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Fluxon dynamics in nonuniform Josephson junctions was studied both experimentally and theoretically.
Two types of nonuniform junctions were considered: the first type had a nonuniform spatial distribution of
critical and bias currents and the second had a temperature gradient applied along the junction. An analytical
expression for the I-V curve in the presence of a temperature gradient or spatial nonuniformity was derived. It
was shown that there is no static thermomagnetic Nernst effect due to Josephson fluxon motion despite the
existence of a force pushing fluxons in the direction of smaller self-energy ~from the cold to the hot end of the
junction!. A phenomenon, the ‘‘zero crossing flux flow step’’ ~ZCFFS! with a nonzero voltage at a zero applied
current, was observed in nonuniform long Josephson junctions. The phenomenon is due to the existence of a
preferential direction for the Josephson vortex motion. ZCFFS’s were observed at certain magnetic fields when
the critical current in one direction but not the other becomes zero. Possible applications of nonuniform
Josephson junctions in flux flow oscillators and as a superconducting diode are discussed.
@S0163-1829~97!06621-6#

I. INTRODUCTION

Properties of nonuniform Josephson junctions ~JJ’s! are of
considerable interest both from the point of view of the various applications of such junctions in cryoelectronics and
from the general scientific point of view. The nonuniformity
in general means nonequal conditions for Josephson vortices
in different parts of the junction and is typical for long JJ’s
even when it is not specially desired. It could be caused by
the spatial variation of the critical current, the nonuniform
current distribution, the nonrectangular shape of the junction,
self-field effects, temperature gradients, trapped flux, and
many other reasons.
However, the nonuniformity is sometimes introduced artificially in cryoelectronics, e.g., in the fabrication of the Josephson trigger with a special dependence of the critical current upon the magnetic field1 and for suppression of Fiske
resonances on I-V curves ~IVC!, which is important for the
operation of various detectors ~e.g., x-ray detectors2,3 and
flux-flow oscillators4!. In flux-flow oscillators the nonuniformity is advantageously employed in order to reduce the selffield effect and to facilitate unidirectional fluxon motion.4–6
On the other hand, the problem of fluxon dynamics in
nonuniform JJ’s appears in the study of various fundamental
physical phenomena. One of them is the problem of the
transport entropy S w , and thermomagnetic effects observed
not only for ordinary superconductors but also for highly
anisotropic high-T c superconductors ~HTSC’s!;7 these exhibit an intrinsic Josephson effect between individual superconducting layers8 and thus are proven to have a quasi-two0163-1829/97/55~21!/14486~13!/$10.00
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dimensional ~2D! layered structure with Josephson coupling
between layers. Thermomagnetic effects were also observed
for single superconductor–normal-metal–superconductor
~SNS! JJ’s ~Ref. 9! and layered organic superconductors.10
The thermomagnetic voltage is associated with the existence
of a thermal force acting on the vortices. For example the
Nernst voltage transversal to the temperature gradient is
caused by the fluxon motion parallel to the temperature gradient under the thermal dragging force that could be expressed as F th52S w ¹T. The thermal force acting on Abrikosov vortices could be attributed to the scattering of
quasiparticles on localized states in the vortex core11,12 or the
existence of a Lorentz force13 and a Magnus force10 caused
by the counterflow mechanism.14 However, for Josephson
vortices in 2D layered superconductors and JJ’s the situation is quite different. In superconductor-insulatorsuperconductor ~SIS! structures, for example, the vortex does
not have a normal core. The Magnus force approach also
fails since Josephson vortices can not move across the junction. This is a reason for the absence of the Seebeck effect,
i.e., the voltage along the temperature gradient in layered
HTSC’s, when the magnetic field is applied parallel to the
layers.15 Nevertheless some thermomagnetic effects might
take place in SIS JJ’s. The possibility of a Nernst effect due
to the existence of the self-energy gradient of Josephson vortices in the presence of a temperature gradient was discussed
in Refs. 16 and 17. However, some philosophical problems
occur in this case, since Josephson vortices should move
from the cold to the hot end of the junction, i.e., in the
opposite direction compared to Abrikosov vortices, and the
14 486
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energy will be transmitted from the cold to the hot end of the
junction. This will violate the second law of thermodynamics
unless an external energy source is involved. For SNS structures, on the other hand, the vortex has a normal core and a
quasiparticle mechanism can cause a thermal force acting in
the same direction as for Abrikosov vortices.
Thus by studying thermomagnetic effects in layered superconductors it might be possible to obtain important information about the structure of the vortex and the layered compound itself. There exist some evidence that several HTSC
compounds may have SNS structure.18–20 By studying thermomagnetic effects with a magnetic field applied parallel to
the layers, it is possible, in principle, to decide whether the
nature of intermediate layers in HTSC’s are superconducting, normal, isolating, etc. Experiments with a temperature
gradient applied to a single JJ are of great interest in understanding the thermomagnetic effects in layered superconductors, since they can provide the most explicit answer
about the nature of the thermal force acting on Josephson
vortices. In Ref. 21 the influence of the temperature gradient
on a single SIS junction was studied. The Nernst effect was
not observed in that case; however, the temperature gradient
was shown to cause an asymmetry of I-V curves due to
spatial variation of the viscosity. Yet the question whether
the Nernst effect due to Josephson vortex motion could exist
was not resolved.
In the present paper we have studied fluxon dynamics in
nonuniform long JJ’s, both theoretically and experimentally.
Two types of nonuniform junctions were considered: the first
type with an artificially made nonuniform spatial distribution
of critical and bias currents ~geometrical gradient! and the
second type with a temperature gradient applied along the
junction. It was shown that the force pushing fluxons towards the end with the smaller self-energy does not cause the
fluxon motion from the cold to the hot end of the junction
and thus there is no static Nernst effect in SIS JJ’s. On the
other hand, in the dynamic state this force can contribute to
the asymmetry of IVC’s. For both types of junctions unusual
zero crossing flux flow steps ~ZCFFS’s! have been experimentally observed. Current-voltage characteristics of nonuniform junctions exhibit a nonzero voltage at a zero applied
current. The phenomenon is due to the existence of a preferential direction for the Josephson vortex motion. ZCFFS’s
are observed at certain magnetic fields when the critical current in one direction but not the other becomes zero. An
analytical expression for the I-V curve in the presence of a
temperature gradient or spatial nonuniformity was derived.
Possible applications of nonuniform Josephson junctions in
flux flow oscillators and as a superconducting diode are discussed.
II. THEORY

Let us consider a one-dimensional nonuniform long JJ
with a length L along the X axis. The magnetic field H is
applied parallel to the JJ along the Y axis and the external
bias current, with density J e , is applied in the Z direction. A
sketch of the JJ is shown in Fig. 1. When the magnetic field
is applied, a screening current I h is induced in the electrodes.
Fluxon dynamics in a nonuniform junction can be described
by the equation1,22
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FIG. 1. A sketch of the Josephson junction. The direction of the
Lorentz force acting on a positive fluxon for different directions of
the bias current I e is shown by thick arrows.

