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A Simultaneous Linearization Method for Inverse Scattering Problem for a
Dielectric
(the full paper can be found at the end of the Book of Abstracts)
Ahmet Altundag, University of Göttingen, a.altundag@math.uni-goettingen.de
The inverse problem under consideration is to reconstruct the shape of a homogeneous dielectric infinite cylinder from the far field pattern for scattering of a time-harmonic E-polarized
electromagnetic plane wave. We propose an inverse algorithm that extends the approach suggested by Kress, Rundell, Ivanyshyn [1,2,3] for the case of the inverse problem for a perfectly
conducting scatterer to the case of penetrable scatter. It is based on a system of nonlinear
boundary integral equations associated with a single-layer potential approach to solve the forward scattering problem. We present the mathematical foundations of the method and exhibit
its feasibility by numerical examples.
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Full Waveform Inversion of Ground Penetrating Radar Data
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Ground Penetrating Radar (GPR) is a geophysical method that uses high-frequency pulsed
electromagnetic waves in the range between 50-1000 MHz. The wave velocity and attenuation
can be used to determine the electromagnetic properties permittivity and conductivity, respectively. GPR is widely used for subsurface characterization and soil water content determination
because of the large permittivity changes for varying soil moisture and the different electromagnetic properties of various soils. The noninvasive character of GPR and the fairly quick
measurement acquisition explains some of the strong interest in this method in the last two
decades. A schematic view of a borehole GPR setup is depicted in Figure 1.
The most common methods to interpret GPR data are ray-based inversion techniques which
use the first arrival time and first-cycle amplitude of the measured signal to determine the
wave velocity and attenuation. Radar tomography based on ray theory provides only limited
resolution, primarily because just a fraction of the information contained in the radar data is
used, such that small targets (smaller than the dominant wavelength) cannot be satisfactorily
detected and imaged. By contrast, full-waveform inversion (FWI) not only takes into account
the arrival times and first-cycle amplitudes but considers the entire waveforms (or at least the
first few cycles), which include secondary events like forward scattered, reflected and refracted
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Figure 1. Schematic view of a borehole setup for GPR measurements (modified
from [1]).
waves. Therefore, full-waveform inversions provide higher resolution images and can thus yield
more detailed information.
For simple geometries with a limited number of model parameters, we applied a gradient-free
simplex optimization successfully to invert on-ground GPR data using the full waveform and a
model with horizontal layers [2]. Here, a 3D frequency domain solution of Maxwell’s equation
is used where the integral representation of the electric field are numerically evaluated. An
important aspect for a successful inversion is the estimation of the unknown source wavelet
which we included in the inversion such that both model parameters and source wavelet are
estimated simultaneously. Since the implementation is in frequency domain, only a subset of
frequencies can be used for the inversion, which is computational beneficial compared to the time
domain approach which requires implicitly the solution for all frequencies. With the layered
setup several scenarios can be considered. Another successful application of such a layered
model and FWI with on off-ground setup is the inversion of a chloride gradient in a concrete
slab [3].
The FWI inversion for a large number of unknown uses gradient-based optimization methods. Within the seismic community FWI’s were introduced approximately 30 years ago and has
found widespread applications, see [4] for an overview. In contrast, FWI methods for GPR are
still fairly new. The first implementation of the FWI [5] for GPR data is a conjugate gradient
optimization algorithm where the gradient of the objective function is determined via an adjoint
problem based on the work of Tarantola [6]. Practically, a back propagation of the data misfit
cross correlated with the forward solution is used to calculate the gradient of the objective
function. Already the first implementation was applied to experimental data measured in a
gravel aquifer and in a rock laboratory [7].
Later implementations of the FWI for GPR data include an improved finite difference time
domain forward model that consists of a full vectorial 2D solution of Maxwell’s equation [8].
The application of this method to experimental data is not straight forward. The measured
signal is recorded after the waves have traveled through a three-dimensional domain, whereas
the forward model that describes these measurements is two-dimensional. Therefore, a 3D
to 2D conversion of the measured data is needed. For this, we use a far-field approximation
[9], since the extension of the forward problem to three dimensions has not been implemented
yet due to the large memory requirements. Another challenge with experimental data is the
unknown effective source wavelet which is required to match the measured data with the forward
model. The measured data can be seen as a convolution of the effective source wavelet and the
Green’s function. This implies that an incorrect source wavelet leads to incorrectly estimated
model parameters and vise versa. The effective source wavelet is determined with multiple steps
[1,10]. First, the shape is estimated with horizontally travelling waves and then the shape and
amplitude are corrected through a deconvolution with the Green’s function of the start model
and the measured data. Additional deconvolution corrections can be performed after several
iteration of the FWI. The difference between ray-based methods and FWI can be observed in
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Figure 2 which is adapted from [1]. This inversion was computed with an MPI parallelized FWI
on JUROPA, the supercomputer at the Forschungszentrum Jülich.
a) Ray-based Inversion
Permittivity (Iteration 0)

b) Full-waveform Inversion
Permittivity (Iteration 35)
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Figure 2. Inversion of experimental data measured at the Thur River hydrogeophysical test site, Switzerland. (a) the permittivity reconstruction with a
ray-based inversion (also start model for FWI) and (b) FWI result after 35 iterations. (adapted from [1])
Gradient-based optimization methods need a good start model to enhance the chance of
finding the global minimum instead of a local one. We use ray-based methods to determine the
start model to ensure that it resembles the actual model parameters. To be less dependent on
the initial start model and avoid getting trapped in a local minimum, [11] starts the inversion
with the low-frequency information of the data and progressively expands to wider bandwidths
as the iterations proceed. This method is also used in frequency domain inversions in seismics
[12].
Another challenge for nonlinear, gradient-based optimization methods is the speed of convergence. The current method, a conjugate gradient method, shows fairly slow convergence in
the conductivity upgrade. Often 30-40 iterations are needed until the stopping criteria (less
than 1% change in the model parameters) is reached. Because Quasi-Newton methods usually
converge faster, we implemented the BFGS Quasi-Newton method. Synthetic studies showed a
speed up by a factor of 2.5 in the conductivity convergence whereas the permittivity updates
are very similar to the conjugate gradient method.
Altogether, FWI of GPR data provide higher resolution images of the subsurface than
other known GPR ray-based inversions. Still, there are several challenges to be solved such
as the reduction of computation and memory requirements, the difference in the dimensions
of measured and simulated data, simultaneous update of model parameter and source wavelet,
uncertainty and sensitivity analysis, or optimization of source and receiver setup.
References
[1] Klotzsche, A. and van der Kruk, J. and Meles, G. A. and Doetsch, J. and Maurer, H. and
Linde, N., Full-waveform inversion of cross-hole ground-penetrating radar data to characterize a
gravel aquifer close to the Thur River, Switzerland, Near Surface Geophysics, 8, (2010), 635–649.
[2] Busch, S and van der Kruk, J and Bikowski, J. and Vereecken, H., Quantitative conductivity and permittivity estimation using full-waveform inversion of on-ground GPR data,
Submitted.
[3] Kalogeropoulos, A. and van der Kruk, J. and Hugenschmidt, J. and Busch, S. and
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Inverse Scale Space Methods and Applications in Biomedical Imaging
Martin Burger, Institute for Computational and Applied Mathematics and Cells in Motion
Interfaculty Center (CIMIC), Westfälische Wilhelms-Universität Münster, Germany,
martin.burger@wwu.de
Singular regularizations such as `1 -norms to enforce sparsity or total variation to enforce
sparse gradient received enormous attention recently in data processing, image analysis, and
inverse problems.
The minimization of `1 -type norms offers several attractive features, but also introduces
artefacts and systematic bias, in particular loss of contrast and too strong sparsity. An effective
way to overcome such issues is the Bregman iteration, which is based on a sequence of variational
problems. In the limit of oversmoothing the solutions of the Bregman iteration converge to a
time-continuous flow, called inverse scale space method. Various advantageous properties of
the latter have been shown in the past, in particular reduced bias and exact reconstruction of
various sparse solution even in the presence of noise.
Surprisingly, the nonlinear differential inclusion determining the inverse scale space method
can be analyzed very well, and the solutions are characterized as piecewise constant in time, with
rather simple and efficient ways to determine the time steps when changes occur and the change
of the solution at those times. We will discuss the basic ideas and arguments behind the inverse
scale space method and highlight its behaviour in several applications from biomedicine, in
particular low dose Positron-Emission-Tomography (PET) and live microscopy of intracellular
dynamics.
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Figure 1. Reconstruction of a cardiac 1 8F-FDG PET scan using only data acquired in 5s: standard EM-reconstruction (upper left), TV regularization (lower
left), and Bregman-TV (lower right). The upper right image shows a reference
image obtained from a 20min measurement.
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Simultaneous reconstruction of outer boundary shape and conductivity
distribution in electrical impedance tomography
J. Dardé, Department of Mathematics and Systems Analysis, Aalto University, P.O. Box
11100, 00076 Aalto, Finland, jeremi.darde@tkk.fi
N. Hyvönen, Department of Mathematics and Systems Analysis, Aalto University, P.O. Box
11100, 00076 Aalto, Finland, nuutti.hyvonen@hut.fi
A. Seppänen, Department of Applied Physics, University of Eastern Finland, P.O. Box 1627,
70211, Kuopio, Finland, aku.seppanen@uef.fi
S. Staboulis, Department of Mathematics and Systems Analysis, Aalto University, P.O. Box
11100, 00076 Aalto, Finland, stratos.staboulis@tkk.fi
The aim of electrical impedance tomography (EIT) is to reconstruct the conductivity distribution inside a physical body from boundary measurements of current and voltage. Due to
the severe illposedness of the underlying inverse problem, the functionality of EIT relies heavily
on accurate modelling of the measurement geometry. In particular, almost all reconstruction
algorithms of EIT require the precise shape of the imaged body as an input.
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In this work, the need for prior geometric information is relaxed by introducing an iterative
Newton-type output least squares algorithm that reconstructs the conductivity distribution
and the object shape simultaneously. The method is built in the framework of the complete
electrode model (CEM) and the form of the considered ‘output least squares functional’ is
deduced within the Bayesian paradigm. The minimization scheme is based on the Fréchet
derivatives of the CEM current-to-voltage map with respect to the conductivity, the object
boundary shape and the electrode locations. The functionality of the technique is demonstrated
via numerical experiments with simulated CEM data. [1,2]
Figure 1 illustrates a preliminary two-dimensional numerical experiment based on noiseless
data. The top left image shows the target phantom, which consists of two conductive inclusions
in a homogeneous background. If the examined object is (incorrectly) assumed to be a disk and
fine-tuning of the shape information is not included as a part of the algorithm, the resulting
reconstruction is useless, as concretized by the top right image of Figure 1. The bottom row
of Figure 1 illustrates the performance of our new algorithm: The left-hand image visualizes
the evolution of the outer boundary shape and the electrode locations during the iterations;
the initial guess is a disk with uniformly distributed electrodes of correct size on its boundary.
Although not obvious from the image, in addition to the approximate boundary shape the
algorithm also finds the correct locations of the electrodes. The right-hand image shows the
final conductivity reconstruction, which carries many qualitative characteristics of the target
phantom.
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Figure 1. Top left: Target phantom with two conductive inclusions. Top right:
Reconstruction assuming that the object is a disk. Bottom left: Evolution of the
outer boundary shape and the electrode locations during the iterations. Bottom
right: Reconstructed conductivity distribution.
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3D Electrical Impedance Tomography using Scattering Transforms
Fabrice Delbary, Department of Informatics and Mathematical Modelling, Technical University
of Denmark, DK-2800 Kgs. Lyngby, Denmark, fdel@imm.dtu.dk
Per Christian Hansen, Department of Informatics and Mathematical Modelling, Technical
University of Denmark, DK-2800 Kgs. Lyngby, Denmark, pch@imm.dtu.dk
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The Calderón problem, formulated in 1980 [1], consists in recovering an electrical conductivity distribution in a bounded domain from the knowledge of the Dirichlet-to-Neumann map
(or Voltage-to-Current map). Electrical Impedance Tomography (EIT), an emerging imaging
technology with applications in medicine or geosciences for instance, is one of the numerous
applications of this problem.
In late 1980s, the theoretical foundation of a direct quantitative method for EIT was formulated
[2,3,4]. Successfully implemented in the 2D case [5,6] and in the 3D case for radial symmetric
conductivities [7] the method makes use of ideas from inverse scattering theory applied to electrical potential equation reformulated as a Schrödinger equation.
In this talk, we propose to show the feasibility of a 3D implementation of the algorithm for
general conductivities in the unit ball [8]. After a description of the algorithm and possible linearizations, we describe the chosen implementation and finally show numerical reconstructions.

