considered, but a sequent
calculus makes it possible to obtain a naive automatic prover. Although implicational logic is
simpler than propositional logic, this does not necessarily make the completeness proof simpler.
We present a concise formalization in Isabelle/HOL [29].

Our previous formalization of an axiomatic system [20] uses different techniques and no
prover is obtained, that is, the axiomatic system does not lead to an algorithm for deciding the
validity of a given formula. We are not aware of other formalizations of implicational logic.

Implicational logic can be extended to propositional logic, with verified proof systems and
provers by Shankar [35], Michaelis and Nipkow [27] and Eschen, From, Lund and Villadsen
[9,14,19,24,25,37]. More efficient SAT solvers have been verified too [2,4,6-8]. Extensions to
first-order logic are of course quite complicated [3,10-13,15-18,21,32-34, 36, 39,41].

Our approach is to first prove an automatic prover sound and complete. We then formalize
the sequent calculus as a proof system and prove it sound and complete too. We obtain a clear
correspondence between the prover and the proof system it implements. The idea of proving a
proof system complete by showing that it can simulate a complete prover is unusual since these
kinds of proofs often go in the opposite direction.

It is also interesting to see that soundness and completeness of the prover can be proved
with auto 5 2 in Isabelle/HOL. At first the two numbers for the search depths of auto seem a
bit arbitrary. The default numbers 4 2 are unlikely to change since auto is mainly for removing
the trivial (quickly) and leaving behind the difficult (we suggested a change to auto on Isabelle’s
mailing list [38]).

Our sequent calculus is quite standard [1], but as in our previous formalizations we found it
easier to use lists instead of sets. As a result of numerous small design choices we have produced
a concise formalization of just about 100 lines, with a verification running time of a second or
so, depending on the computer.

We have recently used the prover as teaching material in BSc and MSc courses on logic and
automated reasoning [40]. We discuss examples and exercises in section 5 and the courses in
section 6. The formalization is available online:

https://isa-afp.org/sessions/implicational_logic/#Implicational_Logic_Sequent_Calculus

We find that in courses on practical aspects of automated reasoning it is very illustrative to
have both the sequent calculus described in section 2 (with a solid series of sample proofs and
exercises along the lines of the examples in section 5) and the automatic prover described in
sections 3 and 4, with code generation from Isabelle/HOL.


https://isa-afp.org/sessions/implicational_logic/#Implicational_Logic_Sequent_Calculus

datatype form =
Pro nat (-) |
Imp form form (infixr — 100)

primrec semantics (infix = 50) where
I'En=1In|
IEp—qg=IEFEp—1Fq)

abbreviation sc ([-]) where
HXY=(FpesetX. I Ep) — (ge€setY.I[Eq)

inductive SC (infix > 50) where
Imp-Lip > q# X >Yif X >p# Yandg# X > Y |
Imp-RRX >p—=>q# Yifp# X >q# Y|
Set-L: X' > Y if X > Y and set X' = set X |
Set-R: X > Y'if X > Y and set Y' = set Y |
Basic: p # - > p # -

function mp where
mp AB (p—q# C)[[=(mpABCI[p]AmpABI (q# C)I)]|
mpABC (p—q#D)=mpAB (p# C)(q#D)|
mp A B[] = (set AN set B # {}) |
mp AB (n# C)[]=mp(n# A) BC]|
mpABC (n# D)=mpA(n#B)CD
by pat-completeness simp-all

termination

by (relation measure (A(-, -, C, D). 2 * (3. p < C Q D. size p) + size (C @ D)))
stmp-all

Figure 1: Definitions.
lemma main: (VI. [I] (map - A @ C) (map - B @Q D)) «— mp A BCD
by (induct rule: mp.induct) (auto 5 2)

definition prover () where - p =mp [| [] [] [p]

theorem prover-correct: b p «— (V1. I = p)
unfolding prover-def by (simp flip: main)

export-code - in SML

Figure 2: Proof of correctness for the prover and code generation.

2 A Sequent Calculus for Implicational Logic

We present a formalization of a sequent calculus and an automatic theorem prover implementing
a complete proof search strategy for classical implicational logic. The definitions and proofs are
formalized in Isabelle/HOL, and are presented in figs. 1 and 2 respectively. In this paper, we
will go through the formalization, explaining the fine points of each definition and proof.