H S

D

J

]
]
]2
F0
F0 ]
C 22
J c l 2J
2
w ~ x,t !
]x
]x
2pc ]t
2 p cR N ] t
5J c sin ~ w ! 2J e .

~1a!

In dimensionless units Eq. ~1a! may be written as
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Here w (x,t) is the phase difference, F 0 is a flux quantum,
x̃5x/l J0 , l J0 is the normalization length equal to the Josephson penetration depth at some point of the junction,
t̃5(c 0 /l J0 )t, c 0 5(c/ A4 p dC)5c A(d 0 /d e r ) is the Swihart velocity, e r is the relative dielectric constant, h 5l J0 /
c 0 CR N is the viscosity coefficient, C is the junction capacitance per unit area, R N is a quasiparticle resistance per unit
area, e 5( ] / ] x̃)(J c l 2J )/J c l 2J , F5l 2J0 /l 2J , I e 5J e /J c , d5d 0
1l 1 1l 2 is the magnetic thickness, l 1,2 is the London penetration depth of electrodes, d 0 is the thickness of the tunnel
barrier, and J c , l J are spatially dependent values of the critical current density and the Josephson penetration depth, respectively, and J c 5(cF 0 /8p 2 dl 2J ). Hereafter a ‘‘tilde’’ on a
quantity implies that the quantity is measured in dimensionless units. The boundary conditions for Eq. ~1! at x50 and
x5L are

]w
]w
2pd
H.
~ 0,t ! 5
~ L,t ! 5
]x
]x
F0

~2!

The bias current acts on the fluxon with a Lorentz force
FL 5 ~ 1/c ! Je 3F0 ,

~3!

as shown in Fig. 1. Below we will consider the different
cases.
A. Steplike critical and bias current distribution
„geometrical gradient…

First we will consider a long JJ with a steplike distribution
of the critical current:
J c~ x ! 5

H

J c1 ,
J c2 ,

H

0,x,x 1 ,
l J1 ,
l ~ x !5
x 1 ,x,L; J
l J2 ,

0,x,x 1 ,
x 1 ,x,L;
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FIG. 2. Spatial dependence of the phase difference for a single
fluxon in a junction with a steplike critical current distribution J c2
50.5J c1 , for different positions of the fluxon center: ~i! to the left
of the boundary, curve 1, ~ii! at the boundary, curves 2a and 2b, and
~iii! to the right of the boundary, curve 3. It is seen that a switching
from curve 2a to curve 2b occurs when the fluxon crosses the
boundary x5x 1 .

which is the simplest and the most illustrative type of
nonuniformity.22 In the static case the well-known single
fluxon solution of Eq. ~1! in both parts of the junction is

F S DG

w 0 54arctan exp

x2a i
l Ji

~4!

,

where the index i51,2 corresponds to the different parts of
the junction 0,x,x 1 and x 1 ,x,L, respectively. Parameters a i in Eq. ~4! corresponding to the position of the fluxon
center should be chosen from the condition of magnetic field
continuity or the continuity of w x at x5x 1 , Eq. ~2!. This
gives
l J1 cosh@~ x 1 2a 1 ! /l J1 # 5l J2 cosh@~ x 1 2a 2 ! /l J2 # .
In Fig. 2 phase distributions for a junction with J c2
50.5J c1 are shown for different positions of the fluxon center: ~i! to the left of the boundary a 2 ,x 1 , curve 1, ~ii! at the
boundary a 2 5x 1 , curves 2a and 2b, and ~iii! to the right of
the boundary a 2 .x 1 ,curve 3. It is seen that when the fluxon
crosses the boundary a switching from a 1 ,x 1 , curve 2a, to
a 1 .x 1 , curve 2b, occurs in the left part of the junction.
The free energy of the junction is equal to

F5

E

dx

F

G

w 0 J c ~ w 8 ! 2 l 2J
112cosw .
2pc
2

~5!

Thus when the fluxon crosses the boundary ~curves 2a and
2b in Fig. 2! its self-energy is changed by the value
4 w 0 J c1 l J1
DF5
pc

A

This energy drop means that there is an infinitely large force
pushing the fluxon towards the region with the smaller critical current while infinitely large pinning prevents fluxon motion in the opposite direction.
The consideration above shows that the single fluxon state
in the nonuniform junction with a steplike critical current
distribution is not stable. Another possible way to satisfy the
condition of the magnetic field continuity is to have several
fluxons on the right side of the boundary. Then it is possible
to avoid the free-energy discontinuity. Thus the stable static
solution for a nonuniform junction corresponds to the case
when the fluxon density is higher on the side with the smaller
critical current. For example, the magnetic field penetrates
into the junction in the form of a ‘‘magnetic domain’’1 from
that side of the junction.
The next consequence of a steplike critical current distribution is a complicated ‘‘Fraunhofer pattern’’ I c (H), see,
e.g., Ref. 23. For example, if the ratio L/x 1 is an integer,
there are two periods. The ordinary period H 0 5F 0 /dL, corresponding to the entrance of an extra fluxon in the whole
junction and the larger one H 1 , corresponding to an integer
number of fluxons in the smaller part of the junction, at
which the critical current turns strictly to 0. Figure 3 shows
the calculated I c (H) dependencies for a steplike critical current distribution with J c2 50.4J c1 and x 1 50.1L and for different steplike bias current distributions J e1 (x)50 $ 0,x
,x 2 % , J e2 $ x 2 ,x,L % ~see insets in Fig. 3!, with x 2 50
~uniform bias! represented by open circles and x 2 50.5L by
solid triangles. The extra periodicity H 1 510H 0 is easily
seen on the curves. The introduction of the bias current
asymmetry results in an additional inclination of the I c (H)
patterns. It is important that, due to the nonuniformity,
minima of the critical current in positive and negative directions occur at different magnetic fields.
Another peculiar feature of the I c (H) pattern is the existence of a strong hysteresis due to the existence of extra
pinning boundaries x5x 1 , x 2 and the existence of multiple
branches due to a possibility of several fluxon configurations
matching the boundary condition. We have observed those
features both in experiment and in numerical simulations—
especially for rather long junctions.
B. Temperature gradient

We consider a long Josephson junction with a temperature
gradient ¹T.0 applied along the junction in the X-axis direction so that the left end of the junction (x50) has a lower
temperature T 1 than the right end (x5L), T 2 , T 1 ,T 2 . Local properties of the junction depend on temperature and thus
on the coordinate. Let J c0 , l J0 be the critical current and the
Josephson penetration depth in the middle of the junction x
5L/2 at the average temperature T5T 0 .
The solution of Eq. ~1b! can be found by perturbation
theory.24,17,22 We start from the frictionless motion of the
Josephson vortex in a homogeneous junction e 5 h 5 f 50).
The single fluxon solution has a form of traveling wave ~soliton!:

w 0 54arctan~ e j ! ,
J c2
12
.
J c1

~6!