Figure 1. Reconstruction example. Left: 3D plot of phantom. Middle: profile
of the conductivity σ in the (Oxy) plane. Right: Reconstructed conductivity in
the (Oxy) plane.
References
[1] Alberto-P. Calderón. On an inverse boundary value problem. In Seminar on Numerical
Analysis and its Applications to Continuum Physics (Rio de Janeiro, 1980), pages 65–73. Soc.
Brasil. Mat., Rio de Janeiro, 1980.
[2] John Sylvester and Gunther Uhlmann. A global uniqueness theorem for an inverse
boundary value problem. Ann. of Math. (2), 125(1):153–169, 1987.
[3] R. G. Novikov. A multidimensional inverse spectral problem for the equation −∆ψ +
(v(x) − Eu(x))ψ = 0. Funktsional. Anal. i Prilozhen., 22(4):11–22, 96, 1988.
[4] Adrian I. Nachman. Global uniqueness for a two-dimensional inverse boundary value
problem. Ann. of Math. (2), 143(1):71–96, 1996.
[5] Samuli Siltanen, Jennifer Mueller, and David Isaacson. An implementation of the reconstruction algorithm of A. Nachman for the 2D inverse conductivity problem. Inverse Problems,
16(3):681–699, 2000.
9

[6] Samuli Siltanen, Jennifer Mueller, and David Isaacson. Erratum: “An implementation
of the reconstruction algorithm of A. Nachman for the 2D inverse conductivity problem [Inverse
Problems 16 (2000), no. 3, 681–699; MR1766226 (2001g:35269)]. Inverse Problems, 17(5):1561–
1563, 2001.
[7] Jutta Bikowski, Kim Knudsen, and Jennifer L. Mueller. Direct numerical reconstruction
of conductivities in three dimensions using scattering transforms. Inverse Problems, 27(1):015002,
19, 2011.
[8] Fabrice Delbary, Per Christian Hansen, and Kim Knudsen. Electrical impedance tomography: 3D reconstructions using scattering transforms. Applicable Analysis, 2011.

Experimental deviation of band gaps by UV/Vis spectroscopy
Jochen A.H. Dreyer, Foundation Institute of Materials Science (IWT), Department of
Production Engineering, University of Bremen, Germany, j.dreyer@iwt.uni-bremen.de
Semiconductors (SC) are of major interest for science as well as industry due to their wide
adaptability. Some examples are solar cells, light emitting diodes or photocatalysts for water
splitting or pollutant decomposition. One of the most important properties of a SC is the band
gap (Eg ), which is the energy difference between the highest band occupied by electrons (valence
band; VB) and the lowest unoccupied band (conduction band; CB) [1,2,3,4,5]. Even though it
is possible to calculate Eg numerically, it is essential to measure Eg due to variations between
theoretically and experimentally determined values, mainly from impurities and lattice defects
in real SCs [6]. Thus, numerical calculations cannot completely describe the Eg of a certain
material due to the significant influence of the preparation technique. The most common way
to experimentally measure Eg is by UV/Vis spectroscopy, which will be the main topic of the
given presentation.
To fully understand this inverse measurement of Eg , some background knowledge about
SCs is necessary. The VB and CB can be derived from the energy E of a free electron in space
through a combined approach of classical and quantum mechanics [1]:
h2
1
E = me ν e = 2 ke2
2
8π me
where h is the Planck constant, ke is the wave vector, and me and ν e are the mass and
velocity of the free electron. In the case of an electron bonded to an atom or inside a crystal
lattice, not all energy levels are allowed. This leads to the fact, that Eq. 1 is periodic with the
regular arrangement of atoms in the crystal (known as the Schrödinger equation). The solution
of this periodic equation results in the two energy levels, the CB and the VB (Fig. 1).
(1)

E

a)

E

b)

Eg

Eg

kxyz

k

Figure 1. Schematic of the CB and VB of a semiconductor (a) with a direct
Eg and (b) with an indirect Eg [3]
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In reality, SCs have usually more than one CB and VB depending on the lattice structure.
Furthermore, the CB and VB are not always symmetrical to the ordinate as shown in Fig. 1a)
and do not necessarily have their minimum or maximum at ke =0. When the maximum of the
VB and the minimum of the CB are at the same ke -value, Eg is known as a direct Eg (direct
semiconductor; see Fig. 1a), otherwise, it is known as an indirect Eg (indirect semiconductor;
see Fig. 1b). During UV/Vis spectroscopy measurements, electrons in the VB are excited by
light irradiation and can jump to the CB (when the light energy is high enough). The energy
of the incident light beam EL can hereby be described by:
c
λ
where h is the Planck constant, ν the frequency of light, c the velocity of light and λ the wavelength of the examined light source (photon). Thus Eg can only be overcome by an electron if
EL >Eg . In this case, the photon can transfer an electron to the CB with the creation of an
−
+
electron hole in the VB (h+
V B ). The existence of an electron in the CB (eCB ) and an hV B is
referred to as exciton. The transition of the electron from the VB to the CB can take place
in different ways with the most basic being: (1) a direct transition in an direct semiconductor
and (2) an indirect transition in an indirect semiconductor. More complex transitions can take
place when the lower levels in the CB are already occupied by electrons or in the presence of
impurities within the semiconductor. In this case, indirect transitions in a direct semiconductor
or transitions to the energy levels of the impurity can occur. It is also possible that transitions
take place which are not allowed based on quantum selection rules and are thus called forbidden
transitions [3,5].
(2)

EL = hν = h

UV/Vis spectroscopy is based on the fact that an incident light beam can be absorbed by
the examined material when EL >Eg and λ is small enough. Above this λ, the light cannot
be used for exciton generation and will be reflected by the SC. To find this edge the total
reflectance of a SC can be measured at different λ. This can be done by adapting an integrating
sphere (Ulbricht sphere), which is capable of detecting the diffuse reflected light. By applying
Kubelka-Munk’s equation, the absorption coefficient α can be calculated from the measured
reflectance, which exhibits the following relationships [3,5,7]:
(3)

Direct allowed transition

(4)

Indirect allowed transition

(5)

Direct forbidden transition

(6)

Indirect forbidden transition

1

⇒ α ∼ (EL − Eg ) 2
⇒ α ∼ (EL − Eg )2

3

⇒ α ∼ (EL − Eg ) 2
⇒ α ∼ (EL − Eg )3

α and EL are known from the UV/Vis spectroscopy measurement, thus e.g. (α · EL )2 can
be plotted against EL for an allowed direct transition and the intercept of the linear line gives
1
2
Eg . For indirect allowed and direct and indirect forbidden transitions, (α · EL ) 2 , (α · EL ) 3 and
1
(α · EL ) 3 , respectively would have to be plotted versus EL .
The major drawback of the illustrated method is that the kind of electron transition for the
examined SC is usually unknown and a wrong assumption would lead to incorrect values for Eg .
The type of transition depends, besides the material itself, also on the preparation technique.
In literature there are examples where an indirect forbidden transition was determined even
though other authors report a direct allowed transition [7]. Some authors have calculated two
different Eg s, one for direct and one for indirect transition, while others just assumed one kind
of transition without mentioning any reasons for that assumptions.
The presentation’s scope is to give a brief introduction on UV/Vis spectroscopy with the basic theoretical background. During the second part, the mentioned problems with this method
will be described in more detail and examples from literature will be given. In closing, possible
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solutions for theses difficulties will be outlined as well as alternative methods for Eg determination.
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Axisymmetric Eddy Current Tomography of Deposits in Steam Generators
M. El-Guedri, EDF R&D, 6 quai Waltier, 78400, Chatou, France, mabrouka.el-guedri@edf.fr
H. Haddar, INRIA Saclay and CMAP Ecole Polytechnique, route de Saclay, 91128, Palaiseau
Cedex, France, haddar@cmap.polytechnique.fr
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Eddy current testing (ECT) is a widely practiced technique to inspect steam generators
in nuclear power plants. Magnetic deposits on the shell side of steam generator tubes affect
the power production and the structure security. In ECT, a probe composed by two coils of
wire, each connected to a current generator and a voltmeter, is introduced inside the tube.
The generator coil creates an incident electromagnetic field which induces a current flow in
the conductive material nearby. The magnetic deposit will distort the flow and change the
current in the receiver coil. This change yields the measured ECT signal. Given ECT signals,
we consider the problem of reconstructing the shape of a deposit in an axisymmetric setting.
This inverse problem is nonlinear and strongly ill-posed. To describe the relation between the
ECT signals and the deposit shape, we use a model based on a partial differential equation with
Dirichlet-to-Neumann boundary operators. The governing differential equation, derived from
the axisymmetric Maxwell’s equations, is