We begin at the top of fig. 1, with the definition of a formula, form. Formulas are defined as
a datatype, which means that the type of formulas contains every formula that can be finitely
constructed using the two constructors: Pro and Imp. The constructor Pro represents atomic
propositions. The names of atomic propositions are represented using the type of natural
numbers, nat, and we define the syntax - to mark a natural number as being the name of an
atomic proposition, such that we can write e.g. -2 for the atomic proposition named 2. We
could also have used any other type (e.g. strings) for names, but natural numbers are efficient
and easy to type in examples. The constructor Imp represents implication from one formula to
another. We define the infix syntax — such that we can write e.g. p — gq.

The function semantics defines what a formula means under a specific interpretation I by
performing a recursive case analysis on the constructors a formula can be made up of. If the
formula is an atomic proposition, the semantics of the formula is retrieved by applying the
function I to the atomic proposition name n. If the formula is an implication, we delegate the
semantics to the metalogic by first recursively determining the truth value of each subformula,
then using the implication arrow from Isabelle/HOL. Next, we define a sequent calculus as a
proof system with which to show that formulas are valid. A sequent consists of two lists of
formulas: the antecedent and the consequent. The sequent semantics sc, evaluates to true if all
of the formulas in the antecedent X (viewed as a set) evaluating to true under the interpretation
I implies that at least one of the formulas in the consequent Y (viewed as a set) evaluates to
true under the same interpretation.

We can reason about the validity of sequents using the sequent calculus SC. The sequent
calculus is an inductively defined relation.We immediately define the syntax >> such that we
can write e.g. X > Y for the statement that the sequent consisting of the antecedent X and the
consequent Y is valid. The rule Imp_L states that a sequent which has an implication p — ¢ at
the head of its antecedent is valid if both the sequent which has p at the head of its consequent
and the sequent which has ¢ at the head of its antecedent, and are otherwise identical to the
original sequent without the implication, are valid. The rule Imp_R states that a sequent which
has an implication p — ¢ at the head of its consequent is valid if the sequent which has p at
the head of its antecedent and ¢ at the head of its consequent, and is otherwise identical to
the original sequent without the implication, is valid. The basic axiom of our sequent calculus
(Basic) states that if the same formula is the head of both the antecedent and the consequent,
then the sequent is valid. The rules Set_L and Set_R extend the system with structural rules
by allowing us to view the lists of formulas in the sequent as sets. We will return to the proof
of soundness and completeness later.

3 An Automatic Prover

The sequent calculus can be used to prove the validity of formulas as we will see in section 5,
but the proofs quickly become large and unwieldy. In this section, we will go through a simple
implementation of an automatic prover, namely the function mp. This function essentially im-
plements an ordering on the rules of the sequent calculus SC by iterating through the antecedent
and consequent and reducing them to lists of names of atomic propositions. The function is
defined recursively by pattern matching and takes four arguments:

A: a list of atomic proposition names found in the antecedent
B: a list of atomic proposition names found in the consequent

C: an antecedent



D: a consequent

The intention is that only C' and D are non-empty when calling the function, and that A and
B are only used in the recursive steps.

The first case of the function mp is matched when an implication is at the head of the
antecedent and the consequent is empty. This case simulates the rule Imp_L and similarly
recurses into two cases where the two sides of the implication are added to the consequent and
the antecedent, respectively. Requiring that the consequent is empty before matching on the
antecedent imposes an order on the function cases, simplifying the termination proof later. The
second case of the function mp is matched when an implication is at the head of the consequent,
and simulates the rule Imp_R quite directly.

The third case of the function mp is matched when both C and D are empty, and simulates
the rule Basic from the sequent calculus by checking whether the lists of atomic proposition
names A and B have any elements in common, returning true if they do and false otherwise.
This is the only case that terminates the function, just as Basic is the only axiom in the proof
system.

The fourth case of the function mp is matched when an atomic proposition is at the head
of the antecedent. The name of the atomic proposition is added to the list of names of atomic
propositions A. The fifth case of the function mp is similar, but for the consequent, and instead
adds the name to B.