55

~7!

where j,t are the self-coordinates of the fluxon moving with
the velocity v :
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FIG. 3. Numerically calculated
I c (H) dependencies for a steplike
critical current distribution with
J c2 50.4J c1 and x 1 50.1L for uniform bias ~open circles! and steplike bias current distribution ~solid
triangles! J e1 (x)50 $ 0,x,x 2 % ,
J e2 $ x 2 ,x,L % , x 2 50.5. Spatial
distributions of the critical and
bias currents are shown schematically in the insets.
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~8!

h > h 01 h 1
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b 5 , g 5 A12 b 2 .
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In the next approximation we consider the effect of finite
viscosity, h 0 Þ0, u h 0 u !1, in a uniform junction ( e 5 f
50).The solution of Eq. ~2! is assumed to be of the form
w 1 5 w 0 1 f 1 ,where f 1 ! w 0 .The well-known result for this
case represents the appearance of a flux flow step ~FFS! on
the IVC:25,26
4bh0
I 1 52
.
pg

~9!

e5

f
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5
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Coefficients e, h 1 , and f are constant and proportional to
¹T. We search for a solution in the form w 2 5 w 1 1 f 2
5 w 0 1 f 1 1 f 2 , f 2 ! w 0 . In coordinates ( j , t ) Eq. ~1b! may
be rewritten as

H

J

]2
]2
b h 1 e ] h 1 be ]
1
2
w ~j,t!
22
]j
]t2
g ]j
g ]t 2
5 ~ 11 f !@ sin~ w 2 ! 2I e # .

Finally we consider the effect of the temperature gradient.
In the experimental situation the temperature difference on
different sides of the junction is typically small, T 2 2T 1
!T 0 , and spatially dependent parameters are defined as

] ~ J c l 2J !

S D
S D

~11!

Leaving only terms of the order of f 2 in Eq. ~11! we obtain
L j,tf 2~ j , t ! 5

H

]2

]2

]j

]t

2
2

2

1

3 f 2~ j , t !
¹T,

¹T,

52
~10!

¹T.

For a small temperature gradient we can use a linear approximation for the parameters in Eq. ~10!:

HF
S

2f

e
g

1

bh0 ]
g ]j

S

2

h0 ]
g ]t

b h 1 j 1 bt 1
2
g
L̃
2

D

DG

2cos~ w 0 !

J

]w 0
]j

J

j 1 bt 1
2 sin~ w 0 ! 1I 2 .
L̃
2

~12!

Performing the Fourier transformation of Eq. ~12! and taking
into account Eq. ~7! we obtain
L j,vf 2~ j , v ! 5

H

]2
]
h0
2
12A 1 v 2 211i v 1
]j 2
]j
g cosh2 j

3 f 2~ j , v ! .

J
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Here A5 b h 0 /2g . To transform the operator L j , v to the normal form we write the solution in the form f 2 5e 2A j f̃ 2 .
Then

H

J

]2
2
2
L j,vf 2~ j , v ! 5
e 2A j f̃ 2 ~ j , v !
2 1V 211
]j
cosh2 j
5Fv ~ RHS! .
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The solution of Eq. ~12! is given by
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Fv ~ RHS!~ j 8 , v !

S

1`

2`

A cosh

bh1
g coshj 8

1

F

2e

S D
D G
G

g coshj 8

f sinhj 8

F

e 2A j

cosh2 j 8

12

1I 2

j8 1
2
L̃ 2
e Aj8

coshj 8

dj8

4e 2bh1 f
2
1 1pI2 .
A coshj g
g
L̃
2

I 2 52

4e

pg

1

2bh1

pg

2

f

p L̃

~16!

.

The result of Eq. ~16! can be also obtained by the method
used in Ref. 24.27 Assuming that the dc voltage is induced by
the periodic change of the phase difference due to flux flow
we may write

b 52

bh1

1`

In this equation we neglected terms of higher powers in A
(A!1). In order to have a finite value of f 2 ( j , t ) we require
the value of the rectangular brackets to be equal to zero.
Thus we obtain for the current I 2

V,21.

Now to obtain f 2 it is necessary to evaluate
Fv (RHS).Here the problem is the appearance of the secular
terms due to terms containing t. To avoid this we take into
account that when the stable flux flow state is achieved, the
RHS of Eq. ~12! is periodic in t with the frequency
v 0 52 p ṽ /L̃. Thus the t containing terms have a saw-toothlike form with the periodicity t 0 5L̃/ ṽ . In other words, although the bt terms in the RHS of Eq. ~12! suggest linear
growth of f 2 with t, this is not really the case since j
1 bt 5 g x̃ @see the definition of Eq. ~8!# which fixes the
origin of spatial variations in Eq. ~10!. Thus the apparent
secularity of bt terms in Eq. ~12! is merely a reflection of the
x̃ dependence in Eq. ~10!.27 The periodicity of the RHS of
Eq. ~12! means that if the fluxon enters the junction from one
end at t 5 t 1 it will leave the junction from the other end and
enter the junction from the initial point at t 5 t 1 1 t 0 . Hence
the right-hand side of Eq. ~12! contains only a free term and
harmonics of n v 0 .Here we are interested in the dc characteristics of the Josephson junction so we will avoid oscillating harmonics.
Now it can be easily shown that the dc term of
Fv (RHS) is
Fv ~ RHS! 522 p d ~ v !

'2

~14!

Here the upper sign corresponds to the case j . j 8 , the lower
sign to j , j 8 , and

Q5

2

~13!

Here Fv (RHS) is the short notation of the Fourier transform
of the right-hand side of Eq. ~12!. The Green function of Eq.
~13! is26

1`

3G V ~ j , j 8 ! e i v t d v d j 8

h0
V 2 5 v 2 1i v 2A 2 .
g

G V ~ j , j 8 ! 52

E E
p

1

55

V
F 0c 0
.
, V 05
V0
Lc

~17!

We note that the limiting voltage V 0 in Eq. ~17! is written for
a single fluxon in the junction, Eq. ~7!. As a result, Eq. ~16!
is valid for low fluxon densities when interaction between
fluxons can be neglected. In the case of arbitrary ~but small!
numbers of fluxons in the junction, V 0 should be replaced by
V 80 5hV 0 , where h is a real number representing the average
number of fluxons in the junction. The total current is given
by the sum of I 1 and I 2 and the I-V characteristic is
I5I 1 1I 2 5

2 ~ 2 h 0 2 h 1 ! V/V 0

p A12 ~ V/V 0 ! 2

2

4e

2

f

p A12 ~ V/V 0 ! 2 p L̃

.
~18!