1
∇(ru) + iωσu = −iωJ in R2+ = {(r, z), r > 0, z ∈ R},
div
µr
where ω is the current frequency, µ and σ denote the magentic permeability and the conductivity,
respectively, and u is the azimuthal component of the electric field. Given measurements of
ECT signals, we propose a regularized steepest descent method to optimize an appropriate cost
functional. First numerical experiments show good reconstruction results.
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Reconstruction of Emulsion Droplet Size Distribution used in Metalworking
Industry from Turbidemetry using Inversion Techniques
B. Glasse, Institut für Werkstofftechnik, Badgasteiner Str 3, 28359 Bremen, Germany,
glasse@iwt.uni-bremen.de
U. Fritsching, Institut für Werkstofftechnik, Badgasteiner Str 3, 28359 Bremen, Germany,
ufri@iwt.uni-bremen.de
R. Guardani, University of Sao Paulo, Chemical Engineering Department, Sao Paulo, Brazil,
guardani@usp.br
Metal working fluids (MWF, also known as coolants or lubricants) are used in metal processing operations, such as grinding or turning, achieving high machining rates and good workpiece
quality, while extending the lifetime of the machine tool [1] . MWF are mostly formulated as
oil-in-water (O/W) emulsions, whereas the oil concentration amounts 2 - 10 v-% with a mean
droplet size of 0.1 - 2.0 µm. For instance, the consumption just in Germany amounts about
600,000 tons of metal working emulsions per year [2], while it is estimated that 1.5 billion litres
of MWF emulsions are consumed worldwide [3].
Therefore, the oil phase of the emulsion reduces the friction between the machine tool and
the workpiece to decrease the accrued heat, while the aqueous phase dissipates the produced
heat. Furthermore, MWF flushes the created fines and chips away from the nascent metal
surface preventing a rewelding. The composition and the droplet size of the emulsion in use
maychange due to biological, chemical, thermal and mechanical stresses, which will influence
the stability of the emulsion and the quality of the process.
A research cooperation of the Universities of Bremen and Sao Paulo aims at the development of an in-situ and on-line control measurement system for detection and analysis of the
quality and stability of MWF emulsion in metalworking processes (as e.g. within machining
of metal workpieces) based on optical light spectroscopic metrology. The main focus of the inprocess device is on the detection of the droplet size distribution and the change in the chemical
composition that will be related to the emulsion stability due aging, coalescence and creaming
of the emulsion in the process.
This work will present results of inverse numerical algorithms that have been applied for the
reconstruction of the droplet size distribution from turbidimetric measurements in the VIS light
range. Whereas the absorption of the emulsion components takes part in the UV light range
and the artificial destabilization processes of MWF emulsion were monitored in the range of 450
- 650 nm [4] by a change of wavelength exponent over the time. Figure 1 shows the generated
droplet size distribution for a simulated narrow monomodal emulsion droplet size distribution
with a median droplet size diameter of 250 nm via generalized cross validation [5,6], while figure
2 shows the droplet size distribution for a randomized minimization-search technique [7].
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Source reconstruction using the windowed Fourier transform
Roland Griesmaier, Institut für Mathematik, Johannes Gutenberg-Universität Mainz, 55099
Mainz, Germany, griesmai@uni-mainz.de
Martin Hanke, Institut für Mathematik, Johannes Gutenberg-Universität Mainz, 55099 Mainz,
Germany, hanke@math.uni-mainz.de
Thorsten Raasch, Institut für Mathematik, Johannes Gutenberg-Universität Mainz, 55099
Mainz, Germany, raasch@uni-mainz.de
The reconstruction of time-harmonic acoustic or electromagnetic sources from measurements
of the far field of corresponding radiated waves is a classical inverse problem with fascinating
applications in science and technology. It is well known to be ill-posed and — without additional
assumptions on the sources — does not even have a unique solution. We present a new approach
to this problem, observing that the windowed Fourier transform of the far field pattern of the
radiated wave is related to an exponential Radon transform (with purely imaginary exponent)
of a smoothed approximation of any source radiating this far field. Based on this observation
we present a filtered backprojection algorithm to recover information common to all sources
radiating a certain far field pattern. We discuss this algorithm, consider numerical results, and
comment on possible extensions of the reconstruction method to limited aperture data and
inverse scattering problems.

Monotony based shape-reconstruction in electrical impedance tomography
Bastian Harrach, Department of Mathematics - IX, University of Würzburg, 97074 Würzburg,
Germany, bastian.harrach@uni-wuerzburg.de
Marcel Ullrich, Department of Mathematics - IX, University of Würzburg, 97074 Würzburg,
Germany, marcel.ullrich@mathematik.uni-wuerzburg.de
The mathematical problem behind electrical impedance tomography (EIT) is how to reconstruct the coefficient σ(x) in the elliptic partial differential equation
(1)

∇ · σ(x)∇u(x) = 0,

x ∈ Ω,

from knowledge of the Neumann-to-Dirichlet operator
Λ(σ) : g 7→ u|∂Ω ,

u solves (1).

We concentrate on the following anomaly detection (or shape detection) problem in EIT. Assume
that σ differs from a known reference conductivity σ0 only in a (possibly disconnected) open
subset D with D ⊂ Ω,
σ(x) = σ0 + σD (x)χD (x),
where χD (x) denotes the characteristic function of D. Our goal is to locate the conductivity
anomalies D from Λ(σ).
Somewhat surprisingly, linearizing the inverse problem of EIT does not lead to shape errors
[1]. Based on this result, we will derive a fast monotony-based shape reconstruction methods
in this talk.
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Inverse Problems in Local Helioseismology
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The aim of local helioseismology is to compute three-dimensional reconstructions of flow
velocities and other physical quantities in the Solar interior from high resolution Doppler-shift
data of the line-of-sight velocities
φ(r, t) := bl · v(r, t)
on the Sun’s surface. Here bl denotes the line of sight unit vector, and v(r, t) the velocity at
position r and time t. Such data have been collected since 1995 by the ground based Global
Oscillations Network Group (GONG) and by the Michelson Doppler Imager (MDI) on board
of the Solar and Heliospheric Observatory (SOHO) launched 1995. In February 2010 the Solar
Dynamics Observatory (SDO) has been launched which collects more than 1TB of Doppler-shift
data of the Sun’s surface velocity each day.
Duvall et al. [1] proposed to determine background flow velocities v0 in the convection zone
of the Sun by shifts of travel times of acoustic waves with respect to the standard Solar model.
They suggested to determine such travel time shifts using correlations of the form
Z T
C(r1 , r2 , t) :=
φ(r1 , t̃)φ(r2 , t̃ + t) dt̃ .
0

The derivation of the corresponding forward problem can be summarized as follows (see [2]): The
displacements ξ(r, t) of solar waves satisfy a wave equation L[v0 ]ξ = S in which the unknown
background velocities v0 appear as parameters. The sources S, which are caused by turbulent
convection, are modeled as a random process. If (Oξ)(r, t) := bl · ∂t ξ(r, z, t) is defined such that
φ = OL[v0 ]−1 S, then the covariance operators of S and φ are related by
Covφ [v0 ] = OL[v0 ]−1 CovS L[v0 ]−∗ O∗ .

The covariance operator Covφ [v0 ] can be estimated by the integral operator
Z Z


\
Covφ [v0 ]w (r1 , t) :=
C(r1 , r2 , t2 − t1 )w(r2 ) dr2 dt2 .

Usually the signal-to-noise ratio of the point-to-point correlations C(r1 , r2 , t) is too small. In
principle, the signal-to-noise ratio can be made arbitrarily large by increasing the averaging time
T , however T cannot be chosen too large to avoid motion blur. To improve the signal-to-noise
ratio and to reduce the length of the right hand side vector of the inverse problem, certain
space-time averages of the form
Z Z


\
τbα (r1 ) = Cov
[v
]w
(·
−
r
)
(r
,
0)
=
C(r1 , r1 + r2 , t)wα (r2 , t) dr2 dt
1
1
φ 0 α
are computed. The weights wα are chosen such that τα (r1 ) indicates some travel time of a wave
starting at r1 , e.g. an average point-to-annulus travel time.
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We approximate Covφ [v0 ] ≈ Covφ [0] + Cov0φ [0]v0 by its first order Taylor approximation.
On an approximately planar patch of the Sun’s surface there are sensitivity kernels Kα,β such
that
XZ Z 0

0
Kαβ (r1 − r2 , z)v0,β (r2 , z) dr2 dz .
(Covφ [0]v0 )wα (· − r1 ) (r1 , 0) =
−z0

β

Then the estimated travel time shifts δb
τα := τbα − Covφ [v0 ]wα (·, 0) satisfy the equation
Z Z 0 X
Kαβ (r1 − r2 , z)v0,β (r2 , z) dr2 dz + nα (r1 ) .
(1)
(δb
τα )(r1 ) =
−z0

β

The covariance kernel

Λαα0 (r2 ) := E [nα (r1 )nα0 (r1 + r2 )]
of the noise can be estimated from the case v0 = 0 (see [3]).
The system of equations (1) is a linear statistical inverse problem
δτ = Kv0 + n
of a very nice structure: After discretization of the z variable, it has the form of a system of
convolution equations where K is a matrix of two-dimensional convolution operators with the
sensitivity kernels Kα,β as convolution kernels. The covariance matrix of n is a full matrix, but
it is invariant with respect to horizontal translations, and a good estimate is known. A typical
size of the problem is a 240 × 267 system of convolution operators on a grid of 4002 points
resulting in about 4 · 107 unknowns.
Due to the assumed horizontal invariance, it is possible to compute a complete singular
value decomposition (SVD) of the forward operator since it separates into a system of small
SVDs for each spatial frequency. We show how the physical side constraint div (ρv0 ) = 0 with
the density ρ = ρ(z) can be incorporated in the inversion procedure. The special structure
of the problem allows the use of Pinsker-type estimators, which are known to be optimal for
statistical inverse problems among all linear estimators.
We show some results for real data and compare our method to the method of Subtractive Optimally Localized Averaging (SOLA), which can be seen as a version of the method of
approximate inverse [4].
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Conformal Mapping and Inverse Scattering
Rainer Kress, Institut für Numerische und Angewandte Mathematik, Lotzestr. 16-18, 37083
Göttingen, Germany, kress@math.uni-goettingen.de
Akduman, Haddar and Kress [1,2,4] have employed a conformal mapping technique for the
inverse problem to recover a perfectly conducting or a nonconducting inclusion in a homogeneous
background medium from Cauchy data on the accessible exterior boundary. In a joint work [3,5]
with Houssem Haddar, Palaiseau, France, we proposed an extension of this approach to twodimensional inverse electrical impedance tomography with piecewise constant conductivities.
A main ingredient of this method is the incorporation of the transmission condition on the
unknown interior boundary via a nonlocal boundary condition in terms of an integral equation.
More recently, again together with Houssem Haddar, we also proposed to use this conformal
mapping approach to solve inverse scattering problems, that is, inverse boundary value problems
for the Helmholtz equation for low frequencies via an iterative procedure. We present the
foundations of this appraoch including a convergence result and exhibit the feasibility of the
method via numerical examples.
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Electrical impedance imaging using nonlinear Fourier transform
Samuli Siltanen, University of Helsinki, samuli.siltanen@iki.fi
The aim of electrical impedance tomography (EIT) is to reconstruct the inner structure of an
unknown body from voltage-to-current measurements performed at the boundary of the body.
EIT has applications in medical imaging, nondestructive testing, underground prospecting and
process monitoring. The imaging task of EIT is nonlinear and an ill-posed inverse problem.
A non-iterative EIT imaging algorithm is presented, based on the use of a nonlinear Fourier
transform. Regularization of the method is provided by nonlinear low-pass filtering, where
the cutoff frequency is explicitly determined from the noise amplitude in the measured data.
Numerical examples are presented, suggesting that the method can be used for imaging the
heart and lungs of a living patient.
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From KdV to Novikov–Veselov, and back
Andreas Stahel, University of Applied Sciences Bern, Quellgasse 21, CH-2501 Biel,
Switzerland, Andreas.Stahel@bfh.ch
Ryan Croke, Department of Mathematics, Colorado State University, Fort Collins, CO 80523,
USA, croke@math.colostate.edu
We present two numerical algorithms to solve the Novikov–Veselov equations, a 2+1 dimensional generalization of KdV. We start with a numerical algorithm to solve the KdV equation.
Then verify that plane wave solutions to the Novikov–Veselov equations are equivalent to solutions of KdV.
KdV, continuous and discrete conservation laws. The Korteweg de Vries (KdV)
equation is given by
(1)

u̇(t, x) = −u000 (t, x) + 6 u(t, x) u0 (t, x)

has exact soliton solutions u(t, x) =

−c √
.
2 cosh2 ( 2c x)

This soliton solution has an amplitude of c/2

and is traveling with speed c to the right. It is an amazing fact that those soliton solutions can
move and pass by each other, like solutions of linear problems. But clearly the KdV equation (1)
is a nonlinear initial value problem. In Figure 1 find three solitons, moving on an interval of
length 6, using periodic boundary conditions.