The termination proof for the function mp is not completely trivial. This means that we
can not rely on Isabelle/HOL’s usual automation for defining the function like we did with the
primitive recursive semantics function. Instead, we use the function keyword when defining
the function to manually take care of the necessary proofs.

The first thing we need to prove is that the patterns we have provided in the cases are actually
enough to match every possible argument. It is easy to see that our patterns do in fact match
every possible argument, and the proof can be completed by the automatic pat_completeness
proof method.

Next, we need to prove that the function terminates for every possible argument, and this
time the proof is less trivial. We prove termination by defining a measure (a function mapping
the arguments of mp to a natural number) and proving that this measure decreases whenever
the function recurses.

e The patterns defining mp only match on the contents of C' and D, so the measure does
not need to depend on A and B. We define the measure as two times the number of
implications in C' and D plus the length of the concatenation of C' and D.

e The first and second cases both decrease the number of implications by one in each
recursive call. The second case, however, also increases the length of the concatenation of
C' and D by one in its recursive call, which is why we multiply the number of implications
by two in the measure such that it will decrease overall. In the third case of mp this
measure is zero, since both lists are empty. The fourth and fifth cases both decrease the
length of the concatenation of C' and D by one in their recursive calls. The calculation
can be done automatically in every case by the simplification proof method simp_all once
the measure has been defined.

The definition of the measure itself relies on the fact that Isabelle/HOL automatically defines
a size function for every datatype which counts the number of recursive constructors applied.
For lists, this means that the size function returns the number of elements added to the list,
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which corresponds to the length of the list. For formulas, this means that the size function
returns the number of implications in the formula.

We have now proved that the function mp terminates for every possible argument, but it
remains to prove that the function actually returns true if and only if the sequent it is given
is valid. The lemma main in fig. 2 states a slightly more general result, namely that the
prover returns true if and only if the sequent with the concatenation of A (with the atomic
proposition names turned into atomic propositions by applying -) and C' as antecedent and the
concatenation of B and D as consequent is valid. The proof is by induction on the cases of mp,
and each case can be proved by the proof method auto, which in this case needs two arguments
to increase the bound on the number of irreversible (“unsafe”) steps to try while proving the
cases. The proof of each case is similar to the reasoning in the previous description of how the
cases of mp simulate the rules.

Having a prover for sequents, we can easily define a prover for individual formulas by simply
letting the antecedent be empty and the consequent contain only the formula. We call this the
prover, and define the syntax - such that we can write e.g. - p for the result of applying the
prover to the formula p.

The theorem prover_correct specializes the lemma main to say that the prover returns true
for a formula if and only if that formula is valid. The theorem follows immediately from reading
lemma main from right to left and the definition of the prover.

We can of course run the prover directly inside Isabelle/HOL using the rewriting system,
but we will get results much faster by exporting the prover to a regular programming language,
then compiling it and running it like any other program. This will also allow us to run the
prover without Isabelle. To do this, we ask Isabelle to export code for the prover into Standard
ML (SML) [26, 28], which will automatically generate code for all necessary definitions.

4 Relating the Calculus and the Prover

So far we have defined a sequent calculus and a prover, and shown that the prover works
correctly. Since we already know that the prover works correctly, we can show soundness and
completeness of SC by relating the prover and the sequent calculus. We do this in fig. 3.

We first prove lemma MP: if mp returns true, then there is a derivation in the sequent
calculus for a sequent which contains at least the arguments given to mp. The proof is by
induction on the cases of mp, keeping the larger sequent for the sequent calculus general. We
need to state the lemma using a potentially larger sequent for the sequent calculus derivation
to obtain a strong enough induction hypothesis for the proof.

For the first case, where the head of the antecedent is an implication and D is empty, we
note that the antecedent is included in X and that the consequent is included in the larger
consequent p # Y, and conversely, we note that the antecedent is also included in the larger
antecedent g# X and that the consequent is included in Y. From these two observations, we can
instantiate the two induction hypotheses such that they fit rule Imp_L to obtain a derivation
of (p = q) # X > Y. Finally, since p — ¢ is already in X, we can use Set_L to deduplicate X
and obtain a derivation of X > Y.