Finally we note that due to fluxon interaction with the edges
of the JJ and with each other there is a certain lower threshold current for flux motion,28 so that V50 at I50 in the
IVC. Such effects were not taken into account in derivation
of Eq. ~18!.
Let us consider the negative branch of the IVC, which
corresponds to the motion of positive fluxons along the X
axis. If the fluxon is moving from the cold to the hot end, we
have h 1 .0,e,0, f ,0 and all the contributions to I 2 caused
by the temperature gradient are positive, while I 1 ,0. In the
opposite case when the fluxon is moving from the hot towards the cold end h 1 ,0, e .0, f .0, and both I 1 and I 2 are
negative. The total IVC for both directions of the fluxon
motion is shown in Fig. 4 for positive fluxons. The dotted
curve in Fig. 4 represents a flux flow IVC in a uniform junction @Eq. ~9!# h 0 50.02, e 5 h 1 5 f 50. The solid curve
shows the IVC in the presence of a positive temperature
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FIG. 4. The flux flow IVC of a long Josephson junction in a
positive magnetic field without a temperature gradient ~dotted
curve!, and with a positive temperature gradient along the junction
~solid curve!. The IVC’s were shifted by I * 5I( v 50), Eq. ~18!. In
the inset flux flow IVC’s are shown for a uniform junction ¹T
50 ~dotted curve! and for positive ~solid curve! and negative
~dashed curve! temperature gradients. Parameters were chosen for a
typical experimental situation.

gradient ¹T50.01 @in dimensionless units ¹T
5(DT/T c )/(L/l J0 )]. Experimentally that corresponds to a
gradient of approximately 2 K/cm in a Nb-based junction,
T c ;9.2 K with L510l J 5500 mm. In the inset of Fig. 4,
flux flow steps are shown with ¹T50 ~dotted curve! and
with positive ~solid curve! and negative ~dashed curve! temperature gradients u ¹T u 50.01. The dashed curve (¹T5
20.01) also represents the negative branch of the IVC with
a positive temperature gradient (¹T50.01, solid curve!. Parameters e520.0074, h 1 50.004, and f /L̃520.0083 were
chosen for T 0 /T c 5 32 ~;6 K! and ¹T50.01~;2 K/cm! using
the definitions of Eq. ~10!. If the magnetic field changes sign
and becomes negative, the asymmetry of flux flow steps also
changes sign, since then the direction of fluxon motion is
changed to the opposite, i.e., the positive current moves positive fluxons in the negative direction ~against ¹T) while it
moves negative fluxons in the positive direction ~along
¹T), see Fig. 1 and Eq. ~3!.
From Fig. 4 it is seen that the temperature gradient influences the IVC of the junction in the following way. Flux
flow steps on the IVC with V,0 and V.0 are asymmetric.
The voltage at a certain current is higher when fluxons are
moving from the cold to the hot end of the junction. The
physical reason for the dependence of the IVC on the viscosity gradient term h 1 is the following. When the fluxon enters
the junction from the cold end with the smaller viscosity it is
accelerated faster than when it starts from the hot end.21 The
terms with e and f are caused by a spatial variation of the
critical current. This variation causes the appearance of a
force associated with the gradient of the self-energy of the
fluxon16,17 pushing the Josephson vortex along the temperature gradient, i.e., from the cold to the hot end of the JJ and
preventing motion in the opposite direction, as was discussed

14 491

in Sec. II A with respect to the steplike critical current distribution. The self-energy force contributes to the anisotropy
of the IVC by increasing the fluxon velocity when the fluxon
is moving towards this force and by decreasing the velocity
in the opposite case.
In Refs. 16 and 17 it was claimed that the self-energy
force can cause the appearance of the thermomagnetic Nernst
effect, i.e., generation of the voltage due to fluxon motion
from the cold to the hot end of the junction in the opposite
direction compared to the Abricosov vortex. Indeed, as soon
as a single fluxon is placed in an infinitely long JJ so that
there is no interaction with edges and other fluxons, then the
self-energy force is the only force acting on the fluxon. Then
the fluxon will move towards the region with smaller selfenergy, i.e., from the cold to the hot end of the junction. A
certain energy dissipation is associated with such motion.
Moreover, the energy is transmitted by fluxons from the cold
to the hot end of the junction. This is in clear contradiction
with the second law of thermodynamics—claiming that such
process can not take place without energy consumption. The
clue to the paradox is in the fluxon interaction with the edges
of the junctions. In order to organize the permanent flux flow
we should introduce fluxons with some rate through the
edges of the junction. As it was mentioned in the previous
section in nonuniform junctions fluxons will penetrate into
the junction from the side with the smaller critical current
~hot side!. To be able to move the fluxon from the cold to the
hot side one should first spend the energy required for transportation of the fluxon towards the cold end with a larger
fluxon self-energy. It is this energy that is released when the
fluxon is moving towards the self-energy force. Thus without
an energy supply I50 such motion is impossible and there
will be no Nernst voltage due to the Josephson vortex motion
in the SIS junction.
Figure 5 illustrates the process of fluxon penetration into
the nonuniform junction with increasing magnetic field at
zero bias current. The data were obtained by numerical solution of Eq. ~1!, which automatically takes into account the
fluxon interaction with the edges and with each other. The
critical current distribution was taken to be linear and is
shown in the top of the figure. The curves in the lower part
of the figure represent the sin~w! distribution inside the junction. The spatial coordinate is normalized to the Josephson
penetration depth on the left side of the junction. The applied
magnetic field is increasing from the top to the bottom curve.
From Fig. 5 it is seen that fluxons penetrate the junction from
the end with smaller critical current. The self-energy force
directed from the left to the right prevents further penetration
of fluxons inside the junction and causes a squeezing of the
‘‘fluxon spring’’ at larger magnetic fields. Thus in the conventional static experimental situation (I50) when a uniform external magnetic field is applied to a nonuniform junction the magnetic field penetrates into the junction first from
the side with a smaller critical current ~hot side! in the form
of a magnetic domain as was discussed in Sec. II A. The
fluxon density in the domain changes in such a way that the
Lorentz force F L 5(1/4p )B(dH/dx) cancels the force F Jc ,
associated with the variation of J c (x). Such behavior is well
known with respect to the critical state in type-II
superconductors.18,29 A straightforward analogy is seen if
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an applied temperature gradient the I c (H) dependencies for
positive and negative current densities are shifted with respect to each other as was the case for a nonuniform critical
current distribution ~see Fig. 3!. In general all the conclusions made in the previous section for a nonuniform critical
current ~penetration depth! distribution are valid qualitatively
in the case with a temperature gradient. Besides, a spatial
variation of the magnetic thickness d will cause additional
nonuniform fluxon density distribution, so that the fluxon
density will be larger at the hot end of the junction.
III. EXPERIMENT