Figure 1. KdV time evolution and contour levels for −u(t, x)
The nonlinear evolution problem (1) can be examined on an unbounded interval or on a
bounded interval with periodic boundary conditions. Observe:
• If w(t, x) is a solution of ẇ(t, x) = −w000 (t, x), i.e. the linear part of (1), then the L2
norm is conserved: kw(t, ·)kL2 = kw(0, ·)kL2 .
• The L2 norm of the solution u(t, x) of (1) is conserved.
To develop efficient and reliable algorithm to generate numerical solutions to the KdV equation
we should respect the above.
We examine (1) on a bounded space interval 0 ≤ x ≤ L with periodic boundary conditions
and use finite difference approximations for the differential expressions.
• For the third derivative we use a centered difference formula, consistent of order 2.
This is represented by a matrix A, including the periodic boundary conditions. The
u000 (ti , x) is approximated by A ~ui , where ~ui represents the space discretization of the
solution u(ti , x).
0
• We use 6 u(x) u0 (x) = 2 u2 +2 u(x) u0 (x) and use a matrix K computing the centered
finite difference approximation of the first derivative. Then the nonlinear contribution
6 u(ti , x) u0 (ti , x) is approximated by 2 K (~u(t) . ∗ ~u(t)) + 2 ~u(t) . ∗ (K ~u(t)).
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• Now we use a standard Crank–Nicolson approximation for the time stepping from
ti = i ∆t to ti+1 = ti + ∆t . The nonlinear contribution is approximated at the
midpoint m
~ = 12 (~ui + ~ui+1 ).
u̇(t, x) = −u000 (t, x) + 6 u(t, x) u0 (t, x)
1
~ui+1 − ~ui
= − A (~ui+1 + ~ui ) + 2 (K (m(t)
~
. ∗ m(t))
~
+ m(t)
~
. ∗ (K m(t)))
~
∆t
2
For a given ~ui this is a system of nonlinear equations for ~ui+1 .
• If the nonlinear term is ignored (K = 0) we solve the linear problem u̇ = −u000 . Since
the matrix A is skew-symmetric one can verify that the discrete solution does not
change the euclidean norm. The verification is based on the midpoint vector m
~ is
orthogonal to the connecting vector w
~ = 12 (~ui+1 − ~ui ) .
• One may verify hat this nonlinear time stepping preserves the norm of the solution.
• Since the linearization of the above nonlinear term is easily written down we can use
Newton’s method to solve the above problem.
We obtain a fast, stable numerical scheme to solve the KdV equation (1).
The Novikov–Veselov Equations, Numerical Solutions. The Novikov–Veselov equation for function a q = q(t, x, y) on a two dimensional domain is given by


3 ∂3
3
1 ∂3
v1
q+
q + div(q
)
(2)
q̇ = −
v2
4 ∂x3
4 ∂x ∂y 2
4
combined with the ∂¯ equation
(3)

∂¯z v = ∂z q

⇐⇒

(

∂
∂x
∂
∂x

v1 −
v2 +

∂
∂y
∂
∂y

∂
v2 = + ∂x
q
∂
v1 = − ∂y q

If we assume that the solution depends on x only we solve (3) by v1 (x) = q(x) and v2 = 0
and(2) simplifies to
1
3
q̇(t, x) = − q 000 (t, x) + (q 2 (t, x))0
4
4
which is a KdV equation.
Analytical and numerical problems for the Novikov–Veselov equations are examined in the
forthcoming papers by Lassas, Mueller, Siltanen and Stahel ([1,2]). In this presentation we
focus on numerical aspects for the Novikov–Veselov equations on a domain −L ≤ x, y ≤ L in
R2 .
Dirichlet boundary conditions and the finite difference method. We discretize the domain
[−L, L] × [−L, L] by a uniform N × N grid with N 2 points. For each time level ti the space
discretization of the solution q(ti , x, y) leads to a vector ~qi ∈ RN ×N . For the linear contributions
in (2) we use a leap-frog time stepping algorithm.
3 ∂3
~qi−1 + ~qi+1
1 ∂3
q(t
,
x,
y)
−
q(ti , x, y) −→ A
i
3
2
4 ∂x
4 ∂x ∂y
2
~qi+1 − ~qi−1
~qi−1 + ~qi+1
linear part of equation (2) −→
= −A
2 ∆t
2
2
2
The N × N matrix A is skew-symmetric and very sparse. Thus approach leads to a conservation of the discrete L2 norm, which coincides with the analytical behavior.
By identifying the real vector (x, y) ∈ R2 with z = x + i y ∈ C we may then use the Greens
function g(z) = π1z and the resulting formula for the solution of (3).
ZZ
1
f (z 0 )
¯
∂ v = f =⇒ v(x, y) =
dz
0
π
R2 z − z
For a given function f this convolution integral is computed by FFT. First a proper zero padding
has to be applied, i.e. the function f (z) is extended by 0 onto a larger domain. For this to
work out nicely we need the function f (z) to vanish on the boundary, resp. the expressions ∂∂xq
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and ∂∂yq should be small. To compute the approximation of div(q ~v ) we use a finite difference
approximation for the gradient of q, the apply the above convolution, multiply by u and compute
the divergence by finite difference again. All of the above steps are represented by the nonlinear
operator M (~qi ). Using a leap-frog scheme the Novikov–Veselov equation (2) is replaced by

(4)

~qi−1 + ~qi+1
~qi+1 − ~qi−1
= −A
+ M (~qi )
2 ∆t
2
(I + ∆t A)~qi+1 = (I − ∆t A) ~qi−1 + 2 ∆t M (~qi )

For each time step the linear system (4) has to be solved. With this algorithm we can solve the
evolution problem (2) on large domains, as shown in on the left in Figure 2.
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Figure 2. Time evolution of the solution q(t, x, y), with Dirichlet (left) and
periodic (right) boundary conditions.
Periodic boundary conditions and the spectral method. If the Novikov–Veselov equation (2)
is solved with periodic boundary conditions we can use the previous finite difference method,
or one can use a spectral method. We work with a 2D Fourier approximation of the solution.
The Fourier solution q(t, x, y) on a square [0, L] × [0, L] is of the form
q(t, x, y) =

N
−1
X

cj,k (t) exp(

j,k=0

iπ
(k x + j y))
L

Translate (2) into a system of N 2 nonlinear ordinary differential equations for the Fourier
coefficients cj,k (t). We present an algorithm, leading to the plane soliton solution on the right
in Figure 2.
From planar solutions of Novikov–Veselov to KdV. We examine planar solution to
the Novikov–Veselov equations (2) and (3), i.e. solution that depend only on one spatial variable
s = (n1 , n2 )·(x, y) only, moving in a direction given by the vector ~n = (n1 , n2 ) = (cos(α), sin(α)).
We seek solutions of the form q(t, s) = q(t, x, y) = q(t, n1 s, n2 s) and verify that a planar solution
to (2) has to be a solution of the KdV-like equation
(5)

4
3β 0
q̇(t, s) = −q 000 (t, s) + 6 q(t, s) q 0 (t, s) +
q (t, s)
κ
κ

where κ = cos(3 α) and β is a constant. For a solution u(t, s) of KdV choose constants k1 and
k2 such that 34β = k1 + k2 32κ and verify that
κ
q(t, s) = u( t , s + k1 t) − k2
4
is a solution of the Novikov–Veselov equation. This is a KdV solution, observed in a moving
frame with speed −k1 .
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Optical characterisation of nanostructures using a discretised forward model
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Optical diffraction microscopy (ODM) is a non-destructive and relatively inexpensive means
of characterisation of nanostructures. It is an essential tool in the design, production and
quality control of functional nanomaterials. In ODM, the target is reconstructed from the
measured optical power in the reflected far field. This inverse scattering problem is typically
highly ill-posed due to the incompleteness of the data and the low signal-to-noise ratio. In a
realistic setting, the formulation of the forward scattering model is usually complicated by the
presence of supporting structures (e.g., a substrate or a grid supporting a nanoparticle), since
the electromagnetic interaction between the nanostructure and the supporting structure must
be taken into account. Also, the roughness and the contamination of the supporting structure
can increase the dimensionality and the ill-posedness of the inverse problem. Finally, the size of
the measured nanostructure is typically comparable to the wavelength of the illuminating light,
so the scattering needs to be described using the full Maxwellian electromagnetic model, rather
than (numerically inexpensive) asymptotic formulations.
We here describe an efficient, accurate and robust forward scattering model [1,2] based on
discrete sources and tailor-made for the reconstruction of 2D nanoparticles on substrates from
ODM data. We adopt an analysis-based modelling paradigm, and attempt to incorporate as
much available a priori information as possible directly in the forward model. We replace
the classical radiation integrals by finite linear combinations of stratified Green’s functions for
the Helmholtz operator in the plane, and thus achieve a sparse formulation and an implicit
description of the particle-substrate interaction. The forward model can be extended to include
the roughness and contamination of the substrate without sacrificing the speed of computation
[3]. We validate the model and show its feasibility in a decomposition-type inverse scheme
with synthetic measurement data ([1], figure 1), as well as in the inversion of experimental
scatterometric data ([4], figure 2). Finally, we use a related forward model in the inversion of
synthetic measurement data to estimate aperiodic defects in a nanograting ([5], figure 3).
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Figure 1. Cross-section reconstruction for a highly conductive nanowire on a
smooth Si substrate, using synthetic data. The forward model uses discrete
sources. Bottom: the reconstructed near-field amplitude (left) and phase (right).
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PEC and penetrable nanowires on a dielectric substrate. Journal of the European Optical Society
– Rapid Publications, 6(11021), 2011.
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Figure 2. Cross-section reconstruction for a Pt nanowire on a rough contaminated Si substrate, using experimental ODM data. The forward model uses
discrete sources. Top: SEM and AFM images of the nanowire. Bottom: the
forward scattering model and the reconstructed near-field amplitude.