For the second case, where the head of the consequent is an implication, we note that the
antecedent is included in the larger antecedent p# X and that the consequent is included in the
larger consequent g # Y. From this observation, we can instantiate the induction hypothesis
such that it fits rule Imp_R to obtain a derivation of X > (p — ¢) # Y. Finally, since p — ¢ is
already in Y, we can use Set_R to deduplicate Y and obtain a derivation of X > Y.



lemma MP: mp A BCD —
set X D set (map - A@Q C) = set Y Dset (map-BQ@Q@D) = X >Y
proof (induct A B C D arbitrary: X Y
rule: mp.induct[case-names Imp-L Imp-R Basic])
case (Imp-L A Bp q C)
have
set (map - A Q C) C set X
set (map - B) C set Y
using Imp-L(4,5) by auto
moreover from this have
set (map - A @ C) C set (¢ # X)
set (map - B) C set (p # Y)
by auto
ultimately have p —» ¢ # X > Y
using Imp-L(1—38) SC.Imp-L by simp
then show ?case
using Imp-L(4) Set-L by fastforce
next
case (Imp-R A B Cp q D)
have
set (map - A @Q C) C set (p # X)
set (map - BQ D) C set (¢ # Y)
using Imp-R(3,4) by auto
then have X > p - g # Y
using Imp-R(1,2) SC.Imp-R by simp
then show ?case
using Imp-R(4) Set-R by fastforce
next
case (Basic A B)
obtain n where
n € set A
n € set B
using Basic(1) by auto
then have
set (\n # X) = set X
set (n#Y)=setY
using Basic(2,3) by auto
then show ?case
using Set-L Set-R SC.Basic by metis
qed simp-all

theorem OK: VI. [I] X Y)+— X > Y
by (rule, use MP main[of [] - [] -] in simp, induct rule: SC.induct) auto

corollary [] > [p] +— (VI. I = p)
using OK by force

Figure 3: Proof of correctness for the sequent calculus.



For the third case, where both C' and D are empty, we first note that A and B have an
element in common since mp returned true. This means that the larger antecedent X and the
larger consequent Y both contain that element, so adding it again does nothing when viewing
them as sets. Knowing this, we use Set_L and Set_R to move the common element to the front
of X and Y respectively, then conclude using the Basic rule.

The cases for atomic propositions are trivial since they just move the atomic propositions
from one part of the larger sequent to another. This concludes the proof of lemma MP.

We now prove our main theorem OK, which states that a derivation of X > Y can be
constructed if and only if X and Y form a valid sequent. We prove each direction individually.
If we know that X and Y form a valid sequent, we can use the fact that mp returns true for
valid sequents (lemma main) and lemma MP to obtain a derivation of X > Y. For the other
direction, where we have a derivation of X > Y, we proceed by induction on the structure of
this derivation. Each case follows immediately from the induction hypothesis.

To round off, we specialize theorem OK to single formulas by simply instantiating the
theorem with an empty antecedent and a single-formula consequent and applying the definitions
of validity for sequents and formulas.

5 Examples and Exercises

Our sequent calculus is an appropriate proof system for validity of formulas, so we can try to
prove some examples ourselves instead of using the prover:

p—p

p—=(p—aq)—q

pP—q—q—p

(p—aq) 2p—yq

p—p—>q—4q

P—=p—a)=>p—4q

p—q—p

p—=r)= (=9 —=2p—yg

(p—=q)—=p) —p

Our first example in fig. 4 is the formula p — p. To prove the validity of the formula, we
place it alone in the consequent of a sequent with an empty antecedent. Since we have an
implication in the consequent, we apply rule Imp_R to split the implication, moving the left
side of the implication into the antecedent. This means that formula p is now the head of both
parts of the sequent, so we can apply rule Basic to finish the proof that p — p is a valid formula.