FIG. 5. Fluxon penetration into the nonuniform junction at zero
bias current obtained by numerical solution of Eq. ~1!. The magnetic field is increasing from the top to the bottom curve. The critical current distribution is shown in the top of the figure. It is seen
that fluxons penetrate the junction from the end with smaller critical
current.

we consider F Jc as a pinning force and the magnetic domain
as the critical state of fluxons.
In Fig. 6 calculated dependencies I c (H) for a JJ with
L̃510 with and without a temperature gradient are shown.
Figure 6 illustrates the existence of a static solution to Eq.
~1! in the presence of a temperature gradient showing that the
temperature gradient does not induce the flux motion itself
and moreover that a certain critical current should be applied
to start the flux motion. Thus in the conventional static case
there is no Nernst effect in the SIS JJ associated with a
motion of Josephson vortices. From Fig. 6 it is seen that with

I-V curves of long Josephson junctions were measured in
a cryostat with a copper shield to screen electromagnetic
waves, a double m metal can for shielding the magnetic field,
and a superconducting screen to avoid magnetic-field variation. The junction was placed in a He exchange gas so that
the temperature could be changed in the range 4.2–20 K.
Bias was provided by a low-noise analog dc current source
and the voltage was either amplified by a low-noise amplifier
or directly measured by an HP34420A nanovoltmeter. Experimental curves were plotted on an X-Y recorder.
A. Steplike critical and bias current distribution

In Fig. 7 the magnetic-field dependence of the critical
current I c for a Nb-AlOx -Nb junction with L530l J is shown
at T54.2 K. The magnetic field is measured via the current
through the magnet coil. Nb-AlOx -Nb junctions were fabricated by sputter deposition and photolithography
technology30 at the Institute of Radio Engineering and Electronics, Moscow. The junctions were designed for measurements of the linewidth of a flux-flow oscillator and consist of
two parts. The first part ~‘‘bias part,’’ 90% of the junction! is
connected to electrodes through which the external current is
applied and the second part ~‘‘projection’’ 10% of the junction! has no bias leads. The inset of Fig. 7 shows schematically the junction geometry. Two periods in the

FIG. 6. Numerically calculated
dependencies I c (H) for a long Josephson junction ~i! without a
temperature
gradient
~open
circles! and ~ii! with a temperature
gradient
(¹T50.02)
~solid
squares!. In the inset spatial distributions of the temperature and the
critical current densities are
shown schematically.
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FIG. 7. Experimental dependence I c (H) for a
Nb-AlOx -Nb junction with L530l J at T54.2 K.
In the inset the junction geometry is shown schematically. Two periods in magnetic field are well
defined, the larger period being about ten times
the smaller one.

magnetic field are well defined in Fig. 7, the larger period
being about 10 times the smaller one. It is also seen that
minima of I c for different current directions are shifted with
respect to each other. The experimental I c (H) dependence is
qualitatively the same as that in Fig. 3 and is thus well described by a steplike critical and bias current distribution. It
is consistent with the second part of the JJ ~10% of the
length! having a larger critical current and the bias current
mainly being injected through the first part. The sign of the
magnetic field and distributions of critical and bias currents
correspond to those in Sec. II A and Figs. 1 and 3.
1. Asymmetry of flux flow steps

Not only the critical current is asymmetric for this JJ. In
Fig. 8, I-V curves for the same sample are shown at
H53.0 mA ~solid curve! and H54.9 mA ~dotted curve!. It is
seen that FFS’s clearly visible on the IVC’s are highly asymmetric for positive and negative directions of the bias current. The positive bias FFS’s are higher and more inclined
than the negative bias FFS’s. With a change of the direction
of the magnetic field, the situation is reversed.
The nonuniformity of both the critical current and the bias
current are responsible for this. The role of the nonuniform
bias current was studied in detail in Ref. 5 and it was shown
that nonuniform bias could cause FFS asymmetry of this
type due to a self-field effect. We note, however, that the
asymmetry of the IVC’s observed in this sample is much
larger than that for the junctions with the same geometry but
with uniform critical current distribution.30
The asymmetry is most pronounced for the IVC at
H53.0 mA, for which there is no FFS for negative current
and a quite large one for positive current. This curve most
clearly illustrates the influence of the nonuniform critical
current distribution which leads to nonuniform flux penetration into the JJ as discussed in Sec. II A. The magnetic field
penetrates into the junction in the form of a magnetic domain
through the end with the smaller critical current ~the right
end as shown in Fig. 3!. The positive current pushes positive
fluxons in the negative direction ~to the left! and negative
current to the right @see Fig. 1 and Eq. ~3!#. At H53.0 mA

the domain did not reach the left end of the junction yet.
Thus there are simply no fluxons in the left end that could be
pushed by the negative current. On the other hand, there are
fluxons on the right end of the junction that are driven to the
left by the positive current, leading to the appearance of
FFS’s. This is also well seen from Fig. 7. At H53.0 mA the
junction is clearly in the Meisner state ~without vortices! for
the negative current and is in a mixed state ~with vortices!
for the positive current. In other words, the lower critical
fields H c1 for the fluxon penetration are different for the left
H c1L and the right H c1R sides of the junction due to nonuniform critical current distribution. The field H53.0 mA is in
between these two values, H c1R ,H,H c1L . For larger magnetic fields the magnetic domain occupies the whole junc-

FIG. 8. Experimental I-V curves for the same Nb-AlOx -Nb
junction at two different magnetic fields and T54.2 K. Asymmetry
of FFS’s for positive and negative directions of the bias current is
clearly visible.
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FIG. 9. Experimental I-V curves of the Nb-AlOx -Nb junction in
larger scale at T54.2 K and for different magnetic fields near the
field at which the critical current in one of the directions vanishes.
A zero crossing flux flow step is observed at H5217.10 mA ~solid
curve!.

tion; however, the additional asymmetry of FFS’s due to
different fluxon densities on different sides of the junction
remains.
Nonuniform critical current distribution as well as nonuniform current bias can be responsible not only for the different heights of FFS’s in different directions but also for the
different inclination the steps. From Fig. 8 it is seen that the
negative FFS’s are much sharper than the positive FFS’s.
The reason is that for positive FFS’s, when positive fluxons
move to the left, they experience a strong pinning, while
when they move in the opposite direction ~negative FFS’s!
they are accelerated by the critical current decrease at the
boundary x5x 1 @e and f terms in Eqs. ~1! and ~18!#.
2. Zero crossing flux flow steps