Figure 3. Left: a nanograting defect to be characterised by ODM, with the
discrete sources forward model. Right: a FEM computation of the amplitude of
the scattered near field for the defect-free scatterer.
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A SECOND DEGREE NEWTON’S METHOD IN INVERSE SCATTERING
PROBLEM
RAINER KRESS AND KUO-MING LEE

The inverse problem of recovering the geometry and the physical properties of a scatterer from the
knowledge of the far field pattern of the scattered field is of fundamental importance for example in
non-destructive testing, seismic research or medical imaging. In this talk we consider as a model the
time-harmonic scattering problem from a sound-soft obstacle. The aim of our inverse problem is to
recover the unknown scatterer from the knowledge of the far field pattern.
Based on integral equation, the scattering problem can be formulated in the following operator form
(0.1)

F (Γ) = u∞

Indeed, for the direct problem, this equation gives the far field pattern u∞ from the knowledge of the
boundary Γ of the obstacle with a given incident wave. For the inverse problem, one would like to find
the unknown boundary Γ from the (measured) far field data by solving this so-called far field equation
(0.1). As opposed to the direct problem, which is linear and well-posed in the sense of Hadamard, the
inverse problem is nonlinear and ill-posed. Hence both linearization and regularization are needed at the
same time. Because of its conceptual simplicity and accuracy of the reconstruction, Newton’s method is a
good candidate for the linearization of the inverse problem. The familiar Newton’s method approximates
the nonlinear operator via a linear one which is just the first derivative of the original one. Here, by
replacing the linear approximation of the nonlinear operator with a second degree approximation, we
want to investigate whether the numerical performance can be improved. Furthermore, our second degree
method can be carried out via two consecutive linear steps. This is advantageous in the sense that the
whole inverse scheme remains in the setting of linear regularization theory.
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Abstract
One of the most important processes in heat treatment is the hardening process. Aim
of it is the increase of hardness (mechanical resistance against a mechanical
penetration of a harder test body) and strength (maximum stress until cracking). To
do this for steels, the component has to be heated to a steel specific temperature.
During this process the steel will undergo a phase transformation: The cubic body
centered lattice will change to the cubic face centered one (called austenite).
Furthermore carbides will be dissolved and the carbon will be distributed
homogeneously by diffusion processes in the component. This is possible because
the austenite can assimilate much more carbon than the ferritic phases with cbc
lattice. In the second step the component has to be cooled with an overcritical, steel
depending cooling rate to avoid that the carbon atoms leave their position by diffusion
and to achieve the phase martensite with a significant increase of hardness and
strength.
This cooling process is called quenching and two research groups at IWT are
working on this topic. The group “Multiphase Flow, Heat- and Mass-Transfer” of Udo
Fritsching (division “Process & Chemical Engineering) is dealing with modeling and
simulation of multiphase flowing systems by Computational Fluid Dynamics (CFD).
The group of Thomas Lübben works on heat treatment simulation and needs the
Heat Transfer Coefficient (HTC) as boundary condition to the solution of the heat
conduction equation (material properties are temperature and phase dependent):
∂θ
ρ ⋅ cp ⋅
= div(λ ⋅ grad θ) + Q
(1)
∂t
ρ [kg/m³] ............ density of the steel (temperature and phase dependent)
cp [J/(kg·K)] ........ specific heat capacity of the steel (temperature and phase dependent)
λ [W/(m·K)] ........ heat conductivity of the steel (temperature and phase dependent)
Q [W/m³] ............ intensity of internal heat sources (in general time dependent)
θ [°C] ................. temperature
t [s]..................... time

For quenching media, which exhibit only convective heat transfer as gases, molten
salts or water with a very high velocity (in the order of 10 m/s), the HTC calculated by
CFD can be used for heat treatment simulation. CFD delivers the HTC for the
complete surface of a component and if necessary even the corresponding time
dependencies. But in general a calibration of the model has to be done by a HTC

measurement. Equation (1) can be simplified if no axial und circumferential heat flux
occurs. For a cylindrical body without phase transformations equation (2) results:
ߩܿ
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(2)

r [m] ................... coordinate in radial direction

By measuring the temperature near to the surface in the middle plane of the cylinder
the inverse heat conduction problem for this simple case can be solved by
optimization methods or by an inverse calculation by use of Dirichlet-condition.
For quenching media with a boiling temperature lower than the start temperature of
the austenitized components (water, and special oils) the heat transfer is much more
complicated. Two phases of the fluid have to be taken into account: the liquid and the
vapor of this liquid. Instead of one mechanism two additional ones have to be
considered: film boiling and nucleate boiling. A typical local temperature dependency
of the HTC of a quenching oil is shown in the left figure.

HTC as function of surface temperature (left) and
typical behavior of rewetting (right, FP: film boiling, KP: nucleate boiling, Kon:
convection)
After immersion of the component into the quenching media a prompt evaporation of
the oil directly at the surface occur and vapor film is formed around the component.
This film acts as isolator and the resulting HTC is quite small. After some time the
vapor film breaks down at the lower edge of the cylinder and nucleate boiling starts
(right figure). As a result of the direct contact between fluid and surface the HTC
increases dramatically. The front between film and nucleate boiling moves (rewetting)
and after the local temperature drops below the boiling temperature convection
starts. In some cases a second front starts at the upper edge. In consequence a
complicated distribution of the HTC results with axial and in general circumferential
heat fluxes. Therefore the assumptions described above are not fulfilled and equation
(2) cannot be used under these conditions. But with special equipment
circumferential heat fluxes can be avoided. Than by use of
ߩܿ
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(3)

z [m]................... coordinate in axial direction

the problem has to be solved. Again optimization methods can be used. But
investigations from literature show, that the evaluation time for the method which
provides acceptable results is comparable high (74 hours). For this reason a
cooperation with the “Zentrum für Technomathematik” (ZeTem) at the University of
Bremen was started. Within the frame of a modeling seminar two students started
with the development of software tools for the estimation of the HTC as function of
temperature and position. In the lecture some results were presented and resulting
problems discussed.

A SIMULTANEOUS LINEARIZATION METHOD FOR INVERSE
SCATTERING PROBLEM FOR A DIELECTRIC
AHMET ALTUNDAG

Abstract. The inverse problem under consideration is to reconstruct the shape of a homogeneous dielectric infinite cylinder from the far field pattern for scattering of a time-harmonic
E-polarized electromagnetic plane wave. We propose an inverse algorithm that extends the approach suggested by Kress and Rundell [13], and further investigated by Ivanyshyn and Kress
[5, 6] for the case of the inverse problem for a perfectly conducting scatterer to the case of
penetrable scatter. It is based on a system of nonlinear boundary integral equations associated
with a single-layer potential approach to solve the forward scattering problem. We present the
mathematical foundations of the method and exhibit its feasibility by numerical examples.

1. Introduction
In inverse obstacle scattering problems for time-harmonic waves the scattering object is a homogeneous obstacle and the inverse problem is to obtain an image of the scattering object, i.e.,
an image of the shape of the obstacle from a knowledge of the scattered wave at large distances,
i.e., from the far field pattern. In the current paper we deal with dielectric scatterers and confine
ourselves to the case of infinitely long cylinders.
Assume that the simply connected bounded domain D ⊂ IR2 with C 2 boundary ∂D represents
the cross section of a dielectric infinite cylinder having constant wave number kd with Re kd > 0
and Im kd ≥ 0 embedded in a homogeneous background with positive wave number k0 . Denote by
ν the outward unit normal to ∂D. Then, given an incident plane wave ui (x) = eik0 x·d with incident
direction given by the unit vector d, the direct scattering problem for E–polarized electromagnetic
waves is modeled by the following transmission problem for the Helmholtz equation: Find solutions
1
u ∈ Hloc
(IR2 \ D̄) and v ∈ H 1 (D) to the Helmholtz equations
(1.1)

4u + k02 u = 0

satisfying the transmission conditions

in IR2 \ D̄,

4v + kd2 v = 0

in D

∂u
∂v
=
on ∂D
∂ν
∂ν
in the trace sense such that u = ui + us with the scattered wave us fulfilling the Sommerfeld
radiation condition

 s
∂u
(1.3)
lim r1/2
− ik0 us = 0, r = |x|,
r→∞
∂r
uniformly with respect to all directions. The latter is equivalent to an asymptotic behavior of the
form

 
 
eik0 |x|
x
1
(1.4)
us (x) = p
u∞
+O
, |x| → ∞,
|x|
|x|
|x|
(1.2)

u = v,

Key words and phrases. inverse scattering; Helmholtz equation; transmission problem; singlelayer approach;
nonlinear integral equations; iterative methods.
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uniformly in all directions, with the far field pattern u∞ defined on the unit circle S 1 in IR2
(see[4]). In the above, u and v represent the electric field that is parallel to the cylinder axis, (1.1)
corresponds to the time-harmonic Maxwell equations and the transmission conditions (1.2) model
the continuity of the tangential components of the electric and magnetic field across the interface
∂D.
The inverse obstacle problem we are interested in is, given the far field pattern u∞ for one
incident plane wave with incident direction d ∈ S 1 to determine the boundary ∂D of the scattering
dielectric D. More generally, we also consider the reconstruction of ∂D from the far field patterns
for a small finite number of incident plane waves with different incident directions. This inverse
problem is nonlinear and ill-posed, since the solution of the scattering problem (1.1)–(1.3) is nonlinear with respect to the boundary and since the mapping from the boundary into the far field
pattern is extremely smoothing.
At this point we note that uniqueness results for this inverse transmission problem are only
available for the case of infinitely many incident waves (see [9]). A general uniqueness result based
on the far field pattern for one or finitely many incident waves is still lacking. More recently, a
uniqueness result for recovering a dielectric disk from the far field pattern for scattering of one
incident plane wave was established by Altundag and Kress [2].
In the spirit of the approach for scattering from a perfect conductor proposed by Kress and
Rundell [15] in electrostatics and further investigated by Ivanyshyn and Kress [7] in electromagnetics,
For a stable solution of the inverse transmission problem we propose an algorithm that extends
the approach suggested by Kress and Rundell [13] in electromagnetics, and further investigated
by Kress and Ivanyshyn [5, 6] for the case of the inverse problem for a perfectly conducting
scatterer. Representing the solution v and us to the forward scattering problem in terms of singlelayer potentials in D and in IR2 \ D̄ with densities ϕd and ϕ0 , respectively, the transmission
condition (1.2) provides a system of two boundary integral equations on ∂D for the corresponding
densities, that in the sequel we will denote as field equations. For the inverse problem, the required
coincidence of the far field of the single-layer potential representing us and the given far field u∞
provides a further equation that we denote as data equation. The system of the field and data
equations can be viewed as three equations for three unknowns, i.e., the two densities and the
boundary curve. They are linear with respect to the densities and nonlinear with respect to the
boundary curve.
In the spirit of [5, 6, 13], given an approximation ∂Dapprox for the boundary ∂D and approximations ϕdapprox and ϕ0approx for the densities ϕd and ϕ0 we linearize both the field and the data
equations simultaneously with respect to the boundary curve and the two densities. The linear
equations are then solved to update both the boundary curve and the two densities. Because of the
ill-posedness the solution of the update equations require stabilization, for example, by Tikhonov
regularization. This procedure is then iterated until some suitable stopping criterion is satisfied.
The plan of the paper is as follows: In Section 2, as ingredient of our inverse algorithm we
describe the solution of the forward scattering problem via a single-layer approach followed by a
corresponding numerical solution method in Section 3. The details of the inverse algorithm are
presented in Section 4 and in Section 5 we demonstrate the feasibility of the method by some
numerical examples.
2. The direct problem
The forward scattering problem (1.1)–(1.3) has at most one solution (see [3, 12] for the threedimensional case). Existence can be proven via boundary integral equations by a combined singleand double-layer approach (see [3, 12] for the three-dimensional case). Here, we base the solution
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of the forward problem on a single-layer approach as investigated in [2]. For this we denote by
i (1)
H (k|x − y|),
4 0

Φk (x, y) :=

x 6= y,

the fundamental solution to the the Helmholtz equation with wave number k in IR2 in terms of the
(1)
Hankel function H0 of order zero and of the first kind. Adopting the notation of [4], in a Sobolev
space setting, for k = kd and k = k0 , we introduce the single-layer potential operators
Sk : H −1/2 (∂D) → H 1/2 (∂D)
by
(2.5)

(Sk ϕ)(x) := 2

Z

Φk (x, y)ϕ(y) ds(y),

∂D

and the normal derivative operators

x ∈ ∂D,

Kk0 : H −1/2 (∂D) → H −1/2 (∂D)
by
(2.6)

(Kk0 ϕ)(x) := 2

Z

∂D

∂Φk (x, y)
ϕ(y) ds(y),
∂ν(x)

x ∈ ∂D.