Our second example in fig. 4 is the formula p — (p — q) — p. We first apply rule Imp_R
twice to split the two outermost implications, thus moving p and p — ¢ into the antecedent and
leaving ¢ in the consequent. Since we now have an implication in the head of the antecedent,
we apply rule Imp_L to split it, thus splitting the proof in two branches. Both branches now
have the same formula at the head of both their antecedent and their consequent, and we can
apply rule Basic in both branches to finish the proof.
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proposition [| > [p — p]
proof —
from Imp-R have ?thesis if [p] > [p]
using that by force
with Basic show %thesis
by force
ged

proposition [| > [p — (p = ¢q) — (]
proof —
from Imp-R have ?thesis if [p] > [(p — q) — ¢]
using that by force
with Imp-R have ?thesis if [p — ¢, p] > [q]
using that by force
with Imp-L have ?thesis if [p] > [p, ¢] and [q, p] > [q]
using that by force
with Basic show %thesis
by force
qed

proposition [| > [p = ¢ — ¢ — p]
proof —
from Imp-R have ?thesis if [p] > [¢ = ¢ — p]
using that by force
with Imp-R have ?thesis if [q, p] > [¢ — D]
using that by force
with Imp-R have ?thesis if [q, q, p] > [p]
using that by force
with Set-L have ?thesis if [p, q] > [p]
using that by force
with Basic show %thesis
by force
ged

Figure 4: Examples of “manual” proofs using the sequent calculus — Part 1.

Our third example in fig. 4 is the formula p — ¢ — ¢ — p. We first apply Imp_R thrice to
split the two outermost implications, thus moving p and two ¢’s into the antecedent and leaving
p alone in the consequent. We now have p in both the antecedent and the consequent, but in
the antecedent it is not at the head of the list. We thus use rule Set_L to move p to the head
of the antecedent (and remove the duplicate ¢), then use Basic to finish the proof.

Additional examples used as exercises are shown in figs. 5 and 6.



proposition [| > [(p = ¢) = p = ¢]
proof —
from Imp-R have ?thesis if [p — ¢q] > [p — ¢]
using that by force
with Basic show %thesis
by force
ged

proposition [| > [p — p — ¢ — ¢]
proof —
from Imp-R have ?thesis if [p] > [p = ¢ — 4]
using that by force
with Imp-R have ?thesis if [p, p] > [¢ — ¢]
using that by force
with Imp-R have ?thesis if [q, p, p] > [q]
using that by force
with Basic show %thesis
by force
qed

proposition [ > [(p = p = q) = p = ¢
proof —
from Imp-R have ?thesis if [p — p — ¢] > [p — ¢]
using that by force
with Imp-R have ?thesis if [p, p — p — q] > [¢]
using that by force
with Set-L have ?thesis if [p — p — q, p] > [q]
using that by force
with Imp-L have ?thesis if [p] > [p, ¢] and [p — ¢, p] > [q]
using that by force
with Imp-L have ?thesis if [p] > [p, ¢] and [q, p] > [q] and [p] > [p, ¢]
using that by force
with Basic show ?thesis
by force
qed

Figure 5: Examples of “manual” proofs using the sequent calculus — Part 2.



proposition [| > [p — ¢ — p]
proof —
from Imp-R have ?thesis if [p] > [¢ — p]
using that by force
with Imp-R have ?thesis if [q, p] > [p]
using that by force
with Set-L have ?thesis if [p, q] > [p]
using that by force
with Basic show %thesis
by force
qged

proposition [ > [(p = ) = (r = ¢q¢) = p = (]
proof —
from Imp-R have %thesis if [p — r] > [(r = q¢) = p — (]
using that by force
with Imp-R have ?thesis if [r — ¢, p — 1] > [p — 4]
using that by force
with Imp-R have %thesis if [p, 7 — q, p — 7] > [q]
using that by force
with Set-L have ?thesis if [r — ¢, p — 7, p] > [q]
using that by force
with Imp-L have ?thesis if [p — r, p] > [r, ¢) and [¢, p — 7, p] > [q]
using that by force
with Basic have %thesis if [p — r, p] > [r, ¢
using that by force
with Imp-L have ?thesis if [p] > [p, r, ¢] and [r, p] > [r, q]
using that by force
with Basic show %thesis
by force
qged

proposition [| > [((p — ¢) — p) — p]
proof —
from Imp-R have ?thesis if [(p — q) — p] > [p]
using that by force
with Imp-L have ?thesis if [| > [p — ¢, p] and [p] > [p]
using that by force
with Basic have ?thesis if [| > [p — ¢, p]
using that by force
with Imp-R have ?thesis if [p] > [q, p]
using that by force
with Set-R have ?thesis if [p] > [p, q]
using that by force
with Basic show %thesis
by force
qed