Under some conditions unusual zero crossing flux flow
steps were observed in our nonuniform long JJ’s. The phenomenon consists in the fact that the IVC of a nonuniform JJ
can cross the I50 axis at a nonzero voltage. In Fig. 9 I-V
curves of the same Nb-AlOx -Nb junction as in Figs. 7 and 8
are shown at a larger scale at T54.2 K and for different
magnetic fields near the field at which the critical current in
one of the directions vanishes. The magnetic field is expressed via the current through the magnetic field coil. As we
have already mentioned, the critical current of the junction is
highly asymmetric. From Fig. 9 it is seen that for
H5216.97 mA critical currents in both directions are nearly
equal. At H5217.07 mA, I c in the positive direction vanishes while in the negative direction it is not zero. ZCFFS is
observed when the magnetic field is slightly increased. The
solid curve in Fig. 9 shows IVC for H5217.10 mA. It is
seen that the IVC crosses the I50 axis at a positive voltage
of the order of half a microvolt. With a further increase of
the magnetic field the ZCFFS disappears ~see Fig. 9 for
H5217.13 mA!. The IVC’s shown in Fig. 9 are reproduc-
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FIG. 10. Voltage across the Nb-AlOx -Nb junction, biased with a
constant current versus the applied magnetic field at T54.2 K. ~a!
Two curves with a small positive ~top! and small negative ~bottom!
bias current are shown. ~b! The V(H) dependence for zero applied
current is shown providing a clear observation of the ZCFFS phenomenon. From ~a! and ~b! it can be seen that I c (H) patterns for
positive and negative current are shifted with respect to each other
and that ZCFFS’s appear at the fields at which the critical current
vanishes only in one direction.

ible; however, a hysteresis with respect to the magnetic field
reflects the hysteresis of I c (H) due to the existence of multiple branches as discussed above.
In general ZCFFS’s were observed close to magnetic
fields where I c vanishes only in one direction. The sign of
ZCFFS voltage corresponds to the sign of the critical current
that vanished, e.g., in Fig. 9 the positive current turns to zero
and a positive ZCFFS voltage is observed. This is illustrated
in Fig. 10, where the voltage across the junction, biased with
a constant current, is shown versus the applied magnetic
field. The curves were plotted by sweeping the magnetic
field. In Fig. 10~a! two curves with a small positive ~top! and
small negative ~bottom! bias current are shown. Maximum/
minimum of the voltage for positive/negative applied current
are observed at fields at which the critical current I c (H) in
the positive/negative direction reaches its minimum ~zero!
with a periodicity H 0 . From Fig. 10~a! it is seen that minima
of I c (H) for positive and negative current directions are
shifted with respect to each other. An extra modulation of
V(H) is caused by the nonuniform critical current distribution and the existence of the larger period H 1 ~see Figs. 3 and
7!. In Fig. 10~b! the V(H) dependence for zero applied current is shown. In this case the junction was totally disconnected from a current source. Figure 10~b! yields a clear
observation of the ZCFFS phenomenon. From Figs. 10~a!
and 10~b! we observe that positive ZCFFS’s appear in fields
where the positive bias critical current vanishes @maximum
of V(H)(I.0), Fig. 10~a!# while the negative I c does not.
Similarly, negative ZCFFS’s appear in fields where the negative bias critical current vanishes @minimum of V(H)(I
,0), Fig. 10~a!# and positive bias I c does not. These conditions are fulfilled due to the shift of I c (H) dependencies for
different bias directions, which in turn is caused by the non-
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FIG. 11. The same as in Fig. 10~b! for different field range. It is
seen that in addition to small oscillating ZCFFS’s, large positive
ZCFFS’s with V;0.5 mV are present corresponding to fluxon motion in the direction of smaller critical current.

uniformity of the junction. The shift of I c (H) naturally leads
to an oscillatory behavior of the ZCFFS voltage as shown in
Fig. 10~b!. In the whole field range ZCFFS’s reflect the
modulation of I c (H). For example the absence of ZCFFS’s
for 256,H,253 mA and 262,H,259 mA is caused
by the existence of the larger periodicity H 1 , due to which
I c (H) does not become zero at certain field intervals as
shown in Figs. 3 and 7.
Another kind of ZCFFS is shown in Fig. 11. The curve
was plotted in the same manner as that in Fig. 10~b!. From
Fig. 11 it is seen that in addition to small oscillating
ZCFFS’s, large positive ZCFFS’s with V;0.5 mV are
present. Actually the solid curve in Fig. 9 corresponds to
these large positive ZCFFS’s. Comparison of the sign of the
magnetic field and the generated ZCFFS voltage leads us to
the conclusion that the positive ZCFFS’s in Fig. 11 correspond to the motion of negative fluxons from the left to the
right, i.e., in the direction of smaller critical current ~see inset
in Fig. 3!.
B. Temperature gradient

Experiments with a temperature gradient applied along
the junction were carried out on Nb-NbOx -Pb junctions with
overlap geometry. The junctions were fabricated on Si substrates 1.931.2 cm2 by sputter deposition. One side of the
substrate ~1.2 cm! was attached to a massive copper block
which was in good thermal contact with the He bath. The
opposite side was attached to another copper block on which
a heater was mounted. The copper blocks were thermally
isolated from each other and placed in high vacuum to avoid
parasitic external heat currents. When the heater was
switched on the heat flows through the longer side of the
substrate to the massive Cu block. Thus a temperature gradient was induced in the substrate and in the junction. The
temperature was controlled by two thermometers placed on
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FIG. 12. Experimental flux flow IVC’s for a Nb-NbOx -Pb
junction, L̃;8, ~a! without a temperature gradient at T54.2 K, and
~b! with ¹T;2 K/cm applied along the junction at the average
temperature T 0 ;5.5 K for different magnetic fields. Solid and
dashed curves represent positive and negative branches of the
IVC’s, respectively. It is seen that the temperature gradient causes
the asymmetry of IVC’s so that the voltage is larger when fluxons
move from the cold to the hot end of the junction.

the Cu blocks and by a thermocouple directly on the substrate. A magnetic field parallel to the junction plane was
created by a superconducting coil and measured via the current through the coil. The signs of the magnetic field and the
temperature gradient correspond to that in Sec. II B and Figs.
1 and 6.
1. Asymmetry of flux flow steps