For the Sobolev spaces and the mapping properties of these operators we refer to [11, 17].
Then, from the jump relations it can be seen that the single-layer potentials
Z
v(x) =
Φkd (x, y)ϕd (y) ds(y), x ∈ D,
∂D

(2.7)

us (x) =

Z

Φk0 (x, y)ϕ0 (y) ds(y),

∂D

x ∈ IR2 \ D̄,

solve the scattering problem (1.1)–(1.3) provided the densities ϕd and ϕ0 satisfy the system of
integral equations
Skd ϕd − Sk0 ϕ0 = 2ui |∂D ,
(2.8)
ϕd + Kk0 d ϕd + ϕ0 − Kk0 0 ϕ0 = 2

∂ui
∂ν

∂D

which in the squel we will call the field equations. Provided k0 is not a Dirichlet eigenvalue of the
negative Laplacian for the domain D, with the aid of the Riesz-Fredholm theory, in [2] it has been
shown that the system (2.8) has a unique solution in H −1/2 (∂D) × H −1/2 (∂D). Thus, throughout
this paper we shall assume that k0 is not a Dirichlet eigenvalue of the negative Laplacian for the
domain D.
After introducing the far field operator S∞ : H −1/2 (∂D) → L2 (S 1 ) by
Z
(2.9)
(S∞ ϕ)(x̂) := γ
e−ik0 x̂·y ϕ(y) ds(y), x̂ ∈ S 1 ,
∂D

from (2.7) and asymptotics of the Hankel function we observe that the far field pattern for the
solution to the scattering problem (1.1)–(1.3) is given by
(2.10)
in terms of the solution to (2.8).

u∞ = S∞ ϕ0
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3. Numerical solution
For the numerical solution of (2.8) and the presentation of our inverse algorithm we assume that
the boundary curve ∂D is given by a regular 2π–periodic parameterization
∂D = {z(t) : 0 ≤ t ≤ 2π}.

(3.1)

Then, via ψ = ϕ ◦ z. emphasizing the dependence of the operators on the boundary curve, we
introduce the parameterized single-layer operator
Sek : H −1/2 [0, 2π] × C 2 [0, 2π] → H 1/2 [0, 2π]

by

i
Sek (ψ, z)(t) :=
2

Z

2π

0

(1)

H0 (k|z(t) − z(τ )|) |z 0 (τ )| ψ(τ ) dτ

and the parameterized normal derivative operators
e k0 : H −1/2 [0, 2π] × C 2 [0, 2π] → H −1/2 [0, 2π]
K

by

e k0 (ψ, z)(t) := ik
K
2

Z

2π

0

[z 0 (t)]⊥ · [z(τ ) − z(t)] (1)
H1 (k|z(t) − z(τ )|) |z 0 (τ )| ψ(τ ) dτ
|z 0 (t)| |z(t) − z(τ )|
(1)0

(1)

(1)

for t ∈ [0, 2π]. Here we made use of H0 = −H1 with the Hankel function H1 of order zero
and of the first kind. Furthermore, we write a⊥ = (a2 , −a1 ) for any vector a = (a1 , a2 ), that is, a⊥
is obtained by rotating a clockwise by 90 degrees. Then the parameterized form of (2.8) is given
by

(3.2)

The kernels

Sekd (ψd , z) − Sek0 (ψ0 , z) = 2 ui ◦ z,

e 0 (ψd , z) + ψ0 − K
e 0 (ψ0 , z) =
ψd + K
kd
k0
M (t, τ ) :=

2
[z 0 ]⊥ · grad ui ◦ z.
|z 0 |

i (1)
H (k|z(t) − z(τ )|) |z 0 (τ )|
2 0

and
L(t, τ ) :=

ik [z 0 (t)]⊥ · [z(τ ) − z(t)] (1)
H1 (k|z(t) − z(τ )|) |z 0 (τ )|
2 |z 0 (t)| |z(t) − z(τ )|

e 0 can be written in the form
of the operators Sek and K
k
(3.3)



t−τ
M (t, τ ) = M1 (t, τ ) ln 4 sin2
+ M2 (t, τ ),
2


t−τ
L(t, τ ) = L1 (t, τ ) ln 4 sin
2
2



+ L2 (t, τ ),
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where

1
J0 (k|z(t) − z(τ )|)|z 0 (τ )|,
2π


2 t−τ
M2 (t, τ ) := M (t, τ ) − M1 (t, τ ) ln 4 sin
,
2

M1 (t, τ ) := −

k [z 0 (t)]⊥ · [z(τ ) − z(t)]
J1 (k|z(t) − z(τ )|) |z 0 (τ )|,
2π |z 0 (t)| |z(t) − z(τ )|


t−τ
L2 (t, τ ) := L(t, τ ) − L1 (t, τ ) ln 4 sin2
.
2

L1 (t, τ ) := −

The functions M1 , M2 , L1 , and L2 turn out to be smooth with diagonal terms



C
1
k 0
i
− − ln
|z (t)|
|z 0 (t)|
M2 (t, t) =
2
π
π
2
in terms of Euler’s constant C and
1 [z 0 (t)]⊥ · z 00 (t)
L2 (t, t) = −
.
2π
|z10 (t)|2

For integral equations with kernels of the form (3.3) a combined collocation and quadrature methods based on trigonometric interpolation as described in Section 3.5 of [4] or in [16] is at our
disposal. We refrain from repeating the details. For a related error analysis we refer to [11] and
note that we have exponential convergence for smooth, i.e., analytic boundary curves ∂D.
For a numerical example, we consider the scattering of a plane wave by a dielectric cylinder with a
non-convex kite-shaped cross section with boundary ∂D described by the parametric representation
(3.4)

z(t) = (cos t + 0.65 cos 2t − 0.65, 1.5 sin t),

0 ≤ t ≤ 2π.

From the asymptotics for the Hankel functions, it can be deduced that the far field pattern of
the single-layer potential us with density ϕ0 is given by
Z
(3.5)
u∞ (x̂) = γ
e−ik0 x̂·y ϕ0 (y) ds(y), x̂ ∈ S 1 ,
∂D

where

π

ei 4
γ=√
.
8πk0
The latter expression can be evaluated by the composite trapezoidal rule after solving the system
of integral equations (2.8) for ϕ0 , i.e., after solving (3.2) for ψ0 . Table 3.1 gives some approximate
values for the far field pattern u∞ (d) and u∞ (−d) in the forward direction d and the backward
direction −d. The direction d of the incident wave is d = (1, 0) and the wave numbers are k0 = 1
and kd = 2 + 3i. Note that the exponential convergence is clearly exhibited.
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Table 3.1. Numerical results for direct scattering problem
n

Re u∞ (d)

Im u∞ (d)

Re u∞ (−d)

Im u∞ (−d)

8
16
32
64

-0.6017247940
-0.6018967551
-0.6019018135
-0.6019018076

-0.0053550779
-0.0056192337
-0.0056277492
-0.0056277397

-0.2460323014
-0.2461831740
-0.2461946976
-0.2461946846

0.3184957768
0.3186052686
0.3186049949
0.3186049951

4. The inverse problem
We now proceed describing an iterative algorithm for approximately solving the inverse scattering problem by extending the method proposed by Kress [13] and further investigated by Ivanyshyn
and Kress [5, 6] for the case of the inverse problem for a perfectly conducting scatterer to the case
of a dielectric scatterer.
After introducing the far field operator S∞ : H −1/2 (∂D) → L2 (S 1 ) by
Z
(4.1)
(S∞ ϕ)(x̂) := γ
e−ik0 x̂·y ϕ(y) ds(y), x̂ ∈ S 1 ,
∂D

from (2.7) and (3.5) we observe that the far field pattern for the solution to the scattering problem
(1.1)–(1.3) is given by
(4.2)

u∞ = S∞ ϕ0

in terms of the solution to (2.8).
4.1. The inverse problem for shape reconstruction. We can state the following theorem as
theoretical basis of our inverse algorithm. For this we note that all our integral operators depend
on the boundary curve ∂D.
Theorem 4.1. For a given incident field ui and a given far field pattern u∞ , assume that ∂D and
the densities ϕd and ϕ0 satisfy the system of three integral equations
Skd ϕd − Sk0 ϕ0 = 2ui ,
(4.3)

ϕd + Kk0 d ϕd + ϕ0 − Kk0 0 ϕ0 = 2

∂ui
,
∂ν

S∞ ϕ0 = u∞ .
Then ∂D solves the inverse problem.
The ill-posedness of the inverse problem is reflected through the ill-posedness of the third integral
equation, the far field equation that we denote as data equation. Note that (4.3) is linear with
respect to the densities and nonlinear with respect to the boundary ∂D. This opens up a variety
of approaches to solve (4.3) by linearization and iteration. In [2] we investigated an extension
of the approach suggested by Johansson and Sleeman [8] for a perfectly conducting scatterer.
Given a current approximation ∂Dapprox for the unknown boundary ∂D we first solved the first
two equations, or field equations, of system (4.3) for the unknown densities ϕd and ϕ0 . Then,
keeping ϕ0 fixed we linearized the third equation, or data equation, of system (4.3) with respect
to the boundary ∂D to update the approximation. Here, following [5, 6, 13] we are going to
proceed differently. given an approximation ∂Dapprox for the boundary ∂D and approximations
ϕdapprox and ϕ0approx for the densities ϕd and ϕ0 we linearize both the field and the data equations
simultaneously with respect to the boundary curve and the two densities. The linear equations are
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then solved to update both the boundary curve and the two densities. Because of the ill-posedness
the solution of the update equations require stabilization, for example, by Tikhonov regularization.
This procedure is then iterated until some suitable stopping criterion is satisfied.
To describe this in more detail, we also require the parameterized version
Se∞ : H −1/2 [0, 2π] × C 2 [0, 2π] → L2 (S 1 )

of the far field operator as given by

Se∞ (ψ, z)(x̂) := γ

(4.4)

Z

2π

e−ik0 x̂·z(τ ) ψ(τ ) dτ,

0

x̂ ∈ S 1 .