Figure 6: Examples of “manual” proofs using the sequent calculus — Part 3.
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6 Owur Approach to Teaching Automated Reasoning

We have used the prover as teaching material in our MSc course on automated reasoning [40)].
The course was given for the first time in 2020. Our university makes a summary of the course
evaluations available online and the course has good evaluations. The course is an optional
5 ECTS course. It is important to know that although the course is not mandatory it becomes
mandatory for the student once the student registers for the exam. The 6 students who failed
the course in summer 2024 might pass the reexam right after the summer break.

Year 2020 2021 2022 2023 2024 Total
Number of students registered 26 35 40 19 32 152
Number of students passed 24 30 36 15 26 131

We use the prover in the first week of the course with the examples and exercises from
section 5. It provides a gentle introduction to classical logic and Isabelle/HOL. In the following
weeks we continue with the Programming and Proving in Isabelle/HOL tutorial.

We also briefly cover a particular axiomatic system for implicational logic. We start from
the so-called Bernays-Tarski axioms for classical implicational logic [19,20, 22,23, 31]:

p—(q—p)
(p—q) —p —p
p—=q—=(g—=7r)={@—=71))

However, instead of Peirce’s Law (the second axiom above) as an axiom we formulate it as
Peirce’s Rule [42] (PR, see below). In implicational logic, using the modus ponens rule, Peirce’s
Law as an axiom immediately gives us PR but it is not obvious how to obtain Peirce’s Law
from PR.

Here is the formalization of the syntax, the semantics and the axiomatic system:

datatype 'a form =
Pro 'a (<»>) |
Imp <'a form> <'a form> (infixr <—> 55)

primrec semantics (infix <> 50) where
«<I En=1n> |
<IFp—-q=((IFp—1IFa)

inductive Ax (<~ > 50) where

Simp: <k p — q — p> |

Tran: <+ (p — q) - (9 = r) — p — >
MP: <k p —-q=Fp=F q |

PR: < (p — q) - p = + p»

We obtain full classical propositional logic when | — p is added as an axiom. According to
Church [5, page 159] this result is from 1937 and due to Wajsberg.
The formalization of the axiomatic system for implicational logic is also available online:

https://isa-afp.org/sessions/implicational_logic/#Implicational_Logic

In fall 2024 we plan to use selected parts of the above formalization in our BSc course on
logical systems and logic programming [40].
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Selected courses related to automated reasoning in the BSc and MSc computer science programs

The course numbers and ECTS points are as follows:

01017 Discrete Mathematics (5 ECTS)

02100 Introductory Programming and Software Technology (10 ECTS)

02105 Algorithms and Data Structures 1 (5 ECTS)
02110 Algorithms and Data Structures 2 (5 ECTS)
02141 Computer Science Modelling (10 ECTS)

02156 Logical Systems and Logic Programming (5 ECTS)
02157 Functional Programming (5 ECTS)

02158 Concurrent Programming (5 ECTS)

02159 Operating Systems (5 ECTS)

02161 Software Engineering 1 (5 ECTS)

02162 Software Engineering 2 (10 ECTS)

02180 Introduction to Artificial Intelligence (5 ECTS)
02244 Logic for Security (7.5 ECTS)

02245 Program Verification (7.5 ECTS)

02246 Model Checking (7.5 ECTS)

02256 Automated Reasoning (5 ECTS)

02263 Formal Aspects of Software Engineering (5 ECTS)

12

Year 1 Year 2 Year 3 Year 4
BSc MSc

Discrete Computer Science Logical Systems Automated

Mathematics Modelling and Logic .
(mandatory) (mandatory) Programming Reasoning
Introductory Functional Concurrent Logic for
Programming Programming Programming Security
(mandatory) (mandatory)
Algorithms and Algorithms and Operating Program
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