In Fig. 12 the IVC’s for a Nb-NbOx -Pb junction with a
normalized length L̃;8 are shown without a temperature
gradient at T54.2 K @Fig. 12~a!#, and with ¹T;2 K/cm
applied along the junction at the average temperature T 0
;5.5 K @Fig. 12~b!#, for different magnetic fields. The solid
and dashed curves represent positive and negative branches
of the IVC’s, respectively. From Fig. 12~a! it is seen that in
the uniform case without a temperature gradient, flux flow
steps on the IVC’s are symmetrical for positive and negative
current directions. On the other hand, when the temperature
gradient is applied, an asymmetry of positive and negative
branches of the IVC’s appear. Positive IVC branches in Fig.
12~b! ~solid curves! correspond to the motion of negative
fluxons from the left to the right, i.e., along the temperature
gradient from the cold to the hot end of the junction, see
Figs. 1 and 6. Negative branches ~dashed curves! correspond
to fluxon motion in the opposite direction, i.e., from the hot
to the cold end of the junction. The asymmetry changes sign
when magnetic field changes sign as was discussed in Sec.
II B. The experimental IVC’s in Fig. 12~b! are in good qualitative agreement with the theoretical IVC’s shown in the
inset to Fig. 4 ~solid and dashed curves! calculated approxi-
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nounced for fluxon motion from the hot to the cold end of
the junction.
2. Zero crossing flux flow steps

FIG. 13. Experimental dependencies V(H) for the
Nb-NbOx -Pb junction for zero applied current and for different directions of the magnetic field. In ~c! there is no temperature gradient
and in ~a! and ~b! a temperature gradient of about 2 K/cm is applied
while the mean temperature of the junction was about 5.5 K. It is
seen that application of a temperature gradient causes generation of
ZCFFS’s.

mately for the experimental parameters of the junction and
the temperature gradient. We note that the IVC’s in Fig. 4
were calculated for the positive magnetic field while in Fig.
12~b! it is negative. Both experiment and theory show that
the flux flow voltage is smaller when fluxons are moving
from the hot to the cold end of the junction. We also note
that both in the experiment ~Fig. 12! and in theory ~Fig. 4!
FFS’s for both bias current directions have the same limiting
value V 0 @Eq. ~17!# unlike that observed for the junction with
nonuniform critical current distribution, Sec. III A 1, and in
previous experiment.21
Another characteristic feature of Fig. 12~b! is that Fiske
steps are more pronounced on the negative branches of the
IVC ~dashed curves! corresponding to the motion of negative
fluxons from the hot to the cold end of the junction. A similar behavior was obtained in Ref. 21 from the computer
simulation for the junction with spatial variation of the viscosity. The formation of Fiske steps ~cavity resonances! is
caused by the interference of moving fluxons with electromagnetic waves reflected from the boundary, where the
fluxon leaves the junction. When fluxons leave the junction
from the cold end with lower dissipation, the reflected waves
have larger amplitude than when fluxons leave the junction
from the end with larger dissipation ~the hot end!.21 In addition the amplitude of reflected waves is larger when the
fluxon leaves the junction from the end with larger critical
current ~the cold end! since the fluxon energy itself is larger
on that end of the junction. Thus Fiske steps are more pro-

In Fig. 13 experimental dependencies V(H) for the same
Nb-NbOx -Pb junctions as in Fig. 12 are shown for zero applied current ~the JJ is disconnected from the current source!
and for different directions of the magnetic field. In Fig.
13~c! there is no temperature gradient and in Figs. 13~a! and
13~b! a temperature gradient of about 2 K/cm is applied
while the mean temperature of the junction was about 5.5 K.
From Fig. 13~c! it is seen that without a gradient ¹T, there is
hardly any voltage generated at I50, while from Figs. 13~a!
and 13~b! it is seen that the application of a temperature
gradient causes ZCFFS’s. As in the case of Nb-AlOx -Nb
junctions with nonuniform J c (x) we can identify two features in ZCFFS’s. ~i! ZCFFS’s are oscillating in sign with a
periodicity of one flux quantum entering the junction and ~ii!
ZCFFS’s are asymmetric, e.g., in Fig. 13~a! positive
ZCFFS’s have larger voltage while in Fig. 13~b! negative
ZCFFS’s have larger voltage, e.g., H;8 mA there is a
ZCFFS only of negative sign. Thus, as illustrated in Figs.
13~a! and 13~b!, the asymmetry of ZCFFS’s change sign
with the magnetic field. For both directions of magnetic field,
@Figs. 13~a! and 13~b!#, the sign of ZCFFS’s with larger
voltage correspond to fluxon motion along the temperature
gradient from the cold to the hot end of the junction.
IV. DISCUSSION