Then the parameterized form of (4.3) is given by
Sekd (ψd , z) − Sek0 (ψ0 , z) = 2 ui ◦ z,

e 0 (ψd , z) + ψ0 − K
e 0 (ψ0 , z) =
ψd + K
kd
k0

(4.5)

2
[z 0 ]⊥ · grad ui ◦ z,
|z 0 |

Se∞ (ψ0 , z) = u∞ .

e 0 with respect to the boundary z
For a fixed ψ the Fréchet derivative of the operator Sek and K
k
in the direction h are given by (see [18])
Z
−ik 2π (z(t) − z(τ )) · (h(t) − h(τ )) 0
(1)
|z (τ )| H1 (k|z(t) − z(τ )|)ψ(τ )dτ
2 0
|z(t) − z(τ )|
Z
i 2π z 0 (τ ) · h0 (τ ) (1)
H0 (k|z(t) − z(τ )|)ψ(τ )dτ,
2 0
|z 0 (τ )|

Sek0 (ψ, z; h)(t) =

(4.6)

+

and
(4.7)

−

e 0 )0(ψ, z;h)(t) =
(K
k

ik R 2π[z 0 (t)]⊥·(h(t) −h(τ ))+[h0 (t)]⊥·(z(t)−z(τ )) 0
(1)
|z (τ )|H1 (k|z(t)−z(τ )|)ψ(τ )dτ
2|z 0 (t)| 0
|z(t)−z(τ )|

Z 2π 0 ⊥
ik
[z (t)] ·(z(t)−z(τ ))(h(t)−h(τ ))·(z(t)−z(τ )) 0
(1)
+ 0
|z (τ )|H1 (k|z(t)−z(τ )|)ψ(τ )dτ
|z (t)| 0
|z(t)−z(τ )|3

Z 2π 0 ⊥
ik 2
[z (t)] ·(z(t)−z(τ ))(h(t)−h(τ ))·(z(t)−z(τ )) 0
(1)
−
|z (τ )|H0 (k|z(t)−z(τ )|)ψ(τ )dτ
2|z 0 (t)| 0
|z(t)−z(τ )|2
ik h0 (t) ·z 0 (t)
+
2 |z 0 (t)|2
−

ik
2|z 0 (t)|

Z

0

2π

Z

0

2π

[z 0 (t)]⊥ ·(z(t)−z(τ )) 0
(1)
|z (τ )|H1 (k|z(t)−z(τ )|)ψ(τ )dτ
|z(t) − z(τ )|

[z 0 (t)]⊥ ·(z(t)−z(τ ))h0 (τ )·z 0 (τ ) (1)
H1 (k|z(t)−z(τ )|)ψ(τ )dτ,
|z(t)−z(τ )||z 0 (τ )|
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Then the linearization (4.5) with respect to all variables z, ϕd and ϕ0 in the direction h, ηd and
η0 , respectively, reads
Sek (ψd , z) + Sek (ηd , z) + Se0 (ψd , z; h) − Sek (ψ0 , z) − Sek (η0 , z)
d

(4.8)

kd

d

0

0

−Sek0 0 (ψ0 , z; h) = 2ui ◦ z + 2gradui ◦ z · h,

e 0 (ψd , z) + K
e 0 (ηd , z) + (K
e 0 )0 (ψd , z; h)
ψd + ηd + ψ0 + η0 + K
kd
kd
d

e 0 (ψ0 , z) − K
e 0 (η0 , z) − (K
e 0 )0 (ψ0 , z; h) = 2 [z 0 ]⊥ · gradui ◦ z + 2ξ(z) · h,
−K
k0
k0
k0
|z 0 |

0
Se∞ (ψ0 , z) + Se∞ (η0 , z) + Se∞
(ψ0 , z; h) = u∞ .

Here the term ξ(z) · h is the form ( see [19, 20])
ξ(z) · h = −

(4.9)

∂ui ν · h0
∂ 2 ui
∂ui
∂ 2 ui
+
(
−
H
)τ
·
h
+
ν·h
∂τ |z 0 |
∂ν∂τ
∂τ
∂ν 2

and τ and H stand for the tangential vector and the mean curvature respectively. They are given
by
τ=

z0
,
|z 0 |

and

H=−

z 00 · ν
|z 0 |2

and the matrix form of (4.8) can be written as
 e0
 
Skd (ψd , z; ·) − Sek0 0 (ψ0 , z; ·) − 2gradui ◦ z
Sekd (·, z)
−Sek0 (·, z)
h

 

 
(K
 
e0 0
e0 0
e0
e0
 kd ) (ψd , z; ·) − (Kk0 ) (ψ0 , z; ·) − 2ξ(z) I + Kkd (·, z) I − Kk0 (·, z) ηd 

 

 

0
e
e
S∞ (ψ0 , z; ·)
0
S∞ (·, z)  η0 

(4.10)



2ui ◦ z − Sekd (ψd , z) + Sek0 (ψ0 , z)








 2 0⊥
i
e 0 (ψd , z) − ψ0 + K
e 0 (ψ0 , z)

[z
]
·
gradu
◦
z
−
ψ
−
K
d
kd
k0
0

=

 |z |






u∞ − Se∞ (ψ0 , z)

Now we can describe the method in a short form as follows:

Each iteration step of the proposed inverse algorithm consists of one part.
• Given an approximation z for the boundary and densities ψd , ψ0 , we solve the linearized
sistem of integral equations (4.10), for h, ηd , and η0 to obtain updates z + h, ψd + ηd , and
ψ0 + η0 . We continue this procedure until some stopping criteria is achieved. The stopping
criterion for the iterative scheme is given by the relative error
(4.11)

k u∞;N − u∞ k
≤ ,
k u∞ k

where u∞;N is the computed far field pattern after N iteration steps.
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Here we note that only in the first iteration step, it is convenient to start from an approximation
z for the boundary and solve the first two equations in (4.5) for the densities.
Because of the ill-posedness the solution of (4.10) requires stabilization, for instance, by Tikhonov
regularization. We choose for the boundary H p penalty term and the regularization parameter
λ = (0.8)j decreasing with the iteration step j, and for the densities L2 penalty term and the
regularization parameter α = 10−6 .
In principle, the parameterization of the update is not unique. To cope with this ambiguity,
one possibility that we will pursue in our numerical examples of the subsequent section is to allow
only parameterizations of the form


cos t
(4.12)
z(t) = r(t)
, 0 ≤ t ≤ 2π,
sin t
with a non-negative function r representing the radial distance of ∂D from the origin. Consequently,
the perturbations are of the form


cos t
(4.13)
h(t) = q(t)
, 0 ≤ t ≤ 2π,
sin t
with a real function q. In the approximations we assume r and its update q to have the form of a
trigonometric polynomial of degree J, in particular,
(4.14)

q(t) =

J
X

aj cos jt +

j=0

J
X

bj sin jt.

j=1

Then the update equation (4.10) is solved in the least squares sense, penalized via Tikhonov regularization, for the unknown coefficients a0 , . . . , aJ and b1 , . . . , bJ of the trigonometric polynomial
representing the update q. As experienced in the application of the above approach for related
problems, it is advantageous to use an H p Sobolev penalty term rather than an L2 penalty in the
e 0 )0 as ill-posed linear operators
Tikhonov regularization, i.e, to interpret Sek0 and (K
k
(4.15)

Sek0 : H p [0, 2π] → L2 [0, 2π],

e k0 )0 : H p [0, 2π] → L2 [0, 2π]
(K

for some small p ∈ IN.
As a theoretical basis for the application of Tikhonov regularization from [4] we cite that, after
e 0 )0 are injective provided k 2 is not
the restriction to star-like boundaries, the operator Sek0 and (K
k
a Neumann eigenvalue for the negative Laplacian in D.
The above algorithm has an extension for the case of more than one incident wave. Assume
that ui1 , . . . , uiM are M incident waves with different incident directions and u∞,1 , . . . , u∞,M the
corresponding far field patterns for scattering from ∂D. Then the inverse problem to determine
the unknown boundary ∂D from these given far field patterns and incident fields is equivalent to
solve the following equation for the boundary z and densities ψd,1 , . . . , ψd,M and ψ0,1 , . . . , ψ0,M .
S̃kd (ψd,m , z) − S̃k0 (ψ0,m , z) = 2uim ◦ z,
(4.16)

ψd,m + ψ0,m + K̃k0 d (ψd,m , z) − K̃k0 0 (ψ0,m , z) =

2 0⊥
[z ] · graduim ◦ z,
|z 0 |

S̃∞ (ψ0,m , z) = u∞,m .
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we simultaneously linearize the system (4.16) with respect to all 2M + 1 variables. For fixed z,
ψ0,m and ψd,m , m = 1, . . . , M the linearized system of integral equations obtains the form
(4.17)
Sek0 d(ψd,m ,z;h)− Sek0 0,m(ψ0,m ,z;h)−2graduim ◦z·h+ Sekd(ηd,m ,z)− Sek0(η0,m ,z)
= 2uim ◦z− Sekd(ψd,m , z)+ Sek0(ψ0,m , z),

e 0 )0(ψd,m , z;h)−(K
e 0 )0(ψ0,m ,z;h)−2ξm (z)·h+ ηd,m + K
e 0 (ηd,m ,z)+ η0,m − K
e 0 (η0,m ,z)
(K
kd
k0
kd
k0
=

2 0⊥
e 0 (ψd,m ,z)−ψ0,m + K
e 0 (ψ0,m ,z),
[z ] ·graduim ◦z−ψd,m − K
kd
k0
|z 0 |

0
Se∞
(ψ0,m , z; h) + Se∞ (η0,m , z) = u∞,m − Se∞ (ψ0,m , z).

Each iteration step of the proposed inverse algorithm also consists of one part.
• Given an approximation z for the boundary and densities ψd,m , ψ0,m we solve the linearized
(4.17) for h, ηd,m , and η0,m to obtain updates z + h, ψd,m + ηd,m , and ψ0,m + η0,m for
m = 1, . . . , M .
Here we again note that only in the first iteration step, it is convenient to start from an initial
guess z for the boundary and solve the first 2M equations in (4.16) for the densities.
We continue this procedure until some suitable criteria is achieved. The stopping criterion for
the iterative scheme is given by the relative error
k u∞,m;N − u∞,m k
≤ ,
k u∞,m k

(4.18)

for m = 1, . . . , M where u∞,m;N are the computed far field patterns after N iteration steps.
For the ill-posedness, we choose the same penalty terms and regularization parameters for the
case of one incident field.
For the numerical implementation we need to discretize the boundary operator Sk0 in (4.6). The
kernels of the operator Sk0 can be written in the form
ik (z(t) − z(τ )) · (h(t) − h(τ )) 0
(1)
|z (τ )| H1 (k|z(t) − z(τ )|),
2
|z(t) − z(τ )|
i z 0 (τ ) · h0 (τ ) (1)
H0 (k|z(t) − z(τ )|).
2 |z 0 (τ )|

A(t, τ )

:= −

B(t, τ )

:=

The kernels A and B can be expressed of the form

A(t, τ )
B(t, τ )

t−τ
) + A2 (t, τ ),
2
t−τ
= B1 (t, τ ) ln(4 sin2
) + B2 (t, τ ),
2

= A1 (t, τ ) ln(4 sin2
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where
k (z(t) − z(τ )) · (h(t) − h(τ )) 0
|z (τ )| J1 (k|z(t) − z(τ )|),
2π
|z(t) − z(τ )|
t−τ
),
A2 (t, τ ) := A(t, τ ) − A1 (t, τ ) ln(4 sin2
2
0
0
1 z (τ ) · h (τ )
B1 (t, τ ) := −
J0 (k|z(t) − z(τ )|),
2π |z 0 (τ )|
t−τ
B2 (t, τ ) := B(t, τ ) − B1 (t, τ ) ln(4 sin2
).
2
A1 (t, τ )