The necessary condition for observation of ZCFFS’s is
that the critical current vanishes in one direction and not in
the other. Such a situation is possible in nonuniform JJ’s due
to a shift of Fraunhofer I c (H) patterns for different current
directions as shown in Figs. 3 and 6. Taking into account that
the Lorentz force @Eq. ~3!#, pushes fluxons in a particular
direction ~see Fig. 1! this means that the critical current for
flux entry on one end of the junction is equal to zero and not
on the other. This condition makes the direction from the end
with J c (H)50 preferable for fluxon motion. Let us for definition suppose that the positive critical current is equal to 0
and the negative is not. This means that fluxons can freely
enter the junction from the right side even when no external
current is applied; on the other hand, there is a potential
barrier for the fluxon entry from the left side. Thus preferential direction for fluxon motion is from right to left ~negative
X direction!.
From Fig. 9 it is seen that the IVC’s are rounded at magnetic fields close to that for which ZCFFS’s are observed.
Rounding of the IVC is a well-known consequence of fluctuations and noise in the JJ.31 Taking into account that there
is no barrier for fluxon entrance from the end of the junction
with zero critical current density, even small fluctuations and
noise will occasionally cause fluxon entrance from that end.
On the average, fluxon motion from the end with J c (H)
50 to the opposite end will occur, leading to formation of a
ZCFFS. In other words we may say that nonuniform JJ behaves as a diode enabling unidirectional fluxon motion from
the end with zero critical current and thus converting ac fluctuation and noise current to dc ZCFFS voltage. The second
law of thermodynamics is not violated in this case, since the
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energy is pumped out from fluctuations and noise. The
mechanism of the formation of ZCFFS’s is close to that for
the formation of zero crossing Shapiro steps32 although in
the latter case the energy of external RF radiation is involved. There is, however, an important difference between
these two phenomena, consisting in the fact that unlike zero
crossing Shapiro steps ZCFFS’s change sign with magnetic
field. Namely the sign of the ZCFFS voltage is determined
by the sign of vanishing critical current. This is well illustrated in Figs. 9 and 10. Since the formation of ZCFFS’s
depends on the I c (H) pattern, the dependence of the ZCFFS
voltage on the magnetic field V(H), should reflect the
I c (H) dependence. In the case when I c (H) patterns for positive and negative current are shifted with respect to each
other, which is the case for both types of nonuniformities
considered here ~see Figs. 3 and 6!, oscillating V(H) both of
positive and negative sign should be observed. ZCFFS’s of
this type are seen in Fig. 10 as well as in Figs. 11 and 13.
Unlike zero crossing Shapiro steps ZCFFS’s can be observed even without external electromagnetic power ~noise!.
ZCFFS’s could be caused by fluctuations or by other kinds
of noise, e.g., by temperature or pressure variation. We note
that special precautions were taken to reduce the noise in
experimental setup. As can be seen from Figs. 10~b! and
13~c! the noise level is very low. For fluctuations-induced
ZCFFS’s the fluctuation energy should be compared with the
Josephson coupling energy. When they are comparable fluctuations play a crucial role for the JJ. The Josephson coupling energy is proportional to the critical current. Thus
when the critical current vanishes, the fluctuation energy exceeds the coupling energy and fluctuations cannot be neglected even though they were negligible for the maximum
critical current at zero magnetic field. The importance of
fluctuations at fields where I c (H)50 was discussed and studied previously; see, e.g., Ref. 31. Estimation of the
temperature-induced fluctuation current amplitude gives
about 1 mA. Although it is difficult to calculate the
fluctuation-induced ZCFFS voltage in real experimental situation, we can evaluate its maximum value if we assume that
the critical current is exactly 0 for one direction and nonzero
for another. Then assuming that the IVC from the side with
J c 50 has the same shape as in Fig. 12~b! we can estimate
the fluctuation-induced ZCFFS voltage to be of the order of
0.5 mV for our Nb-NbOx -Pb junction. Taking into account
that in Figs. 13~a! and 13~b! the magnetic field is about 3
times larger than in Fig. 12~b! we can also expect that maximum fluctuation-induced ZCFFS corresponding to Figs.
13~a! and 13~b! could be up to 1.5 mV which is in agreement
with the observation in Fig. 13. This crude estimation shows
that the fluctuation mechanism of the ZCFFS’s formation
could be important.
Another feature of ZCFFS’s is the existing anisotropy for
different signs of the voltage so that ZCFFS’s of a definite
voltage sign have a larger amplitude as seen in Figs. 11,
13~a!, and 13~b!. Such ZCFFS’s correspond to fluxon motion
towards the region with a smaller critical current, e.g., in the
case of a temperature gradient, from the cold to the hot end
of the junction. These ZCFFS’s are presumably caused by
the existence of an intrinsic force F Jc , equal to a self-energy
gradient of the fluxon. This force pushes the fluxon towards
the region with a smaller critical current and prevents motion
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in the opposite direction. As it was shown above, this force
strongly depends on the fluxon distribution and for a single
fluxon in a junction with a steplike critical current the distribution could be infinitely large. For junctions with a smooth
variation of the critical current the force is finite and is proportional to the derivative dJ c /dx. As was discussed in Sec.
II this force can contribute to the asymmetry of flux-flow
voltage for different current directions. Indeed fluctuations/
noise should spend more energy to move a fluxon to the end
with higher critical current ~cold end! than to the end with
lower critical current ~hot end!. In other words, additional
work against the self-energy force F Jc should be done to
move the fluxon from the hot to the cold end of the junction
and motion in the opposite direction is preferential. Therefore ZCFFS’s are asymmetric with ZCFFS’s corresponding
to fluxon motion towards the end with lower self-energy
~from the cold to the hot end! having larger amplitude than
ZCFFS’s of the opposite sign. We note that the asymmetry
of ZCFFS’s are a reflection of the asymmetry of the IVC as
shown in Figs. 4, 8, and 12. From Fig. 4 we can estimate this
asymmetry to be about 20% which is in reasonable agreement with Figs. 13~a! and 13~b!.
V. CONCLUSIONS

In conclusion, the fluxon dynamics in nonuniform Josephson junctions was studied both experimentally and theoretically. It was shown that nonuniformity causes asymmetry of
IVC’s and of I c (H) patterns so that positive and negative
branches are shifted with respect to each other. Due to this, a
phenomenon, ‘‘zero crossing flux flow steps’’ with a nonzero
voltage at a zero applied current, can be observed in nonuniform long Josephson junctions. The phenomenon is due to
the existence of a preferential direction for the Josephson
vortex motion and the asymmetry of ZCFFS’s can be due to
the existence of a force pushing fluxons in the direction of
smaller self-energy. ZCFFS’s are observed at certain magnetic fields when the critical current in one of the directions
becomes 0. The nonuniform long JJ in the ZCFFS state behaves as a diode enabling unidirectional fluctuation-driven
fluxon motion in the direction from the end with zero critical
current. Two types of nonuniform junctions were studied: the
first type had a nonuniform spatial distribution of critical and
bias currents and the second had a temperature gradient applied along the junction. Both types of junctions exhibit
ZCFFS phenomena. By studying ZCFFS’s caused by a temperature gradient we observed evidence for the existence of
the thermal force pushing fluxons from the cold to the hot
end of the junction. By direct numerical simulations it was
shown, however, that this force itself does not cause flux
motion since in conventional situations it is exactly balanced
by the force caused by a nonuniform fluxon distribution.
Thus there is no static Nernst effect associated with Josephson vortex motion in SIS JJ’s. An analytical expression for
the I-V curve in the presence of a temperature gradient or
spatial variation of the junction parameters was derived; the
theoretical IVC is in good qualitative agreement with the
experiment.
Finally we discuss possible applications of nonuniform
junctions in cryoelectronics. First, junctions with nonuniform
J c (x) distribution might be promising objects for flux flow
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oscillators. As it is seen from Fig. 8 introduction of nonuniform J c (x) makes flux flow steps corresponding to fluxon
motion towards the end with lower critical current ~negative
branch in Fig. 8! sharper. This will make a flux flow oscillator more stable with respect to current fluctuation and
could significantly reduce the linewidth of an oscillator. Another useful feature is a reduction of Fiske resonances on the
same branch of the IVC corresponding to fluxon motion towards the end with larger dissipation and lower critical current ~positive branch in Fig. 12!. This could increase the
tunability of the oscillator.
Another interesting application of such junctions is a superconducting diode. As it was shown, in nonuniform JJ’s
the ‘‘Fraunhofer patterns’’ I c (H) for positive and negative
currents could be shifted with respect to each other. Thus, a
situation when the critical current vanishes only on one end
of the junction is possible. Under such conditions the nonuniform junction behaves as a fluxon diode enabling unidirectional fluxon motion from the end with zero I c (H). An

important feature of such a diode is that it’s direction can be
controlled and could be changed to the opposite or modulated by a small magnetic field. Such a diode could be used
in telecommunications, RSFQ logic, and other cryogenic applications.
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