:=

in terms of Bessel functions J0 and J1 . The functions A1 , A2 ,B1 and B2 turn out to be smooth
with diagonal terms. Their diagonal terms are in the form

B1 (t, t) = −

A1 (t, t) = 0,

&

1 z 0 (t) · h0 (t)
,
2π |z 0 (t)|

&

1 z 0 (t) · h0 (t)
.
A2 (t, t) = −
π |z 0 (t)|




i
1
k 0
C
B2 (t, t) =
− ln
|z (t)| −
z 0 (t) · h0 (t).
2 π
2
π

e 0 in (4.7). The
in terms of Euler’s constant C. we also need to discretize the boundary operator K
k
0
0
e ) can be written in the form
kernels of the operator (K
k
C(t, τ ; h; k)

:=

D(t, τ ; h; k)

:=

E(t, τ ; h; k)

:=

F (t, τ ; h; k)

:=

G(t, τ ; h; k)

:=

−ik([z 0 (t)]⊥ · (h(t)− h(τ ))+[h0 (t)]⊥ · (z(t) − z(τ ))) 0
(1)
|z (τ )|H1 (k|z(t) − z(τ )|).
2|z 0 (t)||z(t) − z(τ )|
ik[z 0 (t)]⊥ · (z(t)− z(τ ))(h(t) − h(τ ))· (z(t) − z(τ )) 0
(1)
|z (τ )|H1 (k|z(t) − z(τ )|).
|z 0 (t)||z(t) − z(τ )|3
−ik 2 [z 0 (t)]⊥· (z(t)−z(τ ))(h(t)−h(τ )) · (z(t)− z(τ )) 0
(1)
|z (τ )|H0 (k|z(t)−z(τ )|).
2|z 0 (t)||z(t) − z(τ )|2
ik h0 (t) · z 0 (t) [z 0 (t)]⊥ · (z(t) − z(τ )) 0
(1)
|z (τ )|H1 (k|z(t) − z(τ )|).
2 |z 0 (t)|2
|z(t) − z(τ )|
ik [z 0 (t)]⊥ · (z(t) − z(τ ))h0 (τ ) · z 0 (τ ) (1)
H1 (k|z(t) − z(τ )|).
− 0
2|z (t)|
|z(t) − z(τ )||z 0 (τ )|

These kernels also can be expressed as following

(4.19)

t−τ
) + C2 (t, τ ; h; k),
2
t−τ
) + D2 (t, τ ; h; k),
D1 (t, τ ; h; k) ln(4 sin2
2
t−τ
E1 (t, τ ; h; k) ln(4 sin2
) + E2 (t, τ ; h; k),
2
t−τ
F1 (t, τ ; h; k) ln(4 sin2
) + F2 (t, τ ; h; k),
2
t−τ
G1 (t, τ ; h; k) ln(4 sin2
) + G2 (t, τ ; h; k),
2

C(t, τ ; h; k)

= C1 (t, τ ; h; k) ln(4 sin2

D(t, τ ; h; k)

=

E(t, τ ; h; k)

=

F (t, τ ; h; k)

=

G(t, τ ; h; k)

=
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where
C1 (t, τ ; h; k)

:=

C2 (t, τ ; h; k)

:=

D1 (t, τ ; h; k)

:=

D2 (t, τ ; h; k)

:=

E1 (t, τ ; h; k)

:=

E2 (t, τ ; h; k)

:=

F1 (t, τ ; h; k)

:=

F2 (t, τ ; h; k)

:=

G1 (t, τ ; h; k)

:=

G2 (t, τ ; h; k)

:=

k([z 0 (t)]⊥ ·(h(t)−h(τ ))+[h0 (t)]⊥ ·(z(t)−z(τ ))) 0
|z (τ )|J1 (k|z(t)−z(τ )|),
2π|z 0 (t)||z(t) − z(τ )|
t−τ
).
C(t, τ ; h; k) − C1 (t, τ ; h; k) ln(4 sin2
2
−k[z 0 (t)]⊥ ·(z(t)−z(τ ))(h(t)−h(τ ))·(z(t)−z(τ )) 0
|z (τ )|J1 (k|z(t)−z(τ )|),
π|z 0 (t)||z(t) − z(τ )|3
t−τ
D(t, τ ; h; k) − D1 (t, τ ; h; k) ln(4 sin2
).
2
k 2 [z 0 (t)]⊥ ·(z(t)−z(τ ))(h(t)−h(τ ))·(z(t) − z(τ )) 0
|z (τ )|J0 (k|z(t)−z(τ )|),
2π|z 0 (t)||z(t) − z(τ )|2
t−τ
E(t, τ ; h; k) − E1 (t, τ ; h; k) ln(4 sin2
).
2
k h0 (t) · z 0 (t) [z 0 (t)]⊥ · (z(t) − z(τ )) 0
−
|z (τ )|J1 (k|z(t) − z(τ )|),
2π |z 0 (t)|2
|z(t) − z(τ )|
t−τ
F (t, τ ; h; k) − F1 (t, τ ; h; k) ln(4 sin2
).
2
k
1 [z 0 (t)]⊥ · (z(t) − z(τ ))h0 (τ ) · z 0 (τ )
J1 (k|z(t) − z(τ )|),
2π |z 0 (t)|
|z(t) − z(τ )||z 0 (τ )|
t−τ
G(t, τ ; h; k) − G1 (t, τ ; h; k) ln(4 sin2
).
2

The functions C1 , C2 ,D1 , D2 , E1 , E2 ,F1 , F2 G1 , and G2 turn out to be smooth with diagonal
terms. Their diagonal terms are in the form
C1 (t, t) = 0,

&

D1 (t, t) = 0,

&

E1 (t, t) = 0,

&

F1 (t, t) = 0,

&

G1 (t, t) = 0,

&

1 [z 0 (t)]⊥ · h00 (t) + [h0 (t)]⊥ · z 00 (t)
.
2π
|z 0 (t)|2
1 [z 0 (t)]⊥ · z 00 (t) z 0 (t) · h0 (t)
D2 (t, t; h) = −
.
π
|z 0 (t)|4
E2 (t, t) = 0.
1 [z 0 (t)]⊥ · z 00 (t) z 0 (t) · h0 (t)
F2 (t, t; h) = −
.
2π
|z 0 (t)|3
1 [z 0 (t)]⊥ · z 00 (t) z 0 (t) · h0 (t)
G2 (t, t; h) =
.
2π
|z 0 (t)|4
C2 (t, t; h) =

5. Numerical examples
To avoid an inverse crime, in our numerical examples the synthetic far field data were obtained by a numerical solution of the boundary integral equations based on a combined singleand double-layer approach (see [3, 12]) using the numerical schemes as described in [4, 10, 11].
For perturbed data we added normally distributed noise to the real and imaginary part of the far
field and measured the noise level in the L2 norm. In each iteration step of the inverse algorithm
for the discretization of the linearized field equations we used the numerical method for the logarithmic kernels as described in [2] using 64 quadrature points. The linearized data equation was
discretized by the composite trapezoidal rule again using 64 quadrature points. For the Tikhonov
regularization of the boundary parametrization we used an H 2 penalty term.
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Table 5.2. Parametric representation of boundary curves.
Counter type

Parametric representation
:

cos t+0.1 sin 2t
(cos t, sin t) : t ∈ [0, 2π]}
z(t) = { 0.5+0.4
1+0.7 cos t

Dropped-shaped :

z(t) = {(−0.5 + 0.75 sin 2t , −0.75 sin t) : t ∈ [0, 2π]}

Kite-shaped

:

z(t) = {(cos t + 1.3 cos2 t − 1.3, 1.5 sin t) : t ∈ [0, 2π]}

Peanut-shaped

:

Apple-shaped

Rounded triangle :

√
z(t) = { cos2 t + 0.25 sin t (cos t, sin t) : t ∈ [0, 2π]}

z(t) = {(2 + 0.3 cos 3t)(cos t, sin t) : t ∈ [0, 2π]}

5.1. Numerical examples of shape reconstruction. In all our five examples we used M = 8
as a number of incident waves with the directions d = (cos(2πm/M ), sin(2πm/M )), m = 1, . . . , M
and J = 5 as degree for the approximating trigonometric polynomials in (4.14) and N as the
number of recursion and the wave numbers k0 = 1 and kd = 10 + 10i. The initial guess is
given by the green curve, the exact boundary curves are given by the dashed (blue) lines and the
reconstructions by the full (red) lines. The iteration numbers and the regularization parameters
α and λ for the densities and the boundary, respectively, were chosen by trial and error and their
values are indicated in the following description of the individual examples.
In order to obtain noisy data, random errors are added point-wise to u∞ ,
||u∞ ||
(5.1)
u
e∞ = u∞ + δξ
|ξ|

with the random variable ξ ∈ C and {Re ξ, Im ξ} ∈ (0, 1).
In the first example Fig. 1 shows reconstructions after N = 12 iterations with the regularization
parameters α = 10−7 and λ = 0.8j decreasing with the iteration steps j. For the stopping criteria
(4.18),  = 10−3 is chosen.
In the second example Fig. 2 shows reconstructions after N = 12 iterations with the regularization parameter chosen as in the first example. For the stopping criteria (4.18),  = 10−3 is
chosen.
In the third example the reconstructions in Fig. 3 were obtained after N = 15 iterations with the
regularization parameter chosen as in the first example. For the stopping criteria (4.18),  = 10−2
is chosen.
In the fourth example the reconstructions in Fig. 4 were obtained after N = 12 iterations with
the regularization parameters chosen as α = 10−6 and λ = 0.7j . For the stopping criteria (4.18),
 = 10−3 is chosen. In the final example Fig. 5 shows reconstructions after N = 14 iterations with
the regularization parameters chosen as α = 10−7 and λ = 0.8j . For the stopping criteria (4.18),
 = 10−3 is chosen.
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Figure 1. Reconstruction of the apple-shaped contour 5.2 for exact data (left),
3% noise (middle) and 5% noise (right)
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Figure 2. Reconstruction of dropped-shaped contour 5.2 for exact data (left),
3% noise (middle) and 5% noise (right)
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Figure 3. Reconstruction of kite-shaped contour 5.2 for exact data (left), 3%
noise (middle) and 5% noise (right)
Our examples clearly indicate the feasibility of the proposed algorithm. From our further numerical experiments it is observed that using more than one incident wave improved on the accuracy
of the reconstruction and the stability. Furthermore, an appropriate initial guess was important
to ensure numerical convergence of the iterations. Our examples also indicate that the proposed
algorithm with the numerical reconstructions are superior to those obtained via by Johonsson and
Sleeman [8] in [2]. This behaviour is confirmed by a number of further numerical examples in [1].
Furthermore, from the numerical example we also observe that the proposed algorithm is more
tolerable to noise level then the method of Johanson and Sleeman [8] in [2].
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Figure 4. Reconstruction of peanut-shaped contour 5.2 for exact data (left), 3%
noise (middle) and 5% noise (right)
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Figure 5. Reconstruction of rounded-triangle-shaped contour 5.2 for exact data
(left), 3% noise (middle) and 5% noise (right)
Further research will be directed towards applying the algorithm to real data, to extend the
numerics to the three dimensional case as investigated for a impenetrable scatterer in [7].
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